Exercise 5.2

Answer 1E.

Consider the following equations of curves:
|
y= E—E-T- y=lh.x=1.x=2

The objective is to find the volume of the solid obtained by rotating the region bounded by the
given curves about x-axis.

The region bounded by the curves y =2 —%x. y=0, x=1and x=2is shown below:

The solid obtained by rotating the shaded region about the x-axis is shown below:
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Radius of the typical disk is,
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So, the area of a typical disk is calculated as follows:
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= H[Z -l_r)
2
2
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The solid region rotates between the line x=1 and x=2.

The volume of the solid obtained by rotating the shaded region about the x-axis is calculated
as follows:
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Therefore, the volume of the required solid is |——|.




Answer 2E.

From the above Graph the point of intersection is [-I,I)L
The area of the cross section about x-axis is,
2
A[I}zjlr(I—xz)

Graph of the solid is as shown below.

Calculate the volume of the solid as follows:

The volume of the solid is,

= [ A(x)as

o

The region lies between from x=—=1to x=1.

b
Substitute these valuesin ¥ = I A(X) elx.
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That implies,
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Therefore, the volume of the solid is [ = ];ﬁ_:

Answer 3E.

Here we want to find the wvolume of solid obtained by rotating the given curve
y=-lx—1,y=0,x=5about about x-axis.
The region 15 as follows:



I

(6.2

adas

In the graph v=(x-1) "0.5 denotes y=Jx—1.
Area of cross section through xis
A(x) =
= ﬂ'[:x— 1)
Andthe volume of approzimating cylinder is

A[x)ﬂx: ?T[x—l)ﬂx

Since the zolid lies between x=1and x = 35,1t wolume

Volume= 8 cubicunits |

Answer 4E.

Consider the curves ,, = J25— 2 ,y=0,x=2andx=4-

The objective is to find the volume of the solid by rotation the region bounded by the curves
about the x-— axis.

To find the volume generated by rotating the region about x— axis, use the disk method

o

] h
formula ¥ = IA[.r}dx = J-:rrzdx ;

Draw the following figure:



The 3 dimentional diagram is as shown below.

The area of the cross section is,

v

A[.r}:;r(\.l'zﬁ—xl )
=ﬂ(25—x:)
The volume of the approximating a disk with thickness Ayis A(x)Ax= H(Zﬂ—xz).ﬁx.

The solid lies between y=2and y=4.

The volume of the solid by rotating the region about x— axis is,

V= j-z(iﬂ—xz)dx
o

i b
= Eﬁx—x—]
\ 3 2

=xr[25{4}—gj—(25(2}—g]]
(-2} -2)
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Hence, the volume of the solid is ﬁ;r




Answer 5E.

Consider the following curve:

.\:z2ﬁ, x=0,y=9

So, the region rotated about the y-axis.

The objective is to find the volume of the solid obtained by the region.

Graph of the area of the cross section.
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After rotation of graph looks like this,
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The area of the cross section about y-axis is,
A{y}=,—:((2ﬁ} )
= (4y)
Calculate the volume of the solid is,

The region lies between y=0 to 9
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=1627
Therefore, the volume of the solid is. [V = 1624



Answer 6E.

First we sketch the curves x=y— 3" and x=0

3

]

Fig.1

In this figure shaded region is enclosed by x=y—y* and x=0
T —Intercepts of the curve are y =0 and y =1

MNow we sketch the solid obtained by rotating the shaded region about v — axis
:', b

Fig. 2
This 1z figure shows the slope of solid obtained by rotating the region

Bounded by given curves about v — axis and a typical disk

This cross sectional area of a typical disk 1z
Aly)= :-‘T><|:radius)2

o Aly)=ax(y-)

or A(y):??x[[yz +y4—2y3)

—

Then wolume of the solid 15 v= I A(y)dy

=

O v—I.ﬂ'y +* —2y3)dy
Or V= ;?TI (y 4+t - yB)dy

O v=ﬂ'|i§+

¥ i| [Bv Fundamental theorem of Calculus part 2]
O V=7 (l—i- l
3 2




Answer 7E.

Consider the curves,
y=).'3.y=x,x2{]'
The region rotated about the x— axis.

The objective is to find the volume of the solid obtained by rotating the given curves about the
x—axis.

The graph of the curve is as shown below.

y=x X
4

2"‘;;! B 0% o™ 1 ¢ 1% wm 3 28 2
0%

Find the point of intersection to use the curves y = x*, y = yas follows:

L=x
x(.‘rz-])=0
x=0,x*-1=0

x=0,x=+1
The point of intersection of these points is (0,0),(1,1).

It makes sense to slice the solid perpendicular to the x-axis and therefore to integrate with
respect to x.

S0 the area of a cross-section is,
A= :-'r(m.m::rn':lltiius]2 —rr[innt:rra{lms}1
=z(x) —.fr[i.r“}2

=gt-ax®

=z(x* -x")

Graph of the solid is as shown below:.




Calculate the volume of the solid as follows:
The volume of the solid is,

= [ A(x)as

LR

The region lies between from x=0to x=1.

h
Substitute these values in F = I A{x]dx,
4F

X

That implies,

_4x
21
— 4
Therefore, the volume of the solid is, | = .i

Answer 8E.

Sketch the region bounded by the curves y = ix? and y = 5—x% as shown below:

=3
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The curves y=ix2 and y = 5—x" intersect at the points (2,1) and(-2,1).

Find the volume of the solid of revolution about the line y= 0.



Rotate around a horizontal line, y =0 to obtain a vertical rectangle (perpendicular to the axis
of rotation), which will create a disk or washer.

The solid of revolution is as shown below:

AV

o

A cross-section in the plane P, has the shape of a washer with inner radius ixi and outer
radius §5_ 2

Find the cross-sectional area by subtracting the area of the inner circle from the area of the
outer circle as,

A(x)=x(5-x2) -ﬁr&f ]2,

The volume of the solid is calculated as follows:

V=I_22A{.r}dx

(%5 (s -[%f]rldr

=rx 25102 +x* - x* |dx
£ 16

=;'rj2 251022 + 2 1% |
af 16

ntl

Use the identity !x"dx:r +C.
n+

P 25x~EU(£]+E[£J]-
I 3)716\5)],

- 2
=x 25.‘c—m.‘c3+ixs
3" 16 |

=ﬂ_zs(z+z)—%3+s]+%(3z+3z)}

=x[lﬂﬂ—%+ﬁ}

16
=rr|i100—@+ll}
3
176
=—0
Therefore, volume of the solid obtained by rotating x— axis is %f d




Answer 9E.

First we sketch the curve x=y3* &x =2y

-1

Fig.1

In this figure the shaded region 1z bounded by the given curves
MNow we find the points of intersection of the curves
These curves will intersect, when

¥ =2y
Or ¥ —Zy=0
Or y(y = 2) =0
Or y=0ar y=2
=0 the shaded region lies in the interval 0=y = 2

Mow we sketch the solid obtained by rotating the shaded region about y — axis
R\
()

_\::“?__ N \____/i \\i —Jy

Washer

Fig. 2
In this figure the shape of solid obtained by rotating the shaded region about y —
axis and a washer are shown

The cross-sectional area of washer 13
A(y) = ;’T[ouﬁer mdius)z —E(inner mdms)z
Jr Al =J'T[4_y2—y4)

Then the welume of solid 15

v = I;A(yjdy

_T 14
Or V—ID ;?T(4y ¥ )dy
T o
O v-;‘TID (4y ¥ )dy
s
Or  v= ."T|:4—_y3 —y_} [By FTC - 2]
3 5
o o 4(2)3 2
r v=m|—- S
3 5
O v= ﬁ or v [4.2?);‘1’



Answer 10E.

Consider the bounded curves are y:%xzj =0 and x =2, and the rotation is about
y—axis.

Need to find the volume of the solid obtained by rotating the region bounded by the
curves about the given line:

Find the points of intersection of the given curves:

y:i(Z}z [Substitute x =2]
y=1
1 : ; g
The curves y::‘x3 and x=2_ intersect at the points (0,0} and (2}1}. the region

between them. the solid of rotation, and a cross-section perpendicular to the y-axis are
shown in figure-1. Across-section in the plane has the shape of a washer (an annular
ring} with inner radius Z&and outer radius 2, so find the cross-sectional area by
subtracting the area of the inner circle from the area of the outer circle.

Ay)=n(2) -x(2y)

The bounded region is as follows:
Figure-1

s d
v




The solid formed by rotating the above region is as shown below:

Figure-2

Since the solid lies between ¥ =0 and y =1, its volume is calculated using the washer
Formula which 1s

V=] 40

it

v=| (fn‘zm—mzm)@

=f\(=Cr~(245) )
=[] o
=n[4y-2y*],
=] 4(1)-2(1) -4(0)+2(0)']
=(27 unit’

For d =8, graph is as follows.

Charting Intensity d=8
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0015 = —— = right light
-9

0.01 Sum

0.005 left light
e right light

0 rignt lig

sum




Now find the exact value of d which 1s a minimum. Take the derivative of the intensity
function with respect to x . Then find the second derivative, to see where d has a sudden
change_ and a point of inflection.

F 3
I=- S + - par 3
X +d° 1004x,” —20x, +d
I"(x d) — _ZIIFI _ 2“'F‘l{xl _lﬂ.]
’ (Jf;l3 +.|caT3)2 ((xl -10) +d3)!
tAGF 4Ry —10F
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Continue to solve ford .

Y (x, 10}
T+ (mo10p +d)

Plot the temperature distribution 1n the cladding for different values of heat transfer
coefficient,
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Answer 11E.

Here we want to find the volume of the selid obtained by rotating the region bounded by
the given curves y= x°,x = y" about the line y=1.
The points of intersection of the curves are [D, Uj ,[1,1:].



The region is as follows:
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In the graph v™2 =x denotes x=y2 and y=xz"2 denotes y=x2
The figure shows outer cross-section. It is a washer with inner radius y=1- -q'; and outer

radiuz y»=1-x", 20 the cross section area is

A[x) = }‘T[Z-c:-uterradius)2 —;?T[innerradius)g
-+ -(1-47)

|14zt - 22t~ 1+ 2fx - x|
[x" 2x2—x+2~.f_:|

=

=

= Z[-20-15+40
30 -

i
20

Volume = “—}T cubicunits




Answer 12E.

First we cketch the curves y=x° and y=4

y=4

In this figure the shaded region 1z bounded by the given curves. Clearly the points

of intersection are (-2, 4) and (2, 4)
o this region lies in the interval [-2, 2]

Mow we sketch the solid obtained by rotating this

¥

| 12 2

shaded region about y =4

Tpical disk
[ A oross seetion view)

This figure shows the shape of solid obtained by rotating the region bounded by

y=x and y=4 abouty =4 and a typical disk

The radius of typical disk is = 4 —x*
The cross sectional area of typical disk 1s

H[x) = ;='T[1'a-::1ius)2
= ;?T(-*—'l— xjjz

Or  A(x)=na(l6+x" -8x)



Then the volume of solid 13

2
= jT.l-
-2

v = Ii.r‘i[x:ldx

= _[_22;??(16+x4 - 82 Jax
(16+x4 —8x2)dx
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Answer 13E.

Consider the following curve:

y=1l+secx, y=3

S0, the region rotated about the x-axis.

}

2
} [By FTC - 2]
-2

The objective is to find the volume of the solid obtained by the region.

Graph of the area of the cross section.
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From the above graph the point intersection of the point is, [—%,%J

The area of the cross section about x-axis is obtained by subtracting the area of the inner disc
from the area of the outer disc.
A(x)=7((3-1)" = (1+secx-1))
= E((E]z —[sccx}z)
= :r{-*—! —~ sec’ x]

Graph of the solid:

Calculate the volume of the solid is,
.3
V= J A(x)dx
Kol

The region lies between x=?m x:%

= i (4-5&::2 x]dx

i
3 3
=7 I 4y — j sec’ xdv

8 »
=§?T “EJF'JE

=15.436

Therefore, the volume of the solid 5, |15.346



Answer 14E.

Consider the curves,

y=sinx,y=cosx,0<x< 74

Find the volume of the solid obtained by rotating the region bounded by the given curves about
y=-L

First sketch the region of the curves as follows:

(1 sdy

12571

0751
057
0257
x
0 T T LE2 o
o 025m 05m 0_7515

The solid formed by rotating the above region is as shown below:

2070605 0403020

X
Now we want to find the volume generated by gabout the line y=-1,

The figure shows outer-cross section. It is a washer with inner radius y =1+ sin xand outer
radius y=I+cosx

So that the cross section is

A(x) =z (outer radius ) — 7 (inner radius)’
=z(1+cosx)’ =z (1 +sinx)’

= ;r[[l +u::|::-sx:|2 —(1 +sinx)2:|

= .?r[casz.1'+2cosx—sinlr—2sin.\'}

= r[cos2x+2cosx—2sinx]



Hence the volume generated by gabout y=—]is
4

V= A(x)ds
0

T4
- I x[cos 2x +2cos x — 2sin x]d
1]

. EaE]
=7 %+25inx+ 2005.1:]

0

1 1

1
) S R
Lzt d
= %»fzﬁ-z]
[1+4J§—4]
=l— |7

2

(423
= > T

Therefore,

The volume of the solid is |4

2

=[4J——3

]ﬂ.’ cubicunits|.

Answer 15E.

Consider the curves y=x3‘y= 0,x=1; about y=2

Find the volume of the solid obtained by rotating the region bounded by the curves about the
specified line.

Sketch the region is as follows:

8.“._}’1

y=x

'"H

=
|| e ittt




Sketch the following figure:

>X

5 .
1 x=2 3 -

The point of intersection of the curves _}-=x3and x=1Is {Ll}and the point of intersection of
Jr= xand y=0is {'D.,ﬂ]
The curve = y* can also be written as x = 3y

The figure shows outer cross-section. It is a washer with inner radius y = | and outer radius
x=2- %f),_

Hence the cross section area is as follows:
A(y) =z (outerradius)’ - (inner radius )’
2
3[2—%@] il
z[4-dy 4y 1]

7 [3 ] 4y|.-'3 + yz-s:l

Then volume of solid obtained by rotating the region about y = 21is as follows:

=i 3-3-1-3]
5
=98
5

Therefore, the volume of the solid obtained by rotating the region bounded by the curves is

EI'?ﬂrvz:ulzrif:units :




Answer 16E.

First we sketch the curves vy =2° and x = 3°

Fig.1

The shaded region iz bounded by given curves, the points of intersection are (0, 0)
and (1, 1}

Mow we sketch the solid obtained by rotating shaded region about x=-1
] ¥

X

Washer

Cuter radius of washer= 1+J_; (sinc:e x=yorx= \b_a‘;l

. 2
Inner radius of washer= 1+ y
Cross sectional area of washer 1z

A[y) = ;?T[ (auzer mdius)g —[Z:i.*mer mdius)ﬂ
= ;‘r|:(1+\f;:|2 —Iil+y2)1

:J'T|:l+y+ 2y -1-»* —2y2:|
Or  Aly)=m[2y +y-2' -y

Then volume of solid 13 v = I:A[y)dy

Or v=;‘r[01(2ym+y—2y2—y4)dy
- 1

4 2 2 3
= _ym_i_}’___yz_.y?}

ByFTC -2
z >3 [By ]

0

Or v=—7

Answer 17E.

Here we want to find the volume of the solid obtained by rotating the region bounded by
the given curves x = »*, x = 1—y*; about the line x=3.

Bounded region X 15 shown in the below figure.



lnner radins

s 3
r=a-1-pd 2oyl

% Dl ralivg

x=13—%

First we will find the intersection of the two curves x= 3", x=1-y"

2 2
yo=1-y
=27 =1
1

=yt = —
Fiwg

==yt

-

Here we want to find the volume generated by X about the line x =3
The bounded region, the solid of rotation and a cross-section perpendicular to the y-amis

are shown in the above figure. A cross section in the plane has the shape of a washer
with inner radius

x:3—(1—y2)

=2+ )*
and outer radius

x=3-y"

o that the crogz sectional area iz

A[yj = ;i'ﬂ:-::uutErras:flius:l:4 —;?T[innerran::lius:l2
7(3-3) —a(2+5%)

;?T(9+y4 —6y* —4 -yt —4}?2)

= 7(5-10y*)
1

And v varies from ——1to —.

1
to
D g



And the volume generated by & about x= 31z

7
v=[ Aly)dy
1
E
1
3
= | (5-10y")ay
1
"
1
NE
=;:{5y—m-~”’—}
301
&
_ﬂ[i_E L+i_E.L}
+2 X ulE e 3 EE
102
3
1002

Hence wolume 12 (7 =

Answer 18E.

We sketch the curves y=x, y=0, x=2and z=4

/}-- X
4_- A
e
} — X
] 2 4 v =
x=2 =4
Fig. |

chaded region 1z bounded by given curves

Mow we sketch the slid obtained by rotating shaded region about =1

Ix=1




Here we have to find the volume of solid 1n to two parts
First we find the volume in the interval 02y =2 in this interval

Cnter radius of washer 13 =3
And inner radius 15 =1

Then cross section area of washer 15 filiy) =a3 a1 or A[_y) =&

=0 volume of solid in the interval [0, 2]

]
W= L By
Or  w=8xly] [By FTC - 2]
Or v =16

How we find the volume of solid in the interval [2, 4] in this interval
Cuter radius of washer is =3

And inner radius of washeris=vy -1

Then cross sectional area of washer 13

Ay =m(3)-m(y-1)
=97 -7(y* +1-2y)
Or A[y)=;-‘r[8—yz+2y:|

Then volume of solid in the interval [2, 4] 15
4
Yow L A(}’)dy
Cir v, = ;T.I-:(S—yj +2y)dy

- 4
=4 8y—£+y2}
3 2

=7 32—ﬁ+16—16+§—4}
3 3

: 4
= 8y—£+y2}
3 2

[ i 3
= 32——+16—16+——4}
L 3 3
Or V2 = 28_}"?-
3
Then total volume v=w +w, = 16;?!’4-? ar [v= ?6???
“We sketch the curves y=x, y=0, x=2 and x=4
¥4 e
4 A (4.4)
T X
[}] 2 4 v o)
x=2 x=4
Fig. |

shaded region 15 bounded by given curves



Mow we sketch the slid obtained by rotating shaded region about x = 1

*
x=1
1

e —

Washer

Here we have to find the volume of solid in to two patts

First we find the volume in the interval 0=y =2 inthis mnterval
Cuter rading of washer s =73
Andinner radiuz 12 = 1

Then cross section area of washer iz A(y) =73 -al or A[y) = 8

2o volume of solid in the interval [0, 2]

]
W= In Fieyy
Oor  w=8ny] [By FTC - 2]
Or w =16

Mow we find the wolume of 20lid in the interval [2, 4] in this interval
Cuter rading of washer 15 =12

And inner radius of washer 15 =y — 1

Then cross sectional area of washer 13

Aly)=m(3)-=(y-1)’
= 97—y +1-2y)
Or A(y)z??[g—y2+2y]

Then volume of solid in the interval [2, 4] 12
4
Vv, = L Aly)dy
Oy Vv, = JTE(B—}!E +2_y)d_y

= 4
=l Sy—i+y:‘1
3 2

= 32—%+16—16+§—4}
3 3

- +
= By—i+y2:|
3 2

=7 32—%+16—16+§—4}
3 3

or vzzzg_ﬂ-

3

Then total wolume v =1 +1, = 16;?T+% ar [v=——




Answer 19E.

Given graph:
YA
a0, 1) — ——n Bil, 1)
s
2 -
.F'f/ —
Sy=3¥x
|/ ap.
Ry R,
(@] Ail, Q) X
The graph of iz shown below:
Y3 - P |
cpon
1 .b'|:].lj|
Disk radins
y=x R
-1 \_;4 4 A[L0)
-1

y=x \

0

=1

Figure (1)

0%

Solid of revolution
Figure (23

Meow we have to find the volume generated by rotating the region 3, about the line

joining points O and A.

Equation of the line joining points O and A 15 3 =0,
The region iz shown in the figure (1) and the resulting solid 1z shown in the figure (2},

When we slice through the point x, we get a disk with radius y=x.

And by obzerving graph, x varies from 0 to 1

The area of this cross-section is
A(x)=m"

- ()



And hence the volume generated by 3, about Odis

1
V= [ A(x)ax
A=
1
= .I.;?T(xg)dx
o
351
x
3 ]
_ K
T3
Hence the volume 15 |7 = ?—;
Answer 20E.
Given graph:
‘I.‘
1) ; e Bl 1)
'ﬁ: : 5 J,//
[ Ry / R,
7] ALy X

The graph of #, iz shown below:

21 ower redus
|
- mnerredivs o=
i1 I S g
% o %?:1 EARY
-2 = o 1 o 7
=1
-2
Figure (1)

Mow we have to find the volume generated by rotating the region I, about the line

joining points & and

Equation of the line joining points & and C 15 x =0

The region and a cross section perpendicular to the y-axis are shown in the figure (1)
A cross section in the plane has a shape of a washer with inner radius x = y and outer

rading x=1.
Hence the cross sectional area is

A(y) = :z‘ﬂ:-:)uterr;au:i:'tus)2 —J'T[innerradius:lz
= 7(1) - (»)’
T

(-%)



And the volume generated by W, about OC 15

V:_i.ﬂ[y)a’y

;rj(l—m
;

&
3

I
3

dy
1
1]

=T 1—l
3
o
3
Hence volume 15 |V = %?T

Answer 21E.

Consider the following graph:

le

(0. 13

B{1,1)

X
O L
=
The graph of W, is shown below:
AT
1 Bi11
Cinl i . .
x I Figure (1)
X
-1 =] \ AiLe 2\ -
= -1 Disk radius

r=l=-y



05

-1.0=

Solid of revolution

Figure (2)

The objective is to find the volume generated by rotating the region W, about the line joining

points A and B.

S

Equation of the line joining points A and B is x =1.

The region is shown in the figure (1) and the resulting solid is shown in the figure (2).

Because the region is rotated about the line x = 1, it makes sense to slice the solid
perpendicular to the y-axis and therefore to integrate with respect to y. If we slice at height y,

we get a circular disk with radius x, where x=1-y.

S0, the area of a cross-section through y is

A(y)=(x)
=a(1-y)

And by observing the graph, y varies from 0 to 1.

The volume generated by 9,about 4Ris

o

Hence the volume is (7




Answer 22E.

Given graph:
|’.‘
01 AT = B(L. 1)
2 R
2
-~ o
| A
¢
| Ry &
0 ALLO) X

The graph of His shown below:

F i
[
aint vy
]nr.r:rradi:s

S Qurar radius 1

I x 5
1iL0 2 g

Y=

— 1]

==l

Figure (1)

Solid of evilulion
Figure (2)

Mow we hawe to find the velume generated by rotating the region 3, about the line

joining points & and C.

Equation of the line joining points B and O is y =1

The region and a cross section perpendicular to the x-asis are shown in the figure (1) and
the resulting solid 15 shown in the figure (2).

A cross section in the plane has a shape of a washer with inner radius ¥ = 1- x and outer
radius y=1.

So that the cross sectional area is
Alx)= :a'T[outErradius)2 - (inner radius)2
= () - (1-2)°
= m(1-1-2* +2x)
= ?TI:—:J:2 + Zx)
By observing the graph x waries from 0 to 1.



And hence the volume generated by 3R abowt BC s

o
T3
. 2
Hence the volume is |7 = ?
Answer 23E.
Given graph:
1’T
0.1 i = Bl 1)
‘ @1'1 J"‘—'
o
| - 2
o
2 x
K] 3!{!
o ALO) X

The graph of R,z shown below:

4{ I,E::|

Figure (1)

i 3olid of revolution

Figure (2}



Meow we have to find the volutne generated by rotating the region 3, about the line

joining points & and A.
Equation of the line joining points & and 4 13w =0,
The region and a cross section perpendicular to the x-amis are shown in the figure (1) and

the resulting solid 15 shown in the figure (23
1

A cross section in the plane has a shape of a washer with inner radius ¥ = z* and outer
radius v=1.
=o that the cross sectional area is

ﬂ[x:l = :?T[outer r;au::lius:l2 —j'?'liinnnarra-::lius:l2

= }‘Tli'l)z - ;?r[x%]
= ;?T[l - x%]

Bv observing the graph x varies from 0 to 1.

And hence the volume generated by H, about Odis

V= _Il- ﬂ[x)-.:fx

Al

1 1
= _I-?T[l—ijdx
0

_ m
3
Hence the wolume 12 | = j—;
Answer 24E.
Tiven graph:
5
€10, 1) s — B(I. 1)
.:RE 5 -
.'-.-I-.-
: . .1-‘ — :-;':__1:'/ 4
Lffis i
0 A(LO) X



The graph of 3,15 shown below:

A

H|-.1_'| ;|

dizk radius

= _‘_;"'1

Foe

-1 1 4(10) :

Figure {1}

Solid of revolution
Figure (2}

Mow we have to find the volume generated by rotating the region 3, about the line

joining points O and O
Equation of the line joining points & and C 15 x =0,
The region 18 shown in the figure (1) and the resulting solid 12 shown in the fgure (2).

When we slice through the point y, we get a disk with radiuvs x ="

And by observing graph, v varies from 0to 1
The area of this cross-section 1s

ﬂ[y:l S
- (s

=j']:|_.?8



And hence the volume generated by R, about O 18

I
s B e - o R s
\o|\1.o
e
o i

=7
-
"9

Hence the volume is |7 = g

Answer 25E.

Given graph:

."’T

(0, 1) 7 — Bil, )
‘ l.j?.? L il /
y=3Hx
— ’.J‘ 3
ﬁ‘/ %R,
8
0 | AILO) X

The graph of ;s shown below:

F Y
x=1
C-ﬁ
L
B(u)
(o k1, \ S"E'.'
y i i, —
1 /;‘ :_—
ey T = lunzr radiuk
— =i Outar radius 4
A—h x=1-y
] I
2 0 T4jLe) 2
Figure (1)

MNow we hawe to find the volume generated by rotating the region R, about the line

joining points A and B

Equation of the line joining points A and 81z x =1,

The region and a cross-section perpendicular to y-axis are shown in the figure (1) and the
resulting zolid iz shown in the figure (23

A cross section in the plane has a shape of a washer with inner radius x = 1- »* and cuter

radius x=1.
=0 that the cross section area is

A[y) N JT( -::uter:rad.ius:l2 —?leinnerradius)z
(1) —?T(]—y“ :l2

= ;’E’(2y4 —ys) and y=0tol



And hence the volume generated by W, about A5 1z

1
v=|a(y)d
u]
a(2t - 5%)ay
5 ot
ﬁlz_f__f_}
5 9

0
= ———
3 9

Il
[

13
45
Hence the volume 13 |7 = 13—”
45
Answer 26E.
Given graph:
'H!'
fqﬂ. IF ‘ 0 e -; Bil. 1 )
T, f/,f
=t
/ 7 i
IO o
-’ / Ay
0 Ail, ()

The graph of W, 1z shown below:

-1 D

Figure (1)



Solid of revolution

S

Figure (2}

Mew we have to find the volume generated by rotating the region 3, about the line

joimng peints 5 and
Equation of the line joining points B and C 15 y=1.

The region is shown in the figure (1) and the resulting solid is shown in the figure (2).
1

When we slice through the point x, we get a disk with radius y=1-x%

And by observing graph, x varies from 0 to 1
The area of this cross-section 13

(i
A[xj = :?T[]— xi]
1 1
= J’T[1+ e —EX*J

And hence the volume generated by H, about 5C1s

e Jl- A[:x)a!’x

: Fia
Hence the wolume 15 [F = —|

Answer 27E.
Given graph:

81, 1)




The graph of H;iz shown below:

Inner radins
yox

N

-1 1.4{ :,u]F
L, 8

Outer malins 3 —xt

A

L
— J,l:xi
YoE

Figure (1)

Solid of revolution

Figure ()

How we have to find the volume generated by rotating the region R, about the line
joining points O and A.
Equation of the line joining points & and A 15y =0,
The region and a cross-section perpendicular to the x-axis are shown in the figure (1) and
the resulting solid 15 shown in the figure (20
A cross section in the plane has a shape of a washer with inner radius ¥ = xand cuter
1
radius y=x*.
=0 that the cross sectional area is

A(x) = ;?Tliouterradius:lg —;?T[inner radius:lg

= :-T[x%] —:-‘T[leg



Then the volume generated by H; about O4 13

2 1}
=7 —— =
303
Al
T3
Hence the volume i3 V:;—T.
Answer 28E.
Civen graph:
Ya
(0, 1) : Bil, 1)
.
gl? /’j
.’/ —
/.-'/y = :F‘x
R, R,
0 ALy - B

The graph of W, is shown below:

Trnier mdins
x=y"

Figure (1)

Solid of revohation :
Figure (2)

g

BIL1)

" e racdins
=y

. i 3
Tafzy) 2




Wow we have to find the volume generated by rotating the region H; about the line

joining points & and C.

Equation of the line joining points & and ' 15 x =0,

The region and a cross-section perpendicular to y-axiz are shown in the figure (1) and the
resulting solid is shown in the figure (2).

A cross section in the plane has a shape of a washer with inner radius x= »* and outer
radiuz x =y

Andby observing graph, ¥ varies from Oto 1

The area of this cross-section is

A(y) = ;'T[outer radius)2 —;="£'[innerradius)2
2
= j-"!'[:_}?:l12 —?T(y“:l
a7

Then the volume generated by H; about O s

o
9
: 2
Hence the welume 13 |7 = ? |
Answer 29E.
Given graph:
."'T
(0, 1) v ——=n Bil, 1)
! R, sl
' S
."lll
'y |JJ[?}
(9] Al A

The graph of H; 1z shown below:

s

g M
1 BiL1" Inoer radius
4 ey

¢ {0y T a1y
e
Ourer radius
r=|—pt fEEETTC Ty
e
»
-1 A[L0)

Figure (1}



Solid of revolution
Figure (2)

Mow we have to find the volume generated by rotating the region R, about the line

joining points 4 and 5.

Equation of the line joining points A and 5 iz x =1,

The region 15 shown in the figure (1) and the resulting solid 15 shown in the figure {2).

A cross section in the plane has a shape of a washer with inner radius x =1— yand outer

radius x=1-»*.
The cross sectional area 13

A[y) = ;?Tli outer radius)2 —?T(inner ra.dius:l2
= w{1=y*Y - 7(1-»)*

=?T[y3 -2yt -yt +2y]

Then the volume generated by 3, about A5 1s

9 5 3 2Tt
=T )"__2_}"__}4‘__’_2__)?_
] 3 2
0
1 2 1
=7 ——=—=+1
[9 5 3 }
1w
© 45
Hence the volume i V:ﬂ—ﬂ—
45
Answer 30E.
Given graph:
VA
0.1 T Bl 1)
Im'ﬂ /
Y
g
/-'=‘:fl
(% &
& All,0) \




The graph of H;1s shown below:

Onter radins
A y=1-x

ﬁ.

Figure (1)

Solid of revolution
Figure {2}

MNow we have to find the wolume generated by rotating the region W about the line

jelning points B and O
Equation of the line joining points B and O iz p =1
The region and a cross-section perpendicular to the x-asis are shown in the figure (1) and

the resulting solid 15 shown in the figure (2.
1

A cross section in the plane has a shape of a washer with inner radius y = 1— x% and outer
radius y=1-x

Ev oheerving the graph x waries from 0 to 1

The cross sectional area 1s

ﬂ[x) = ;?T[outerradius)g —;?T[inner r;au::h'uu,s)2

= FTI:l— x:l2 —;?T[l— X%T

1 1
= ;?T[Jr::4 —2x—xt +2x‘*]



Then the volume generated by H; about B is
= A(x)dx

0

L i L
Iﬂ' P2 —2x—xi4oxt Ja’x
0

_ 4
T
Hence the volume 13 | = 4—??- }
15
Answer 31E.
(a) Giiven curves are y=tanx, y=0,x= g

Mow we have to find the volume of the region formed by the given curves about
the x-amis.
The graph of the bounded region & is shown below:

Graph of the bounded region &

Y-

AR

055

Figure (1)

I
=
i

, o=
L
[
i o
MED :
] ] 1711

L
=
|

Solid of revolution
Figure (2)



The region 15 showen in the figure (1) and the resulting solid 1z shown in the figure

(2.
When we slice through the point x, we get a disk with radius ¥y = tan I:x)

. . K3
And by observing graph, x varies from 0 to T

The area of this cross-section 15
A(x)=7(y)’
= i{tan ()

= mrtan’ (x)

And hence the wolume generated by R about the x-amis is

A=l
z
= (secg (x)— 1)a’x
A=l
T T
= .?T{J- sec? [x)dx— I dx
Al A=l

s 0674159 (Zince using calculator)

Hence the volume 15 7= 0.67418|

(k) Here we want to find the volume generated by R about the line y=-1.
The graph of the bounded region & 15 shown below:
s

4

Omrer radius

Imuer radius 1 1+-fil[-'(}
P = ‘1‘I

i , _,.r"f‘u"

:_,.,"’.)1’. i

[
048z  NDZ4n_-W| 7 |okMg < 048
r\ \//ﬂ\ I :

LA

— ¥ lamix)

y=0 i

Figure (13



Solid of revolution
Figure (2)

The region and a cross section perpendicular to the x-axis are shown in the figure
{1y and the resulting solid is shown in the figure (2).

A cross section in the plane has a shape of a washer with inner radius y=1land
outer radiuz y=14+tan x.

So that the cross sectional area is
Alx)= J‘T[outerradius)z —?T[iinnerradius)g
= w{1+tan x)° =7 (1Y
= ?TIiZtanx+tan2 x)

= J‘T(Ztan;:+sec2 x—l)

. : i
By observing the graph xvaries from 0 to —.

Andthe volume generated by B about y=—11s

= 77(0.90780)

= 28510
Therefore wolume of the bounded region R rotating about the line y=-1 13

Ve 28519

Answer 32E.
; i m
(a) Given curves are ¥ =cos x,y=0,x=——,x=5.
Mow we hawe to find the volume of the region formed by the given curves about
the x-amis.

The graph of the bounded region £ 13 shown below:



Graph of the bounded region &

B
b 74

=
1= £,

: hy
-
o5 b, M.Fa 1z \_a

e

Disk radms

yeesta]) -

Figure (1)

The region 15 shown in the figure (1) and the resulting solid 1s shown in the figure
(2).
‘When we slice through the point x, we get a disk with radius ¥ = cos® (x)

: : i ir
And by observing graph, x varies from — 5 to =

The area of this cross-section i3
2
Alx) =y

= i cos® (x))’

1+cos 2x]

H
.-'—-..f"_"‘\

1+ cos? 2x +2cos [2x))

1+ 4
1+$+2005(2x}}

DC'I?:I =1y LIH

[3+ u:os 4x +4dcos (2:{))

And hence the volume generated by E about the x-asxis 13
T

= ] A(x)dx

T

= Iﬂg[3+cos [4x:l+4cos|:2x:ljl ax

= EIZZ) j I:3+cos 1:4x:l+4cos|:2x)') dx

sm x 4sin (2;::1]3

& x4+
4[ 2
T 3[;1’ s1n ;?T 4s1n|: :]
T4 2 2
ol 3[:’-’
4 2
_
i
= 37011

Hence the volume 15 [ = 3.7011]



(k) Here we want to find the wolume generated by & about the line »=1.
The graph of the bounded region & 15 shown below:

Cler rachus 1

Al -
Trmer macdin =

= y—l—l.:m""['.r]

oo
e

e
};.\a

Sa Ll 0.

RERUL RN
i

Figure (1)

1u
Solid ol revolulion
Figure ()

The region 15 shown in the figure (13 and the resulting solid 13 shown in the figure
(2.

A crossz section in the plane has a shape of a washer with inner radius
y=1-cos? (x) and outer radius y=1
So that the cross sectional area is

A(x) = ;‘r'ﬂ:outerr;al-::lius)2 —;'T[innerradius:lz
= ?T[l)g - ?TI:I —cos (x))z
= ;’T(— cos [ :l+ 2cos [x:l)

= ;reos? (x) (— cost x4 2)

) ?T[1+c025|:2x)][—1—c;s(2x) +2}

1+cos[2x:|J(3—cos|:2x:lJ

i 2

1l
5
pomen MR oy

—Cos 1:2x:l— cos® 1:2;::] +343cos (27::])

1+cos |:2x:l

—cos [2x) £

OGI'—‘i e I

/"—""\.

+34+3cos [2;{)}

[5+3cos 2;.' )

Bv observing the graph xwaries from — — to

ro |
l\J.|:-‘-‘]



LAndthe volume generated by Habout y=1is

o

M= i ﬂ(x)dx

J!I'

ig S+ 3cos 2x))a!’

-

= g[Eji[5+3 Cog [EX)).::EX
0

;?T( 35111 JE

4 0

_7fs )

4
_5_

8

= 6 1686

Therefore volume of the bounded region B rotating about the line vy =1 13

P 61636]

Answer 33E.

(a)
Consider the curve x? +4,% =4

2 2

Xy
— 4= =]
4 1

Which represents ellipse and when this curve is rotated about y =2, the formed region looks

like

¥ e
P
qh
T
]

#ﬂk
s

k.
b
Il



Here need fo find the volume generated by gabout y=2

.3 B
since X 4+ _|.then y=41-2 and 2<x<2.
41 V' 4

The figure shows outer cross section.

2 2
It is @ washer with inner radius 2 _ h _2_and outer radius 54 ’] X
4 4

The cross section area is

A(x) =z (outer rf,ldii.ts)2 — 7 (inner radius}z

2 % 2 =
= 2+,,1—"—} —x[Z—,’]—x—J
4 4

Hence, the volume generated by gabout y=2is

-y

V= I A{I}dx
x==2
= I 8.1 - d
r==3 4
2 2 3%
=3 I 8r ]—x—d\‘ Since [I . ‘ is an even function,
= 4 4 )
2 ]
=27 [ 8[1-Zdx
xul) 4

Mow evaluate this integral using a calculator.

Maple software can be used to find the definite integral.
Key board strokes of the command are as follows:
Maple command:

int (2*FPi*8((1-x"2/4)%1/2),x=0..2 numeric);

Maple command and output:

IE
I__
4

> inr[Z-Pi-S-Sqn ,x=0..2,nameric];

7895683521

Thus, the volume
2 2
X
V=21 [ 8,1 —=—dx
x=1) 4

~[78.95683521]



(b)

2 .

Ellipse ¥_ 1Y _| and when this curve is rotated about y =2, the formed region looks like
I

Here need to find the volume generated by gabout y=2

Since %+%=|:then x=t4-4y* and -1<y<1.

The figure shows outer cross section.

It is washer with inner radius y =2 —,f4—4,? and outer radius y =2+ ,/4—4)?
The cross section area is

A(y) = (outer radius )= 7 (inner radius )

-

ﬂ;ﬂm}i_x[z_mﬁ]
ol - |

=J'r_4-2~~.|'l4—4y3]
=814 -4)°

Hence, the volume generated by Rabout y =2is

1
V= [ A(y)dy
==]
1
= j‘Smf'-*-l—él_vzafy
1
1
=33r-2f-.,||'4-4y3dy {hutm].\'rsl v’ isaneven I'meli:m}
i

= Ejr_i-8“'|4—4y:'dy
]




MNow evaluate this integral using a calculator.

IMaple software can be used to find the definite integral.
Key board sirokes of the command are as follows:
IMaple command:

int (2*Pi*8((1-x"2/4)"1/2).x=0..2, numeric);

IMaple command and output:

- fn!(ﬂ-?i-ﬂ-ﬁqrt(dl = 4_}»'2]‘_1:=G =15 uumrﬂ'ic];
T8.95683521

Thus, the volume

W= :azj'ﬁd'd ~4y*dy

=|78.95683521
Answer 34E.
a)

The objective 1s to setup an integral to find the volume formed by rotating the region surroun
by the curves x*+y* =1, y=x*, y20 about x-axis.

At first sketch these curves, the first equation X+ yl =1 is a circle centered at origin with rac
1, the second curve iz a parabola with vertex at the origin and the inequality y =0 represents -

the area 15 above the x-axs.

Next find the points of intersection of the curves x* +y* =1,y =x*

Substitute y=x” in x* + 3’ =1 to obtain,

x2+(x1)1 =i |

4xt-1=0

It is difficult to solve the equation x* +x* —1 =0 so use CAS to solve this equation.
Twpe the following command in Maple, and then press ENTER to obtain the final result.

sf.!fve[.r4 +xt—1= a, J:];

d<342fs .

I 2+2¢?,%1 3+ 2,05

There are two real roots for the equation x* +x* —1=0

They are x = %J—u : N M—D.?Séli—%ﬂ'—2+2£ ~ 0.78615

Now substitute x =0.78615 and x=—0.78615 in y=+/1-x"

y=+1-0.79"
=0.62

So, the points of intersection are (—0.79,0.62), and (0.79,0.62).



Hence, over the given region x varies from -0.79 to 0.79.

Use this information to sketch these curves, and then the region will be as shown
Will be as shown below:

Figure-1
F

K

o

Outer radius

(-0.79.0.62) (0.79.0.62)

nner radlus

\ B

The solid formed by rotating the above region R is as shown below:




Inner radius of the approximating cylinder is given by

Inner radius = Lower curve — axis of rotation
Ko i T = )

Finmer = x1
Inner radius of the approximating cylinder is given by

Outer radius = Upper curve — axis of rotation

Touer = \l'l—xz - 0

Area of cross-section of the approximating cylinder 1s as follows:

1
inmer

A(x)=2(VI=2) ~=(x?)

A(x)=mr e — 77

Use the washer formula which is

V= A(x)dx
V= Mﬂ[ﬁ[ﬂ)z—f(f)ﬂdx

x=—0.70

It 15 difficult to solve the integral manually so use CAS to solve this integral.
Twpe the following command 1in Maple, and then press ENTER to obtamn the final result.

e [l T=2 Ve ()%), x=-0.79..0.79);

3.544423615

Therefore, the volume of the solid obtained 15 5.54 umf]



b)

If the region R is rotated about y-axis the obtained figure will be as shown in the figure-3-

Figure-3

y
b,

(-0.79.0.62) (0.79.0.62)

¥ =

Av

Inner radius of the approximating cylinder 1s given by

Inner radius = Lower curve — axis of rotation
Copn \,G = 0
o =il

Inner radius of the approximating cylinder 1s given by

Outer radius = Upper curve — axis of rotation
Py = Jl=p? - 0
T = -.|'1—_|,f2

Owver the given region y varies from O to 1.

Area of cross-section of the approximating cylinder iz as follows:

1
inmer

AG)=r (=7 2()

Use the washer formula to find the volume.

A(y)=ar e — 7



V=[4(y)d

7= [ (=) -2 |

y=0

Now use CAS to evaluate the integral,

Type the following command in Maple, and then press ENTEE. to obtain the final result.

m((2-(JT=7) == (3)%) p=0.1);

~n
G

Therefore, the volume of the solid obiained 1s % ~0.5231 unit’ |.

Answer 35E.

Consider the region bounded by the curves
y=2+x"cosx

y=x'+x+1

MNeed to find approximate -coordinates of the points of intersection of the given curves
And then use calculator to find (approximately) the volume of the solid obtained by

rotating about the X -axis the region bounded by the given curves.

y=2+x"cosx
y=x"+x+1

At first sketch these two functions to find the points of intersection.

(-1.29, 2.46)

Outer radius

v



From the figure, the points of intersection are(—1.29,2.46 ) and (0.88,2.5)

The region R surrounded by the curves y=2+x"cosx, ¥ =x" +x+1 is rotating about the

X-axis.

The upper curve of the region Ris y = 2+x" cosx so the outer radius of the solid formed
by rotating the region R 1s given by

Outer radius (7, )=2+Xx" cosx

The lower curve of the region R is ¥ =x*+x+1 so the inner radivs of the solid formed
by rotating the region R is given by

Inner radius (7, )=x*+x+1

Area of the cross-section of the solid formed is given by

A(X) =T (o) =7 (Tima )

=;-'E(S-l+_ac2 cos X )3 —fr(x" +x+1 )2

Over the given region the varable x takes values from -1.29 to 0.88.
So the integration can evaluated with the limits -1 2% and 0.88_

The solid formed by rotating the region R about the axis y =0 is as shown below:

Now the volume of the solid can be calculated using washer formula as show below:
v = [ 4(x)dc

L o
=088 7 3
j [rr(2+x2-:}osx )‘ —:-r(x" +x+1 ) ]{i{
x——1129
Tt difficult to solve this integral manually, computers are well suited for this task.

Type the following command in MAPLE and then press ENTER to obtain the final
result.

2 z'n.‘( (pi- (2 + _rz-r.:ns(_r] }2 —pi- (P + x4+ 1}2). x=
-1.29 ..0.88);
7.569221661
Hence the volume of solid is approximately equal to



For d =8, graph is as follows.

Charting Intensity d=8

0.025
| —
0.02 | e |t lightt
0.015 | e righit light
=
0.01 | sum
0.005 - ; left light
s rig it light
o Mg g
o 5 10 15 sum

Now find the exact value of d which 1s a minimum_ Take the derivative of the intensity
function with respect to x . Then find the second derivative, to see whered has a sudden
change, and a point of inflection.

R R
I = e + - = =
X +d° 100+x —20x+d
I'(x,d) = —2xF _ 2}:"1(35, _]0.]
(Jc,3+.r.1’3)2 ((Jcl—lﬂ)2+.r.1’3)2

+4x13F;d+_ 4F(x, —10f

r*r_’x,d)=Ez‘+d{f (s 108 +a2)

Continue to solve ford .

b B e U 1OF
[31:12+¢:1?3)3 ({xl—l{}_]:+d2)’

Plot the temperature distribution in the cladding for different values of heat transfer
coefficient,
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Answer 36E.

First we sketchthe curves v =x* and y= 2x— 2 with the help of computer

¥
3 Y=y
2
1
2 1 1o 2)(
A7
-
y=3x-x"
2
Fig 1

Mow we mowe the cursor to the points of intersection we see that x —coordinates
of the these points are x =0 and x=1.17

MNow we sketch the zolid obtained rotating the shaded region about x — axis
=3x-%

Washer

3

Onter radiuzg of washer 1s=3x —x

Inner radius of washer is= x*
Then cross sectional area of washer is

A[x) = ﬁ[[ou.ﬁer mdz'us)z - [inner mdz'us)ﬂ
Or Alx) =;‘T|:(3x—x3)2 —(x4)2j|
Alx) =.‘1‘1’[9x2 +x% —6xt —x3:|

o 117
Then the volume of solid is v= .[u A(x)dx

Or v= 1-01.17??_[9):2 +2 —6xt - xs:ldx

;?E'.I-LH[S";(2 +i5 -6t - :|dx

b b Eny
a
1.17
v=1 3x3+lx?—Ex5—£ [By FTC - 2]
7 3 9 |,
3 5 (11?91.1?
3 T ) .
=a| 31177 +2(1.17) = 2(1.17) -
wr[t Pz (117 -2117) 91

w 7[4.80+0.43- 2.63 - 0.46]
w 7r[2.14]

Or  |rw672]



Answer 37E.

Find the volume of the solid obtained by rotating the region surrounded by the curves
y=sin’x,y=0;0<x<nr

The region is as shown below:

Fignee-t y=sin’x
‘ :"\-'-'_a e
0 : coca B —
Innerradius Quter radius| y=0 | in

¥ :

_1 .

p —
- \ ]
_3 3

The solid formed by rotating the above region R is as shown below:

Figure-2

Inner radius of the approximating cylinder is the distance between the axis of rotation and the
lower curve.

B = 0=(=1)

=1

Quter radius of the approximating cylinder is the distance between the axis of rotation and the
UPPEr curve.

Touer =8in* x=(-1)
=sin’ x+1
Area of the cross section of the approximating cylinder is given by

3 3
A(I} = ﬂ—.j'hllmur = -r-lnm:f



By the washer method, the volume of the solid can be evaluated as follows:

=" A(x)dx

x=a

T=h 3 3
£ e [J‘I-!‘ outer — Y Innur]dr
- i - 1 2 : — " 2
_J'u [.?r (Sm _r+|} T (I] :|d:c
3 Fd v od o
—er [sm x+2sin x] dx
It difficult to solve this integral manually, computers are well suited for this task.
Type the following command in MAPLE and then press ENTER to obtain the final result.

> int(m- ((sin(x))* +2-(sin(x))? ), x=0..%);

d¥i.3
8

Therefore, volume of the required solid is

| .
—x° Unit®

Answer 38E.

Find the volume of the solid obtained by rotating the region surrounded by the curves
y=x'=2x, y:xcns[.?rrftl]; about y=2.
The region is as shown below:

Figure-1

y=xcos(7x/4)




The solid formed by rotating the above region R is as shown below:

Figure-2

Inner radius of the approximating region is the distance between the axis of rotation and the
lower curve.

jirllll." = 2 ™ xcos[%]

Outer radius of the approximating cylinder is the distance between the axis of rotation and the
upper curve.

Ko = 2—[:(: —21‘)

=2-x+2x
Area of the cross section of the approximating region is given by
A(x):)r-i':

2
T

Chater Inner

By the washer method, the volume of the solid can be evaluated as follows:
T=h
Fi= I ) A{.t)d‘c

T=h & i
= [ﬂ- 2L Outer 2 Inner ] dx

r=n

= :{ﬂn(l-xz+21}2wﬂ“[2vzros(%%]]z}dr

It difficult to solve this integral manually, computers are well suited for this task.

Type the following command in MAPLE and then press ENTER to obtain the final result.
N 2
g ;'.a:r[u-(z —Z 424 —n {2 - .N:ﬁs[ J%i ]] x= 0..2]:

41977 +120m 210
15 e

Therefore volume of the reguired solid is

30.019 Unit*

Answer 39E.

Given the integral :?TI sin xafx
D

WWe write the integral as

?Ti sift xdx = ;‘Ti («,"sin x)gdx
o o

So the integral represents the volume of the solid obtained by rotating the region
D=x=m, 02 y=Jan x aboutthe x —ams



Answer 40E.

1
2
CGiven the integral ;?T_[ (l—yg) v
-1
This describes the volume of the solid obtained by rotating the region
“12y=l, 0£x21—y about y—axis

Answer 41E.

Zince volume v = :T_Ll (y" -5 )dy
& Iulﬁ(y4 —yS)a’y
= J: I:;'Ty" -mP )dy

= [T -7 ) v

=ince we have volume of solid 15w = I:A(y)dy
Lnd cross sectional area of washer 15

A [y) = J‘T[ou.ﬁer mdz'us)g - J‘T[mner Feacdi us)g
By comparing, we have
Outer radius = 3* and inner radins = y*

Ho solid iz obtained by rotating the region bounded by curves x=3* and x =y*
from y=0to vy=1 about ¥ — axis

y=x<y?, 0=y =1 About v — axis

Fig.1

Answer 42E.

Since volume vw= J‘T_I-;ﬂ[[1+ Cos x)g - 12]4’:{

afl

Or v= | ?T|:[1+cosx:l2—[1+0)qu
Since vz.[:ﬂAI:x)dx

And area of washer 1z A[y:l = ﬁ[(aué@r mdz'usf = :'T[m.*sermdmsjlg:l

=0 by comparing we have

Cuter radinz = 14 cozx

And inner radius= 14+ 0=1

2o the solid 1s obtained by rotating the region bounded by the curves ¥y =cosx
and y =0 about v =-1

O in other words the solid is obtained by rotating the region

0= y=cosx, OSng abouty=-1




(1-0-1)

Fig.1
Y
.—-'"--A-—__—" e
l ‘.R-H\
o | : . \2}{
i e
: 5
| = I '=_1
Fig.1
Answer 43E.

First we make a table for given areas of the cross section spaced 1.5cm apart of a
human liver

cm_ | Space x 0 [15]3 [45]6 [75]% [105][12 [135 |15
cm? | Arca A(x) |0 |18 |58 |79 |94 106 117|128 €3 |39 |0

We have the interval 0 = x £15, we divide this interval 5 subintervals so n=>35 and

width of the sub intervals 18 Ax = ? =4
Then sub intervals are [0, 3], [3, 6], [6, 2], [%, 12] and [12, 15] then mid points of
the sub intervals are 1.5, 4.5, 7.5, 10.5, 13.5

We can approximate the values of liver as

5
Vo ZAI[?-’; )&x [B¥ mid point rule]
il
Where x; 15 the mid point of the sub interval[xi_l, x!-] then we have
Vs hx[ A(1.5)+ A(4.5)+ A(7.5)+ A(10.5)+ A{13.5)]
Or  VF=3[18+79+106+128+39] cm®

Or Feallll om?

Answer 44E.
The cross sectional areas at a distance x from the end of the log as given in the
table
x(m) 0 1 2 3 4 5 & 7 8 9 10

A(m2:| 068 | 065|064 061|055 | 058 053)055([0.52 050 | 048

Taking n =15, width of sub intervals 5= Ax = % =2

o sub intervals are [0, 2], [2, 4], [4, 6], [6, 8] and [8, 10]
Then mid points are 1, 3, 5, 7 and 9



By mid points rule we can estimate the volume of log as
3
Foes Z A(x; )ﬁx
il
Where x, is the mid point of the sub interval [xz-_l, xz-]
Then we hawve
Foes &x[ﬂ(]) + A+ A5+ A(T) +A|:9):|m3
Froes 2[0.65+U.61+0.59 +0.55 +D.5U] m’

Fa2n2 m’
Or Fe580 m®
Answer 45E.

(a) Consider the graph

0 2 4 6 8

From the graph the approximate estimated values are
(3,1.5),(5,2.2),(7,3.9),(9,3)

Thatis f(3)=1.5,/(5)=2.2,/(7)=3.9, andf(9)=3
Here g=2and p=103nd p=4

By definition

b—
&r=—a

By Midpoint rule Area about x-—axis is

mn

A= [ f(x)dx
=Ax[ f(3)+ S (5)+ £ (T)+ £ (9)]
=2[1.5+22+3.9+3]

=2[10.6]

=21.2

Since by algebraic simplification.



(1]
By definition of volume ¥ = J Al x)dx
Z

V:T(szp&

=(212)[x];
=(21.2)[10-2]

=(21.2)(8)

=169.6

Therefore, Volume =

(b)
Consider the graph

0

From the graph the approximate estimated values are
(2.3,0.5),(2.5,1.5),(5.5,2.5),(6.5,3.5)

Thatis f(2.3)=0.5, f(2.5)=151(5.5)=25, andf(6.5)=3.5

Here g=0and p=4 and p=4

By definition

_b-a

h

n
_4-0
T4
=1
By Midpoint rule Area about y—axisis

A=if{x)dt
1]

=1[23+42.5+5.5+6.5]

=1[16.8]
=168

By Midpoint rule Area about y—axis is

4
By definition of volume ¥ = IA[x}d:r
0

4

V=|(16.8)dx
!( )
=(16.3)[.r];
=(16.8)[4-0]

=67.2

Therefore, Volume  =[67.2]



Answer 46E.
(a) Consider the function f(x)=(ac +bx* +cx+d N1-x*
Use the formula for the volume of a solid. Let S be a solid that lies between x=a and

x=>b._ If the cross-sectional area of § i the plane P, through x and perpendicular to the
X-axis, 18 A(x), where A 1s an integrable function, then the volume of § is

V= m%n%gA(ﬁﬁi =j:'A(x)d:

Any plane P, that passes through x and 1s perpendicular to the x-axis intersects the solid
1 a circular disk. Let » be the radius of the circle. Write an expression for 7.

r=(ac +b* +oc+d N1-7

Then find the area of the cross-sections using the formula for the area of a curcle.

A(x)=
= ;'ir(l—;:2 Xaf +bt oo+ a'j'

The graph of f(x): (axj +bt +ex+d W1—x? is above the x-axis between x=—1 and
x=1._ Use this area to write an integral for the volume of the solid.

V= j[;’z(l—xzxaxﬁ +h +c:x+d)z]dx
a
Then use a CAS to simplify V.

V:’%E(ﬁﬂg +18ac +9b +42bd + 21 +105ad

(b) Graph fwith a=—0.06, b=0.04, c=0.1, and d=0.54 from x=—1to x=1.

15 7y
//_'ﬁ ;
15 o 15
-1.5 4

Then find the volume of the egg using the formula you found above.

V=%ﬁ[5(4}-06)’+18(41.06](o.1)+9(o_o4f

+42(0.04)(0.54)+21(0.1)° +105(o_54)3]

~|1.263

Type the following command mn MAPLE and then press ENTER to obtain the final
result.

= f'm( (pi- (2 + _!:l-cos[:c] }2 — pi- (_1'4 +x+ 1}2). x=
- I.29,.0,88);
7.569221661 &

Hence the volume of solid 1s approximately equal to |7.577.



For d =8, graph is as follows.

Charting Intensity d=8

0.025%
— ——
0.02 | e |t light
0.015 | s right light
=,
001l | sUm
0.005 | . left light
=—eright light
0 right lig
0 9 10 15 suUm

Now find the exact value of d which is a minimum. Take the derivative of the intensity
function with respect to x . Then find the second derivative, to see where d has a sudden
change_ and a point of inflection.

g sl g £
' +d® 100+ x" 200+ d*
I'{x,d): _23{1}?:'1 - 2"[‘rl{xl _lﬂ)
(xf +;:1’3)2 ((x1—10]3+d3)]

o L UL
(o2 +d?] ((xl_lﬂ}erdz)!

Continue to solve ford .

5 (x, —10f
) o107 )

Plot the temperature distribution in the cladding for different values of heat transfer
coefficient,

00
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@ S Seriesl
5

300
E —SErIES2
s
g 200 - e SETiRS T
fl

100

4] T ]
o 0.002 0.004 0.006 0.008 0.01

Radius in Cladding,m



Answer 47E.

Find the volume of the described solid 5.

A right circular cone with height i and base radius r is as shown below:

@ T

.

Let the vertex of the solid cone is at the origin and take y-axis as the axis of rotation then the
cone will be as shown below:

(x.3)

The variable radius x of the approximating cylinder is given by the equation of the line passing
through the points (r,k) and (0,0) which is given by

" Use the formula: Equation to the line
y=0= [ _‘[I )(x— 0) | passing through the points

= =¥
(x,) and (x,.3,)is y—y =[——}' "]{x—xl}
=X _

=:>.Jc‘—£ ;
J'r}

The area of the cross section of the approximating cylinder is given by

A(y)=nx’



Since the height of the right circular cone is f. it means, the variable y takes limits from 0 to f.

Now use the disk formula to obtain the volume of the given right circular cone.
v =[A(y)dy
¥

.
= xx”dy
&

»

_ h ry : )
= J'I'L [T} ﬂf‘l

= -I-J'rrz:'r
3

Therefore, the volume of the right circular cone with height 7 and base radius r is,

l arih|.

Answer 48E.

Let the centre of top of frustum be at the origin O and the centre of lower base of
the frustum be at x — azis

Let the center of lower base be &

then OA = h (Given = height of frustum)

And suppose B and C are any points on the top and lower base of the frustum
respectively. Then OC =r and AR = E are given

¥4

{0,r)

1

e —

H\f

Fig. 1

Ifwe draw a line parallel to z— axis from the point C then this line interest AB at
A (Let)
And AB=R-r
r
Then slope of line BC = ﬁ = A
24 h
Then equation of ine BC, passing though the point {0, 1), 13

R-r

[y—r): =t




How if we rotate the region OABC about x-axis then we get the frustum as given
If we choose any typical disk so the cross sectional area of the disk is

A[szn{(ﬂ};”]xw}z [v = Radius]
Or  A(x) =J’T{[%T 24+rt+2r (R; 7) x:|

Then the wolurme of frustum 15 = J-:ﬂl':x)dx

2
o 2o
Or V:;?T_I-; M%) % +r2+2r(}3+r)x}dx
_ * -k

Pl o [By FTC - 2]

(R-r)

1 r
C Bt

(R_’");gz
h

= %}z(ﬂ—r)z +r2§s+r§s|:R—r):|

= %J‘T}s[(ﬂ —r)z 432 +3r|iR—r)i|

- %m[ﬂﬂ 4 —2rﬂ+}>x’+3rﬁ—}r’]

Or Pz %m[ﬁﬂ 4 +R_r]

Answer 49E.

First we consider a circle of radius r whose center at the origin

A [0.r)
SR +
B I T

AT

F By
i STy

L Ly R
A A

Fig. 1

Since OA =r (radius of circle) and AB = h (given)

Then OB =r-h

2o y-coordinates of the points A and B are r and (r-h) respectively
Since equation of the circle is 2° +3% =»*

Then = fr—3*

Ifwe rotate the shaded region about ¥ — axis then we get a cap of a sphere with
height h.



; : *
Typical Thsk e i

Eadius of typical disk is= Jrf —3*

Then cross sectional area of typical disk 12

A[Cy) =;?T|:mdius)2
2
= ;‘r( r? —ygj
= ;fr[r2 —yg)
Then the volume of cap of a sphere of radius r
v=[" Aly)a

= .I-:_kﬂ'l:rg —_y2 :Idy

=
;ar[g’“ T 2 4 2k }z)j|
3

| 2rf = (r =) (2r* +2rk— )]
:1;[2r3—(2r3—3rk2+h3):|
:?—3]—[2r3—2r3+3r}32—}33:|

=2 [3*-#]

i
Or V:%hz[Br—h] or V:;rh’(r—g]




Answer 50E.

"We place the origin O at the center of the top of the frustum and = — axis along tis
central azis

b

Fig. |

From figure BC =

ra |

,OA:%and 00 =k

)

(a-
P

2]

Slope of line AE =

| S e

Since the line AB passes though the point & whose co-ordinates are (0’%] then

the equation of line AB 1z

HNow we consider a square any where in the frustum with side =2y

b—
Or side=2.|:ﬂx+a%j|

2k Z

=[(’-";)x+a}

Then the atea of square = liside)2

o Al [Mﬁ

[ e used (A+8)" = 4 +5* +2.43]

Then the volume of frustum 15§ = .I.:Alzx)dx

Or V—Ikl—(b_a)g = +a’ 72(2(3;_“)

= "

or V= [@mgma(b—am}

Or  ¥= [(bz +at - 2ab)§+af‘h +abh—a2h}
Or V:%&[b’*+aﬁ—2ab+3f+3ab—3f]
Or V:%h[b2+a2+ab]

Or volume of the fustum is = %h |:E;2-|-a;2 +ab:|




Answer 51E.

W oplace the origin O at the vertex of the pyramid and x — axis along its central
axis and y — axis parallel to the side of dimension 2b of the base of pyramid
s

3,

X

[
=

Fig 1

From figure AC=2b then AR =band OB =h

Then slope of line QA4 = %

=0 the equation of line OB which is passing through the origin
&

Sy
"7

Mow we consider arectangle 3

Then side of 3 parallel to AC =2, gx {length)

And another side of &= %x {width)
Then the area of rectangle = length < width
Cr Alx)=—x—x

(=252

Then the volume of pyramid is I = .I.:A[:x)dx

2
Or V=_|'k2b—fdx
0o g

2
Or V:2b—_|-kx2dx
B2
B A !
B Pt [By FTC - 2]
B3
0
2 3
Or V=2"E’—2.’Ei
PR
2,2
Or  F=Sp%
3

Or V=b

Answer 52E.

First we consider the properties of equilateral triangle ABC
A




In equilateral triangle each angle = 60° means 24 = 28 = ZC =607 and
a

perpendicular AT from A will bisect BC 5o B0 = -

Then by the trigonometric identity we have tan 60% = % -1}

Or \J’_:@
[

2
Or AD = ?.a -- (&) which 15 height of the triangle ABC

MNeow we place the origin O at the vertex of the pyramid and x 0 azis along OE
where E iz the centroid of the triangle ABC

since a centroid of the triangle divides the median in to ration 2:1

S0 AR ED =211
From step 1 we have AD = ga then AF = ?a s s

43
AE_/,@_ a

Then the slope of line O = —=2L13"=
g OF h ﬁ_;g

Since line O& passes though the origin so equation of line O4 15

3

y:
J3h

X

Mow we take any point z on OF which will be a centroid of the triangle T (Let)

Then distance of the line O4 form z 15= % x
R

@ 3\:@:
= x

T s SR
dee @ o
In a equilateral triangle the median ofthe triangle is a perpendicular alzo

3a

=0 height of the triangle T = 5 x -

=0 the median of the triangle T 15 =

Andthe base of equilateral triangle = i # height of the triangle

Nl
2, MBax
&2k

=0 base ofthe triangle T iz =

Or base:% -

Mow the area of the triangle = %Xbase * height

So the area of triangle Tis A(x) = %xﬁ ik

B2k
«,Eagxg
0y A[x:l:?}?—g

[From (1) & (2)]



Then the wvolume of the pyramid iz
V= [ 4(x)dx
i)
-1, Tga;si a
\Ei JEJrglsfx

EVE
af = 7*
_Ba {x—} [By FTC - 2]

T
40| 3|
_3dw
4 4 3
]
Or V:"‘E”
12

Answer 53E.

Consider a tetrahedron with three mutually perpendicular faces and three mutually
perpendicular edges with lengths 3 cm, 4 cm, and 5 cm.

Need to find the volume of the tetrahedron.

From the given data to construct the below figure:

Height

Length

To find volume, use the formula for the volume of a solid.

Let § be asolid that lies between x=g and y = p. ITthe cross-sectional area of §in the
plane P through x and perpendicular to the x-axis, is A(x). where A is an integrable
function, then the volume of Sis

i L]
= i 3 AG s = [

i=|

Place the tetrahedron on the coordinate axis so the 3 cm edge is on the x-axis, the 4 cm edge
is on the y-axis, and the 5 cm edge is on the z-axis. Any plane P, that passes through x and is
perpendicular to the x-axis intersects the tetrahedron in a right triangle.

Let /1 be height of the triangular cross-section (in the direction of the y-axis) and b be its length
{in the direction of the z-axis).

Write an expression for 7 and b as x goes from 0 to 3.

h:&;) and 3,:5(3_3_"‘)



Then find the area of the cross-sections using the formula for the area of triangle.
A(x)=~bh
2

Now substitute the values of b and f into the formula, obtain

A(x) =3 bh
1 5(3-x) A(3-x)
Z 3 3
10(3-x)
9

The tetrahedron lies between y=(0 and x=3.

Write an integral for the volume of the tetrahedron.

210(3-x)
V=jig—atr

L1

H}(B _x)] : .\.m-l
V:—,—.-.-.—.—.— Use .'" X =
9.3 } [ nel

{1

27

=__|0(3—x)'1]3

o

(10(3-3)" 10(3-0)
N

27 27

27

=0- —M Apply limits
b

=10 Simplify

Therefore,

The volume of the tetrahedron is

Answer 54E.

{0,y

{r)

Fig 1



Falume = .I-_:4 Izr2 - )dx

=4-r2x—£
L 3 =
=4_r3 —i+r3—i
i 3 3
=4-2f~3 &
| 3
[4
=4 —r3j|
| 3
LA
3

Answer 55E.
The base of solid is an elliptical region R with a boundary curve 9y* +4_-,-? =36 is shown
below:
And the cross sections are isosceles right triangles, which are perpendicular to the x-axis.
And the hypotenuse of the triangle is in the base.

Consider the following figure:
F
51y

mw%

(]

Il
L
(o2}

4 ——— 9x2+4y

5,

90°
1
|

Here, BC is the hypotenuse of the isosceles right triangles.

Consider the equation 9x* + 4 = 36.



O +4y" =36
4" =36-9x°
2369

=%u‘4—x3

Calculate the length of the hypotenuse BC.
L=2y

32{%ﬂ]
=34-x*

Calculate the area of the isosceles right triangle in terms of hypotenuse.

Therefore, the cross sectional area is [.r}— M

And the x varies from -2 to 2.

Calculate the Volume of the solid as follows:

V=jA{.r}dt

=)o

0l
1
P
o
|
| o
el
|
|
o0
+
w | oo
s N
(tr—'

i TV T Y
[}
%)

|

=24
Hence, the required volume of the solid is [24],

Answer 56E.

Consider a triangular region with vertices (0,0),(1,0), and (0,1)and base b.

MNeed to find the volume.

To find the volume use the definition for the volume of a solid. Let S be a solid that lies between
x=g and y = p . If the cross-sectional area of 5 in the plane Px, through x and perpendicular
to the x-axis, is A(x},_ where A is an integrable function, then the volume of Sis

V= lim EA(x J=TA{x)a’x

max At~



Graph the triangular region as follows:

e

N

Any plane Px that passes through x and is perpendicular to the x-axis intersects Sin an
equilateral triangle. Let s be the length of the sides of the triangle. Write an expression for s as
x goes from O to 1. Since the triangles are equilateral, s is equal the height of the triangular
region for any given x.

s=1-x
Then find the area of the cross-sections using the formula for the area of an equilateral
triangle.
3 3
A(I} = £$2 = £
4 4

(| __r)l Since g =]—-x

The solid lies between y=0 and y=1.

Write an integral for the volume of the solid.

43 i &5 )
[—E(l—l) +22(1-0) }
V3, s V3
33 3s]
_B
T 12
Therefore,

The volume of the triangular region is |y =

;!5?.

Answer 57E.

Consider a triangular region with vertices (0,0).(1.0). and (0.1)and base .

To find the volume, use the formula for the volume of a solid.

Let 5 be a solid that lies between m.a.nd :

If the cross-sectional area of S in the plane P, through x and perpendicular to the x-axis,
1 =t where A 18 an integrable function then the volume of § 1s,

E




Graph of the triangular region 1s as shown below:

29y

K

i

Any plane P, that passes through x and is perpendicular to the x-axis intersects S in a
square.

Let 5 be the length of the sides of the square. Write an expression for s as x goes from 0 to
1.

Since the cross-sections are square, 5 is equal the height of the triangular region for any
given x.

Then,

Then find the area of the cross-sections using the formula for the area of a square.

The solid lies between ~jan
The volume of the solid computed as follows:
1 1 3 r+l
V:—--{l—x}3:| UseJx“af:c:x
3 T e n+1

= —(— %] Apply limits

1

3
Therefore, the volume of the triangular region is !

Hence, over the given region x varnes from -0.79 to 0.79.

Use this information to sketch these curves, and then the region will be as shown
Will be as shown below:

Figure-1
F 3

y

(-0.79,0.62) (0.79,0.62)




The solid formed by rotating the above region R 1s as shown below:

Inner radius of the approximating cylinder is given by

Inner radius = Lower curve — axis of rotation
B = x = 0

Finner = x2
Inner radius of the approximating cylinder is given by

Outer radius = Upper curve — axis of rotation
Fomer = N1— x° - 0

_ 1
Foger = V1—x

Area of cross-section of the approximating cylinder is as follows:

1
immer

A(x)=2(i2) -z ()

A(x)= a7 — 77

Use the washer formula which 1s



V= A(x)dx
= [ #(i=2) () |

r=—0.70

It 15 difficult to solve the integral manually so use CAS to solve this integral
Twpe the following command in Maple, and then press ENTER to obtain the final result.

-

f'"f( (n'(d | —x ) — m[.rl}z)d-f—t}_?‘}..n.?q];
3.544423615

Therefore, the volume of the solid obtained 1s 3.54 umE]

b)

If the region R is rotated about y-axis the obtained figure will be as shown in the figure-3-

(-0.79.0.62) (0.79,0.62)

¥ -

The solid formed by rotating the above region R 15 as shown below:

Figure-2



'v

Inner radius of the approximating cylinder 1s given by

Inner radius = Lower curve — axis of rotation
Fiomer = J_]_} - 0
Recndl§

Inner radius of the approximating cylinder is given by

Outer radius = Upper curve — axis of rotation
Towe = N1V - 0
Fouter = 1|'1—y2

Over the given region y varies from 0 to 1.

Area of cross-section of the approximating cylinder 1s as follows:

A(-y}:mlmu_ml

inmer

A =7 (=7 ) -=({p)
Use the washer formula to find the volume.
v =JA(y}afy
V- ;j[f(ﬂf_f(fy]@
Now use CAS to evaluate the integyal,

Type the following command in Maple, and then press ENTER to obtain the final result

bl [l T=2 ) w5 =0 1);

1
6
Therefore, the volume of the solid obtained 1s %




Answer 59E.

Consider the parabola y= 1— x¥with base S.
MNeed to find the volume of the parabola.

To find volume, use the definition for the volume of a solid. Let S be a solid that lies between
x=g and y = p. If the cross-sectional area of Sin the plane Px, through x and perpendicular
to the x-axis, is A(,r). where A is an integrable function, then the volume of Sis

it

V= lim ZA(;.')@.XFTA(J:)JJ:

rnax Ao —0 |
=

Graph the region enclosed by the parabola _1;=1—x3 and the x-axis.

—
[W—

R
=
R

L e

Any plane Px that passes through x and is perpendicular to the x-axis intersects Sin an
isosceles triangle. Let b be the base of the triangle. Write an expression for b as x goes from 1
(the left boundary of the region) to 1 (the right boundary).

s=1-x*

Then find the area of the cross-sections using the fact that the height of each triangle is equal
to its base.

A(x}:%bh

=50-)

=%(x4 S +1)



The solid lies between y=-] and x=1.

Write an integral for the volume of the solid.

V= [[%(x" ~2x7 +1}:|dr
= %:t(x"’ -2x" + l)dx

5 3 i :
V:l[x__Zx } Use [y =
=1

wt+l

2150 3 n+1

11 2 1 2 .
=—|| -—=+1 || —=+==1]]| Apply limits
z_[53 ][5 3 H i
1[3-10+15 (-3+6-1Y] . .
=_ - Simpl
2| 15 [ 15 H oy

1[8 8
= | —r —
2015 15}
1[4
Zl15
=3
15
Therefore,
The volume of the parabola is I =% ;

Answer 60E.

(a)
Consider a circular disk with radius r
The formula for the volume of a solid:

Let S be a solid that lies between x=g and - p. If the cross-sectional area of Sin the
plane P, through x and perpendicular to the x-axis, is A(x), where A is an integrable

function, then the volume of Sis

V= lim iA(xj)ﬁx,:fA(x)dx

i Ar—l pa

Place the arigin O at the center of the circular disk.

Any plane Px that passes through x and is perpendicular to the x-axis intersects the solid in an
isosceles triangle. Let b be the base of the triangle. Use the Pythagorean Theorem to write an
expression for b as x goes from rto r.

b=2+Jr-x*

Then find the cross-sectional area using the formula for the area of a triangle.
1
A{A’}= ‘Ebh

=hrt = x*
Use this area to write an integral for the volume of the solid.

y =} (W= )




i:b:'l
From the graph of the circle above, the area of a circle can be found using the following
integral.

A= IZ\I'J'J —x*

Therefare, interpret the volume of the solid as the area of a circle A times l:;. which is a
2

constant.

V= j(hm‘r‘: —x ]cl’,\‘

-F

The area of a circle is also given by the formula 4 = 7,2

Therefore, volume of the solid is

M= i hxar!
2
1 5
=\—arh
2
Answer 62E.

Consider the following diagram:

[\

A




If cross sections are parallel to the line of intersection of the planes, then the cross sections will

be rectangular.

AB is the breadth of such a cross sectional rectangle
Length of rectangle = 5 g'lﬁ__\,z

Also, ¥ = tan 30°

X
X
Y= =
3
The area is calculated as follows:
A(x)=2416-%* :’%

Then the volume is calculated as follows:

Volume = ——-I—_r?.x 16— x*dx
5 216

o4

=%_—§[16—xljml
1 [-2

~Fl3 -]

Ly

A

_({128

133

Therefore, the volume is |——=]|.
33

Answer 63E.
(a)
If the cross-sectional area of §|is given by the function 4, (\) and the cross-sectional area of
8, is given by the function A, (x) as x goes from a to b, then the volumes of § and §,are

Y =I‘An(x)dx

= jAz (x )dx



The problem states that a family of parallel planes gives equal cross-sectional areas for the two
solids. Say that the planes perpendicular to the x-axis give equal areas (you could always
move or rotate the solids to make this true).

Therefore, A,(x)= A, (x) for any value of x.

Thus, their volumes are equal as well.

f Ay = | 4y

(b)

Consider the oblique cylinder:

In the obligue cylinder shown in the figure, notice that as you go down from the top of the
cylinder to the bottom, the cross-sections are circular disks.

These disks have the same area as the cross-sections of a right cylinder with height / and
radius r.
By Cavalieri's Principle, this means that volume of the oblique cylinder is equal to the volume of
the right cylinder.

The volume of a right cylinder is given by the formula p = 7424 -

Therefore, the volume of the given cylinder is as well.

Answer 64E.

Find the volume of the solid formed by the intersection of two circular cylinders.

Let 5 be a solid that lies between y=c and y=d. If the cross-sectional area of S in the
plane Py, through y and perpendicular to the y-axis, is A(y)_ where A is an integrable
function, then the volume of Sis

V= lim Zd(y )ﬁy, JA(y)afv

max Ay =0



As you go from the bottom of the solid to its top, the cross sections are squares as shown in
the diagram below. In the diagram, the sides of the square are s, so its area is A(_\-)= 5

Az

Y =

Y

Now, draw a side view of the solid. From the diagram, the value of Sis g=2 /p? _ 7 .

Ay

Y =

Y

Next write an expression for the area of the squares in terms of y by substituting the function
for s into the area formula.



A‘(y)zsl
-6

=4t - 4}’2

The solid lies between y = -1 (the bottom of the solid) and y=1r (the top).

Write an integral for the volume of the solid.

V= f (4" — 437 Yy

Then simplify the result.
¥ 2[4"2}'"%)’3 i,
<[4 4] {440

I
|
=

Answer 65E.
The formula for the volume of a solid: Let S be a solid that lies between x=g and y = pIfthe

cross-sectional area of S in the plane Px, through x and perpendicular to the x-axis, is A(x).
where A is an integrable function, then the volume of Sis

L h
V= i 2 = [ 4G
Place the center of one sphere at the origin O.

AY

)
.

Any plane Px that passes through x and is perpendicular to the x-axis intersects the solid in a
circular disk. Notice that the volume of the solid from x =0 (the origin) to x=#/2 (the

midpoint between the spheres) is equal to the volume from x=p/2 to x = (the center of the

right sphere). Therefore, find just one of these volumes and double it. For this problem, find the
volume of the solid from x=0to x=r/2.

Let R be the radius of the circular cross sections. Use the Pythagorean Theorem to write an
expression for R as x goes from 0 to er-

;‘v"s':”lr2 —(r—:r)z

=42 —x°



Then find the cross-sectional area using the formula for the area of a circle.
A(x)= =R’
=z(v2rx—x° j
=27 —xx’

The solid lies between y=0 and x =rf2_ Write an integral for the volume of the solid. Since
this only accounts for half of the total volume of the solid. double the integral.

(>3

rl

V=2[(2zarm-ax")dx

=

Then simplify the result.

V=2 [m‘x2 - %ﬂ'xj TE

=—xr

12

Thus, the required volume is _5“,;;,-3

Answer 66E.
The formula to find the volume of a solid is stated as follows:

Let S be a solid that lies between x=g and y=p.

Let A{x]be the cross-sectional area of the solid S in the plane P.and perpendicular to x-
axis.Here, A is an integral function.

Then, the volume of the solid S is calculated by the Tollowing formula:

V= tim > A(x)Ax
i=l

max A <+l

Consider the diameter of the bowl is 30 cm.

So, the radius of the bowl is r=%= 15¢m-

Consider the diameter of the ball is 10 cm.

So. the radius of the ball is _;-=%=5 cm -

As shown in the following figure, place the bottom of the bowl on the origin O.

20 Ay
e - 15—
¥y
X
-20 & 20
L 4

-20



Any plane Fi, . that passes through y and is perpendicular to the y-axis, intersects the solid in a
washer.

Let R be the radius of the circular cross sections.

Find the inner radius and outer radius of the washer, as y goes from 0 (the bottom of the bowl)
to 10 (the top of the ball).

inner radius = /5° —{S—y}z
=\25-(5-y)

outer radius = /(1 5]2 —(1 S_JJ}“

2

= 225—{]5—y]
Then, find the cross-sectional area using the area formula of a washer.
A(y) = 7 (outer radius)’ — 7 (inner radius)’
=x(225-(15-y) )-=(25-(5- »)')
=7(225-225+30y - ") -z (25-25+10y - »?)
=7 (30y-y*)-z(10y-»?)

=30my—my: -10zy+ 7y’
=207y

The water in the bowl lies between y=0and y=h.

The volume of the water can be calculated as follows:

V=|A4(y) dv

(= T =

20y dy Substitute A( y) =207y

=20Hiy dy
0

o i il
=207 J’—] Use [x"dy= S g
n+l1

=20x ——D:|

2
=207 h—}

=10zh*
Therefore, the volume of the water in the bowl is _

Answer 67E.

The formula for the volume of a solid. Let S be a solid that lies between x=g and y=4.If
the cross-sectional area of S in the plane Px, through x and perpendicular to the x-axis, is
A(x), where A is an integrable function, then the volume of 5is

L

V= lim EA(xI.')AxJ = i.d{x)dx

mmax Ax,—l



Draw a diagram of the cylinder (the grey region) with a cylindrical hole drilled into it (white).
¥ 3
T
L)
R:
o: / el
A X el X

Any plane Px that passes through x and is perpendicular to the x-axis intersects the hole in a
rectangle. Use the diagram to find the length and width of the rectangle as x goes from rto r.

length =24 R* —x°

width = 24/p° = x°
Then find the cross-sectional area by multiplying length by width.

A(X)= 4R - -
The hole lies between x=-p and x = Write an integral for the volume of the hole.

= jéh.l'R! —x = xtdx
sjr'ml—fw’ —x dy
o

Answer 68E.
Consider that the radius of a hole is r, and the radius of a sphereis g p
Sketch the sphere and the hole (which is bored horizontally along the x —axis into the sphere)

as shown below:
A
y

Sphere

hole
Y

X




From the figure, observe that the radius of the semicircle is y, and the line, y=r intersects
the semicircle.

Also, each cross section is a ring.

The standard form of the equation of a circle is (_1-_;,]2 +[J.r—k]2 e
Here, ris the radius, and [f’r,k] is the center of the circle.

So, the equation of a circle with radius R center at (0,0) i5 x* +y* = R*.

Solve the equation  * +J,:-2 = R? for y-

I2+}?2=R1
y2=R3_x.
y: RZ_xi

Therefore, the radius of the semicircle is y= R? —y? thatis the outer radius of the cross-

section.
Clearly, the inner radius of the cross-section is r.
Use the following formula to find the volume of a solid S that rotated about the x — axis:
V= J-b A x) dx
él

Here, A(x] is the cross-sectional area of S, and the solid lies between the lines, x =g, and
x=h

Also, the cross section is a washer.

So, the formula to find area A is given by 4(x)= x{outer radius)’ - 7 (inner radius)z-

Here, the cross section is a washer with inner radius r, and the outer radius .I'Rz gt
So, calculate the area of the cross section as follows:

A x} = 7 outer :':de:ius}2 — 7 (inner ra«:lius}I

=E( ) .:r{r]



From the figure, observe that the solid is lies between the intersecting points of

y=+R* =3 andy=r.
Solve _V:J'R*"—_rz and y = TOF X
IIRZ".IZ =

RZ - 3‘_2 :rz
RP=x*=r"=0
RE—r=x

i\m:x

Therefore, the solid is lies between the lines i er“ g i "IRZ e

Evaluate the volume of the solid as follows:

V= _[:A{x} dx

= jfﬁ:: I:H(Rl -x’ —rl)] d

JiE—

=2|, [JI(RE—IE—F!]] dx use Eﬂf{x]dx=2j§f{x}dx

=2r ;ﬁ(.’?z -—rz]-—xz el
- 2;:[ ;‘R:_,: [Rz - ) dv — :R:_r: x" d.rjl

-] (e 2] ]
L]

_ 2 a2\
=2r (RE—!'E]E’IZ——{R . )

Therefore, the volume of the remaining portion of the sphere is

=zn-(R*-rﬂ[Jﬁ?:7?-n}- L—fi::il--n

L5

4E(R2—r

|




Answer 69E.

Consider the graph

- 2

» X

(@) The function y=R — ey’ is an even function so its graph will be symmetric about y — axis.
So radius of both the ends will be equal.

If rotate the region bounded by the curve y =R —ex® from x =—hf2 to x=h,-"2 about x -
axis, then get a solid that is a barrel.

Consider a vertical strip in this region then after rotation get a circular disk with radius
r=y=R-cx'

When x = hf2then

r(h/2)=R-c(h/2)

r(h/2)=R-ch’ /4

Let d =ch’ /4

Therefore, the radius of each ends of the barrel is _

(b) Volume of the barrel is

V= 2]’ dr

hif2

R +eixt =2Rex’ )dbc

fal2
[ r+lc X —chx }
5 3

0

{R— F? h-‘—iﬂch-‘]
2 2



Multiply numerator and denominator with 3
Thus
bl sn: Boar Eecw
V=—rxh|3R" +—c'h" ——Rch
3 80 2

= %,-m 2R + R? +ic2h* -iczh* - Rckz]

80 80 2
sk 2,?3+R=+ic3h‘-zn(ﬂ]-ic%‘]
3 I 16 4 40
" o
A 2R=+[R-(ﬂ]] —chh':|
2 40
B lﬂ'ﬁ[ﬂ?: +[R—a’]2 —E(:ﬁ )} From part (a)

3 40

=l:rk[2R’ 8 —Eaﬂ}
3 5

Therefore, volume enclosed by the barrelis |V = %}rh[2ﬂ2 +r -%dj}

Answer 70E.

Consider the graph

z fx)

y=-k

Let the region is bounded by the curve f(x) and g(x) where g(x)< f(x)and a<x<b-
Given that the area of the region = 4

Then !:[f{x}_g(_r)]drz,q ()

Use washer method for finding the volume of the solid obtained by rotating the region R about
X —axis.

Outer radius of the washer is =If'(x)

Inner radius of the washer is = g(x)

Then the volume of the solid obtained by rotating the region R about x-axis is

Vo= n'j:‘[{f[.r)}z -{g [x}}z]dx ...... (2)



If want to rotate the region R about the line y =—k then

Outer radius of the washer is = f(x)+k
Inner radius of the washer is = g(x)+k

Then the volume of the solid obtained by rotating the region R about the line y =—kis

:{f[x}+ k}i —{g{x}+k}:]dx

Ry
]
=

I
5

(£ (F +k 207 (x)~{g ()}~ ~2ke (x) s

GO (e () +2k {7 (x)-g(x)} e
(/0 {0 e 2t {7 3) - (o

From (1) and (2)

I
=

Il
=

l—,a—nl—‘,a- E.-—‘a' E‘—..B'

V., =V, + 2ukd|




