1.1 Introduction

Linear Algebra is a branch of mathematics concerned with the study of vectors, with families of vectors
called vector spaces or linear spaces and with functions that input one vector and output another, according to

are constructed to represent physical problems. Nonlinear models can often be approximated by linear ones.
Other applications can be found in computer graphics and in numerical methods.

In this chapter, we shall discuss matrix algebra and its use in solving linear system of algebraic
equations AX = Band in solving the Eigen value problem AX = AX.

1.2 Algebra of Matrices

1.2.1 Definition of Matrix

A system of m x n numbers arranged in the form of a rectangular array having m rows and n columns is
called an matrix of order mx n.

IfA= (@], » be any matrix of order m x 1 then it is written in the form:

-
81 ‘] 81 2 ............... a‘ln
G211 i, n
A= [a,,j]mX BT e e
8o e, I

Horizontal lines are called rows and vertical lines are called columns.

1.2.2 Special Types of Matrices

1. Square Matrix: An mx n matrix for which m = n(The number of rows is equal to number of columns) is
called square matrix. It is also called an n-rowed square matrix. i.e. A = [a}.j]nX » The elements
a; li=jie. 14 8yp.... are called DIAGONAL ELEMENTS and the fine along which they lie is called
PRINCIPLE DIAGONAL of matrix. Elements other than a,;, a,,, etc are called off-diagonal elements
ie. a, | N ‘

(SOl G2 I o}

1 3
Example: A = | 4 6 is a square Matrix
9 3

3 x 3



2. Diagonal Matrix: A square matrix in which all off-diagonal elements are zero is called a diagonal

=0 1if ixj

matrix. The diagonal elements may or may not be zero. { a it i
/'/' =

is a diagonal matrix

© o O

30
Example: A= |0 5
‘ 0 0

The above matrix can also be written as A = diag[3, 5, 9]

Properties of Diagonal Matrix:

diag [x, v. zZ1 + diag [p, g, r] = diagx+p y+qg 2+ 1]

diag[x, y, z] x diag [p, g, 1] = diag [xp, yq, zr]

(diag [x, y, z])~" = diag [1/x, 1/y, 1/7]

(diag [, y, 2])" = diag [x, y, ]

(diag [x, y, 2])" = diag [x", y", 27]

Eigen values of diag [x, y, z] = x, vand z.
——beterminantof diag fx, y, zl =tdiag [, v, 2T = xyz

3. Scalar Matrix: A scalar matrix is a diagonal matrix with all diagonal elements being equal.

a/- =0 if i ij
a,j =k if |= j
| 300
Example: A= 10 3 0] isa scalar matrix.
0 0 3

4. Unit Matrix or Identity Matrix: A square matrix each of whose diagonal elements is 1 and each of
whose non-diagonal elements are zero is called unit matrix or an identity matrix which is denoted by I.
Identity matrix is always square.

(8j=0 if i%]

Thus a square matrix A = [al.j.] Is a unit matrix if a,="Twheni=jand a;=0wheni Ia 10 i=j
l]' = ] =

—h

00 10
Example: ;= |0 1 0] is unit matrix, I, = {O J.
0 1]

,_.
(@]



Properties of Identity Matrix;
(a) Iis Identity element for multiplication, so it is called multiplicative identity.
(b) Al=T1A= A

() I"=1

(d) It=r1

e |1l =1

Null Matrix: The m x n matrix whose elements are all zero is called null matrix.

Nult matrix is denoted by O. Null matrix need not be square. a; =0V J,

000
00 0
Example: O, = 10 0 0 ’OZ:[O O}OZMZ[OJ,
000

Properties of Null Matrix:
(@ A+0=0+A=A
So, Ois additive identity.
b) A+ (A =0
Upper Triangular Matrix: An upper triangular matrix is a square matrix whose lower off-diagonal elements
are zero, i.e. a;=0whenever>
It is denoted by U,

. , g =01 i>j
The diagonal and upper off diagonal elements may or may not be zero. . ,
a/'/' | f</
3 5 -1
Example: U= 0 5 6
00 2

Lower Triangular Matrix: A lower triangular matrix is a square matrix whose upper off-diagonal triangular
elements are zero, i.e. a,=0wheneveri<j The diagonal and lower off-diagonal elements may or may

ja,/- =0 if i<y
not be zero. D
a,»/- if 1>/
It is denoted by (,
100
Example:[ = | -1 5 0
2 36

ldempotent Matrix: A matrix A4 is called Idempotent if A2 = A,
§ 2 -2 -4
[1 0l [0 0 ‘
Example: LO i !O ol -1 3 4 | are examples of ldempotent matrices.
- -2 -3

Involuntary Matrix: A matrix A is called Involutory if A2 = .
1 0] 4 3 3
Example: [O 1J is involuntary. Also | -1 0 —1 is involuntary since A2 = 1.
~4 -4 -3



10. Nilpotent Matrix: A matrix A is said to be nilpotent of class x or index x if A= Oand A~ 1= O e x
is the smallest index which makes A* = O,

1t 1 3
Example: The matrix A= | 5 2 g | is nilpotent class 3, since A= 0 and A2 0, but A3 = 0.
-2 -1 -3

11. Singular matrix: If the determinant of a matrix is zero, then matrix is called as singular matrix.

|A =0e.g. B é]

“If determinant is not zero, then matrix is known as non-singular matrix.
If matrix is singular then its inverse doesn’t exist 3,

1.2.3 Equality of Two Matrices
Two matrices A = [al./.] and B = [bij] are said to be equal if,
1. They are of same size.

2. The elements in the corresponding places of two matrices are the same ie., a;= bl./ for each pair of
subscripts i and j.

f]’_x~y p+q]_f2 5]

lp-a x+y] T [1 10]
ThenxAy:Z,p+q=5,p-q:1andx+y=10
= x=0,y=4 p=3andqg=2

Example:l e

1.2.4 Addition of Matrices
Two matrices A and B are compatible for addition only if they both have exactly the same size say
mx ’MWMQMML%@Q%MQ%@#%Q%QH@%%emeﬁ%ekf

Aand B. Thus if, A=[g,]  &B= [bm.nthen A+ B = [a, + bl o
Example: A = 12 B= 46 ;
35 7 8

1 2 N 46 5 8 ]
ATB=13 5|77 8| = |10 13
Properties of Matrix Addition:

1. Matrix addition is commutative A+ B= B + A,

2. Matrix addition is associative (A + B) + C= A + (B+ 0

3. Existence of additive identity: If O be m x n matrix each of whose elements are zero. Then,

A+ O=A= 0+ Aforevery mx nmatrix A.
4. Existence of additive inverse: Let A :[aij]mxn‘

Then the negative of matrix A is defined as matrix [ ai/]mxn and is denoted by -4,

= Matrix ~A is additive inverse of A. Because (-4) + A= O = A + (=A). Here O'is null matrix of
order mx n.

5. Cancellation laws holds good in case of addition of matrices, which is X = ~A.
A+ X=B+X=A=B
X+A=X+B=A=8

6. Theequation A + X = 0 has a unique solution in the set of all mx n matrices.



1.2.5 Substraction of Two Matrices
If Aand B are two mx n matrices, then we define, A-B=A + (-B).
Thus the difference A~ Bis obtained by subtracting from each element of A corresponding elements of B.

1.2.6 Multiplication of a Matrix by a Scalar

Let Abe any mx nmatrix and k be any real number called scalar, The mx n matrix obtained by multiplying
every element of the matrix A by k is called scalar multiple of A by kand is denoted by KA.

= If A= [al.j]mxn then Ak = kA =[kA] ., .
5 2 1 15 6 3
IfA=|6 -5 2|then, 34A=|18 -15 6
1 3 6 3 9 18

Properties of Multiplication of a Matrix by a Scalar:

1. Scalar multiplication of matrices distributes over the addition of matrices e, k(A+ B) = kA + kB,
2. If pand g are two scalars and Ais any m x n matrix then, (p+ QA= pA + gA.

3. Ifpand gare two scalers and A = [aa,,j]mX »then, p(gA) = (pg)A.
4

fA= [3,-/] mxn D€ @matrix and k be any scalar then, (~k)A = ~(kA) = k(-A).

1.2.7 Multiplication of Two Matrices

LetA=][a
of rows in B.

ij]mxn; B= [b},k]n « p D€ two matrices such that the number of columns in Ais equal to the number

n

Then the matrix C = [c,.k]mXp suchthatc, = Z 8D is called the product of matrices Aand Bin that order
j=1

and we write C = AB.

Properties of Matrix Multiplication:

1. Multiplication of matrices is not commutative. In fact, if the product of AB exists, then it is not necessary
that the product of BA will also exist. For example, Ay, o x B = C,, , but
B, . *x A, » does not exist since these are not compatible for muttiplication.

2 x 4

2. Matrix multiplication is associative, if conformability is assured. i.e., A (BC) = (AB)C where A, B, Care
mxn, nxp, px qmatrices respectively.

3. Multiplication of matrices is distributive with respect to addition of matrices. i.e., A(B +C)
= AB + AC.

4. The equation AB = O does not necessarily imply that at least one of matrices A and Bmust be a zero

o 11 {1 1 00
matrix. For example, = ,

11 -1 -1 "o 0

9. Inthe case of matrix multiplication if AB = O then it is not necessarily imply that BA = O. In fact, BA
may not even exist,

6. Both left and right cancellation laws hold for matrix multiplication as shown below:
AB = AC= B = C(if Ais non-singular matrix) and
BA = CA= B = C(if Ais non-singular matrix).



1.2.8 }Trace of a Matrix

Let A be a square matrix of order n. The sum of the elements lying along principal dfagonai is called the
trace of A denoted by Tr(A).

n
Thus if A=1[a],, . then, Tr(A) = 38 = a, +a,+..a
i=1

1 2 5
Let A=|2 -3 1
-1 6 5

Then, Trace (A) = Tr{A) = 1+(-3) +5 =3

Properties of Trace of a Matrix:

Let Aand B be two square matrices of order nand A be a scalar. Then,
1. Tr(AA) =X TrA

2. TrA+By=TrA+TrB

3. Tr(AB) = Tr(BA) [lf both ABand BA are defined]

1.2.9 Transpose of a Matrix

LletA=la] Then the nx m matrix obtained from A By changing its rows into colurmns and its columns

TR Y

into rows is called the transpose of A and is denoted by A" or AT,

13
1
Let A= 12 41 then, ATzA’:{3 i ?J
6 5
It B = [123]
1
Then B=[t23"=0123=|2
3

Properties of Transpose of a Matrix:
If ATand BT be transposes of A ard B respectively then,
1. (A=A
2. (A+B)T=AT+ B
8. (kA= kAT, k being any complex number
4. (AB)T=BTAT
5. (ABC) = CTBTAT
1.2.,10 Conjugate of a Matrix
The matrix obtained from given matrix A on replacing its elements by the corresponding conjugate Comp!ex

numbers is called the conjugate of A and is denoted by A.

Example: If A =

243i 4-7i 8
6 O+

_ (2-31’ 447i 8"]

Tl 4 6 9-4]



Properties of Conjugate of a Matrix:

If A and B bethe conjugates of A and B respectively. Then,
(A)

2. (A+B) = A+B

1.

—
=

= A

3. (KA) = kA, kbeing any complex number

4. (AB) = AB, Aand B being conformable to multiplication
5. A = Aif Als real matrix
A =-Aif Ais purely imaginary matrix

1.2.11 Transposed Conjugate of Matrix
The transpose of the conjugate of a matrix A is called transposed conjugate of A and is denoted by A% or

A*or (A) . Itis also called conjugate transpose of A.

2+i 3~i
Example: If A = [ :{

4 1—14
4 T+

_ 21 3+1i
To find A, we first find 74 = [ : ’]

Then A® = (A) = 2-1 4
3+i 1+

Some properties: If A° & B9 be the transposed conjugates of A and B respectively then,
1. (A9 = A
2. (A+ B8 =498

3. (KA =KAY, k— complex number
4 (AB)® = 300

1.2.12 Classification of Real Matrices

Real matrices can be classified into the following three types based on the relationship between AT and A.

1. Multip

1. Symmetric Matrices (AT = A)

2. Skew Symmetric Matrices (A7 = -A)

8. Orthogonal Matrices (AT = A~ or AAT = J)

1. Symmetric Matrix: A square matrix A= [al.j] is said to be symmetric if its (7, " elements is same as its
(j, )" element ie., a;=a,forallid&
In a symmetric matrix, A7 = A

a h g
Example: A= | b [ | isasymmetric matrix, since AT = A
g il c

Note: For any matrix A,
(a) AATIis always a symmetric matrix.



A+ Al

is always symmetric matrix.

(b)

Note: If A and B an symmetric, then
(@ A+ Band A- Bare also symmetric.
(o) AB, BAmay or may not be symmetric.
Skew Symmetric Matrix: A square matrix A = [ai/.} is said to be skew symmetric if (i, )" elements of A
is the negative of the (j, i)" elements of A if ay=-a; Vi

In a skew symmetric matrix A" = — A,
A skew symmetric matrix must have all 0's in the diagonal.

0 h g
Example: A= | -h O f | is askew-symmetric matrix.
-g -f 0

T

, A= . ‘
Note: For any matrix A, the matrix 5 is always skew symmetric.

Orthogonal Matrix: A square matrix A is said be orthogonal if:
Al = A = AAT = AA- = I Thus A will be an orthogonal matrix If, AAT = 1 = ATA.
Example: The identity matrix is orthogonal since /7 !

Note: Since for an orthogonal matrix A,

AAT = T
= LAAT] = 1] =1
= LAl TAT] = 1
= (1A[P =1
= fAl = +1

So the determinant of an orthogonal matrix always has a modulus of 1.

1.2.13 Classification of Complex Matrices

Complex matrices can be classified into the following three types based on relationship between A% and A.

1.

=W

Hermitian Matrix (A% = A)
Skew-Hermitian Matrix (A® = -A)
Unitary Matrix (A% = A" or AA® = [)
Hermitian Matrix: A necessary and sufficient condition for a matrix A to be Hermitian is that
Al = A

a b+ic
b-ic d
Skew-Hermitian Matrix: A necessary and sufficient condition for a matrix to be skew-Hermitian if
A= A

Example: A = [ :‘ is a Hermitian matrix.

£ les A 0 -2-i
xample: A = o0

} is skew-Hermitian.
Unitary Matrix: A square matrix A is said to be unitary if:
A6 A1

Vo= A



Multiplying both sides by A we get an alternate definition of unitary matrix as given below:

A square matrix A is said to be unitary if:
AAY = T= A9 A

-1+

1+
Example: A = i . is an example of a unitary matrix.
; -

2 2

1.3 Determinants
1.3.1 Definition

i1 A
represents the number a, 1805~ 158y,

Gy Gop
andis called determinants of order 2, The number 811 @y, 854, 8y are called elements of the determinant and the

number 4485~ 8y,4,, is called the value of determinant.

Leta,, a,,, a,,, a,, be any four numbers. The symbol A =

1.3.2 Minors, Cofactors and Adjoint

&1 dp a3
Consider the determinant (@01 @» o
Ay dyp az

Leaving the row and column passing through the elements a; then the second order determinant thus
obtained is called the minor of element a,and we will be denoted by /\//I.]..

| . G apg
Example: The Minor of element 8y = =M,,
© |8 ag
Similarly Minor of element i s
imilarly Minor of element a.., = =M
y 27 |ay ap 2

1.3.3 Cofactors

The minor MI./. multiplied by (~1)*/is called the cofactor of element a. We shall denote the cofactor of an
element by corresponding capital letter.

Example: Cofactor of @, = A, = (-1) */ M,

241 @ ap
Cofactor of element a,,= A,, = (~1)24 M, =~ ¢
S - | ax
11 a3
by cofactor of element 8yp = Ay = —
a a
b1

We define for any matrix, the sum of the products of the elements of any row or column with corresponding
cofactors is equal to the determinant of the matrix.



1

20
Example: If A=[-16 1
2 02
(12 -4 12
then, cof(d) = |-4 2 4
12 -1 8
Al = (1x12) + (2 x 4) + (0 x -12)

= (-1x-4)+(6x2)+(1x4)
= (2%x2)+(0x~1)+(2x8)=20

1.3.4 Adjoint

When all the elements of a matrix ‘A’ are replaced by its co-factor, then the transpose of that matrix is
known as adjoint of matrix ‘A’
a,; — Cf/
AdjA = [CI./]T
Properties of adjoint matrix A(Adj A)

1.3.5 Determinantofordern
A determinant of order n has n-row and n-columns. It has nx n elements

A determinant ot order nis a square array of nx n quantities enclosed between vertical bars.

Ay Bypeenn., a,
A —— 82] ............. agn
Gy Bppeeee. 8

Cofactor of A, of elements a;in Dis equal to (-1 ¥/ times the determinants of order (n-1) obtained from D
by leaving the row and column passing through element a;

3 3
If Ais a3 x 3 matrix, then | Al = 2’41/ cof(A ZA2/ Ccof(A ZAB/ cof(A;) = 3\ Ay cof(A,)etc.
j=1 = =1 i=1

Therefore, determinant can be expanded using any row or column.

1.3.6 Properties of Determinants
1. The value of a determinant does not changc when rows and columns are interchanged. i.e.
FUERVY
2. Ifany row (or column) of a matrix A is completely zero, then | Al = 0
Such a row (or columnj is called a zero row (or column).
Also if any two rows (or columns) of a matrix A are identical then| Al =0

3. Ifany two rows or two columns of a determinant are interchanged the value of determinant is multiplied
by -1.



4.

If all elements of the one row (or one column) of a determinant are multiplied by same number k the
value of determinant is k times the value of given determinant.

If Abe n-rowed square matrix, and k be any scalar, then kAl = kAl

(@) Inadeterminant the sum of the products of the elements of any row (or column) with the cofactors
of corresponding elements of any row or column is equal to the determinant value.

(b) In determinant the sum of the products of the elements of any row (or column) with the cofactors
of some other row or column is zero.

a b ¢
Example: A=la b o

a by o

Then a,A;+ b,B, +¢,C, = A
aA, +bB,+¢,C, =0
aA;+ b By+c,Cy =0
aA, + b,B, +¢,C, = A
A, + b,B, + ¢,C, = 0etc
where A, B, C, etc., be cofactors of the elements a,, by, ¢, in D.
Ifto the elements of a row (or column) of a determinant are added mvtimes the corresponding elements

of another row (or column) the value of determinant thus obtained is equal to the value of original
determinant.

e, AT B then |4l = | Bl
and A—% g then |4l = | B

| AB| = | Al*| Bl and based on this we can prove the following:
@ 4l =(laly

©) |4 = 1

Al
Proof of a AT = [Ax A A .. ntimes|
= ]Ai * IA! % !Af ... ntimes
= (lAly
Proofofb: |AA| = |/]
=
Nowsince, [AA] = Al |41
Al [A1] =
= A1) = L
1A

Using the fact that A. Adj A = | A] . I, the following can be proved for Anyn
(@ [AdjAl = a]n-
() 1Adj (Adj ()] = |A] =12



1.4 Inverse of Matrix
The inverse of a matrix A, exists if Ais non-singular (i.e. |A] = 0) and is given by the formula

Adj(A)

At = ZEOVY
Al

Inverse of a matrix is always unique.

1.4.1 Adjoint of a Square Matrix

Let A=[a,] be any nx n matrix. The transpose B of the matrix B = [Ajl, ., where A, denotes the cofactor of
element a, Is called the adjoint of matrix A and is denoted by symbol Adj A.

N Adj (A) = [cof (A))
Properties of Adjoint:
if Abe any n-rowed square matrix, then (Adj A) A = A (Adj A)=] Al I

where I_is the nx nldentity matrix.

1.4.2 Properties of Inverse

AAT = ATA =]

Aand B are inverse of each other if AB= BA =1

(ABY' = Bt A7

(ABC)Y ' = C1 BT A

If Abe an nx nnon-singular matrix, then (A7) = (A~1)7.

If Abe an nx nnon-singular matrix then (A~ = (A®)-".

S S S B < B A R e

For a 2 x 2 matrix there is a shortcut formula for inverse as given below

[a b]"_ 1 d -b
c d _G.J:b—c){—c aJ'
1.5 Rank of A Matrix

Rank is defined for any matrix A

my n (N€ed not be square)

Some important concepts:

1. Submatrix of a Matrix: Suppose A is any matrix of the type mx n. Then a matrix obtained by leaving
some rows and some columns from Ais called sub-matrix of A.

2. Rank of a Matrix: A number r is said to be the rank of a matrix A, if it possesses the following
properties:
(@) There is atleast one square sub-matrix of A of order rwhose determinant is not equal to zero.

(b) If the matrix A contains any square sub-matrix of order (r + 1) and above, then the determinant of
such a matrix should be zero.
Put together properly (a) and (b) give the definition of the rank of a matrix as the “size of the
largest non-zero minor”.

Note:

(a) The rank of a matrix is < r, if all (r+1) - rowed minors of the matrix vanish.

(b) The rankofamatrix is > 7, if there is at least one r-rowed minor of the matrix which is not equal to
Zero.

(¢) The rank of transpose of a matrix is same as that of original matrix. i.e. r(A7) = r(A).



(d) Rank of amatrix is same as the number of linearly independent row vectors in the matrix as well
as the number of linearly independent column vectors in the matrix.

(e) Forany matrix A, rank (A) < min(m,n)
i.e., maximum rank of Ay n = min(m, n)
() Rank (AB) < Rank A ‘
Rank (AB) <Rank B
S0, Rank (AB) < min(Rank A, Rank B)
() Rank (A") = Rank (A)
(h) Rank of a matrix is the number of non-zero rows in its echelon form.
Echelon form: A matrix is in echelon form if only if

1. Leading non-zero element in every row is behind leading non-zero element in previous row.
This means below the leading non-zero element in every row all the elements must be zero.

2. Allthe zero rows should be below all the NON-ZEro rows,

This definition gives an alternate way of calculating the rank of larger matrices (larger than
3 x3) more easily. To reduce a matrix to its echelon form use gauss elimination method on the
matrix and convert it into an upper triangular matrix, which will be in echelon form. Then count
the number of non-zero rows in the upper triangular matrix to get the rank of the matrix.

(i) Elementary transformations do not alter the rank of a matrix.

() Only null matrix can have a rank of zero, All other matrices have rank of atleast one.

1.5.1 Elementary Matrices

A matrix obtained from a unit matrix by a single elementary transformation is called an elementary
matrix.

1.5.2 Results
1. Elementary transformations do not change the rank of a matrix.

2. Two matrices are equivalent if one can be obtained from another by elementary row or column
transformations. Equivalent matrices have same rank, since elementary transformations do not change
the rank.

3. The rank of a product of two matrices cannot exceed the rank of either matrix. i.e. r(AB) < r(A) and
r(AB)<r(B).

4. Rank of sum of two matrices cannot exceed the sum of their ranks. r (A+B) < r (A) + r(B).

S. It A Bare two n-rowed square matrices then Rank (AB) 2 (Rank A) + (Rank B) - n.

1.6 Sub-Spaces : Basis and Dimension

1.6.1 Introduction

A matrix can be thought of as an array of its rows as also an array of its columns. Further arowas well as
a column s an ordered set of numbers. This view of matrix as an array of ordered sets of rows and columns is very
useful in dealing with various linear problems. This chapter will be devoted to consideration of such ordered sets
of numbers,

1.6.2 Vector

Definition: An ordered n-tuple of numbers is called an n-vector. The nnumbers which are called components
of the n-vector may be written in a horizontal or in a vertical line, and thus a vector will appear either as a row or a



column matrix. A vector whose components belong to a field Fis said to be over F. A vector over the field of real
numbers is called a Real vector and that over the complex field is called a complex vector.

The n-vector space: The set of all n-vectors over afield F, to be denoted by V.(F), is called the n-vector space
over F. The elements of the field Fwill be known as scalars relatively to the vector space.

1.6.3 Linearly dependent and Linearly Independent Sets of Vectors

1.6.3.1 Linear dependence and independence of vector

Vectors (matrices) X,, X, X;, ... X are said to be dependent f,
1. Allthe vectors (row or column matrices) are of same order.

2. nscalars Ay, Ay, .. A, (notall zero) exists such that A, X, + A,X, + ... + A_X =0 otherwise they are linearly
independent.

1.6.3.2 Dependence / Independency of vector by matrix method

1. Ifthe rank of the matrix of the given vectors is equal to number of vectors, then the vectors are linearly
independent.

2. Ifthe rank of the matrix of the given vectors is less than number of vectors, than the vectors are linearly”
dependent.

1.6.3.3 A vector as a Linear Combination of a Set of Vectors
Definition: A vector ¢ which can be expressed in the form {€ = k&, + ... + kE} is said to be a linear
combination of the set {§, £,.....§ } of vectors.

Example: Given a linearly dependent set of vectors, show that at least one member of the set is a linear
combination of the remaining members of the set.

Example:

—1.—Shethhaﬁhe#eet@%f%%]%—%&ﬁromaﬁneaﬂy'rrrde’pénd‘em?,@ti

2. Show that the set consisting only of the zero vector, O, is linearly dependent.

Solution: |

1. Consider the relation
k(123] + k,[2-20] - zero
This relation is equivalent to the ordinary system of liner equations
K+ 2k, = 0,2k, — 2k, = 0,3k, =0

As k; =0, k, =0 are the only values of k,, k, which satisfy these three equations, we see that the given
setis linearly independent.

2. LetX=(0,0,0,..,0) bean n-vector whose components are all zero. Then the relation kX = 0 s true for
some non-zero value of the number k, For example 2x = 0 and 2 # 0.

Hence the vector 0 is linearly dependent.

1.6.4 Some properties of linearly Independent and Dependent Sets of Vectors
Inthe following, it is understood that the vectors belong to a given vector space V (F).
1. Ifnis alinear combination of the set {£,,..... &} thenthe set (n, &, &,.....E }is linearly dependent
we have



As atleast one of the coefficients, viz., that of n, in this latter relation is not zero, we establish the linear
dependence of the set

n &8

2. Also, If{E,,.....§ } is alinearly independent and (&, ...£,.m}is alinearly dependent set, thenn is a linear
combination of the set {,,.....£ }. ‘

Every super-set of a linearly dependent set is linearly dependent.
It may also be easily shown that every sub-set of a linearly independent set is linearly independent.

1.6.5 Subspaces of an N-vector space vV,
Definition: Any non-empty set S, of vectors of V(F)is called a subspace of V.(F), if when
1. &, &, are any two members of S, then €, + &, is also a member of S, and
2. &isamember of S, and k is a scalar, then K is also a member of S.

Briefly, we may say that a set Sof vectors of V(F)is a subspace of V_(F)it closed w.r.t. the compositions
of “addition” and “muiltiplication with scalars”.

Every subspace of V, contains the zero vector; being the product of any vector with the scalar zero.
Example: £ = [a, b, c] is a non-zero vector of V5. Show that the set of vectors k& is a subspace of
V3, k being variable.

1.6.5.1 Construction of Subspaces

Theorem 1: The set S, of all linear combinations of a given set of rfixed vectors of V, is a subspace of V.

Def.1 A subspace Spanned by a Set of Vectors. A subspace which arises as a set of all linear combinations
of any given set of vectors, is said to be spanned by the given set of vectors.

Def. 2. Basis of a Subspace. A set of vectors is said to be a basis of a subspace, if
1. . the subspace is spanned by the set, and
2. the setis linearly independent.
It is important to notice that the set of vectors
e,=[100..0],6,=[010.0],...,e,=[00..01]
is a basis of the vector space V,, for, if
kiey + ke, + ..+ ke =0
then, k; = O, ..., k, = 0 so that the set is linearly independent and any vector

of V_is expressible as
E=ae +a,e,+ .. +ae,
Theorem 2: A basis of a subspace, S, can always be selected from a set of vectors which span §.
Let &0 8l
be a set of vectors which span a subspace S.

If this'set is linearly independent, then it is already a basis. In case it is linearly dependent, then some
member of the set is a linear combination of the preceding members, Deleting this member, we obtain another set
which also spans S.

Continuing in this manner, we shall ultimately, in a finite number of steps, arrive at a basis of S.

e shown that every subspace Sof

shown that 0ssesses a basis and that the number of vectors
of S,is the same. h



1.6.6 Row and column spaces of a matrix. Row and column ranks of a Matrix

Let A, be any mx nmatrix over a field F.

Each of the mrows of A, consisting of n elements, is an n-vector and is as such amember of V (F).

The space spanned by the mrows which is a subspace of V, is called the Row space of the m x nmatrix A

Again each of the n columns consisting of m elements is an m-vector and is a member of V_(F).

The space spanned by the n columns which is a subspace of V_is called the Column space of the m x n
matrix A.

The dimensions of these row and column spaces of matrix are respectively called the Row rank and the
Column rank of the matrix.

Theorem 1: Pre-multiplication by a non-singular matrix does not alter the rank of a matrix.

In a similar manner, we may prove that post-multiplication with a non-singular matrix does not alter the
column rank of a matrix.

1.6.6.1 Equality of row rank, column rank and rank

Theorem 2: The row rank of a matrix is the same as its rank.
Theorem 3: The column rank of a matrix is the same as its rank.

Corollary 1: The rank of a matrix is equal to the maximum number of its linearly independent rows and also
to the maximum number of its linearly independent columns. Thus a matrix of rank r, has a set of r linearly
independent rows (columns), such that each of the other rows (columns), is a linear combination of the same.

Corollary 2: The rows and columns of an n-rowed non-singular square matrix form linearly independent sets
and are as such bases of V.

1.6.6.2 Connection between Rank and Span

Asetof nvectors X, X X5 ... X spans R"if they are linearly independent which can be checked by constructing

__amatrixwith X,, X, X LLXna&itatowsAcoLcolumns)Landeh@ekingfchaﬁheraﬂkeﬁsuehﬁmaﬁbciginﬁe‘eo“mﬁhbwevef -

PO Lg
the rank is less than n, say m, then the vectors span only a subspace of R".

Example: Check if the vectors [1 2 —1], [2 3 0], [-1 2 5] span RS,

Solution:
1T 2 -1
Step 1: Constructamatrix A= 2 3 0
-1 2 5
Step 2: Find its rank
1 2 -1
Since 2 3 0 =1(15-0)-2(10-0) - 1(4 + 3)
-1 2 5
=15-20-7 =-12
# 0
So, rank = 3

- The vectors are linearly independent and hence span A%,
Example: Cheek if the vectors [1 2 8], [4 5 6]and [7 8 9] span A%

Solution:
1 2 3]
Since, A=14 5 8

f.._
-~
[ee
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12 3
has a |A| =14 5 6
7 89
= 1(45-48) - 2(36 - 42) + 3(32 - 45)
=0
So its rank # 3
2
Since, ! =5-8=-320
4 5
Rank =2

Sothe vectors [1 2 3], [4 6 6]and [7 8 9] spanasubspace of A3 but do not span RS,

1.6.7 Orthogonality of Vectors
1. Two vectors X, and X, are orthogonal if each is non zero and the dot product X/ X, =0.

Example: The vectors [a b c] and [d e f] are orthogonal if

[a b c]tx[d e f]
ie. ad+ be + cf

il

0
0

i

Example: The vectors [1 2] and [-2 1] are orthogonal since

m x [-2 1]

(Tx-2)+(2x1)
0

[ o] x[-2 1]

i

i

Example: The vectors [1 2 3] and [~1 2 5] are notorthogonal since
(ITx-1)+(2x2)+(3x5) 1820

2. Three vectors X,, X, and X; are orthogonal if each is non zero and they are pairwise orthogonal.

1

i.e. X/ X, =0
and X/ Xy =0
and XZ’ X3 = 0

Example: The vectors [1 0 0], [0 1 0] and [0 0 1] are orthogonal since

[10ooffo10] =[0o0 0
and [0 10001 =[0o0 0
and (1o offo 01 =00 0

3. lfnvectors X, X,, X,, ... X, each of which is in R", are orthogonal, then they are surely linearly
independent and hence span R” and therefore form a basis for /7.

Example: The vectors [1 0 0], [0 1 0] and [0 0 1] are orthogonal and hence are linearly
independent and hence span R%. They form a basis for /2,
The vectors [0 -2], [-2 0] are orthogonal and hence are linearly independent and span A2 and

form a basis of R2.



The setof nvectors X,, X,, X,, ... X are called orthonormal if they are
(a) orthogonal and

(b) if each vector has unit length.

The two conditions together can be written as

10 i=)

XX = 8"/:{0 it i)

A setof orthogonal vectors X can be converted to a setof orthonormal vectors by devising each vector
in the orthogonal set by its length (Euclidean norm || X|| ).

Example: The set[1, 2, 1], [2, 1, -4] and [3, -2, 1]is an orthogonal basis of vectors for R3, since these
are pairwise orthogonal and hence are linearly independent and hence span RS,
To convert this set to an orthonormal basis of R3, we need to divide each vector by its length

lull = Avasi= g5

lwll = 4+1+16 = Jo7
Hull = 9+4+1= 14
S i basisof At | e 2. L) (2 1 -4) (3 2 1)
20 an orihenormal basis of A Ibk 6‘\/6’\/5J' k\/2-1 217 21} and Lmvm \/1—2}
1.7 System of Equations
1.7.1 Homogenous Linear Equations
Suppose,
& gt 812)C2 F o + amxn =0
Eoyxy + ooXo + ., + Xy = 0
.................................................. . (i)
am1X1 + amQ)CQ Foiiin + am,xn = OJ

is & system of m homogenous equations in n unknowns Xp Xpy o0 X,

et

Ay g a,

A | B &y,

R .

I
X= |7

An nx 1.

[0
.l

L0«



where A, X, Oare mxn, nx 1, mx 1 matrices respectively. Then obviously we can write the system of
equations in the form of a single matrix equation

AX=0 (i
The matrix Ais called coefficient matrix of the system of equation (i).
Theset S={x;=0,x,=0, ...x, =0} l.e., X= 0 is always a solution of equation (i).
But in general there may be infinite number of solutions to equation (ii).

Again suppose X; and X;, are two solutions of (ii). Then their linear combination, R X, + R,X, when R, and
R, are any arbitrary numbers, is also solution of (ii).

1.7.1.1 Important Results
The number of linearly independent infinite solutions of m homogenous linear equations in n variables,
AX=0,is (n-r), where ris rank of matrix A.

n- ris also the number of parameters in the infinite solution.

1.7.1.2 Some important results regarding nature of solutions of equation AX = O
Suppose there are m equations in n unknowns. Then the coefficient matrix A will be of the typemxn. Letr
be rank of matrix A. Obviously r cannot greater than n. Therefore we have either r= nor r< n.

Case 1:Inconsistency: This is not possible in a homogeneous system since such a system is always consistent
(since the trivial solution X = [0, 0, 0...]' always exists for a homogeneous system).

Case 2: Consistent Unique Solution: If r = n; the equation AX = O will have only the trivial unique solution
X=1[0,0,0..]
Note: That r=n= |A| % 0i.e Ais non-singular.

Case 3: Consistent Infinite Solution: |f r < nwe shall have n— rlinearly independent non-trivial infinite solutions.
Any linear combination of these (n - r) solutions will also be a solution of AX = O. Thus in this case, the equation
AX = Owill have infinite solutions.

Note: Thatr< n=|A|=0ie. Aisa singular matrix.

1.7.2 System of Linear Non-Homogeneous Equations

81 g+ 812)(2 B + a1nxn = b1
321)(1 + 322)(?2 o, + aznxn = bg
.................................................. D
am1X1 + am2X2 e -+ aman = bm

n

[ay  ap....ap
If we write A= |1 e 8,
Gt By, a
’x,
X= |2
_)Cn nxi




nimsx
where A, X, Bare mx n, nx 1, and m x 1 matrices respectively. The above equations can be written in the
form of a single matrix equation A X = B.
"Any set of values of x,, x, ......... x, which simultaneously satisfy all these equation is called a
solutions of the system. When the system of equations has one or more solutions, the equation are said to
be consistent otherwise they are said to be inconsistent”.

&1 ..y b

i 8oy o....8
The matrix [A B] = | 721 “2%2n b,
8 Gpp--Gpm b,

is called augmented matrix of the given system of equations.

Condition for Consistency: The system of equations AX = B is consistent l.e., possess a solution if the
coefficient matrix A and the augmented matrix [A Bl are of the same rank. i.e. r(A) = r(A, B).

Case 1: Inconsistency. |f r(A) # r(A | B) the system AX = B, has no solution. We say that such a system is
inconsistent.

Cases 2 and 3: Consistent systems. Now, when r(A) = r(A | B) = r. The system is consistent and has solution.

We say, that the rank of the system is r. Now two cases arise.

Case 2: Consistent Unique Solution |f r(A) = r(A | B) = r=n(where nis the number of unknown variables of
the system), then the system is not only consistent but also has a unique solution. |

Case 3: Consistent Infinite solution: If r(A) = r(A | B) = r < n, then the system is consistent. but has infinite

—numberof sofutions

In summary we can say the following:

1. I r(A) = r(A I B) (Inconsistent and hence, no solution)

2. Mt r(A) = r(Al B) = r= n(consistent and unique solution)

3. fr(A) = r(Al B) = r< n{consistent and infinite solution)

The rank of a system of equations as well as its solution (ifit exists) can be obtained by a procedure called
Gauss - Elimination method, which reduces the matrix A to its Echelon form and then by counting the number of
non-zero rows in that matrix we get the rank of A.

Find rank of
Aand A: B

!

(A) ~ {A: B)

| System consistent |

By=n rA)=rA:B)<n

;

i Unique solution | { Infinite number of ~,s’6l'utions

1A= r

[ Yy,




1.7.3 Homogenous Polynomial
The quadratic forms are defined as a homogenous polynomial of second degree in any number of variables.
Two variables: ax®+2hxy + by = Q(x, V)
Three variables : ax® + by? + c7% + 2hxy + 2g)° + 2fzx = Qlx, ¥, 2)
rvariable = Qlx,. x, . x) |
Quadratic form can be expressed as a product of matrices.
Qx) = XAX
1 dp g3 || ¥
[x, 50, %3] @01 o o3 || X
&1 dyp a3

- L2 .2 2 - .
= Ay X"+ 8 X, g 0o+ (@, + 8y0) X X, + (8yy + 8gp) Xpxa + (8 + 8yg) Xg X,
from here, coefficient of x, x, = a,, and a,,
coefficient of x, x, = a,, and a,,
coefficient of x, x; = a,, and a,,
In general, the coefficient of x, x, = a, and a,

1 -
Let ¢, = ¢, = 5(8&; +a;) new coefficient of x;x,

C

;—(A + A7) = Symmetric matrix
If the coefficient matrix Cin quadratic form is always symmetric matrix without loss of generality then,
XTAX = Ci ,\‘12 + 022x22 + Cyg x32 + 20X X+ 2Co3 X, X5 + 205, X5 X,

Matrix A is coefficient matrix.

1.8 Eigenvalues and Eigenvectors

LetA :[al./]nx ,be any n-rowed square matrix and A is a scalar. The equation AX = AXis called eigen value
problem. We wish to find non zero solutions to X satisfying the eigen value problem, and these non zero solution
to X are called as the eigen vectors of A. The corresponding A values are called eigen values of A.

1.8.1 Definitions

The matrix A — Al is called characteristic matrix of A, where I is the unit matrix of order n. Also the
determinant

a 1 . )‘ 812 ........... 81/ '
. a R a,
| A-nl| = 21 22 "
T
i By Aupeeeenn Bpy —

which is ordinary polynomial in A of degree n is called “characteristic polynomial of A”. The equation
| A~ M| = 0is called “characteristic equation of A",

Characteristic Roots: The roots of the characteristic equation are called “characteristic roots or
characteristic values or latent roots or proper values or eigen values” of the matrix A. The set of eigenvalues
of Ais called the “spectrum of A”.



Iflis a characteristic root of the matrix A, then if | A—AJ | =0, then the matrix A-ATis singular. Therefore there
exist a non-zero vector X such that (A-AIX = 0 or AX = AX, which is the eigen value problem.

Characteristic Vectors: If A is a characteristic root of an nx n matrix A, then a non-zero vector X such that

A X=AXis called characteristic vector or eigenvector of A corresponding to characteristic root A.

1.8.2 Some Results Regarding Characteristic Roots and Characteristic Vectors

1.

A s a characteristic root of a matrix A if there exist a non-zero vector Xsuch that AX = AX

2. lf Xisacharacteristic vector of matrix A corresponding to characteristic value A, then kXis also a characteristic
vector of A corresponding to the same characteristic value A where k is non-zero vector.

3. If Xis a characteristic vector of a matrix A, then X cannot correspond to more than one characteristic
values of A,

4. Ifamatrix Ais of size nx n, and if it has ndistinct eigen values, then there will be nlinearly independent
eigen vectors. However, if the n eigen values are not distinct, then there may or may not be nlinearly
independent eigen vectors.

5. The characteristic roots (Eigen values) of a Hermitian matrix are real.

6. The characteristic roots (Eigen values) of a real symmetric matrix are all real, since every such matrix
is Hermitian.

Characteristic roots (Eigen values) of a skew Hermitian matrix are either pure imaginary or zero.
The characteristic roots (Eigen values) of a real skew symmetric matrix are either pure imaginary or
zero, for every such matrix is skew Hermitian.

9. The characteristic roots (Eigen values) of a unitary matrix are of unit modulus. i.e., A | = 1.

10. The characteristic roots (Eigen values) of an orthogonal matrix is also of unit modulus, since every such
matrix is unitary.

— 183 Process of Finding the Eigenvalues and Eigenvectors of a Matrix

Let A=[a,] ., be a square matrix of order n, first we should write the characteristic equation of the matrix
A.li.e., the equation | A-A 11 = 0. This equation will be of degree nin A. So it will have nroots. These n roots will be
the n eigenvalues of the matrix A.

If A, is an eigenvalue of A, the corresponding eigenvectors of A will be given by the non-zero vectors

Xy =[xy, x5,

................ x,)’ satisfying the equations AX, = A, X, or [A- AMI1X, =0

1.8.4 Properties of Eigen Values

1.
2.

L R PO A, are the eigenvalues of A, then KAy Khy o, k., are eigenvalues of kA.
the eigenvalues of A" are the reciprocals of the eigenvalues of A.

e if Ayhs..... A, are two eigen value of A, then are the eigen value of A™.

11 1
Aq ’kQ '“'}\n
If 2,.4,...A, are the cigen values of A, then X’f,lk,...}»’,ﬁ are the eigen values of Ak,

117v2 n 2

If &y, Ag, Ag ... X, are the eigen values of a non-singular matrix A, then A , Al . A are the eigen

)\'1 }“2 xn
values of Adj A.

Eigen values of A = Eigen values of AT,
Maximum no. of distinct eigen values = size of A.



Sum of eigen values = Trace of A = Sum of diagonal elements.
Product of eigen values = | Al (i.e. At least one eigen value is zero if Ais singular).
9. Inatriangular and diagonal matrix, eigen values are diagonal elements themselves.

10. Similar matrices have same eigen values. Two matrices A and B are said to be similar if there exists a
non singular matrix Psuch that B = P~ AP,

11, If Aand Bare two matrices of same order then the matrix ABand BA will have same characteristic roots.

1.8.5 The Cayley-Hamilton Theorem

This theorem is an interesting one that provides an alternative method for finding the inverse of a matrix A.
Also any positive integral power of A can be expressed, using this theorem, as a linear combination of those of
lower degree. We give below the statement of the theorem without proof.

Statement of the Theorem: Every square matrix satisfies its own characteristic equation.

This means that, if ¢, A" +¢,A™" + ... + ¢, , A + ¢, = Ois the characteristic equation of a square matrix A
of order n, then

CAT+ C A+ L+, (A+c ]l =0 (1)

klsoO" n'the RV.H.S. of (1) isa nul! matnx of order o

1.8.5.1 Finding Inverse off a Matrix by using Cayley-Hamilton Theorem

Example: Find A~" by Cayley-Hamilton theorem, if

S

The characteristic equation of Ais

lA-u] = 0
1-A 8
= 4 2-2 =0
= (1-A)(2-4)-12 =
= A2-30-10 =
By Cayley-Hamilton theorem
A? - 3A-107 = 0
tr oo ‘
= —|A° - 3A
= { 10[ J

Pre-multiplying by A~" we get

1 113
B — I
At = qpla-sl] - 10@4 2}



1.8.5.2 Finding Higher Powers of a Matrix in Terms of its Lower Powers

1 3
Example:If A= {4 2} , express A° as a linear polynomial in A.

Characteristic equation is

A=3h-10 = 0
By Cayley-Hamilton theorem,
A2-BA-107 =0
= A2 = 3A+101

If Ais nx nmatrix, any power of A can be written as a polynomial of maximum degree n- 1.

Here, since Ais 2 x 2, we can write any power of A as a polynomial of degree 1, i.e., alinear polynomial of
A, as shown below.

A2

AS
Substituting (i), again in (i), we get

A% = (BA+100) + 10A =194+ 30 /

Al
4

Now A" = 19A + 30 A (IH)

il

34+ 101 ()
342 + 10A (i)

i

Again we substitute equation (i) in equation (iii) to get,

AY = 19(A+ 101 + 30A=87 A+ 190/
Now A5 = 87 A%+ 190 A (V)
Again substituting equation (i) in equation (iv) we get,

A = 87(3A+107) + 190 A= 451 A + 8707

Which is the desired result.

1.8.5.3 Expressing Any Matrix Polynomial in A of sizen x n as a Polynomial of Degree n -1 in A by using Cayley-
Hamilton Theorem

Example: Process to express a polynomial of a 2 x 2 Matrix as a linear polynomial in A:

3 1
Example: Let A = L1 ZJ Express 24° - 3A% + A2 — 4] as a linear polynomial in A.

Step 1: First of all write the characteristic equation of A.

In this case.
IR R IPY

= (3-1)(2-A)+1

= A-5L+7
Thus the characteristic equation of Ais | A - M| =0

e is M-BA+7 =0 ()
Step 2: By Cayley Hamilton theorem, matrix A satisfies the equation (). Therefore, putting A = A in (i) we get
A2-BA+T7 =0

= AP = BA-TI - (i)



Step 3:Find the A%, A% AS with the help of (ii). In this case

U

-

1.8.6 Sim

Two
B=P 1 AP

AP = BA2-7A
At = BAS-TA2
At = BA - 7A3

2AS — BAT 4 A2~ 4T = Q(BAS - TAB) ~ BAN 4 A2 - 4)

= TAY 143 4 A2 - A = T[BAS — 7A2) — 1443 + A2 4]

= 214~ ABA? — 41 = 21(5A2 - TA) — 4842 — 4]

= 57A2~147A~ 41 =57[5A~71] — 147 A~ 4] = 1384 - 403]

which is a linear polynomial in A.

ilar Matrices

matrices A and B are said to be similar, if there exists a non-singular matrix P such that

1.8.6.1 Properties of Similar Matrices

1.

5.

A'is always similar to A.

Proof: Since A =I""Aland I is always non-singular, therefore A is similar to A.

If Alis similar to B then Bis also similar to A.

Proof: If Als similar to Bthen B = P-1AP (where Pis non-singular)

Pre-multiplying above equation by P and post-multiplying by P~1, we get PBP-! = PP-1 APP-1 = A
ie., A= pPBp1

So Bis also similar to A.

If Ais similar to B and Bis similar to Cthen A is similar to C.

Proof: A is similar to B= B = P-1AP ()
Bis similarto C= C = Q-'BQ (i)
Substituting eq. (i) and (i) we get

C=Q'PIAPQ

Now putting PQ = D, we get C = D-'AD. which proves that A is similar to C.

Combining properties 1, 2 and 3 above we can say that the similarity relation between matrices is
reflexive, symmetric and transitive and hence an equivalence relation.

Similar matrices have the same eigenvalues.

1.8.7 Diagonalisation of a Matrix

Find
wish to find

wher

ing the a matrix D which is a diagonal matrix and which is similar to Ais called diagonalisation i.e., we
anon-singular matrix M such that

A = M'DM

‘e Dis a diagonal matrix.

Condition for a Matrix to be Diagonalisable:

1.

A necessary and sufficient condition for a matrix Anxntobe diagonalisable is that the matrix must have
nlinearly independent eigen vectors.

A sufficient (but not necessary) condition for a matrix A n 10 be diagonalisable is that the matrix must
have n linearly independent eigen values.

This is because if a matrix has n linearly independent eigen values then it surely has n linearly
independent eigen vectors (although the converse of this is not true).



Q.1

Q.2

Q.3

When Ais diagonalisable A = M~DM, where the matrix D is a diagonal matrix constructed using the
eigen values of A as its diagonal elements. Also the corresponding matrix M can be obtained by
constructing a nx nmatrix whose columns are the eigen vectors of A.

Practical application of Diagonalisation:

One of the uses of diagonalisation is for computing higher powers of a matrix efficiently.

If A= M1DMthen A" = M-'D"M

The above property makes it easy to compute higher powers of a matrix A, since computing D" is
much more easy compared with computing A",

4 2 13
Given Matrix[A]=16 3 4 7/, therankofthe
matrix is LQ 1o 1J
(@) 4 (b) 3
(c) 2 (d) 1

[CE, GATE-2003, 1 mark]

Consider the system of simultaneous equations

X+2y+72=686
2+ y+22=6
X+y+2z=5

This system has
(a) unique solution
(b) infinite nuimbher of solutions
{c) no solution
(d) exactly two solutions
[ME, GATE-2003, 2 marks]

. Consider the following system of linear equations

2 1 —47[x] [o
4 3 -12||y|=5
12 8z |7

Notice that the second and the third columns of
the coefficient matrix are linearly dependent. For
how many values of o, does this system of
equations have infinitely many solutions?
(@ 0 (b) 1
(c) 2 (d) infinitely many

[CS, GATE-2003, 2 marks]

Q.4

Q.5

Q.6

Q.7

For the matrix ﬁ ;J the eigen values are

(@) 3and -3
{c) 3and b

(b) -3and -5
(d) 5and0
[ME, GATE-2003, 1 mark]

For which value of x will the matrix given below
become singuiar?

| ~ 01

4 0 2

12 6 0
a) 4 (b) 6
() 8 (d) 12

[ME, GATE-2004, 2 marks]

Let A, B, C, Dbe nx nmatrices, each with non-
zero determinant, If ABCD = I, then B is
(@) D' C1 A
(b) CDA
(c) ADC
(d) does not necessarily exist
[CS, GATE-2004, 1 mark]

How many solutions does the following system
of linear equations have? ,
x+0y=-1, x-y=2 ; x+3y=3
(a) infinitely many (b) two distinct solutions
(C) unigque (d) none
[CS, GATE-2004, 2 marks]é



4 -2
Q.8 The eigen values of the matrix [_2 J

(b) are~1and 2
(d) cannot be determined
[CE, GATE-2004, 2 marks]

(@) are Tand 4
(c) are0and5

Q.9 The sum of the eigen values of the matrix given

1.2 3]
belowis |1 5 1].
3 1 1
(@) 5 (b) 7
©) 9 (d) 18
[ME, GATE-2004, 1 mark]
Q.10 Consider the matrices Kaxay Yaxgand Py 4
The order of [P(XTY)"" PT}T will be
(@) (2x2) (b) (3x3)
(c) (4x3) (d) (3x4)

[CE, GATE-2005, 1 mark]

Q.11 Given an orthogonal matrix

O ok oz
|
—_

I R e
A= OO,[AA]!S
0 1 -1
[ i [ 1 ]
a) |1 01 0 0 0
()4000()2
o Loo 010 o
4 P
00 o 00 1o
5 P
0004 000 !
, 5| J 5]
|1 000 @ 00 o
0100 41
00 10 0 200
00 0 f 1
00 - 0
4
1
000 -
L 4]

[EC, GATE-2005, 2 marks]

10 -1
Qi2itrR=12 1 o
. = . then top row of R~ is
2 2
(@[5 6 4] (b)[5 -3 1]
2 0 -1 (d 2 -1 12]
[EE, GATE-2005, 2 marks]
2 -0.1 !
-0 I L
Q.13 Let,A:[O 3 }andA =12 .
0 b
Then (a+ b) =
7 3
(a) B (b) 20
19 11
() 0 (d) 20

[EC, GATE-2005, 2 marks]

Q.14 Consider a non-homogeneous system of linear
equations representing mathematically an over-
determined system. Such a system will be
(a) consistent having a unique solution

(b) consistent having many solutions

(c) inconsistent having a unique solution

(d) inconsistent having no solution

[CE, GATE-2005, 1 mark]

Q.15 Ais a 3 x 4 real matrix and Ax = b is an
inconsistent system of equations. The highest
possible rank of A s
(a) 1
(c) 3

(b) 2
(d) 4
[ME, GATE-2005, 1 mark]

Q.16 In the matrix equation Px = g, which of the
following is a necessary condition for the
existence of at least one solution for the unknown
vector x
(a) Augmented matrix [ Pq] must have the same

rank as matrix P
(b) Vector g must have only non-zero elements
(c) Matrix Pmust be singular
(d) Matrix Pmust be square
[EE, GATE-2005, 1 mark]

Q.17 Consider the following system of equations in
three real variables x;, x, and x,
P 3x; = 1
3xy~2x, + bxy = 2
Xy —4x, + xy, =3



This system of equations has

a) no solution

C

P B e e

Q.18 Which one of the fo

b) a unigue solution
) more than one but a finite number of solutions
d) an infinite number of solutions

[CS, GATE-2005, 2 marks]

llowing is an eigen vector of

50 00
N _ 5 50 ,
the matrix 00 2 1|
0 0 3 1
(1] [0
-2 o 0
@, (o) |,
1 0] 10
e - 11
0 .
© ], @,
_~2_ "1
[ME, GATE-2005, 2 marks]
3 -2 2

4 - [ H A
€19 Forthematrix A= [

0 n 4 f

L .
U =4 IJ,UHUU tl!b‘ Ciycti

0 0 1

values is equal to —2. Which of the following is an

eigen vector?
3

(a)

Q.20 Given the matrix [

4

(d) |5

[EE, GATE-2005, 2 marks]

2
8}’ the eigen vector is

Q.21 What are the eigen values of the following 2 x 2

matrix?

o

G
{a) -1 and 1 (b) 1and 6
(c) 2and b (d) 4 and -1

[CS, GATE-2005, 2 marks]

Q.22 Consider the system of equations A(ﬂX o) o<y
= M ) Where, A is a scalar. Let (4, x) bé an
eigen-pair of an eigen value and its corresponding
eigen vector for real matrix A. Let I be a
(n < n) unit matrix. Which one of the following
statement is NOT correct?

(a) For a homogeneous n x n system of linear
equations, (A - Al)x = 0 having a nontrivial
solution, the rank of (A~ /) is less than n

(b) For matrix A”, m being a positive integer,
(A7, x7) will be the eigen-pair for all i

() If AT= A7 then [,] = 1 foralli

(d) If AT= A, then A, is real for all i

[CE, GATE-2005, 2 marks]

Q.23 Multiplication of matrices £ and Fis G. Matrices

Eand G are
—tecos6—=sing—01—— —1+—0—-"01
E=|sin® cosd Oland G={0 1 0]
0 0 1 00 1
What is the matrix £7?
[cos0 =-sin0 O
(a) | sin6 cos6 O
0 0 1
[ cos® cose O
(b) | ~CcosB sine O
0 0 1
[ cose sing O
(c) |—sinb cosh 0
0 0 1
[sin6 -cos® O
(d) jcos6 sine O
| 0 0 1]
[ME, GATE-2008, 2 marks]



Q.24 Match List-I with List-1l and select the correct Q.27 The following vector is linearly dependent upon

answer using the codes given below the lists: the solution to the previous problem
List-I ;
A. Singular matrix 8 2
B. Non-square matrix : (a) |9 (b) | =17
C. Real symmetric 3] | 30
D. Orthogonal matrix
List-l 4] 13
1. Determinant is not defined ) |4 d) | 2
2. Determinant is always one 5J -3
3. Determinantis zero B
4. Eigenvalues are always real [EE, GATE-2006, 2 marks]
5. Eigen values are not defined Q.28 Solution for the system defined by the set of
Codes: equations 4y + 3z =8, 2x -z = 2 and 3x + 2y=5
A B C D is
@3 1 4 2 (@ x=0;y=1z=4/3
b)) 2 3 4 1 b)x=0;y=1/22=2
3 2 5 4 ,
@ 3 4 5 ) (c)x:T,y=1/2;z:2
[ME, GATE-20086, 2 marks] (@) non-existent
[CE, GATE-2006, 1 mark]
11 1
Q.25 The rank of the matrix |1 -1 0! is Q.29 For the matrix [4 ZJ the eigen value
11 1 2 4
(@ 0 (b) 1
(c) 2 (d)3 . . o1
[EC, GATE-2006, 1 mark] corresponding to the eigen vector [101J is
(@) 2 (b) 4
-0 2] 27 (©) 6 (d) 8
Q26 P=| -1 ,Q=|-5| andR=|-7| are three [EC, GATE-2006, 2 marks]
3 9 12
vectors. An orthogonal set of vectors having a 2 -2 3
span that contains P, Q, Ris Q.30 Foragiven matrix A= -2 -1 6/ oneofthe
6] [4 1 20
(@) | -3 -2
6 | 3 eigen values is 3. The other two eigen values are
-4 LT (@) 2, -5 (b) 3, -5
NEEANE () 2.5 (d) 3,5
(b) | 2 / 2 J [CE, GATE-20086, 2 marks]
4 -1 -3
6] [-3 3 Q.31 Eigen values of amatrix § — [3 2J areS5and 1.
() | 7 2 9 2 3
|- -2 -4 What are the eigen values of the matrix
4 1 5 $2= 587 ,
(d) | 3 31 3] (@) 1and 25 (b) 6and 4
11 13 4 (c) 5and 1 (d) 2and 10

[EE, GATE-2006, 2 marks] [ME, GATE-2006, 2 marks]



Q.32 The eigen values and the corresponding eigen
vectors of a 2 x 2 matrix are given by

Eigen value Eigen vector

R
e o
The matrix is
0[] e
o[ el

[EC, GATE-2006, 2 marks]

Q.33 [A] is square matrix which is neither symmetric
nor skew-symmetric and [A]”is its transpose. The
sum and difference of these matrices are defined
as [S] = [A] + [A]” and [D] = [A] - [A]",
respectively. Which of the following statements
is TRUE?

(a) Both [S] and [D] are symmetric

Q.37 Consider the set of (column) vectors defined by
X={xe R lx +ux,+ x, =0, where

xl=[xy, X, x] } Which of the following is TRUE?
(@ {[1, -1, 01", [1, 0, ~1]"} is a basis for the
subspace X

(b) {[1,-1,0]",[1,0,-1]"}isalinearly independent
set, but it does not span X and therefore is
not a basis of X

(c) Xis not a subspace for R

{d) None of the above

[CS, GATE-2007, 2 marks]

Q.38 For what values of o and B. the following
simultaneous equations have an infinite number
of solutions?

x+y+2=05
X+ 3y+37=9

Y2+ 0z =
(@) 2,7 (b) 3,8
(c) 8.3 (dy 7,2

[CE, GATE-2007, 2 marks]

Q.39 The number of linearly independent eigen vectors

)
(b) Both [S]and [D] are skew-symmetric
(c) [S]is skew-symmetric and [D] is symmetric of {2 1] is
(d) [S]is symmetric and [D] is skew-symmetric 0 QJ
[CE, GATE-2007, 1 mark] (@) 0 (b) 1
T (c) 2 (d} infinite

Q.34 The inverse of the 2 x 2 matrix {; ?J is
117 2 l 7 2

17 -2 =7 =2
(C) 5 -5 1 (d> 35 -1
[CE, GATE-2007, 2 marks]

Q.35 X =[x, x,, ... x,]" is an n-tuple nonzero vector.
The n x nmatrix V= XX
(a) has rank zero (b) has rank 1
(c) is orthogonal (d) hasrankn
[EE, GATE-2007, 1 mark]

Q.36 It is given that X|, X,, ... X, are M non-zero,
orthogonal vectors. The dimension of the vector
space spanned by the 2M vectors X, X, ... X,

-X,, X =Xy, 18

(@ 2

(b)

(c) M

(d) dependent on the choice of X, X, ... X,

{EC, GATE-200 7, ma

MT

[ME, GATE-2007, 2 marks]

Q.40 The linear operation L(x) is defined by the cross
product L(x) = b x X, where b=[0 1 0] and
X=lx,x, \] are three dimensional vectors. The
3x3 matnx Mof this operation satisfies

.
L(x) = Ml x,

B

Then the eigen values of Mare
(@) 0, +1, -1 by 1. -1, 1
(c) i, —i, 1 (d)i, —i, 0
[EE, GATE-2007, 2 marks]

Q.41 The minimum and the maximum eigen values ol

113

the matrix | 1 5 1| are-2and 6, respectively:
3 1 1

What is the other eigen value?

(a) 5 (b) 3

(c) 1 (d) -1



Q.42 If a square matrix A is real and symmetric, then
the eigen values
(a) are always real
(b) are always real and positive
(c) are always real and non-negative
(d) occur incomplex conjugate pairs
[ME, GATE-2007, 1 mark]

Statement for Linked Answer Question 43 and 44.
Cayley-Hamifton Theorem states that a square matrix
satisfies its own characteristic equation. Consider a

matrix
2 -3 2
110

.43 A satisfies the relation
(@) A+31+2A " =0 (b) A2+ 24+ 21 =0
) A+ DHA+2h=1{d)exp(A)=0
[EE, GATE-2007, 2 marks]

Q.44 A°equals
(@) 511 A+ 5101
(c) 154 A + 155/

(b) 309 A + 1041
(d) exp (9A)
[EE, GATE-2007, 2 marks]

Q.45 The product of matrices (PQ) P is
(a) P (b) Q-
(c) PP QP (d) PQ P
[CE, GATE-2008, 1 mark]

Q.46 A is mx nfull rank matrix with m > nand 7 is an
identity matrix. Let matrix A’ = (ATA)' AT, Then,
which one of the following statement is TRUE?
(a) AAA= A (b) (AA)2 = A
(c) AAA =1 (d) AAA = A

[EE, GATE-2008, 2 marks]

Q.47 If the rank of a (5 x 8) matrix Q is 4, then which
one of the following statements is correct?
(a) Qwillhave four linearly independent rows and
four linearly independent columns
(b) Qwillhave four linearly independent rows and
five linearly independent columns
(c) QQ"willbe invertible
(d) QTQwill be invertible
[EE, GATE-2008, 1 mark]

Q.48 The following simultaneous equations
X+y+2=3
X+ 2y+3z=4
x+4y + kz=6

will NOT have a unique solution for k equal to
(a0 (b) 5
(c) 6 (d) 7

[CE, GATE-2008, 2 marks]

Q.49 Forwhat value of a, if any, will the following system
of equations in x, y and z have a solution?
2X+3y=4,x+y+272=4x+2y—-7z=4
(a) Anyrealnumber (b) 0
(c) 1 (d) There is no such value
[ME, GATE-2008, 2 marks]

Q.50 The system of linear equations

dy + 2y =7
2x+y =6
has

(a) aunigue solution
(b) no solution
(c) an infinite number of solutions
(d) exactly two distinct solutions
[EC, GATE-2008, 1 mark]

Q.51 The following system of equations
xy+x,+ 20, =1
Xy + 205 + 3y = 2
xy o+ by, +ax, = 4
has a unique solution. The only possible value(s)
for ais/are
(a) 0
(b) either O or 1
(c) one of 0,1 or ~1
(d) any real number other than 5
[CS, GATE-2008, 1 mark]

4 5
Q.52 The Eigen values of the matrix [P] = {2 ~5} are

(a) -7 and 8
(c) 3and 4

(b) -6and 5
(d) tand 2
[CE, GATE-2008, 2 marks]

1
Q.53 The eigen vectors of the matrix {O

1
in the form P} and LD} Whatis g + b?
a

(@ o (b) 1/2
(c) 1 (d) 2
[ME, GATE-2008, 2 marks]



Q.54 How many of the following matrices have an eigen

value 17

1 01]0 1][1 1 -1 0
[0 OHO 0H1 1}8“’*[1 —J
(a) one (b) two

(c) three (d) four

[CS, GATE-2008, 2 marks]

12 4
Q.55 Thematrix |3 0 6 |hasone eigen value equal
Tp

1
to 3. The sum of the other two eigen values is
(@ p (b) p—1
(c) p-2 (d) p-3

[ME, GATE-2008, 1 mark]

[ME, GATE-2009, 1 mark]

Q.60 The trace and determinant of a 2 x 2 matrix are
known to be -2 and -35 respectively. It eigen

values are
(a) -30 and -5 {b) -37 and -1
() =7 and 5 (d) 17.5and -2

[EE, GATE-2009, 1 mark]

Q.61 The eigen values of the following matrix are

-1 3 5
Q.56 All the four entries of the 2 x 2 matrix -3 -186
Py D O 0 3
P= [ B V‘J are nonzero, and one of its eigen
P21 Po (@) 3,3+5/,6-j (b) 6+5.,3+/3~]
values is zero. Which of the following statements (©)3+/3-j5+/ (d)3 -1+3]-1-3)
is true? [EC, GATE-2009, 2 marks]
(8) P11 Pop = Py Ppy = 1 .
(0) Py Pop = P15 Py = 1 | w[TE
1122 7 Mo Poy Q.62 The inverse of the matrix i 3-0;'s
(C) Py Py = P1p Py =0 ! !
(d) gy Py + Pig Py =0 1 [3+2i —i —I
[EC, GATE-2008, 1 mark] (a) 20 s-a]
Q.57 The characteristic equation of a (3 x 3) matrix Pis 3o )
defined as (b) s .
120 1 3+2

a(\) = |P-M| =23 +22+ 2L +1=0

If 7 denotes identity matrix, then the inverse of
matrix P will be
(@ (P°+ P+21
() —(PP+P+1)

(b) (P2 + P+ 1)
(d) - (P? + P+ 21)
[EE, GATE-2008, 1 mark]

Q.58 A square matrix B is skew-symmetric if
(a) B"=-B by BT=8B
(c) B'=8 (d) B =8
[CE, GATE-2009, 1 mark]

U w

Q.59 For a matrix [M] = , the transpose of the

X

Gfw o)~

matrix is equal to the inverse of the matrix,

[M]T = [M]. The value of x is given by

©

14_ i
1(3-2i ~i
(d) 14 i 3+2i

[CE, GATE-2010, 2 marks]

Q.63 For the set of equations
Xy +2x2+x3+4x4:2
3x; + 6, + 3xg+ 12x, =6
the following statement is ue:
(@) Only the trivial solution x, = x, = x, = x, =0
exists
(b) There are no solution
(c) A unigue non-trivial solution exists
(d) Multiple non-trivial solutions exist ,
[EE, GATE-2010, 2 marks]



Q.64 One of the eigen vectors of the matrix 4 = F ZJ

13
2
ol

[ME, GATE-2010, 2 marks]

1 10

Q.65 Aneigenvectorof P= 10 2 21is
0 0 3

[t 2 17

@ [1 1 17 (b) [1
1 -1 2 de 1 -y
[EE, GATE-2010, 2 marks]

Q.66 The eigen values of a skew-symmetric matrix are
(a) always zero
(b) always pure imaginary
(c) either zero or pure imaginary
(d) always real [EC, GATE-2010, 1 mark]

Q.67 Consider the following matrix.

A:[z 3J

Xy

If the eigen values of A are 4 and 8. then
(@ x=4y=10 B)x=5 y=8
C)x=-3,y=9 (d)x=-4,y=10

[CS, GATE-2010, 2 marks]

Q.68 Consider the following system of equations
&1+%+x3:0
X, —x3=0
Xy +x,=0
This system has
(a) a unique solution
(b) no solution
(c) infinite number of solutions
(d) five solutions  [ME, GATE-2011, 2 marks]

Q.69 The system of equations
X+y+2=6
X+4y+6z=20
x+4y+ Az =y
has NO solution for values of A and H given by
(@ A=6,u=20 (b) A =6, u=20
() A#6, u=20 (d)A=6, =20
[EC, GATE-2011, 2 mark]

Q.70 Eigen values of a real symmetric matrix are

always
(a) positive (b) negative
(c) real (d) complex

[ME, GATE-2011, 1 mark]

Q.71 Consider the matrix as given below:
1 2 8
0 4 7
00 3

Which one of the following options provides the
CORRECT values of the eigen values of the

matrix?
(@ 1,4,3 (b) 3,7,3
(c) 7,32 (d) 1,23

[CS, GATE-2011, 2 marks]

9 5
Q.72 The eigen values of matrix {5 8} are

(a) —2.42and 6.86
(c) 4.70and 6.86

(b) 3.48and 13.53
(d) 6.86 and 9.50
[CE, GATE-2012, 2 marks]

Q73x+2y+z=4
X +y+22=5
X-Y+7=1
The system of algebraic given below has
(@) A unique solution of x = 1, yv="1and z=1
(b) only the two solutions of (x=1,y=12=1)
and(x=2,y=1,2z=0)
(¢) infinite number of solutions
(d) no feasible solution
[ME, GATE-2012, 2 marks]

Q.74 Let Abe the 2 x 2 matrix with elements
8y =ap=3ay=+1anda,, = - 1
Then the eigen values of the matrix A™® are
(a) 1024 and - 1024

(b) 10242 and _1024./2
(€) 42 and _4./5

(d) 5122 and _5120./0
[CS, GATE-2012, 1 marks]

5 3
Q.75 Forthe matrix A = [1 SJ , ONE of the normalized

eigen vectors is given as



1 il
2 J2
@ 5 o5
2 V2
3 ni
© Jj@ (A Jf
Jio NG

[ME, GATE-2012, 2 marks]

-5 -3 10
and/ = ,
{ 2 O} [O J

the value A3 is
(@) 15 A+ 12/ (b) 19 A + 307
(c) 17 A + 151 (d) 17 A + 211
[EC, EE, IN GATE-2012, 2 marks]

Q.76 Given that

A

i

Q.77 There are three matrixes P(4 x2), Q(2 x4) and
H(4 x1). The minimum of multiplication required
to compute the matrix PQR is

[CE, GATE-2013, 1 Mark]

Q.78 Let Abe an m x nmatrix and B an n x m matrix.
It is given that determinant (/ + AB)
= determinant (1, + BA), where I, is the k xk

6
— O

~<

N
o

2ty
FI

z 72

e
— NN

[CS, GATE-2013, 1 Mark]

Q.80 The dimension of the null space of the matrix

0o 1 1
1 -1 0lis
-1 0 -1
(@) O (b) 1
(c) 2 (d) 3

[IN, GATE-2013 : 1 mark]

Q.81 Choose the CORRECT set of functions, which
are linearly dependent.
(a) sin x, sin®x and cos? x
(b) cos x, sinx and tan x
(c) cos 2x, sin x and cos? x
(d) cos 2x, sin x and cos x
[ME, GATE-2013, 1 Mark]

Q.82 The equation (2 “21 f’“ —! = l_o—‘hqs

identity matrix. Using the above property, the
determinant of the matrix given below is

2 1 1 1

1211

111 2 1
11102

(a) 2 (b) 5
() 8 (d) 16

[EC, GATE-2013, 2 Marks]
Q.78 Which one of the following does NOT equal
1 x ¥
1y 27
1z 2
1 x{x+1)

@ |1 yly+1
1 z(z+1)

x+1
y+1
zZ+1
T e+l 2241
y+1 ¥+
1 z41 2 +1

RESIIES I

(a) no solution

. x| {0
(b) only one solution o = 0

{¢) non-zero unique solution
(d) multiple solutions  [EE, GATE-2013, 1 Mark]

Q.83 One pair of eigen vectors corresponding to the

0 -1
two eigen values of the matrix (1 O} is
ﬂ J Of1]-1
(a) __/'J' —1 (b) 10

1110 1117
o[l )

[IN, GATE-2013 : 2 marks]
Q.84 The eigen values of a symmetric matrix are all
(a) complexwith non-zero positive imaginary part -
b) complex with non-zero negative imaginary part

(c) real
(d) pureimaginary

[ME, GATE-2013, 1 Mark]



Q.85

Q.86

Q.87

Q.88

Q.89

A matrix has eigen values -1 and -2. The

1 1
corresponding eigen vectors are {_J and { 2}

respectively. The matrix is

12
(b) {_2 _4}

o[ ]

[EE, GATE-2013, 2 Marks]

The minimum eigen value of the following matrix is
3 5 2
512 7
2 7 5

(@) 0 (b) 1

(c) 2 (d) 3

[EC, GATE-2013, 1 Mark]

Real matrices [Al, 1. [Bly 5 [Cly s [Dls s [Els 5
and [Fl, , are given. Matrices [B] and [E] are
symmetric.
Following statements are made with respect to
these matrices.
1. Matrix product [F]T[C])T[B] [C] [F]is a scalar.
2. Matrix product [D]7[F][D] is always symmetric.
With reference to above statements, which of the
following applies?
(a) Statement 1 is true but 2 is false
(b) Statement 1 is false but 2 is true
(c) Both the statements are true
(d) Both the statements are false

[CE, GATE-2004, 1 mark]

3 2 1
Given the matrices J= |2 4 2| and
12 6
1
K=12 |, the product KT JKiis ___
-

[CE, GATE-2014 : 1 Mark]

With reference to the conventional Cartesian (x, )
coordinate system, the vertices of a triangle have
the following coordinates; (x,, y,) = (1, 0);
(x5 ¥,) = (2. 2); (x5, ¥5) = (4, 3). The area of the
triangle is equal to

Q.94 The determinant of matrix

3 3
(@) ®) 4
© @ 7

[CE, GATE-2014 : 1 Mark]

Q.90 Which one of the following equations is a correct

identity for arbitrary 3 x 3 real matrices P, Qand

(&) P(Q+AR)=PQ+ AP

(b) (P—- Q) =P2-2PQ + @2

(c) det(P+Q)=det P+ detQ
(d) (P+QP2=P+PQ+ QP+ Q7

[ME, GATE-2014 : 1 Mark]

Q.91 Which one of the following statements is true for

all real symmetric matrices?
(a) Allthe eigen values are real
(b) All the eigen values are positive.
(c) All the eigen values are distinct
(d) Sum of all the eigen values is zero.
[EE, GATE-2014 : 1 Mark]

Q.92 For matrices of same dimension M, N and

scalar ¢, which one of these properties DOESNOT
ALWAYS hold?

(@ (MNT=M

(b) (cM)" = c(M)T

©) (M+ N) =M + NT

(d) MN=NM  [EC, GATE-2014 : 1 Mark]

Q.93 Which one of the following statements is NOT true

for a square matrix A?

(a) If Ais upper triangular, the eigen values of A
are the diagonal elements of it

(b) If Alis real symmetric, the eigen values of A
are always real and positive

(c) If Ais real the eigen values of Aand AT are
always the same

(d) f all the principal minors of A are positive, all
the eigen values of A are also positive

[EC, GATE-2014 : 2 Marks]

is

S W N

3
0
1

12|

[CE, GATE-2014 : 1 Mark]

W N e O
O W O -



Q.95 Given that the determinant of the matrix

1 30

2 6 4]is-12, the determinant of the matrix
_~~~1 02

2 6 0

4 12 8 is

|-2 0 4

(a) ~96 (b) ~24

(c) 24 (d) 96

[ME, GATE-2014 : 1 Mark]

Q.96 The determinant of matrix A is 5 and the
determinant of matrix Bis 40. The determinant of

matrix AB is
[EC, GATE-2014 : 1 Mark]

Q.97 The maximum value of the determinant among all
2 x 2real symmetric matrices with trace 14 is :
[EC, GATE-2014: 2 Marks]

Q.98 It the matrix A is such that
2
A=-41[19 5]
7

then the determinant of A is equal to .
[CS, GATE-2014 : 1 Mark]

6 0 4 4
Q.99 The rank of the matrix | 2 14 8 18
14 -14 0 -10

[CE, GATE-2014 : 2 Marks]
Q.100 Two matrices A and B are given below:
A:[p q]. | +d pregs
ros| pr+qgs ré+s?

If the rank of matrix A is N, then the rank of

matrix B is
{a) g/— (b) N-1
(c) N (dyenN

[EE, GATE-2014 : 1 Mark]

Q.101 Given a system of equations:
X+ 2y+ 27 = b,
Sx + Y+ 3z = b,
Which of the following is true regarding its
solution?

(@) The system has a unique solution for any
given b, and b,

(b) The system will have infinitely many solutions
for any given byand b,

(¢) Whether or not a solution exists depends on
the given b, and b,

(d) The system would have no solution for any
values of b and b,

[EE, GATE-2014 : 1 Mark]

Q.102 The system of linear equations

2 1 3llal [ 5
3 0 1||bl=|-4 has
12 5]lc| |14

(a) a unique solution
(b) infinitely many solutions
(c) no solution
(d) exactly two solutions
[EC, GATE-2014 : 2 Marks]

Q.103 Consider the following system of equations:
3x+ 2y =1
Ay + 72 =1
X+y+z2=23
X=2y+7z2=0
The number of solutions for this system is

[CS, GATE-2014 : 1 Mark]

Q.104 The sum of Eigen values of matrix, [M] is

215 650 795
where [M] = 1655 150 835
485 355 550
(@) 915 (b) 1355
(c) 1640 (d) 2180

[CE, GATE-2014 : 1 Mark]

Q.105 Consider a 3 x 3 real symmetric matrix S such
that two of its eigen values are a = 0. b= 0 with

Xy Vi
respective eigen vectors |x, |, [ yo | [fazb
3 V3

then x,y, + x,y, + XY, equals
(a) a (b) b
(c) ab (d) 0

[ME, GATE-2014 : 1 Mark]



.106 One of the eigen vectors of matrix {_5 éj} is

@ 1

[ME, GATE-2014 : 1 Mark]

Q.107 A system matrix is given as follows.

0 1 -1
Al-6 -11 6
-6 -11 5

The absolute value of the ratio of the maximum
eigen value to the minimum eigen value is
[EE, GATE-2014 : 2 Marks]

Q.108 A real (4 x4) matrix A satisfies the equation
A? = [, where s the (4 x 4) identity matrix. The
positive eigen value of Ais

[EC, GATE-2014 : 1 Mark]

Q.109 The value of the dot product of the eigen vectors
corresponding to any pair of different eigen
values of a 4 x 4 symmetric positive definite
matrix is .

- [CS, GATE-2014 : 1 Mark]

Q.110 The product of the non-zero eigen values of the

matrix
(1 0 0 0 f1]
01110
01110
01110
1100 0 1
is . [CS, GATE-2014 : 2 Marks]

Q.111 Which one of the following statements is TRUE
aboutevery nxnmatrix with only real eigen values?
(a) If the trace of the matrix is positive and the

determinant of the matrix is negative, at least
one of its eigen values is negative.

(b) If the trace of the matrix is positive, all its
eigen values are positive.

(c) If the determinant of the matrix is positive,
all its eigen values are positive.

(d) If the product of the trace and determinant
of the matrix is positive, all its eigen values
are positive.

[CS, GATE-2014 : 1 Mark]

478
315
962

Q.112 If any two columns of a determinant P =

are interchanged, which one of the following
statements regarding the value of the
determinant is CORRECT? |
(a) Absolute value remains unchanged but sign
will change
(b) Both absolute value and sign will change
(c) Absolute value will change but sign will not
change
(d) Both absolute value and sign will remain
unchanged
[ME, GATE-2015 : 1 Mark]

Q.113 Perform the following operations on the matrix

3 4 45°
7 9 105],
113 2 195

1. Add the third row to the second row.
2. Subtract the third column from the first
column.

The determinant of the resultant matrix is

[CS, GATE-2015 : 2 Marks]

1 tanx ’
Q114 For A :{ amJ, the determinant of
| —tany 1
AT AT s
(a) sec?x (b) cos4y
(c) 1 (d) 0

[EC, GATE-2015 : 1 Mark]

Ta+3i i~

Q.115 For given matrix P = _ | where
i 4 -3

L

i =+/—1, the inverse of matrix P is

1 [4-3i i 1 4
@ 24|~ av3i] © %54 -

114+30 —i 114+3i i
© Sali  a-s| Dosls 4y

[ME, GATE-2015 : 2 Marks]



Q.116 Let A=[a; | 1<ij<n with

nz3anda; =ij. The rank of A is

(@0 (b) 1
(cy n—-1 (dy n
[CE, GATE-2015 : 1 Mark]

Q.117 For what value of pthe following set of equations
will have no solution?
2t +3y=5
3v + py = 10
[CE, GATE-2015: 1 Mark]

Q.118 We have a set of 3 linear equations in 3
unknowns. 'X'= Y"means Xand Yare equivalent

statements and ‘X # Y’ means Xand Y are not

equivalent statements.

P : There is a unique solution.

Q : The equations are linearly independernt.

R . All eigen values of the coefficient matrix are
nonzero.

S : The determinant of the coefficient matrix is
nonzero.

Which one of the following is TRUE?

(@ P=Q=R=S by P=R# Q=S

() P=Q# R=S (d)P#* Q#*R+tS
[EE, GATE-2015: 1 Mark]

Q.119 Consider a system of linear equations:
x =2y + 3z = -1,
x =3y + 4z = 1, and
—2X + 4y - 6z = k
The value of kfor which the system has infinitely
many solution is .
[EC, GATE-2015: 1 Mark]

Q.120 If the following system has non-trivial solution,
px+qy+1z=20
gx +ry+ pz=20
x+py+qgz=20
then which one of the following options is TRUE?
(@ p-g+r=00rp=q=-r
O p+g-r=00rp=-g=r
C)p+g+r=00rp=qg=r
(d)p-g+r=00rp=-q=—r
[CS, GATE-2015 : 2 Marks]

Q.121 Let Abe an n xn matrix with rank r(0 < r< n).
Then AX = O has pindependent solutions, where

o is
(@) r (b) n
(c) n-r (A n+r

[IN, GATE-2015 : 1 Mark]

Q.122 The smallest and largest Eigen values of the
following matrix are

3 2 2
4 -4 6
2 -3 5

(a) 1.5 and 2.5
(c) 1.0 and 3.0

(b) 0.5 and 2.5
(d) 1.0and 2.0
[CE, GATE-2015 : 2 Marks]

Q.123 The lowest eigen value of the 2 x 2 matrix

4 2
13 is .

[ME, GATE-2015 : 1 Mark]
1
Q.124 The value of p such that the vector | 2| is an

4 1 2
eigen vector of the'matrix | P 2 11 is
|14 -4 10|
[EC, GATE-2015 : 1 Mark]

Q.125 The larger of the two eigen values of the matrix

4 5
o ]S .

[CS, GATE-2015 : 1 Mark]

1 -12
Q.126 In the given matrix |0 1 0 one of the
12 1

eigen values is 1. The eigen vectors
corresponding to the eigen value 1 are

(@) {a(42) 1o = 0,ue R}
(b) {a(-42N1o =00 e R}
© {e2,0)la#00eR)

() {o(~v2,0%) o % O e R)

CS, GATE-2015 : 1 Mark]

=y



2 1
Q.127 The two Eigen values of the matrix L p} have

aratio of 3: 1 for p = 2. What is another value

of p for which the Eigen values have the same

ratio of 3 : 1?7
(a) -2 (b) 1
(c) 7/3 (d) 14/3
[CE, GATE-2015 : 2 Marks]

Q.128 At least one eigen value of a singular matrix is
(a) positive (b) zero
(c) negative (d) imaginary
[ME, GATE-2015: 1 Mark]

Q.129 The maximum value of “a” such that the matrix

-3 0 -2

1T =1 0 has three linearly independent

0 a -2
real eigen vectors is

2 1
(a) é‘\/—g (b) 5\/“5
1+243 1+/3

(€ - 33 (d) 35

[EE, GATE-2015 : 2 Marks]

Q.130 The value of x for which all the eigen-values of
the matrix given below are real is

10 5+ 4

x 20 2

4 2 10
(@) 5+ (0) 5~/
() 1-5j (d) 1+ 5/

[EC, GATE-2015 : 1 Mark]

Q.131 Consider the following 2 x 2 matrix A where two
elements are unknown and are marked byaand
b. The eigen values of this matrix are -1 and 7.
What are the values of a and b?

]
»b a
(@ a=6,b=14 bya=4b=6

(c)a=3,b=5 (dya=5b=3
[CS, GATE-2015 : 2 Marks]

Q.132 Areal square matrix Ais called skew-symmetric

if
(a) AT= A
(c) AT=-A

(b) AT= A
(dy AT= A+ A
[ME, GATE-2016 : 1 Mark]

Q.133 Let M*= I, (where I denotes the identity matrix)
and M# 1, M? = I and M3 = I. Then, for any
natural number k, M~ equals:

(a) MAk+1 (b) Mk + 2
(C) M4k+3 (d) M4k
[EC, GATE-2016 : 1 Mark]

Q.134 The matrix A = has det(A)=100

S O or O
N - W
SN

a
2
0
0 0

and trace (A)=14. The value of |a — b| is

o

[EC, GATE-2016 : 2 Marks]

Q.135 Let A be a 4 x 3 real matrix with rank 2. Which
one of the following statement is TRUE?
(a) Rank of ATA is less than 2.
(b) Rank of ATAis equal to 2.
(c) Rank of ATA is greater than 2.
(d) Rank of AT A can be any number between
1and 3.
[EE, GATE-2016 : 2 Marks]

Q.136 Let p = ﬁ ;J Consider the set Sof all vectors

X
( ) suchthat @ + b? = 1 where a) =P,
Y. b )%

Then Sis
(a) acircleof radius /10

1
(b) acircle of radius 71;6

(c) an ellipse with major axis along (3

1
(d) an ellipse with minor axis along (J

[EE, GATE-2016 : 2 Marks]



Q.137 If the vectors e,=(1,02), 6,=(0, 1,0) and
6; = (- 2,0, 1) form an orthogonal basis of the
three-dimensional real space A3, then the vector
U= (4, 3,- 3) € R® can be expressed as

2 11
U=—-—6,-36, -—eg
(a) 5 2”58
b) u -§e 3e +ﬂe
(b) u= 5 2 5%
11
(c) U~—-——81+3€2+g—6‘3

w%eJr’Se ._.1_19
51 s 63

[EC, GATE-2016 : 2 Marks]

Q.138 Consider the following linear system.

X+ 2y-3z=2
2+ 3y+3x=5b
5¢+9y-6z=¢

This system is consistent if a, b and ¢ satisfy
the equation

(@ 7a-b-c=0
(c)Ba-b+c=0

b)3a+ b-c=0
(d)7a-b+c=0
[CE, GATE-2016 : 2 Marks]

Q.139 The solution to the system of equations is
2 5lx 12
-4 3|yl |-30

(a) 6,2
(c) -6, -2

(b) -6, 2
() 6, -2

[ME, GATE-2016 : 1 Mark]

Q.140 Consider the systems, each consisting of m
linear equations in nvariables.
. If m < n, then all such systems have a
solution,
. If m> n, then none of these sytems has a
solution.
.1t m = n, then there exists a system which
has a solution
Which one of the following is CORRECT?
(@ I, Il and Il are true
(b) Only Il and 1l are true
(c) Only ll is true
(d) None of them is true
[CS, GATE-2016 : 1 Mark]

Q.141 If the entries in each column of a square matrix
Madd up to 1, then an eigen value of Mis
(a) 4 (b)y3
{c) 2 () 1
[CE, GATE-2016 : 1 Mark]

Q.142 Consider a 3 x 3 matrix with every element being
equal to 1. Its only non-zero eigen value is

[EE, GATE-2016 : 1 Mark]

Q.143 The condition for which the eigen values of the

2
matrix A = b k} are positive, is
1
(a)k>§ b) k>-p2
1
€) k>0 (d)k<—~2—

[ME, GATE-2016 : 1 Mark]

Q.144 Consider a 2 x 2 square matrix

where x is unknown. If the eigen values of the
-matrixA-are{e+forand(o=jo) then IYisequal

to
(@ +jw (b) ~jo
(c) +o (d) —w

[EC, GATE-2016 : 1 Mark]

Q.145 Two eigen values of a 3 x 3 real matrix F are
(2 + J——U and 3. The determinant of Pis .
[CS, GATE-2016 : 1 Mark]

Q. 146 Consider alinear time invariant system x = Ax,
with initial conditions x(0) at ¢ = 0. Suppose a
and b are eigen vectors of (2 x 2) matrix A
corresponding to distinct eigen values &, and A,
respectively. Then the response x(f) of the
system due to initial condition x(0) = « is

(8) ce™ (b) e’2p

5ot

(C) 5'/'2'0, (d) ef’.‘.foc + 8}.2."3

[EE, GATE-2016 : 2 Marks]



Q.147 Let the eigen values of a 2 x 2 matrix Abe 1, -
2 with eigen vectors x, and x, respectively. Then
the eigen values and eigen vectors of the

matrix A% — 3A + 41 would, respectively, be
(@ 2, 14; x,, x, (0) 2, 14, %, + x5, x, = x,
(€) 2,0; xy, x, (d) 2,0, %y + xp x, —x,

[EE, GATE-2016 : 2 Marks]

Q.148 The number of linearly independent eigen vectors
2 10
ofmatrix A=10 2 0lis
003

[ME, GATE-2016 : 2 Marks]

().149 The value of x for which the matrix

3 2 4

A=19 7 13 | has zero as an eigen
-6 -4 -Q+x

value is ______

[EC, GATE-2016 : 1 Mark]

2 1 1
Q.150 Consider the matrix A= | 2 3 4 | whose
-1 -1 =2

eigen values are 1, -1 and 3. Then Trace of
(A%~ 3A%) is
[IN, GATE-2016 : 2 Marks]

Q.151 Suppose that the eigen values of matrix A are
1,2, 4. The determinant of (A")7 is
[CS, GATE-2016 : 1 Mark]

Q.152 A 3 x 3 matrix Pis such that, P° = P. Then the
eigen values of Pare
( ) 1,1, =1
(b) 1,0.5 +j0.866, 0.5 - j0.866
( ) 1. wO5 + /0.866, - 0.5 ~ j0.866
(d) 0
[EE, GATE-2016 : 1 Mark]

Q.153 A sequence x[n] is specified as

An) ] [ 1A o 2o
An-11 "1 0| o] "=

The initial conditions are x[0] = 1, x[1] = 1, and
x[n] = 0 for n< 0. The value of x[12] is
[EC, GATE-2016 : 2 Marks]

Q.154 Let A be nx n real valued square symmetric

matrix of rank 2 with EEAQ = 50. Consider
i=1j=1
the following statements.

[.  Oneeigen value must be in [-5, 5]
1l The eigen value with the largest magnitude
must be strictly greater than 5.
Which of the above statements about eigen
values of Ais/are necessarily CORRECT?
(a) Bothland i (o) lonly
(c) Honly (d) Neither | nor ||
[CS, GATE-2017 : 2 Marks]

Q.155 The determinant of a 2 x 2 matrix is 50. If one
eigen value of the matrix is 10, the other eigen

value is .
[ME, GATE-2017 : 1 Mark]

50 70]
Q.156 Consider the matrix A = 70 SOJ whose eigen

vectors corresponding to eigen values A, and

70 Lo ~80
Ay are x; = Ay =50 and x, = 70 |

respectively. The value of \1 518
[ME, GATE- 2017 2 Marks]

Q.157 The product of eigen values of the matrix Pis

2 0
pP=l4 -3 3

0 2 -
(a) - 6 (b) 2
() 6 (d) - 2

[ME, GATE-2017 : 1 Mark]

0 L
J2

0

1

Nl

Which one of the following statements about P

is INCORRECT?

(a) Determinant of Pis equal to 1.

(b) Pisorthogonal.

(c) Inverse of Pis equal to its transpose.

(d) All eigen values of P are real numbers.
[ME, GATE-2017 : 2 Marks]

I~

5

Q.158 Consider the matrix P =

o
U

N N N



1 -1 5
Q.159 The eigen values of thematrix A=|0 5 6
0 -6 5
are
(@ -1,5,6 (b) 1,-5+ 6
(©) 1,56 () 1,5,5

[IN, GATE-2017 : 1 Mark]

Q.160 The figure shows a shape ABC and its mirror
image A, B, C, across the horizontal axis (X-
axis). The coordinate transformation matrix that
maps ABC to A,B,C, is

Y
B
AQ)riginal
C

Cy

A,

B1
0 1
(b) {4 O}

1 0
o]

[IN, GATE-2017 : 1 Mark|

Q.161 The eigen values of the matrix given below are

1 0

0O 0 1

0 -3 -4
(a) (0, -1, -3) (b) (0, -2, -3)
(c) (0,2,3) (d) (0,1,3)

[EE, GATE-2017 : 2 Marks]

Q.162 The matrix A = has three distinct

N — O Motw
|
NDiw O ol —

0
1
eigen values and one of its eigen vectors is 0l
1

Which one of the following can be another eigen
vector of A?

o o
0 0

b
(a) ) (b) o]
. F
(© |0 (d) | -1
_~1- 1

[EE, GATE-2017 : 1 Mark]
0.163 The rank of the mairix

1100 0
00 1 -10
01 -10 0
100 0 1
00 0 1 -1

[EC, GATE-2017 : 1 Mark]

PN

{1.164 Consider the 5 x 5 mairix

[1 2 3 4 5]
5123 4
A=|4 5 1 2 3
3456 12
2 345 1

It is given that A has only one real eigen value
Then the real eigen value of A is
(@) 2.5 (b) O
(cy 15 (d) 25
[EC, GATE-2017 : 1 Mark]

. 5 10 10
Q.165 The rank of the matrix M= {1 O 21| is
3 6 6
(a) O (b) 1
(c) 2 (d) 3
[EC, GATE-2017 : 1 Mark]
11 - -1 =2 -1
Q166 let P=12 -3 4iandQ=|6 12 6|be
3 -2 3 5 10 &

two matrices. Thentherankof P+ Qis _____—
[CS, GATE-2017 : 1 Mark]



Q.167 If the characteristic polynomial of a 3 x 3 matrix
M over R (the set of real numbers) is A3 — 422
+ak + 30. ae R and one eigen value of M is
2. then the largest among the absolute values
of the eigen values of M is .

[CS, GATE-2017 : 2 Marks]

Q.168 Let ¢, ..... ¢, be scalars, not all zero, such that

n
Y68 =0 where a;are colimn vectors in A7,
i=1
Consider the set of linear equations
Ax = b

n
alandb = Z@- . The set

i=1

where A = [a,

of equations has
(a) aunigue solution at x = J,where J_denotes
a n-dimensional vector of all 1
(b) no solution
(c) infinitely many solutions
(d) finitely many solutions
[CS, GATE-2017 ; 1 Mark]

Q.169 Consider the following simultaneous equations
(with ¢, and ¢, being constants):
3xy + 2x, = C,
4xy +x, = C,
The characteristics equation for these
simultaneous equations is
(@ A°-4A-5=0 (D) A2-4A+5=0 A
C) A2+ dh~5=0 (d)A2+41+5=0
[CE, GATE-2017 : 1 Mark]

15 3 7
Q-17O ” A = = T
[6 2] and B [8 } AB' is equal

4

o
38 28 3 40
@ |32 56 (®) [42 8J
43 27 38 32
©) |34 BOJ @ [28 56]

[CE, GATE-2017 : 2 Marke]

Q171 The matrix P is the inverse of a matrix Q. If J
denotes the identity matrix, which one of the
following options is correct?

(8) PQ=1but QP#1 (b) QP = I but PQ#1
(¢) PQ=Tand QP=1(d) PQ - QP = |
[CE, GATE-2017 : 1 Mark]

5 -1

Q.172 Consider the matrix [4 , } . Which one of the

following statements is TRUE for the eigen values

and eigen vectors of this matrix?

(a) Eigen value 3 has a multiplicity of 2, and
only one independent eigen vector exists.

(b) Eigen value 3 has a multiplicity of 2, and two
independerit sigen vector exists.

(c) Eigen value 3 has a multiplicity of 2, and no
independent eigen vector exists.

(d) Eigeti value are 3 and -3, and two indepedent
eigen vectors exist.

[CE, GATE-2017 : 2 Marks]

Q.173 The solution of the system of equations
Xty +2=4x-y+2=0,2x+y+2z=5]is
(@x=2y=2 2=0
byx=1y=42=1
C)x=2y=42=3
(d)

drx=1y=2 z=1 [ESE Prelims-2017]

Q.174 It a square matrix of order 100 has exactly
15 distinct eigeh values, the degree of the
minimal polynomial is
(a) Af least 15
(c) Always 15

(b) At most 15
{d) Exactly 100
[EE, ESE-2017]

Q. 175 For the given orthogonal matrix O,

'8 2 6]

7 7 7

6 3 2

W=l7 7 37

2 6 38

L7 7 7]

The inverse is
'3 2 6] 8 2 8]
7 7 7 7 7 7
6 3 2 6 3 Z
@ -5 = 3 (b) 5 o5 -5
2 6 3 2 6 3
7 7 7l 7 7 7
3 6 2 "3 6 2]
r 77 77 7
2 3 06 2 3 6
7z 7 7 @ A A
6 2 38 6 2 3
L/ 7 7] 7 7 7]
[CE, GATE-2018 : 1 Mark]



Q.176 Which one of the following matrices is singular?

2 5 3 2
@ | ®) |,
(2 4] 4 3]
© 15 6 @16 2

[CE, GATE-2018 : 1 Mark]

-4

—2) has

(a) real eigenvalues and eigenvectors

(b) real eigenvalues but complex eigenvectors
(c) complex eigenvalues but real eigenvectors
(d)

d) complex eigenvalues and eigenvectors
[CE, GATE-2018 : 2 Marks]

2
Q.177 The matrix (A

Q.178 The

110—2)
2 0 2 2

4 13 1)

rank of the following matrix is

(a) 1 (b) 2
(c) 3 (d) 4
[CE, GATE-2018 : 2 Marks]
-4 1 -1
Q79 TheTankof the matrix =1 =1 =115
7 =3 1
(@) 1 (b) 2
() 3 (d) 4
[ME, GATE-2018 : 1 Mark]
12 3
Q.1801f A= |0 4 5 thendet(A N is
00 1

(correct to two decimal places).
[ME, GATE-2018 : 1 Mark]

Q.181 Let M be a real 4 x 4 matrix. Consider the
following statements:
S1: Mhas 4 linearly independent eigenvectors.
S2: Mhas 4 distinct eigenvalues.
S3: Mis non-singular (invertibie).
Which one among the following is TRUE?
(@) S7implies S2 (o) S1implies S3
(c) S2implies S1  (d) S3implies S2
[EC, GATE-2018 : 1 Mark]

k 2k
Q.182 Consider matrix A :[ ,

and veciy
K-k K2 i

~I
X = L‘}, The number of distinct real valueg
X2
k for which the equation AX = 0 has mflmte[
many solutions is

[EC, GATE-2018 : 1 Mary

Q.183 Consider a non-singular 2 x 2 square matrix ;
If trace (A) = 4 and trace (A?) = ‘
of the matrix Ais

1
Q184 et A=| -1 2
|0 0 -2 4,
where /is the 3 x 3identity matrix. The determinaég
of Bis {upto 1 decimal place).
[EE, GATE-2018: 2 Marké

(&
1

Q.185 Let N be a 3 by 3 matrix with real numberenmes
The matrix N is such that N? = 0. The elge}
values of Nare
(@ 0,0,0
(c) 0,1, 1

(b) 0,0, 1
(dy 1, 1,1
[IN, GATE-2018 : 1 Marl

Q.186 Consider two functions f(x) = (x — 2)? an
glx) = 2x—~ 1, where x is real. The smallest valy

of x for which f(x)=glx)is .
[IN, GATE-2018 : 1 Mar

Q.187 Consider the following system of line
equations:
3x + 2ky = -2
Kx + 6y = 2
Here, x and y are the unknown and K is a ré
constant. The value of k for which there are infini
number of solutions is
(a) 3 (b) 1
(c) -3 (dy -6
[IN, GATE-2018 : 2 Mark

]
4

-]
V= (J Nole that v denotes the transposed

(Q.188 Consider a matrix A = uv! where u =

v. The largest eigenvalue of A is |
[CS, GATE-2018: 1 Mall




Q.189 Consider a matrix P whose only eigenvectors

|

Consider the following statements:

1
4

are the multiples of [

[ESE Prelims-2018]

P does not have an inverse.

—TJ are

-1 -1
-1 3
-1 -1 3

3

Q.191 Eigen values of the matrix [

Which one of the following options is correct?

Il. P has arepeated eigenvalue.
HI. P cannot be diagonalized.
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‘Explanations

(c)
Consider first 3 x 3 minors, since maximum
possible rank is 3

4 2 1
6 3 4| =0
2 10
2 13 _
3 4 7/ =0
10 1
4 13
6 4 7, =0
2 0 1
4 2 3
and 6 3 7/ =0
2 1 1
Since all 3 x 3 minors are zero, now try 2 x 2 minors.
4 2
l6 3| =0
12 A1
l3 4 =8-3=5=0
So rank = 2
(c)
Given equation are
xX+2y+2=6
2x+ y+22=6

x+y+2=5
Given system can be written as

12 1][x] [6
2 1 2|ly| =16
11 1{lz| 15

|1t 2 16
Augmented matrixis |2 1 2|6
- Lt 1 15

By gauss elimination

12 1|6 1 2 1]6
2 1 26| 22,10 3 0]-6
. 3™
11 1|5 0 -1 0|-1
1 1 2 1]l6]
Ry = =Fp
-—~3—-—>0-30—GI
(\f\f\-l
LUUUlJ

nA) =2

rAlB) =3
Since the rank of coefficient matrix is 2 and rank of
argument matrix is 3, which is not equal. Hence
system has no solution i.e. system is inconsistent.

b

(Th)e augmented matrix for the given system is
2 1 -4«

4 3 1215

12 -8\|7

Performing Gauss-Elimination on the above matrix

(2 1 -4 o
4 3 -12 5-2q
7-0a/2

12 -8

o 2 1 -4
Ry — 2Ry
7 0 3/2 -8

2 1 -4] ¢
_Asm828 10 1 —4|5-2,
{oo 0 50c~1J

2
Now for infinite solution it is necessary that at
least one row must be completely zero.
50~ 1
5 = 0
o= 1/5is the solution

. Ihere is only one value of o for which infinite
solution exists.

(c)
4 1
e
Now, A~Al =0
Where A = eigen value
[44 1 } -0
1 4-A

(4-AP°-1=0
o, (4-22- (12 =0
o, (4-A+1)(4-2-1)=0
o, (B-MB8-A)=0
. A=3A=5

(a)

8
For singularity of matrix = | 4

N}
o O =

x(0-2x12)=0

= 8(0-12) -
: x=4



10.

(b)
A, B, C, Dis nx nmatrix.
Given ABCD =1
= ABCDD'C'= D_"1 C-
= AB = D1 C-1
= ATAB = A1 D1 C
= B=A"1DC
B = (A" D1 -1y
- (C~1>—1 . (D~1)—1 . (A‘1)"1
= CDA
(c)
-Xx + by = -1
X-y=2
X+ 3y=3
-1 5 (-1
The avg mented matrixis | 1 —1] 2 |
1 33
Using gauss-elimination on above matrix we get,
-1 .51 -1 51
-2 2 0 4]
1 313 0 82
-1 5|-1
0 00

Rank [Al B} = 2 (number of non zero rows in [A| B])
Rank [A] = 2 (number of non zero rows in [A])
Rank [A| B] = Rank [A]
= 2 = number of variables
=~ Unique solution exists. Correct choice is (c).

(c)

Characteristic equation is

4-% =2
,A’*Kllzlw2 -1_}\‘20
(4-2)x(1-2)-[(-2)x (-2)] =0
A?=B) =0
- MA-5) =0

Hence,

(b)
sum of eigen values of given matrix = sum of
diagonal element of givenmatrix = 1 +5+ 1 =7.

(a)
With the given order we can say that order of
matrices are as follows:

A= 0,5 are the eigen values.

X' — 3x4
Y 4x3
XY - 3x3
(XTYy' — 3x3
P 2x3
Pl — 3x2
POXCTYY T PT = (2x3) (3% 3) (3% 2) = 2 x 2
o (PUTYPIPYT =5 252

11. (¢)
For orthogonal matrix
AAT =T i.e. Identity matrix.

(AAT)—1 =71 =
12, (b)
1.0 -
R=12 1 -1
2 3 2
-1~ 89d(R) _ [cofactor (R)]
G A
1.0 -1
Rl =2 1 -1
2 3 2
= 1(2+3)~0(4 +2)~ 1(6 - 2)
=5-4=1

Since we need only the top row of R, we need
to find only first column of cof (R) which after
transpose will become first row of adj (R).

cof,(1,1)=+1 - =2+3=5
3 2
0 -1
= ="‘3
cof. (2, 1) 3 2
cof,(3,1)=+o T
1 -1
5 - -
cof (A) = | -8 — -
5 -3 1

i
I
]
i

Adj(A) = [cof. (A)]7

Dividing byl R| = 1 gives
5 -8 1
Rt=|- - -

Toprowof R =[5 -3 1]



13.

14.

15.

16.

17.

(a)
= f

LTS I
L

=5 2a-0.1b = O—_~>a=-é£. (D)
1
3b:1::>b:§
Now substitute b in equation (i}, we get
1
)
So, a+b= _1-+_1-
60 3
_1+20 g 7
60 60 20

(a), (b) and (d) all possible.

In an over determined system having more
equations than variables, all three possibilities
still exist (a) consistent unique (b) consistent
infinite and (d) in consistent with no situation.

(b)
Ay ) < min(m, )

So, Highest possible rank = Least value of 3 and 4.
i.e. highest possible rank (based on size of A) =3
However if the rank of A = 3 then rank of [A | B]
also would be 3, which means the system would
become consistent. But it is given that the system
is inconsistent. So the maximum rank of A could
only be 2.

(a)
Rank [Pq] = Rank [F] is necessary for existence
of at least one solution to Px = q.

(b)

The augmented matrix for the given system is

2 -1 31
3 -2 5|2].
-1 -4 1|3

Using gauss-elimination method on above matrix
we gel,

2 <1 8|1 5 2 -1 3|
3 -2 52— 5|0 -2 1/2[1/2
-1 -4 18] ™2™ |0 -9/2 5/2|7/2)

2 -1 3] 1
Mm% o 12 172012
o 0 -2|-1
Rank ([A] B]) =
Rank ([A]) = 3
Since Rank ([A | B]) = Rank ([A]) = number of
variables. The system has unigue solution.

(a)
First solve for eigen values by solving
characteristic equation |A-ar] =

IA-}\J‘ = 0 5“}\/ 5 0 -0
0 0 2-x 1
0 0 3 1-2
:_(5”)\)(5 M- (1-1)-3]
=0
= (5-4)(5-1) (A2~ 3r~1)=
x=5,5,3i"2ﬁ5

putA=5in[A-Al]X=0

5-5 0 0 0 [x 0
0 5-5 5 0 ||x 0
0 0 2-5 1 ||lx]| |0

L0 0 3 1-5||x] |0
00 0 0][x] Jo
00 5 0|x 0

T lo0 3 1||x| o
00 3 -4||x| |0

= bx;=0; Bxg+x,=0; 3xg-4x, =0

Solving which we get x; = 0, x, = 0, x; and x,
may be anything.

The eigen vector corresponding to A = 5, may be
written as

X K

X | Ko
XT - | |0

X3

X4 U

where k,, k, may be any real number. Since
choice (a) is the only matrix in this form with both:
xzandx, = 0, so itis the correct answer.
Since, we already got a correct eigen vector, ther
is no need to derive the eigen vectof
3+/13

5

corresponding to A =



19.

20,

(d)

Since matrix is triangular, the eigen values are
the diagonal elements themselves namely
A =3, -2 and 1. Corresponding to eigen value,
A = -2 letus find the eigen vector

[A-M]x =0
3"}\ ”2 2 Xq 0
0 -2-2 1 ||x|=lo
O O 1—)& X3 0

Putting A = -2 in above equation we get,
5 -2 2] x 0
0 0 1{ixi=]0
0 0 3f|x 0

Which gives the equations,

Ox; -~ 26, +2xy =0 ' A0
Xy = 0 )
3x;=0 ... (i)
Since eq. (i) and (iii) are same we have
Oxy = 2x, + 2xy = 0 ()
xq =0 (D
Putting x, = K, ineq. (i) we get
ox;~2k+2x0=0
= x, =2/5k
.. Eigen vectors are of the form
X1 2/5k
Xo | = K
X3 0
i.e. x, Xy ixg =2/5k:k:0=2/5:1:0=2:5:0
X 2
xo | = | 5] is an eigen vector of matrix A.

X3 O
(c)

-4 2
First, find the eigen values of A = [ 4 }

3
lA-n] =0
i—y 2 _ 0
4 3 - A
= (4-1)(3-1) -8 =0
= M+A-20=0
= (A+5)(A-4) =0
= X1=~Sand}»2:4

Corresponding to A, = -5 we need to find eigen
vector:

21.

22.

The eigen value problem is [A~ AT]1X = 0

-4 X 2
=0
)
Putting A = -5
1 2 X4 O
we get, =
4 8 X2 O
Xy +2x, =0 (B
4x, +8x, =0 (i)
Since (i) and (ii) are the same equation we take
x;+2x, =0
Xy = ~2x,
Xy lixy, =201
= Moo
X2

Now from the answers given, we look for any

vector in this ratio and we find choice (c) [ZJ is

in this ratio 21 =

2
Xz -

= -2,
1
So choice (¢} is an eigen vector corresponding to
A=-5.
Since we already got an answer, there is no need

to find the second eigen vector corresponding to
A=4,

(b)
2 -1
A= Li SJ
The characteristic equation of this matrix is given
by
|A-ATl =0
!2-% -1 0
| 45—
@2-A)B-N-4=0
AM-7A+6=0
A=16
= The eigen values of Aare 1 and 6.

(b)

Although 1™ will be the corresponding eigen
values of A7, x™need not be corresponding eigen
vectors.
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(c)
Method 1:

and G=

"cos ~sing O

sing cosh O

0 0 f

O - O
- O O

1
0
0

According to problem
ExF=0G

cose sing O 1
or |-sin® cos® O|xF =10
0

0 0

1

Hence we see that product of (Ex
so Fhas to be the inverse of E.

F: E_1:

Method 2:

An sasier method for finding Fis by multiplying
Ewith each of the choices (a), {b), (c) and (d) and

Adj(E)
IE]

[cose sing O]
—sin® cosd O
0 0 1

is Unit matrix

-6 4
Take choice (a) | -3 and | 2
6 3]

Firstly these are orthogonal, as can be seen by
taking their dot product
=-06x4+-3x2+6x3=0

The space spanned by these two vectors is

-6 4
Kl =3 |+ k| -2 (i
6 3 o
6] 4
The spanof | -3 | and | -2 | contains P, Qand R
6 3

We can show this by successively setting
equation (i) to £, Qand Rone by one and soivmg
for ;\1 and r\2 uanucuy :
Notice also that choices (b), (¢ )and(d)arewrongj
since none of them are orthogonal as canbe seen
by taking pairwise dot products. :

(b)

ffffff f_ fﬂéfﬂ@@ﬂ’(—Wﬁf@W@ﬁ@ grv.e%t_he_ﬁ_':ee}&et_as MA,,,,A,uiTh € M[i 1 7 SQLI S ! near i y d e pe n derg

24.

25.

206.

identity matrix G. Again the answer is (c).

(a)

A. Singular matrix — Determinant is zero

B. Non-square matrix — Determinant is not defined
C. Real symmetric —» Eigen values are always real
D. Orthogonal matrix — Determinant is always one

(c)

Perform, Gauss elimination

1 1 1

Ho—Fy 0 -2 -1

TR 00 o

0 00

11

Itisin row Echelon form

Soits rank is the number of non-zero rows in this

form.
i.e., rank = 2

(a)

We are looking for orthogonal vectors having a

span that contain P, Qand R.

upon the solution obtained in previous questiog

namely [-6 -3 6}T and' [4 -2 3] .
This can be easily cheeked by finding determinaé

-6 -3 6]
of | 4
-2 ~17 30

-6 -3 6 *
4 -2 3

-2 -17 SOI

= -6(-60 + 51) + 3(120 + 6) + 6(-68 - 4) =0
Hence, it is linearly dependent.

. (d)

The augmented matrix for given system is.

0 4 318 2 0 -
2 0 1|2 Exchange IstandQndrow 0 4 3
32 05 32 018




29.

30.

31.

32.

33.

then by Gauss elimination procedure

20 -12] 5 [20 -1]2

04 3l8|-*2% o4 38

32 05 02 3/2|2
, (20 -1]8
_Ra® o4 38
00 0|2

For last row we see 0 = -2 which is inconsistent.
Also notice that r(A) = 2, while r(A | B) = 3,
(r(A) = r(A | B) means inconsistent).

. Solution is non-existent for above system.

(c)
4 2 S
M{z 4}'[/\4”}‘[]:{ 2 4—1}
. _ 101
Given eigen vector [101}
M=AM1X=0
. {4-7& 2 } [101} 0
2  4-Aj 101
= (4-A)(101)+2x 101 =0
= A=6

(b)

il

ZA; = Trace (A)
AM+A,+hy=Trace (A)=2+(-1)+0 =1
Now

= A, tA =2
Only choice (b) satisfies this condition.

(a)
A, A, Ag ... A, are the eigen values of A. Then
the eigen values of

AMare M A5 A
Here, Smatrix has eigen values 1 and 5.

So, $? matrix has eigen values 12 and 52 i.e.
1and 25.

(a)

By property of eigen values, sum of diagonal
elements should be equal to sum of values of A.
SO, ZA;=A,+A,=8+4=12=Trace (A)
Only in choice (a), Trace (A) = 12.

(d)
Since ST=(A+ANT

= AT + (AT)T

34.

35.

4y

36.

37.

=AT+ A=S
Le. S'=8
- Sis symmetric
Since DF = (A-ANT = AT_(ANT
=AT-A=—~(A-Al)y=-D
ie. Dl =-D
So Dis Skew-Symmetric,

(a)

a by
Inverse of c Jlis
a b -1 B 1 d -b
[c dJ " (ad-bo)|-c  a
te]' 1 [7 -2
{5 7} C(7-10) -5 1
_L 7 =2 B 11-7 2
3|-5 1| 3|5 -1
(b)

If : X= (g, x5 x)7

Rank X' = 1, since itis non-zero n-tuple.

Rank X7 = Rank X = 1

Now Rank (X7) < min(Rank X, Rank XT)

Rank (XXT) < min(1, 1)

Rank (XX < 1.

So XXThas a rank of a either 0 or 1.

But since both Xand X" are non-zero vectors, so
neither of their ranks can be zero.

So XXThas a rank 1.

(c)

Since (X,, X,, ... X,,) are orthogonal, they span a
vector space of dimension M.

Since (-X,, -X,, ... X,,) are linearly dependent on
Ky XKoo X the set (X, X, X, . X, =X, =X,
-..=X,,) will also span a vector space of dimension
Monly.

(a)
To be basis for subspace X, two conditions are
to be satisfied

i

1. The vectors have to be linearly independent.

2. They must span X
Here, X={xe/?3!x1+x2+x330}
x! = [x,, X, x3]T



Step 1: Now, {[1,-1,0]",[1,0,~1]"} is alinearly
independent set because one cannot be obtained
from another by scalar multiplication. The fact that
it is independent can also be established by

-1 OJ .
Is 2.

1
seeing that rank of L 0 1

Step 2: Next, we need to check if the set spans X,
Here, X = {x € RS | Xy + X, + xg = 0}

k= ko
The general infinite solution of X = Kq
ko

Choosing k., k k|9 d ||k
oosmg 1 238 kz = K an /(2 = O,

we get 2 linearly independent solutions, for X,

-k -k
X = {O ] or {k 1
Lk] Lo
Now since both of these can be generated by linear
combinations of [1, -1, 0]"and [1, 0, ~1]7, the
set spans X. Since we have shown that the set is

not only linearly independent but also spans X,
therefore by definition it is a basis for the

77777777 —subspace X—

38.

(a)

The augmented matrix for this system is
11 115

13 319

12 afp

Using Gauss-elimination method we get

11 1|5 11 115
13 3|9—2fs02 2| 4
12 ofp 0 1 a-1]p-5
o 11 15
2 o2 2| 4
00 a-2/p-7

Now, for infinite solution last row must be

completely zero
lea-2 andB-7=0
= o=2andB=7

39.

40.

(b)
o[z ]
0 2
[a-All =0
{zwx 1 } -0
0 2-A

= (2-A)P =0

=5 A=2
Now, consider the eigen value problem

[A-AI1X =0

2-1 1 x| [0]
MR
put A =2, we get,
0 1] x| 0]

o o] 2] o

x, =0 (D)

0=0 - (i)

(d)
The cross product of b = [0 1 O]T

and X=[x x x3] canbe written as

~ ~

ik
bxX=10 1 o0
Xy Xp  Xg
=X3l:\+Oj"X1/%
=[x 0 -x]
X
Now L(x)szX:/\/]xZ
X3
where Mis a 3 x 3 matrix
G G G3
Let M=1cC4 C5 4
G G G
B ET
Now Mix, | = bxX

L3



41.

42.

43.

Cr Co C3||x X3
=|C4 C5 Gy Xo | = 0
Gy Cg G |3 ~X1

By matching LHS and RHS we get
0 0 1] |x X3
0 0 O}|x|=]0
-1 0 0} |x; ~xy
0 0 1
So, M=]10-00
-1 00

Now we have to find the eigen values of M
(M-Il =0

-A 0 1
=0 -A 0]|=0
-1 0 =i

= -AMA2-0)+ 1(0-A)=0

= A+ =0

= AMA2+1)=0

= A=0A=1i

So, the eigen values of Mare i, —i and O.

(b)

ZA, = Trace (A)
Ai+d,+h;=1+56+1=7
Ay=-2,h,=6
-2+ 6+ Ay =7

hy=3

Now,

(a)
The eigen values of any symmetric matrix is
always real.

(a)

-1 0-2
(-3~A)(-A)+2=10
A+ BA+2=0
A will satisfy this equation according to Caylay-
Hamilton theorem
ile. A24+3A+21=0
multiplying by A=" on both sides we get
ATA2 £ BATA+2A =0
A+3I+2A41=0

44.

45.

46.

47.

48.

(a)
To calculate A°
start from A% + 3A + 2/ = 0 which has been
derived above
= A2 = -3A-2]
A= A2x A?=(-8A-21)(-3A-21)
=90A+ 12 A+ 4]
=9(-8A-2D)+12 A+ 4]
=-15 A-14J
AB = A% x Al
= (=15 A—141) (~15 A-141)
= 225 A% + 420 A + 1561
=225 (-8 A-21) + 420 A 1961
= -255 A~ 254/
A% = A x A8
= A(-255 A - 254])
= 255 A2 254 A
= ~255(~3 A~ 2I) - 254 A
=511 A+ 510/

(b)
(PQYTP = (Q1 PP
= (Q)PTP = (Q) (W)
= Q1

(a)
Choice(a) AA’A = Ais correct

Since, AA'A = A[(ATAYTATIA
= A[(ATAY" ATA]
Let, ATA = P
Then, AP P]=A-T=A
(a)

If rank of (6 x 6) matrix is 4, then surely it must
have exactly 4 linearly independent rows as well
as 4 linearly independent columns, since
rank = row rank = column rank.

(d)
The augmented matrix for given system is
11 13
12 3|4
14 k|6
Using Gauss elimination we reduce this to an
upper triangular matrix to investigate its rank.



49.

50.

. Augmented matrix is [1 11

1113 11 13
12 34|—Ffs01 2 1
14 ki6| 03 k-1]3
11 1|8
R0 1 2 |1
00 k-7]0
Nowif k=7

rank (A) = rank (A| B) = 3
-~ unigue solution
If k=7 rank (A)=rank (Al B) =2
which is less than number of variables
-~ when k =7, unique solution is not possible
and only infinite solution is possible.

(b)

2 3 OH
_ Al
b 2 —1‘aJ

Performing guess-elimination én this matrix, we
get,

{23 04] n-ln 2 3 0 4}
11 14 —2— 0 12 1] 2
(2 =tfal 2ot =t{a=2]
2 3 0]4]
—farle s 10 -2 1|2
0 0 0la

ifa#0, r(A)=2and r(A| B) = 3, hence system
will have no solutions.

ifa=0, r(A)=r(Al B) = 2, then the system will be
consistent and will have solution (Infinite solution).

(b)

The system can be written in matrix from as

4 21 x 7

{2 1M ) M
The Augmented matrix [A | B] is given by
4 217 |
{2 1 6}

Performing Gauss elimination on this [AIB] as
follows:

51.

52.

53.

Now, Rank[A|B] =2
(The number of non-zero rows in [A| B]
Rank [A] = 1
(The number of non-zero rows in [A))
Since, Rank [A | B] # Rank[A],
The system has no solution.

(d)

The augmented matrix for above system is

(1121 11 2 |1
12 3)2|—225/0 1 1 |
3~ M
L14a4 0 3 a-213
11 2 |1
Bkl o W T T B

00 a-5|0

Nowaslongas a-5#0, rank (A) = rank (A| B) = 3
- A can take any real value except 5. Closest
correct answer is (d).

(b)
A 4 5
-2 5]

Characteristic equation of Ais
‘ 4-0 5
—2

=0

>

57|
= (4-1)(-5-A)-2x5=0
= A4+A-30=0

A=5-6
(b)

(1-2) 2 J -0
0 (2-1)

= (1-A)(2-A) =0

A=1,2

Now since the eigen value problem is

[A-AlX= 0O

[0 e

putting the value of A = 1 and X = X, = [;]



54.

55,

= -1+2b=0
and 0=0 56.
1
= =3 (i)
From equations (i) and (ii)
a+ b= O+l=l ‘
2 2
(a)
_ 1
Eigen values of [O O] 57
-2 0
’ 0 O—k} =0
(1-A)x(=A) =0
A=00rA=1
, 0 1
Eigen values of [O OJ
-A 1
o -0
=0 58.
A=0,0
. 1 -1
Eigen values of [1 J 59.
1=A -1
[1 1—-&}2
(1-A)°+1=0
(1-1)° = ~1
T-A=ior—
A=T—iortl+1
-1-A 0
Eigen values of matrix are ; 1o ’ =0

(1-2) (-1-2) = 0
(1+A)2 =0
A= =1, =1

So, only one matrix has an eigen value of 1 which

[ 5]

Correct choice is (a).

(c)

Sum of the eigen values of matrix is = trace of
matrix = sum of diagonal values present in the
matrix

", 1+O+p:8+K2+7»3
= P+1=3+h,+A,
= AtAy=p+1-83=p-2

(c)
Since, A, = |Al
and If one of the eigen values is zero, then
mi, = Al =0
Now, lal = P11 Pio 0
Pay P2

= P11 P = PPy =0
Which is choice (c).

(d)
If characteristic equation is
W+A2 420 +1=0
Then by cayley - hamilton theorem,
PP+ P2y 2P+ =0
[=-P3-pP2_op
Multiplying by P! on both sides,
Pl=-p2_p_or
= (P24 P+ 20

(a)
A square matrix Bis defined as skew-symmetric
it and only if BT = ~-B, by definition.

(a)

Given, MT= M1,

So MM =1
3 3 4

R 2[1 OJ
4.3f| 3 07
5 5 5

37,2 (3.4),8,

- 5) 55) 5 "F OJ
4.8),3 (47,37 o1
55) 5 |5 5

= Compare both sides a,,

e (-



60. (c) Putting A = 1,
L), = Trace (A) = -2 T 20| 0
= Aty =2 - (i) 1 2||x| |0
M, = | Al =-35 ) %+ 26 =0 i
= . }\:1 }\,2 = —85 R (“) X1 + 2x2 — O (”)
Solving (i) and (ii) we get A, and A, = 5, ~7. Solution is x, = k 1, = -2 k
61. (d) ¥ - -2k
Sum of eigen values = Tr(A) =-1 + =1 + 3 = 1 tr k
So, Zh =1 ie. Xy ix, =211
Only choice (d) (3, -1 +3j, ~1-3j)givesZ A, = 1. 2
Since, choice (A) { J is in same ratio of x, tox,
62. (b) -1
R R d b - Choice (a) is an eigen vector.
c d|  (ad-bo)|-c a 65. (b)
Co[3v2 *1__ 1 {3~2f -i ] T 10
' [ - 3-2i] [(_3-%2[)(3——2i)+i2] i 3+2i] Given, P=10 2 2
1[3-2i  —i ] 0 0 3
T 9ol i 342 Fis triangular. So eigen values are the diagonal
elements themselves. Eigen values are therefore,
63. (d) =1 A, =2 A =8
c+ 2x, + X, + dx, = 2 ) . .
SRR 4 Now, the eigen value problemis [A-Al] X =0
3x, + 6x, + 3xg + 12x, = 6
- 1“}\, 1 O X4 O
ot 21 412
The augmented matrix is 36 3 1206 0 2-& 2 |lx| =10
‘ - 0 0 3-Allx 0
Performing gauss-elimination on this we get Bt n R
Uty /\«1 =, WE yol e CiycTr vouiu
T2 1 4120 R-3AR 5 T2 142 corresponding to this eigen value,
3 6 3 12|86 0 0 0 00
O 1 O X1 O
rank(Al) = rank (AlB)=1 0 1 2||nl=lo
S,O’ system is cons:stent: 00 2| 0
Since, system’s rank = 1 ig less than the number ‘ , :
. o . o Which gives the equations
of variables, only infinite (multiple) non-trivial -0
solution exists. T2 =
Xy +2xy=0
64. (a) 2x, =0
2 0 The solutionisx, = 0, x; = 0, xy = k
<[ 4] N
Characteristic equation of Ais 50, one eigen vector is &y = OJ e, xy iyt
2-) 2 0
Since, none of the eigen veclors givenin chocw%
2-2)8-1)-2=0 I d furthes
32 50+ 4 = O matches with this, ratio we need to procee b
Ae14 and find the other eigen vectors correspondlf@

The eigen value problemis | A=Al |x =0

2 1] [0}
3-2% )= [0

(2—7»

L

to the other Eigen values.
Now, corresponding to A, = 2, we get P
substituting A = 2, in the eigen value proble

the following set of equations, N




66.

67.

=11 0] x 0
0 0 2{|x| =10
0 0 1]|xg 0
Which gives the equations,
=Xy +x, =0
" 2xy =0
Xy =0
Solution is xy = 0, x, = k, X, = K
k
X, =k i,e.,x1:x2:x3=1:1:0
0

Since none of the eigen vectors given in the
choices is of this ratio, we need to proceed further
and find 3 eigen vector also.

By putting A = 3 in the eigen valve problem, we
get

-2 1 O XA 0
0O -1 2{lx| =10
O O O X3 0
—2xy +x, =0
Xy + 2x5 = 0
putting x, = k, we get, x, = 2kand x; = x,/2 = k
k
Xs = |2k
k
ie., XgiXy ixg=1:201

1
Only the eigen vector given in choice (b) | 2 |, is
1

in this ratio. So, the correct answer is choice (b).

(c)
Eigen values of a skew symmetric matrix are
either zero or pure imaginary.

(d)
sum of eigen values = Trace (4) = 2 + y
Product of eigen values = |A| = 2y — 3x

44+48=2+y (D)
4x8 = 2y-3x - (i)
24 y=12 ()
2y-3x = 32 .. (i)

<. Solving (i) and (i) we getx = —4 and y = 10,

69.

70.

71.

72.

(c)

The Augmented matrix
21 110
[A1B]=]0 1 -1{0
11010

Performing gauss elimination on [A] B] we get

21 110

0 1 -1]0| #A-in

11 0/0

O 1T =101 wls, o1 210
O%%O 00 0f0

Rank (A) = Rank (AIB)=2< 3
So infinite number of solutions are obtained.

(b)

The augmented matrix for the system of

equations is

(11 116

146120

T4 2

(11 1 I 6
14 61 20

100 A-6/u-20
If A =6 and u=20then
Rank (Al B) = 3and Rank (A) = 2

« Rank (A B) = Rank (A)

- Given system of equations has no solution for

A =6 andu= 20,

(c)

Eigen values of symmetric matrix are always real.

(a)

Since the given matrix is upper triangular, its eigen
values are the diagonal elements themselves,
which are 1, 4 and 3.

(b)

We need eigen values of A = E SJ

[AlB] =

[AlB] = (A, — A~ R]

The characteristic equation is

9-A 5
5 8-4

(9-A)(8-1)-25=0

=0




73.

= A —17h+47 =0
So eigen values are,
A= 3.48, 13.53

(c)
The given system is
x+2y+z=4
2+ y+2z=5
x-y+2Z=1
Use Gauss elimination method as follows:
Augmented matrix is

1 114
[AIB] = ) 215 /7%1251 }
1111
1 2 1] 4] 1 2 1] 4
0 -3 0]-3 = g 3 0|-3
|0 -3 0]-3| 0 0 0j0
Rank (A).=

Rank [Al B] = 2
So Rank (A) = Rank [Al B] =2
System is consistent
Now system rank r=2
Number of variables n= 3
r<n

So we have infinite number of solutions.

- N2

2 N (¢)]

75.

A 11
T ,
Eigen (A) are the roots of the characteristic

polynomial given below:
1-A 1

£D>)r\)—x—1~
i

\/—and \/Erespectlvely

. 19
So eigen values of A® = ({2) and (_\/5)19
= D192 g —0192
= 02,212 and -2, 21"

51242 and -51242.

Eigenvalues of Aar

(b)

Characteristic equatjon is

5-1» 3
13- =0
5-AM)@-A)-3=0
M-8A+12=0
A=2,6
Now, to find eigen vectors:
[A-Mx =0

Whichis| =% 2 || ® ] 2|0
1 3 s }\4 )CZ _O_

Put 2 = 2 in above equation and we get

MR

Which gives us the equation,

3x; +3x, =0

and X+ x, =0
Which is only one equation,

x;+x,=0

Whose solution is
Xy ~-k
LJ i [ J
S0 one eigen vectoris £ = [—ﬂ

A

“Whichrafter normatizationis=- ’ ’
X

L
R ) LK

i

The other eigen vector is obtained by putting the
other eigen value
A =6 in eigen value problem

5-1 3 (%] [0]
1 3—}\,_ Xo B 0

Which gives,
-1 3] x _[0]
{ 1 -SJ _xJ - 0
Which gives the equation
~xy + 3x, = 0
and xy—3x, =0

Which is only one equation
~x, +3x, = 0



76.

77.

Whose solution is

-}

Which after normalization is
Lo 1 [BK]
IJ?Q \/((3/()2 + k?) k‘
3/2
1/2

is the only correct choice,

1

1

Choice (b) ’

J2

since itis a constant multiple of one the normalized
vectors which is %,

(b)

Characteristic equation of Ais
-5-A -3
’ 2 0-a|
5-M(AM)+6=0
= M+BA+6=0
So, A2+ 54+6[=0
(by Cayley Hamilton theorem)

= A2 = BA -6
Multiplying by A on both sides, we have,
A= -BA2 - 6A
= A3 = ~5(-5A-6]) - BA
= 19A + 30/
Sol.

The minimum number of multiplications required
to multiply
A, With B, s mnp. To compute PQR if we
multiply PQ first and then R the number of
multiplications required would be 4 x 2 x 4 1o
get PQ and then 4 x4 x 1 multiplications to
mulitply PQ with R. So total multiplications
required in this method is
AX2%x4+4x4%x1 =232 + 16 = 48
To compute PQR if we multiply QR first and then
P the number of multiplications required would
be 2 x 4 x 110 get QR and then 4 x2 x 1
multiplications to mulitply P with QR.

78.

79.

So total multiplications required in this method
is

Z2X4x1+4%x2x1=8+8= 16
Therfore, the minimum of multiplication required
{0 compute the matrix PQRis = 16

(b)

Take the determinant of given matrix | A

= 2[2(4—1)—1(2——1)+1(1-2)}~1{1(4~1)~1(2—1)+1(1-2)}
+1[1(2~1)—2(2~1)+1(1—1)]-1[1(1-2)—2(1—2)+ 11~ 1]
=d6~1-1]-1[8-1-1]+1[1 =2+ 0]~ 11+ 240

= 2(4) -1 (1) + 1(-
=5

(a)

The given matrix can be transformed into the
matrix given in options (b) (c) and (dy b
elementry operations of the type of R+ kR or C
s kC only as shown below:

-1(1)=8-1-1-1

Optlon(b).

1x x° T+l x241
1y yz-%‘—jgﬁ1 y+1 y2 41
12 2 1T z41 2241
Option (c):

Tx X 0 x-y x2-)2
Iy v l—22s0 y2 S
12 2 1z Z2
Option (d):

1 x X? 2 xty x24y°
}1 y 2 mmﬁgig 2 y+z V4
12 2° 1z Z2

Option (a): We can show the given matrix can
not be converted into option (a) without doing a
column exchange which will change the sign of
the determinant as can be seen below:

1y P T x+1 x(x+)
1y y? w_—_.%:gﬁ Ty+1 Yy+1)

1 z+1 2(z+9)

12 2

Tox(e+1) x+1

= ~1T Yly+1) y+1
T z(z+1) 741



80.

81.

82.

83.

(b)
o 1 1
A= 1 -1 0
-1 0 ”1_]3><3

order of matrix = 3
Rank =2
. dimension of null space of A=3-2=1.
(c)

Since, cos 2x = cos?x — sin’x, therefore cos 2x is
alinear combination of sin? x and cos? x and hence
these are linearly dependent.

(d)

2 -2 X 0
ki MR
2x = 2x, =0

x,—x,=0

i 4
i.e. x, and x, are are having infinite number of
solutions.
= Multiple solutions are these.

(a’i d)
Eigen values are
lA-M] =0
if[o -1] [» ©
[F o) o
~A =1
HER
22+1=0
S =
o A= ki
to find eigen vector,
A=+
- —1 rx1 _ —O}
[1 "ihxj Lo
-ix;-x,=0 and x; —ix, = 0

- ,
clearly, . } and [j J satisfy
X L=/ 1
| 0
h K
ix,—x,=0 and x; +ix, = 0
clearly,

ram
and L ' 1 satisfy
/|

Thus, the two eigen value of the given matrix are

HIEEPIE

84. (c)
(i) The Eigen values of symmetric matrix [AT = A]
are purely real.
(i) The Eigen value of skew-symmetric matrix
[AT=-A] are either purely imaginary or zeros.

85. (d)

From equation (i) and (iii), a=0and b = 1
From equation (ii) and (iv), c = -2and d = -3

ok S

86. (a)
la-arl =0
3-» 5 2
5 19-% 7 | =0
D 7 5=\

(3-1)[(12=1) (5~1)~49]- 5[5(5~ 1) - 14]+ 2[36-2(12-2)] =0
(8—)»)[6O~17k+k2—49]—5(25—5)»«M)+2(35~24+2k):0
(3-A) (A2=17A+ 1) =5 (11-5)) + 2(11 + 22) = 0
BA2— 5%+ 3323 + 1702~ 11A—-55+ 25) + 22 + 4A =0
A8+ 200°-33L =0
A3 —20A%+33L = 0
MA2-201+33) =0
A~ 0,182182
So minimum eigen value is 0.

87. (a)
Statement 1 is true as shown below.
[F]Thasasize 1 x5
[C]Thas asize 5x 3
[Blhasasize 3 x 3



88.

89.

[Clhas asize3x 5

[Flhas asize 5 x 1

So [FIT[CIT[BI[C][Flhasasize 1 x 1. Therefore
itis a scalar.

So, Statement 1 is true.

Consider Statement 2: DT F Dis always symmetric.

Now D' FF D does not exist since DSXS, /—“5X1 and

Dy 3 @re not compatible for multiplication since,
Dyys Pt = X5y and X, D, does not exist.

So, Statement 2 is false,

Sol.

32 11
KidK=[12-1l2 4 21| 2
126J -1

=168 -1 2 =6+16+1=23
-1

(a)

A(1,0)
Area of the triangle
1

=5 x(Vo = Y3)+ xa(ys = Y1)+ x5y “"Yz)i
;!1(2 3)+2(3-0)+4(0-2) :~{~1+6 g
=3
2
(d)
P+ Q=P+ PQ+ QP+ Q2

P-P+P-Q+Q-P+Q Q
= P2+ PQ+ QP+ Q2

il

92.

94,

95.

(d)
Matrix multiplication is not commutative.

Sol.

0 1 2 3
Az 10 3 0
2 3 0 1
30 1 2
/?4~>F?4 /?2—/?3
' o 1 2 3
A= 1 0 3 0
2 3 0 1
0 -3 -2 1
/?‘—>/?4+3/?
01 2 3
A 10 3 0
2 3 0 1
0 0 4 10
RaHB—SR
01 2 3
A= 10 3 0
2 0 -6 -8
00 4 10

Interchanging column 1 and column 2 and taking
transpose

i

1 x {1(-60+32)+2(0-30)]
~(~28 - 60) = 88

(a)

Let D=~ 12 for the given matrix
2 6 0 130
A=|4 12 8= |2 6 4
2 0 4 -10 2
(Taking 2 common from each row)
Det(A) = (2P xD=8x-12=-96



96.

97.

98.

99,

Sol.
Determinantof A = 5
Determinant of B = 40
Determinantof AB = | Al | B|

= 5x40=200
Sol.
Let A=l
et T lx b
= Al = ab-x2?
Giventrace (A) = a+ b = 14
So, Al = a(14 - a) - x2

Since, x? is always positive maximum value of
a(14 - a)~x? occurs only when x = 0.
So now, |Al = a(14-a) = 14a- a2,
Now maximizing this with respect to a,

d| Al

4 =14-2a=0
da a

= a=7
d*| Al

da®

Since =-2<0

a=7

At a = 7, we have a maximum. The maximum value

iS4 x7-72=49

Sol.
2
A= |-41[1 9 8§
7
(2 18 10
A= |-4 =36 -20|=|A|=
7/ 83 35
Sol.
6 0 4 4
-2 14 8 18
14 -14 0 -10
Ry— Ry~ 2R, + R,

6 0 4 4
-2 14 8 18
14-2(6)+(-2) ~14-2(0 0-2(4)+8 —10-2(4)+(18)
6.0 4 4
-2 14 8 18]
10 0 0 0]

100.

101.

6 0
Determinant of matrix {_2 'MJ IS not zero.

L.

. Rank is 2.

(c)
A {p q}
r s
F+G pr+gs ,
B= o 2|7
pPr+gs r+s
There are three cases for the rank of A
Case I:
rank (A) = 0
= Alis null. So B= AA" also has to be null ang
hence rank (B) is also equal to 0. Therefore | mq

this case rank (A) = rank (B). {
Case |I:

rank (A) = 1
— A cannot be null. So B also cannot be null
since B = AAT 1
and Bl = |aAT| = 4] IAt2

case, |Al =0, whxch means that | B| =
So rank (B) is also # 2. Now since rank (B)
and # 2, therefore rank (B) must be equal t

Therefore inthis case also rank (A) = rank (B).

Case I

rank (A) = 2
So A has to be non-singular. i.e. |Al # 0
Therefore, |Bl =]Al%is also =0 S.
rank (B) =
Therefore in this case also rank (A) = rank (B).
Therefore, inallthree cases rank (A) = rank (B). 5§
rank of Ais N, then the rank of matrix B1is also A

(b)

The augmented matrix for this system;g

‘H 2 2|bl g )P 2 2| b
15 1 3|b! 10 -9 ~7}b2—5br

Now Gauss elimination is completed. We can se
that the Rank(A) = 2. %
Rank[A | B]isalso = 2 (does not depend on val'
of b, and b,). §
Rank(/—\) Rank[A% B] < Number of variables
Therefore the system is consistent and as infinitg
many solutions.




102. (b)

103.

104,

105.

213 5 125 14
301 -4|Re—3Ry|30 1 -4
125 14 213 5
12 5 14
R2%H2_3F?1
B _om |0 6 ~14 -4
87Ty 3 7 o3
L[tz 5w
Ro—Fa-5M |0 6 ~14 -6
00 0 O

Rank of [A] B] = Rank of A < order of matrix
= Infinite number of solutions are possible.

Sol.
Given:  3x + 2y = 1
dx+ 7z =1
X+y+2z=23
x=-2y+7z2=10
X+y+2=23
x-2y+7z2=0
3y-6z=23
= y—-2zZ=1
2y—4z =2
2y + 3x = 1
3x + 77 = -1
dx+7z=1
x =2

x =2
3x+ 2y =1

y =-b/2

= dx+ 77 =1
8+72=1

Z=-1

- The number of solutions for this system is one.
x =2, y=-5/2and z = -1 is the only solution.

(a)
Sum of eigen values = trace of matrix
=215+ 150 + 550 = 915

(d)
3 x 3 real symmetric matrix such that two of its
eigen value are a= 0 b= 0 with respective eigen

4

4

(Putx =2)

XYy
vectors | xo | | Yo

3] Y3

if a= bthen

106.

107.

XY+ XY + x3¥, = O because tvhey are
orthogonal,

xy=0 (since a# b)
Y1

[x xo x3] | Vo] =0
Vs

(d)

The characteristic equation |A—AZl=0
. ~5-A 2

el 9 -] =0

o A-6)(A+5)+18=0

or A®—6A + 50 -30+18=0

or A —-A-12=0

1+ J1+ 48
or A == = =4,
2 2
-3

Corresponding to A = 4, we have

-5-A 2 X
e[ 2

M

which gives only one independent equation,
-%+2y=0

. % = }9/_ gives eigen vector (2, 9)

Corresponding to A = - 3,

-3 o

which gives —x + y = 0 (only one independent
equation)

which gives (1,1)

2
So, the eigen vectors are {9} and {}}

Sol.

Characteristic equation is | A - M| =0
-1
-6 -11-A 6
-6  -11 5-2

=0



108.

109.

110.

(i)

=5 ~A[-55+ 11A~5A + A2+ 66]-1[-30 + 6A +36]  111. (a) :
-1[66-66-16] =0 If either the trace or determinant is positive, there
= ~AMA2 + 6L +11) ~1(BA +6) + 61 =0 exist at least one positive eigen value.
=  A*-6A°-11A-6=0 Trace of the matrix is positive and the determinan
=  AM+6A°+11A+6=0 of the matrix is negative, this is possible only whey
= A+1)A+2)(A+3) = there is odd number of negative eigen valueg,
= | h=-1,-2 -3 Hence at least one eigen value is negative.
Maximum eigen value is ~1 of A are
Ratio of maximum and minimum eigen value is 112. (a) ,
Property of determinant : If any two rows o
=3 1= §_: 3 columns are interchanged, then mangnitude of
1 determinant remains same but sign changes.
Sol. 113. Sol.
Since, A% = 1, eig(A?) = eig(l) = Since operations- 1 and 2 are elementay
= eig(A)? = 1 operations of the type of R + kR, and C,z k¢
= eig(A) = =1 respectively, the determinant wil be unchangeg
Therefore, the positive eigen value of Ais +1. from the original determinant.
Sol. t 3 4 45
The value of the dot product of the eigenvectors So the required determinant = | 7 9 105!
corresponding to any pair of different eigen values # 13 2 1955
of a 4 x 4 symmetric positive definite matrix is O. l
3 4 45 ) ‘ 3 40
sol 7 9 18] ©2215C |7 g o] =0
(10 0 0 1] 3y ] 183 2 195 13 2 0
01110 ‘2 So the required determinant = O
A=10 1 1 1 0f,let X=|xg
01110 x| 114 (c)
1000 1 x5 Long Method:
Ak = Xk . [ 1 tanx
— X+ K= Kxy = kg tanxy 1|
= Xy F X+ Xy = Ky, = ki, =k, a1 —tany |
k#0 - [tam 1T
say, ¥, = x5 = & , 1 —tanx]
Xp =Xy = x4= Db adJA:Lam 1
= Xy + X5 = kx, . R
= oa = ka AT = |~—{[ad/ (4]
= k=2 1 [ 1 ~tanx
= X+ Xyt X, = Kx, :1+fan\[tanx 1 ]
= 3b = kb
1 1 —tanx
= (=3 i ;"e““g“;Lanx i J
k=0 | o] 1 [ 1 -]
= FEigen value k = 0 Here, ATA™ = Lanx 1 V]'s“é@_x[tanx

. There are 3 distinct eigen values: 0,2,3
Product of non-zero eigen values; 2 x 3 = 6

1 [1—tan2x ~2taan
SeczxL Stanx ‘I~tan2x§



115. (a)

116. (b)

1-tar?x  —2tanx
AT A | Secix  secy
Otanx  1-tan’x
| sec®x  sec?x
2
IATA»W _ 1-tan® x +(2tanx)2
sec? x sec® x
_1+tan'x - 2tan? x + 4tan® x
- sec’ x
=1
(or)
Short Method:
Since |AB| = | Al |B]
AT = AT A
- A% =1
|Al
[Note:‘AT*:)A{andlA”‘:LJ
| Al
443 —1
P= i 4 -3
{4—«31’ —-(——z‘)}
—i 4437
pla bt
A
_ 114-31 i
24| —i 443
Rank of A = 1

Because each row will be scalar multiple of first
row. So we will get only one non-zero row in row
Echeleaon form of A.
Alternative:

Rank of A = 1
Because all the minors of order greater than 1 will
be zero.

117. Sol.

Given system of equations has no solution if
the lines are parallel i.e., their slopes are equal

2 3
3 p
= p=45

118.

119,

120.

(a)
81Xy + 8yp%X,y + Ayxy = b,
8y Xy + 8ypXy + BypXy = b,
g1 X1 + EpX, + 8yaXy = by

a1 Q12 A3 || X by
1 o dn||X|=h
31 dzp dxz || X3 by

It |A|#0 then AX = B can be written as
X=A"'B. It leads unique solutions.

If | Al =0 then, - A, Ay #0each A, is non-zero.

If |[A]# 0 then all the row (column) vectors of A

are linearly independent.

Sol.
x -2y + 32 = -1,
x-3y+4z=1 and
2x+ 4y -6z =Kk
1 -2 3 -1
[A:B]=| 1 -3 4 1
-2 4 6 k
R,— R, A, Ay— Ry + 2R,
1 -2 3 -1
o -1 1. 2
0 0O k-2
For infinite may solution
p(A: B) = p(A)
= r< number of variables
p(A:B)=2
k-2=0
k=2
(c)
px + qy + 1rz=20
gx + 1y + pz=20
rx + py+ qgz=0
P q r}
tet A= |g r pj| The systemis Ax =0
" pa

This is @ homogenous system. Such a system
has non-trivial solution iff {A|=0.

p qr
So, g r p =0
rp g



plar - p?) - olg? - pr) + Apg - rP) = 0 124. Sol.

PP+ g%+ P -3pgr=0 AX = AX
p = q = r satisfies the above equation. 4 1 2771 (1]
Alsoif p+ g+ r=0then a can be transformed p 2 1ll2]=al?
into one of the row as completely 0's as shown 14 -4 10)13 SJ
below. T
p q r p+qg+r p+g+r p+qg+r 12J r1
q r p-lfehs r p p+7| = 1|2
r p g r P q 36 _BJ
111 pt7 =2 = p=1i7
=(P+g+n-1q r p|=0 12
rpq 125. Sol.
Therefore the correct option is (¢) which is A~ M| =0
p+qg+r=00rp=qg=r 4-n 5 |
121. (c) ! o gyl =@M -N-10=0
Given AX =0 M5 -620
plA ) =r(0O<r<n)
p=Number of independent solutions = nullity A-6)(A+1)=0
We know that = A=6, ~1
rank + nullity = n . Maximum eigen value is '6'".
r+p=n
p=n-r 126. (b)
122. (d) [1 -1 21
For eigen values |A-Al| =0 Let A=10 1 0
B=r =22 12 1]
= ; uézk ”??\ =0 Given eigen value A = 1.
= (3-2) (-20 + 4}:1 534 32 + 18) Lex X be the vector. Then [A - MX =0
+2(20—4}»~12)+2(~12+8+2K)=O T=n -1 )
=M 42 + 50 -2 =0 0 1-2 0 |x =0
Only 1 and 2 satisfy this equation. 1 2 -
A=1,1,2
Hence,Smallest eigen value = 1 and put =1
Largest eigen value = 2 0 -1 2][x]
123. Sol. ? 8 8 ’;2 =0
4 2 "8
A= [1 31 ~x5 + 23 |
|A-M| =0 = 0 =0
X+ 2x ]

4-A 2
[ ; 3_J =(4-2)(3-1)-2=0
(A4)(A-3)-2 =0 _
A-7A+10=0 . [ 1 ’
= A=52 So the eigen vector = k| -1/2
Miniumum value = 2 '_-1/4J

putting x, = k we get x, = ~k/2 and x, =



127.

-1

The ratios are x/x, = 5" )
-y2
aﬂd JCZ/X3 = T;Ll: 2

Only option (b) (-4, 2, 1) has the same ratios
and therefore is a correct eigen vector.

(d)
2 1
A= [1 /J

Let A, and A, be the eigen value of matrix A

Ay 3
«}\—; =7 forp=2
Sum of eigen value
=A+Ah,=2+p LD
Product of eigen value
= Ah, =2p -1 (i)
Ao 3
As 1
= M =3,
From equation (i)
= 3h,+h,=2+p
dh,=2+p
_ p*2
4
From equation (ii)
= 3}5 =2p-1
: 2
- 3 p+2Y) _ op—1
S 4 o
14
= 2, =
= o) 3
OR
2 1]
T p
A=Ti =0
2~ 1] 0
1 p“}\H -

2-A)(p-A)-1=0
W-(p+2h+(2p-1)=0
By putting values of p from options.

14
By putting option (d) 5 in above equations

5
gives value 5, 3

Hence ratio of two eigen values = 3:1.

5/3
So option (d) is correct.

128. (b)
For singular matrix
|Al =0
According to properties of eigen value
Product of eigen values = | A| =0
= Alleast one of the eigen value is zero.

129. (b)
Characteristic equation | A=Al |=0
-3-1» 0 -2
1 =1-x 0 =0
0 a -2-x

@B+ [(1+2)(2+1)-0]-2(a-0) = 0
2a=-A+ 1) (A +2)(L+3)
=—(A+ 1) (A% + 51 +6)
2a =A%+ 6A% + 111+ 6)
2da
Ha e
o (BA=+ 124 + 11)
=0
BAM+ 120+ 11 =0

(for a maxima and minima)

. 124144182, 1
= 5 t
1
h= -2+ —
V3

2 1
23:§x~§
oo

33

130. (b)
For a matrix containing complex number, eigen
values are real if and only if

A= A= (A
10 5+ 4
A=|x 20 2
4 2 -0



) 10 ¥ 4
A= (A =|5.j o0 2
4 2 10

By comparing these,
kx=5~j
. (d)
Trace = Sum of eigen values
1+a=6
= a=25

Determinant = Product of eigen values

(a-4b) = -7
5-4b=-7
~4b = —12
= b=23
a=5b=3

- (c)
Ais skew-symmetric
Al = -A

. {c)
Given that M* = Jor M* =Jor MA¥k+1 =
/\/.7“1 s = M4(k+ 1) M—1

136. (c)

3 1 «x a
e
3x+y=a
x+3y=0>b
&+ b =1
= 10x%+ 10y2 + 12xy = 1

Ellipse with major axis along H} ,

—

o1

M-1 = pAk+3

. Sol.

Trace of A = 14

a+b+2+b=14
a+b=7 0

det(A) = 100

a 3 7
510 2 4| =100
0 0 b

Ex2xaxb=100
10ab = 100
ab =10 L)
From equation (1) and (ii)
either a=5 b=2
or a=2 b=5
la-bl=15-21=3

(b)
Result, Rank (AT A) = Rank (A)

L
137. (d)
13 1=a0+b/1|+c| O
-3 2 0 1J
a-2c=4 '
b=3
2a+c=-3
fromhere a= ——
5
b=23
oo -3
T 5
2 11
U= ——581 + 3¢, ——5-93
138 by
We can represent the system of equation in matrix.
form as ,
1 2 -3][x a
2 3 3llyl=1b
5 9 -6z c
12 -3 : a
[A:B]=]2 3 3 : b
59 -6 :c¢
By elementary operation A, — A, — (3R,
12 -3 a
00 0 c-3a-b|

For consisting of system, c-3a-b = 0

139. (d)



140,

141.

142.

143.

R, + 2R,
2 5 2
[O 13 *26J
13y = -26
or = -2
2x + 5y =2
2x +5(-2) =2
2x =2+ 10
2y = 12
or x=6

[. m < n(system may still be inconsistent so
incorrect)

Il. m> n(rank may still be equal to n of hence
solution may exist so incorrect).

. ;) = n(some system rank may be equal to n
and hence may have solution so correct).

So on'ly [l is correct.

(d)

Consider the ‘2 x 2’ square matrix M = [a ZJ
c

= M—(a+dh+(ad-bc)=0 ..(i)
Putting A = 1, we get

1-(a+d)y+ad-bc=0
l-a-d+ad-(1-d(1-a) =0
t-a~-d+ad-1+a+d-ad=0

0 =0 which is true.

- A =1satisfied the eq. (i) but A = 2, 3, 4 does not
satisfy the eq. (i). For all possible values of a, d.

Sol.
11 1]
A= |11 1|Eigenvalueare0, 0, 3
11 1J
(a)
2 1
All Eigen values of A = L J are positive
2>0
- 2 x 2leading minor must be greater than zero
2 1
‘1 (|l > 0
2k-1>0
2k > 1
k> l

2

144.

145.

146.

147.

148.

(d)

A [G ;\} 4
W o
Trace = sum of eigen values
20 = O + jo + 0—j0
|A| = product of eigens
0% —x0 = (0 + j0)(G - jo) = 6° + v?
which is possible only when x = -

Sol.

Two eigenvalues are 2 + i and 3 of a 3 x 3 matrix.
The third eigen value must be 2 ~ i

Now, Tk = |A]

= |A|:(2+i)(2~1?)><3
=(4-17%)x 3
=5x3 =15

(a)

vo= Ay
Eigen values are i, and Ay
We can write,

Response due to initial conditions,

x(t) = (1) - x(0)
A
x(t) = [e t O J{a} = q et
0 e |0
(a)

Eigen values of A2 - 3A + 4] are

=(1)2=3(1) + 4and (-2)2 -3(-2) + 4 = 2, 14
Note: A2X = A2X

= Xis eigen vector for AZ corresponding to eighen
value A?

X, and X, are eigen vector of A corresponding to
1, -2

Then X, and X, are eigen vector of A2 -3 + 4/
correspondingto 2, 14.

Sol.
2~i 1 0
Consider |A-Ml=| 0 2-1 0 |=0
0 0 3-A
(2=2)2-N3=-1) =0
h=2,23



149.

150.

151.

152.

153.

A =3 thereisone LI Eigen vector “A+A-1=0

A=2 Consider(A-20)x=0 AM-A-1=0
rank =2 The equation arex, = 0 By Cayley Hamilton Theorem
No. of variables = 3 X, =0 A2 - A-T=0
Letx, = kbe independent. o A= AT

k 1 At = AP+ 2A4 T=A+T+2A+]

Eigenvectoris [0 |= k{0 =3A+ 2/

0 0 A8 = OA? 4 124 + 4]
Only one independent Eigen vector in the case = A+ D +12A+ 41 =21 A+ 13
of h =2 ‘ A2 = A% A8 = 1444 + 89 |
Hence finally no. of L.1. Eigen vectors = 2 ~ {233 144}

144 89

Sol. . )
Ahas an eigen value as zero x[12] - 233 144111
. lAl=0 [11] 144 89 ||O

9 7 13 1 =0 154. (b)

-6 -4 -O+x Consider a random matrix which satisfy property
3(-63+ 7x+52)~2(~81+ 9x +78) + 4(-36+42)=0 of square symmetrix matrix contain real values
3(7x - 11)=2(9% ~3) + 4(6) = 0 0 5
21x-33-18x+6 + 24 =0 e, A= [ OJ whose eigen values +5 and

3x-3=0 5 2% 2
¥ =1 -5. Since, | Al = -25 and sum of trace |A] =0
Sol. e, +5 -5 = 0.
Eigen values of given matrix Aare 1 -1, 3 Since, rank of matrix is 2, so atleast one eigen

value would be zero for every square matrix size

Eigenvalues of A%are 1 -1 27
n>2 Forn=2

Eigenvalues of 3A%are 3, 3, 27
; 3 2 n n
Eigenvaluesof A° -3A%are -2, -4, 0 )»12 4 7&% < EZAIZ/
trace of B-3A42=—-2-4+ 0=-6 i=1j=1

Sol. AZ+25 <50
Eigen(A) = 1,2, 4= |A = 1x2x4 =8 Both A, and A, are real, since Ais real symmetric
7l A - 11 0.125 matrix, which means atleast one eigen value
Now, '(A ) ‘ = ! ‘ Al s T would be inrange [-5, 5]. But since in our example:
no eigen value greater than 5. So 11"? statement.
(d) is wrong.
By Calyey Hamilton theorem, So, option (b) is only correct.
B=)
A=0,1, -1 1565. Sol.
The product of eigen value of always equal to
Sol. the determinant value of the matrix.
For A= F 1} ‘ A =10 X, =unknown [A[ =50
1= 1 10(1,) = 50
equation =0
q [ 1 "‘;\.J . A?_ = 5



156. Sol.
50 70
A= {70 80}
Eigen values of A are A, A,

hoy + Ay = 130
M, = — 900

. 70 A, —80
Given thatx, = Ay - 50 X, = 70

Ay — 80
o)
=70 A, - 5600 + 70 A, - 3500
= 70 (A, + ),) — 9100

= 70 (130) - 9100

= 9100 - 9100 = 0

x1 x, = [70 A 50]{

157. (b)
Product of Eigen values = determinant value
=2(8-6)+1(8-0)
=2(-38)+8=-6+8=2

158. (d)

(a) |P] =

~—— 0

Sl o 8-

(b) For P to be orthogonal P x PT = 1

1 0 0o -

N
0

o~

Sl- o 6l-

S

0
0
0 0 1
(c) Since P is orthogonal, its inverse is equal to
its transpose
(d) For eigen values

L0 L
2 N
0 1-A 0 |=0
|P-A| = ’ RN
) 2

159.

160.

161.

(14)(5%2 @ME) -
UL
RNy

(c)
Characteristics equation is {A = Al = 0
1-A -1 5
0 5-» 6|=0
0 -6 5-A
(1= X)((5 - A)? + 36) =
(1-1) A2~ 10A + 61) =

A=1,

- 10+ 4100 -244 _ 10+ 12 _ 546
2 2

A=1 5+ 6i

(d)

Coordinate transformation matrix

[cos®  sind |
B | —sinB  cosH |
Orthogonal, 8 = 90°
Coordinate transformation matrix of mirror image
[sin®  coso |
N | C0sSO  ~—sing |
_ [ sin90°  cos90°
| cos90° —SmQOJ
10
"o »J
(a)
The characteristics equation is A=Al =0
0-x 1 0
0 O0-i 1 =0
0 -3 ~4d-h

4N+ 22+ 3)~1(0-0)=0
(2 + 40 +3)=0
A=0,(A+1)(A+3)=0
A=-1, -3
A= (0, -1, -3)



162. {c) From here,
The given matrix is symmetric and all its eigen p(A) = 4
values are distinct. Hence all its eigen vectors

. 164. (c)
|
are orthogonal one of the eigen vector isx, =0 IA“M =0
1 -2 2 3 4 5
The corresponding orthogonal vector in the given 5 1-x 2 3 4
| 1 4 5 1-2 2 3.9
option is C. ie. x, = 0 3 4 5 1-x 2
-1 2 3 4 5 1-x
1 Sum of all elements in any one row must be zero,
No=[1010l=1+0-1=0 e, 15-1=0
-1 L= 15
163. Sol. 165. (0)
00 1 a0 510 10]
- M={1 0 2
A=10 1 -1 0 0 D
-1 0 0 0 1| S
[o 0 0 f —1J fiy & A, )
Ry, — R, + A, 1o 2
_ 5 10 10
T -10 0 0 13 6 6
00 1 -1 0
=101 10 o0 92992—5/?1 and R3<—H3~SR1:
U=1T"0 0 1 T 0 2
00 0 1 -1 0O 10 ©
R, — R, + R, 0 6 0
- ] 6
(110 0 0 R, « R, -
00 1 <10
=101 -1 0 0 10 2
00 -1 0 1 0 10 0O
00 0 1 -1 0 0 0
R, — R, + R, Which is in Echelon form
110 0 07 Rank of matrix M s,
00 1 -1 0 p(M) = 2
=10 1 -1 0 0 166. Sol.
0O 0 0 -1 1 0 -1 -2
000 1 - P+Q={8 9 10
RZqugaﬂdRS%R5+R4 8 8 8
1 -10 00 [P+ Ql=-16 + 16 = 0
01 -1 00 So, rank # 3
=0 0 1 -1 0 0 -1
00 0 - 1! Take the 2 x 2 minor 3 9J:8¢O
00 0 0 0 So, rank of P+ Q is 2,




167.

168.

169.

Sol.
) =A%~ 402 + ah + 30 =0
Now 2 is one of roots of this equation
S0, 23 -4 x224+ax24+30=0
= 8-16 +2a+30=0
= g =-11
So, the equation is A% = 402 — 11, + 30 = O
Now, by polynomials division we get

3_m2_ 1y,
) %x ;mgo:xg_%mﬁ

roots of A2 ~ 2% -~ 15 = 0 are

+/ +
- 2+v4+60 _ 2“8:5and—8
2 2
So the eigen values are 2, 5 and =3, the maximum

absolute eigen value is 5,

(c)
The equation Ax = b becomes according o
what is given

%]

X

Xn

where a, are column vectors in R but since we
have C, (not all zero) such that,

ZCJ' 4 =0
it means the n column vectors are not linearly
independent and hence

rank (A) < n
So we have infinitely many solutions one of
which will be J,, where J. denotes a n-dim
vector of all 1.

(a)
E
=14 4
3-% 2
(A=) =], 1_kJ
A~ M =0

B-A(1-2)-8=0
3-4r+22-8=0
)\.2—4)x'~520

170. (a)

171.

172.

173.

174.

175.

agro |1 5|[7 8] [38 28
"[6 2117 4] (32 56

(c)
Given that P is inverse of Q.
P=Q1 P= Q1
PQ=Q'Q QP = QQ1
PQ =1 QP =1
PQ=QP =1

Ch. equation is |A -~ AIl = 0

5-% -1
4 -y =0
S5-5BA-A+ X +4=0
M-6L+9=0
)\,23,3

Algebraic multiplicity of eigen value 3 is 2. It has
only one independent eigen vector exists.

(d)
X+y+z=4 {1
x=-y+2z=0 ..(2)
2x+y+2z=5 (3)

Adding (1) and (2) & (2) and (3) gives

2y +2z=4and 3x + 2z = 5 which givesy =1,z
=landy=2

Alt: Option (b) can be eliminated since they do
not satisfy 1st condition. Only (d) satisfies 3rd
equation.,

(a)

If Ais square matrix of order 100 has 15 distinct
eigen values. The of minimal polynomial is a
divisor of the characteristic polynomial. Every root
of minimal polynomial is also a root of
characteristic equation.

(c)

Q| - §(_3_1§)“§(1§_~4_]+§(:_8§_@_)
- 70 49 49) 7l 49 49) 7\ 49 49

= 1 ‘



_21 42 4] 2+2Bi -4 Ty [0
49 49 49 b s od3illn] o
Adj Q= |- 21 42
S BT 2+2J3ix; = 4x,
L Xy %
L 49 49 42 | 4T 5ol
17 ) lesl]
L AdQ |2 3 s 2] [2+243:
= nar 7 7 7 Complex Eigen values and complex Eigen
6 2 3 vectors,
7 7 7]
178. (b
Or-- Qis orthogonal (b)
. = Qf 110 -2
A=12 0 2 2
176. (c) = 413 1
Option (a): 1Al =6~5 =1 §9n~2,q> B P 4R
Option (b): 1Al =9 -4 =5 2772 1 e T g T A,
Option (c): 1Al = 12— 12 = 0 (1 10 —2)
Option (d): 1Al = 8- 18 = —10 LO 2 2 6
Hence matrix (c) is singular, 0 33 9
3
177. (d) A, — /?3“2‘/?2
At 1 1 0 -2
4 -2
0 -2 2 8
IA-All =0 B o 0 -0/
’2-}‘ 4 ):O : Number of non zero rows = 2
4 -2-2 rank of A = 2
420+ 20 +A2+16=0
A+12=0 179. (b)
-4 1 ﬂ
L= +2V3; (Complex eigen values) PR
(1) A= 23i L7 -8 1
Consider (A-AX=0 [ S
2-2J3i -4 [XTJ ) m iR, [74 13 “1’
4 —2-2J3i % ,
R2_4H1,R3+7R1
2—2\/§ix1 = 4x,
R R
Do _ % 0 5 3
| [’”J:[ 4{} 1 -1 -
Xo 2-23i
Ry+2m, |0 5 3
(2) A= -2J3; 0 0 o
Consider (A ANX =0 Number of non zero rows = 2

rank = 2



180. Sol.

12 3
A=1|0 4 5
00 1

Al =4
- e
A4

181. (¢) :
Eigen vectors corresponding to distinct eigen
values are linearly independent.

Hence, “S2 implies 17,

182. Sol.
AX = 0 has infinitely many solutions
So, Al =0
k 2k
=0
K2~k K2
k3 - 2k3 4+ 2k2 = Q
k(2 -k =0
k=02
= “two” distinct values of k
183. Sol.
Als 2 x 2 matrix
TrA =4
Ai+h, =4
tr(A?) =5
)\,12 + }x22 =5
Ay + 222 = 12+ 2,2 4 20, A,
16 = 5+2)4,
2hihy = 11
. 11
}\.1/\.2 = ?
11
A = & =55
184, Sol.
1T 0 ~1
A=1-12 0
0 0 -2
IA-Al] =0
-1 0 =1
-1 2-X 0 =0
0 0 -2-)

(1=2) (2= 2) (2= 1))-1(0-0) = 0

A=1,2-2
Eigenvaluesof Aare 1,2,-2
Eigenvaluesof  A3are 1,8, -8
A2 are 1,4, 4
4A are 4,8,-8
5lare 55,5

A~ A2 _4A + 5] are
B = (MM M=1

1,11

185. (a)
N2 =0
Let Eigen values of Nare Ays Ay, Ag
Eigen values of N? are A%, 12, 2y
But N2 =0

= )\12:0,7\%:0,)‘%:0

Eigenvalues of Nare 0, 0, 0

186. Sol.
(x=2)% = 2v - 1
x? -Bx+5=0
xr=125

Smallest value of x is 1

187. (c)
Put k = -3 in options,
Sx +2ky=-2 = 3x-6y=-2
Kx+6y=2 = 3x-6y=-2
Both the equations are reducing in the same form,
thus the system will have infinite number of
solutions.

188. Sol.

11
|
N —
b
—
—_
—
[Shont
H
|
N
N —
| S

(1-n@E-n-2=0

A°-3h =0

MA=-3) =0

A=0

ot, h=3
The largest eigen value is 3.



189. ’(d)

1
Only Eigen vector is [4} multiples means that

eigen value is repeated since if eigen values were
distinct we will get one more independent eigen
vector. So, Il P has repeated eigen values is true.

120
I need not be true since [O 2} has repeated

eigen values and yet it is invertible. Il is true
since if a 2 x 2 matrix has only one linearly
independent eigen vector, surely it cannot be
diagonalized.

190. (b)
Let H be eigen vector for eigen value.
a

M
I

.
DJ be eigen vector for eigen value,

Ax = Ax

191. (¢)
3 -1 -1
A=1-1 3 -1
-1 -1 3
Characteristic equation is,
A=A =0
3-A -1 -1
-1 3~-A =1]=0
-1 -1 3-A

B=-M(B-AP=1)+ U=B+r=1)-1(1+3-7)
(B=A)A2=6h+O—A)+ 4+ A4+
B-A) (A -6L+8)-8+21=0
BA2 = 18h + 24 — A3 + BAZ — 8A - 8 + 2),
(- A% + 9X2 - 241 + 16 = Q)

A2 - 9X2 + 240 - 16 = 0

A=14 4
192. (b)
11 2 2
Consider (AB) = |2 -1 3 2
5 -1 ab

R, 2R,, R, - 5R,

1 1 2 2
=210 -3 -1 -2
0 -6 a-10 b-10
Ry - 2R,
11 2 2
=10 -3 -1 -2
0 0 a-8 b-6
a=28
b=26
.. Infinite many solutions.




