APPENDIX

The Basics of Regression

This appendix explains the basics of multiple regression analysis, using an ex-
ample to illustrate its application in economics.! Multiple regression is a means
of fitting economic relationships to data. It lets us quantify economic rela-
tionships and test hypotheses about them.

In a linear regression, the relationships that we fit to the data are of the fol-
lowing form:

Y=bo +biXi + b2Xo+ ¢ ¢ ¢ BiXite (A.D)

Equation (A.I) relates a dependent variable Y to several independent (or explana-
tory) variables, X1, X2,.... For example, in an equation with two independent
variables, ¥ might be the demand for a good, X1 its price, and X2 income. The
equation also includes an error term e that represents the collective influence
of any omitted variables that may also affect Y (for example, prices of other
goods, the weather, unexplainable shifts in consumers' tastes, etc.). Data are
available for Y and the Xs, but the error term is assumed to be unobservable.

Note that Equation (A.I) must be linear in the parameters, but it need not be
linear in the variables. For example, if Equation (A.l) represented a demand
function, Y might be the logarithm of quantity (log Q), X1 the logarithm of price
(log P), and X2 the logarithm of income (log I):

logQ =bo+ bilogP + b2log! + e (A2)

Our objective is to obtain estimates of the parameters bo by, . . . bk that pro-
vide a "best fit" to the data. We explain how this is done below.

An Example

Suppose we wish to explain and then forecast quarterly automobile sales in
the United States" Let's start with a simplified case in which sales § (in billions
of dollars) is the dependent variable that will be explained, and the only ex-
planatory variable is the price of new automobiles P (measured by a new car
price index scaled so that 1967 = 100). We could write this simple model as

L
For a textbook treatment of applied econometrics, see R. S. Pindyck and D. L. Rubinfeld, Econometric
Models and Economic Forecasts, 3rd ed. (New York: McGraw-Hill, 1.991).
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Estimation

S=bo+ bP +e (A3)

In Equation (A.3), bo and b1 are the parameters to be determined from the
data, and e is the random error term. The parameter bo is the intercept, while
b1 is the slope-it measures the effect of a change in the new car price index
on automobile sales.

Were no error term present, the relationship between § and P would be a
straight line that describes the systematic relationship between the two vari-
ables. However, not all the actual observations fall on the line, so the error
term e is required to account for omitted factors.

Some criterion for a "best fit" is needed to choose values for the regression pa-
rameters. The criterion most often used is to minimize the sum of squared resid-
uals between. the actual values of Y and the fitred values for Y obtained after
equation (A D) has been estimated. This is called the least- squares criterion. If
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bo, bl, .. bk, then the fitred values for Y are given by

Y = b() + b1X] R kak (A4)

Figure A.I illustrates this for our example in which there is a single in-
dependent variable. The data are shown as a scatter of points with sales
on the vertical axis and price on the horizontal. The fitted regression line
is drawn through the data points. The fitted value for sales associated
with any particular value for the price values P, is given by S, =by+ b,P,
(at point B).

For each data point, the regression residual is the difference between the ac-
tual and fitted value of the dependent variable. The residual é;, associated with
data point A in the figure, is given by é; = S; — §;. The parameter values are
chosen so that when all the residuals are squared and then added, the re-
sulting sum is minimized. In this way positive errors and negative errors are
treated symmetrically, and large errors are given a more-than-proportional
weight. This criterion lets us do some simple statistical tests to help interpret
the regression, as we will see shortly.

As an example of estimation, let's return to the two-variable model of auto
sales given by equation (A.3). The result of fitting this equation to the data us-
ing the least-squares criterion is

§ = ~255 + 0.57P (A.5)

In equation (A.S) the intercept -25.5 indicates that if the price index were
zero, sales would be $-25.5 billion. The slope parameter indicates that a
l-unit increase in the price index for new cars leads to a $0.57 billion increase
in auto sales. This rather surprising result-an upward-sloping demand
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FIGURE A.d Least-Squares. The regression. line is chosen to minimize the sum of
squared resicduals. The resicdual associated with price P, is given by line AB.

curve-is inconsistent with economic theory and should make us question the
validity of our model.

Let's expand the model o consider the possible effects of two additional ex-
planatory variables, personal income / (in billions of dollars) and the rate of
interest R (the three-month Treasury bill rate). The estimated regression when
there are three explanatory variables is

A

§ = 51.1 — 0.42P + 0.046] — 0.84R (A.6)

The importance of including all relevant variables in the model is suggested
by the change in the regression results after the income and interest rate vari-
ables are added. Note that the coefficient of the P variable has changed sub-
stantially, from 0.57 to -0.42. The coefficient -0.42 measures the effect of an
increase in price on sales, with the effect of interest rates and income held constant.
The negative price coefficient is consistent with a downward-sloping demand
curve. Clearly, the failure to control for interest rates and income leads to the
false conclusion that sales and price are positively related.

The income coefficient, 0.046, tells us that for every $1 billion increase in per-
sonal income in the United States, automobile sales are likely to increase by $46
million (or $0.046 billion). The interest rate coefficient reflects that for every one
percentage pointincrease in the rate of interest, automobile sales are likely to fall by
$840 million. Clearly, automobile sales are very sensitive to the cost of borrowing.
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Statistical Tests

Our estimates of the true (but unknown) parameters are numbers that depend
on the set of observations that we started with, that is, with our sample. With
a different sample we would obtain different estimates.2 If we continue to col-
lect more and more samples and generate additional estimates, the estimates
of each parameter will follow a probability distribution. This can be summa-
rlzed by a mean and a measure of dlsperswn around that mean, a standard

Least- squares has several des1rablepropertles F1rst least squares isunbiased.
Intuitively, this means that if we could run our regression over and over again
with different samples, the average of the many estimates we obtained for
each coefficient would be the true parameter. Second, least-squares is consis-
tent, ie., if our sample were very large, we would obtain estimates that came
very close to the true parameters.

In econometric work we often assume that the error term and therefore the
estimated parameters are normally distributed. The normal distribution has
the property that the area within 1.96 standard errors of its mean is equal to
95 percent of the total area. With this information, we can ask the following
question: Can we construct an interval around b such that there is a 95 per-
cent probability that the true parameter lies within that interval? The answer
is yes, and this 95 percent confidence interval is given by

b + 1.96 (standard error of b) (A7)

Thus when working with an estimated regression equation,we must not only
look at the point estimates, but also examine the standard errors of the coeffi-
cients to determine bounds for the true parameters’

If a 95 percent confidence interval contains 0, then the true parameter b may
actually be zero (even if our estimateb is not), which implies that the corre-
sponding independent variable may not really affect the dependent variable,
even if we thought it did. We can test the hypothesis that a true parameter is
actually equal to 0 by looking at its ¢-statistic, which is defined as

~

b
" Standard error of b

(A.8)

If the t-statistic is less than 1.96 in masnitude. the 95 percent confidence in-
terval around b must include 0. Because this means that we cannot reject the
hypothesis that the true parameter b equals 0, we therefore say that our esti-
mate, whatever it may be, is not statistically significant. Conversely, if the t-sta-
tistic is greater than 196 in absolute value, we reject the hypothesis that b =
0 and call our estimate statistically significant.

2
The least-squates formula that generates these estimates is called the least-squates estimator, and its
values vary from sample tosample.

When there are fewer than 100 observations, we multiply the standard error by a number somewhat
larger than 196
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Equation (A.9) shows the multiple regression for the auto sales model (equa-
tion A.6) with a set of standard errors and z-statistics added:

$ =511 —042P  +0.046] —0.84R
(9.4) (0.13) (0.006) 0.32) (A.9)
=5.44 323 8.23 2.63

The standard error of each estimated parameter is given in parentheses just
below the estimate,and the corresponding f-statistics appear below that.

Let's begin by considering the price variable. The standard error of 0.13 is
small relative to the coefficient -0.42. In fact, we can be 95 percent certain that
the true value of the price coefficient is -0.42 plus or minus 1.96 standard de-
viations (i.e., -0.42 plus or minus [1.96][0.13] = —0.42 + 0.25). This puts the
true value of the coefficient between-0.16 and -0.68. Because this range does
not include zero, the effect of price is both significantly different from zero
and negative. We can also see this from the #-statistic. The ¢ of -3.23 reported
in equation (A.9) for the price variable is equal to -0.42 divided by 0.13. Be-
cause this z-statistic exceeds 1.96 in absolute value, we conclude that price is
a significant determinant of auto sales.

Note that the income and interest rate variables are also significantly dif-
ferent from zero. The regression results tell us that an increase in income is
likely to have a statistically significant positive effect on auto sales, whereas
an increase in interest rates will have a significant negative effect.

Goodness of Fit

Reported regression results usually contain information that tells us how
closely the regression line fits the data. One statistic, the standard error of the
regression, SER, is an estimate of the standard deviation of the regression er-
ror term e. Whenever all the data points lie on the regression line the SER is
zero. Other things being equal, the larger the standard error of the regression,
the poorer the fit of the data to the regression line. To decide whether the SER
is large or small, we compare it in magnitude with the mean of the depen-
dent variable. This comparison provides a measure of the relative size of the
SER, a more meaningful statistic than its absolute size.

R- squared (R2), the percentage of the variation in the dependent variable’
that is accounted for by all the explanatory variables, measures the overall
goodness-of-fit of the multiple regression equation.’ Its value ranges from 0 to
1. An Rz of 0 means that the independent variables explain none of the vari-
ation of the dependent variable, while an R2 of 1 means that the independent
variables explain the variation perfectly. The R-squared for the sales equation
(A.9) is 0.94. This tells us that the three independent variables explain 94 per-
cent of the variation in sales.

4
SThe variation in Y is the sum of the squared deviations of Y from its mean.
R2and SER provide similar information about goodness of fit, because R2 = 1 - SERWariance (Y).
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Note that a high Rz does not by itself mean that the variables actually in-
cluded in the model are the appropriate ones. First, the Rz varies with the types
of data being studied. Time series data with substantial upward growth usu-
ally generate much higher R2S than do cross-section data. Second, the under-
lying economic theory provides a vital check. If a regression of auto sales on
the price of wheat happened to yield a high Rz, we would question the model's
reliability.

The overall reliability of a regression result depends on the formulation of
the model. When studying an estimated regression we should consider things
that might make the reported results suspicious. First, have variables that
should appear in the relationship been omitted? That is, is the specification of
the equation wrong? Second, is the functional form of the equation correct?
For instance, should variables be in logarithms? Third, is there another rela-
tionship that relates one of the explanatory variables (say X) to the dependent
variable Y? If so, X and Y are jointly determined, and one must deal with a
two-cquation model, not one with a single equation. Finally, does adding or
removing one or two data points result in a major change in the estimated co-
efficients, i.e., is the equation robust? If not,one should be very careful not to
overstate the importance or reliability of the results.

Economic Forecasting

A forecast is a prediction about the values of the dependent variable, given
information about the explanatory variables. Often, we use regression mod-
els to generate ex ante forecasts, in which we predict values of the dependent
variable beyond the time period over which the model has been estimated. (If
we know the values of the explanatory variables, the forecast is unconditional;
if they must be predicted as well, the forecast is conditional on these predic-
tions.) Sometimes ex post forecasts, in which we predict what the value of the
dependent variable would have been had the values of the independent vari-
ables been different, can be useful. An ex post forecast has a forecast period
such that all values of the dependent and explanatory variables are known.
Thus,ex post forecasts can be checked against existing data and provide a di-
rect means of evaluating a model.

For example, reconsider the auto sales regression discussed above. In gen-
eral, the forecasted value for auto sales is given by

S=by+bP+b]+bR+¢ (A.10)

where e is our prediction for the error term. Without additional information,
we usually take e to be zero.
Then, to calculate the forecast we use the estimated sales equation:

§ =51.1 — 0.42P + 0.046] ~ 0.84R (A.11)

We can use (A.11) to predict sales when, for example, P = 100, / = $1 trillion,
and R = 8 percent. Then,
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S =511~ 0.42(100) + 0.046(1000 billion) — 0.84(8%) = $48.4 billion.

Note that $48.4 billion is an ex post forecast for a time when P = 100, I = $1
trillion, and R = 8 percent.

To determine the reliability of ex ante and ex post forecasts, we use the stan-
dard error of forecast (SEF). The SEF measures the standard deviation of the fore-
cast error within a sample in which the explanatory variables are known with
certainty. Two sources of error are implicit in the SEE The first is the error term
itself, because ¢ may not equal 0 in the forecast period. The second source
arises because the estimated parameters of the regression model may not be
exactly equal to the true parameters.

As an application, consider the SEF of $7.0 hillion associated with equation
(A.ll). If the sample size is large enough, the probability is roughly 95 percent
that the predicted sales will be within 196 standard errors of the forecasted
value. In this case, the 95 percent confidence interval is $48.4 billion + $14.0
billion, i.e., from $34.4 billion to $62.4 billion.

Now suppose we wish to forecast automobile sales, at some date in the fu-
ture, such as 1996. To do so, the forecast must be conditional because we need
to predict the values for the independent variables before calculating the fore-
cast for automobile sales, Assume, for example, that our predictions of these
variables are as follows: P =200, [ = $5 trillion, and R = 10 percent. Then, the
forecast is given by P =51.1 — 0.42(200) + 0.046(5000 billion) — 0.84(10) =
$188.7 billion. Here $190.8 billion is an ex ante conditional forecast.

Because we are predicting the future, and the explanatory variables do not
lie close to the means of the variables throughout our period of study, the SEF
is equal to $8.2 b11110n which is somewhat greater than the SEF that we cal-
culated prev10usly The 95 percent confidence interval associated with our
forecast is the interval from $174.4 billion to $207.2 billion.

hi B SRR

Suppose we want (o estimate the demand forbituminous coal (given by sales
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sales. We would expect the quantity demanded to depend on the price of coal
(given by the Producer Price Index for coal, PCOAL) and on the price of a
close substitute for coal (given by the Producer Price Index for natural gas,
PGAS). Because coal is used (o produce steel and electricity, we would also ex-
pect the level of steel production (given by the Federal Reserve Board Index
of iron. and steel production, FIS), and electricity production (given by the Fed-
eral Reserve Board Index of electric utility production, FEU) to be important
demand determinants.
Our model of coal demand is therefore given by the following equation:

COAL =b0o+ 51 PCOAL + b2PGAS + b3 FIS + b4FEU +¢

% For more on SEF, see Pindyck and Rubinfeld, Econometric Models and Economic Forecasts, Chapter 6.
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From our theory, we would expect b1 to be negative because the demand curve
for coal is downward sloping. We would also expect b2 to be positive because
a higher price of natural gas should lead industrial consumers of energy to
substitute coal for natural gas. Finally, we would expect both b3 and b4 to be
positive because the greater the production of steel and electricity, the greater
the demand for coal.

This model was estimated using monthly time-series data covering eight
years. The results (with z-statistics in parentheses) are:

COAL = 12262 + 9234 FIS + 11857 FEU - 4890 PCOAL + 11891 PGAS
(B51)  (6.46) (7.14) (-3.82) (3.18)

R2=0.692  SER = 120,000

All the estimated coefficients have the signs that econometric theory would
predict. Each coefficient is also statistically significantly different from zero be-
cause the ¢-statistics are all greater than 196 in absolute value. The Rz of 0.692
says that the model explains more than two-thirds of the variation in coal sales.
The standard error of the regression SER is equal to 120,000 tons of coal. Be-
cause the mean level of coal production was 3.9 million tons, SER represents
approximately 3 percent of the mean value of the dependent variable, This
suggests a reasonably good model fit.

Now suppose we want to use the estimated coal demand equation to fore-
cast coal sales up to one year into the future. To do so, we substitute values
for each of the explanatory values for the 12-month forecasting period into
the estimated equation. We also estimate the standard error of forecast (the
estimate is 0.17 million tons) and use it to calculate 95 percent confidence in-
tervals for the forecasted values of coal demand. Some representative forecasts
and confidence intervals are given in Table A.L
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Summary

1. Multiple regression is a means of fitting economic relationships to data.

2. The linear regression model, which relates one dependent variable to one or more inde-
pendent variables, is usually estimated by choosing the intercept and slope parameters that
minimize the sum of the squared residuals between the actual and predicted values of the
dependent variable.

3. In a multiple-regression model, each slope coefficient measures the effect on the depen-
dent variable of a change in the 'corresponding independent variable, holding the effects
of all other interdependent variables constant.

4. A t-test can be used to test the hypothesis that a particular slope coefficient is different
fromzero.

3. The overall fit of the regression equation can be evaluated using the standard error of the
regression (a value close to zero means a good fit), or R2 (a value close to one means a good
fit).

6. Regression models can be used to forecast future values of the dependent variable. The
standard error of forecast (SEF) measures the accuracy of the forecast.



