Limits and Derivatives

Limit of a Function Using Intuitive Approach

For a function f(x), if for x closes to a implies that f(x) closes to |, then | is called
the limit of function f(x) at a.

lim fix)y=1
| is the limit of function f(x) is written as = [read as “limit of f(x) is |,
when x tends to a” or “for x — a (x tends to a), f(x) — | (f(x) tends to )]
If f(x) = x® - 2, then for x very close to 3, f(x) will be very close to 25. This can be written

lim (x"—2)=25 o ‘
as . So, limiting value of x® - 2 at x closes to 3 is 25.
Solved Examples

Example 1:

For f(x) = x(a — 3x), find the value of a at which the limits of function f(x) when x tends to
4 and when it tends to 5 are the same?

Solution:

It is given that

f(x) = x(a — 3x)

= f(x) = ax — 3x?

The limit of function f(x) when x tends to 4 is calculated as follows:

X | 3.9 3.95 3.99 3.999 4.001 4.01 4.05 4.1
f(|3.9a—-|39a- |3.99a- |3.999a- |4.00la- |4.0la- |3.05a- |4.1a-
X | 45.63 | 46.8075 | 47.7603 | 47.97600 | 48.02400 | 48.2403 | 49.2075 | 50.43
) 3 3

sodim fix) = lim{ax ~3x’)=4a-48

The limit of function f(x) when x tends to 5 is calculated as follows:
X | 4.9 4.95 4.99 4.999 5.001 5.01 5.05 5.1
f(|49a-|4.95a- |4.99a- |4.999a- |5.00la- |5.0la- |5.05a- |5.1la-
X | 72.03 | 73.5075 | 74.7003 | 74.97000 | 75.03000 | 75.3003 | 76.5075 | 78.03
) 3 3




“Aim f(x) = lim{ax -3x7) = 5a - 75

We have to find the particular value of a at which the limits of function f(x) when x tends

to 4 and when it tends to 5 are equal.

Iitt} Fix)= Iin}j'{.r}
= dg-48=5a-75
= a=27

Thus, the limiting values of f(x) = x(a — 3x) when x tends to 4 and 5 are equal for a = 27.

Example 2:

Show that the limit value of g(y) = [2y — 5] does not exist when y tends to 2.
Solution:

The given function is

a(y) = [2y - 5].

Clearly, g(y) is a greatest integer function

a=l, fora-l<g(y)<a
g(y)=

Hence a, forazg(y)<a+l

Where, a is an integer

The limit of g(y) when y tends to 2 is calculated as follows:

y 1.9 1.95 1.99 1.999 2.001 2.01 2.05

2.1

9(y) -2 -2 —2 —2 1 —1 —1

We may observe that

lim g(y)=-2
Left hand limit of the function = *** whereas the right hand limit =
lim g(y)=-1




Since the left hand and the right hand limits of the function are not equal, the given
function does not have a limiting value.

Example 3:
o (=16)( - 16)
nm v(e) = v(é) O e —ias)
For what real and complex values of b, ' , Where ?
Solution:
. . . . lim v(f)=vih)
We know that if a function v(t) is defined at t = b, then " , else not.

. lim ()= vih) . . .
Since " , we need to find the value of b, i.e., t, where v(t) does not exist.

This is only possible, if

(£ =1)2t" =1 -28)=0

= (=1 + e+ 127 -8+ Tt -28)=0
= (=) +t+ D20t =4+ Tt =] =0
= =INE+ i+ =402 +T)=0

— I+ 17 = 4(1)1
=t=1or 4 or ?ur N ()
2 7
< 2(1)
_
- —1+ i
=t=1 ur#ar%ur—]:“}
=7 . 1+i\3
So,forb=1,4, 2 asreal values and 2 asthe complex
i W)= (t* —16)(1" —16)
Va|ueS, hT we) = P{h} , where {-Irl —]}tEf: —r—28) ]

Limit of a Polynomial and a Rational Function
Algebra of Limits

_ lim f(x)  limg(x)
If f and g are two functions such that both = and exist, then



lim [ f(x)+ g(x)]=lim f(x)+lim g(x)

r—¥

The limit of the sum of two functions is the sum of the limits of the functions.
. o ; ) o

lim ‘ xt+x° ‘— lim x* +lim x* =4*+4>=32+8=40
2 i —eq B
For example, . /

lim [ f(x) = g(x)]=lim f(x) - lim g(x)

L Ji )

The limit of the difference between two functions is the difference between the limits of
the functions.

ER 3 : 5 3
=lim x? —lim x* =42 —4* =32 -8 =24

lim [x— —X
For example, /

lim [ f{x).g(x)]=lim _.f'{:f]_]iml 2(x)

T—%0l

The limit of the product of two functions is the product of the limits of the functions.

4 ]

T—#4

- T k : 5 3
lim | %2 ]= |'||‘nI :H,]irT} ¥ =42x4* =32x8 =256
For example, ,

; lim f(x)
lim S _ o

e 2(x) hImg(x) limg(x)=0
' era = where

The limit of the quotient of the two functions is the quotient of the limits of the functions,
where the denominator is not zero.

3 . 3

2o limx® 4 5
]_i['[] l_:l:" il _|:4__1:§:4
T x? limx? 42
For example, o
lim [k f(x)]=klim f(x)
r—a o , Where k is a constant

The limit of the product of a constant and a function is the product of the constant and
the limit of that function.



. V9 g
lim | —x? |=; lim x? =;><4-‘ =_—x32 =144

v—sd A=

B | W

- i
A

For example,

Limit of a Polynomial Function

plx) = Zu,,x"
A function p(x) is said to be a polynomial function if p(x) = 0 or f=0 , Where ar €
R and ar # 0 for some whole number r.
lim p(x)= pla)
The limit of a polynomial function p(x) at x = a is given by =+

For example, the value of lim (3m3 —9m?n+9mn? —3n* —m+n— 8[!) can be calculated as follows:
m—n43

lim (3m3 —mPn4+9mn® —3n* —m4+n— 8{])

m—n+3
= lim [3(m®—3m’n+3mn® —n®) — (m—n) — 80]
m-—n-—33 h
= lim [3(1‘?1—1@}3 — (m—n) — 80]
m-—n-—33
_ [3(3]3 — (3 - 8{]]
=81 — 3— 80
=2

Limit of a Rational Function

q(x)

plx)=—-
A function p(x) is said to be a rational function if r(x) where g(x) and r(x) are
polynomials such that r(x) # 0.

plx)= —?{f}

The limit of a rational function p(x) of the form ") atx=ais given by
lim p(x) = a(a)
r—a ra)

\.";+?

lim -

y—fd 3

For example, to find the value of x+2 we may proceed as follows.

i X7 6447 847 15

o2 d6d-1 4-1 3




-l_l'.' _ le

lim
For any positive integer n, * ™ X—d

To know its proof, let us look at the following video.

; R ]
o (7 +5)" - 625

=ik ]
For example, Y can be calculated as follows.
_ (v+5) =625 . (y+5) -5 . ..
hmL = lim ~ { - { v =0 shows that ¥ + 5 — 3)
17—k I'|_' r+5—s5 L._-+ _“\"_:;
=45
=500

Solved Examples
Example 1:
Find the values of a and b if

lim 3a.n+5)1=-2b(n+4)! 5 lim (a+2b)(n+1)!=bin-1)1  —I

nrw s hin+ 3N+ aln+4)! wsr (2g—b+DAn+D)—a(n-=-1)! 2

and
. a+2h . h-a
lim = lim
=+l X _T—o--j .Th -

Also, show that
Solution:

lim 3a.(n+35)!=2b(n+4)! _
We have "** bn+5)a(n+4)!

-2




_ [3an+35)-2b](n+ 4!
= lim ==2
= [bin+3)+alin+4)!

o 3an+15ag-=2h
= lim =2
wse b+ Sh+a

[,, 15a—2b"
] J
== lim

=3 [ ‘jf}+ﬂ']

2
]im(EaJr] 4= h]

[ r

e
Iim[b+5b+ﬂJ
paree .
Ja+0
b+
= 3a=-2b
—=a=—

a

woe (Bg—h+1DUn+ 1) =aln-1)! 2

, (a+2b)(n+)=b(n-1)! -1

We also have

A1)



— lim [fa+231}.n{rr+l}—h]{u—Ij! ___]
= [(2a-b+Da(n+1)-a](n-D! 2

) (a+20n +(a+2bm—b -1
= lim - =
s (2ag—b+ D" +(2a—-b+lin—-a 2

" [{ﬂ'+ 2by+ (a+2b) b :|
It H

— lim -
=¥ - 2 —_—
ﬁr'[l{lu—b+lj+{ “ f:-+|]_a1:| 2

lim {l{a +2b)+ (a+26) b }
i n

ﬁ =k 2 E I :E
Iim{{za—hHH{ a-b+l)_ H}

n i

[EE e

a+2b -1
- =
2a-b+1 2
S
= = [Using equation (1)]
22y 2
3
4h —1
] =
~Th+3 2
= 8h=Th-3

= h=-3

Substituting the value of b in equation (1), we obtain
a=2

Hence,a=2and b =-3

Now,

3 -
1ima+“h _ 2+2( 3}=

vl X |

-4

and



— 35— —
lim b _ J]ﬁ - =_5=_.1.
¥ X — —3 T' |_ E

EN

. a+2hb . h—a

li = [im

Tl T .T—F-? -
=
Example 2:

lim (a—bjzl-"—g"-" _ 5

Find the value of n, such that 8—=b-3 (a—b)¥+27" 729 , where n is an odd number.

Solution:



(a—b)m—g” 2

lim = —
a=b-3 (a—b)¥+27" 729
N_ 4
= | {a—b)"-3 - __2
a—b--3 (a—b)¥+3¥ 729
_lNEN_ g _avdn
= lim (a—b) (—3) - __2
a—b—--3 (a-bh)¥—(—3)¥ 729
. (a_bJZ".'_l:_SJZ'?
. Ay ) 2

o _@b¥-a¥ 728
acbha @BI-(=3)

= 2 - __2
3(—-3)" 729

=n=>5

Example 3:

—

3 |
Vad+x —d+x

lim — —
| | 7 o .
Evaluate VO +x 9+

Solution:

(@—sb—3=a-b- —3)

n
(5ince nis an odd numberj[ —3) =3% and [—3)3”



Vd+x =d+x 0

=— form

lim
oy —ox
Hence,

lim A+ —Jd4x
=0 J0 4 T — 94 x

= lim (M_MJX 1 J

=D 9+ x =9+ x
=lim Jirr eddrs ) (Vo4 s v (Vo a7 + O+ x)

_ ffpfl+.~r"J—{zI+:r]| VI+ " +4/94x
=lim| — P 5
Ve Vg O+ )=+ x)
= lim x(x* —1) LN+ X 49+ x
S BTN xix"—1)

= lim rz_lx 9+x +V9+x
il ) SN IS g

T:—lejmw)9+x? ++49+x

=lim——
=l _-,:"' _1 vpli _\Jﬂl_-t + ."I.'j n ﬂ4 e

-1 3+3
=—X

1 242

b | Td

Limits of Trigonometric Functions

Let f and g be two real-valued functions with the same domain, such that f(x) < g(x) for

_ _ o _ lim f(x) limg(x)
all x in the domain of definition. For some a, if both = and exist,

lim /| x lime(x
then .l.—:vnl'f{ ) < .l.—:vnlg{ ]

For example, we know that x? < x3, for xeR and x 2 1. So, for

limx” < limx’
anyaeRanda=1, ** s

Two important limits are



| —cosx

0

lim
vl X

To know the proofs of the above two formulae, let us look at the following video.

Solved Examples

Example 1:
e .
xﬁs1n|\——x}+sm{n+x}
lim
Fas - i
3 ,1:1[——.\‘.’]
Evaluate 3
Solution

e .
Nasin| —=x [+sm{m+x) = .
. 2 . s3cosxy—sinxy
lim = lim

ot

3 3
2. ﬁ::n:'i.'r—lsinx
1 2 2

=—- lim

3T il—l.'—rﬂ' I—.T
3
sin—Ccosx —cos—sin x
2 .
=- - lim
3T %-,\-_u:r T[—JL'
3
. [n A
sin ﬂ—.rj
. .
=—- lim
I8 I: x =} TE_,T
5
2
2
:—_‘,-e:l
In
2



Example 2:

cos dx —sin [g+ Sx]

. 3a+hb .
lim : = lim
If veall I" 2 and ronil X
the value of Voa+2b
Solution:
cosdx —sin| © +5x
. 2 Ja+h
lim . =
veall I"' 2
3ag+bh . cosdxy—cosSx
= lim -
a—sih x
) (51‘+4x] . [5.7—41’1‘
2sin sin J
) 2 2
=lim —
¥ =al] I"
. 9x
511 s1n
—2lim —2 2
a—ail 1—‘
Oy
511 7 511
=2lim =% lim
Al x K==l x
5in Ix 5N
9 1 .
=2x= lim 2 w—-lim =
2 u;_;n Ox 2 I_;n X
2 2
]
=0uw]x—x]
9
2
=>3a+b=9

=>b=9-3a..(1)

It is also given that

L (m . (m
sm[4 +5x]—sm[4 +3x]
=./4b-3a

, then find



i b i A
sin +3x —5in[ —31.'|
lim . . - = J4bh—5a
[} M
X
T Yo . 5 'I{'T ‘\ . \
|—+”~'|.J— I—FJ..‘E |——"'n.' +|—+._'r.1‘]
2sin| = \ 2 |- cos| Lt
2 2
= J4h—=5a = lim
g A
. T
51nx-~:us£ y +4x |
=2lim z
p— P
. . .
. osiny . 7
=2lim limcos| —+4x |
e X sl Il‘_-l_ )

1
[
*
*

=>4b-5a=2
From (1), we have

4(9-3a)-%5a=2

36-17a=2
17a=34
a=2

Substituting a = 2 in equation (1), we obtain b = 3

Now. V3a+2b =5x2+2x3 =16 =4

Derivative of a Function

Suppose f is a real-valued function and a is a point in the domain of definition. If the
“m.ffﬂ +h)— fla)

limit """ h exists, then it is called the derivative of f at a. The derivative
of f at a is denoted by/ (4}




fla)=lim flath) - fla)

L

..

. | - PR )
« Suppose fis a real-valued function. The derivative of f {denoted by / '*/ or @x }
is defined by

d

dx

flx+h)= flx)
h

[/ (x)]= f'(x)=lim
This definition of derivative is called the first principle of derivative.

L oyl
« For example, the derivative of ' = (@ =) is calculated as follows.

We have ¥ = /(x) = (ax—5b)" : using the first principle of derivative, we obtain

Flx+hy—f(x)

dyo .
—= f{x}=hm
fiAY

Ji—sb 7
_ Il.m[c.-[,t'+a’:]—h] "—(ax=h)"
-y }IJ'
[:.;{,1;+j'r']—h—(;..r.r—f')J]-Z[:..r{,r+1"J}—h]" Hax—=h)
= lim "J‘r"
==l 1

ah ¢ . :
= Ilnrl%- Illlllz[u{ X+h—=h]"ux=h)
dr=u il 1 [P )]

- ch{ﬁ.‘r—hJ""' H{ax=hY

L) -

=afilax—=0)"" (ax—=m)" +lax—=~bV " lax =0+ . Hlax=b)" lax—h)"]
= 10a{ax—hYy

Solved Examples

Example 1:

7'(x)

oA

Find the derivative of f(x) = cosec? 2x + tan? 4x. Also, find atx =
Solution:

The derivative of f(x) = cosec? 2x + tan? 4x is calculated as follows.



fh}-llm

Atx= 0

cosec’ 2{x+Hh)+tan’ 4fx+h}—[cnsec3 2{x)+ tan” 4{_r}]

bl Ij

[ cosec®(2x + 2h) - cosec’ 2,1'] + [tan3[4x +4h) —tanzrldl:rJ]
= ];]_n':'j = .

f—=i} i

si|1:{2x+2h]| sin”2x cos’(4x+4h) cos'dx

| | ]+[silnl{4x+4h} - sin:éh']

B—wl} ﬂ
(sin’2x—sin’(2x+2/h) | | sin’(4x +4h)cos’ 4x — cos’(4x + 4h)sin’ 4x |
sin“2x sin*(2x+2h) cos 4y cos’(4x+4h) J

=lim
bl ‘f_ir
[5|r1"‘l: —sin(2x + Zh}][smh +sin{2x + ""fr]]
lim
e B sin® 2 sin(2x + 20)
[sin(4x + 4/h)cosdx — cos(4x + 4h)sindx][sinf4x + 4/1)cosdx + cos(4x + 4h)sindx]
+ lim
ey h cos*4x cos’(4x +4h)
lim 2ecos( 2y + h)sin(—h) = 2sin{ 2x + ) cos(—h) lim sin(4x + 4h — dx)sin{4x + 40+ 4x)
= i - il I il ¥
h-slt frsinT 2y sint(2x + 20) fis0 it cos™4x cos™(4x + 4h)
Cosinf . cos(2x+ M =sin( 2y + ) cos(h) .=l sin{4x + 41+ 4x)
=—4lim = lim — — 4lim——=lim o <
he0 o Bsd sin” 2x sin” (2x+2h) Wi dfy o e costdx cost(dx+40)
- .
C dxlx cos2 ] stEx
sin” 2 cos’ 4x

8sindx cosdx
=—dcot2x cosec’ 2 +—————
cos’ dx

= —4cot2x cosec 2x +8tandx sec’ 4x

; )
is given by

j el I
f'[E]= —4n:ut(EJ cosec” (E)+ 8 tan [ﬂj sec” [ﬂ]
6 3 3 3 3

| 2y X
:—4}(—)(— 5-3}(-2_
[£]+ (—3)x(-2)

Example 2:



D 4 (4x+3)+ 21304 3)
If y = (ax2 + x + b)?, then find the values of a and b, such that ¥

Solution:

It is given that y = (ax? + x + b)?

: _¢:{,1;+.|"},'|:+{_1.'+.Fr]-+h . axs x4+ h :
= ﬂ=1im = ] [ ]
:—_i\' f=ilk _Ill-ir
. [ alx+ )V +(x+h)+b—(ax’ +_r+h}:||:u[_1'+h}: F{r+ M) +b+(ac® +x +h}]
= lim =
Ji—lb .ﬁ
| al(2xh + it I +j';l][m{.r+ WY +(x+M+h+iax +x+ h]]
=lim =
Rl lI|'i|-
flai2x++1 . s
= hm [m[ :. L ] « lim [m’_.r+ iy +(x+hy+b+(ax” +x+ h}]
L Y]] 1 H=pil}

=(2ax+ 1) = 2ax” + x+h)
=4a’x* +6ax’ +(dab+2)x+2b
= Ay Ay + D+ 213x+ 3 =4 +6ax’ +(dab+2)x+2b

= da’ v + 6ax’ +{dab+2)x+2h =161 + 123" + 265 +6

Comparing the coefficients of x3, x2, x, and the constant terms of the above expression,
we obtain

da’ =16, 6a=12, 4dah+2=26 and 2h=6
—=a=42 a=2bh=3and h=3

—=a=2and h=3

Example 3:

. lax +b
What is the derivative of y with respect to x, if ex—d o

Solution:

. lax +b
It is given that ex—d




dv d \jf-‘.'l.‘+ﬁ
== —

av dv| Vo —d

alx+hy+b {ax+ b
“-‘lr_'{.‘r+h]|—ﬁr' \IL'I—c."

=lhim

1=l h
. Jlatx+ i)+ bl(cx —d) —[e{x+h)y—d][ax +b]
b hyle(x + M —d][ex—d]

(Vlatx+m)+b)(ex —d) = fle(x+h) = d][ax+b] )=

(,f[e:.-{n.' +hy+b)(ex—d)+ Mn'l[c'f.t +hy—d|[ax+h] )

—lim [e v+ )+ bllex —d ) —[cix + h) =[x + D]
et h[,f[c{.r + )y =d[cx—d] ]{\llll_ﬂl::,f + ) +bl(ex —d)y + J[elx + ) —d][ax +b) ]

=lim hlalex —d )= clax + b}
e "r’(JLC{-‘H'—"f}—dJ[LT—c-"]]{\f'[ul[_r+h}+hj{.-_;'{—.-j) +x,.‘[_,_.,[x””_d“m,”}”

alex —dy—clax+h)
[Mf'[c_t =i |[cx =] )(J{ ax+hjcx—d) + .h.'r{ cx—dfax+h) }
B —{cacd + he)
2 c;'f—d"]J{ﬂ.t‘+ Milex —d)

Derivatives of Trigonometric and Polynomial Functions

Derivatives of Trigonometric Functions and Standard Formulas

—(sinx)=cosx
ax

d .
—(COsSX)==8InX
X

d

—(x)=7x" =%
For example, ¥



L(Cy=0
dx , Where C is a constant

Algebra of Derivatives

If f and g are two functions such that their derivatives are defined in a common domain,
then

i _ . d d
L f(x)+g(x)] = o f() = g(v)

dx fx i
This means that the derivative of the sum of two functions is the sum of the derivatives
of the functions.

df i d"f} d{ 3} 530 330 53 31
— | xi4x? —| X2 |=Zx £yt =l x4yl
dx del ) dx ) 2 2 2 2
For example, g

d ad d
E[.f{-‘f]—}-‘.’{xﬂ _E'””_EM”

This means that the derivative of the difference between two functions is the difference
between the derivatives of the function.

di( . Nod df i [ | =
—|sinxy=x* |=—(sinx)—-—| ¥’ |=cosx——x" =cosx—-—x

dv ) dx dx 3 3
For example,

i d |
f—[ffx]l.g{-‘f )]=— f(x).g(x)+ _f{l'}.f—g{.ﬂ
e dx ah

This is known as the product rule of derivative.
For

example,

d d " "3 L Y s .
; (X cosx)= I.' (X7 Jecosx+({x) ; (COSXY)=30 COSX+ X (=8INX)=30 COSVY—X 8Ny
o o el

Cl'l . ) ﬂr
i'f,f'{x}]_ m_,f{.x }151{”_"””}{1;"{'(” )

dx | g(x) [H[f‘f]]: where ¥

This is known as the quotient rule of derivative.



For example,

i|{1£1n;va|=iL Smx]

dx ael cosx

“r_ (sin x).cos x —sin x. T:r {cos x)

_ dx dx
(cos x)’

_ COSX.COS X —sin x(—sin x)

- cos” x

3 cos” x+sin” x

© costx

]

Ccost ¥

=sec’ x

d i .
Lk SN =k f(x)
dx dx , where k is a constant

This means that the derivative of the product of a constant and a function is the product
of that constant and the derivative of that function.

For example,

d . o .
sin2x)=—I(2s51n x.cosx)
ufr[ ) dy

2—(sin x.cosx)

el

fd . d
ZL':—{sm X).cosx +sin x.—(cos x}]
cx dxv

= 2[cos x.cos x +5in x.(—sin x)]
=2(cos” x—sin” x)
=2cos2x

Derivative of a Polynomial Function



plx)= Z a.x’

A function p(x) is said to be a polynomial function if p(x) = 0 or
where ar € R and ar # 0 for some whole number r.

plx)= Z a.x’

The derivative of a polynomial function -0 IS given by

%[ p{x}] = gmrﬂr" '

Solved Examples

Example 1:

-1
| +cos2; > ) .
}.:[ ﬂwsec-x—l] +(1+x) 'f_"-"'-;;{|+x}“"'
If

| —eos2x . then show that ¥

=cos2x

Solution:
We have
| +cos?2 l
Foos2y
: Fil+x)”
| —cos2x
. ( ; 5~
cos” X B = .
=l \== —u‘rtan"x +E"C._x
k‘\sm‘ X ) Py
¢ 5
mn=1y . mnn=1n-2 ma-11.2 =11 ,
—[Cot.1'+tan.1'}1+ |+ nx + t X+ L A }.1" - { ) Xy t 1.J
\ 3! (n—1)! ! y
(cosx sinx | =1y . mip=ln=2) , =112 ., mln=1).1 ,,\'
| ; | +| 1+ mx+ X+ - X 3 |
LSINY COSY L 21 3! in-1) nl }
. v 1
(sin® x +cos’ x| [ =11 o min=1jn=2) ;4 =112 ., mna=1).1 ,,"
:| : AR X X ——x" x |
. sinxcosxy || 21 3! (n—=1)! n! )
. ( nin=1) 5 nn-=l}n-2) , ma=11.2 . nwwu-=1).1 ”\'
=sinx cosx+| 1+ v R a7 x4 x |
\ 2! 3! (n—1)! il )
Hence,
vy o . d( mn-1y - nn-Din-2) | nn=10..2 ., mn-=1).1 ,._\
— — (s x.cosx)+ | 4 x4 ¥ 4 Y | ¥ 4 X

dve oy dx ', 21 3l S (n=1y i



Now,

d . d . . d
—(sinx.cosx)=—I(sinx).cosx+sinx.—(cosx)
dy dx
= COS X.C085 X +5in x(—sin x)
=cos’ x—sin’ x

=cos2x

i[l+m‘+ nin -l}}_: N mln=1in - 2}.‘__; . nln—1)._2 R min—1)..1 Iﬂ
g

i 2! 3! R | [ nl
- . - 12 0 .
= i(1}+iwh'1u‘l'+i[—”(” ”x:]+i(—”{” D 2}5“] +i(—n{” ”"'”:r”"J+ i(—n{n D l}r"
dlv dx dlv 21 av 3 dvl (m=D)! v !
- i . -2 - -
=ﬂ+”i{x}+n{n l}i(.‘__]_bn(n Ly -}iu__;}_'_ +n{n .2 i{.‘_,,_,]_‘_n(n l}...li{.‘_,,}
dx 21 dy 3! dy (=1} dx n! dv
. 2nin-1) . 3n(n—1)n - I}I: - {n -l}.n(n-l)...Z{I”_:}_’_ mnnin -l}"'l{x""}
! 3! (n—1) i!
- — - - 2 — -
cn| 1o BZD=2) b 2D R=2) 2 ey (02D =2).
21 {(n—2)! {n—1)!
=nll+x)!
Hence,
ﬁ:f:.n:-six+ n(l+ x)"
Fris

dy

= cos2x=——n(l+x)"
dx

Example 2:
dy_ 2x +3+tanx

¥ .
Find v if I{smx—cosx}_

Solution:

2x +3+tanx _ 2x +3+tanx

x(smx—cosx) (xrsinx-—xcosx)

dv (25" +3+tan x) (xsmx—xcosxy) —{l\'? +3+tanx){xsin y—xcosx)’

L)

dx (x¥sinx—=xcosx)

u uv =’
O e B
v v



Now,

(2x" +3+tanx)' = i{ 2x" + 3+ tan x)

ax
= Zi{17}+i{3}+i[ S'"I]
afx dx drl cosx
I:—Jr{s.in x}.CDSI—Sinx.i{CGSI}
= 2 Tx® 4 04 X - dx
Cos” x
RPN COS X.COS ¥ —5in x.(—sin x)
cos” x
4yt COs” X 45in° x

T

cos™ X
=14x" +sec” x
; o :
(xsmxy—xcosx) = r' (XsInx—xcosy)
ax

:-d_{rsin_r}- f_{xcosr}

X iy

i . a (d i N
=—(x)smnx)+r—isinx)— —{(x){cosx)+x—icosx) )Y =u'vey!

u’.‘r{ dx( ) Ll M u’.‘r( J [ : ]

=S5IN X+ X cos v —[cosx+ x(—sin X))

=(l+x)smx+{r—Dcosx
On substituting all the values in equation (1), we obtain

dv  (2x +3+tanx) (xsinx—xcosx)—(2x  + 3+ tanx).(xsinx—xcosx)’

dx (xsinx—xcosx)

(143" +sec” x).(xsin X —xcos x)— (237 + 3+ tan x).[(1+x)sin x + (x—1)cos x|
x"(sin x —cos x)°



