Chapter 9. Factorization

Formulae

1. Factor Theorem: If f(x) is a polynomial and a is a real number, then (x — a) is a factor
of f(x) if f(a) = 0.
2. Remainder Theorem: If a polynomial f(x) is divided by (x - a), then remainder =f(x).

Determine the Following

Question 1. Use remainder theorem and find the remainder when the polynomial g(x) = x3 +
x2 - 2x + 1 is divided by x - 3.
Solution : By the remainder theorem, required
remainder
g(3) = (3P +(3)-2x3+1
= 27+9-6+1=3l Ans,

Question 2. (i) When x3 + 3x2 - kx + 4 is divided by (x - 2), the remainder is k. Find the
value of k.
(ii) Find the value of p if the division of
prd + 9x2 + 4x — 10 by (x + 3) leaves the remainder

8.
Solution : (i) Here, P(2)=k
= 2 +3(2R-k(2)+4=k
= 8+12-2k+4=k
= 3k= 24
= k=8 Ans.
(ii) Here, R(-3)=5
= pE3P+9(-3P+4(-3)-10=5
= -27p+81-12-10=5
= -27p=-54
=N P=2 Ans.

Question 3. Use the factor theorem to deter-
mine that x—1lisafactorof ¥ ~ x5 + x4 -2 + x*—x
+1.

Solution ¢ Let flx) = x6 — x% + x4 = x® + % - x +1
to check whether x — 1 is a factor of x® — x5 + x% —x®
+ x2 —x + 1 we find f{1).

Put x = 1 in equation (i) we get

f1) = QF-Q¥F+Q1-QP
+(1F=-(1)+1
=1-1+1-1+1-1+1
=4-3=1

Since, f{1) # 0, So by factor theorem (x - 1) is
not a factor of f{x). Ans,



Question 4. Use the factor theoem to factorise
completely x® + x2 - 4x - 4.

Solution : ¥* + x2 —4x - 4
« Letx+1=0

Lx==1 5

On substituting value of x in the experssion

fle1)= 1P +(-1P-4(-1)-4=0
Clearly x + 1 is a factor of
fla)=3+x2—dx—4
s fx)=(x+1)(¥*=4) (By actual division)
=(x+1)(x=-2)(x+2) Ans.

Question 5. Find the remainder when the
polynomial f(x) = 2x* — 6x® + 2x? — x + 2 is divided

by x +2.
Soluton:If x+2=0
x ==2
flx) = 24 -6x3 + 222 —x + 2,
[By remainder theorem]
fle2) = 2(-20 - 6(-2P +2(- 22— (-2) +2
= 2(16)-6{—-8) + 2(4) + 2+ 2
= 32+48+8+2+2=92
Hence, required remainder = 92. Ans.

Question 6. Find the value of 2 and b so that
the polynomial x® - ax? - 13x + b has (x = 1) (x + 3)
as factor. : .
Solution : Let p(x) = x3 = ax2 — 13x + b be the
given polynomial.
If (x = 1) and (x + 3) are the factors of p(x) then
p(1) = 0
and pl-3) =0
p(1) = (1P -a(1P-13(1)+b=0
=1-a=13+b=0
a-b = -12 . (1)
p(=3) = (-3P-a(-3)2-13(-3) +b=0
= -27-9a+39+b=0

9% -b = 12 .
Solving (1) and (2) we get
a=23

and b = 15. Ans.



Question 7. If the polynomials ax® + 4x% +3x -4
and x? — 4x + a leave the same remainder when
divided by (x - 3), find the value of 4.

Solution : Let p(x) = ax? + 4x2 + 3x — 4 and
g(x) = x®— 4x + a be the given polynomials.

When p(x) and g(x) are divided by (x — 3) the
remainder are p(3) and g(3) respectively.

p(3) = q(3) given

a(3P +4(32 +3x3-4= 3 -4x3+a
= 2Wa+36+9-4 =27-12+a
= 26a = 15-41
= 260 = -26
a = —%I—l, : Ans.

Question 8. Find the value of a, if (x -a) is a
factor of x* —a?x + x + 2.

Solution : Let f(x) = ¥ -a’x +x+2
Put x=-a =0
x =0

fla) = @®-a*a+a+2

0 =a-®+a+2
or a+2 =10
a==2

Question 9. If (x - 2) is a factor of the
expression 2x* + ax* + bx — 14 and when the
expression is divided by (x - 3), it leaves a
remainder 52, find the values of 2 and b.

Solution: Let f(x)=2+ax?+bx-14 ...(1)

as (x —2) is factor of (1)

Put x-2 =10
= x = 2in(1) L
Cf@) =20@PvaR+b(2)-14
0 =16+4a+2b-14

or da+2h = -2 '

or 2a+h ==1- W ak2)

Again when f(x} is divided by (x - 3), it leaves
remainder 52

Put =3 =10
=5 x=23 _
f(3) = 23P+a(3)2+b(3)-14
52 = 544 9z+3b-14
52 = 93+ 3b+40
- 52-40 = 9a+3b "
- 12 = 92+ 3b
or 4 = 3a+b ...(3)
Solving (2) and (3) .
Ja+bh =4
2a+bh = -1

Sub - - +




Substiutea =5In3a+b=4

=5 3x5+b =4
15+bh = 4
= b =4-15
b =-11

Question 10. Show that (x - 1) is a factor of x*
—7x* + 14x — 8. Hence, completely factorise the
above expression.

Solution : If (x - 1) is a factor of x® — 7x + 14x
— 8 then on putting x -1 =0

x=1
fily=10
= B-J(1)2 +14(1)-8
=1=-7+14-8=0
*  Hence x -1 is one factor.
To find other factors *
= X3-7x? + 14x -8

= x}x-1)-6x(x-1)+ 8(x-1)

(x=1)(x2-6x +8)

= ({x-1}{(x2-4x-2x +8)
= (x=1) {x(x - 4) - 2(x - 4)}
= (x-1)(x=2)(x-4).

Question 11. In the following two polynomials. Find the value of ‘a’ if x + a is a factor of each
of the two:
(i) ¥®+ax2-2x+a+4
{ii) x*—a?x? +3x—a.
Solution : (i) Let
plx) = ¥ +axi-2x+a+4 ...(1)
Since, (x + a) is a factor of p{x), so p(—1) =0
Put x = —ain equation (i), we get
pl~a) = (~aP +a(-a)P-2(-a)+a+4
= =@ +al@®)+2a+a+4
= -a+ad+3a+4
= Ja+4
But p(-a) =0
= Ja+4 =10

-

= Jag = -4

4
= g = -3 Ans,
(i) Letp(x) = x*—a®x?+3x-a ...(1)

Put x = — g in equation (i) we get

pl—a) = (~a)*-a?(-aP +3(-a)-a
A -a?xat-3a-a=-4a
But p(-a) =0
= —4g =

0
0
~4
= a =0, Ans,

=% a =



Question 12. In the following two polynomials, find the value of ‘a’ if x — a is a factor of each
of the two:
(i) ¥6-axS+xt-ax*+3a+2
(i) ¥*-a2 + 2x+a+ 1.
Solution : (i) Let
plx) = 6 —ax® + xt —ax? + 32+ 2 ...(i)
Put x = a in equation (i) we get
pla) = (a)f —a(a)® + (a)* —a(a)® + 3(a) + 2
=@f-at+ -t +3a+2=0

3a=-2
ﬂ=_3—2- . Ans,
(i) Letp(x) = B5-a®+2x+a+1

Since(x — a) in a factor of p(x), so p(a) = 0.
Put x = a2 in equation (i) we get
pla) = (@P-a*@P+2a+a+1=0
=g-@xf+3a+1=0
= d-af+3a+1=0

=3a+1=0
= 3a+1=10
= da=-1
1
= B

Question 13. Given that x + 2 and x + 3 are
factors of 2x® + ax? + 7x — b. Determine the values
of @ and b.

Solution : Ifx + 2 is a factoris 22® + ax2 + 7x - b
then x + 2=0, x =- 2 in equation
2(-2P +a(-2P+7(-2)-b=10
2(-8)+a(@)+7(-2)=b =0
~16+4a=-14-b =0
_ 4a-b = 30
Also given that x + 3 is a factor of
223 +axl+Tx-b, thenx+3=0
x =- 3 in equation
2(-3P +a(-3F+7(-3)-b
2(-27)+a (D +7(-3)-b
-54+93-21-b =
9a-b =
Solving (1) and (2) we get
a=9 b=6 Ans.

s L)

aﬂﬂm

-2}



Question 14. If p(x) = 4x* — 322 + 2x — 4 find the
remainder when p(x) is divided by =«

(i) x-4 (ii) x+2 [ﬁj}xq.%,
Solution : (i) T
plx) = 43 -3x2+2x-4 (i)

Put x = 4 in equation (i), we get
p(4) = 4(4)° -3(4)° +2(4)-4
= 4x64-3Ix16+8-4

= 256-48+8-4

= 264-52=212
Hence, the remainder is 212. Ans.
() plx) = 4322 +2x-4 )

By the remainder theorem the required
remainder = p(- 2).

Put x = - 2 in equation (i), we get
p(-2) = 4(-2P -3(-2P +2(-2)-4
4x(-B)-3x4-4-4
SEPE. ", T, . Y e
Hence, the remainder is - 52. Ans.
(i) plx) = 43-3x2%+2x-4 )
. By the remainder theorem the required

remainder _
1
=p -E

Put x = [-—% Ji.n equation (i) we get

()2 )

i

25
Hence, the remainder is -~ 7 Ans.

Question 15. In the following problems use the factor theorem to find if g(x) is a factor of
p(x):



(i) plx)=x>-3x? +4x-4and glx)=x-2
(i) p(x) =223+ 4x + 6and glx) =x + 1
(iii) p(x) = 2® + 22 + 3x + 175 and g(x) = x + 5.
Solution : (i)
p(x) = x® =322 +4x -4
and g(x) = x-2
To check whether x — 2 is a foctor of p(x)
now put x = 2 in equation (i), we get
p(2) = (2P -3(2)2 +4(2)-4

= 8-3x4+8-4
=§-12+8-4
= 16-16=0
Since, p(2) = 0, so by factor theorem (x-2)isa
factor of p(x). Ans.

(i) plx) =223 +4x+6

and glx) = x+1

Now put x =— 1 in equation (i), we get
pl-1) = 2(-1P +4(-1)+6

= 2x~1-4+5B
==-2-4+6_
= ~-6+b6=0
Since, p(- 1) = 0, so by factor theorem (x + 1) is
a factor of p(x).
Ans.
(iii) plx) = 2+22+3x+175 ..(d)

and glx) = x+5

To check whether (x + 5) is a factor of p(x), we
have to find p(- 5), put x = - 5 in equation (i), we
get
(=58P + (- 5P + 3(=5)+ 175
-125+25-15+175

= —140+ 200 =60

Since, p(- 5) # 0, so by factor theorem (x + 5) is

not a factor of p(x). Ans.

p(-5)

[}

Question 16. If x — 2 is a factor of each of the following three polynomials. Find the value of
‘a’ in each case:



(i) x2=3x+5a
(ii) x* + 2ax? +ax -1
(iii) 25— 32% — a3 + 3ax? + 2ax + 4.
Solution : (i) Let

plx) = x%—3x+5a ..(0)
Since, (x — 2) is a Tactor of p(x), so p(2) =0

(by factor theorem)

Put x = 2 in equation (i), we get

p(2) = (2)2-3x2+5a

= 4-6+Dba

= Sa-2
But pi2) = 0
= S5a-2 =0
= Mo=2
= d = % Ans.
(i) Letplx) = 2 +2ax? +ax-1 ..{i)
Since, (x - 2) is a factor of p(x), so p(2) =0
Put x = 2 in equation (i), we get

p(2) = (2° -2a(2F +a(2)-1

= B8-2ax4+2a-1

= B-Ba+2agl

= 7-6a
But p(2) =0 )

7-6a =10 N
= —ba = -7
+7

= a = +_6
= ) R = E Ans.
(iii) Let p(x) = x5-3x*—ax®+ 3ax? + 2ax + 4

i)
Since, (x - 2) is factor of p(x), so p(2) =0
Put x = 2 in equation (i) we get
p(2) = (2)°-3(2)* —a(2) + 3a (2F
+2a(2)+4
= 32-3x16-ax8+3axd+4a+4
= 32-48-8g+12a+4a+4

= 8a-12
But p(2) =0
= Ba-=12 =.0 .
= 8a = 12
% . Pl -
8
— a = g: Ans,



Question 17. Find the value of the constant a and b, if (x — 2) and (x + 3) are both factors of
expression x* + ax? + bx - 12,

Solution : Expression x* + ax® + bx - 12

(x = 2)1is a factor i.e., at X =2
the remainder will be zero
= 2P +a2P+b(2)=-12= 0
= B+4a+2b-12 = 0
= da+2b = 4
= 2a+bh =2 D)
when x + 3 is a factor i.e., at x = — 3 the
remainder will be zero.
= (=3P +a(-3F+b(-3)-12 =0
= -27+9a-3b-12 = 0
=5 92-3b = 39
=% 3a-b = 13 (ii)
Solving (i) and (ii) simultaneously
20+b = 2

By adding da-b = 13

5a = 15

a=23
Substituting the value of 2 in the equation (i)
= 2x3+b =2
= 6+b = 2
= b=2-6=-4
= a=23b=-141 Ans.

Question 18. The expression 2x3 + ax? + bx - 2
leaves the remainder 7 and 0 when divided by
(2x - 3) and (x + 2) respectively calculate the value
of @ and b. With these value of a and b factorise the
expression completely.

Solution: Let P(x) =223+ ax2 + bx -2

when P(x) is divided by 2x -3

(ORI
- %f+§a+gb—2=?
27+9+6b-8
- 4
=% +6b=28 +8-27
=9%+6b=9 .
= 3a+2b=3 1)

Similarly when P(x) is divided by x + 2
x=-2
H=2P +a(-2)2 +b(-2)-2=0
-16+4a-2b-2 = 0
= 4a-2b = 18 .(2)
On Solving equation (1) and (2)

=7



3a+2b =3
4a-2bh = 18
Ya =21
a=3
On substituting value of @ in equation (1)
3x3+2b =3
% = 3-9
-6
b = 3 =-3
b =-3
a=3,b==3
On substituting value of s and b
2x3 + 30?2 -3x -2

When x + 2 is a factor

r+2) 23 +3x2-3x -2 (2 -x-1
203 + 4x2

-x=2
-x+2
+ +

x
22 -2x+x-1
2x{x-1)+1(x-1)
{x—l}i2x+1‘}
Hence required factors are
' (x—1)(x+2)(2x +1)

2t —x-1

ol

Question 19. If x - 2 is a factor of

233 —x2-px-2.
(i) find the value of p
(ii) with the value of p, factorize the above
expression completely.
Solution : Given expression is 2x* - x* —px - 2
and x — 2 is the factor.
(i) x =2 =0, x =2 in expression
2QP-(2R-p(2)-2=10
16-4-2p-2 =
10-2p
r

I
oS

fl

(ii) Putting the value of P
(22 +3x + 1)
x=2) 203 —x2-5x-2{
Zx? — 42
- 4+
32 -5x
3a? - 6x

[

-2

-2
+
x

232 _5x-2={x-2)(2x2+3x +1)
The expression can be the written as
(2x2+3x+ 1) (x-2)or 2x + 1) (x + 1) (x=2).



Prove the Following

Question 1. Show that x? - 9 is factor of
x} + 5x? —9x—45.
Solution : We know that
x2-9 = (x+3Hx-3)
x2 — 9 will be a factor of
flx) = ¥ +5x2-9x - 45
Only when both x + 3 and x — 3 are factors of
this polynomial.
Now, fi-3) = (~3P +5(-3)02-9(-3)-45
-27+45+27-45=10
(33 +5(3)2 -9(3) - 45
27 +45-27-45=0
So, both x + 3 and x - 3 are factors of
x* + 5x2 - 9x — 45.

Hence, 22 - 9 is -a factor of the given
polynomial. . Ans.

fl

And fi3)

Il

il

Question 2. Show that 2x + 7 is a factor of
2x3+ 5x2-11x — 14. Hence factorise the given
expression completely, using the factor theorem.

Solution : If 2x + 7 in factor of 2x3 + 5x2 - 11x
~-14

then on putting 2x + 7 =0
x=-7/2
f(=7/2) =0

B RO

:.if‘_h%%_u
-399  245+154

4 4
=399 +399_

. i

Hence 2x + 7 is one factor.
Now 2x% + 522 — 11x - 14
2 (2x+ 7 =x(2x+7)-22x+7)
(2x+7) (x2 -x-2)
= Zx+7N (2 +x-2x-2)
= (2x+N[xx+1)=-2(x+1)]
= (x+7Dx-2)(x+1) . Ans.

| ~1

Ly

]

il

0



Question 3. Using factor theorem, show that
(x — 3) is a factor of ® - 7x2 + 15x - 9. Hence,
factorise the given expression completely.

Solution : Let p(x) = x* - 7x% + 15x - 9

For checking that (x — 3) is a factor of p(x), we

find : p(3).
p(3) = (3P -7(3) +15(3)-9

= 27-63+45-9 °
= 72-72
= (L
Hence, (x - 3) is a factor of p(x).
By division of p(x) by x — 3, we get the
quotient '
= x2-4x+3
~ ¥-7x2+15x-9
= (x-3)(x2-4x+3)
= (x-3)(x=-3)(x-1)
= (x=-3) (x-1). Ans.



