Exercise 171

Chapter 17 Second Order Differential Equations 17.1
Given differential equation is " — 3" -6y =0
The avxiliary equation cotresponding to the given differential equation iz
rl-r-6=0
r=3r+2r-6=0
r(r—3)+2[r—3)= 0
[r—B)[r+2) =0
Therefore » =3,-2

Thus the roots of the auxiliary equation are real and distinct.

Hence the general solution to given differential equation iz ¥ = 6123” +cge'2"

Chapter 17 Second Order Differential Equations 17.1

Given differential equation 15 3" +4y"+ 14y =0

The auziliary equation corresponding to the given differential equation is
riHdr+14=0

Mote that the rocts of the quadratic equation in x, thatisax® +hx+e =0

~btafb? —dac

ate given by x =
2a

thusz the roots of the auxziliary equation are
a0
2(1]
_44f16-56

2

_ A0

2

_ 4+ 440°

2

since it = -1
( )

_ 422410

2
=-2+i /10

Therefore r = —2+:£J1_0,—2—i~f1_0

Thus the roots of the auziliary equation are complex conjugates

Hence the general solution to given differential equation iz y = g ('5'1 Cos wfl_Ux +o, 810 wfl_[]x)
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Chapter 17 Second Order Differential Equations 17.1
Given differential equation 1z y*+16y =10
The auziliary equation corresponding to the given differential equation 1s
ri+16=0
Mote that the roots of the quadratic equation in x, thatisax® +&x+c =0

~B +fB* — dac

are given by x =
2

thus the roots of the auziliary equation are

.- —0£,J0F -4 (1)(16)
2(1)

_ 02464
2
o
=w (since:i2 =—1)
2
_UxE
2
=0+

Therefore » =0+ 4, 0 -2

Thus the roots of the auziliary equation are complex conjugates

Hence the general solution to given differential equation iz

y=e" (cycosdx+oysindx) ory =cjcosdx +oysindx I:since g’ =1)

Chapter 17 Second Order Differential Equations 17.1

Given differential equation 15" —8y" +12y =0

The auxiliary equation corresponding to the given differential equation 1s
Fi=8r+12=0

Fi-2r—6r+12=0

rlr=2)-6(r-2)=0

[r—2)|:r—6)= 0

Therefore » = 2.6

Thus the roots of the auziliary equation are real and distinct.

Hence the general solution to given differential equation is ¥ =.:'192” +cgeﬁx

Chapter 17 Second Order Differential Equations 17.1

Given differential equation 1s 3y"—12y'+4y =0

The auziliary equation corresponding to the given differential equation is
9t -12r+4 =0

9 —6r—6r+4=0

3r|:3r = 2) = 2[3r —2) =00

(3r-2)(F-2)=0

(W

Therefore » = %

Thus the roots of the auziliary equation are real and equal.

2
=t 4
Hence the general solution to given differential equation iz » = ('5'1 +czx)e3



Chapter 17 Second Order Differential Equations 17.1
Given differential equation is 250"+ 9y =0
The auziliary equation corresponding to the given differential equation 15
25r* +9 =0
Mote that the roots of the quadratic equation in x, thatis ax® +hx+e =0

N [

2a

are given by x =

thus the roots of the auxiliaty equation are

_ -0+ 07 -4(25)(9)

) 2(25)

_0s 25T
50

_ 052750
50

_0#:2(5)(3)

50

r

(since i = —l)

=Ui§i
5

Therefore » = U+Ei,0 —Ez'
5] 3

Thus the roots of the auziliary equation are complex conjugates

Hence the general solution to given differential equation iz

0 3 i w3 3 ¢ 13 ; 0
y=e |ojcos—x+eoysn—x| ery=ccoes—xtoysn—x (s1ncee =1)
5 5 5 5

Chapter 17 Second Order Differential Equations 17.1

Given differential equation is y' = 2"

The auxzliary equation corresponding to the given differential equation 1s
r=2r"

implies 2t —p=0

r(Zr —1) =0
Therefore r = O,%

Thus the roots of the auxiliary equation are real and distinct.

Hence the general solution to given differential equation is
0x 3 R 0
y=cg +tog? ory=q tog? (smcee =1:l



Chapter 17 Second Order Differential Equations 17.1
Given differential equation is y* —dy'+y =10
The auxzliary equation corresponding to the given differential equation 1s
ri—dr+1=0

Mote that the roots of the quadratic equation in x, thatis ax® +hx+e =0

—b +.f8? — dar

ate given by x =
2a

thus the roots of the auziliary equation are
7
_ (A4 -4
2(1)
_4x416-4
2
_4r412

2
_ 41243

z
=213

Therefore » =2+sf§,2—sf§

Thus the roots of the auxliary equation are real and distinet.

(2+\l§)x (2 —.ﬁ)x

Hence the general solution to given differential equation isy =cpg +e.8

2

Chapter 17 Second Order Differential Equations 17.1

Given differential equation is 3" —4yp' +13p =10

The auxiliary equation corresponding to the given differential equation 1s
ri=4r+13=0

Mote that the roots of the quadratic equation in x, thatisax® +hx+c =0

—bt B - dac

are given by x =
2a

thuz the roots of the auziliary equation are

_mEy-4) - 43)
2(1)
_44/16-52

since i’ = —1)

_4t6
2
=24%
Therefore r =2 +3,2-31

Thus the roots of the auxiliary equation are complex conjugates

Hence the general solution to given differential equation is y = ™ [cl Cos3X +e,8in 3;:)



Chapter 17 Second Order Differential Equations 17.1
Given differential equation iz y"+3y" =0
The avxiliary equation cotresponding to the given differential equation is
P +3r=0
r(r+3)=0
Therefore r =0,-3
Thus the roots of the auxiliary equation are real and distinct.
Hence the general solution to given differential equation 1s
=z

vy o™ ory =c toE™ (since & = 1:]

Chapter 17 Second Order Differential Equations 17.1

d_gy + 2d__y
dit ek
The auziliary equation corresponding to the given differential equation 15
2rf+2r=1=0

Mote that the roots of the quadratic equation in x, thatisax® +hx+c =0
~b *f8 - 4ac

2a

Given differential equation 15 2 —y=0

are given by x =

thus the roots of the auxliary equation are

g i o)
BTEY
—21./4+8

4
_ 2412
4
—2+2.3

4

-1+

2

~1+4f3 -1=43
2 2
Thus the roots of the auxmliary equation are real and distinet.

Therefore r =

['1""6]: [—1—\'5]!
Hence the general solution to given differential equationizy =cp 3 +oe 2



Chapter 17 Second Order Differential Equations 17.1
Given differential equation 15 SQ + 12d—y +5p=10
it ot
The auziliary equation corresponding to the given diff erential equation 15
8 +12r+5=0
MNote that the roots of the quadratic equation in x, thatis ax® +hx+c =0

—b+fb* —dac

are given by x =
Za

thus the roots of the auziliary equation are

-12+,[12° -4(8)(5)

i 2(8)

~12+4/144-160
16

_-12%+-16

T 16
~12:++/4%7

= T (since it = —'l)

r

Il
|
+
i

Therefore » = _—3 +l;',__3 —lz'
4 44 4
Thus the roots of the avziliary equation are complex conjugates.

3
Hence the general solution to given differential equationisy = eT! [51 cos [%z] +oyEn [%3]]
Chapter 17 Second Order Differential Equations 17.1

2
Given differential equation 15 100% +200 % +101F =0

The auxiliary equation corresponding to the given differential equation 1=
1007* +200r +101=0
Mote that the roots of the quadratic equation in x, thatisax® +hx+c=0

—b+ 5 - dac

2a

are given by x =

thus the roots of the auxiliaty equation are
200 twlr2[]li]2 -4(100)(101)
2(100)
_ ~200£ /40000 - 40400
2(100}
~200 £ \/-400
2(100)

—200 ++/20%2

= —2(100) (since it = —1)

r

_ 200 20
2(100)
1

=-1t—i

10

Therefore r = —l+ii,—1—iz’
1 10

Thus the roots of the auxiliary equati on are complex conjugates.

Hence the general selution to given differential equationis P=e [.:1 cos [%z ] +egEn [%z]



Chapter 17 Second Order Differential Equations 17.1 14E
Consider the differential equation,

d—'r+ 4Q +20p=0
f” ax

The auxiliary equation i5 2 + 4m+20=0
Saolve the auxiliary equation for mr .

The guadratic formula is,

The roots are ,, — ~2EVb" =4a€ 1or the Quadratic Equation g 4 by 4.0 = 0
2a

Apply the Quadratic formula to the equation p? 4 4m+20=0 -
The roots are,
4+ [4 -4(1)(20)
Hi=
2(1)

_—4+./16-80

2
_—4x-64

2
=
2
=%"3 J=1=iand J64 =8.
=-2+4f

The general solution is y = ¢** (C, cos fix +C, sin fx) of the differential equation
av" +by' +¢=0 . If the roots of the auxiliary equation g, + b 4+ ¢ = 0 @re complex numbers
h=a+ifand p,=a-iff

So, the general solution of the differential equation L-:’-; 4d_y+ 20p=0Is,
dx dx

y=e""(C cos4x+C,sin4x)

Where (C,C, are arbitrary constants.

Let f(x)=e""cos4xand g(x)=e"sindx
These are the basic solutions.

The other solutions are f—g and '+ g
f-g=¢""cosdx —¢ " sindx

=¢ " (cosdx —sin4x)
feg=¢""cosdx +¢ ™ sindx

=¢""(cosdx +sindx)



Sketch the graph of solutions.

1303y

L""g

-104 1

-1301

All solutions are approachto 0as x—»o0 .

Chapter 17 Second Order Differential Equations 17.1 15E

Consider the differential equation,
e Y. )
e dx

The auxiliary equation is 5% —2m—3=0

5

Solve the auxiliary equation for m .

The qguadratic formula is,

-b+ b —4ac
2a

Apply the Quadratic formula to the equation 5,4° _ 2 —3=0 -

The roofs are =

The roots are,

~(-2)£y(-2) -4(5)(-3)
2(s)

_2:4+60
0
24464
T
248
10

_ 248 28

T 10

10 -6

10710

m=

=],—

The general solution is y = Cle™"* + C,e™" of the differential equation ay'+ ' +e=0

roots of the auxiliary equation gu;* 4+ pm + ¢ = ( are real and distinct.

S0. the general solution of the differential equation 5d;{’_2ﬂ_3},= 0 Is.
- d L

v 14

y=Ce&+Cpe *

Where C,,C, are arbitrary constants.

_ for the Quadratic Equation gy? 4 hr+c=0 -

. If the



3x

Lel f(x)=¢" andg(x)=e* -
These are the basic solutions.

The other solutions are f-gandf +g

=3x
f-g=¢ -e®
=3x
f+g=e" +e°*

Sketch the graph of solutions.

¥

LA

Chapter 17 Second Order Differential Equations 17.1 16E

Consider the following differential equation:

Qd?{} +6ﬁ+y =0
dv dx

The auxiliary equation is 9m® + 6m+1=0

Solve the auxiliary equation for m .

The quadratic formula is calculated as follows:

The roots are , = ~0EVb" =4ac ¢or the Quadratic Equation gy? 4 x4 =0 -
2a

Apply the Quadratic formula to the equation 9p? £ 6m+1=0 -

The roots are calculated as follows:

_=(6)%(6) -4(9)(1)
2(9)
~(6)£/36-36
18
-(6)%0
18
_—6 -6
T18718
-1 ...._1

ERs




The general solution is y = C."-"“ +,-.‘ng""’ of the differential equation ay"+by'+¢=0 ., Ifthe

roots of the auxiliary equation gu? + b+ ¢ =0 are real and equal .

So, the general solution of the differential equation c)d;‘f +,5£+ y = () Is represented as
dv” dx
follows:
y=Ce? +xC,e?
Here, C,,C, are the arbitrary constants.
Let Flajwe i+ . These are the basic solutions. The other solutions are 27 4f, and5f

Sketch the graph of solutions as follows:

h}-

The solutions approachto 0as x—w

Chapter 17 Second Order Differential Equations 17.1 17E

The auxzliary polynomial for the given differential equation is P —tr+8=0o0r
(r—23r—4)=10. The roots of the auzliary equation are » = 2 and » =4 each having
tnultiplicity 1.

Ifthe roots 11 and 72 of the auxiliary equation ar® + &+ =10 are real and unegqual, then
the general solution of ay™+ &'+ oy = Oisy = o + o6

On replacing 7 with 2 and »#2 with 4. we get the general solution of the given differential

equation as y = ce’ + 0™

For finding the constant £1, use the initial condition p(0) = 2.
2 = clexn)+ ng‘*(ﬂ)
2=l +5(1)

ote, =2
o S

Differentiate the equation.
¥ = 208 + deg™

Apply the condition y'(0) = 2.
2 25122:0:' + 46‘224[0)
2 = 2o (1) + 4, (1)

o +20, =1



Feplace oy with 2 —eaine, + 20, = 1.

[ Zhooy)diBey = 1
ate,=1
e,= —1

On substituting g with—1 1 0] = 2 — 2o, we getey as 3. Then, y = 37 — g

Thus, the solution to the given differential equation ism.

Chapter 17 Second Order Differential Equations 17.1

The auziliary polynomial for the given differential equation i3 P +4=00rr =-4 The
roots of the auziliary equation are » = 2i and » =—2i each having multiplicity 1.

If the roots of the avziliary equation art +br+c="0are complez numbers = a+if
andry = @& — 18, then the general solution of ay"+ &'+ oy = 0
sy = & (oyco8 Bx + oy 5in Sx).

Onreplacing & with 0, 4 with 2, we get the general solution of the given differential

equation as ¥ = £, cos2x + o,y 8in 2%,

For finding the constant 1, use the initial conditiony(.‘n‘i’) =34
5 = g oos 2(T) + cysin 2(T)

5=a(l)+a(0)
£ =13

Differentiate the equation.

¥ = —Z2osinix + 2o, cos 2x

Apply the condition ) (7) = - 4.

-4 = —2r8n2 [ﬂ') + 2oy cos 2|:ﬂ':l
= =22, (0) + 2¢,(1)
=i,
B

On substituting ) with 5 and ca with—2 in y = ¢ cos2x + oy 5in 2x, we get
¥ = Swoslx — Zain 2x.

Thus, the solution to the given differential equation is|y = Scos2x — 25in 2x|

Chapter 17 Second Order Differential Equations 17.1
The auvxiliary polynomial for the given differential equation is 92+ 12r +4=0or

G+ 2)2 =0. The roots of the auziliary equation are » = —% each hawving multiplicity 1.

If the auziliary equation ar® +br+c=0 has only one real root r, then the general
solution of ay*+ &'+ oy = Oisy = o™ + o™,

On replacing » with — = we get the general solution of the given differential equation as

i -
= 3 3
y =gt toke

For finding the constant 1, use the initial condition p(0) = 1.

2 2
b =

1= g g g (0)e -
Loy

1=cp

g =1



Differentiate the equation.

2w w2 2y
D=-Zge¥ +oe? - 502(0)2
= ——0+to
LT %
. : - 2 2
Onreplacing ey with 1in ¢, = Ecl, we get ¢, = 3
. . 2 - >
We substitute o) with 1 andea with — in y = g2 ¥ + 0,78 ¥ to get
3

2 2
-=x

-Zx
gremigd fo_ged
3

2 d
-Zx

-Zx
Thus, the solution to the given differential equationis (¥ = & 3 + =xg ¥ |

Chapter 17 Second Order Differential Equations 17.1
The auziliary polynomial for the given differential equation iz 2+ r—1=0or
(r+ 102r— 1) =10. The roots of the avxiliary equation are 7= -1 and » = % each having
tnultiplicity 1.

If'the roots 7 and ro of the auxiliary equation ar® +br+c =0 are real and unequal, then
the general solution of ay™+ by'+ oy = Ois ¥ = " + 2™

. : | : ;
On replacing 7 with —1 and »~ with 5 we getthe general solution of the given
L
differential equationas ¥ = cig "+ 27 .

For finding the constant 1, use the mitial condition p(0) =3,
1

=0}
Bz cle_(n)+ £,8?
B =gty
oy = 3=

Differentiate the equation.

3 s 1 L,
V= —ep +§cge2

Apply the condition y'(0) = 3.

1
Ef':')

T e Pt e
\ 5“2
3=t -c
17 55
; ; 1
Eeplace o with3 —c11n3 = _C1+§'5'2-

1
iz gt 51:3 S

3003
Blmi— ety
2 2
gy= =1
L
On substituting c; with—1 inea =3 -], wegetcgas 4 Then, ¥ = —e™ + de?

1
=¥
Thus, the solution to the given differential equation is [y = —27 + de? |




Chapter 17 Second Order Differential Equations 17.1

The auzxiliary polynomial for the given differential equation iz # — &+ 10=0 The roots
of the auxiliary equation are # =3 +i and » =3 —i each having multiplicity 1.

If'the roots of the auxiliary equation art +br+c=0are complez numbers = @ +i8

andr, = @& — 18, thenthe general solution of ay"+ &'+ oy = 0 15
¥ = &' (g cos Bx + oy 5n Sx).

On replacing & with 3, 4 with 1, we get the general solution of'the given differential

equation as y = 2™ ('51 COSX + oy st x).
For finding the constant 21, use the initial condition (0 = 2,
2= (e cosl + ¢ sin 0)

2 = [a(1) + & (0)]

o= 2

Differentiate the equation

= 3" (cycosx+oysinx) + e3x|:—cl finx +cycosx)
Apply the condition » (07 = 3.

3= 3™ (.:'1 cos0 + g, sin Oj + 20 (—c:lsin 04z, cos Uj

e (1) + 2 ()] + [~e, (0) + &, (1)]

Be + o

Eeplace o1 with 2.

)+ =3
o= 3-6
c,=—3

On substituting «1 with 2 and ez with -3 1n ¥ = e |:'5'1 cosx + oy sin xj , we get

¥ = 23’{[:2cosx— 3sin x).

Thus, the solution to the given differential equation is|y =2 [2cos x— 3sn x:l |

Chapter 17 Second Order Differential Equations 17.1

The auxiliary polynomial for the given differential equationis 47" — 20y + 25 = 0. On

2
dividing both the sides by 4, we get 2 — 5y + 24—5 =0 or [r" = g] = 0. The root of the

auziliary equation are r = —.

Ifthe auxmiliary equation ar® +br+e =0 has only one real root 7, then the general
solution of ay"+ &'+ oy = Oisy = o™ + o ze™.

On replacing » with 5 we get the general solution of the given differential equation as
5 5
(3 (3¢

¥ =g + oy xe

For finding the constant ¢, use the initial condition y(0) = 2.

3 3
2= cle[z_]m) + o, [O)e&]m)

2 = ¢,(1)+0

£ = 2



Differentiate the equation.
I 2 2
¥ o= 55192 + o8t + EC:;XE'Q

Apply the condition y' (0] = - 3.
5 5 5
S3i= Ecleim) + cgeim) + Ec2 (0)25@')
2 2
5 5
5= 2 +e )+ 20

=3

561 +c,

-&

3o + 2o

Beplacecywith 2 1in 5, + 20, = -6
5(2)+20, = -6
20, = =16

c,= -3

5 5
-|% =&
On substituting ¢ with 2 and ez with—21in y = cle[z + oy 2] , we get
3 I
¥y o= 2% —Bxe? |

5
L3 =
Thus, the solution to the given differential equation iz [y = 2e* — Bre? |

Chapter 17 Second Order Differential Equations 17.1

The auziliary polynomial for the given differential equation is Por-12=0or
(r+ 3)(r—41=0. The roots of the auxiliary equation are » ==3 and r =4 each having
tnultiplicity 1.

Ifthe roots 71 and #2 of the auxiliary equation ar® +&r+o =0 are real and unedqual, then
the general solution of ay"+ &'+ oy = 015 ¥ = " + 2™

On replacing r with =3 and ~ with 4, we get the general solution of the given differential
equation as ¥ = £ + cyett

For finding the constant 1, use the mitial condition 3(13 = 0.
0= clé_g(l) + cge"m

. | '
0 =7+
3_ 4

g = —oe

_ 7
0= —ce

Differentiate the equation.
V= =30 4 Ao

Apply the condition ¥ [l) =l
1= — e W4 4p6"

1= — 3:1:3'3 + 46‘264

L . ., 1
On substituting o2 with T'ﬁ ine= —cgeT . we get oz as ——&% Then,
g
1 1
y:__é3é—3x+ 494:&'
s e

lé—4+4x Sor, léB—Bx.

7 7

Thus, the solution to the given differential equation is [y =




Chapter 17 Second Order Differential Equations 17.1
The auziliary polynomial for the given differential equation is 47° +4r+3=0. The roots

Ik 1 A7

of the auziliary equation are » = — S + Ti and » = —— — ?i each having

2
tultiplicity 1.

Ifthe roots of the auxiliary equation art +br+e=0are complex numbers = @ +i8

and n = @ —18, thenthe general solution of ay"+ &y + gy = 01z

¥ =" (e cos Bx +cysin Bx).

; ; 1 : 2 : :
On replacing & with — 5 and & with = we get the general solution of the given
1
. : : - 2 2
differential equation az y = ¢ 2”[61 Cosg" + 50 ng

For finding the constant 1, use the initial condition p(0) =0,
1
0=e 5(03'{61 cos%(ﬂl) Aty COS%(D)J

0=g +0

o= 0

Differentiate the equation.

Y= =xe clcosTx+cgsinTx 085 o
1
i
= QT|:—[CI cos %x + sin%x} + [—cﬂ@sin%x + cgﬁcosgxﬂ

1
2
= QT|:—CI cos%x - sin%x - ﬁclsin%x + «J’Ecg cos%x}

Apply the condition y'(0)=1.

1
-5
2
[t

{—clcos E(O) — g, 8in E(O) — 2c, sin E(U) + 2, cos E(D):|
2 2 2 2
1= - (1) - 5 (0) = 25 (0) + 2 (1)]

2
~e+ V2 = 2
Beplace oy with 0 in —o; + «J'Ecz = 2

-0+ «.@:‘2

C2=

o ol

':'2 =
Ly
O substituting o1 with 1 and o3 with \E ny=eg? [51 COS%X +e, Sin%x],we sy
L
the general solutionas y = 2 2 {cos %x N %XJ

Thus, the solution to the given differential equation 13

-k 2 2
y=et [cos§x+ 2sin§x}



Chapter 17 Second Order Differential Equations 17.1
The auxiliary polynomial for the given differential equation iz P44 =00rr=—4 The

roots of the auziliary equation are » = 2 and » = —2f each having multiplicity 1.

If'the roots of the auziliary equation ar* +br+c=0are complex numbers = a+i8

andr, = @ —i8, then the general solution of ay"+ &'+ ey = 0 iz
y = 2" (g cos Sx +cysin 8x).

On replacing @ with 0, F with 2, we get the general solution of the given differential

equation as ¥ = ¢ cos2x + oy 8in 2.

For finding the constant £1, use the initial conditiony(O) T

5 = g ces2(0) +¢,5n2(0)
5= (1] o500)
o =3

Now, apply the conditiony(';—r] =3,

3= oz 2[E] + oy En Z(F—T]
4 4

3=(0)+g(1)

.= 3

On substituting o1 with 5 and ca with 3in y = ¢ cos2x + ¢; 8in 22, we get
¥ = Dcosdx + 3sin 2x.

Thus, the solution to the given differential equation is [¥ = Scos2x + 3sin 2x|

Chapter 17 Second Order Differential Equations 17.1
The aumliary polynomial for the given differential equation iz 7 =4 The roots of the
auziliary equation are 7 = 2 and » = —2.

If'the roots 7 and 7o of the avziliary equation ar® + by +¢ =0 are real and unegual, then
the general solution of ay™+ '+ gp = 0is ¥ = " + o™

On replacing 7 with 2 and 7z with —2, we get the general solution of the given differential

- 2 -
equation as ¥ = g2*" + 02"

For finding the constant 1, use the mnitial condition (0 = 1.
= .:'lezm) + 629—2(0)
L= a()+50)

ot =1

[

How, apply the condition y{17 =10,
0= clem) + cgeql)

2 -2
0 =g’ +op

2_
oEt = —oge
. . B o -2
Replacecawith 1— o) 1n g’ = —cpe™”.
s -2
ot = —{1-¢)e
cgt = —e o
1 1
2_ -2 -2
61(9 -2 :l = —¢
_2_2
9= ==



£a 2
L . —g ) g
On substituting £ with ¢, = m ine,=1-¢,wegetecsas e o Then,

_e—ﬂeﬂx é?é—zx

Thus, the selution to the given differential equation 15|y =

Chapter 17 Second Order Differential Equations 17.1

The auziliary polynomial for the given differential equation iz # +dr+4 =0 The roots
of the auziliary equation are r = =2 each hawving multiplicity 1.

Ifthe auxiliary equation ar® + b+ =0 has only one real root », then the general
solution of ay"+ By + oy = Oisy = cp™ +oyxe™.

On replacing » with —2, we get the general selution of the given differential equation as
—2%

¥ o=@ oy
For finding the constant 21, use the initial condition (0 = 2,
2= cle_zm)-‘r £y (0)2‘2(0)
= +0
g=12
Lpply the conditiony (17 =10,

W= c:le_zm + [1)9‘2(1)
2

eE " =~
oty ) -2
Eeplace oy with 2 inepg™ = —oy8
-2 -2
o7 = —oye
Cyisimd

On substituting ¢ with 2 inc3=-21in y = ce™ + ez weget y = 20 — 2xe™

Thus, the solution to the given differential equation is |y = 207 Spe ™

Chapter 17 Second Order Differential Equations 17.1
The auziliary polynomial for the given differential equation iz 7 —8r+17=0. The roots

of the auziliary equaticn are #» =4 +i and » =4 —i each having multiplicity 1.

If'the roots of the auxiliary equation art +br+c=0are complez numbers = @ +i8
and r, = @ — i, thenthe general solution of "+ &y" +cy = 01z

¥ = &% (g cos 8x + cysin Sx).

Onreplacing & with4, A with 1, we get the general solution of the given differential

3 e :

equationas y = ¢ (cl CosX + o850 x) .

For finding the constant 1, use the initial condition y(O) =3

3.2 54(0)[51 cos(0] + ¢, sin(O)]

3= ([a(l) +5,(0)]

g =3



Now, apply the condition y[ﬂ') =

2 = e‘t‘)[clcos () + e, sin(ﬁﬂ
2 = (-1 +(0)]
_ 2

Since we cannot determine the value of 02, we can say that the given problem has no
solution.

Chapter 17 Second Order Differential Equations 17.1

The auziliary polynemial for the given differential equation is P =ror
rir — 11 =10 The roots of the auziliary equation are r=0 and r=1.

Ifthe roots 11 and r2 of the auxiliary equation ar? + &+ =0 are real and unequal, then
the general solution of ay™+ &'+ oy = 0is ¥ = 2" + o2

On replacing 7 with 0 and #p with 1. we get the general solution of the given differential
equationas y = o, + 8"

For finding the constant £1, use the initial condition »(0) = 1.

= Cl+':,‘:{em:l

g ey

How, apply the condition (1) = 2.
2=+ cgem

2= gt og

Beplace ey with 1 —ezin 2 = o+ o8

2= (1—52) +ce
2=1-e,+oe
1=ogfe-1)
o = 1
Sl
O substituting ez with 3 ey =1—¢9, we geter as - T Then,
2 — e -
g—2 o 2"
y =
-1 e-1
; ; ! : & g—2 g"
Thus, the solution to the given differential equation is [y = 1 £ ]
2 — e —

Chapter 17 Second Order Differential Equations 17.1

The auziliary polynomial for the given differential equation is 4r°—4r +1 = 0. On
2
dividing both the sides by 4, we get % — r + i =0 or (r = %J = 0. The root ofthe

- A 1
auziliary equation isr = —.

If'the auxiliary equation ar® + br+c =0 has only one real root 7, then the general
solution of ay™+ &y + ey = Oisy = ™ +oyxe™,

On replacing » with 5 we getthe general solution of the given differential equation as

L 1
¥y = cle[i]x + che[ﬁjx.



For finding the constant «1, use the initial condition (0N =4
1 1
S| = |(oy

4 = cle(z] + [0)9[2]

4 =g (1)+0

o= 4

How, apply the condition y(2) =10,
1 1
0= cle[g}z) + e, [2)3[2](2)

0 = e+ 2o

e = —2o.e
iy
Replace ey with 4 in ¢, = — 2¢,.
(4le= —2c2
Rl

1 1
] —Ix
O substituting o1 with 4 and o with—2 1n ¥y = 519(2] + che[g] , We get

¥

4
y = 4e? - chxei.

5 5
s =K
Thus, the selution to the given differential equation is (¥ = 20 — Bxa? |

Chapter 17 Second Order Differential Equations 17.1

The auvxiliary polynomial for the given differential equation is P dr420=0
The roots of the auxiliary equation are » = —2 +4i and » =—2 — 4i each hawving
multiplicity 1.

If'the roots of the auxiliary equation ar® + br+c=0are complex numbers 7= @ +i8
and = @ —i4, thenthe general solution of @y"+ &'+ oy = 0 15

¥ = " (o cos x +cysin Bx).

On replacing & with—2, & with 4, we get the general solution of the given differential

equationas y = (cycosdx + oy sindx).

For finding the constant 21, use the initial condition (0 =1,
1= ¢ [610054(0) + oy 8in 4 [U):I
1= (1) +2(0)

=1

Mow, apply the condition y[ﬂ') =
O P [cl cosd () + oy sin 4(;‘?)]

2= g7" ['5'1 (0 +.;-2|:0):|

2

g—ﬂa

o=

since we cannot determine the value of 2, we can say that the given problem has no
solution.



Chapter 17 Second Order Differential Equations 17.1
The auziliary polynomial for the given differential equation iz # +4r+ 20 =0, The roots

of the auziliary equation are 7 = -2 +4i and » = -2 — 4i each having multiplicity 1.

Ifthe roots of the auxiliary equation ar® + b o =0 are complex numbers = @ +i4

and » = @ —i8, thenthe general zolution of ay"™+ &y + oy = 0 iz

¥ = &" (g cos Bx + cysin Bx).

On replacing @ with -2, & with 4, we get the general solution of the given differential
equationas y = ¢ (civesdx + o sinda).

For finding the constant 1, use the initial condition »(0) = 1.

1= ™0 [clcos 4(0) + ¢, sin 4(0)]

1= (1) +5(0)

=1

Now, apply the condition y[ﬂ') =gt

g = 2_2(’)[51 cosd(7) + o, sin4|:JT):|

P e'g’[cl (1) + o, (U)]

|

Since we cannot determine the value of o3, we can say that the given problem has no
solution.

Chapter 17 Second Order Differential Equations 17.1

rAY Given equation is ¥'+ Ay =0
If A =0then the given equation reduces to
.
Integrating both sides, we get, y'=¢, where ¢ is a constant.

Again integrating both sides, we get, y = e x+c¢, where ¢, ig another constant.

Now applying boundary conditions when x=0,y=0
Therefore O=g,x04+c, =g, =0

when =L, y=0

therefore O=c¢ l+4c,

— ol=0

= gy =0 sncel=0

Thus the solution of given equation i3

y=oxte
=0x+0
=0
When A 15 negative, then the given equation can be written as
y'=(=A)y=0
Its auxiliary equation is
P (=A)=0

= rz—(«,f—_ﬂ)2=0
=3 (r-i-\f’—_,%)(r—\f—_/l):ll]
=  r=—yA A=t

Therefore, the general solution of given equation is,

y= cle‘{'_“ +::'ge'“"'_’hr



Applying boundary conditions
When x=0, y=10

Therefore 0 =cpg’ +c,8°

=
=

O=c, +e,

Cg = —Cl

Also when x=L,y=0
Therefore

0= cle“r” +.:'2lz3"‘LTI

= cle""'_"z = cle_"m =0

= i (e""’__'w —e_‘ﬁ‘z)z 0

= i ﬁ =0
P ]

And oy =—g =10

Thus the solution of given equation is

Hence

(B)

y= cle'“"'__’” +cge""'__’"‘

= Oxe £ 0™

Forthecases A= 0and A <0sclution

of given equationis y =10

The given differential equation 1s
'+ Ay =0, y[O):O:y(L)
The auxliary equation of given differential equation iz
2
+A=0

2
= 4 (ﬁ) =0
= (r+iﬁ)(r—iﬁ)=0
=  r=i i1
Therefore, the general solution of given equation is
y=e™ [51 cos~/Ax+e, sin ﬂx:l
=rcos ~.}E;r+.:2 sin ﬁx
Given, when x=0y=10
Therefore =gy cos A =x0+e,snfd =0
0=
Thus y=eg,sn ﬁx
Also, when z=L,y=10
Therefore D=cysin ﬁL

since the given equation has nen trivial selution and ¢, =0 makes y=01 e

Trivial solutionso £, 20

Therefore sin «JEL =10

= JEL =xm  Where nis an integer.

L
2
= A:”;

2
The corresponding solution for A= HLQ is

¥ =y ﬂx
BT
=cysn —x
L
Hence
2
valueof A= £ j;j
L

: : . BT
corresponding solution ¥y =¢, sin Tx




Chapter 17 Second Order Differential Equations 17.1
The given differential equation is,
ay'+bhy4ey=0
The corresponding auxiliaty equation 18,
arttbric=0

_ . —b B — dar

2
—b 4B —dac —b— bt —dac
Let n= 2— andr2 = 2—
e cd

The zolution of given differential equation will depend upon the solution of

auziliary equation and solution of auxiliary equation will depend upon the
discriminant of it.

Let 5% —dac =0

Then the roots (7,7 ) of auxiliary equation will be real and distinct. And solution
of given differential equation will be

(-a+@x+ (—a—m:ﬁr

y=cge cye 22
_3 Wb 5t —dac
=2 ® lge ¥ 4pp =

: g b . -
Since a,b,care positive. S0 — will be positive. And Lime ¥ = Lim
D LEe) et

=0
eﬂx
_r, Joltar —pi

] rilen da da da
Now, Limy(x)= Lime ge +eg8

¥ ¥
_E. .,5*-4acv -.n'a*--mcv
=Llime 1 xLim|lcg *  +oe B
= b d ]
B —dac T
=0x| Limey e L +io, 8 e =0
¥

Let &% —dge =0 then the roots of avxiliary equation will be real and equal. And
we have

—b —b
=—, f‘z et
2 Za
The solution of given differential equation will be

n

A= é‘_ﬁx [Cl +62X]

. - b . ot .
Since a,b, are positive. So — will be positive and Lime 2 = lime?® =0
2a LT ¥=w
Therefore

2
Limy(x)= Lim g [e)+e, x]

= bl
; ETH ;
=Lim e ** xLim(c +c, x)
I A=

= 03 Lim( ) +6yx)

K=o
=10



Let &% —dac <0, then the roots of auziliary equation will be imaginary and
distinct. And we have

s —b+inb? —dac " _—b—ifb? —dar
' Za C R 2a
b N -dac b AP dac
=n=——+i——, B=-———f———
2a Za 2a Za
Therefore, the solution of given differential equation will be,

i —;—J B — dae b* —dae
y=a &) Lot e Tx
t

X4, sin
Now

Lim y(x)= Lime 22

K E -]

xte, sin

2 [c oo B — dac b* —dae x}
jcos— % o R
2 Za

-—
= fime 22 xlim
Y= K=

x+e,sin

B = dae Bt —dae
£ oS ——— ST ey
Za 2a

= s Lim

Eee -]

X+o,sn

Jb? —dac . bt —dar
o oef —————— _x
2o 2ex

=10
Hence

In all the three caseswefound that
Limy(x)0

L

Chapter 17 Second Order Differential Equations 17.1

The avxiliary polynomial for the given differential equation is 7= 2r+2=0 The roots
of the avziliary equation are 7= 1 +7 and »=1 — each having multiplicity 1.

Ifthe roots of the aumliary equation art +iar+e=0are complex numbers = a+i8

and = @ —i8, thenthe general solution of ay"+ &' + oy = 0 15

» =" (cycos Sx + oy sin Sx).

Cnreplacing @ with 1, 8 with 1, we get the general solution of the given differential
; " :
equation as ¥y = @ ('5'1 Cosx + ¢y81n x) :
Since y(a) =c, we get ¢ = & [ycosa +oysina) or ¢ = et cosa + opetsng . Also,
£

we have y(b)=d. Then, d = ¢ (cycosk +oysind) or d = e’ cosh + e’ sink.

: ; ; 2" coza #%zing
{a)If the given problem haz a unique solution, then ol 0.
e’ cosh g sink
(e“ Cos a) (ea sin b:l - Ize'ﬂ sinc:tjll[e?'al cosb) z 0
22" cosasind — e P sinacosk 2 0
=ince exponential function 15 always positive, we can say that
cosasind —sinhacosd = 0 or cos(a - E:) =z 0.
. iy T
This means that @ — & = (2?3 + 1)5 orag = bt (2?2 +1)E.
2% cosa e sng
(b)If the given problem has no solution, then rank of | | i and rank of
2’ cosh 2’ sink

g%cosa e%sinag ¢
5 5
2 cosh g sind A

problem has no solution,

are ot equal. This means that when b= and ¢ # &, the given

3  ge : " cosa £ sing
(c)Mow, if the problem has infinitely many solutions, then rank of ated

2’ cosk  2sind

e®cosa etsina © ; :
should be 1. Thiz means that when b =a and ¢ =4, the given

& cosk aind d

problem has infinitely many solutions.





