If a function [ is differentiable in an interval 1, e its derivative [ exists at each
point of I. Then, functions that eould have possibly given function as a derivative are
called anti-derivatives of the function. The formula that gives all these
anti-derivatives is called the indefinite integral of the function and such proeess of
finding anti-derivatives is called the integration or anti-differentiation. Two forms
of integral are indefinite and definite integral which together constitute integral
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INTEGRALS

| TOPIC 1|

Integration and Its Properties

«

CHAPTER CHECKLIST
# Integration and Its Properties

INTEGRATION AS AN INVERSE » Integration by Substitution
PROCESS OF DIFFERENTIATION » Integration by Partial
Fractions

Let Fix) and fix) be two functions connected together such thar
o
E Flx)= f{x}. then Fix) is called in.u:gn] of f{x} or indefinite intcg:al or

Integration by Parts
Definite Integral

Evaluation of Definite Integral
by Substitution

anti-derivative.
If if{x}:f{x}. then for any arbitrary constant C, %[F(x}+f:]=f{x].

Thus, F{x)+ is also an anti-dervarive uff{x:]. Actually, there exist infinitely
many anti-derivative of a function which can be obtained by choosing C

arbitrarily from the set of real numbers. Henee, Ifl:x} dv = Fix)+C, where C is

an arbitrary constant (also called constant of integration) and symbol ‘j’

indicates the sign of integration. By varying the parameter C, one gets different
anti-derivatives or integrals of the given funcrion. The symbols/terms/phrases
related to integration with their meaning are given in following table

SymbolsiTerms/Phrases Meaning
J‘:[x}:m Inteqral of F with respect to x
Hax)in _[ Fx) e Integrand
xin J‘ F{x) cix Variable of integration
Integrats Find the integral
An integral of A tunction F such that F ) = f{x)
Integration Thea process of finding the infegral
Constant of integration Any real number C, considered as constant function
Some Standard Formulae EXAMPLE |1 Evaluate the following integrals.
- Indefinits integrals . g - 1
Derivatives (Anki-clerivalives) (i) Ix dx (id) I_Ii# dx
+ +1 e x 7 3|.Bgn x
I E[f 1]=x’°.n:—1 deﬂ:xﬂ +C,.nz-1 fm}l_[S-dx (iv) In dx
dic| m+1 n+1 Sol. {:‘}Leu-jx‘dx




3 d

—(x=1 di=x+C
2t I

3. %Iainx]:nmx jc:l:sxn:bt:ainx+ﬂ

4 o

O \—cosx) =sinx sinxdx=—cosx + O
2 I

> ;flmx]=aau=x jaa:”xcﬁ:m.—.x+c
6. :—xl—mlx}=maec?x !Emmixcﬁ =—_patxd O
7 c%lm!]=EEGX-la1x jmﬂ!-fmxcﬁt=5acx+c

8. i{_m ¥) = cosec x-cot x IBMEE x-cot xdx =—cosecx+ C

g, o, . 4 1 e o i
—i5in = =sin x+C
-5 1314‘
10 Et—ma‘uﬂl— ! j o =—cos x+C
J1-22 J1-a2
. iltan“x]: ! & =tan'x+C
o 1+ 68 j1+
12, 9 it g= 1 & o _co'xsC
ol 1+ & j1+1:.'2
13 ilﬂﬂfv—1!]= 1 j & —sec™'x+C
e il -1 ol -1
14. = (-cosec™ x]=m;x1 '{1.‘;? =-—cosec™ x+C
-1 -1
15, 9 n o e'de=8"+C
Ze) I
18 9 =1 = +C
SlealH)=— [-ex=logld
£ ¥
17. ;T :g ]:a*_a}ﬂ.a:l ja*‘cﬁ=|3_+f_‘:,a:{ta:1
a oga
Note
(i) The derivative of function is unigque but integral of a function i
mat unigue.
{ii) I two functions differ by a constant, then they have the same
derivatives.

{ii) While sohing an integral, constant of integration should be
written, othersise answer would be wrong.

{iv) Generally, we do not mention the interval over which the function
is defined. But in a particular problemn, i should be kept in mind.

The given figure shows some members of the family of
curves given hy_r:’ulr;+l': for different values of C & R.

Properties of Indefinite Integrals
(i) The process of differentiation and integration are

inverse of each other.
e, i [ Fde= fx) and [ fix)de = flx)+C

where, is any arbitrary constant.

where, C is a constant of integration.

[

5:
iii] LetJ = |5 dye= —— 4
(iii) I logs

where, C is a constant of integration.
{iv) Let] = Ia’ gty = J.a""' = dx [- mlogn = logn™]
=[x [ a1 = f(x)]

mrl
=X 4
4

. x
I:- [x'dx- n+l

+, it'n:-lj|

Geometrical Interpretation
of Indefinite Integral
Geometrically, the statement jf{x] dy =dix)+C = ¥ (say)

represents a family of curves. The different values of ©
correspond to different members of this family and the
graph of these members can be obtained by shifting any one
of the curves parallel to irself.

Further, the tangents to the curves at the point of
intersection of a line x = @ with the curves are parallel.

L XA Consider the irm:gral nf;lqll.;.

Le. jjftﬁ': Jx +C,C & R, which is represented by the
following figure
¥

p={E+2

y={E+1

y={%

¥ ={E-1
X

¥

2
EXAMPLE |3] Evaluate %dx.
x

<7 Firstly, expand numerator by using
L)
{a+ b =a® + b° + 2ab and then Integrate it.
i1+x*+ Eﬂdx

Sol Letl= delIT
‘J-:fl:d""j £JI+ EJ- j:—_dx [by property (iv)]



(ii}) Two indefinite integrals with the same derivative lead
to the same family of curves and so they are
equivalent.

(i) [ 1)+ gl de= [ flx)dest [glo)de

(iv) Il'f{x}ir =k- If{x} dx, where £ is any non-zero
real number.

(v} Propertics (1ii) and (iv) can be gi:m:ral:isn:l to a finite
number of function, ie i fi, fo,... f, are

functions  and &, ky, ... &, are non-zero

numbers, then
_[[.{-1 filx)+ky frle)+. .tk f(x)]dx
=k [ filorde+ky [ fl0) de+ otk [ £ ()
Mote I more than one constant of Imtegration is used while soiving
the imtegral, then at the end of the solution write only one
constant of integration.

EXAMPLE |2| Evaluate the following integrals.
. . 1
. e . ; d
(i) [{m.nx + C0s X (i) [sm:c(tu I+$:-II'L!I]

Sol (i) LetI= I{sinxh:ns xjdx
-Isinxdx+jm5:::l‘x
==cos X+ +sinx +C,

= =08 X 4 s5in x &+ O

where, C=C, +C,.
1
<)
sin” x

-J-[sinx:n:cur.x-i- ?"!I]it
x

51n

{ii) Let I -J'sin:(mr.: +

sinx sin” x

-J-[sinx:{msx]dr+j ! dx
![cmx-ﬁ'+fmsec"‘xdx

=sinx + Oy +{=cotx)+ s
=sinxy = cotx + C, +C,
=5inx = cotx 4 C

where, C is a constant of integration.

INTEGRATION BY METHOD OF INSPECTION

We can find an anti-derivative of a given function by
searching intuitively a function whose derivative is the given
function. The search for the requisite function for finding an
anti-derivative is known as integration by the method of
inspection.

Mote

{i) f we know one anti-dervative F of a function £, then we can write
an infinite numiber of anti-derivatives of f by adding any constant
fo F.

{ii) I f iz not expressile in terms of elementary functions, then it is
mot possible to sohve ntegral by Inspection.

e.g. We cannot i'ldj'e“‘zckby inspection, since we cannot find

a function, whoss derivative -BE“"}.

[put C, +C, =]

-j x-;-dx + [ri-idx + Zj xl T gy
-jx'”‘"-h' + j 2 + Ej P

] +C [-.—jx"d:-‘:::]

—_—
2x*

i (373 A

= — +C
1/2 5/2 32

= 2yl +§xﬂz+§xm+{_—-

2 4
- 21"; R L e L
5 3
where, Cis a constant of integration.

EXAMPLE |4| Find the anti-derivative F of f defined by
flx)= 4x* — 6x, where F(oy=2.
1 Firstly, find the integral of f(x) say Fix) Further, usa the

¥ eondition £ [0)=2 to get the value of C. Finally, put the
valua of C in Fix) and get the reqguired result.

Sol. Given,_ﬂx]-41'5 =6x
Om integrating both sides, we get
j_f{x]dx .J‘{qf - 6x) dx

S#i 2
4x ax
-

= Fix)=
(=} 5+1 2

e et

4 6
= Flxj==x"==x"+C
& 2

= Fix)= % ¥ adxter i)
Also, given F(0) = 2, therefore putting x = 0 in Eq. (i), we
get

FO)=3(0)-30)+ €
= 2=0=0+C = C=2

Mow, putting C = 2 in Eq. (i), we get

2x®

Fix)= . =3x 4 2

When a polynomial function P is integrated, then
the resultant is also a polynomial whose degree is 1
more than that of 2

d
eg (') =3x" bur Jextd=x*+C

6. Integral of a function is always discussed in an
interval but derivanive of a funcuon can be discussed
in an interval as well as on a point.

7. Geometrically, derivative of a funcoon represents
slope of the tangent to the corresponding curve.
On the other hand, int:gml of a funcnion TEpresents
an infinite family of curves placed parallel to each
other having pamallel tangents ar  points  of
intersection of the curves with a line perpendicular



EXAMPLE |5| Write an anti-derivative of 3x” + 4x” by
the method of inspection.
Sol  Mow, let us look for a function whose derivative is
3x® dxt.
Mote that di{x! # ) =ax? egx?
X

- An anti-derivative of 3x® +4x%s x¥ + &%

Comparison between Differentiation
and Integration
1. Differentiation and integration both are operations
on real valued funcrions.

2. Differentiation and integration both satisfy the
property of linearity.

1 ﬂr = i x i x
:_c.E{qf{r}:t Eglix}}-a#{f{ Htﬁdx{g( )}

and [[af ()£ bg(x)ldx =a [ fx)de s [ gle)d

3. All funections are not differentiable, similarly there are
some functions which are not int:grabl:.

We will learn more about non-differentiable funcrion
and nun-int:grahl: function in hi.gl'u:r classes.

4. The denvative of a function, when 1t exsts, is a
unique function. Bur the integral of a function is not
unique. However, they are unique upto an additive
constant, e any two 'mtcg;als of a function differ by
a constant.

e.g. If %{sin X) =cosx. [unigque]

Then, I[msx}ir =sinx+C, 0 f

5. When a polynomial function P is differentiated, then
the resultant is also a polynomial whose degree is 1
less than the degree of 2

[not unique]

3 lff‘[x}-x+l,1_henthe value of f(x)is
x
(a) _:!+1|:|g_: +C
z
[b}I?+|u;g]x|+C
(c) %+ logx + C

(d) Mone of the above

4 Family of curves y = F(x) + C can be represented
geometrically by shifting any one of the curves
A to itself Here, A refers 1o
(a) perpendicular (b} parallel
(c) Both (a) and (b) (d} None of these

to the axis representing the variable of integration.
8. The derivative is used for finding some physical
quantities like the velocity of moving particle, when
the distance travelled at any time ¢ 15 known.
Similarly, the integral is used for calculating the
distance rravelled, when velocity at time ¢ is known.

9. Differentiation and integrarion both are processes
involving limits.

10. The process of differentiation and integration are
inverse of each other.

| TOPIC PRACTICE 1|

OBJECTIVE TYPE QUESTIONS

1 The anti-derivative uf[ql'; + :}-] equal to
x
[NCERT]

Lo 2
(a) EI3+11'2 +C
z 1 z 1

(@ 2xTsxise @) 374 L7,
3 3 Y3

d 3
2 If — f(x) =41 -Fsuch that f(2) =0, then

flx)is NC

(a}lx‘+%—% e
X

O

(l:}l.r"'+:1;+%

{d}xa+%—%

SHORT ANSWER Type I Questions
Directions (Q. Nos. 17-19) Evaluate the following integrals.
-l? I {dl * bllz
a*b”
18 If -xtsx=1

dx
=1

Elogx _ Slogx
19[S,
gtlgT _ gAlogr [NCERT Exemplar]
Directions (Q. Nos. 20-22) Evaluate the following
integrals.

20 I[e" loga o gelogx o palogay gy



VERY SHORT ANSWER Type Questions
5 Integrate (T- —+ 34:%."_] WL X

[NCERT Exemplar]

6 Write the anti-derivative ::-f[S-E + T}

X
[Delhi 2014]

Directions (Q. Mos. T-14) Evaluate the following integrals.

7 I (3 cosec® ¥ = Sx + sinx)dr

2
] j—f +5.: qu
x [NCERT]
3x-1 (ALl India 2017C]
10 Iicmxi
sinx |All India 201 1C)
e
sin®x.cos’x |Delhi 2014C]
-
12 Evaluate dez
cos™ X [CBSE 2018]
5
13 IS«.“'!.. X ':ﬂg:xdx
sinxcosy AL India 2007)
14 I2+_32mxd:r
sin”x
15 Write the value nf[{l SinX)
CoOs X ALl Inidia 201 1C]
16 Write the value of [2-3&:&
cos® x [Delhi 2011]

4. (b} Different values of C correspond to different members
of this family and the graph of these members can be
obtained by shifting any one of the corves parallel to
itself.

5. Le’t]'!j(?h;-lﬂ+3c xz)d:
-j]?‘:.d:-[%d“jac it ax

-?EII-IﬂdI-bII-Edt+3EIIEHdT
=121 =241 CIE

R =Er e
{=1/2)#1 —2+1 (2/3)+1

[ peae]

n+l

r_rlﬂ-l_brx'l]
T (= e

-4aﬂ+£+%x5”+c
xX

6. Hint SJJ;:i:’-i-[?l;dr =3[ xR+ [ x"dx.
[Ans. 2{x* + =" )+0)

7. I..e*tI!I{Scusec':x-E-:+5inx]dx

21 [ X

x+l

23 ]f% =cosy +cecty and y = y=0, then find ¥

24 ]fif[x} =4x* - > such that f(2) = 0. Then,
dx x*
find f(x) [NCERT]

25 Verify the following, using the concept of
integration as an anti-derivative.

o
.[—d_r-x-_+§-lag|x+l|+c

x+1
[NCERT Exemplar]

| HINTS & SOLUTIONS |

I (c) Hint Anti-derivati f-J_+'=[ +1)dx
{c) Hind ll!VEWDIEj‘J;E
!E s o
3
2 {a}Hint_ﬁx]-[[-ix’-il)
x
:‘+L!+L‘

X

Now, f(2)=0=C !%

3. () Hint f(x)= [ fx)dc= | [x + i—]e_:

-[ 12 dr![ﬂ:ixdx
cos” X

= tan x +C
13. Solve as Question 11. [Ans. log|sec x - cosec x| + C]

14, I_.e“,_]':Z+3-1::1|51:'dr_'|'( 22 +3m:.x]dx
sin” x sin”x &N x
msxdx
sin® x
lE[mse-c' xt:l‘.r-l-i-[(cmx]-_l dx
sinx J sinx

= EI cosec” xdy + 3jfutx~fmx::l‘x
= X =cobtx) + 3 =cosecx} + C
== ooty =Jcosecy + O
15. Hint Firstly, write the given integral as
j{s-m::2 x = tan x secx )dx and then integrate separately.
[Ans. tan x =secx + )
16. Solve as Question 15. [Ans. 2tan x = 3sec x 4+ ]

7. ara | €20 I[h b"+2a'~b‘]dx

a® b
[oia+ B =a® + b + 2ab]

23 2z ¥ pa
-I i N [ . Za" -l dx
a“-b*  a*. bk a*.b

A




ISJEMEIﬂI-SJ-IdI +j sinx dx
2
-S{-cutx}—sxT-msx+C

3
X
-—3cnlx-T—msr & C

8. Hint Firstly, write the given integral as _[(.[ . "'53'4—1}’-‘
X

2
and then integrate separately. {.ﬁ_ns_ ;T_'.h_ * i+ C]
x

dy = {h-l}+ldx
Ix =1
1'=u;|1’-2:~’-1|+,.:

9, Leti= J-?rx-l

l[-ﬁr+jjfilnx+

10. Hint Write the given integral as EJ-::ntx cosecx dx and

then integrate it. [Ans. = 2 cosecx + C)

.3 2
i (sin” x + cos” x)

11. Le'tl'![ S ﬂx-ll- S < dx

sin®x-cos’x gin” x-cos” X

= J. ser® x dx + jmﬂ:ixdx

= fam x = cotx +C

. 8
. MI_Icm2x+zznn Id.r

s X

dx [ cos 24 =1=2sin" A]

J-l—Exin2.1'+ 2sin® x
=

::n.':2 S

-I &

=141

2. Lm-_[ d:-]'x d
¥ #1

-] ] e

_I{x*-n{xin]n_'_ L
¥t #1 xt a1

[--a' =b' =(a® = b* 2" + B*)]

o +1

-[{x —i}n'x+j

_1'+l

-[xid_t-J-dx-l-I =0

-I?!-x+tan"x+f {J’ xf:-l-m"-lx]
23, Il{x +S}{x—l}
= x 44

_j{x-l-i}{xi-i-i -Z:J{I-lldx
(x° = 2x + 4)
-j-[.r-l-?}{x—l}n‘x-J-{xz+x-2}dx

3 2
= — =2y %
2

23, Given.';ﬂ-cus X +sec x
x

On integrating both sides, we get
2
I%-ﬁ' Ij{:m X +sec x)dx

g
.@;,h:_(ﬂuﬂc [:—Iﬂ’d“;:TsaJ

18. Hint Write x* = x4 y =1= ¥*{x =1} +1{x =1)

=(x" +1)}{x=1) [Am. J;—E+ :+C]

Glog s _ Sl x eh‘"-r""i
3. "[ -u-_, ur“"qu,'_rq.‘dx
Yt [+ e ™) = f(x)]
xt =yt
jxs{x—l} !Ixzdrlx—’-i-l:?
xx=1) 3

20, l.e'tl'-[{r’h“+e"“"+e"""]dr
!jl{e"‘i"‘ +e““.+r"’".}dx [- mlogn = logn™]

= [(a" + x* 4 a*)ix [ " = fx)]
= X + - +a'x+C [‘.'In'dx! 3 }
loga a+1 loga
=% J-djr! [I[l:ns x+sec’ x)dx
= y-[:mxdx+Im21’dx
o ye=sinx+tan x+C -{i)

Also, given x=y=0

On putting x = y=0in Eq. (i}, we get
O=sin0+ tan 0+ C

= 0=040+C

= C=10

On putting C =0 in Eq. (i), we get
y=sinx+tanx +0

= y=szin x +tanyx

24. Hint Firstly integrate, further to find C, put x = 2 and use
the condition f{Z)=d
[A.ns.. e L—E}

x &

F 3
25, Consider, i[x-"_+”_-|ng|x+1| +c}
dx 2 3

_{x+|}{x*-x+|]-1_{x3+1}-|_ x?
X+l x+1 x+1
[ a® + b =({a+b)a* —ab+ b))

3 3 3
Hence.x—L+I—-hg|x+1|+C![ = dx
Z 3 x+1



| TOPIC 2|
Integration by Substitution

In previous topic, we discussed the integrals of those
functions which are in standard forms. But integrals of
certain functions cannot be obtained directly, if they are not
in one of the standard forms given in previous topic. For
such integrals we use the following method to solve
(i) Integration by substitution

(ii) Integration by partial fractions

(i1} Integration by parts
Here, we consider the method of integration by substitution.

METHOD OF SUBSTITUTION

The method of H:ducjng a given 'mtcg;ral into one of the
standard integrals by a proper substitution is called method
of substitution. To evaluate an integral of the type
If{g (=)} -g’{x} ab, we substitute g{x} =t, so that

g'[x}it= .

_1_2

dx.
|All India 2011]

EXAMPLE |1] Evaluatej
1+ x°

tan~"x

S0l Letl=

Here, integrand has differentiation of tan™" ¥, 50 wWe
substitute for tan™ x.

MNow, pul: tan™ x =1

= l —dx = dt [differentiating both sides w.r.t. x]
+xt

Mow, = Ie'dr

Thus, I!jr'drlt' +C

On putting t = tan™ x, we get
-1
I=e" T4

6x dx.
[NCERT]

EXAMPLE |2| Evaluate [ cos 6x f1+sin

Sol l.e'tl'-_llmsii-x + gin 6x dx

Mow, put1+sin 6x =

dt
= ¢os 6x-bdy=dt = cos bx dx -?

Il—_[-urdtl—

Iﬂtl
+C

LI
2

Method to Find Integration
by Substitution
Suppose given intcgra] isf = If{x}ir. where f{x} 15 ot In
any standard form.
Then, we use the following steps
L. Identify the term for which we use substitution say
glx).
II. Take suitable substitution to reduce the integral into
standard form, say glx)=r.
IIl. Now, integrate with respect to ¢ and then put

1= g{x] to get the required value.

Mote It is offen important fo guess what wil be the wssiul
substitution. Usually, we make a substitution for a function
whose denvative also occurs in the integrand.

dx
Sol. Let Il[ -I -
1+ tan x sinxy
1+
CO8 X
'j o8 X j 2oos x dy
cnsx-i-smx 2{cos x + sinx)

+ + —s
__I{cnsx 5inx) {c-nrs:r ﬂII.I}d
2 o5 X+ sinx

[adding and subtracting (sin x) in numerator]

1

Mow, put cos x +sinx = =3 (=sinx + cos x ) dx = dt
Then, we get

I-—jldx+_[—-—+lug|:|+c'

-;+ log|cos x #sinx]+C [ =cos x +sinx]

Some Standard Formulae
SDI.'I'.H: standard Ezrmulac Fﬂ'f

trigpnometric functions are given below. These formulae
are obtained by using substitution technique.

(i) I tan x dx = —|Dg|m5x|+f:=|ug|:a:cx|+f:
(i) I cotx dx = log |sin x|+ C
{1ii) I sec x dv =lng|s:cx+ tan x|+ C

int:gra]s

inmlving

(iv} Icns:cx dx = log |cosec x — cot x|+ C
Proof



-;—{1+5inﬁ-x]m+l'." [~ =1 % sin 6x]

EXAMPLE |3| Integrate the following function w.rt. x.
tan* fx sec® x
WJx INCERT)
Sol Leti= Iﬂ}-‘-ﬁi

Mow, put TE.ITIJ.'I.-'-t

1 MEJ;
— dr =dt = dy = 2dt
qu 1\'
I-j:'{zdunzjr'dr
5
.zr?.n:- tan® 4x +C

EXAMPLE 4] Evaluate | —.
+ [an X

-'"_35:3 Given infegrand is not in standard form, so firstly convert
in sin x and cos x form. Further, adjust them and use
suitable substitution to integrata aasily.

Put sscx+rmanx=is
= 1‘_5-|:|:.1ctE|.11.1c+5|:|:J x) ae =

1
I=I:d'.r=]ug|¢|+f:

= [=log |sec x+ tan x|+ [ ¢ =sec x + tan x]

(iv) Firstly, multiplying numerator and denominator by
(cosec x + corx). Further, put cosec x +cotx =1 and
then solve as part l[nl]l

u Some Important Deductions

1
(i) J{at+b]"dx=w+ C.n=-1 and nis a rational
afm+ 1)

number.

(i) J sinfar+ B oy = 5@ 0 L .
a

—5-.1{3‘+M+C

(i) J cos (ax + B o =
a

[iw] Jian:ax+tﬂdx =—_|uglcus{at+£:m+[.'
=_l|:glsa|:f,ax+tﬂl+['.‘
a

cot [ax + &) dx =ll::glsin lax + B+ C
a

[wi) J sec{at+mm_alhglsec[ax+m+tm{at+m+c
Jccﬁa:[ax+b]ldx__bglcnsec{at+m —oot (ar + B+ C

:-'JE|:¢a;vr+tﬂ'tan[a:c+I':l]cl‘.u:=l sec (ax + B+ C
a

(i) Let I = [ran x de = j'“'”

Now, put cosx =t = —sinx dv =4
= sin x dx = — df

1
f=—|-di=-1 +
[=dei=~log|s]
=—lug|cn»sx|+ll': [ t=cosx]
]ugl{cu&x}_||+f:

= log |sec x|+ C [ ! =n:cx:|

OO X

(11) Pur sin x =r and then solve same as above.

(iii) Let J = [sec x dx
On multiplying numerator and denominator by
(sec x + tan x), we ger

sec v (sec x + tan x)

f=

s5eC x + ran x

I= J[s:c .1c+5|:-c.1rl'a.rl:r}ﬂ!,,Ic

(sec x + tan x)

(6} Let I-[jx+a+3x+b
'_[ (Jxsta=afx+b) "
I{Jx+a+q.fx+b]{«.|rx+ﬂ-q|'x+b}“

[rationalising denominator]
-[ Jx+a=x+b dx
Jx+a}t-{qfx+b]i“

IH‘E J?}

(x+a)= {.l:+b]|
-—[[{x+a]m =(x+b)'"?]dx

- ;!: —1‘{.1c+a}3"'2 --l:x+b]m}+l'__

= 2 _ vz
3{a-b}[{x+ﬂ}! (x+ B2 eC

Integration Using
Trigonometric Identities
When the int:gr:md involves  some trigonometric
functions, then some known trigonometric identities are
used to evaluare integral easily.
IMPORTANT TRIGONOMETRIC IDENTITIES
Some usetul trigonometric identities are given below
. . 2tan x
l. sin2x = 2sin x cos x = ———————

1+ tan’ x

~ -



(ix) | cosec [ax + b) cotlax + Bdx =—i|:uaecllax+tﬂ'+t.'
a

(x) _[sac“[a“mm:lhn:a“mc
a
I::ii].[cmacz{ax+bjdx=—l::ﬂax+ﬂ+ﬂ
- |

]
{xii) _[e“'“".:tx =“-”_+c ::iiijjaﬂ""h dr =
d

aﬂ'h-tb
rmilog, 3
Naote Above integral can be derfved by substibuting s« + b =t and
av =Lt

a

+C

EXAMPLE |5| Evaluate the following integrals.

OfJYasba 0 [y vcenn
Sol (i)Let ! -jﬁdr -j[mq-b}'”dx
{ax + Byfiae 2 {ax + b)*"?
{172 +1}-a -3 a

2
+h e
=l

=

x l+cosx
10. cot—=cosec x +cotx =
l—cosx
sin x 1+ cosx
l—cosx SN x

11. sin (x+ I_}l]l=s'm xcos p+cosxsin y

12, sin (x — r;|.l:|'=5ir| XCOS ¥ — COSX SN ¥

13. cos(x + y) = cosxcos y —sin xsin y

14. cos{x— '}'}=cu5xcns_]l+:inx5in]
tan x + tan y

15. tan(x+ y) =

1 —tan x tan y

16, wam (= = SRE LY
1+ tan x tan y

17. 2sin Acos B=sin (A + B)+sn (4 - B)

18. 2cos Asin B=sin (A + B)—sin (4— B)

19. 2cos Acos B=cos(A+ B)+cos({A - F)

20. 2sin Asin B=cos(A — B) —cos( A+ R)

A+ B A-HR
21.sin A+sin £ =2sin COE
2 2
. i A+8B  A-E&
22.sin A —sin B=2cos -5in
2 2
A+ B A-8
23. cos. A+ cos B=2cos - OO 3
A+ B A-8
24. cosA—cos B=—2sn * 51N >

25. Inverse trlgunum:tric functions
(i) sin_'[sinx]=x (i1) cns_l{cn»sx}=x
(1) tam - anxj=x (iv) cus:n:_l{curs.tn:x}=x

(v) sec " (secx)=x  (vi) cot™! (cotx)=x

.
T

2 . 2 2
2. cos2x=cos  x—sin x=2cos x—1

Lo l—t:mzx
=1—2sin x=—
I+ tan” x
2tan x
}tanlyx=s—m7p7—
l—tan” x
.
cot” x—1
4 oty = ——
Jeootx
5. sin.:‘iur=—si.113'.1¢'+5|:||:|fsl xsinx=—-isin.;x+ Isnx

k] 2

6. cos3x =cos x—3sin’ xoosx =4cos’ x— Icosx

Ftanx — tan? x

J.tanjx=

1-3tan’x
;)
Jootx —cot” x
8. |:|:|t:‘]|.1:=—‘_E
1—3cor x
x l—cosx
9. tan—=cosec X — oot X =
1+ cosx
s5inx l—cosx
1+ cosx s5in X

= x ¢0s g = sinalog |sin (x + a)| + C; + acos a
= x cos a=sin a log|sin (x + a)| +
where, C=C, +a cosa

1
cos (x — o) cos (x =)

EXAMPLE |7| Evaluate |

1
cos(x =) cos (x =)
’j i xﬂn{ﬁ-u}dx
cos (¥ =o)cos (x=f)  sin(f-=o)
[multiplying numerator and denominator by sin {f = )]
- i jsin[{x-u}-{r-ﬁj] dx
sin (i = o) © cos (x =) cos (x=f)

[adding and subtracting x from numerator]
1

-sin (p =)
Isinl{x =) cos (x = [} = cos {x = o) -sin {x =[] de

cos (x =) cos (x = f)

sol. Letr-j

[sin{A=B)=sin A cos B=cos A sin H]
1
-sin[ﬁ-u}

_[ sjn{x-tt]ms[x-ﬁl_ cos {(x=i)sin (x=f) i
cos{x=o)cos(x=f) cos(x=o)cos{x=[f)
1
-m{ﬁ—_mj[m[x-u}-tan{x-ﬂ}]dx

1
-Sinm—-u}[-hﬂcns [x-ﬂ_'l|+|ug|cm {x-ﬁ}|]+l‘_"
[~ It.n.u x dy = = log | cos x|]
- 1 I |cus{x-ﬁ}|+c
sin(fi = ot) |::|:|s I[x-l:l!}|

m |

r'.'ln m=logn=lo
l 1] 1] 1] J



EXAMPLE |6| Evaluate the integral _[—] dx.
X+a

Sol Letl=| sin X
sin {(x+ a)
Now,put x +a=t = dv=4dr

SHLICOp

dt

sin f cos @=C0s [ sina
.J' -
sin
[-sin{A = B)=sin A cos B = cos A sin B]
-cmajdr-sinﬂjcntr dr
={cos a) t = sin a log |sint] + C,

=(x + a) cos @ = gin a log |sin (x + a)| + C,

[ t=x+a4]
Mow, putting cos € + cot x sin =
=t
:-cmcixsinudr-dr=5mucixdx-
dr sim i
I -—lﬂﬂr—]+f
sml:t
l—[Z.JED\SII'I-EDtIS‘.I.nII]'PI_'_
sin oL
== Jeos o4 EBEIENL L o
sin 0 sin x
=2 Fﬂnxcmu+:mx5mu+c

sinn'.'II 5in X

.-;{Mw
gln 0 5in X

[-sin{A + B)=sin A cos B+ cos A sin B

EXAMPLE [9] Evaluate [ tan™ [l'ﬂ]dx
N X

. — o

73 Usa trigonometric formulae 1o comvert the given integral
L
into l tan™ [tani]dx and then integrate.

l=rcos x { 5_1121 ]
Sol Let :-_[um"[ ]dr-_[ tan '[—?Jc&
sinx x
2zin—cos —
2 2
['.'s.i.uix -ﬂaﬂdﬂnxn Esin%:m%}

= [mn"’(tm%}h’ = j %d’x [+ tan™ {tan @) = @]

] r ]
P S
2.2 4

EXAMPLE |10] Evaluate | hﬂ"[w}n
DS X +8IN X

EXAMPLE (8] Evaluate [ ! dx.

JE]I.I.'I.! ISCi.'I'I{I + o) INCERT)
Sol. Letl= | ! dx

sin® x sin (x + o)
1

dx

=J
Jﬂ'n! X (sin ¥ cos @ + cos X £in0)

[-sin({A + B)=sin A cos B+ cos A sin B]

= - dx

Jsin‘ x{fml:t+1:'ntxsin i)
.J’ dx
sin® x 4fcos o+ cot x sin o

cosec. x
dx

-qur:n.s o + cot x sin

Some Standard Integrals and Methods to Evaluate it
Irtegral

jsin"" oo jﬂ:Ep x e

wheare, p= 3

Methods

To evaluate, we exprass sin® xor
cos” xin terms of sines and cosines
of multiples of x. For which we uss
tha fallowing trigonometrical
identities
i sin® x= 1—pos2x

2

i) cos® x= 1+ n;s.?x

Gl s x— Asin x—sin 3=

cos 3x + 3cos x
4

To evaluate these type of integral,
firsthy multiply and divide by 2 and
then use the follawing trigonometncal
identities

() cos® x=

jsinpx{:nsm'l:[t.

jsin;:ut sin e o,

jms o COs g dx
25in AcosB =sin(A + B)+sin (A-B)
2cos Asin B=sin(A+ B}—=in(A-B)
2oos AcosB =cos [(A+ B)+cos({A-EB)
2 sin Asn B=cos (A -EB)—cos{A + B)

Itan” xsec’? xdror
Imb"' x cosec™ x
wheara, pandg e N

To avaluats these type of integral,
firsthy write the givan integral as

Itan” x(sec? )7~ '-sec? xaxor
I:xlt" xicosec? ¥)7 ~'-cosec® xox
and than put tan x =f (orcot x =I)

To evaluats these type of integral,
firsthy write the givan integral as
jljlzmiF ¥)P (sac® x)7 soc x tan xdx

.[la'lf'“”xsac.m”mcbr

ar
_[uuli‘" *1 yenzee™ * Ty,



EXAMPLE |11 Evaluate [ sin® x dx.
Sol bet:-]'sm“xdr

-J-l—cmlrdr ___s,mix-l-cnszx
2 2

1 1 sin2x
== (1=cos2x ==y =—-|+C

ik yx 5( - ]

X mmidx o

2 4

EXAMPLE |12] Evaluate [ cos* x dx.
Sol Let I -j cos'x de= [I{cusix}zdx

£l
1+ cos 2x 3 1+ cos 2x
= || ———| dx e N ——
j[ 2 ] [ 2 ]
1
= 4_'[{' + 2cos 2x + cos” 2x)dx
1 1+ 2(2
-—J- l+2cm2r+L{I}
4 2

1 1+ 4
-—l[l+1!r:|:|.e=1'rc+ﬂ x
4 2z

-l_I 24 40052x +1+ cosdx dx
4 2

1
= B-J- (34 4cos2x + cosdx)dy

in4
gm:_”:,
4

1 in Zx
= — 3:+-1=m—+
i 2

3 sinZx sin4dx

=y +
4 32

EXAMPLE |13] Evaluate | cos 2xcos 4xcos 6xdx.
INCERT]

3 Thare is no slandard integral formula for given integral.
W So, we simplify the integral by using the formula
2o0s Acos B =[cos (A +B) + cos (A —B)] and then
integrata it.

Sol lﬂI![:er-msdr-cm&x-ﬁ'

1
= E[{Zcus 4x+cos 2x)-cos bxdx

1
-EJ- [cos (4x + 2x) + cos{4x = 2x)] cos éx dx
[ 2cos A-cos B=cos (A+ B)+ cos (A = B]]
1
-E[ {cos 6x + cos 2x)- cos 6xdx

- 15[ {cos®6x + cos 6x - cos 2x)dx

1
!:j{ﬂ:mzﬁxi- 2cos 6x - cos 2x dy

1
-:I (1+ coslZx + cos8x + cos4x)dx

1+ cos 28
T ——

-~ cost@ amd

Zros xoos y=cos (x4 y)+ cos (x=y)

_1 I+s1.11l21'+5max+s:n4x +C
4 12 & 4

[ [cosax dx = Lan ﬂx]

1 1 1
= £-I-—'_';.i.ulh.f + —5indx + —sindx +
4 48 32 16

EXAMPLE |14] Evaluate [ tan® xsec’ x dx.
. [NCERT Exemplar]
': Firstly, wrile sec* x a3 sec? x-sec® x and use the formula
see’y =1+ tan® x . further put tan x = ¢ and then integrate it.
Sol Letl= J- tan *x sec*xdy = Ian xsec” x sec’ xdx
= j tan® x(1+ tan® x)sec® xdx [ sec® x=1+ tan® x]

Now, put tan x = f = sec” x dx = dt
I-[ri{u r’*_“:.a.'t-_l'{r’i + 1Y)t
PoE

= —4
3 5

tan®x tan’x
= "
5 3

+C [t = tan x]

EXAMPLE [15| Evaluate | tan*x sec’x dx.
Sel I..eLI-Im’xm’xdx!jmjxmlx-uﬂxmxdx
= j-[s-e.::2 x =1)sec’x . tan ysec x dx
[ tan® x = sec’ x =1]
MNow, put sec x =f = sec x tan x dx = dt
53
I:I{r" =1} dr-j{r‘ -r*}dr-%-r?q-c
-%ms‘x-%mgx+f [+ t = secx]

- -

EXAMPLE |16]| Evaluate J‘sinlx cos*x dx.

Sol. l.elfljsin’xcurssx dx
Here, the powers of bath sin x and cos x are odd. So,
either put sin x=r or cos x= 1.

MNow, put cos x =t

= =zinxdr=df = d.t--_—dr

I -J'sin’x-rs[s;d;] o




=— Isint xfdr=a I{I —pos2x) Pdt
=- I{I =8 dr

[ cos x=1{]
--I{r‘-r"]dr-_[l[r’ =5y dt
£ B £ &
-L-L+E.Cﬂ5 I-CGE I+'|':
8 [
EXAMPLE [17] Evaluate [sec*/® x cosec®* x dx.

Sol Let I-jsec' xcosec Uy dx
dx

=3 -jcns'"’xsm'mxdx
+{sin

=]
cos '™ B oy)

Here, -[% + ;) = = 4, which is an negative even integer.
So, divide both numerator and denominator by cos® x.

cos™ Py gin= Py

=
cos' x
i -l = B
!Icm X COs x sin X i
cos? x
B o= B
'jms Ii:-'ll dx-I ant dx
cos’ x X
1+ tan®
-J-sec' xse::x Is.\ec x{m x'ﬁdx
tan
an,puttan re=f
= ser’ xd'x-d'r
1+: _ —E % - 2%
I-_[ 7 dt__[{: w1y dr
3.
N S | A T
5
3 -
I-;IZEII. oy +3tan™ x +0C [ t = tan x]

SOME SPECIAL INTEGRALS

Here, we discussed some standard formulae with their proof
and the methods to solve some other standard integrals with
the help of these formulae.

v x—a
I l +i
':l]' '[_g-‘t— 8 x+a
v 1 a+x
1 =—1 +0C
(i) Iﬂl = ; o .
e x
(11} ta =+
'[xl+a!l i i

(iv) Iﬁ=|mg |x+ -|||xl —at |+

4 X
14+ C

|crg|x+1||x +a |+lf_'

2a

='|‘{x—ﬂ][x+a}x2ﬂ'

[multiplying numerator and denominator by 24]
(x+a)—(x—a)
(x—a)(x+a)

=L[ 1
Za |ix—a) (x+a)

1 1 1
=i|:'[{x—ﬂ]it_j{x+a} irjl

1
=2—[|ug|x — a|—log |x+ a|]+C
a

1 x—a
=—|o +
24 x+ 4

{n} Slmﬂa.rlv. We can prove second formula.

{m} Nuw.. put x—ﬂtanﬂ a.nd .n"_t s Ea’ﬂ in
dx
, Wi
J-.sa'1+.21 &
‘g
o= a0
i+ at altantB+a’
=[5 - A8 [sec®B=ran’ 0+ 1]
a {5:: )
=—Idﬂ=—(—]+c‘?
i a
ax 1 i x
== =—tan —+0
jxi+a1 oF o

['.'x=atmﬂ:}tanﬂl=£::~ﬁ=tan" i]

o a

Similarly, we can prove other formulac by using

following substitutions
(iv) Pur x=asec B
() Put x=asn@
(vi) Put x=a tan 8



Some Standard Substitutions Which
are Useful in Evaluating Integrals

Expression Substitution

L g —farda® -5
R . e

x=asinfar acosd

% =atan @ or acoth

3 g qullxz—a? X =gasec B or acosac §
4. la+ £ 2o x=acos2f
'Ja—x a+ x

5 [x-a ey ¥ =meos 8 + fsina
fi-x

B. A o |2 x=asin Bor x=acos"f
a-x x

7. X a+ X x=atan’ 800 x = acol @
a+x X

EXAMPLE |18| Find the following integrals.
() -
Jo-zx

dx
16 -[x2 —-4*

x =4

X +4

Lol {:}Let[!j

= —Ilo

2(4)
1

= Llog

8

x=4
X4

+C

dx

dx
ii) Let | = -
{it) Let I’J‘}-EEIE I 25[1_1.1]
25

= 1 i - lsil:" [_x ] +C
4 NE (3/5)

dx

Integral of the Type I

ax® + bx+ ¢
5 tegral is of the fo j ke ,thent
Ll T l"l"CI.'II]'I [ 150 i m | ————— en o
PPOsE g dxX +|5_r+r:

evaluate such integrals, we use the following steps

L. Firstly, take 2 common from denominator to make

coethcient of x~ wmity, 12, f = | ——m8 —
ffic Fax’ i e

¥ &‘ L

dl x"+=x+=

a d

II. Add and subtract I:.ﬁ-fzg}l from denominaror and try to
write denominator in the form X2+ 87 or b’ — X °

2 2
whcr:~X2={xii) and k* = { &2}
2a a da

&
III. Substitute x+—=¢ and reduce the int:gral

o

obrained in step Il into one of the form — j 5
1 at

or = o
@ gt =t

+k?

EXAMPLE |19| Evaluate jﬁ
X +box +

Sol. Lel:I-_[ !-j S.fx

9x? +6x +5 +-x+-

[take @ common from denominator]
= lI : dx

E 2
1 1 5 1
a2 ax]=] +2=]=
3 il 9 3

[here a=%and b=46, adding and subtracting

(e omtm]

dx

24+ bx+ ¢

To evaluate such integrals, we do same steps as previous

integral. The only difference is that here n:ducv:d 1ntcgra]
(obtained after step 1) will be of the form —
'[-u': i:&‘}'

_Iﬁ which can be 1ntcgmtcd by using suirable
F =t

EJII.T.I.IJIE.I:.

Integral of the 'I'}T}L‘I ]
ax



) o e
Noté | we have negmlufﬂ'm1mmjtxinftdi ujd‘—{x:tc:f‘

then to evaluate it we

o — -
Jetcf+a? J3i - (xzc)
can directly replace x by x + ¢ in the corresponding standard
formulae.
i . x+2
X = gin™ [
=8 jqff—{x+2}= - [ 3 ]+

2]

BE—at

dx
1|I|3-x+sz

dx '
Sol
bt jr-'[,!3-.1c+.1c2 -j‘.'I[xi-x+3

=f o
th-i}:x:ﬂ:l

() -

[here a=1,b = <1, adding and subtracting |

I&r-er-@wmrJ

dx - J' dx

= :
fl=t) 5

an,Putx-lz!r =y dy =dt
2
e (e
:*+[£}
2

[—:;ﬁ-w“m@
. (x-%]+J[x-%]:[g]‘;c r

[r-%] 4 -.||3-x +xt

EXAMPLE |20| Evaluate |

-lng

'.'t-x-%J

HE':I:I.-E‘E..Illn.E + .

EXAMPLE |21| Evaluate |

x
" i
-.,||5-d.e“ —e™
Sol Let I=| . dx
E-‘tf’ _EZ:

Now, put e” =t =3 e"dr = dt

dt dt
! '[‘Js--tr-r* '[ .j‘-{ri + 4t =5)

-I dr
=lir + 2F =5-4]

dding and sub =(2)*
[= g and sul trac'tlng[ ] [23{1) (2)

from denominator]
= I dr -I dt
Jo-ir+2f ol =i+ 27

Sl o

px+q A

Integral of the Types .
ax” + bx+c

X 4+
P q dx
2+ bx+e

To evaluate such integrals, we firstly write the numerator as

Pt g= A{%{m’l +éx+f)}+ B=AQax+ b+ B

Then, find A and B by comparing the cocfficients of like
powers of x from both sides. Now, put the resultant value of
[‘Eur+ g:I in given i.nh:gra.l and then given int:gra] is reduced
to one of the known forms which can be integrate casily.

EXAMPLE [22| Evaluate [ —>— dx.
2x° +6x +5 [Delhi 2015C)
Sol Let{x+2]-rl£[2.tj+ﬁx+5}+ﬁ
= (x+2)=Al4x +6)+ 5 .}
= {x+2]-4Ax+{&A+B}

Om equating Lhe coelﬁc'lents. nfx aJ:Ld constant term
from both sides, we get 1=4Aand6A + B=2

1 1 1 3
= A=_—_andé—+B=2 = A=_and B=32=_
4 4 4 2

1 1
= A==and ==
4 2

. From Eq. (i), we get {x + 2j= ;—{4: + G+ %
Mow, the given integral can be written as

lux +6]+1-
1 2

I-I (x+2)
2x" x5 2:*+&x+5
4x %6
_IEI +bx + 5 _‘[2: +o0x +5

1.1
= l==I +—1I, i)
4!z



dx &6
where, [, -Iﬁdﬂr
+6X +

dx
2xt #6x 45
4x +6

Mow, consider J, :Iﬁdx
X X

and I, -j

Now, put 2x* 4+ 6x + 5=t = (4x + &) dx =dt
I -Iﬁ- log |t| + C, !Iu-g| 2x* +6x +5 |+ C,
i
dx 1 dx

et (3]

1 - -
-E-:Etan "2+ 3+ Cy=tan” (2 4+ 3)+ O,

Mow, substitute the value of I, and I, in Eq. (ii). Then,
the given integral becomes

i | i 1
I -Ilug |2x® +6x+ 5 + Euu:L" (2x "'3}""4—"-"1 +5 6

1 1 .
.;Iug|2x*+ex+5|+;un 2x+3)+C

1 1
where.f-:l’.", + EL_E.

3
EXAMPLE |23| Evaluate [ ———— dx
45-#:-2:2
|All India 2015C]
Sol Let x+3zadi{5-4x-1r*]+ﬁ
x
= x+3=A(-4-=4x)+ B i1 ]

= Yx+4+3i==4A=4Ax+ B
= x+3==4Ax+(B=44)

f_‘rn equat.mg Lh.e ::n-e:l:;ic.ient an X amli constant term ;'rnm
both sides, we get1 =44 and3= =44
= A= -landE-S-l--i » [-l]

4 4

1
= A--: and B =2

~. From Eq. (i), we get (x + 3) = -%E--i —4x)+2

Now, the given integral can be written as
S ca—ax)e2

dx = ! dx
J5-dx=-2xt

x+3
IJ:--u 2
--—I {-—4 41‘] dx +Ej dx
;|-|5 dx = 2yt E--ﬂx-h’i
.-—: + 20, i)
4
(=4 =4x)

where.!,-[ dxan:l]'i--l. dx
35 dx =220 -,||5 —dx=2x

Cm:lsn:l.erf![ (C4-4x) dv
5—d4x —2x°

Now, put S—dx=2x"=r = (=4 =4x)dx =d!
dt -=
I, -'[T- Ir ? dr =24t +C,
t
=2f5—4x—2x* +C,
dx

-jﬂ.ffi":‘“z -j_J(- z}[x“ +21’-%]
dx

=]
ke 1J—[x*-u-i-x-lﬂ*-f-%]

[2dding and subtracting {1)* from denominator]
dx

= 12_[ -
il
M

= ;},Esm" [ﬁ] +C, l—.-fﬁ-m" [ﬂ]
-&.m“[ﬂtﬂf_*'—”]+ci
2

Mow, putting the values of I, and I, in Eq. (ii), we get

1 1
Il-‘!—KZ“IIE- —dx =2xt -—-E‘

+ 2- 5|n"["lr{xl|.1]I + 20,

--%mq. 'iEEin" [JE{I + l}:|-|--['

1
where,l_"--:l‘_", 2,

and Ig




Some Standard Integrals and Substitutions for Them

Integral Substitution
| e 1—tan® 2
athcoosx Put cosx = _2 ﬂ-ranp.ltm—=1'
1+IEI1“':
| i 2tan=
ax bsinx Put sinx = 2 ‘thEnl:l.‘t-EH'Ii:f
1+ ta? X Z
2
f ok 2tanl
asinx+ boosx i) Pulsinx= — = _
]- (=i 4 1+ta.r|i£
asinx+ boos x+c
1—tan'*'ﬁ
andeosx=— 2
14 tan® X
. 2
(m) Replace 1+ tar’® Ein the numearator
a XK
SBC =
i 2
0} F'Ll‘can%:tand integrate it.
I+ Put a = reos6 and b = r sind, whers
asinx + boosx
i=-..||a?+b=and3=tan"[£]
a
ok . )
]‘7 1) Divide numerator and denaminator
a+ bsin x a
by cos® x
a+bma x () Aeduce sec? xin denominator as
1+ tan® x
[— x+b5r|*x () Puttanx =t and proceed for parfact
squans.

{asrlx + bma ;r]i

a+ bsin® I+G{HJE-2.I

asinx+ boos x
- Tk
c&inx + o cos x

[} Wite g 5in x + boos x
o .
= A —ocsnx+d cos x)
[

e
e e
I and
]
Jenxrdms

+Bicsinx +d cos x)

(m) Obtain the values of A and B by
equating the cosefhicenis of sinx
and cos xon bath sides.

{m) Put the valus of a sinx + beos xin
the givan integral and ntagrate it.

jaEinx+ bu:ﬁx+nm [ Wrilsasinx + bcosx+ @G

DSNX+ gCoOs X+ r =A%Lpsi1x+qmax+r]

+Bpsinx+geoosx+r)+C

(=) Obotain the values of A 5 and C by
equating the coeficients of sinx
cog x and constant term.

(m) Putthevalueofasinx+ becos x+ ¢
in tha given integral and integrate t.

Integral Substitution
1 LEeR Divide numerator and denominator by
jx 1 faru:ll;nakaap-arfat:tsquareas
[H- l] in denaminator and substitute
X
PELITS
x
It the givan integral is of tha 1|:|'mj o i e R, then first
e+
. . ; ax 1 2dx
write the given integral as =_
jx4+ll.x2+1 2J‘x‘+lx2+1
j[x’+1} (8- 1401 I (xf + 1) ‘i‘—_f x =1 ok
s+l ) L B+ +1

further integrate easly.

j[ax+bmpx+q
J‘!a.x?+m+::}.,fpx+q
1

ox
Put pr+ g =-
j{px+q]uax=+ht+r.:] t

F'Lrtx=; and then put yJa + bt® =

Put px + g =t

j ol

e +|:.r|:|.|af + b

EXAMPLE |24] Evaluate |

1= Esmx
Eiar‘l-
- Use the substitution sin x = Ex' furthar put
" 141an® =
2
tan g =1 and then integrate i.
sol. Le:r-_[
1=3ginx
r Et:mi ]
-I— T Enx= ZI
Ztan— 14tan® =
1= x
1+ tan® =
z
a X
(1+ tan E] sect X
!I dx = 2 dx
3 * X X
um--ﬁ-tan-+1 tan” = =ftan=—+1
2 2 2 2

s.\ecgi- tan i-1=r5|!r_'ii!1+ I:a.uix
2 2 2 2
x
Mow, put tan;-:

1
= mE%ade- dt = sec® %dx = 2t



I!I 2dt -EI i
1t = b 1 =Bt eD+1=8

2 2
[nu:h:ling and subtracting (%] !(?] =% in dzmminntnr}

t dr
= 2-[l[:-?.]2 i 21&-3}*-[24’5]*

2xt_ o fi=3- z-.l'-

t—3-+

1 =
- el
=]
jL
A3 sin x +cos x
Sol Letl=| dx

Jﬁsinx+:mx

Nw,putﬁn reos Bandi = rsin @

Then, r!.\Ir{q.E}lz +1* !-J3+1-2

b1

and 6= tan™’ []IEJ'E

[ the type of integral I

[-—-f;‘f,,

EXAMPLE |25| Evaluate

——  puta=rcosh
asin x + boos x

and b = rsinf, where r = ya* + 5* and 8 = tan™ E]:|
a

dx

J=
'[Fl:ﬂsﬂ‘ii'l:l. x+#rsinfcos x

1 1
'F.[M'Ejf“”“ﬂ”* Lir=1

l%lug |l:n5£1:'[x + 8= cot{x + [-]J|+-L"

1 1=cos{x+#§)
2 sin(x +8)

) [I+E]
1
— +C
=3 o8 [ ] [He]
2s5in
['.'1-msﬂ!l:inzgandsinﬂ'-EsinEms.E
2 2 2

[J:-I-EI]

tan
2

=_log |t £+£]
& m[? 12

+C

+ C

-1|
2':"3

e [ .
L

dx
2

sin® x + b° cos® x

EXAMPLE |26| Evaluate | =

dx
3

a*sinx + b cos® x

Sol. Letf-_[

Om dividing numerator and denominator by cos® x, we

t
" ()
s X .."JI

J=
'[ a'sinxy Peosix
cos®x cos x
sectx
= dx
ja:l;su:l.:t:+l:rz j{ﬂtﬂ.l:l..‘l.’}zll-bz

MNow, put atan x =t

= asec’ xdr=di = sec’ .'vm‘.:rli
a
--[r bt
allenisc I —d -l E
a b b ¥ +a a a
-ita.u“£+l'_"
ab b
-Ltm'L[mmI]+C [ t = atan x]
ab b

EXAMPLE [27] Evaluate | w e
Sn X + 4008 X

asinx + beos x

©30 It ks an integration of the form I#
C sin x +d cos x

k. So,

wrile 4sin x + 5002 & =A%:5ﬂn X 4+ 4cos x)

4+ B{5sin x + 4c0s x)
Sol Letf-I4ﬂn x4+ 5008 x dx

S55in x 4+ 4 cos x

Mow, let 4 sin x + 5 cos x = A —{5sin x + 4 cos x)
* + Bi{5sin x + 4 cos x)
= A[5cos x =4 s5in x )+ B(55n x +4 cos x)
= 4sin x 4+ 5c08 ¥ =(54 +4B)cos x +(58 = 4A)5in x
Omn comparing the coefficients of sin x and cos x, we get
54 +4B=5and 58 =44 =4
Om solving these two equations, we get
9 40
A=—and B=—
41 41

{’—I::E-ms x=4gin x}+ % ]

(5sin x + 4 cos I}J dx
{5sin x + 4 cos x)

:-_[4‘

9 r5 =4 40
=2 [Scos x medx+— dx
41 5s5in x +4 cos x 41



Mow, put 5sin x +4 cos x =1
= (Scos x=4sinx)dy=dt
9 pdr 40

wl=2— | — 4 —x
417 ¢+ 41

a9 40
IE E|FI+HI+I_'_

lﬂx+1§ug|55inx+4:m x|+C
41 41

[ ¢ = 5sin x + 4 cos x]
. . x* -1
EXAMPLE |28| Evaluate |
¥ +x?+1
‘3 It is an integration of the form ]£
] P
divida numerator and denominator by x® and make a

_

2
perfect square as (x B l] in the danominator and then
X

substitute x F ==t

hl-ﬁ

(5]

Sof Let Inj%dﬁr
X +x" +1

{=—

]
= f—Jl—xn‘x
2 1
X +|+—z'
X

[dividing numerator and denominator by x?]
1 1
-— -—|dx
- | [ x”] dx= | [ x*]
[x’+L]+1 [x*+L+2)+1-2
x* x*

[adding and subtracting 2 from denominator]

_I[l‘rz]"*

2
1
(I+—) =1
X

N-urw.putx+1—-t::r [1-%]&'1- dif
X x

r=1

Pl

dt i
1'-.“2.12 -Eln-g +

. dx 1 X=a
[- jl'j - -Ehg

1
X+—=1 i

——|+c=clg

X+ —+1
x

]

+

X+a

X Hl-x

= I=3le riex

2

[

L.'!lx-l-%}

EXAMPLE |29] Evaluate |

o
(x—1)1/2x +3

; e

3 It s an intagral of tha fo s 1

J an integr. m-[—}.j—tax+b rrahada
.,|',r:u= +qg =I and then integrale it

Sol. Letf-j i
{x—1;32x+3
an,PuI Jl‘r+3:t

z
= Ired=it = x-r 2-3
Then, dxl{ﬂ-md!!rd!
tdt dt
Im =
I[:i -3 ] Ifi —f=2
—_—1er —_—
2 2
dt di
=7 = 3
jr*-s 'l-r“-{-«"g}2
1 t=J5
2x l +C
= 235 e E+EE
!- dx | Xr=d
. =]
xl=g® 2a x4a
.\||2.t+3-'i|rfr_

+C ['_'r--.|||2_1'+3]

1
= Ilug

EXAMPLE |30] Evaluate |

JEI + 3 -l-;.rr
&
J;'-.JI‘JI - Iz INCERT]

g Itlszunniagralﬂfthafurm_[ o , 80
¥ (0 + ) Y25 + b + €

put px4+g = Il and then intagrate il

Sﬂ[l.etf-.[ dx

X |!I'_'I.’-.'I.':i

an,Pqu-% = d_r--l—idt
I

[-L]dr

- I'I i _j = dt _j = gt
lJﬂ_i :=I|_:||_'a:-1 Jﬂt-l
rY¥r o root

{ar =1) 2
n-(-l—+1)
2
--—2{a!-1};+fn-31’ﬂ-l-1 +C [r-l]
a a x x

=2 la=x
[ —

d X

--I{ar-l}-;dr-- +

+




| TOPIC PRACTICE 2|

OBJECTIVE TYPE QUESTIONS

10x® + 1071 ﬁ:lﬂ
1 I[ T dx equal to

(a)10* —x™ 4+ C
(b)10* + x4+ C

() (0 — x4+ C
(d) log10¥ 4+ "+ C

1
z '[e’+£"i:

(a) tan~'e* 4 C

INCERT]

is equal to

INCERT]
(b) tan~'e~* + C
(c)log (e* —e %)+ C (d) log (g* +e~*)+ C
4

3 I{4xz+l,1 dx is equal to

[NCERT Exemplar]

fh}§{4+:—2]-&+c

(d) %[;lrr 4]_5 +€

(a) E[‘ + %]_5 +C

[c}$[1+4}'5+f
7v? —1
+ I -

X+X

dx is equal to

(a) log (x* + x)+ C rb}lug[i”]w

(©) 21 log [12 ‘ Lz] +C  (d) None of these
x

5 ILHJ: is equal to
(sin x+ cos x)*
@) — L+
5lNX 4+ CcOs X

[NCERT]
(b) log |sin x + cosx|+ C

1
(sinx + cos x)°

VERY SHORT ANSWER Tvpe Questions
Directions (Q. Nos. 6-17) Evaluate the following integrals.
6 I{ax + b)® dx

(c) log [sinx —cos x|+ C  (d) +C

|All India 2011]
b eyt [NCERT Exemplar]
2
8 .[ (logx)” .
X INCERT; All India 2011]

[— '
x{l+logx) [Delhi 2017C)

10
1

Icas‘lisinx]dr

_[sin" (cosx)dx

12 Ij_dr:?i X dy

13

_[ (14 cosx) ;
x+siny

4 Ism -der

15 _[sin (ax + B)cos (ax + bB)dx

cos2y

[Delhi 2014)

INCERT Exemplar]

[NCERT Exemplar]

[NCERT]

[NCERT]

SHORT ANSWER Tvpe | Questions

Directions (). Nos. 18-34) Evaluare the following
integrals.

18

19

20

pi |

22

23

24

26

27

28

29

133:_—11""

IJHTE

_:I

Is[m (2tan™ x) ;
{1+ x%)

_[sin xsin({cos x)dx

I{x +1)(x +log x)* dx

x
; =1 .4

Ifsm (tan™ x 1::1':!:
l+.tE

Icas’xe"’““"‘ix

!-Ecasx =3s%inx
Geos x + 45in x
cos 2y
I{sinx +cos x)*

sinx +cosx
oy
Icaszr + 25in” x

= dx
CO5" X

IEIFEffdx

|All India 2017C]

INCERT Exemplar]

INCERT]

[NCERT]

[NCERT]

INCERT]

INCERT]

INCERT]



CcOs X

] § —sin® I

3 _[ ﬂnircasbf

;E - cos? [2:'

32 '[_xj+-ix+3

3 '[E-Ex =xt

34 I;’_f--:x dx

|All India 2017C)

INCERT]

[Delhi 2017)

|All India 2017)

| Delhi 2017C)

SHORT ANSWER Type 11 Questions
Directions (. Nos. 35-64) Evaluate the following

integrals.

4 1/4
35 j“-'_f.‘i’ dx

36 I dx

x[f +3)

1
37 I_'ﬂ-f L dx

38 IM&_{

|

X
39 _[T_“ld:

sinxy = IC‘GSI
0 [T

x[x+ﬂnx]n

H

sinx-cosy

1=cosx

43

44 Itan“ l+cos x
l=cosx

45 .[ sin®x - cos® x

I
42 Iusx cnslr.
J

cos2y —cos 2o
—_————ix
COS X =COs0

dx

dx

1=2sin*xcos?x

&

SN X +cos X
46 !'— - -
sin” x-cos" X

47 _[ sin xsin 2xsin 3xdx

1-+x
48 _[ m;rix

&

dx

[NCERT]

|All India 2013

INCERT]

[NCERT Exemplar]

| Delhi 2016C)

[NCERT]

|All India 2013

INCERT]

INCERT Exemplar; Delhi 2014C]

| NCERT; Delhi 2012

INCERT]

49

50

51

52

53

54

55

56

57

58

59

60

61

62

63

64

2x-3
dx

'[11(1+4
_[ 1+xd‘x xzl

_[ dx

T-ag-o "¢

X+5
'[31'2 +13.!c-lﬂdx
II—” x
3x° +25x + 28
.[ X+ 3
x¥=2x-5
i@
J

x4 3x742

dx

_[ (3sinx = Zjcosxy

13=cos’x =Tsinx

.[ X+2 dx
11(2 +5x +6

_[ x+3

dx
]5--!.!“-.:2

_[ Bx + 7

dx
Jx-5(x-4)

.[ X+2

jdx -x “

.[ sin x
sin 3x
I dx
25in’x + Scos"x
[
l=cotx
2
Ix +1.r1‘_:
¥ 41

dx

INCERT Exemplar)

INCERT Exemplar]

[Delhi 2017C)

[Delhi 2017C)

INCERT Exemplar]

[Delhi 2017)

|All India 2014]

[Delhi 2017C)

|All India 2011]

INCERT Exemplar]

[Delhi 2011C)

LONG ANSWER Type Questions
|6 Marks|
Directions (Q. Nos. 65-T1) Evaluate the following
integrals.

ES_[

67 Icut"[

dx
(x + 11]:1 =1

I{ms X +cos4x) dr

1=2coz3x

INCERT Exemplar]

Jl+cos2y + fl-cosy i
Jl+cos2y - fl-cos2x



68 I-Jtanﬂ dx
69 I

cos* x +sinx

70 Ilqﬁut x + Jtan x]dx

7| 1

sin® x +sin®xeosty +cost x

1All India 2014

1All India 2014

JAll India 2014

| HINTS & SOLUTIONS |

L. (d) Hint Put x" +10° =1
=(10x" + 10" log, 10) dx = dt

_de= d_tl_I e dr

L. {a}H.intLetI-[ - )

+e” ot g LT TN
E=
Mow put ¢* = .
a
3. (d) Hint Let [ = e dx
'[{4: 2 1)t I = 1y
X [41-—:']
x
dx
._[—1 —
5
I(4+x—2]
1 =12
Nowput4 + — =t = ——dv=dt
X x
w1
+. fb}HthetJ-j 1d_r-j x*  x® gy
I + X 2 1
X =
X
EI—LE
= X_ dx
j 2+l

1 1
Now, put == [Ex-—E]d!dr
X x

5. {b}HjntLe:r-_[ cos 2x

{sin x + cos x)*

dx

2 .3 )
j::urs X = sin xdj-jms: sin x
{sinx + cos x)* SinX + cos X
Mow, put sin x + cos x =t ={cos ¥ = sin x) dv = dt

6. Lm-[{ﬂ+bfdx

Put ax + b= = ady = dr = dx -l::i‘r
a

calotbt
4:: 4-a
L M
4a

I-—Ir dr- +C [t=ax+h]

3ax

¥ Letl=
I * iyt
Now, put b* +c*x* =t = 2’ x dr=dt
dt
= yxdr=—7p

202
_j i —ln5|r|+t_‘
-%Iug]bz-l-c |+ C

-i;lung{b2 +cixt)y+ O [ B+ c*x® =]
2r

8 Letl= ]'ﬂ"EI}dr
MNow, putlogx!!:& —dx = dr
c‘.mu_—
3

_ I-jrin‘t-?+ [t =logx]

9. Hint Putl+ logx =r. [Ans. log |1+ logx| + C]
10, Letr !jfm'l{sinx}dx

- o5 [

- I[%—:]dx

!%Idx-dex -%x-%n‘."

[ cos ™' {cos @) =]

2
"
i1. Solve as Question 10. [am 7*" I?+ -':]

12, Let I-jﬁuLl:-dx
1=x

Now, put cos™ x =t

ﬁu-m = :h'_z.ir.-dr
1=x =X

= [r{-dt}- -j tdt

2 =1 -4
! + --{m"—'ﬂ+f' [ 1= rcos™" x]
2 2
3 I..e'tI-[ (14 cosx)
’ (x +sinx)

Mow, put x +siny =¢ = (1 + cos x)dr = dt
1
I'=|=dt = log|t]| + C
e =1toglt]
= log |x +sinx|+ C [t = x+sinx]

4. Let I -I sindx EI’I sin[.'!-{ix}]__r:
cos 2x cos 2x

= I de ['_' sin 2x = 2gin X = c0S x]

cos 2x

2o EJr+l:._--||:|:15 2x+C

= 2.[ sin2xdy ==



15. Hint Putsin{ax + b= r[ﬁu l;min‘tl{ax +b)+ -E']

3
16. Hint (i) Write the given integral as =z dx
N =

(i) Put x' = r and then use the formula

J-J-_x-m ’[ ]+-E‘ [Ans.l—sm"{x }+C‘}

i7. = dx = L d.
Let 1 I_J,g_ ix Iﬂkﬂz-{l’:}z

Now, put ¢” =t =3 ¢"dx=di

dt Y ; . =i
I= - — = +
j S}i_'.t Sl 3 ST [3}

I8 Le*t]'-[ﬁdx

Fut 32=x=t = = 2x dx = dt

=5 x dx --—zldr

1 pdt =1
Mow, J--EJI-?-E r+C

---JI'JT+C
—y3z+xt 4

19. Leu.l"ﬁ‘"‘z dxgj'qi::z.de
x x

1+ 3 1 1 1
-I :: ..—!.fr-'[ —z-+1.—5dj
X X x X

1
Now, putting 1+—2-J'i
x
=2 i
= —de=ltdt = ——de=tdt
x x

3
J'-j- tdi --'?+|‘_"

iz
1 1
=—{14— +
3 _1'2

20). HintPuttan™ x=1 thenl= [siJ:LEr dt.
[ - = 1
[ Zleos 2tan” x)] | ]
2
2l. Hint Put cos x =¢. [Ans. cos {cos x)+ ]

22, HJntFLlII+|DEIII=-[1+ )dr!d'r
x

{Am %{: +logx)* + l‘."}

24,

25.

27.

29,

30.

3.

Hint Put tan™ x* =t = l"lxﬂd_'l.'- dr
14+ x

[ |

I-A.ui -icns (tan=' x¥) + CJ

Hint o M1} o fix} therefore ¢ %" % = gin y and then
put cos x -I.[Am. -ims'x-l-[‘]

Hint Firstly, write the given integral as
l_I 2cos x = 3sinx
27 3cos X + 2sinx

and then put 3cos x + Zsinx =i

[ 1

lm%luglisinx+3cmx|+fj

Hint Firstly, write

cos 2x = cos® x —=sin® x = (cos x + sin x) {cos x —sin x)
and then putsinx + cos x =1t

[Ans. log |sinx + cos x|+ O]

Hint Use the formula, 1 + sin 2x = (cos x +sin x)*

[Ans. x + ]

cos 2x + 2sin® x

EMEI

L.et:-[ di

1-2sin® x + 2sin®
-I = Ig =T Tix [ cos 2x =1=2sin® x]
cos” x

-I ] ir-[ser:gxd:-tanx+l‘_"
cos” x
Lﬂ:-[z“’ 2" 2 dy

bl x
Mow, put 22 =t = 2% .2 -2 (log 2 dx =dt

3 J-[ —t+C
ﬂuszz {Iusz}

2

(log 2)

Hint Firstly, putsinx =1

[ .t SiDX 1

lA.n:..:u:L [E—J,;]-l-f'j

Lﬂl-l-sinixms 2x n‘x-J. sin 2x cos 2x
—cos® (2x) ;|| [:mz{zx}]z

Mow, put cos? (Ix)=1

= 205 (2x)[=sin{2x)] 2dy =dr

df
=% sin 2x-cos Exdbrl-T




321. Similar as Example 19.

Ans.l-l.m"' x+2 +C
2 2

33, Let :._[5 a‘f‘

'j dx
x T5=2gx=xt=i4) +{4)

-I d.t‘
Sele=[xt #{4)  +2:4-x

- dx - dx
-[21—[x+4}’i I{E}*-{xu}’

o1 J21 4 x 44
PN ETiad W e

izt

a=x 2a

+

d+ X

+._~]

id=x

¥t

dx dx
J= =
IJx*-u J..Jx*-z-z-xq-z*-z*

= loghx = 2) # f{x = 2 = 2|+ C
= loglx — 2) + | —4x]+ C

H'( _L]T"
fet=a” P D)

x

35. Letl=

[taking x'common from numerator]

cun 1 ifd 1 L
crfed)” e
lI X d_‘rlj I:- dx

Now, putl-L—lt=idetﬂ
¥ 4
X x
de 1 1
=5 —l—dfﬁ.ir-—.[fl"“ di
3 3

1 ',i-n’-l

o — E-

3 5/4

s

e
=l

[multiplying numerator and denominator by x*]

My

36, LIE‘I:III

xl{x + B) 2 +B}

Mow, put ' k=t

= Ixdr=dt = x° dx-%

Y R -
=8 3 s 3 et =4 —(4)
[adding and subtracting {4)* from denominator]

ilr dr
37t = 4) = (4)°
Lt . t-d-4|
3 24 =444
1o - + lo : +C
-— !_
71 BT T 48
[-r=x"+8
i i
mr-_[ fi"j dx
+1 1H
o (xt ) xzjlr,,(“%]}
x
1 1
.!’ ﬂ'—’f'j dx

1 e 1 i
Ii -IE (1 * _‘] Is[l * _l]
x X
df

1 4 1
MNow, utl-l-—lr:-—dx-dr:b—dx--—
F xt X X -+

1 r 1 K
= —dt==—|—|+C
-4.-|-r’-“ 4[1;4]
=aflex™ M e [-t=14x""]

Hint Write the given integral as

_[l- x_ -1
X+l xt w1

i
[A.u_& x— ;In:lnglx:i +1] + tan™ x +-L"]

X
mr-[mdx

Mo, pul:-u";-: = 2—}-&1- dt = dx = 24x dt
X

= dy = 2rdt
3 3
=2 ud:- _dr Iwm
t+1 r+1 t+1

[adding and subtracting 1 from numerator]

_zj{r+l]{:*-r+1}d:_zf 1 4
E+1 £+l

[-a* + B ={a+b)a®

—ab+ b))
1
2
-Ej[l‘ =rt+1)dt -Ej’mtﬂ'

*
-2[—-—+r-[ng|{t+1]|J+C

[HI"

~log|(+x +1]|]+c
[+t = fx]




0.

41.

42,

MI!Iﬁ"I-IEMI
x{x +sinx)

- Il{sjnx + x)={xcos x+x) dx
x{x+sinx)
14 cos x

dx = log|x| = [———dx

I-I-::nsx
- - frrees
X+ ginx

X 4 ginx

Put x +sinx =¢ = (1 + cos x}dx =dt

I = |ng|x|-j‘*_'. log| x| = log|1] + €

-lng +
=] ;_'I'C
X +sinx
m:-]’_—‘”a“xdt
SN X CO8 X
On multiplying numerator and dennminamrh}rdtanx,
we get
I’_I- ol tan 4 tanx

Jtnnx

= dx

s5in x -« cos IJ‘[EI.I!.I’

SN X-cos X

]- sin xfcos x _[
sinx-cmx-.lrtanx -.Irtanx
Mow, put tanx =1

= secixde=dt

p'e
U= — O
1/2

I= I T- It""ﬂdt =

+1

2" 4 = 2ftany + C [t =tanx]

Hint By using the formula, cos 2x = Jeos® x =1, given
integral reduces to

[ —{2c08® x = cos x = 1)dx
l=cosx

_j {EED\SI'PI]{I-E{ISI};JI

(1= cos x)
[Ans 2sinx + x +C1
14 cos x 2eos®
. Let I-Ita.n" dxl[ tan™" 2 dx
l=qcos x 2gint X

[ 2 ¥ l4cosx . 32X l=cosx
DT —= s =
2 2 2 z

= Itan"‘JcmTidx-I tan"-mtidx
._[m [m[---]:ix [ [_-ﬂ]-m:eJ
“J(5-3

[ tan™ (tan@) = §]

2
b1
L_-—I-IT+L_

X

£ !
sin” x =cos X di= j{{sm x)* =(cos* xf]
1= 2sin® x cos* x

1=2sin’x cos’x

- I'I{:in'x

cos* x)(sin® ¥ + cos* I}dr

1= 2sin’x cos® x

[-a* = b ={a=b)a+b)]

-{si.ntx = cos® x)(sin® x + cos® x}}
dx

- I-L {{sinzrf +{cmﬂx}il
1= 2sin® xeos®x

-{sinzx = cos? x)1 {{sin® x + cos® x)* 1

= 2sin® x-cos® x}
=]

dx

1—2sinx cos’x
[‘.'sinzr #cos’ x=1and a® + b =(a+ tr]:i = Zab)

]

-l--cnslt[l-ism X C08 _r]
1= 2sin" x cos” x

[-- cos 2x = cos® x = sin® x]

in 2
l—Icns Exdr!-mzx

+C

s5in I+E05‘k’

46. Let [ = j—.ir

Sin k’{'ﬂEiI

- = I{sm ) +{eos? x)* d

5!.I'!:E x EHEE E

j-[sm X+ Cos I} —3sin® x cos .:'{SIII. x+ cos® xldx

ﬂ.‘l:l.2 .'I.'-l:‘l:ltﬁ.:i X

["ﬂ + b0 =(a+ b =3abia+ b))

[{1] = 3sin® x cos” x

sin IEIJE!I

dx [ sin® x + cos® x=1]
cos® x

- - Jd': -3jldx

-[ e

|_sm x cos’x  s=in® xcos
:I{m x + cosec’ x]d.t-SJ-ldJc
!Im:ixdx+[:m2xdt-3.[ldx

=tan ¥ =cot x =3x +C




41.

48,

49, Letl=

Similar as Example 13.

Am.-EM4I N _ tos 2x+c‘
16 24 i

S

Mow, putting 1"; = cos [

Cos Bx

Lm:-_[

x=cos’t = dr=2cos H{=sin t)dt

;-j ! (= 2sin tcos t)dt
1+ cos

. r
2gin®—

r r
= I:—:‘:j -25in —cos —-cos ¢ df
2 2

2
2eos” —

l‘.'l-cuﬂ: xlﬂﬂn*%,1+tns x = Zros %}

I-EMEJ

and sin 2f = 2sin f cos

l--!.[sinti-cm tdt
2
1= t o
-—1Iium=:dt '_'ﬂ'ni—.-
2 2

== EI{cm t=cos”t)dr

.-g!'[m ,-m)d,
2

1
--Eﬂn]‘+!+?in2!‘+f‘

2

1
--Eﬂn:+!+3x25in!-fmr+f

--qul-::usﬂt 1 +%[2~£-msit-m5 )+
-2ﬁ|||-x+cm"ql';+-.f;.,||l-x +C

[ cos®t = x]

I—E—“'I-—I-l-ﬂm-l"ul';-l-qjx-xi +C
Zx =3 2x dx
dix = dx =3
I'\in+-1 Iqrx=+-1. j :.ixtl--i
Put x* 4 4 =t in first integral, then 2xdx = dr

dt dx =1 i
- I-II-jjm!I! de!-ﬂlm

iz
+C

=1 _—3log|x+
RE A

112
-2Jr_-3lng|x+.,|||x +4|+C
= 21|||x2 +4 -3|ug|x + -.||.1ct #4|+C [vr=xt +4]

x4

50, Him:-_[

dx

14 x
1=x

j {|+x]{|+x]|dx
(1= x)(1+ x)

-_[ e +I Jlj

Putl=x* = in second integral

[Ans. :.in'lzle-,lﬁ-:ft + ]
"“I'Iﬁx-uuﬂ )

MNow, putr-ul! = dx = 2t df

I_I 2t dt '.[ 2t dt
VB ) T By -
cx=1" wa

df i
gl ey :
- ZI ﬁwhemki =0 -
= Zgin™ [%] *C [ IE::_IE = sin"(fl}

= [L
-hin"{ i +C

f=o
[k -.Jlﬁ-u and [ = fx =]
52 Let 1= X2F gy
Ix® #13x =10
-I {x +5)
{x+5)(3x=2)

54.

= I—- =log |3x = 2|+ C
Similar as Question 52

H.ni%lug'}x 4|+ C

Similar as Example 22.

]

+r:J

(x*)F +3x% 42

.t'-—l-'ul'l!-r
x-|+I

- §
X =X

P |x? = 2x = 5|+ —=1lo
I > VoE T os

Hint {i} Write the given integral as I

(i) Put x® =1 then reduces to

t
- —r
zjt*+3{+2

above integral

P

in +1

(iii) Similar as Example 22 [A.ns. log + l'."]




(3sinx = 2)cos x

6. Letl= dx

13=cos’x=Tsinx

3si -2
’_[ {3sin x a ) cos x dx
13=(1=35in"x)=T7sinx
il =12
{ ulJc2 jcos x dr
124 s5n” x =Tsiny
Putsiny = = cosxdy =4t

Then, I = | B-2) dr=| 3=z

dr
12412 =Tt 12 =Tr+12

d
Let 3-!‘-2-..-1&—{:‘2 =Tt +12)+ B
I

= 3t=2=A(2t=T)+ B

= Jt=21=24t=TA+ B8

On equating the coefficient of f and constant term from
both sides. we get

3
2.4-3=A-Eand =TA+B==12

3
= =T =+ H==1
2
2 2 2

3 17
3r-2--{2.r-?}+?

-Ir -'i'r+12

?2"” 17/2

dt

t =Tr+12 Ir“-?rﬂﬂ
2t =T 17 1

[ td— |7/

. -'?J'+12 2 =Tr+12

=1, +1, i)

3 It =7
whml II. --Ij—d[
" =Tt +12

2

dt

dt

Putt® —Te+12=1, = (2t-7)dt=ds,

dt,
Then, I, == -—In L)+ C,
Ej' gl
3 2
-;hgl: =Tr#13 +

3
= ;Inglsinzx - Tsinx +12| + C,

17 1
and I = [ ———dt

29t et 412
17
-—[lug{r-ﬂ-hg{r-3ll

t=4
=3

17
- _|°E
F

-Elng siny =4

+
2 x

sinx =3

~. From Eq. (i), we get
j (3sinx = 2) cos x

13=cos’ x =T sinx

dx

siny =4

+C

5
(I+E]+1||x*+5x+& +c‘}
58. Similar as Example 23.
MLJS‘4I+Ii +5105|{J:-2}+,|I5--ix+xi|+f

549. Hint Firstly, write the given integral as
ox +7

dx and then similar as Example 23.
:,|.|x =9x + 20

{mﬁ,‘llx*-gn-zmyhg x—%]-l-,lﬁx-% -l— +c}

&i). Hint Firstly, put x + 2= Adi{-ir-xt}+ B and then
x
similar as Example 23.

[m-.,ﬁ:-:‘ +1sin"(";2)+c]
61. Hint F:i.r:r_lj,r write the given integral as
X drm I sin x dx 'I dx

3sinx = 4sin’ x

3 1
= =log |sin® x = 7 sin x + 12| + —log
2 2 siny =3

57. Similar as Example 23.

|
[A.us.. x* +5x+6-Elog

I sindx 3= 4sgin’x

divide numerator and denominator by cos® x
and then put tan x =
: c]

[m

- 1 - '-JEtanx
6l 5umlara:.Exampleiﬁ.[Am.TLanl[ ]+-I'."]
10 ;;

1
Cos X

'Jr-l-EtaJ:Lx
3 2 tan

A

63, Le*t]'-[ 1-1:11::_1:5: -I

Sin X

= —— ()
ﬂ.u.r-ms.x
Let sin x = Ad—{sin ¥ =cos x)+ Bisiny = cos x)
ks

= zsinx = Afcos x +sinx)+ B (sinx - cos x) -Aii)

On equating the coefficients of like terms
sin x and cos x from both sides, we get
A+ B=1 (i)

and A=B=0p v}

On adding Eqs. (iii) and (iv), we get 24 =1= A = lE
On putting the value of A in Eq. (iv), we get

1
—=H=0 =hB-1-
2 2



MNow, from Eqs (i) and (ii), we ge't

——{smx fmx}+—(mx-cn5 x)
I-j dx
Sin X = 008 X

—[:mx+5inx}+£|{5inx-cnsx}
=% I-Iz E dx
SN X = C0E X

dx

Icmx+5mxdx j-smx-::nsx
SN X = 008 X Sin X = cos x
Put sin x = cos x =t in first integral.

Then, (cos x + sin x) dx = ¢
I-lJ- |:i—r+lj-|:l';r !llngjl'|+1-x+l'."

-—Iuglsmx-fmx|+1—x+f
[ rlnnx-msx]
x +1
xd 4 hx? +1
S0, divide numerator and denum.umlnr by x* and make

6+. Hint It is an integration of the form [

a perfect square as (I ¥ —] in the denominator and

1
then substitute x F ==

x
Ans. [Mz -1}+ l‘_"]
65. Similar as Example 30. [Ans. x -i + C]
X

Ox
2005 —- 005 —
2y

.]' =
1= 2(2 cos® T-l]

66. mr-{cm5x+cns4x

1=2cos 3x

C+ I C=1IF
soos O+ oos D=2 cos + C0s
2 2
I aﬂdcmx!?cmg(—]-l
Qx x Qx x
2cos — . Ccos— CO5 =« COD5 —
=1=] L Ziv=-| 2 2
3--11:'n523Tx 4cos? ==3
x x
2e08 — - COS8 — - CO5 —
== : - 3-1'2 o
4 cos? = —3cos—
2
[mult!pl}rmg and dividing by cos —J
x ix
2008 — « COE — ¢+ OO —
- - ; L dx
::-us?r-[—;r
2

[~ cos 38 = 4 cos* @ = Jcos @]

3
!-J-E::ns —I'EM idx
2 2

o (o))

[ 2cos A cos B=cos (A + B)+ cos (A = B)]
=- J-{fm 2x + cos x) dx

sin 2x
-
2

1
+5inx]+C--Esin2x-sinx+C

67. Let I'j mt_,_[qfl+m52x+-4rl-cus Ex}ﬁ

GE.

1|'1+1:'mix - ;,Jrl-tns 2x

-] mt-L[sz *x + v2sin? x }’I

JEmsix -JEsiniJ:

1+ 2 1= 2
[-_-Emﬂx.$Mm=,.ﬂJ

2
'j r,[cmx +su:1x]n,x

COs5 X =51NX
1

1 -
— d.'[ ['.'mt Jx.un- L‘l
COS X +5inx l xJ
CO5 X —5inx
-It.a.u" CO8 X =8N X -
COS X + 8inx

cosX  Sinx 1

= [ tan™

-jtan" LS X 'E'-IJ\'SI v
COS XY SNX
+
COS X CO8X

[dividing numerator and denominator by cos x]

i

-[ i 1=tan x
1+ tanx
;o

n
tan?-ta.ux

n
1+ tan—-tan x
4
-I tan™ tan(E - x]]dx
i 4
[ tan{x = y) =

= G - x]dx [

m:-]’ tan @ 40

Now, put ftan 8 =t = tan@=1¢"

tan x — tan y
l+tanx tan y
tan"~ (tanf) = @]

Then, sec’®d8 =2 dt
= b= —a—dt = dt=—2 gt
sec @ {1+ tan” @) (141")



2 E
d"_l-{: + 1)+ (1" =1} dt

2 2
M E- B dt =
I {14+1t%) J-{1+r‘} t* &1

[adding and subtracting 1 from numerator]

2 o
1 it =1
- dr + dt
-[:'+l -llr‘-i-l
1 1
I -z
:I a‘r+I dt
2, 1 2 1
e — o —
t 1
1 1
1+ = 1==
-J' = .n!r+_[ L dr

1 1
Now, put t = —=yand f + —= v
I r

=4 [1+I—]dt-duand[1-I—]dE-dv
i? i

du dv
ety +Iv=-{ﬁf

. tan" - v--'E+L—
E 2 v+ 2
[ I -—I‘.a.u-lxand]
.t' +l] a d
=a
—ln
Ix-a = E_1r+r:|

- P -y
+ log | —L——|+C
JEJ 2z peladz

t
[ u-t-lnndv-r-i-lJ

12 =2 s
t +;2.|'+1

1

-ltan"t-l+ lo
2 FrE

+C

- i tan™" tan @ =1
E ;|-|2tan
|t.a.n'E'—..||2t.a.nlE‘+l|

|tanE+.f2 tan © +1|

[ J'-.|||tan 8]

1

S e

On dividing numerator and denominator by cos Y x, we
get

e[ s jwdx
1+ tan'x 1+ tan' x

2
= I-quﬁ' [ 14 tan® x = sec” x]
i+ tan” x

70.

7.

Now, put tan x =t = sec’x dx =dt

1+
[=
'[1+J'
Again, dividing munerator and denominator by 12, we get
1 1
14 = 1+ =
l=f—L —dt=[—L —a
z, 1 1y
I

[adding and subtracting 2 from denominator]
Again, putting = L o= [l + Lﬂ] df = du, we get
I t
du i -1 [ u ]
I= =] = tan &+ C
e A

[ [ (2]

1= [

I.B.n" T" +

1 N
== I-?EIB.I'I [75:—}"'!‘:
= [ === tan™’ b 1 + [
32- JEtanx -
Hi.ml'-I[-f:tr+ﬁxld_t-.[“ltmx{1+mtx:|d'x

= sec” x dr =2t dt

=>I-

|_'.'|.¢ = -I?

= tan x]

Mow, put tan x = it

= dtnird: =».F-J.[1+1:l 2 dt
14t i1+1%)
r ]
=5 J-EJ" +1d‘r
tt #1

Further, solve as Question &4.

i

2tan x

1
Huul.e:r-_[ - — d
ﬂ.'l:l. I+ﬂ|'l XCo8 X+ CoE X

On dividing numerator and denominator by cos*
get

X, we

I'j _[ {sec x}[ser.: x)
tan® ¥ + tan® x +1 tan® x + tan® x +1
an,puttanx-r=sec x dy = dt

[-sec® x=1+tan® x=1+ 1]

141

Im I—zd': [-
Y |

Further, solve as Example 28.

1 tan® x =1
Ans [ = tan™’ Sl +C
&5 tan x

t=tan x]



| TOPIC 3|

Integration by Partial Fractions

[
X

Plx) and Qx) are polynomials in x and Q(x) # 0, also

Q(x) has only linear and quadratic factors is given to us, if

we cannot integrate it directly or by previous methods,

then we use the partial fractions.

Sometimes, an integral of the form dx, where

For this, firstly we have to know partial fraction
decomposition which is given below

PARTIAL FRACTION
DECOMPOSITION
P(x)

It is always possible to write the integrand of the form .

Yy

where Plx), Q(x) are polynomials in x and Q{x)#0 as a
sum of simpler rational functions by a2 method which s

known as partial fraction decomposition. Each such
fraction is called a partial fraction and it have a simplest

factor of Q(x). In this method, we use the following steps
Ll
QL)
where Mx) and Q(x) are polynomials in x and
(x)#0. Then, firstly check that it is a proper
fraction or improper fraction.

1L lf;x:; is a proper fraction, then we go to next step
x

P
directly. ]F% is an improper fraction, then we

divide P(x) by Q(x). so that % is expressed in the

form of T (x)+ ——, where T(x) is a polynomial in
E}+Q|:} (x) is a polyn

Alx) . : .
15 a rational funcrion.
0w proper rat ct

[II. Now, the decompaosition of proper fraction

[. Suppose the given integral is in the form

xa.m:l

Pix) or
Q(x)

into the partial fractions depends mainly upon

Iy (x)

Qlx)
the nature of the factors of Q(x).

According to nature of factors of Q(x), corresponding form
of the partial fraction is given below.
S.Mo. f““r:“ﬁﬂ“‘“'ﬂm Form of the partial fraction
1. .m—ﬂ_ = i+i
[x+a){xt b) xxa xzbh
pEEg A + B
2 (xt af (x+a) (x+af
PR A ,_B ,_C
+ (x+ a)(x+ b) [x+c) (x+a) (xxb) (xic)
A A, B, _C
Y Eakzor (xta) (xxb) (xxb)
px:tm'tr .l".l + B + ':
5 Ktaf(xtb) (x+a) [(x+af (x=b)
o £ et A B c
b {x+a) {Iiﬂ]+|:x:l:a}=+[x:|:a]3
_pltgir A_, _BuiC
;  xtal@ tbxtc) (xta) ithatec
° 'M'IEHEI,IE:I:b.!E:I:E{EITI:ItEI
{actonsed furthar.
Using the above form of rational function, write
P B
ﬂur i (x) in suitable form of partial fraction and
Qlx)  Qlx)
assume it Eq. (i).
IV. Now, multiply both sides of Eq. (i) by Qix) and

assume this as Eg. (11, then for ﬁ.ndin.g the values of
constants A, B, C, e, we use the Fu“l:win.g two
methods

Method 1 Conmns factor of the form (x# &),
(x% E), (x %), then put (x+ a), (x £ 5), (x * ) equal
to zero to find values of x and then put these values
of x in Eq. (i) to get the required values of A, B, C,
ehc.

Method 2 Simplify LHS of Eq. (ii) to convert it
into a polynomial in x and then equate coefficients
of x}.xz.x and constant terms from both sides to
get equations in A B C, ... ete. On ml\ling these
equations, we get values of A, Band .



V. Mow, put the values of A, B,C,... etc, in Eq. (i) and
get the required partial fraction form.

Mote A function of the form ﬂ::l where f{x) and g(x) are
pohymomials in x and g(x) = 0i= called a rational function.

If degree of fi{x) < degres of g(x) tfﬂn% is called
)

proper rational function. If degres of fix) = degree of gix),
ﬂ#} iz called an improper rational function.

k| 2
EXAMPLE |1|Resnlve" —ox * 102 into
x —5x+6

partial
fractions.
Sol Here, degree of numerator > degree of denominator.
5o, it is an improper fraction.
Mow, divide numerator by denominator, we get
(= x +4)

2 =fxt +10x =2
xl =By 4g

=(x=1)+ i)

X =5x +6
-t 4 - -4
x =5x+6 (x=2){x-3)

Mow,

[-x'=Sxdbmy’ mdy =iy +bmix=2)xr=1)
-k A B
So, let — > = + _Aii)

i =Ex+s x=2 x=3
[from fraction table, it is of the form 1]
= =yx+dmA({xr=3)+B{x=2) ~{iii}

[multiplying both sides by x* = 5x + 6]

On putting x = 3=, i.e. x =3 in Eq. (iii), we get
=344 = A0+ B3=2) = Be=i
Again, putting x = 2 =0, i.e. x = 2in Eq. (iii), we get
-24dmA(2=3)+ B{0) = A==2
Mow, putting the values of A and Bin Eq. (ii), we get
-x+4 -2
= +

xi=Sx4s x=2 x=3
3 r ]
H 1:"E‘Jc :u* + 10x 2- 1= 2 N 1
X =5x+6 x=2 x=3
[from Eq. (i)]

Method of Solving Integral
by Partial Fractions
PI:x}

QUPPDSE gll"l!l'.l. 1n I.'CSIEJ. 15 Df IJ.'IE fDIlT.I.‘[ i‘[.. 'W'J.'IC‘IE I"{I}

and Q(x) are polynomials in x and Q[x} #0. Then, to
evaluate such integrals by partial fraction, we firstly take the

P(x)

(x
fraction form by above method and then integrate each
term by using suitable method to ger the required answer.

given integrand and decompose it into suitable partial

X

P —— dx.

_ (x =17 (x +2) [NCERT]
57 Fiestly, write the given integrand into partial fraction form
* and then Inlagrata

sol. Letr-j'

EXAMPLE |2| Evaluate J‘

(x -1}={x +2)

Here, integrand is a proper rational funetion.
So, by using the form of partial fraction, we write

X A B c .
{x-1}*{:+2}-{1._|] +'[r-1}= +I{r+ 2) )
x -A{I—l}{x+2]+ﬂr+2}+f{x_|]2

=
(x=1){x+2) (x=1)"{x+2)
= x= Alx=1)x+2) & Blx+ 2+ C{x=1)" __Aii)
On putting x =1 in Eq. (ii), we get
1= A{1=1H1+ 2) + B{l + 2} + C{1=1}
=5 1=38 = B=113
Om putting x = =2 in Eq. (i), we get
-2 A =Zml){=2 % 2) # B{=2+ 2) 4 Cf=2=1)"

-2
= =m0t e W == C-?

On putting x =0 in Eq. (ii), we get
0= A{0=1){0+2) + B0+ 2) + C0=1)

= Om—=2442B+C
= pm-za+2.2=2 [ pal ca22]
39 |73 9
= om-2442-2
3 9
= E}-—EA-F&;Z
9
= A=A = A=2/9
Mow, putting the values of A, Band Cin Eq. (i), we get
x __zm 1/3 | =2/9
(x=1F{x+2) (x=1) (x=1 (x+2)

x
s | ——
! I{x-1}’{x+z} *

_I x=1 _I{r—lj _Ix+2
-;hg|x-1|+_j{x-1r*dx-Elug|x+z|+c

1 (x= ™
(=1)

-—In x+2+C
T g|x+2

2
=l +
= ~log|x =1

NE

—;Iug|x+2|+l'."

1“ 1

-

x+2|] Ix=1)
[.. m |
1_. logm—logn-hE:J



EXAMPLE |3| Evaluate J'—dx
(¢ + ) (x-1
[NCERT; All India 2015C]
Sol Let! J—dx
(x® #1){x=1)
) x .F'{.t}
Here, =
& e G o)
where, degree of F{x)is less than degree of O{x), so it is
a proper fraction.
Now, let a - A BxtC i)
(x* +1){x=1) (x=1) x* +1

Omn multiplying both sides of Eq. (i) by{xi 4 1)(x =1,
we get
x=A(x? +1)+(Bx + C){x =1) _{ii)
Om putting x =1 in Eq. (i), we get
1= Al +1)+(B+C)0) = I-EA:&A-IE

Om equating the coefficients of x? and x from both sides
of Eq. (i}, we get
0=A+H and i==H+C

= ll-l+B==rB-—l [A-li|
2 2 2
and 1-—[—l]+f=;f-1—l--£-
2 2 2
From Eq. (i), we get
1 1
x 1 ot
< = + - (i}
(x" +1){x=1) Z{x=1) x +1

Mow, putting partial fraction form of integrand from
Eq. (iii) in given integral. we get

{—:-l-l}
J--l-z{x-n _-[ ¥ #l
'—1°E|"1|+‘{'J.xzx+1Kgd"",lxglﬂdx}
ST

i 1 i -
-Elnungl.vc—ﬂ—4—||:|[e;|.1r2 +1|+Eta.n 'x#C

‘_thmj

EXAMPLE |4 ﬁndJ'

x4+

2C05 X

{1—sin =) (2 —cos® x)
JAll India 2019]

dr._[-d:.lngpplugp +1] J

Zeoos x

Sol. Lel:.F-I

{1 =sin x){2=cos®x)

'I 2cos X
{1 =sin x) {1 + sin® x)

Putsin x = = cos xdx =df
2

Ie| ——
-r{1-r]u[1+r*]
Mo, et 2 A Bt+C
=t i+t*) 1=t 14¢°
= 2m AL+ %)+ (Bt # C)1=1) i)

Putting t=1in Eq. (i}, we get
2ml2q = A=]
Futting ¢t =0 in Eq. (i}, we get
2mA+C=2mli+C=Cml
Putting ¢ = =1in Eq. (i}, we get
2m2A +(=B+C)(2) = 2=2=28+12

=3 2Pm2=Bmi
1 [ |
Sl —dr+_[ df
L=t l+r2
= l—d.r J d'r+.[ dr
1=t 14t 141

--hg{l-:}+Elng|{l + )+ tan™ r + O

= I-ng{1-sjnx}+lzlng{1+sin*x}+ tan™(sin x)+ C

+1}{x +2) dx.
(3% +3) (x* + &)
Kol Firstly, convert it into simple form by putting e,
{x=+1}{xi+2}_{r+1}{:+2}_
(x® 3 (x" +4)  (E+3)(t +4)

EXAMPLE |5] Emuatej

. ) T
LE. write

e T 12

Mow, degree of numerator and denominator is same, so
4t + 10

it can be written a5l = ———
I° +Tt+12

[dividing numerator by denominator)

it w=1)(xt +2) oy l41410)
(x* +3)(x? +4) #7412
4 r+10
Lk i)
(t+3)t+4)

[t + Tt +12= 1" +4r +30 +12 = (1 +3) (1 + 4)]

Now, consider 4 +14 = A * B

(t+4){t+3) (r+4) (r+3)
. 4t + 10 _A{r+3]+£{_r+1]n
{t+3)(t +4) (t+4)(t+3)

= 4 +10= At +34 + Bt +48
= 4f+10=¢ (A + E)+ (34 +4B)



Omn comparing the coefficients of r and constant term 3 ]fI §in x dx = f (x) +C, then f(x)is

from both sides, we get cos x (1 + cos x)
= 3A+368=12 [multiplying both sides by 3] .{n} | + o08 ¥ cos ¥
and 34 +4B=10 i) (a) log (b) log
COs X 1+ cosx
Omn subtracting Eq. (iii} from Eq. (ii), we get . .
=-fm? = Bm=? (c) |ng 5111-1 (d) |ngl+_5mI
1+ simx s5in X

Then, from Eq. {iii). we get
A+ 4(=2)=10 = 34 =18 = A=p
4 +10 - & 2

SHORT ANSWER Type 1l Questions

(t+4)(t+3) t+4 t+3 Directions (Q. Mos. 4-19) Evaluate the following
integrals.

Om putting this value in Eq. (i), we get

, 2eos x
(x® +1)(x? +2) 6 2 4 Find - - ]
( +3}{x=+-1}-l-|:l'+-1 - :+3] I“'““"“"““‘ [CBSE 2018|
O O L.
(x* +4) (x*+3))] (I+e)2+e%) [NCERT]

Mow, given integral, 6 Ty -
f-_[ndx-f[ EE' —-— : i]dx ‘[Uf +1)(x" +3) [NCERT; Delhi 2011]
x4 2 x +[£] 7 J‘Egm# Neosd dé
-x-a[i—tm"ﬁ]u[l tan™ J‘]+r: 5-cos 0-4sine INCERT; Delhi 2016, 2013C]
2 2 B 7 g
[I 1 el {] 5 Jm [Dehi 2015
at +xt a a
9 | (zr—1 x
= x =3tan™ %1-%:3:1" :’,‘;w :x-miﬂ;ux-a: [NCERT Exemplar]
0 [—
| TOPIC PRACTICE 3 | e ——
2x
: : . : l | ———
OBJECTIVE TYPE QUESTIONS = u oIrar et 2017
1 J;d_: equals 12 _[
fx=1 EI_E; ’ INCERT) l-IJ[lel INCERT; Delhi 2012
(x=1 (x =2
(a) log - #C (b) log ~ +C 3 J: . ul:.., 4}"-11
xr#l{x”+ Delhi 2017
- (d) log I(x -1) (x = 2)| + € dx | |
-2 R i ‘lx'[?ﬂi |All India 2013]
a
2 4 equals . -
‘lxl[rz-i-ll a INCERT]
(a) qu_l.rl—%lng{.:!+1}+ﬂ ] JET
SESLE LS
[b}lng|x|411ug{x2+1}+c (" + D (x+32) [All India 2019, 2016, 2015]
2 + "
[c}—lugl_t|+%lug[12+l}+ﬂ ‘ltx—ll (x2+1) [Delhi2017C)
18 (—x'
[d};—lug|.:|+lug[_l:z+]]|+{‘ Jnx_mxzﬂ} NCERT)



LONG ANSWER Tyvpe Question
19 cosd 40
j (4 +sin’8) (5= 4.:.:52&1

20 Ewvaluate _[ 1—rd.zlr

(X" +4){x"+9)

|All India 2017]

[Delhi 2013

I HINTS & SOLUTIONS

i. x - A B
{h}mtx—l}[x—i} (x=1) +I{I—2]

=% xm Ay =2+ Bx=1)
Putting y =], weget A m=1]
and putting x = 2 we get 5= 2

X -1 dx
Thus'-[{x-l}{x-zj--[quﬂE-rx-z

== log|x =1 % Zlog |x = 2|+ C

- 2
x=1
y {a}ut;-i+ﬁx+c
xi+1) x xPad
= 1= A{x® +1)+ (Bx + C)x
= A+ B=0 C=0and A =1

On solving these equations, we get
A=] B==land C =0

1 1 -x
+

-
xP+1) x x* 1

1 1 x
s[———dr=[]—= dx
Ix{xi+1} I[x '+l }
-hglx]—'ilug{x2+1}+f_"
3. {a}Letf-j' ik

cos x (1 + cos x)
Put cos x = f = —sinx dy = df
“.[ —dr__ [1_ 1]

— |t
HI+1) t r+1J

cosx +1

= = [log |f| = log |t +1|] + C = log +C

COs X

4. Letl -J- 2cos X
{1 =sinx )1 +sin® x)

Put sin x = r, then cmxd_t- dr

I-I

1—EH_1+I]|

2 A Bt +C
—_—
(I=t)1+t") 1=t 14f
= el ) A+ (1=t Bt + )

Mow, let

= 2o+t )A + (Bt +C = Bt* =(1)
= 2= A=B)4t(B=Ch+(A+C)
On comparing the coefficients of like powers of §. we
get
A=B=t B=C=0and A+ =2

=5 A= B=Cand A+ C =2
=5 A=f={=]

2 1 1+t

= 1

(=1 +e) 1=t 14¢°
Mow, from Eq. (i), we get

1+t
I-‘[[l—f l+r]dt I I 1#1° s I1+:

f:'li}d +tan” :+—Ing f+t?|+C

-Elug|l+si11 x|=log |1 =sin x | + tan™ {sin x) + C

'-.||1+ﬂn x

l=sinx

[ logm = ann-la{ ]dndnlugm-lugm:l
n

5. Hint Substitute e = t and ¢* dx = dt, then given integral

[ ¢ =sin x]

= tan ™ (sin x) + log +

reduces to Further, use partial fractions

+r:}

6. Hint Firstly, put x* = = 2xdx = dt and then

di 1
= | ———| Ans. =] o
I{r+1][r+3}[ EDE * ]

7. Hint (i) Write the given integral as IM
sin” g=4sing +4

.r dr
[+ e){2+1)

1+e
24e"

and then integrate. |:Ans log

xi#1
Xt 43

{ii} On substituting sin ¢| = { and cos & db = dt, then above
=2
(r=2)"

{iii) Now, use partial fraction and then integrate.

d +.:]
= gin i
dx dx
-]

sin x +sin 2x

integral reduces tuj

|:An5. 3log |2 =sin :t||+2

8. Le’l:I-J

sin x4 25N X C08 X
[ sin 2x = 2sin x cos x]
-.r dx -I sin x dy
sin x{i+ Zcos x) 7 sin® x (i + Zcos x)

[multiplying numerator and denominator by sin x]
'_[ sin x dx
(1= cos? x}({1+ 2 cos x)




10.

Now, put cos x = =5 =ginx dr = dt =ssin x dy = = dt

=i =t
= = i
I{l-r’}{nzrj I{l-:]-[l+r]{1+ 2t) &)

Now, let

1 A B [
= —
(=r)i+r){i+2t) 1=t 14t 142t
= 1=m{i+){(1+2t) A+{1=t){1+2t)B

(1=t +eyC i)
On putting ¢t = =1 in Eq. (iii), we get

i)

1=(2Z)(=1) B ==-B-—IE

On putting ¢ =1 in Eq. {iii}, we get
1=23)A4 = A=l

b

On putting f = -% in Eq. (iii), we get

1= 1+l I—l— C=s 1= E—xl— =:-C'-i
2 2 2 2 3

£ d:]
14+ 2t

[using Eqs. (i) and (ii}]

(1 ¢ di [1] dr 4 d:}
R e
l671=t L 2] 1+ 371421

o= - _[—a‘ T+ —dr+
1=t 1+¢

(1 log|i =t 1 4 log|i+ 2t
=-| - =-=logl+1]|+ +C
&6 =1 2 2

1 1
==logli=t]+=1Io 1+r-—ln 14 X|+C
" gli=1 . gl+e 3 gl |

1 1
=—log |l = cos J:|+E|ng|1+ cos x|

&

2
—;Ing|1+2msx|+f [t = cos x]
ZIx =1 A B [
= + +

(x=1}x+2)x=3) x+2 x=3

e

Hint

x=1
=13
(x=1)"" (x4 2)"7

Let ’I e'dx
(e® =1 (" + 2)

Pute* =r = e dr=dt

dt
I | —
I{r-l}’{r+2}
1 A B C
= + +
(=172 (=1} {r=1F (r+2)
= 1m At =1){t +2) + Bt + )+ C (t =1)*
= 1mA(r 4+t =2+ Bt + 2+ Ot =2 +1)
= 1= A+C)+HA+B=2)=244+2B+C
t and the constant

Mow, let

On comparing the coefficient of +°,
term from the both sides, we get
A+C=0A+B=2C=0 and =24 + 2B+ C =1

1.

1%

[.ﬁns. log|x® +1] = log| x* + 2 + =

=% A==, -{i)
A+ B=2C i)
and —=24+2B+C=1 i)
On substituting A = = in Eqs. (i) and (iii), we get
=4 Bm 3 = B=3C Ay
and 2C + 2B+ C =l
=% 2+ IO+ C =1 [from Eq. {iv)]
== O =] = O -l
9

Wow, from Eqs. (i) and (iv), we get

A--—I.B-I—
9 3

1 1 1 1 1
Now, [=||= -
o I{ 9{:-1J+3{r-1}’+9{r+2]J ‘

i i dr
----[r-i I{,_“ +9'-[r+z

-—Ig—lnglr—l|+%~%+1;luglf +2|+C
'%hgﬁ_%"{r;ff
= Liog|€ +2| 11

9 " |et=1] 3(e* - [putting t = %]

Solve as Question 10.

1
+L
‘42 ]
-
(1= xH1+x*)
Decompose the rational function into partial fraction.

Let I = |

Bx +C
1+ xt

2 A
-
(1=x}i+x") 1=x
2
. 2 _A{1+x J4(Bx + C)1=x)
(1= x W1+ x7) (1= xh1+x")
= 2= A1+ x") +{Bx + O}l = x) i)
On putting x =1 in Eq. (i}, we get
2mA(l+1)+0 = 2A=2= A =]
On putting x =0 in Eq. (i}, we get
2m A +0)#(0+ CHl=0)=> 2= A+ 4}
On putting the value of A in Eq. (i), we get
2misC= Cwmi
Mow, putting x = =1 in Eq. (i), we get
2m Al 1)+ (=B + CH1+1)
= 2m2A=28+2C (i)
On putting the values of A and C in Eq. (iii). we get
2m}=3R+2 = Bmi
2 1
L]
(1= x )1+ x")

Let

l:x +1
14 x°

l=x



14. Lm.j

2 1 x+1
o I-I{l—x}{l-l-xi}dx-'l.[l—x * Jc2-|-1}]Er

- 1 Ie + I;Idx
l=x x +1

= dx # | =——
'[l-x x4 'rx el
Put 1+ x° =t in second integral, then

Iy demdt = xd'rld—r

dx
I-'[1- '[ 1

= = log|1 = x| +Ehglrl+ tan™ x + C

1
+Ehgll x| #tan™ x+ C

e

13. Solve as Question 12,

2
[M& llﬂ-g[:u'i+1|—l lI|:|B:|_1:2+-i|—l'caanl:" z +C'-|
| 5|2 2 2 |

dx
i=]
ox#10xt =x+1)
[--a® + b = (a+B)a® + b =ab)]
Decompose the rational function into partial fraction.
Again, let

xx? -|-1}

1 A B Cx+ D
+

—2-—.+ z_
Mrx+lx"=x+1}) x x41 x"=x+1
= 1= A{x+1x" =x+1)+ Bl x® = x +1)
#(Cx + Dyx{x +1)
= l=mdAlxr’ = +r+r’=x+i)+ Bx=x"+x)
+(Cx + D) x? + x)

= 1=A{x*+1)+ B =x"+x)

+(Cc* + De® +0x® + D)
=l=(A+B+ O +(=B+ D+ Ol #(B+D)x+ A
On comparing the coefficients of different powers of x
from both sides, we get

A+B+C=0 i)
—B+D+C=0 i)
B+D=0 i)
and A=1 v}
From Egs. (ii) and (iii), we get
C=2B=0 ¥}
From Eqs. (i) and {iv), we get
B+C == i)

From Eqs. (v} and (vi). we get

1 2 1
Bme=—and C=2=e—=D=- i
= ; = 3 -3 [using Eq. {iii}]
2x+1
MNow, I-IL-IL- ! +—3 3 | e
x{x* +1) ¥ Yx#l) xP=x+1

i i 1=2x
=. —
'[ x+1 3-'[.1"!—:+1
= I-lnglxl-—lug|x+1|-—jx—-1d'x
X =yl

Mow, put f=x fmx#l=sdt=(2x=1)dx

1= log| - Slog |x-+1 - 3 =
= log |f = ;log |x +1| - Zlog ||+ C

= Ing|x|-%hg|x+1|—;—103|xt-x+l|+f
[put s = xt=x 1]
= Ing|x|—%lu-g|{x+l]{xi —x+1)|+C
[~ logm + logn = log mn]
= Ing|x|-%lng Ix* 1+ C

= o - PP i =lo LH‘."
g | x] = log| | Elxgﬂlm

r"lu m=logn=lo ﬂ-l
| gm = log EnJ

15. Hint (i) Firstly, write the given integral as
ax

I{x-l]{x+1}{x*+1}
(ii) Let 1 - A B Cx+D
{x-l}{x+1}{xi+l} r=1 x4+l x° 41

1 =i
- =-—tan  x+
[ log x+1| 2 ]
i6. m:-] Lﬂ'l
(x* #1)x+2)

Using partial fraction method, we get
x4 x 1 A Bx+C
= +
(x +i)xe2) x+2 x%4i
= e xel=A(x" 1)+ (Br+ O){x +2)

i)

= Cardimxi(A+ B +x(2E+C)+(A+H0)

On comparing the coefficients of x°, x and constant
terms from both sides, we get

A+B=1 - Aii)
2B+ =] (i}
and A+2C =1 Aiv)
On substituting the value of B from Eq. (i} in Eq. {iii),
we get
(1= A+ Cm1=22=24 4 C=1
=% ZA=(C=1 AV

Now, solving Eqs. (iv) and (v}, we get
= l and A4 = E
5 5
On putting the value of A in Eq. (ii). we get
2

BII-E-—



Thus, from Eq. (i), we get

e x+l 3101 1 (2x +1)
|- =
{x’+1]{x+2] 5 (x+2) 5 x'+1
{2x +1)
= [m dx
Ix+2 '[x +1

_Ix-i-ﬂ _j

=

x+1 x 1

= log|x + 2]+ Llog|x® +1+ L tan™ x + €
5°3| | . gl I S

J :Lt - -I-Lsu:l."[x]-i-f

X +a a i
(x)
ﬂﬂde;{—x}dx = log| f(x)|+C

17. Solve as Question 16.

1 1 1
[Ans. Elnglx—l]-l-:lng]xi +1] +Et.m" x-l-ll'_"]

18. Hint Firstly, write the given integral az

j[{x +1]+[m]]dx

-I{x+l]dx +j—{x_1}{x por

and then solve as Question 12

|

19. Let I=]
=
=
=

x
1 1 1
lﬁm.xT-l-x+Elog|x-I|—Tlug |:u'i -I-1|—Etan"x+ll'_"]

_ cos @ _ &
(4 +sin"B)(5=4 cos"8)
cosB
{4 +sin 8)[5=4{1 = sin*A)]
cosH
{4 +sin®0)(5=4 + 4sin”8)
cosf
{4 +sin*B){1 + 4sin*@)

Putsinth =r = cosf af = dr

dr
Then, JI=[—m0— i)
I{4+:’}{|+4r2]
1 A B
Again, let = * . 1]
A+ 1 +4r%) 4+1% 1440’
[by partial fraction]
A B 1
Atteml, S 4==——= 4 +4B=1 i)
4 1 4=1
at = 2s Bl L sassEmn Aiv)
5 5 5

On solving Eqs. (iii) and (iv], we get

A-—Lmdﬂ-i
15

On putting A = —% and B = % in Eq. (i), we get

1 4

. — =
- —= 152_'_ 152
(44t )(1+4r7) 441" 144t

1 -1 4
- +
(44 )1+ 4r2) 15(4+1¥) 15(1+41%)
On integrating both sides w.r.t r, we get

I 1 dr-__l 1 4r+i ! dr
04+ )0+ 4ty 157 g4 157 1441t
-1 1.[ "
l5 2 pp? 15m4

- d
1
= +¢*
2
--—l-l-l.a "'+L Lu_u" !

15 2 2 15- 142 142

+C

-1 X -l
1_ Ix e -—tan :+EJ
-1 -.ﬂnﬂ' 2

= —tan™ —— ¢+ —tan™" 2sinf +C
30 z 15 [put r = sinf]
2 2
l.E'tI-I JEI ':-1+9:!4 'J‘d,
(x® +4}x* +9] (x"+4}x~ +9)

[adding and subtracting 4 and 9 from numerator]

1 tadq 1 249
_,[ 2 - ) dr-i-—] 2 - 2 b
29 x" w4 N x" +9) 27 (x" #4)x" +9)

-I—Ide
27 (% 4 x? +9)

1 1 13 dx
_Ix +9 2'[.1' +4 'l{::.*2 +4)(x* +9)

ii -l[x] ii _,[x]
=——tan™ | = |+——tan™' | —
23 3 22 2
1L,
{x +-i.] {x +)
[ I = l—tan" £i|
s +a® a a
- lmn-d [£]+ltan"[£] —E.l an"[i]
[ 3 4 2 0 2 2
+21 n'l[£]+l'."
103 3

i _l[x] i -.[x] i3 _,[x]
=~tan™'| = [+=tan™'| = |- —tan™| =
6 3l 4 2] 20 2
mtan” | )14 B lhan | Z) 1B ie
3 fle 30 4 20




| TOPIC 4|
Integration by Parts

Let u and v be two differentiable functions of a single
variable x, then the integral of the product of these two
functions
= Ist function X Integral of the lInd hunction
- lntcgral of [Denvatives of Ist funcrion
* Inti:gral of the [Ind function]

ie. [ ..I-I::.ﬁqj'yir—j’(%(u}j’“fx]dx

If in the product, two funcrions are of different types, then
take that function as first function (i.e. i) which comes first
in word [LATE, where

I : Inverse trigonometric function. e.g. sin e
L : Logarithmic funcrion. e.g. log x

A .Pl.lgcbmic function. eg 1, x, x?

T : Trj.gcmumctrtl: funcrion. B SN X, COSX

E : Exponential function. e.g. "

Mote

{iy ¥ the integrand contsine a2 logarithmic or am  inverse
trigonometric function and the s=cond funciion is not given, we
take sacond function 2= 1. e.g. In the integral of J'ﬁin’1 xbe, wa

take second function as unity {i.e. 1).
{ii) Integration by paris is not applicable in all cases. For instancs,
the method dioes mot work for Iﬂmnxm- The reason iz that

there does not exist amy function whoss derivative is Jxeinx

Method to Find Integration by Parts
Let the given integration is of the form f = ju - v, where
u and v are the functions of x. Then, to evaluate such
int:gra]s. wee use the ﬁ:“uwing steps

L. Firstly, choose the Ist and [Ind functions with the
help of ILATE, i.e. take that funcrion as | function

which comes Ist in ILATE and take other function as

lnd funcrion.
II. Now, integrate by using integration by parts, i.c.
o
[ de=u vir—I[I{u}Ivdx]ix
I Imcegral

I Iaegral
III. From step I, we get one of the three possible cases
(1) If llnd intfgra] is in simple form, then integrate it
by using appropriate method.

(11) If lInd int:gral is the product of two functions,
then again use Steps [ and 1L

(1) If lInd intcgral 1s same as the given intq;mL then
put Ist in place of lInd integral. Finally, simplify
it and get the required result.

EXAMPLE |1| Evaluate chns x dx.
Sol Let I-Jx cos x dr

Here, we see that integrand is the product of algebraic
and trigonometric functions and algebraic function
comes first in the word ILATE, so we consider it as Ist
function and trigpnometric function as nd function.

I -I;l* CO5 :Ed'x
- xJ-curs xdyx = I[%{I}Jcm x d.t]n‘x

d
[_ J”l v dv -uIvdx-I[E{u}Ivir]dx]
= ¥ s5in x—Ji gin x dy
= x 5in x -J.sin x dx
= xsin x+ cos x4+ O
Mote E.uppme!:lxuuﬁx:bc:x{ainx+ k]—J'{Einx-l k)
=115iu+kﬂ—jsiudt—lkck
= msns+ k)—cosx— e+ C
= xEin¥-cosx+C
which shows that adding a constant o the integral of the
lind function is unnecessary. So, as the result B concerned,
we conclude that, to write the constant of integration at the
last part of the integral while integrating.

EXAMPLE |2| Evaluate [e* cos x dx.

=7 Firetly, apply integration by parts to integrate it. Mow, if we
* again get lind infegral as product of two funclions, then
again apply integration by pars.

Sol. lzlf!!'e’cmxdx — i}

By using the order of functions in ILATE, take cos x as
Ist function and e* as IInd function.

I-J:mxe’dx
1o

= [=rcos xIe‘ dx = I[i{cm I}Je‘ dx pdx

[-.-_[;I.-E-ir-ujudx —I(i{u}ju :i:]d_t]

= [=cosxe” —I{—sin xje” dx

Do



- E 3
= Jmeg cosx+ |sinxe dr
1 m

[ integrand is the product of two functions, so we
again choose Ist and [nd functions by using ILATE]

= [ =¢® cos x +sin x‘le‘dx—-[[%{sinx}.[e’ dx]dt

['.'Iu-vdxnujvdx— _[[%{u}_[udx] n‘xi|

= [mg® fmxi-si.nxe‘-Ims xe” dx
= [=m¢* cos x#e siny=I%0C, [from Eq. (i)]

=2l =me” (os x +sinx)+ )

= I=f (cos x+sinx + ", where -ﬂ
2 2

Hote Above mitegral can also be sohed by taking e* as Ist function
and cos x a8 Ind funclion.

EXAMPLE 3] Evaluate [ log |1+ x| dx.

i Hara, marﬂunabla MQmssalmr:tmn whose derivative
W i log (1+ xB). So, take log (1+ x¥)as the lst function and

the constant function 1as the lind function, then integrate
it by pars.
Sol Letl=[logp+x|dx = [ log|t + x|-1 dx
] o

.|ug||+x*|_[|dx-_[[ilngnuﬂjmx]a

[using integration by parts]
=logfl+ x| x —I %{2:]-1’11’1’
1+ x

t:I‘J:

lxlng|1+x=|—ij

1+ i
= xlogfi + x°| = EII—

-xlng|1+x=|-ij[1—1+1x=]dx
= xlog i+ x| =

=xlogp+ x| =2x 4+ 2tan™ x + C

lng X

EXAMPLE |4] J’
jAll India 2015]

Sol = —E—nt:l1 = |log x- L dx
Letd J{x+1}’ * IEI{IH}*
L ]

On applying integralinn by parts, we get

f=los I{xn} F [j{:*”i]dx
[ j.:-ﬁdx-u!’u dx -_[[%{u]!’u dx] dx]

.ﬂ+J' !
x+1 xfx +1)

FEm—.
{.l:+1] (x +1)

+ I, where I, -_[ (say) A

-]_ogx

- log x

1}
Mow, using partial fraction meLh.ud. consider
1 A B
=—
ix+1) x

=2 1= A{x + 1)+ Br

x+1

x4+l

On putting x =0, we get A =1
Again, putting x = =1, we get B= =1

A R

= log |x| -

Mow, from Eqs. (i) and (i), we get

log|x +1| +C _Aii)

—“l-fl—+hg|x|-|ug|x+||+c

-—Ingx
x+1

SOME MORE SPECIAL
TYPES OF INTEGRALS

Here, we will discuss some more special types of integrals,
which can be proved by using integration by parts and
directly used to evaluate the given integrals.

(1) 'F-|||x1 —a? it=§a.|Jlxz —..i:
—E?lnglx+‘\|lx1—ﬂ1|+f:

{ii}j x1+a1.:£r=§q,|lx2+az
2
+%]ng|x+ﬁl+f
2
(iit) _F-||||ﬂ' —x ﬂ'.'h'——-“Iﬂ —x +?5m 1isc

[

(i) Let [ = Hx — a? xlaﬁr D

=x? a1 —j[%(m} m] e
[j’;; v de = u [vd —J(%{u}‘[ﬂa&']a&]

+log |——

“ ['.‘hgm—logn!lngﬂ}
n



= N h

[addmg and suhrracting & 1]

=xqfx?—a® - [x —a® de— j' e

— f=x1|llx3—.iz—f—ezj ,_

ﬂEI—IJI —at-a? [lug|1'+1||x —a |]

[ I_J_: ]ng|x+1||x —d |]
= f=§a||||xz—ﬂ'2—£2—_ [ll:-glx+1|||x2—ﬂ'2|]+f:

Similarly, we can prove other formulae given above.

EXAMPLE |5] Integrate the following functions.

(i) 1= ax* (id) “'I,TE
Sol (i)Lets -_[1|I—4x dx -I (-—x]

.!’::J['E]de

[ [dat=xt = %-Jra:i - +"—:sin"[£]+ r:]

1 1
= J:.Ii——xz +sin™2x)+ C
4 4

1
-% —4xt +Isin'L{2r]+C

\||'9'+x

[JJ}LEI:I-I +—d.r I

x-%jdlf +x° dx
=2 £4;=+xi+3—!ﬂg|x+1‘3§+xi| + O
3| 2 2
[ _J'z 2 I_I.j'z ., a {2, 2 1
[I a”+x = Va +x +?Iu-g|x+ x +a |-|--E‘J
=X 'ﬂ'+x=+%[ng|x+1l‘3+x=|+f
]

Method to Evaluate Integrals of the

Form J ax®+bx+edx

Let f=j,,{'.n1+&x+msx

I. Firsdly, take # common from integrand to make
cocfficient of x * unity,

L I=IJ‘{I1+£I+L] dr
P P

& .!
1I. Add and subtract [2—] from inrcgrand inside the
g

square root and convert it in the form ¥ X Tap?

or w‘ﬁ-l —Xl.w]'u:rl: X1=[x:ti]_

2a
Z
and &* ={i:F L}
oI ﬂiﬂ'l

L. Substitute x + i= t and reduce the integral

2a
obtained from step Il into one of the form

I r kOt HH—H&:

Then, apply suitable formula to integrate.

EXAMPLE |6| Evaluate Hxa —8x +7 dx.
Sol Le:f-j'-.ﬂx’-nn?ir

Here, the coefficient of x? is unity.

.'.I-J.I|Ixi -fx +7 dr -Hx*-sx +7 +4% = (4) dr

here, 2 =1 and b = =& adding and subtracting

b

2 2
[E] = [?] =(4)", under the square root

-I.ﬁx-1}=+?-|ﬁ n‘x-j'..llln{x--i-li =(3)* dx

MNow, put x=4 = = dy =dr



1 'I t* =3'de

2
-%dr*-f—{%hghwjr*—f +C

[ x at

1-_[ x* =a® dx -E.Jlxj -az-?lug|x+ -.,||:r! -a'

-“%” fx =1y = (3’

—%hg[x—-i +.,|ffx-4}=-{3}?|+r:

I -.,||.1L'2 -8+ 7 —Elngl{x—-i}
2 2z
+ofx* =8x+7|+C

. > F
EXAMPLE |7| Evaluate Hx +ax+6d oo

i7" Here, 1o convert the integrand of the form «fax® + b+ ¢
L
into standard integrand of the form [ & 42 by adding

2
and subtracting {%} under the square oot and than

use suilable formula 1o integrale il

Sol Letl=[yx" +ax+6dem[x +4x+2" +6-4dx
= Ia,||ll{x + 2 + (42 dx

-I[.r+2]

2
x* +4I+E|+Elug|{x+2]
+ofxt+ax 46|+ C
2
[I xt ratde -%‘l.h:z +a +'I:I?I|:|-;E|x+'.||_1r2 +a1|:|

x+2
= [me——y s dx 4+

+logl(x+2)+ fx° +4x 46|+ C

EXAMPLE |8| Evaluate [ J1+3x— a7 dx —

Sol Let 1= [Ji+3x=-x" de=[{f=(x =35 =1)dx
S IEECRORE

st o (2] = (3]

]

G R R OREER

3] 3
I--
[ 2] 2, 13 . [ 2]
B e ] e i T o ] 1Y i
2 ixz | 3

2

[ I-JEI: -xt d.r-%“'ai - x4 %Si.l‘l'j s L_:|

d
=23 v+ Baint [ 22 4
4 s i3

Integral of the Type Iex[f{x]+f’(x}]dx

In this type of mh:gral integrand is the product of two
functions. One is in exponential form and second function
is the sum of two functions in which one is derivative of
other function. Then, to evaluare such inr:grals. we dircl:rly
use the following formula

[e* Lf)+ Frxde =e* flx)+C

Proof It can be proved by using integration by parts as
given below

Let  I=[e*[flx)+ f(x)]dx
=J',’f(x}a&+j'el‘f*{ﬁm
= [e* i) de+e® [ £ (x)ds

d e [ e
‘I[E € [f {x}} d
[using integration by parts]
=[e* fdete® flx)-[e* flx)de+C
=¢" f[x} +0C

Mote Sometimes, it may be possible that the lind function is not in
standard form ie. not i the fom f{x) + (=} In that case, we
fry to make it in standard form, if it is possible, otherwise we
use some another ways fo integrate it.

EXAMPLE |9| Evaluate Ie” (sin x + cos x) dx.
Sol. Letf-[e’{sinx+m5 x)dv
and f(x)=sin x, then f*(x)=cos x
So, the given integral is of the form
I=[e* [flx)+ f(x)]dx
We know that
_[ [f(x)+ f(x)]dx=e® fx)+C

IT=esinx+C



3
aedx.

EXAMPLE |10] Evaluate | X
(x -

3 is not in the form of

- Hera, the integrand —

! [x=
e* [flx)+ f{x)], so we firsily convert it in the form of
@* [f (x) 4 f(x)] and than simplify it

. Fom]=2
Sol LHI-‘II{:—I} e dx-'[{x-l}’ e* dy

2
-J [I{x-lf {x-1]’]dx

2 .
=Je [{x-lf {x-1}’]dx -

= fr(x)m—2

3-

Mow, let flx)= !
[x = [x =

Then, Eq. (i) becomes of the form
1= [e* [f(x)+ f(x)]dx
Also, we know that
e =)+ fr(x0)]dxme® fix)+C

Hence, [ = +C.

{x=1)*

TOPIC PRACTICE 4|

OBJECTIVE TYPE QUESTIONS
1 ]fj xsiny dx = = x cosx + o, then o is equal to

(b)cosx + C
(d) None of these

(a) sinx + C

() =sinx + C

2 JI YENT dvis equal to
1+ cosx INCERT Exemplar]
(a) logfl + cosx|+ C (b} loglx + sinx|+ C
[c}x-m%:fc* [d}.t-tan%+£
2 -
3 J.,||1 + x* dx is equal to [NCERT)

[a}%.||5+1'2 +%Ingl,(+.‘|;+_rz + C
3
OESS e

9 2
[E}EI P

2
[d}I?-Ji x4 21.:2 log |x + -.||i + x%)

4 Jz'{_fl:x:l + f'(x)} dx is equal to
(a)e"flx)+ C (b)e® + fix)+C
[c]Ee‘f{I}HC [d}e‘—f{x}+f‘

5 j sinflog x) + cos(log x) dx equals [NCERT]

(a) x sin{logx) + C
(b) x cos(log x) + C

1
(c) ;:ns (logx)+ C

(d) ~ sin (logx) + €
X

VERY SHORT ANSWER Type Questions
Directions (Q. Nos. 6-8) Evaluate the following integrals.
6 Jx-r’d_r [NCERT]

7 J xlog x dx (NCERT]

8 jxseczx.:ix

SHORT ANSWER Tvpe I Questions

Directions (. Nos. 9-12) Evaluate the following
integrals.

9 j:x’ +1) log xdx

INCERT]
10 [x*-2x dx [Delhi 2017C)
I [2x-x*dx [Delhi 2017C)
12 Jf‘secxlilﬂanx}dx [NCERT]

SHORT ANSWER Tvpe 11 Questions

Directions (). Nos. 13-31) Evaluate the following
integrals.

13 Jeh sin x dx

[Foreign 2011]
14 J tan™ x dx INCERT]
15 [x*tan™xd [NCERT Exemplar]|

16 fsin( 2 Jax
jsm [1+Jrz

17 JIS:LEL 1']:‘1:

-x* [Delhi 2012]

18 JIE:}S I[

[All India 2014C; Foreign 2014



"ty - "J_
19 in COS
‘[3"1'11"_""205 '-J"- [NCERT; All India 2014C]

20 ‘l.,||Jr2 +1[Iag[f‘4+ h=2log [x]lir
X

[NCERT; All India 2014C]

2

21 [—= _
(X s5in X + cos X) Al India 201 20|
1
22 [|log(log x) + ].ri:
I[ EHOB I log v INCERT)
23 [{5-2x+x?dx [NCERT Exemplar]
24 Find [ Js-ix-x";i: (All India 2019]
2
25 X —31;11:
1-x [Delhi 2015]
26 [ X i
{1+ x) [NCERT]
27 J{x +Ne”
|;.r+11 [Delhi 2015C]
28 j%ﬂ
(2x = 3) jAll India 201 6]
29 12+sin2rfli:
1+cos2y [NCERT]
30 th.[l-sinltde
1=cos2x [Delhi 2013C)

1
3 J[l-l-;tr-l T dx

X

LONG ANSWER Type Questions
Directions (Q. Nos. 32-34) Evalucte the following
integrals.

32 jz'a‘msgxir
1. 1+ x+x° dx
1+ x2

34 Js'm"‘ X dv
iad+X

[NCERT Exemplar]

33 Jz""‘
[NCERT Exemplar]

I HINTS & SOLUTIONS

i. [a}LetI-Ixﬂnxdx
I o

-r-[-ms.r]—jl-t—msx]dx
==X 005 X +J::|:ksxdx

==y 05X +Einy + O
x 4 5inx

2. (d)Let I-J'H_dx
C0s X

"'I sim x dx
1+ cosx

+ Izsmxfzms xf2

=
1+ cosx

dx

=
Izcnsz.r.FE E::ursszE

-IEIIMEI.FE:& -I-.[tanxridx

-L[x-tmfo-Z—Iun£~2dx]+Jmn£dx
2 2 2
-x-tani+l'_"

2

3. [a}I_etI-I +x% dx

= I-% +x=+%lug|x+.,||l+x’| +C
2
|:'.'j-..]|xi+a2d_r-%4rz+ﬂi +%Ii:|g|x+-|||x=+ ﬂil+l'__:|

4. (a) Hint This is a direct result, proved by integration by

parts.
5. (a)HintPutlogy =t =s x = &' = dy = e'dr

Ie’ (sin I + cos t)dt
=g sint+C
= x sin (log x) + C

6. letle| x-e"drmx e'dx—_[l:ir{!f'dx]]ﬁx
1 u dx

[using integration by parts]

- x-e’-]l-e‘dx- Xeg" mgt

7. l.e’tl'-jxln;gxdx -I[Ingx] sxdx

n
= log xI x dx —J LEEIDE x}[] x it}l-ljdx
[using integration by parts]
2 3 2
- I?.]ngx —I -::_-x?dr - I?IQEI— IEJIJX

2 2 2 2
X

1 x X X
m—ogx === =—=logx =—+C
2 & 2 2 2 e 4

8. Similar as Example 1. [Ans. x tan x + log|cos x| + C]



10,

i1,

11.

13.

14.

15.

Hint Integrate by parts, taking log x as Ist function and
{x* +1) as IInd function.

PMEI N

Let I'm [|fx* = 2x dx= [f(x® = 2x +1) =1 dx
=[x =17 =1 ax
.%M-%mpqumhc

mr-]m&x
= [y=(x* = 2x) dvm [ = (x* = zx 4 1=1) dx

= [{=((x =1) = 1) dr= [ 1 = (x = 1) dx
_(x=1)

1. .
2x = x° +Esi.u Hx=1)+0C

Hint Write the given integral as
II“{SEI! x + secy tan xdx.
d

- El{s&cx}-mxmx [Ans. e sec x + )

Similar as Example 2.[.&111 %rt‘{zsinx - oS J:}+-L"]
LEH'-I tan":n‘x-j 1-tan™ x dx
TH

Using integration by parts, taking tan™ x as Ist function
and 1 as Ind function, we get

I= mn"x-_[mx -_[[i{tan"x}-j1 dr]d_r

= tan~ xx-I «x dx
1#x°
- x
-xta.n"x——I !dx
1+ x

—dx i)

= x tan™ x = I, where I, --I
14 x°

Nu-w.put1+x=-t==21dx-dl'
ipde 1 1 .
sljme| —m—logt|+ Cy==logli + x7|+C
1 EIE 2 £t 1 2”‘3' | 1
[t =14 x
Mow, from Eq. (i), we get

1
I-xtm'lx—zlng|1+xi|—f

- 1
= x tan 1:r—EI|:|E|I-I-J¢'=|+-II'. where O = =,

Letl=| x* I:an xdx

Using integration by parts, taking tan™ x as Ist function
and x* as lInd function, we get

I=tan™ x Ixﬂdx -I [%{mn" r]szd_r] dx

I=tan" x—!-_[ -idr

1+x° 3

x°
-Tm _‘[1+J:

1 1
-I—Im:l.’:-—.[x- zx dx
3 3 x° %1

[dividing x* by x* +1]

dix

-ITHIL x-—_[xd_r+—I

__.|. !’

3 2
-x?tan"x—x—+glog|x!+1|+f

[
[‘-'I ‘;{“}’ dx = log| f(x)| + c}

16. Hint (i) On substituting x = tan® and dx =sec” @ di,
given integral reduces to I 20.50c 040

xX 1
I! =1

= —fan
3

x+l

{ii) After integrating by parts and then substitute
B =tan™" x
[Ans. 2[x tan™' x = log {1 + x*)] + C]

. =1
17. Let f.[&.ﬁ
3

-
- 1
Now, put x=sint=s sin™ x=f=s dx = dt
I=x
I-Irsinrdr
1w

Using integration by parts, taking t as the Ist function
and sin t as the Ind function, we get

I-:_[sinrdr-_[[%{r}-_[sin:dr]d:
= [me=fcos r-jl:v-c:{- cos i) dt

= = [ CO5 r+I:m tdt
o
== IT==fcos f+snt+C

= I--r.,lﬁ-sin"r +sint+C

[ceos*tmi=sin®t=scost =

I ==5n" .r“lll—:r + x4+

[ t=sin™ x and x = sin t]
18. Solve as Question 17. [alns_—qlli—xz cos™ !y = x4 O]
" Jx - cos” lJ_
"4 Jx 4 cos” l1|r-

We know that sin™* -ur_x_'+ cos™! J;-%

= cos”! J?-%—sin"nf;

L= sin® 1]

19. Let:-j




_ Ism'lwlr- [—-ﬂn"-f—]

2

2

-%Isin" ﬂd_r—ji dx -%Iﬂn'l o dy = x

dx

4
= l=—l=x+C i)

where, I -J:i::l." '-Jr;rir

ND-W,FLL[J;II=&I-!‘2 =s gy = 2t dit

I, =2sin™" tet dt
1 u

=2 sin'jhﬁ—j ! .idg
- :,|-||—:r2 2
2 [using integration by parts]
=t'sin™' t = dt
I 1=1*
-{l-rj+1

R

[adding and subtracting 1 from numerator]

=1 sin” I+I -1 dr-frd

oy hyfi=r?
t+ +Lgin™! 1 —sin
2

e

’:+%:1ﬁ-ri
-é[{z:—l}sin" ‘u'r;+1|r;-.|ﬁ—x]
-%[{Ex—l}sin" -uf;+1|||x—11]

On putting the value of I; in Eq. (i}, we get

tmifex —1)sin~! fx + fx-2]-x+C
"
i r
0. Le‘tI-J-\III +1 [log (x +1]-2IDE{I':I]EII

I

R i

x

[':nlngm = logm" andlog m = log n = log ﬂ]
n

y F'w[“%]ﬁ

=i’ sin™!

=1?sn” t

[t =]

_I\‘:“”ﬁ(“rz]ﬁ

1 dx
MNow, putl + — =1 =&—dx-dt = —==—
x x x 2

1
[=== [t log ¢ dt
2.[“ 1

[ 32 153 1
--lLlng:xr—- :—xler
2 3fz 372 0t

[using integration by parts]
== %[:r“"'2 log t— IJ; dr]

anz Iin’!
== = — |4+
e

-—Iirm[lugt—é]-l-f

--'5[1+F]m[lng[1+x—]-ﬂ+c'

[ rmpe L]
L+

2
X

B B B —
-‘[[xsin x + cos x )

_[ X COS X + sec x d i)

{xsin x + cos x)*

[multiplying numerator by cos x and sec x]

X Cos X
I-I—K xsecx dx
(xsin x + cos xf Ty
e —— . ———

il
(=1)

=X e X ——
X 5N X+ Ccos X

- dx

—I{I-s.e::x-l-xsecxtan rj—
X §in X +cos X

dx

J' Xoos X

[.u'sin.'vr+1:1v|:|:‘|..1c]2
Letxsinx +cosx=p
=[x cos x +sinx =sin x)dx =dr
or xcosx dy =df
!':f!‘ 1 -1
= —_— e I —
t I Xsinx+cosx

- X B X X Ein x
-_—+Isec'x 1+
x sin x + cos X COS X
dx

X 5N x -+ cos x

- X SEC X
- +JSEEEIJI
X SN X+ Ccos X
-5EC X

- tan x + C
X SiNY + 008 X



1
22, Lm-_[[lug{bngxuw—ﬂi]dx

= [log (log x)dx + _|' =1, 41, i)

dx
og x)*

where, I, -Ilng:{lng x)ddx and I, -J
(log x)*
Consider, I, -I[ug (log x) dx

Let us take 1 as the lInd function, thus

I, -.“DE (log _1'}-1 adx

-
(log x] X
[using integration by parts]
= x-log (log x)= [(log x)™ -1dx

Again, consider 1 as the lInd function and applying
integration by parts, we get

I, = x-log (log x)

- {{Ii:ug ) ex = II{ = 1j(log x) = x EI‘I}
x

= log (log x)- I—I

= x-log (log x) - —— =
x-logilog X {log x) I{ansz

= x:log{log x) = -0+ C

x
(log x)
Mow, substituting the value of I, in Eq. (i), we get

I'= x-log(log x)- L +C+1,

log x)

= x:log (log x) = [u;x +C

23. Similar as Example 6.
[Ans.{x;l} 5—2x + x* + 2log|(x —1)

+m+t_]
24. Let ;-_[m.dx -Hm.fx
= [~ + 2x+1=4)dx
= [{=lx +1 =2} dx
= [ =(x 41/ dx

Mow, put x +1 = = dy =df

o I= j’ 2Pl dr= lz[nli" -4 z":'m"[é]]ﬂ_‘
I:I g =idym IE[JH.II.Ei =x* #a’sin™ i]-i- C]
i
.lz[zxn}q'z—zx-x* +45in'l[ITH]]+C

[ t=x+1]

Ix +1 = +3x -1

28, MI-JT—-{-HI_J'__

1mx? #%r =2
-{-1}'[ 1= xt o

[adding and subtracting 1 from numerator]
2
-{_1}_[[ 1= x t " Ix =2 -Inl'I

|
- _[{4’1—3:"1_2]&
.{-l;[;mm J;;I_n]

= (=1)[1, + I,]{say) (i)

1
Nowr, I, -I 1= xidx-;[x-,!l— x® #sin™{x)] + C,

i)

M—Ju—

-3

3
=l 2yl = x" = Zsin™ (x) + O,

[ _[“x}dz-z f{x]+f:|

.ir EI Jl

fli )
== 34'1 = x* = 25in”'(x) + C, i)
From Eqs. (i). (ii) and (iii}, we have
I -E-l}[% h=x? +1Esin"l[x}|— 2ein ™ (x) =31 = x° +|‘_";:|

[where, Cy = C, + C,]

—sm {x}——-.ﬁ 31||1—x +C

where-[‘--l’."

Jl{x+1—l]e "

26 LE“--[ 1+ x)*

[1+A:’]i
_!-[ 1+x 1 }‘ir
(1+x)* (1+x)

- h'[ [{Hx} [1+x}2}-‘

L.et_f{x]-+— Then, f(x)==

1+ x}l:
. Given integral is of the form

I'= j’f‘lf{xh f*(x)], where f(x)= ﬁ



We know thatje'[f{x}-l- fix)dx=e* flx)+C

I-e‘f{x}+[‘-e‘-{1 ! +

x)

e
{1+ x)

o+ Zx
27. Let I=|[e* {“1} dx:&f:! [1-““}:},1:

= |e" dy=2]e*

Ie -[E (x+1)°
xdl=1
(x+1)°

=5 I= + O

dx

= Ile‘—EIe'

-1
= [mg* -2I “mlb{x-l-l}i}dx

e 1 d £ 1

= Jmg' - Ir . -
B ox+1 (x+1)°
1

l- l ﬂ:_ l ﬂ= - l;
f=e E{xﬂ‘ -[ (x+1f d Je {x+1}‘dx}

[using integration by part]

= [mg =2

e
= [mg‘=3
x+1

_lzx=3- )
(2x =3)°

28

[
-Ej{zx-a}‘

(2x
I{zr 3}’

3
-I{Ex-ﬂ’ de

-Iei’{?lx-j}'!dx- EIE!‘{EI—j}'tdﬁ

.[{zr -3y _[e“dx-j{di{zx-xri Ieh dx}dx]
X

-zj'e“{zx-:i.]"ir

[using integration by parts]

Ty Eil
—j—E{Ex -3 X2 —dx

=(2x —3}'2!'?

-2_[:"{2x-3]"1r

I -3
)

3w =5
- +2_[e (2x =3)"" dx

- zje“{:r_r -3 dx

25 o
e (2x=3)
2

29, m:-jﬂg'dx
1+ cos 2x

[ 2 sin 2x | 4
-I|_1+cn52x+ ¢

’I 2: +Ennx::imx.!,dr
2o05° x 2cos” X

[-1 4 cos 2x = 2cos? x and sin 2x = 2sin x cos x]

14 cos 2x

-J[ +tanx]e’ dx-!{tanx-l-secix}e'dx
cos® x

I..et_f'{x]-tanx:;_f’l{x}-s.ecix
w I=mtanxe® +C

[ [Lf(x) + fr(x)]e” dx = e* f(x)+C]

30. m:.jgh{ﬂde

1=cos 2x

’I 2,[l-zsuu-q:n.sx]ﬂl’r

2sin®x

[- 1= cos 2x = 2sin® x and sin 2x = 2sin x cos x]

- ljeh{cmgx = 2 oot x)dx
—I :m-eu: .rri:r—] 3 ot x dx

= E[—neh cot x + J-Eeh cob x ri:]—]eh cot x dx

E::
-

; cot x + Iet' futxd_r—.[ei‘mtxdxh_"

R
-—ETfutx+L_

-Ie.r:dx+:ﬁ'“:-‘ll}u“%dx

._.Iu-udx-ujvdx-l{i{u}ludx}d_t-




32. Hint [ -Ie' M ns Yxdy

I -_[E' g.[cus Jx + 3cos x}i‘_

4

1 -3 =3z
= Jxdx +3 dx
4[]: cos 3xdx Ie cos xdx]

Further, similar az Example 2.

=35
Ans. [ = = [sin3x —msﬂ-x]—ie'h
24 40
3 e
cos X +—e  sinx+C
40

2
33. letl= Je"‘_l * [m—l'.:-] dx

1+ x
14+ x X
- Lass " X dI
‘l {I-i-x 1+xi]
fan—t
aa~' & xXe *
= dx + | ————dx
J- Il+x

=l=] +I, (say)

dx

Mow, consider [ -J
14 x°

=f

Nuw,puttan r=| =y m=tanf

and dr = dt

1+ x*
I
I:-‘lt.a.n {E ot
[} d I
-ta.uIIE dI—I[E{mnr}Ie dr |dt
= tan f-¢' -jsec“ teet dt +C

= tan -’ -j {1+ tan® t)e’ dr 4+ C
[ sec® @ =1 + tan®8]
-1

= fz-tanr-r‘-j'{nx“]'e —dx +C

1+ x

| TOPIC 5]
Definite Integral

An intl:gra] of the form ufrf{x}.afr is known as definite

int:gm], where 2 and & are called the lower and upper limits
of a definite i.ntl:gm]. The value of definire inr:grﬂ 1s given
as if it has an anti-dervative F, then its value is the
difference berween the values of F at the end points, ie
Fib) - Fia).

Here, Kf{x} b 15 read as “the inh:g:al uFfI:x]l from a to &',

FUNDAMENTAL THEOREM
OF INTEGRAL CALCULUS

Fundamental theorem of int:gra] calculus is a connection

between indefinite integral and definite integral and it

= I, =xe s —Ie“"_l'dx+1‘_‘ [put t = tan™" x]

I-Je""‘_l‘ dy + xe™* ¥ —Jr"""_lz dy + C

-1

Iﬁ.n EY

4. I..e’tl'!jsm dx

Mow, put x =g tan®

= dv = 2atanh sec® 40

1g
I-Isin'l m;!{htan-ﬂ .sec” B) 4@
a+ atan” B
-Eajsm [tma]tanﬂ sec” B 4B
sec @

-Eujsm"{sinﬂjtmﬂ sec” © di
-Ea.{ﬂ-mnﬂmiﬂdﬂ'

'ajmnem‘ada 1
- _[{%a Itan Bsec’ @ dﬂ} a‘BJ

B 2 2
=2a|0. 20 E’-_[1-“"‘ E’de]
2 2

= 2g

put tanf =t=ssec @ dO = dt
2
= [tanBsec’0d0 = [ rdr =L
2
=af tan® @ —a[{ser:i B=1)d0

=gl tan® @ = gtan @ + afl +

e il
et oremc( ]

Then, A'{x]l=f{x}. forall xe[a, b].

Second Fundamental Theorem
of Integral Calculus

Let f be a continuous function defined on the closed
interval [a, #] and F be an ant-denvarive nff.

Then, j“ Flx)de =[F(x)2 = F(8)— Fla)

In other words, J’& f{x} de = Value of the anti-dervative F

of fat the upper limit & — Value of the same anti-derivative
at the lower limit a.

MNaote



makes the definite 'mh:gr;l as a practical tool for Science and
Engineering.

Area Function
The space occupied by the curve y = f(x) along with the

axis and the g'm:n coordinates x = 2 and x = # 15 called area

of bounded region.

¥

Let x be any point in[a,&] Then, rfl:x}ir represents the
area of the shaded region Alx). The area of shaded region

depends upon the value of ¥ or we can say area of this
shaded region is a function of x and denoted by A(x). Then,
function A(x) s known as area function and 15 given by

A = [ flds.

First Fundamental Theorem

of Integral Calculus

Let f be a continuous function defined on the
cosed interval [a, #] and A(x) be the area of functon,

ie. A= [ flxd
S0l Let J'IJ-‘:IE'H::I:M2 x dx
Here. jm*dx-j'[““h +1]n‘x
2

[ cos 2x = 2pos? x =1]

-%J:nvs ltdx+15‘[1d.t

1 2

Therefore, by the fundamental theorem of integral
caleulus, we get

I = [F{x)[ = F(n2)= F(0)

(455

.[I{uu ?]-[ﬂm]-I

-ll:sin 2I]+;-x-i»sinzx +%x = F(x)(say)

k sm[ﬂ}+—{ﬂ}}

EXAMPLE |2| Evaluatejfl:nx’ —5x° +6x +9) dx.
[NCERT]
Sol Let! -j:HI’ = 5x% + 6x +9)dx
and f{x}-d.x!-sz +6x+9
I_f'{r}dr -I{-ix! =5x® 4 x + O)dx
4xt s5x? ext

== 4 ——#0x
4 3

{i) The crucial operation in evalusting a definite integral s that to
finding a function whose derivative is equal to the integrand.
This strengthens the relationship between differentiation amd

ﬁi]lnrﬂx}dx, the funciion f needs fo be well-defined and
continuous in [g, ).

STEPS FOR CALCULATING THE
DEFINITE INTEGRAL

Suppose given integral is ‘[:f{x]l dx, then to calculate, we
use the following steps
I. Find the indefinite int:gra] If{_l:} de by using
suitable  method. Let it be,  Fix) Le
| flx)de=Fx).
II. Evaluate [F{x}]i = Fib)— Fl(a), which gives the
required value.
Thus, f Slx) dx =[F{x]]f = Fik) — Fia).

Note There is no need to keep integration constant C becauss if we
comsider Fx+C imstead of Fxl we get

[y = [F(x)+ €I = Fib)+ CI-[Fla)+ C] = Fib)- Fig)
Thus, the arbitrary constant disappears in evaluating the valus

of the definite integral.
EXAMPLE |1] E'.raluater cos® x dx.

‘T3 There is no standard integration of cos® x, tharefore we
" convert it in standard form by weing the relation

C0% 2% + 1 and then use fundamental thearem of intagral
2
calculus.

TOPIC PRACTICE 5 |

OBJECTIVE TYPE QUESTIONS

1 .
I.L miﬂ'lﬂtﬂuﬂltﬂ

[NCERT]

(@)% wE  ©r @i
Iy ordxisequalto —
(&g )
()55 (@7

3 The value of _E(x + ) dris
() 154:“ (b) 15;:“
© =58 @ X8

4 -Io tan m;misequalm P —
() 4 ; n (b) 4 ; T

A - A -



= - &

= x'-%x’ +3x% +9x = F(x) (say)

Now, by the fundamental theorem of integral calculus,
we get

I=[F(x)]} = F(2)=F(1)
-[(2)‘ -g(z)’ +3(2)° +9(z)]-[x -2(1)’ +3(1)° +9(1)]
[.. 40 1101 s 1

-'_16-?+12+18J-ll-;+3+9j

s

3 3 3

EXAMPLE |3| Evaluate I e* (sin x - cos x) dx.
[Delhi 2014)

Sol. Let I-L ‘e'(sinx-cosx)dx

= J= -I:Ize'(cos x =sin x)dx

Now, let f(x)= cos x. Then, f'(x)= =sin x
By using Ie’ [f(x)+ f(x)]dx=¢e" f(x) we get

I==[e* cos xJ3'*

Y cos%+e° cos (0)=0+1(1)=1

SHORT ANSWER Type 11 Quﬁtinni
13 Prove that fj_ dx = % +Iag =

x {x + 1) [NCERT]
14 Ewval ,_,r'_“
N uatejl D2

15 Eva]uateJ; x(tan™ x) dx. | Delhi 2016C)

16 1If flx)= J': tsintdr, then write the value of f'(x)
|All India 2014]

17 Eva]uatej; N -sin[% + x] drx.
[Delhi 2016]

| HINTS & soLurlﬂNs|

1. {d}m:-L — dx = [tan™" <

+xt
-lan"-."?-r— 1‘.:11'||'L{I}-£—£-1
3 4 12

1 1 rzm 1
ﬂdx--_[ 1
4 4+ 9y 3 P
—| *+x
3

L lc)Leti= fﬂ

4-7:

[ pi (d)

VERY SHORT ANSWER Type Questions

X
5 Evaluate E 3%dx. [Delhi 2017]

6 Evaluate ﬁ d T
9+ x [Delhi 2014)

7 lff sdr=—, T then find the value of a.
44y 8 (ANl India 2014]

Directions (Q. Nos. 8-10) Evaluate the following.

=/ 4
8 [, tanxdx [Foreign 2014]

/4
9 J:m cosec X dx [NCERT]

10 J: |x]dx, where [x] is the greatest integer
function.
SHORT ANSWER Type I Questions
Directions (Q. Nos. 11-12) Evaluate the following.

i f"41+smzx dx

[NCERT Exemplar]
dx
2 [
LJI#I-JX’
6. Let [= " _dx =:|-l'-J:L
94 x° x? + (3
3
= I-|:lt:m'Li j & -‘—T.:m'1£
3 3 +g a d

= I-l[mn'L[E]-tan'Liﬂl]
3 3
-%[l&n'l'{i}—ﬂl -l[i]ni

3L 4 12
7. Hint 1—T.al:|'l )
2 2

&
n n
= tan”'[2]el = S=tan||[Ans.a=1]
2 4 2 -k

8. Let I-.r:”tanJr.d':r-[Il:lg|5-e-|:.1:|]:]""1
- ogfsct]
-hg«r lo;glnlugr-ﬂ-lugﬁlr
9. Let I-ﬂ:mxdx-ﬂugl:mx—mtrlm
-Iuglmm%—::ntﬂ—lngl:m%—cnt%‘
= log |2 = 1| = log | 2= 3]
Jz=1
Iﬂglz-?&

10. Hint _[: Ix]dlx = _[:z e

-Iu;glsec

[if 2« x <3, then [x]= 2]



-l[tan°'(l)-tan Ho)] =~ Ve
6 6

24
2 26 ¢
3. (a)LetI-L‘(x-fe!’)dx-{fz—:y-'T]

EEEaRE.

s
4. (a)let = Itanz(z.t)dx

=8
=4 I= I{sec’(zx)-l}dx

°

[ngx ]"“
= I= -

2 {]
% 1.(“‘""“-5]-(0-0).1-5..*'“
8 2 8 8

3
T 3* 1 3 _q2
5. L3dx ( 3]x 3(3 k= I,0[{3(3 3%)

18
1—127-9 = —
log 3 ) log3

{9

dx dx

2= --[ 2 2
SR O

usesin™ ! (= x)=—sin"'x, ¥ xe[-1,1]. [Ans. 7]

14. H.intIJ{ -

15. MI-I:xtan'lxd_t-|:uﬂ"x-r_=-'[;z.x_!¢r:[
no1 2 1+x° 2
[using integration by parts]
x -I-1—1
[_ -_I 1+ x°
-1 ip dx
-[?um :‘ln-ngx+!’:1+x2

[Ans. 2]
11. Hint Use the formula, 1 + sin 2x = (cos x + sinx)°.
[Ans. 1]
12. Hint Rationalise the denominator, i.e. multiply
numerator and denominator by ,ﬁd-_x +x.

-]

: 3 1 2 2
13. Toprove,| —————dx=—+log—
r L x* (x +1) 3 o 3
1 A B &
Let —— ] a— e an— . cn—— I
xz(x-l'l).x x2+x+l @
[by partial fraction]
= 1= Ax(x+1)+ B(x +1)+ Cx’ i)

On putting x =0, = 1 respectively in Eq. (ii), we get
1= B0 +1)and1=C(=1)"
= B=landC =1

On equating the coefficient of x* from both sides of
Eq. (ii), we get
02A+C = Az=C=3Am=]

17. Letl=| e si (—+x]ds
5iln[E+x]dr i)

-si,n[%+ x]_[e".ir-j 4‘%9’11[%+x]_[e!' d'x}d.r
[using integration by parts]

.m[§+ x]i—}ms[d + :]Ei?:n‘x
(G50 (G e
._sm(_u]
[

|:curs LN x]—— I—ﬂn[ﬂ + x]idx]
4 4 2
[using integration by parts]

)5l

af
_:Iehsm(;+x]d:

2z
n I 1
=* I.-E 2sin| =+ x|=cos | =+ x |p ==,
4 4 4 4

[from Eq. ()]

Iy
=:-IL+I-ILIE— Zgin £+x—m5 E+_1:
4 4 4 4

Again, let [, = Ieh
I




%l:a.u"{l} —n} - %{1 = 0) + [tan™" x];

fr——

18 1 - -l
=== == [tan (1) = tan {0
57 3 a0 (0]
ffi 1 @« I 1
o e — -

&8 2 4 & 2

16. We have, f{x)= _[:mn tdt
In

= rj:sin:dr -J': [%{r]‘[ﬂnrdr]dr
[using integration by parts]
= [t =cos t]]; -_[:{-::m thdt = [=t cos 1] + [sint];

=y 005 X & 0 sin =0
=gl X o= KOO8 X

Thus, f{x)=sinx=-xcos x

On differentiating both sides w.r.t. x, we get

Fx)=cos x-lix%l{cus x)+ cos x%{x}]

[by product rule of derivative]
= cos X = [ x{=sin x}+ cos x]
=ops X XENY =008 X = ysiny

|TOPIC 6|

- f () (3
R e R
i -lrll.,‘-[%mn [; ; x]  cos E+ x]”n
frfpn(ze o))
o3 0)-om (3

]
W=
L]

a
—
1

[ =]

i

=]

|

+

[x]

=]

Ll

I
L-v.-_ﬂ

1

L]

=
——

E

I

1

L]

]
.|.Ll,-=|
h-'r-—l'
| I

L e

__!u{_ “ﬁ? lz}_l {2 KT;'I'E' 12}]
7]
--S—jﬁ[e“n]

| =

Evaluation of Definite Integral by Substitution

There are several methods for ﬁnding the definite int:gral.
One of the important methods for finding the definite
intr.gr'.al i5 the method of substituoon. To evaluate

rf{x]aﬁr by substitution, we use the ﬁ:l-“nwing steps

I. Consider, the given integral without limits, ie
‘[f{x] dx and substitute some part of integrand as
another variable (say t), such that its differentiation
exist in the int:gral, 5o that the given i:ntqg;al reduces

to 3 known form.

Il Integrate the new integral with respect to the new
vanable withour mentoning the consmant of
integration.

IIl. Replace the new variable by the original variable in
the answer obtained in step [L

IV. Find the difference of the values of the answer
obtained in step II1, ar the upper and lower limits.

Alternate Method
This method is quicker than the previous methed. To

evaluare, we use the following steps:

I. Firstly, substitute some part of integrand
as another variable (say #), such that its differentiation

J'. -—2 ---{i'i}
Ly ofanmt T anmty? antop
[ 2 2 2
. [using Eq. (ii)]
(%)
= 4 —-ﬂ--ﬁ-
2 32
EXAMPLE |2| Evaluate [ ——
x(1+ logx)
Sol Let I-L!d—x
X1+ logx)

MNow, putting logy =r = l.c\'_lf- dit
X

Lower limit When x =1, then t = logl = t =0
Upper limit When x =3, then t = log3
dt - log 3
vy [log |1+l
= log |1+ log3|=log|i+0|
= log |1 + log 3| =logl
=log |1+ log3|=0

= log |1 + log 3|

Now, [ = I:‘ :

[- log1=0]



exist in the inrqra]. 5o that given inrqra] reduces to a
known form.

Il. Change the upper and lower limits corresponding to
the new variable.

IIL. Integrate the new integral with respect to the new
variable.

I'V. Find the difference of the values of the answer
obtzined in step II1, at new upper and lower limits.

tan™! x
1+ x*

tan™' x
14 x°

dx.
|All India 2014C]

EXAMPLE [1] Evaluate ||

Sol Let given integral be [ -_L: dx

-1
tan™ " x
Il-'[ 1+ x°

and

dx

L dx=dt
1+ x

2
I -IJ‘ dr-?

On putting tan™" x = t, we get

i)

Now, put t = tan™ x in Eq. (i), we get

nf3 5in X + COS X

= Jsm 2x
[All India 2014C; Delhi 2011)
Sol I..-eftJ'-_[Illﬁmxl"m:lfs In‘x
i & Fﬂn Ty
We know that
{sin x = cos :.*]i-si.|'|3.1:+1:1:|5j X =250 X C08 X

EXAMPLE |4| Evaluate dx.

=+ {sin x = cos x)° =1 =sin 2x

[--sin® x + cos® x =1 and 2sin ¥ cos x =sin 2x]
= gin 2y =] =(5in ¥ = cO8 .1:]2
Nowr, putting BN X = Ccos ¥ = ¢
=5 (cos x + sin x) dy = dr

Also, when x = E then

i)

n n 1 8 1=-4
= f =G — =08 — 2= —-—— ———
[ 6 2 2 2
When x = — then
x 31 Afi-n
Pmgin —= 05 — - —
3 2 2 2
-
I-I z di
1= =gt
x
CETO J3-1
7 =1 ]
-L-J‘i - dt = [sin J'].".,i
2 ¥

EXAMPLE |3 Evaluate [ J&in ¢ cos® ¢ do.
Sol. Let :-L"ﬂ.‘l’sm_aymssq:dp

.L‘”m cos* 6 cos 0 db

= [ J5in 6(1 = sin’ 6)* cos & b

Mow, put sin § = f =s cos ¢ dp = dr
Lower limit When ¢ =0, then t =0

Upper limit When#-%. then =1
Now, ;-_[:J?{l-r“f dr-ﬂJ?u-n-r‘-ar“}dr
-J:{r'” + 1" = 25 dt
[ 137 20 |
'|_?..r_z+1|.rz' ?.FEJ
1]

i
- Erm +i,uﬂ _i:m
'Rt 7,

fiirz

2 2 4 18+42=132 &4
B o o s s [ —— O —
3 17 11X3x7 1

Special case [ f(x) dx =0.

Gi) [ ) e = [ f ) die+ [* flx)d, where a < <6.
Special case [f 2 <) <cy <...<c, <&, then

J‘: fla)de=[" flx) de+ I,I flx) de+ j‘: flax) dx

+...+ji i) dx.
(i) [ flo) d= [ flas b-) de

) [ fl) de= [ fla—) de

[it 15 a particular case of property (iv)]
(vi) j:" Fde=[ fede+ [ fa-x) de

i [ o) de = 2[F) d,if f(2a—2)= f(x)
o 0, if f(2a—x)=— f(x)

Spocial case
J, flde= {2.[:1 f ) e, i fla—x) = f(x)
o 0, iff{.g - _,;] — —fl:x}
Liid) J_:f (x) dx
- -l: fix) dx,if fis an even function,

= Le. fl=x)= fix)
lﬂ, iff 15 an odd functon,

ic. fl-x) =~ flx)



i)
(82

Properties of Definite Integrals
Some important properties which will be uwseful in
evaluating the definite integrals are given below

0 [ fe de=[ i) de
This property shows that the value of a definite
intr.gral does not cha.ng: if the vanable 15 dian.gnd

@) [ fe)de=— [ fl) de
This property shows that when we interchange the
limits, then it d'm:ngc: by m:gati\rc sign.
[ ¥

L_"‘J {_"J

o)
[, 1]
-E+1—4+—J-5

EXAMPLE |6] Evaluate

5
[, [x=2]+]x~3] +|x ~5]] dx. p—

Sol LetI -E[[x— 2|4 x =3+ | x =5[] dx
Mow, let us first define the given absolute functions.

(x=2)ifxz2
= =2Lif x 2

(x=3),if x=3
l":ﬂ'{-{x-a},if:-cﬂ
(x=5Lifx =5
and lr_sl.{-{x—E],i.t'x{S
Mow, divide the given limit at x =3, Le. write [as
I-L![lx-zl-l-lx-3|+|x-5|]dx
+E"x—2|+|r—3|+|x—5|]dx
[using property (iii}]
=[x =2 % = (x =) + = (x =51 dx
# [ltx=2)# (x=3)+ {=(x =5} dx

Clearly, |x = 2| =

-I:[I-Z—x-l-ﬂ-x-i-_‘.-]it
+E[x—2+x—3-x+5]dx

3 L1 [
-L{ﬁ‘-f]iﬁ:'ﬁﬁxﬂ' -|:5\I-Ti|2 +|:T !

-3 21

2 2 2 2 2 2 2

Mote Im an absolute integral funclion, please be careful while
breaking the mits.

EXAMPLE |5 Evaluate [*|x - 1]dx.

1 Hera, the given integrand s in the form of absolute
¥ function and we define the absaolute function | x -a| as
_] #-a ixza
"“EF{-{x —a)if x<a -

By using it, we convert the given integrand in simplest
form and then integrate it.

Sol Leti= f |2 = 1| dx. Now, let us first define the given

absolute function.
Clearly, |r—1|-{
MNow, divide the given limit at x =1, L.e. write [ as
=[x =tde s [*|x=1ldx
[':E_f'{x}d: -J:_f{x}n‘x+ff{x}dx, face< b}
= [ = =thr [ (x=1)dx
sini[%—x]
s Im dx
fﬂ sinﬂ'[E - r] + :‘:r::-rs:ﬂ'[E - :]
2 2
I:'.-E_f{x]dx-!:f{a-x}dx]
3

= Im j;'” L S i)

cos? x +sin® x

-1), if x21
={x=1), i x=1

On adding Eqs. (i} and {:i.i}. we ge't

-IHE.I.I'I .I""EIJE E
_dk'

C0s I"'ﬂﬂ X

= ZI-FIM-[IEEI;—H

2=

It
= ==
4

EXAMPLE |8]| Evaluate L"“ log {1+ tan x) dx.

[NCERT; All India 2015C)

r; j- Firstly, use the property (v}, Le. " flx)d = [ fia - x)ds
and than simplify the integrand. Furthed, add it into

ornginal integral and simplify the resuli.
Sol Letl= f“ log (1 + tan x)dx i)
= ] -r“hgrl + tamn [1- x]-ldx
o ELTEETY

j"f(x} dv = [ fla=x)dx
u I

wid 1=tan x
-J.ﬂ' h5(1+1+|:£nx]dx

B —H tan A —tan B
[.um{.-l i 1+:anAtanB]
-l d
= I d
-[“ E[l-i-tanx]x
-j'u flog 2 = log (1 + tan x)} dx i)

()b



3

EXAMPLE |7| Evaluate [/° — S0 X 4
gin” x + CoS™ X

‘(3 Firstly, use the property (v), ie. J':nx:m = J':ﬂn - x)dx o

get the neww intagral, then add it into original integral and
simplify the result.
-5
Sol LetI= f’i X i)

sin® x 4 cos? x

EXAMPLE [9] Evaluate [* _XB0X__ 4
sec

Xx+tan x
[All India 2017C, 2017; Delhi 2016C, 2014C;
Foreign 2014]
Sol Let [=| —X10Y oy i)

U gec x # tan x
I-r (= x)tan (7@ = x)
U gec(ff = x)+ tan (% = x}

[':Eﬁx}dxnff{ﬂ-x}n‘x}
_J-: =7 = x)tan x dx

-5eC ¥ = tan ¥

a(fl=x)tan x

% sec x + tan x

On adding Eqs. (i) and (ii), we get
tan x

L9
21.nI“mx+tanxir

= = dx _Aii)

- r tan x (sec x = tan x)
% (secx + tan x)(secx = tan x)

2
T tam x-Secx = tan” x
= - dx

o sec” x — tan’ x

-E{I: ﬂcx-lanxd_r-.[: tan® x r:l‘x:|

-ﬂ{[se:x]:-r{mtx—l} dx}

= 7t {[secn = sec(] = [tan x = x]g}
= [=1=1]=[{tan =)= {tan0 = 0}]}
=f{=2=[(=n)=0}=n(n=-2)

"
=% I-E{I—E}

EXAMPLE |10] Evaluate the integral f" —! &

1+e™*

|All India 2013
(" Firstly, use the property (),

Le. J:E,I' () clx = ]:' [{fix)+ f(2a = x)]dx. Furthes, integrate
and than simplify it

Sol Let I -_[:‘1;

1 1
I-‘[:[I N +1+e’“‘[“"]}dx

-t -

Un adding Eqs. (1) and {u), we get
EI-J:HIDEEir
14 ‘ s
-Iogir 1dx=log 2[x[['* =log 2 T-ﬂ-
]
= H=—Ilog2
i

n
= Jm—log2
3 4

L 1 ghe
= + — dx
"-‘|:l+e"‘“ e"“+l:|

-Il1+e‘m‘
B 4 gt

-J:lld'x-[x]:-:l

EXAMPLE |11] Evaluate [ cos® x dx.

:?.Flrsﬂy. usa the property (vii),
-3 J'Z‘ Flx)ax = zJu F(x)ale, if (28 — x) = f(x)
o o, if fiZa = x) == f{x)
Further, use again the above property and simplify it.

z
Sof Let I-L‘cuss:dr-z cos x dx

l [ Fida = 2" fx) . i fi2a = x) = fi(x).|

here cos® (21 = x) = cos® x

m2x0=]

[ [* fx)=0.if f2a=x)== f(x),

here cos® (ft =x) = = cos® x

EXAMPLE |12] Evaluate the integral f"jzsmz x dx.
Sol. l.elfnf:zsinixdr

Here, f-l:.vr}-sil:li x
Mow, f{—x]-sinz{-x]-[sin{-x}]z
= (=sin ¥}’ =sin® ¥ = fix)
[ sin {= @) = = sin @)
Sa, f(x)is an even function.
I -f:zsin: xdy = If”sinl xdy

l'.'fﬁf{x} dy =2 J:f{x}d:. if fix)isaneven Fu.m:l:inn.]

here sin’x is an even function.

-ZIIMI:I— CO8 lr]d':' [ cos 2x =1 = 2sin® x]
i z

i 2
-I:”{l - {05 Er]d_t-[x - 5.“22::[,




[ [ fxde = [C{f(x) + fiza= x)}d]

1 1
-E[He’““ ¥ 1 +e"‘“]dx

[ sin {29 = x) = = gin x]

| TOPIC PRACTICE 6 |

OBJECTIVE TYPE QUESTIONS

2
1 EJ cosxe™™*dx is equal to

INCERT Exemplar]
(a)e +1 (ble -1 (c)e (d)-¢
1
2 The value of the integral l:ﬂ x ;‘fa:'! dx is
INCERT]
(a) 6 (b) O (c) 3 (d) 4
3 ]: . Jx)dxis equal to —— plar]
(a) j: flx —c)dx (b) [' Flx + c)dx
(© [ flx)d (@[, flxyd
4 If fla + &= x)= flx]), then _[:xﬁ[x} dx is equal to
INCERT]
@Il fo-xax ) 2EE[ fb e x)ax
© 252! ey @ 2! fexyax

2
5§ The value ufj'::z[f +xcosx + tan® x + ldx is

INCERT]

(b)2 (chn {d)1

VERY SHORT ANSWER Type Questions
Directions (Q. Nos. 6-11) Evaluate the following
integrals.

e e

(a) zero

[NCERT]
7 J: 0-x dx
11 +Jiﬂ-x [NCERT Exemplar]

¥ ]
8 J:ﬂ sin® ¥ dx

r'.f! sinrl:-|
= — - . J—[ﬂ-—l.'l]

-E—H-E

2

SHORT ANSWER Type [ Questions

Directions (Q. Nos. 12-14) Evaluate the following
integrals.

12 (X _d
;1+12 *

INCERT Exemplar]|
g sinr
13 J: cosx e Yoy [NCERT far]
14 [
e +e INCERT Exemplar]|

15 1fg(x)= J: cos 4t dt, then prove that

E(x)=g(x +m).
7
16 Evalate [*°— 20 Y 4
'[':' col’ x +tan” x

2 sin*x
1? E'h"alllate .EJ md}t
18 Show that [ f(x) glx) dx =2[" f(x)dx, if fand g
are defined as
flx)= fla=xjand gix) + gla=x) =4
19 Prove that j] log [E-—I] dx=0.
=1 24 x

SHORT ANSWER Type Il Questions

12

i
20 Evaluate LIL -

dx.

1=
1+ x
21 Prove that '[:F ‘2tan®rdr=1-log2.

Directions (Q. Nos. 22-29) Evaluate the following

integrals.

i4 1
22 E m?x + dsinz_:r -

147 sin™lx
B o

[Delhi 2017C)

dx
(Al India 20150



dx
¢ xlogx [All India 2014]
10 (X4
sz+1 g [All India 2014]
1l [xedx
[Foreign 2014]

27 J;u-t sinx+cosx
9 +16sin2x
[NCERT; Delhi 2016C, 2014C; Foreign 2014]
28 J:{:r = [x]) dx, where [x] is the greatest integer
of x.

29 L&{l- X)" dx NCERT)

30 Prove that L'x flsin x)dx == Lﬂi_ﬁms x) dx.

Directions (Q. Nos. 31-38) Evaluate the following
integrals.

2 X
3 [ o

2
|All India 2016]
32

Inmt_

13 J-:.«a

i ] 4 .-,Icm X

|Delhi 2016C, 2015C)

[Delhi 2014
34 j”*
1+ ytanx JAll India 2011]
35 J;x-': log 4+ 3sinx dx
4+ 3 cosx INCERT]
36 Evaluate _E“ Md‘x
16+ 9sin2x [CBSE 2018)
37 J:tan" =1 dx
38 I;cot"{l- x + x%) dx.
39 Show that Elng {tan x) dx = 0.
40 Evaluateﬂ
+sinx INCERTI

4 Evaluate_[ {Jx=1]+]x= 2|+|x-4|]rix
{All India 2017]

42 Evaluatefll.tj--’flif- |Delhi 2020, 16; NCERT)]

2
43 Evaluatejz | x cosmy | dy. All India 2016]

LONG ANSWER Tvpe Questions

Directions (. Nos. 44-51) Evaluate the following
integrals.

24 ":;:Jcl:tzl:'l'1'.1'}2 dx

INCERT Exemplar]
25 r’z—*-‘i"'m"“"‘ '
213 (] = cos 2)*'2 INCERT Exemplar]
26 [ 9
ca?x:Esm 2x [All India 2015]
45 J;:z Ismxcoax dr
cos®y + 3cosx +2
16 Ll Palx]+1
X +2|,r|+l [NCERT]

2
47 Jomi' rsinxcosy dx

sin®x + cos®x
[ Delhi 2014, 2011; All India 2010C]
48 j;.tlaglsinxld_r

[NCERT Exemplar]
49 Jo Iﬂg{1+x] ;
50 Ellz-r:mnx - sin bx)? dx (Delhi 2015]

51 _[D'“’[zlug (sin x) = log (sin 2x)] dx
[NCERT]

I HINTS & SOLUTIONS

1. (b)Let I-J:wcmxe“'dx

Put sinx ==+ cos x dy = dt
When x — 0, then t —0
and when x — 7/ 2 then t —1

f-j:eldt-[e'ﬂ,- et me =1

13
L (x*) i_l'_!
2= x!j-"fd,x-‘[ll X P

1
2 (a)leti= _[m = N = dx
i
(-
i _1-2
I S dx
3 x
PutL-l = ==-—zdx =t
.'I.’2 .t’;
== I—!dx--—l.d!
X 2

Whenx-l.daent-ﬂandwhenx-%.ﬂmnr-ﬂ
3
| Y T I 3 pempe
-4 [4][ .
_' 0= (22
_3[ (27

-3



44 L’”sm 2x tan~ ! (sin x) dx

[NCERT; Delhi 2011)
@Let  I=["xf(x)dx )
Then, by a property of definite integrals
I-I:(a'l-b-x)f(a-o-b-x)dx
= [(a+b=x) f(x)dx )

[ Given f(a+ b=x)= f(x)]
On adding Eqs. (i) and (ii), we get

zt-j'(a+b)f(x)dx

a+b
=

I!( x) dx

(c) Let I-I uz(x + xcos x + tan® x +1)dx

. =2
=3 I-I g x’dx+j xcos x dx
-xl2 -,

+I _tan xdr+fn 1dx

= 1=0+0+0+2 1
[~ x*, x cos x and tan’(x) are odd functions.]
I= 2[x]:n

Jx :
Let I= J:m dx -A{1)

= = 70-—7 Mx-:xdx -(ii)
[ r](x)dx = j:f(a -X) dx]

On adding Eqs (1) and (ii), we get

2n
= —=
2

X'i' a=-

2= j:m

= ZI-EIdx-[x; =”-;[a-°]-§

Hint Use the property, ff(x)dx -J:f(a + b= x)dx.
[Ans. 3]
Letl-f::! sin® x dx

Here, f(x)= sin® x
_f{—:]-sin‘{—x}- - sin x* == f{x)
Thus, f{x)is an odd funetion.

r=0 ([, flxde =i f=x) == ()|
ok
Lﬂr-‘l‘: xlogx
Now, put log x =1 = Ly mar

X

10.

12.

3.

14

15.

16.

(b) Putting x =t + c, we get
I-_I:f{c+:]d:-rf{:+c}d:

Now, [ = fﬂ»- [logt]; = log2 = logl = log2
t
[~ log1=0]
Hint On putting 1 + x* = r, given integral reduces to

1 p7dt 1 17
A9 [ane L (2)]
‘l

Letlsj:xe dx

Now, put x* =t =5 2x dx = dt

Upper limit when x =1, thent =1* =1
Lower limit When x =0, =0

1 dt 1 1 1
S l= t'—-.— ¢' .—gl-g. = (g=-1

I, ==l L 5! J==(e=1)
Hint On putting1 + x* = ¢, given integral reduces to

j’ 4t [Ans. 42 =1]

Hint On putting sinx =, given integral reduces to
[edr. [Ans.e =1]

Now, put e* =t = e*dx =dt
Upper limit When y =1. thent = elme
Lower limit When x =0 thent = ¢ =1

de -1
l-j:t +l-[tan th

tan"'1=tan"' e = —

=tan"'e =
Given, g(x)= fcos 4r dt
T+
Now, g(x + 1) -L cos 4t dt
-I'cos 4t dt + r " cos 4t dt
o x
= g(x) + I, (say) -G
S +=
Now, I, = I: "Fcos 4t dt = [m:"]‘
x

-sin~l(x+1!) sin4x-sin(4x+-lx) sindx
E K 4 4

sindx

sindx
=

4 4
Then, Eq. (i) becomes g{x + x) = g{x)}

Hence proved.
7
Let | = L,ﬂ- A
U pof’ x4 tan” x

= fm tan"(m /2 = x)

U eot’(n/2=x)+ tan’(m/2 = x)

- - - -



17,

18.

149,

2.

Lower limit When x -_r, then = loge =1
Upper limit When x = ¢*, then t = loge® = 2loge = 2

7
2 cot’ x .
= Jm ﬁdx 1]
* tan’ x + cot’ x

A e

On adding Eqs. (i) and (ii). we get

7 7
mitan x + ool x
% tan’ x + cot’ x

-‘[:'I‘;!Iﬂ'.u'-[r]:"2 -%—ﬂ-%:; :-;

Solve as Question 16. [Ans %]
Let[= J: Flx)glx) dx i)
=h I-J:f{a- x) gla = x) dx
[ [[fixydx= [ fla=x) dx]
=] -I:_f'{x]{é—gx}}n‘x i}

[ fix)= fla= x)and g{x)+ gla— x) =4, given]
On adding Eqs. (i) and (ii). we get

2 = !':4 fix)dx
= Im z!': fx)dx

Himnt Let f{x)=log [E-—I} then
+ X

-1
f{—x}-lug[ +i]-lug{§:i] -{—l}lug[z i]

== flx)
Thus, f{x)is an odd function.

Hint On putting =,

éﬂ\(gm -é_‘:ﬁdr
- (] [ 2]

Hint Write tan® x = tan® x - tan x -{mgx - jtan x

given integral reduces to

= sec” xtan x = tan x, then given integral reduces to

Erlsecix-tanx dx = EL'“tanx dx

Le*tI-J:“ o
1+4tan” x

[dividing numerator and denominator by cos? x]
Now, put tanx = f =5 sec’ x dx = dr
Lower limit When x =0, then t =0,

£ ﬂﬂil’
povc syl

dx
]

cosx +4sin’ x

Uppﬂli.m.it'Whenx-E, then ¢ =1

['-‘J:f{rldx-j:f(ﬂ-r]dxj

¢l dt
I-L 1+4r*--': 1% & (2
_rm"{zrﬂ'
™=,
= IE [tan™ 2 = tan™" 0] = lEtan'L 2
.Hl; sin j.'l'
{1 }il’t x

Mow, put x =sinf = dx = cos B df.
Lower limit When x =0 thenfl =0

3. Le‘t]'-J:

Upper limit When x -:;-. then & -%.
2

Now, I= wd B cos @ _Im Beos B

T 0 (cos?B)"
-_[’"“H““Ede.r-f’ammdﬂ
i cos@

Using integrating by parts, we have
=10 tan 0" = [ “tan 0 d0

-E-mni—ﬂi-[hmcmﬂ]:”
LEPY! -1 o
-‘1 ng[ms _‘] of (cos 0)
r 1 1

—+ oy =logle —=—log 2
"3 E:E Bl=T =78

24. Letl= J:xl{tan' L )dx i)

Now, put x = tanfl = dy = sec” B 40

Upper limit When x =1, tanf =1=38 = tan™" {l}-%
Lower limit When ¥ =0, tanf) = 0 =8 = tan™ '(0) =0
Wow, from Eq. (i), we have

I -J:'“me-a*-m 29 46 = f"a*gmﬂ .sec20)d0
1 n

.[g =.$F-£‘"zg.

[ 'y
l'.'jl:anxseci ydr = :3112 J

2
I:a.uﬂde

1“:*[ xY’

i

.ﬁ-[e (tan® = @) -!’u-{me-euur
| J.

_[’"a{sec*ﬂ -1)d®
o 1 n

[ sec®f = tan® @ =1]

2

L - -
= 2= [0-tand - 0] +j:"“{mnﬂ @)de

2 2 2 =
.“__[Emi_“_- i|+|:lng|secﬂ|—ﬂ_:|
3z 4 4 1a 2

1]



r ] 2 2
-ﬂ—-—+— IDE‘\IE———'D [ tan[i]-l-l
32 16 4 J
il =dm
+ 1 -ﬁ
= 16 o8

25, Hint (i) Let

Im't 1+ cos xdx
=% (] = cos xf

!lﬂ "|J; -flli x
1

{1 =cos x}i :
[multiplying numerator and denominator by Al=cos x]
-Jm't sin x
W3 (] = cos x)*

(i) Put1 = cos x = t and simplify it. [Am. %}

26 MI-FEN x:;llﬂﬂ.nlt
=

_1 i dx
29 oz ¥y cos'™
1 prp dx
-

2 ops ™ xsin'® x

COE xJZ[Esm X Cos X)

[sin 2x = 25in x cos x]

xsin'Px

1 i ‘
-_I BEC X d_].'

* eos™ " ysin'x
[dividing numerator and denominator by cos* x]

4
-ilﬂ- seC X dx

2% g™ xgin'™x

2

x=tan®x =1]

2 2
-lJ-mset x(l + tan I}dx -

2+t tan'® x

Now, put tan x = f =ssec® x dx = dt
Lower limit When x =0, then f = tan0 =0
Upperlhnjt%enxng.ment-mn%-l

L‘{r‘m + 12y dy

1pf1+¢? 1

1
aMopr y 2o [ o o Lgf? comialal
2 s 5 5 5

27. m:-f“m“m % &
Q% 1lbsin 2x

We know that,
(sin x = cos x]i-sin=x+m5= ¥ = 25N ¥ cos ¥

= (sin x = cos xJ* =1 =sin 2x

[-sin® x# cos® x=1and 2sin x cos x = sin 2x]

=% sin 2x =1 = (sin x = cos x)*

sin X + 008 X
I= - dx

Qo 16(1 = (gin x = cos x)°)

Mow, put (sin x = cos x) = ¢

. I .

=5 cos X +sin x=— il
dx
=% {cos x + sin x)dy = dt

Lower limit When x =0, thenf =0 =cos 0= =1

Upper limit wh.enx-%, ﬂmn:-ﬂn%-m:%-ﬂ

1
f19+1ﬁ{1-:*}

1 1
B S S
=1 g4 16 =161 =1 25 =16t
-|I:I

.
[zt

] e

e

1 1
—[logi=(logl=log9)]= — log 9
'M["E (log E]]-.m i

E"'.t'-l

2l

28. m:.f{x_[x]]dr-fxdx-flx]dx
-J-:xdx—l:‘[:ﬂdx+flir]
[__[] {ﬂjfuﬂx{l}
LiftlEx<2

Ii_i| --|:|+[_r]. -?i—ﬂ [2=1]=2=1=1

29, Let I-j:x[l-x]" dx:I-L[l-le—{l—x}l" dx

F[ [[fix)ds=[ fla=x) e;}

-j:{l-x}x" dx-r{x"-x"”}dx

[ e
me1 a2 me1 n+2
{n+2)= {n+1}
(m+1}n+ 2) En +1}|{n+ 2}
30. let I= j:r fisin x) dx D)

= I=[(n-x)f [sin{n=x))dx



3L

3L

= f{j‘l: = x} fi{sinx}dx ~-Aid)

[+ [fx)= [} fla= x)dx]
On adding Eqs. (i) and (ii). we get
U= _[:n f (sin x) dx
" .
=5 f!ELf{sm x)dx
MNow, put%-x-r = x-%- t=sdx==dr
-1

Upperlim.itWhenx-n.ﬂ:.enr-T.

Lower limit ‘l.i'«ul"]:l.t:*]:Lx:-ll.tlzwxnl'-E

.-_JT--E2 '::ﬂ_f[ [—-r]] = —_[ f{ms t)de

-nfﬂf{cm thdr or HL‘ fleos x)dx
[ 7 flx)ds = 2| f(x)dx]

Let [= f i)

2] 4 5°
_Iu{z 2=xf

=2 4 5ETETE
.

z X
= dx
I 2457
%
=4 Im
-[' BET 41
On adding Eqs. (i) and (ii). we get

1+ 5% ® 2 2
2!-.":[5l +1Jx dx-Lix dx

¥
=-,~2:-2J'.x*ix

[-.-]:f{x}dx-j:f{a +b - x)dx]

£

x dv - i}

2 2
[ x* is even, S.IJI_EIE dx = 2";.“:t dx]

RIZ dx
Let =
a 1+;i

:!:m x
= = .
J:ﬂ oS X + 4f5in x v

. [?‘] .
TR

[ J:f{x}n‘x = J:f{a = x )dx]

i)

5in X + 4/cos x

Omn adding Eqs. (i) and (ii). we get
OS5 X+ 4f5in X
2w %:d
‘[:n COS X+ 4f5in X )
= 2!-?1&:-[:13”-%:;:.%
33, Hint Use the property, [ f(x)dx = [ f(a+ b=x)dx
T

" I
Here, a+ b2—4 ===
B 3

"
Now, solve as Question 32, I:.ulns. E:|

34. Solve as Question 32 [Ans 1]

. 4 + Jsinx
35 Letr=[" hg{“m“]dr
- fﬂ log (4 + 3sin x )dx —fﬂ log {4 + 3cos x )dx
E3 ﬂ- -
l:. IDE:: logm Iugn]
=" h5[4 +3ﬁn{%-x]]dx
- Iﬂm log (4 +3 cos x)dx
[ [ flakix = ff{a-x}dx]
-.[:ﬂ log (4 +3msx}dx—J:'ﬂ log (4 + 3 cos x)dx

o l=0
16. lml-jmﬂ":"':mxfx
0 164 9sin 2x

-KJ 5inx + Ccos X
9{2sinx cosx) + 16

oy mamas i wmna g s mas
4 sinx + cos X
.J:" dx
=0 =25in x cos x) +16
5in X + CO8 X

= f‘ — .:! - dx

=%sin” x +cos” x=2sin xcos x =1} +16

dx

[--sin® x + cos® x = 1]

4 5in X % CO8 X
= dx

25 =9{sin x = cos x )

[-a® +b® = 2ab = (a=b)"]

Put SinX=Ccos x=f

= {cos x +sin x)dy = dr



Also, when, x =0, then t = =1

and when, x -;,I:hen r=0

I-f dt 21
135 mgpt

-lx;
¥ ax2
al

a+x+f]
a=x

1 543 2

=—|lo =—|logli=log|—

= IR BRI

= lﬁ[ﬂ— log— [ log 1 =0)

= L [~log4™]

30

= % log4 [ logm" = nlogm]

37, Let I-j:un"[ Zr =l ]dx

14 x=xt

_E -1 :+{x 1) dr
1= x{x =1}

- j:ftan x4 tan"{x = 1)} dx

[ tan™ A +tan™ B = tan"[ At E]-l
1= AB
= = j:{m" x = tan™ {1 = x)} dx i)

Also, I '!: [tan™(1 = x) = tan™" {1 = (1 = x)}] dx

[ J:_f{x]dx = J:f{a -x) dx]

= Im j: [tan™(1 = x) = tan~"(x)] dx (i)

On adding Eqs. {i) and (i), we get
2=l = =i

E i - i o 1
5. Le'tI-‘Lcnl: ’{1-x+xi}drnj.un .[1-x+xﬂ}dx

_J'n tan™" x+|{l—x]} .
l=x+x
[adding and subtracting x from numerator)

e
1- x{1—-x)

39,

- J:{I:an'j x + tan"1= x)} dx

{ tan™ A +tan™ B = tan"[l'd‘_;i ]1

= [[tan™ x dx + [[tan™'(1= x) dr
= [[tan™ xdr+ [tan™ = (1= x)} dx
| ['.'I:f{x}dxnj:f{a-r]dx]
-Ltan"x+_[:tan"xdx
=2f tan™ x= Ej:{tanl" x)1 dx
= 2{[mn'tx-x],:,—!:1:1_=

[using integration by parts)

.I,ir}

= z-f-uogﬂ + x4

-ﬂ?-[lugﬂ-hgl]-%-hgz [ logl = 0]
Let [ = flugl{tan x Jdx
- !:ﬂ log(tan x hdx + th{tan x)dx
=141, i)
Mow, consider [, = J:n log (tan x)dx _.{ii}
= _[‘”hg [tan(m /2= x)] dx
[ Jiftx)dx = [ fla=x) n'.r]
= I:Rlug {cotx) dx L)
On adding Eqs. (i) and (iii), we get
2l, = f”log{unx} dx + J:wlug (cotx)dx
= I:j[lng{tan x)+ log {cotx)] dx
= I:Rlu-g (tan x - cotx jdx = I:R logldy =0
[ tan x+cotx =1]
= I, =0 [logl=0]
and I, -J:ﬂlng{tanx}d: _{iv)

-I:ﬂhg:un[n+§—x]]dx
_ [+ [rerde= [[flas b= xjix]
=[7 log _m:{%- x]] dx

= J::Iug{ml:x] dx -4




40,

4.

42.

43.

On adding Eqs. (iv) and (v), we get
2y = .Eaz [logitan x) + log(cotx ))dx
= E_} log|tan x - cot x|dx = .[;'2 logl dx =0 [~ logl =10]
=» .Ig =0
. From Eq. (i), we get [ =0
Hint Use f fix)dx = _t' fla=x)dr [Ans. 7]

Similar as Example &.[A.ns. %]

Hint Let [ = fl|x! = .

Again, Iel:j"{x]-x’ —x=xfxt =)= x{x =1Hx +1)
Now, break the given limit at x =0, 1
[ put fix)=0, we get x =0, 1, =1]
=20Y re[=1,0]
_f{x]-xi—x-lﬁﬂ,‘u"xe[ﬂ,l]
20,% xe[t, 2]
I-Iu I{x'q'—x}n'x+I:—I{x'd'—x}dx-l-Li{xi-x}a‘x
Y
Ry
L-e*tI-L | x cos o dx

Here, xcosfix =0=sx=0 or cosmx =0

n in
=% x=0 or cnsﬂ_t-:ns;-ms—
" in
== r=0 or Ix=— or iy =—
2 2
1 3
= x=0 or x== or fix=-—
2 2
0 2 32

For ll-:x-:l? x>0 and cos fix >0 then

SoXoos fix =0

1 3
For E{I{E: x>0 and cos mx <0, then

. Xcos x <0

1
xcosfix, fordexr=—
o | xoos x| = 2

- xCos X, far'—ﬂ:ﬂz

2

352 1z
Nuw.L | x cos fix| dx -L X cos fx dx

+ .[:r: = xoos ) dy

-|:xsinﬂ1'[: '.[ sinﬂﬂ_t ]:'2

in 7t in i
_[xsm 4 _Ism x ::I‘x]
R n L2

k1o " 1z

n
—
(]
nl‘

g
ra | &
= =

~

B

i
v | 5
R

1

=

+

|

n

B
—

| IS

3 . 3m 1 3 i = 1 b
- ] — e — = | .| —] ) = e — O =
oz 2 2z ot 2

1 1 3 1
=| =1 —
. n®  2n ]
1 3 5 1
B o — ] —  —

44. bet:-f”sin 2x tan™ ! (sin x)dx

iz
-I: 25in x cos x tan™ ' (sin x)dx

[ sin 2x = 2sin ¥ cos x]
Mow, putsin x=1 = cos x dx=dr
Lower limit When x =0, then t =0

Upperlim.it“"henxt%,lhent!sin%!l

i
Nuw.f-rzr tan™! rdr-z_[ r-tan" ¢ dt

-2{{::.11":} I J:“_';’? ]

[using integration by parts]

2

[
-2|-t:a.11 J !:1:7.&

_El’n] i+t }-l.d'r
8 1+t

[adding and subtracting 1 from numerator]
I
-—- df = —=[t =tan™" ¢]}
-[[ l+r] ral k

.%- [1 = tan™"1=(0=0)]

-£—1+1-£—I
4 -+ 2

45. Hint (i) Put cos x =1.

{ii) Use the integral of the form .[de

o

toxt 4] x|+ e
"-xi+2|x|+1

-L dx + ' I.‘I.'|+l dx
x* +2|x|+1 " xt e 2| x| +1

46. Himt Let [ =




47.

=04+ Li |x|+1
x4+ 2| x|+1

1 . ~ i
R e
{x +1) dx

2 Lifx 20
BTy o] x=x, ifx20]
i{x+1)
=2 dr [Ans. Zlog 2]
‘L{x+1]’ #
Le*t]'-fﬂwdx i)

sin'x + cos®x

Using Ef{x} dy = J:f{a = x)dx, we get

B Sl G
" sin'[% - x] + ms"[% - x]
I- x}:urs X §in x

A3
=5 J-L = —
cos” x +5in” x

oot

On adding Eqs. (i} and {ii), we get

it C05 X 5in X
wa iR s,
] sin® x + cos® x

dx _Aii)

T ol
=% Im— T 2 T 2
470 (gin” x)" + (1 =sin" x)
[ cos®® =1 =sin®8 ]
Now, putsin® x =t =5 2sin xcos x dx = dt

) dt
= sin xcos xdx = —

2
Lower limit When x =0, then t =sin®0=0

5N X cos X

Upperlim.itw’h.enx-%, d!ent!sint%-l
b 1 d_r

-
L 1

= J==|—"
EI“'r=+{l+ri-2r]n
g 1 w1

= I-—Li—dr:»J-—u—ld:
821" - 21 41 1692 _, 1

= ImX ! dt

16 1y 1Y o1
OO
2 2 2
e
[ad.ding and subtracting by [E] from denuminatul:|

it 1
= .F-—r—rﬂ'
16 -0

(-4 ()

44,

- i fe ]

= I -E[um"{l] - tan™"(=1)]

r

. L A -1 -_51
{.mn (=1} tan™ (1) 4J

1[“ n] b

= JE=ao—=d—=|=—

gla 4| 16

Let 1= [ xlog [sinx]dx i)
1= ["(= = x)log |sin(% = x)|dx

[}

-I:{rt = x)log | sin x| dx

On adding Eqs. (i) and (ii), we get
21 = x| log |sinx| dx

_Aii)

i)
= zr-mjﬂm log |sin x| dx

['-'J':'f{xm =2 f(x)x, if f(2a=x)= f{r}]
= ;-ﬂ_[:!hglfiﬂxli’f

= I= nf” log [sin{ /2 = x)|dx

{ [[fix)de = [ fla=x) d_r]
= '.I'I!L:nIt log|cos x| dx ~A¥)

~Av)

On adding Eqs. (iv) and (v), we get

=m|  (log|sinx + logcos xf jdx
=5 2i=m| log|sinxcosx|dr
I

[multiplying by 2 from numerator and denominator]
= 2r=af" (logsin2x| - log2)dx
=2 = 2
2= n_L logsin 2x] dx = n_[ﬂ log 2 dx
= 2= nf” log|sin 2x| dx = 7 log 2[ x ]2
Now, put 2x =i = dx-%d't

Lower limit When x =0, then t =0
Upper limit When x -%, then t =&



n ) n?
2= Ej-:lug Jsin flde = —log2

" ) n’
= z:-thmqus-?hgz

r ]
= =~ “Tlugz [from Eq. (iii)]
5 = 1
Tm=ppre Egeg (L
=TT REET E[EJ
49. HjntlmI-I:de i)
14 x?

50.

Now, put x = tanfl = dy = sec® B0
Lower limit When x =0, then tanfl =0 =0 =0

Upperli.mﬂ“’henx!l,thenlanﬂ!l:&ﬂn;

Now, [= i Ms&czﬂ a6

® {1+ tan®@)

= logt + tan8] _ 29 4@ [ sec?d =1+ tan?0]
sec’ B

1= [™ log (1 + tanB) d8 i)

3]

Le'tl'-fxl{ms ax = gin bx)* dx

= Zj:{curs ax = sin bx)® dx

|-£ flx)dx= EJ:_f{x}dx.iff{x}is E"l."E'l!I-|
“ o, if f(x) is odd
and the given integrand is an even function J

= 2_[:[::05211' + sin® bx = 2sin bx cos ax]dx

= Zl[l:t[ﬂmzzt:l.vc-i-si.l:L2 bx = fsin (bx + ax)

+ sin {bx = ax)}]dx
[~ 2sin Acos B=sin (A + B) + sin (A4 = B]]

rcns fox dx + rsintiu' dy = I:sin{b + ajx dx
- _[:g'n{b = a)x d

=2

J—:(l + ::n: ?‘“]dxq-f(' - m: be]d:

- [Psin (b + ax dx = ["sin(b = a)x n‘x:

I:(l—"' cos M]ir+.rl[1—- cos be]dr
127 T 2 wlz 2

-_[:sin{i: + a}xdx—rsin{b- a)x di |

]

]

(]

_r[%+|§]dx+1§rmsm d:—%_[:ms Zbx dx

- [[sin (b +a)x a‘x-fsin{b-a}rdx_

1['sin 2ax T* _ 1[sin 2bx T

R N T R
R cns{b+u}xt+ cos (b=a)x ]
(b +a) " {b=a)

= 2| & + - [sin 2am] - L[sin 2bx]
4a 4b

=2|[x]§ +

(%]

J[cos (b + a)m =1] + T :

[cos (b= ajit =1]
+a -l

[vecosD= 1]

-i[n +Lsinhn-:—bsin 2hm +

! cos (b + a)n
4a +a

1|
b+a * b-acmib-ﬂ}n-b-ﬂJ

51 Letl= [ (2log|sin x| = log|sin 2x])dx

= '[ﬂ:llr“|'1:1ng{5in1 x) = log (sin Zx))dx
[~ m log n=log n™]

-J':”lug{sin;':]d: { logm=logn=log %]

. 3
wf 2 5Im° X _ % .
= l —_— | dy [sin” x = 25in ¥ cos X]

L DE[Esinxms :] [ !

L] t 2
=[ 1.:5( ”;’]ds-f [log (tan x) - log 2] dx
L] i I
.L log (tan x}dx—L log 2 dx
= _[:”lng{:anx}.ir- log z[:"mr
= I=f, =(log 2) [« =1, -[%-ﬂ] log 2 i)

where, [, = rulng {tan x)dx . i)
Mow, [, = .r:” lng{l:tan [%— x]]dx

[ [[fixyde=[ fla=x) d_t]

= I = I:’*hg {cot x) dx i)
On adding Eqs. (ii) and (iif), we get

H = I:H[Ing (tan x) + log (cotx)jdx

-J:” log (tan x cot x) dx

[ log m + log n = log {mn}]

1

= [ Mlog1demo ey

[ tan x =
= l;=0
From Eq. (i), we get I-ﬂ-%lugz

T
= I-—Elogz



SUMMARY

* Indefinite Integral Let F(x)and f(x) be two functions
connected together such that —F(x) = f(x). then F(x)is called
integral of f(x) or indefinite integral or anti-derivative.

« Properties of Indefinite Integrals

0 g(-j flxjete = f(x)and | £ (x)d =1(x) + C

(i) Two indefinite integrals with the same derivative lead to
the same family of curves and so they are equivalent.

@) [{r()% ()} de = [ Hx)ax £ [ g(x)ex

(iv) jk-r(x)dx =k-jr(x)dx. where k is any non-zero real
number.

M) [ [k + kata(x) + ... + Knfa(x)]obx

= k| Hx)a + Ko [ B(x)G ..+ Ky [ o(x)cbe

“ Methods of Integration

(i) Integration by Substitutions The method of reducing a
given integral into one of the standard integrals by a
proper substitution is called method of substitution.

To evaluate an intagral of the type j' f{a(x)} g’ (x)dx, we

substitute g(x) =t, so that g’ (x)dx =dr.
(i) Integration by Partial Fractions Suppose the given

integral is of the form j g:x; ——1 dx, where P(x)and Q(x) are

polynomials in x, Q(x) = 0 and degree of P(x)is less than

degree of Q(x)

Then, to solve such integrals, firstly take the given
integrand g‘(x—;and decompose it into suitable partial

fraction form and then integrate.

(i) Integration by Parts Letu and v be two differentiable
functions of a single variable x, then the integral of the
product of two functions is given by

Juvax =u jvdx-j(ép)jvo‘x)ox

= Some Special Types of hmgrals

() Integral of the types | — o

ax® + e + ¢ l.‘fax + b+

can be transformed into standard form by expressing

CHAPTER
PRACTICE

axz+bx+c=a[x +£x+c]

-a[(“a) (a 4a’)]

(ii) lmegrdolmetypesjax—z-u:—;:{—cm
o I (px +q)ax
ax® + bx +¢

transformed into standard form by expressing
px+q=A%(ax"'+bx+c)+B=A(23x+b)+B,whereA

and B are determined by comparing coefficients on both
sides.

(i) Imegrdolthetypeje‘{I(x)+l‘(x)}drmnbeevabaied
by using the formula
Je* {fix)+ () =e* f(x) + C.
Definite Integral An integral of the form [ £(x)ab is known as

definite integral and is given by j’: fix)dx = g(b)— g(a) where

f(x)is derivative of g(x)or g(x)is an anti-derivative of f(x) Here,
aand b are called lower and upper limits of defindte integral.

Properties of Definite Integrals
0 [[100a = 1ot

(il j:r(x)m - I:l(x)dx

(i) j:f(x)m - j: f(x)x + j: f(x)cx

§ B b

) [ f(x)ce = [ fla+ b— x)ax

V) J: f(x)ax = J’:I (a—x)dx [particular case of property (iv)]
(i) j:‘ flx)a = [ 1(x)ax + [ tf2a — x)aix

2j: flx)d, if f (2a — x) = (x)

(i) [ fgac=
0, iffRa—-x)=-f(x)

zj: Fix)ct, if £ is an even function,
i.e. fi—x)=fix)
0, iffis an odd function,
Le. fi—x)=—Fx)

(vill) f. flx)ebe =



OBJECTIVE TYPE QUESTIONS

1 lfi{ﬂx}] oh +112’ then %[ﬁ[r"}} is equal to
3yt
() 1+ x3 (b) 1+ x%
— By — By’
(c) —{l g (d) o
2 ‘[_:r2 e dris equal to NCERT]
@)™ +C By ze” +C
[c}zlf’ +C [d}%:” +C
& {1 + X}
3 ‘lcaszl:r’x] is equal to R
(a) —cot{ex)+C (b) tan(xe*)+ C

{c) tanfe™)+ C {d) cot(e™)+ C

.-
4 Let f(x) = ":*: :“. Then, [[ f(x) + f(=x)]dx is equal

o
(a) O b)x+C
¥ sin2?mx X Ccosmy
[]-—— e +C [d]-—— - +C
5 | ——dri 1
JI2+1'II'+2 = equa 0 [NCERT]
(a) x tan™(x + 1) + C (b) tan™Y{x + 1)+ €
(e} {x + 1) tan™ x + C (d) tan™ x +
1 .
6 dx is equal to
j:ﬂax"’f “ [NCERT]
1. -f9x-8 1. f8x-9
(@) g sin [ 8 J+C &'}2 [ 3 }+C

20 Given, If{ta.nx + secx dx = e” fix) + C. Write
flx) satisfying above.

21 Ev:aluatej ;hdr
cos

22 Evaluate_[ ﬂcﬁ.

3x® +sin6x
[Hint Put 3x? + sinx =]

23 E!mluate_ﬁ 4-x7 dr.

dx
24 Ew]uatefﬁ —.
L 1+x

7 lfL dr = g, then L = dt is equal to
[NCERT Exemplar]
(a-1+2 ['h}a+1—§
[c]a—]—% [d}a+l+%
8 The value ufrtan"[ H-lz]firu
o 1 L L o [NCEET]
(a) 1 (b) zero
(e)-1 (d) 5
9 Eﬂ,ﬁ -sinZedrisequalte  \Goppr o tan
(a) 242 (b) 2(+2 +1)
(c) 2 (d)2(4Z 1)

VERY SHORT ANSWER Type Questions
10 Eva]uate_[{qe"-mx

11 Eva]uate_[ m:—{;“mdx.

12 Eva]uatej (cosec?x = cotx)e” dx.

13 Evaluate Jlﬂ:i{ﬂrir
anx

14 Eva]uatej sec’( T=4x)dx.

[All India 2010]
15 Evaluate Jsecfta.nx‘-“dx. [Hiut Write ;“:%}
16 Eva]uate_[ x*- lrix
[Delhi 20108C]
17 Eva]uate_[ %-{
18 Evaluate
T
'l +16 [Delhi 2011]
19 Evaluate [ (1- x)x dx. Delhi 2012]
36 Evaluate E[&inzi- cos? i] dx.
2
[HII:IIZ £O5 X = o5 = —5|.1'|2'I ]
2 2 [NCERT]
37 Evaluate _[nx x4 2 dx.
[Hint Putx + 2 =17] [NCERT]

SHORT ANSWER Type 11 Questions

sin (x =a)
nx+a)

[Hint Put x +a =1]

38 Evaluate _[

[Delhi 2013]



25 Eﬁluateﬁ%
-X

[All India 2014]
26 E'|.-f“.11uah'3‘[':I sin® x cos* x dx. INCERT
27 Evnluatej dx.
cas‘x [All India 2014C]
2
28 Evnluate_[ de
cosec’y [Delhi 2012C, 2011]

SHORT ANSWER Type | Questions

29 Evnluateje““i" (x* + 1 dx

Hiutf-]' o dx
[x* +1)

30 Evnluatej ‘.:r
Xt -

dx.
1
[NCERT Exemplar]
. X _ X 2z _
[Hu:lt J-I_. _[[12}1_1ir']:m1 _E]

31 Evaluate I_tn.]x“-lir.

32 Ewluatej + 5inx dx. [NCERT Exemplar]

2
[Hil:lt 1+ sin x =(|:ns % + nn%] :|
33 E!mluate_[ Jtanx (1 + tan® x)dx.

sin® x +cos*x

34 Eﬁluﬂtf'rﬂ—
sin” x +c
35 Evaluate j':l.r = 5|dx.

=1
47 Evaluate _[_ttan x dx. [Delhi 2011]

48 Evaluate Imgx .
[Himit J-sncaxd_l: =j5.:|:2.l: -sec vdx)

e’
49 Evaluate I miﬂ'

2

5“ EVH].'LIH[EJ W—Iﬂf

#a)(x”+b%) [NCERT Exemplar]

5 Evnluate_[
x( 15+3_'| [All Indis 2013]

[Hint Multiply numerator and denominator by x*]

E2 Evaluate I[“ﬂnx]e‘dx_
l+cosx

[All India 2013C]
[H.i.l:ll: 1+ sinx =1+251|1% cos %aru:l

1 +cosx =2 cos® %]

39 Evaluate _[ sin 2x -
(@ + boosx)
[Hint sin2x =2 sin x cos x and puta + b cos x =t

40 Evaluate _[ sin® x dx.

[All India 2011]
2
Hint sin* x =[ﬂ) and cos” 2x =ﬂ]
3 2
‘4 Evaluate _[ sindx-cos3x dx. [All India 2011]
42 Ewvaluate _[ L!ail’-
X x]
COs= + sin=—

2 2 [Delhi 2014C]

[]‘].i.l:ll: Use cos x = EDSI%—HIII % and sirnplify it,

then put -|:l:t.u%+si:|i =I}

2
2
43 Evaluate _[—2
l+11:+3: [Delhi 2015]
[Hiut Let Sx =% = AE{I+1: +3r%)+ B]
44 Evaluatej%rir
(x"+4) [Delhi 2013]

[Hint Put x? = ¢ and then use partial fractions|

2
45 Evaluate o dx
'[ :,i_:’ +2r+3

[Hil:lt Write given integral as

[All India 2013]

(x41) . 4}
I-J.tz+2:+3 +J—1’.rz+it+3_t

[All India 2013]
[Hi.ut Let x +2=HI[H—II}+B:|

(Bx+1)

61 Evaluate Im

[Delhi 2013C]

62 Eval X+ x+l
v uate'[_i_[-tﬂl 22

[All India 2017C; Delhi 2014C]

2
63 Evaluate I—lzd‘x_
xt-xts

[MCERT Exemplar]
2
x

- 4)(x*- 3) “

. x*
I:Hmt J-I. -x%h 12 d =j{.1:2

64 Evaluate I[sin (log x) + cos (logx)] dx.
[Hint Put log x =t =x=¢" =dx =¢" dt
R | =je" (sin f + cost ) dt]
log x
(1+log Jr}2

r I |

65 Evaluate I



=4

53 Evnluatej dx .
[x=1) ..Ix* +4

o4 Evnluntej dx

x* el
, 1 2dx _1 (x® +l}| (x? —]]I
|:HmtJ-.l:'+l_2j.:‘+l_2I 1 ]

s Evnluatej -
x

dy. [Hint Put x* =1]

+xt #1
L6 Evaluate r  dv
J aj = 13 [Delhi 2016]
Hint L dx
(oo |
= "'E dx, put x*/* -.r-|

il.[,fh"? 1)
L7. Evaluate 1’1*’—1 dx.
X

|:Hi1:|tJ- llxﬁ_[mm j-Jl+.: _,]

1Hl+_:

58 Evnluate‘[_—?i—dx
sin X+ +/3 cos x

59 EII.-%IILH!H:_IILj
(x + 1) (x"+9) [NCERT]
60 Evnluatejr—” X
|:x + 4) {x + 25) [Delhi 3013]
75 E!mluate_[ X dx 3
a® cos’x + bsin’x [Foreign 2014]
Gy
76 Evaluate 1—
J +4x+ 3 [NCEP.'T; All India 2011]
7 E'l.-r:ﬂuzlte‘[“'Irj Lasinx
1+ cosx [All India 2011]
78 Ev:aluatej ¥ +1
¥+l [All India 2011C]

1 xt +] 1(xt =1)+2
[Hm':J- 41 I a1 d

j-l [x? -1)(x" +l]-+2
(x2+1)

79 Ev:aluatejf (l- ﬁ]ehit.

T o il r":'*”
i . [NCERT]

[NCERT, CBSE 20:20]

50 E!mluatej

et dt
(141)°

[%tpmlngz =r=:|_r=£'=>d_t=e'dt,5nf=l-

66 Evaluate _[sin (logx) dx.
[Mint Put log x=t =% =¢'=dy =" di
o =je; sin t dt, apply integration by parts]

tan @ + tan® @

&7 Evaluate_[ Tiiae
+ tan

sin x

68 Evaluate_[ d:c.

8 4
69 Evaluate Jtan xsech xdr.  ooppy Exemplar]

T |
70 Evaluate _[x sin™ x dx. [Delhi 2016C]

n Evaluate_[ :i!c [ JJ_[x»rl}]

T2. Evaluate Exsinxmfxdx_
[Hint Use
j:_: sinreos® rdy = (- x)sin (m - x)eos {x -x)dx]

73 EvaluateJ: Ton.r — dx.

1+ cos’x
[All India 2017C, 2013, 2012; Delhi 2017, 2011C]

[Hint j: flx)dx = [: fila-x)dx]

74 Evaluate _[:{|x [+1x = 2]4|x = 4]} dx.

[Delhi 2013)
42
87 Evaluateﬁ |xsin ] dy. Delhi 2017]
LONG ANSWER Tvpe Questions
2
88 Evaluatejx{lng x) dx. [NCERT]
[Hint Take (log x)* as Ist function and x as IInd
function]
89 Evaluate _[ ?—MQLJX
=x"=x+l [NCERT]
90 Evaluatej %
(x-1"{x+3) [Delhi 201%]

91 Evaluate f::.lag{casx +sinx)dx.
[NCERT Exemplar]
[Hint Use [ f(x)dx = [ f(a+ b-x)dx]

X b d
92 Prove that J“l+casu " dr = .




79 Evaluate jz (L - L] e dx.
e 27 [NCERT, CESE 2020]

12
80 Evaluate |’ (CT s
o [NCERT]
1/3
1
. I,'.r-.t!]”':' [:1x_]‘1]}
Hint 3 = 3
E I
1/3 /3
A=) (=)
= = - t -]=!'
I-' I; Dw.Pu F

81 Evn]ualejﬂmlng sin x dx. INCERT]

2
82 Evaluate [ & 25 5y
-[1 :E +1
[Hint Integrate by parts by taking (x? + x)as Ist
function and ! as llnd function]
:E r+1

X

23 Ev:a]u:-uej e __ X
0 (sinx +cosx)

EENI L] sinx

2
]S Ev:a]ualej: leosx = sin x|dy.

86 Let f(x) = x=[x], for every real number x,
where [x]is the integral part of x, then evaluate

[ o

=l =1z x <0
[Hj""‘lxl'{ﬂ, ﬂsul]

(v) I:lzzsin’ x dx is equal to

(a)o (b) 1
(c)2 (d) =

94. If f(x) is a continuous function defined on [0, a],
then [ f(x)dx = [ f(a - x) dx.

[CBSE Question Bank]
Based on the above information, answer the
Jollowing questions.
oo flx)dx .
(1) Io 7o)+ fla-o is equal to
a -a
(@l M3 (© = (d)2a
> sin X - cos X n -
6 161000 = then £( 5 - )i

1

(a) fx) (b)=f(x) (c) 7™

(d)2f(x)

[Hint Use || f(x) dx = j:;*[u +b-x)dx]

4 X b d
92 Prove that j“l+casu — dy = v

CASE BASED Questions

93. For a function f(x), if f{= x) = f(x), then f(x)is an
even function and f(= x) == f(x), then flx)is a
odd function. Again, we have

[ flx)ax= 2| Flx)dx, if fix)is even
-a 0, if flx)is odd
[CESE Question Bank]
Based on the above information, answer the
Sfollowing questions.
(i) flx) =r’ginxisa
(a) even
(b) odd
(c) neither even nor odd

(d) None of the above
(i) j_'f_ fix)dx is equal to

:: 4
(a) vy (b) 2= (c) 5 (d) O
(iii) If g(x)=x sin x, then J:.rsin xdxis

(a)n (b) 2
(c) 3n (d) dm

(iv) J-::zl sin x | dr is equal to

(a) 0 (k)1
ic) 2 (d) 3

(1ii) J—o; f(x)dx is equal to
R
(a) Y

(©) 0
(iv) If g(x) = log(1 + tan x), then g(% - x] is

(b){-

(d) None of these

()log2-g(x)  (b) g(x)-3log?

(g(x)-log2  (d)3log2+ g(x)

(v) J’f g(x)dx is equal to
(a)f‘-logz (b)-;-IOgZ

(c)-%logz (d)-%logz
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