Exercise 10.5
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Given x* =6y

We know x° =4py is an equation of the parabola with focus [U,p) and directrix
Yy=-2

3
=4p=6 =>sz

Therefore focus 1s [I‘JE] directnz 15 y= —% and vertex 1s (ﬂ, ﬂ).
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Given
2y* =5z
5
= =—x
» 2

=}4p—5=}p—5
2 8

Therefore focus 15 [

B4 | Lh

,ﬂ), direcinz 1s xz—g and vertex 15 (U,U)_

Graph
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Given
2x=—y"
=5y* = —Dx
=4p="dd=p= _2—1
Therefore focus 1s [_2—1[]] directniz 1s I:% and vertex 15 (0,0).
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Given

32 +8y=0

=32 =-8y

:}xzz——y

e S s p = B
PET3TPT R

Therefore focus 15 (U;—EE] ,directriz 15 y= % and vertex is [ﬂ, ﬂ) )



S8 32 =7

Q5E

Given equation of the parabola 1s (x+ 2:]2 = 8( y— 3)
Let x+2=X and y-—-3=F

Then equation becomes X f=gy (2)
Comparing with x* = 4py
Wehave AP=8=p=2 [for equation (2) ]
So the focus 15 (0, F)

=X=0 and ¥=2

50 x+2=0 and y-—3=2
=x=—2 and y=5

So focus ofthe given parabola is |(—2, 5)

Vertex 1s = (0, 0) [for equation ()]
=X=0 and F=0
=x4+2=0 and y-3=0
=x=-2 and y=3

Then vertex of the given parabola is (—2, 3)

Directriz for the equation (2)1s Y=-F
= y-—3=-2

=lr=1

Directriz of the given parabolais |[y=1

L 2



MNow we sketch the curve

4
Fig.1
Q6E
Given equation of the parabola 1s (x— 1) = ( _:r,r+5:]2 ...... (l)
Let A=x-1 and ¥F=y+4+>
Thus the equation becomes
x=-y or Y=X (2)
Comparing with the equation becomes vy =dpx
We have dp=1 = p=1/4
Vertex 1s = (0, 0) [for equation (2)]
=X=0 and ¥=0
=zx-1=0 and y+5=0
=zx=1 and y=-13
So vertex of the given parabola is |(1 —5)
Focus 15 =p, 0) [for equation (2)]

=X=p and ¥F=0
=zx—-1=1/4 and y+5=0
== x=5f4 and y=-5

Thus focus of the given parabola 1s |(5.-' 4,—5)




For equation (2) the directriz s X =—p
=x-1=-1/4
=x=3/4

Directrix of the given parabola is

Now we sketch the curve
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Q7E
Given equation of the parabola 1s _}rﬂ +2y+12x4+25=0 i (1)
Making perfect square
=y +2y+1+12x+24=0
= (p+1) +12(x+2) =0
=(p+1) =-12(x+2)
Ilet Y=w%+1 and X=x+2
Then equation becomes
Yi=—12% — @
Comparing with ¥ =4pX
‘We have
4p=-12 =|lp=-3
Then focus 15 = {p, 0) [for equation (2)]

=X=p, »=0
=x4+2=-3 and y+1=0
= x=-5 and y=-1

Thus focus of the given parabola 1s |(—5,—1)

Vertex 15 at (0, 0) [for equation(2}]
=X=0 and ¥=0
=x4+2=0 and y+1=10
=x=-2 and y=-1

Thus veriex 1s |(—2,—1)




Driectriz 15 X=—p =x+2=3
Thus directrizxi1s |x=1

MNow we sketch the curve

Fig.1

Q8E

Given equation of the parabola is y+12zx-2x* =16
=y=16+2x"-12x

=>%_}r=x2—ﬁx+8

Making perfect square
1

Ey=x’—f::x+_*§ar—1
=>%_}r=(x—3:]2—1
Z}(x—3:]2 =%_}r+1

= (x-3) =2 (+2)

Let x—3=X and y+2=F
Then equation becomes X° = %Y —— —(2)
Comparing with X=4p¥

=4p=1/2 = p=1/8

Vertex 15 = {0,0) [for equation(2)]
=X=0 and ¥=0
=x—3=0 and y+2=0
=x=3 and y=-2

Thus vertex of the given parabola is |(3,—2)




L

QOE

cnrenees =178

P ==

From figure we see that vertex of parabola 15 at the origin
Since directriz of the parabola will be parallel to Y axis.

So equation of the parabola is y* =4 px,
This parabola passes through (—1,1) and

p<0

(-1-1)

So these points will satisfy the equation of parabola thus

(-1)* ~4p(-1)
=1=-4p
=p=-1/4
=4p=—1

Then equation of the parabola is |y =—x

This 15 the equation of parabola

Focus of the parabola 15 (p,ﬂ)= (—1.-'4, U)

And directrixis = x=—p =[x=1/4]



Q10E

From the graph we see that vertex of the parabola is at (2,-2)
Then equation of parabola will be (x— 2:]2 =4dp (_)r +2)
Since this parabola passes through the points {4, 0) and (0, ()
So these points will satisty the equation of parabola

(0-2)" =4p(0+2)

4=4px2

=p=1/2

Then equation of parabola becomes

(r+2)=(x-2)
Focus of the parabola 1s (U, p) = (2, -3 2)

Directrix is

Q11E
2657-10.5-11E ATD: 9514
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Given
= )

Z+Z 12420
2 4

=a=2b=42
yz=1

Compare this ellipse with §+—2
a
Therefore foci1s (0,4)

where ¢* =a® - #*

=ct=4-2
=2
=>c=iq'§

Vertices are (0,1a) = (0,12)




0,42

051

1
=5 - -3 -2 -1

Q12E

Given

=

Z+2 =1,2>42>0

36 8

—=a=65b=3

Compare this ellipse with £2+';—r: =1
a

Therefore foci1s (e ,0)

where &2 =g® - &2

=2 =36-8
=28
—=c=+/28

Vertices are (da,0) = (6,0)

X




Graph

Q13E

Given
£+97 =9
z. )

= 4+ =1
9 1

=a=3b=1

y2=1

B

Compare this ellipse with iﬂ +
Therefore foci1s (e,0) ‘
where ¢ =a* - 3*
=1=8
=>c=i'2-q'5
Vertices are (a0 = (E3,0)

LN

L=l

w!rx




Graph

Q14E
Consider the equation
100x° +36)° =225
100x* +36)° 225

225 225

e ¥
- =]
225/100 225/36

Standard form of the ellipse: The ellipse

pd

YY1 a2b>0 (2

- 3
b o

has foci (0,%c). where ¢* = 5 _p?. and vertices (0,%a

Compare equation (1) with equation (2), obtain that

. 225 ., 225
a=—bh=——
36 100
a=l~5~, b=l—5~
6 10

15

)

15

So, the x-intercepts are iﬁ and the y-intercepts are ;t?_



Therefore
I -

225 225

T 36 100

=225[ a ]
36=100

=4
c=12

Hence, Fociare (0,+¢)=(0,+2

And Vertices are (0,+a)= [U'igj

Sketch the graph of the ellipse is shown below:

100x2+36y2=225




Q15E

Given equation of the ellipse is 9x° —18x+4y”* = 27

Making perfect square.
9x" —2x(3x)x3+4y" +9=27+9

=0x ' 49-2x3x3x4+4y" =36
=(3x-3) +4y* =36
=9(x—1)" +4y* =36

(Jr—l)2 b . o ) )
:}T-I_?:l {Equation of ellipse shifted 1 mit io the nght)

2 2
Comparing with (x;’) +(*"_f) -1

frs
We have a* =9, =4
then c*=a*—p*=9-4=5 —c=+/5

Then Foci are [1, J_rJf) and vertices are [(1, £3)

MNow we sketch the graph

Ll

Fig.1
Q16E
Consider the eguation of the ellipse,
X +3y +2x-12y+10=0
Recollect the standard form of the equation of the ellipse which has foci (h+c,k),

x-h)Y (y-k)
{r :) 41-(']l :} =1, a=zb>0

a

Where ¢ =g4° - b, and vertices (h+a,k).



To change the equation to the standard form of the hyperbola, rewrite the equation to complete
square form:

X +2x43y 12y +10=0
(x* +2x)+3(» —4y)=—ll‘.]
(.t"+2x+]]+3{y3—4y+4)=—ll‘.]+l+|2 Add 1 and 12.
(x+1) +3(y-2)"=3
(=Y (v=2}
(=), -2 _,

3 1

This is in the form (*=#)" _ (¥—k)'
a b’

Here
a@=3=a=13,
F=1=hb=1
Then
c=a -
=3-1
=2

-3

Therefore, the foci are (hte, k)= (—l:t &2)

And the vertices are (hta.k)= (—I . o \52) L

Sketch of the graph of the ellipse x? +3)? + 2x—12y +10 = 0as shown below:




Q16E

il i
y | \
| [ -
b W I
_ 2B
The equation of the ellipse 15 -+ =1
a

Where y intercepts are ta

And = intercepts are t&

From figure we see that y intercepts are 13
And = intercepts are +2

So equation of the ellipse becomes §+§ =1

Wehave e =a* -8 =c2=9-4=5
=>c=i\E

Then foci are |(0,J_rJ§)

Q18E

Equation of the ellipse whish is shifted h units to the right and k units upward 1s

(x=r) (-4
& B .
From figure we seethath=2 and k=1

2
Then equation becomes as (1_22) + (':;1) =1
a

Since this ellipse passes through the points [2, 3)

2 2
Then (2_,2) +(3_,1) =1
P

a

:>i,=1 =32=4
b

\\>



And since ellipse passes through the point (—1, 1)

2
Then @Hﬂl:l

o
S5 slF=y)

_ a
i”>
-2y (-1
Thus equation of the ellipse becomes (x 3 ) +(y4 ) =1
Since e =a*-b?
=e?=9-4=5
Z}c::iwff_)
Then foci are [ 2+./5, 1)
Q19E

Given
y] Il
25 9
Hetea=556=3
=ci=a+d
= 2549
=34
Fociis {0,4c)=(0,1/34)
Vertices are {0,1a) = (0,15)

Asymptotes are _}rzi%x:igx




Graph

Q20E

Given
P P!
R SR
35 o4
Herea=64=8
:‘:cz = a2 +.-51'2
=36+64
=100
Fociis (te,0) = (+10,0)
Vertices are {ta,0) = (16,0)
Ex:i x
b

an | oo

Asymptotes are y==1



Graph

Q21E

2657-10.5-21E iR oo
RID- 378

Given
= _ry_
100 100
Here a=1056=10
:::nr:2 :al +.-!1'2
= 200
Fociis (te,0) = (+J200.0)
Vertices are {+a,0)= (+10,0)

Asymptotes are _}r=i§I=iI




20 A3 16 14 42 -

Q22E

Given
2 2
¥y x

16 1
Herea=456=1
=c*=a’ +4*
=16+1
=17
Fociis (0,4c) = (0,1/17)
Vertices are (0,1a) = (0,1

Asymptotes are yzigx:ﬂx

-
20



Graph

Q23E
Consider the equation of the h]."pEI'DOlE.

4x' —y* —24x-4y+28=0
Recollect the standard form of the equation of the hyperbola which has foci {ﬁir,k},

(=h) (k) _,
a b

where ¢ = g° + b*, vertices (f;i a,k} and asymptotes y—k = iﬁ{ x— f;} .
a

To change the equation to the standard form of the hyperbola, rewrite the equation to complete
square form:

4x* —24x—-y* -4y+28=0
(¥ ~63) (7 +4y) =28
4(x*—6x+9)—()y" +4y+4)=-28+36-4 Add 36and —4.
4(x-3) —(y+2) =4
(=3 (=2 _,

1 -

Thisis in the form (*—#) _(y—k) =1 Where p=3and f=—2 .
a 5

So, the hyperbola is shifted three units to the right and two units downward.




Here
a=l=a=|,
b =4=b=2
Then
L‘z =a3 +bz
=1+4
=5

c=V5

Therefore, the fociare (hte, k)= (3 - 3 Jg,—Z) s

And the vertices are (h+a,k)=(3+1,-2)

=:{4,—2},{2,—z}|.

The asymptotes are

y+2=312(x-3)|.

Sketch of the graph of the hyperbola 4x* — y* —24x—4y+ 28 = 0 as shown below:

_1.-+2=1(x—3)

g

_____ A




Q24E

Consider
¥ —4x' -2y +16x =31
Transform the equation in to standard form.
The equation for a hyperbola that is not cenired at the origin is
(=h) (k) _ o oK) (x=h) |
a b a b
Where the Centre is (i, k)

The Veriices are (hta,k) or (hkta)

The Fociare (h+c,k) of (hk+c) ,c* =a* +b°

The Asymptote are y—k = :tE{.r—h} or y—k= i%{x—h]
a

First adjust the equation above into standard form.

¥ —dx’ -2y +16x =31

¥ —4x' -2y +16x-31=0

Vv =2y—4x" +16x-31=0

(y=1) -4(x-2)" =16

(y—1) —(4x* -2-2x-4+16-16)-32=0 O-1f (s-2) B

(y-1) _{{h_q)z_lﬁ)—j_l:ﬂ 6 2 This is an equation of
1V —4(x=2) -16= -1y (x-2)
(y-1) -4(x-2)"-16=0 {;v:) = 2) -1
4 2
the form W=KY _(x=h)° _,
a b

Determine the veriices, fod and asympiotes of the hyperbola.
Determine the value of the cenire.
Since h=2 and k =1. conclude that the centre of the hyperbola is (h,k) =(2,I]_
Determine the vertices of the hyperbola
The vertices are (h,k +a)
(hk+a)=(21+4) (hk-a)=(2.1-4)
=(2.5) =(2.-3)



Next solve for ¢
c=a’+b
¢ =16+4
¢ =20
c=+20
Now determine the foci of the hyperbola.

The foci are (h,k +c)

(hk+c)=(2.14320) (hk-a)=(2.1-20)

Finally determine the asymptotes of the hyperbola.

y—k= i%{r—h]

4
—l=t—(x-2

y-1=2_(x-2)

Mow, distributive the sign and find the equations of the asymptotes separately.

y—1=g[.t—2}
y=1=2(x-2)
y—1=2x-4
y=2x-3
y—l=—%[r—2)
y=1=-2(x-2)

y-1=-2x+4
y=-2x+5

Hence, the centre, vertices, foci and asymptotes of the hyperbola are |(2,1)| |(2.5).(2.-3)

(2.14+20).(2.1-v20)| [y =2x =3,y = —2x+3] respectively

Sketch the graph of the hyperbola along with the asymptotes as shown below.



Q25E

Given equation is x° = y+1

Let A=x and ¥Y=y+1

Then X°=Y , which represent a parabola

Comparing with standard equation of parabola X2 =4pY
We have 4p=1 =p=1f4

Vertex of the parabola is (0, 0)

Here X=0 and Y=0
=x=0 and ry=—1

So vertex of the parabola 1s (U,—l)

Focus of the parabola 1s {0, p)
here X=0 and ¥Y=p
=x=0 and y+1=1/4
=x=0 and y=-3f4

So focus of the parabola is (ﬂ,—3f 4)

The given equation represents a pparabola with focus (0,-3/4) and vertex (0,-1)]




Q26E

Q27E

Q28E

Given equation is = _y2

:>x2 yz—l

o This represents a hyperbola

x’y‘l

Comparing with A

Wehave a°=1 and 2*=1
Then =2 (Z=a+b)

Foci are (1z,0)=(++12, 0)
Vertices are (i‘a U)=(i1, U)

Asymptotes are y= i(b.-’a)x
= y==4x
So given equation represents

A hyperbola with foci (i\."i U) .vertices (il, U) and asymptotes y=

Given equation is x° = 4y —2y°
= +27 —4y=0

Maling perfect square
©+27 —4y=0

=420y -2 +1-1)=0
=2 4+2(y-1)-2=0
=2 42(y-1) =2

2
:}£+ﬂ:]

2 1
This represents an ellipse
(x h) L -5’
Comparing with ybz =1
We have =0, Jc_l, a=2 ad =1
So A=a-t=2-1=1 —=c=41

Foci are (htc,k)=(*1 1)
And vertices are (h+a,k) = (+4/2, 1)

Thus given equation represents Ian ellipse with foci (il, 1) and vertices (iJE_ 1) I

2L 1w L e

Given equation is y* —8y = 6x—16
=y* -8y +16=6x
:>(_}r—4:]2= 6x

This represents a parabola



Q29E

Q30E

Comparing with (y— k)’ =4p(x— k)
‘We have 4p=6,k=4 and k=0
=
Thus focus of the parabola is (.&+ p,i:) = (3.-" 2, 4)
Vertex of the parabola 15 (h,k)=[l:l, 4)

Thus given equation represents a parabola with focus (3.-" 2, 4) and vertex (0, 4))

Given equation is 3 + 2y =4x" 43
=3 +2y+1=42° +3+1
:;~[_1;r+1)2 =4x* +4
=(y+1) -4x* =4

2
1
_ )

r Tzl , represents a hyperbola

2 2
. . —k x—h
Comparing with (yaﬂ) —( j) =]

Wehave =0, k:—La’zf and 3'=1

Then ¢ =a°4+3* =5,:}c=i1.5

Then foci are (h,k+c) =(0,-1£45)

Vertices are (k,kia)z(U,—li?)z(ﬂ,—3)and (U, 1)
So given equation repre sents

A hyperbola with foc1 (U,—li«/ﬁ) and wvertices (U,—3) . (ﬂ, 1)

Given equation is 4x* +4x+y* =0
=4(F +x)+y* =0

( 2 1 1),

=4 +xt+————|+y =0

\ 4 4

(2 1 2

=4 +x+-|+y =1

\ 4

i 1 N

=4 x+—) +y2=1

. 2

1/2)
(1/4) 1
This represents an ellipse




Comparing with the equation of ellipse shifted at (h, k)
(x-#)  r-4)
—+ —=1
b a
Wehave k=-1/2, k=0 and a*=1, »*=1/4
Then c*=a®-b*=1-1/4=3/4 =ec=13/2

Foci are (k,k+c)=(-1/2, +4/3/2)

Vertices are (.&,kia)= (—1.-"2, il)
Thus given equation represents
A n ellipse with foci (—1.-" 2 i\EIE) and vertices (—1.-" 2 il)

Q31E

Given parabola with vertex (0, 0) and focus (1, 0)
The equation of the parabola with focus (p, 0) is »* = 4px

Since here p=1 the equation for the parabola is |y* = 4x

Q32E
Given parabola with focus (U, U) and directnz y=6
An equation of the parabola with focus (U,p) and directrix y=—p is x° =4py
=>12=Uar12=—24_}r

Q33E
Let P[x, _}r) be any point on the parabola
Then the distance from P to the focus equal to the distance from P to the directrix
=2
That is, Jx+ 4P +(p-0) =|z-2|
Squiring, (x+4) 432 =(x-2)’
=z 4+8x+164+y° =x* —4x+4
=12x+12=—y*
=12(z+10)=—»"
=|y? =—12(x+1) is the equahon of the parabola
Q34E

Focus (3, 6), and vertex (3, 2)
Let Z (a, b) be the foot of perpendicular from the focus on the directriz. Then the
point (3, 2) 1s the mid point of the segment [FZ]

3+a _b+6

That 15 3=T:}a=3 and 2 = b=-2

Since the axzis of parabola 15 x = 3, therefore the equation of directriz 15 y = -2
Thatisy+2=0



That is {J(x—3) +(»~6)" =y +2|
=(x-3) +(y-6) =(»+2)’
= —6x+94+)y - 12y+36 =" +4y+4
=|x*—6x—16y4+41=0

Q35E
Consider the data

The axis of the parabola is vertical axis

Vertex of the parabola is (2,3}

And the point through which it passes is (1,5)

Determine the equation of the parabola for the given data.

Recall that,

The equation of a parabola with a vertical axis and origin shifted to point [h,k} is
(x-h): =4p(y-k) (1)

Where vertex is (h,k)

Here. (hk)=(2,3)

Then, from (1) the equation of the parabola with given vertex is
{1_2}2 =4p(y-3) Substitute =2,k =3

As the parabola passes through the point {1,5}, substitute 1 for x and 5 for y in the above
equation.
{1_2}’ =4p(5-3) Substitite x=1,y=5
(1) =4p(2)
1=8p  simpiiry
P= E
Finally, substitute the value of pin (1_2}2 :4p(_y_3}_

(x-2)" =4-2(y-3)

(x-2) =3(»-3)

Therefore, the equation of the parabola along the vertical axis is [ x— 2)3 = %{ y— 3) |




Q36E

Consider the data

The axis of the parabola is horizontal axis

And the parabola passes through the points (-1,0),(1,-1) and (3,1)
Determine the equation of the parabola for the given data.

Recall that,

The equation of a parabola with a horizontal axis and origin shifted to point [h,k] in the
quadratic form is

x=ay +by+e ... (1)
Substitute the point (—1,0) in (1).
0 =a.(-|)z +b(~1)+¢ Plugin —1 for xand 0 for y
O=a-b+c - (2)
Substitute the point (1,—1) in (1).
1= a“)’ +b(1)+¢ Plugin—1for x and 0 for y
—l=a+b+c - (3)
Substitute the point (3,1) in (1).
1 =a(3}z +b(3)+c Plugin — 1 for xand 0 for y

1=9a+3b+c - (4)

Eliminate b from the equations (2), (3) and (4).

Add the equation (2) and (3). This implies
-1+0=(a-b+c)+(a+b+c) Add
~l=a-b+c+a+b+c
~1=2a+2¢ - (5)

Multiply (2) by 3 and add it to (4).
0+1=(3a-3b+3c)+(9a+3b+c) Add
1=3a-3b+3c+9a+3b+c
1=12a+4c - (6)



Eliminate ¢ from (5) and (6) and find a.
Multiply (5) by 2 and then subtract it from (6).
1-(-2)=(12a+4c)~(4a+4c) Subtract
1+2=12a+4c-4a-4c
3=8a

a==

8
Substitute a value in (5) to get c.

-1=2a+2¢c
3
-1=2|=|+2¢
5
_[=£+2,|-_-
4

=322
4

T2
4

Plug in the values of a, ¢ in (2) to get b.

O=a-b+e¢

Substitute a, b and ¢ values in (1) to get required parabola.
x=ay +bv+c
ROREee)

8) (72)77 s

1
x=E(3y’ -4y-17)

8x=3y"-4y-7

¥ —4y-8x-7=0

Therefore, the equation of the parabola along the horizontal axis is

v —4y-8x-7=0|




Q37E

Foci of the ellipse are (ﬂ U) ig c=2

And vertices are (ﬂﬂ) ie. a=>5

Since *=a’-¥, thus ¥ =4
=52_22
=25-4
B =21

The equation of the ellipse 15 iz+ =1
a

e

52
<
= |—=+==1
25 21

=1

=+
MBI

Q38E
Foci of the ellipse are (Uﬂ) ig c=5

And vertices (ﬂ,i13) ie. a=13

- 2 2 332
Since ¢ =a —b

Then &'=a*-¢?
=132 5%
=169-25=144

The equation of the ellipse 15
e

b
2y

144169

Q39E

Foci of the ellipse are (U, 2), (U, 6)
And vertices are (U, U), (U,E)
The major axis 1s the ine segment that joins the vertices (0, 0) and (0, 8)

It has vertical length 8, so a =4
The distance between foc1154, soc=2

Thus d*=a’-¢c* =16-4=12
Since the centre of the ellipse 1s (0,4)

2
=0

Therefore, an equation of the ellipse is
12 16

Q40E
Foci of the ellipse are (U,—l),(ﬂ,—l)

The horizontal distance between fociis 8, so ¢ =4
And center becomes (4,—1)



Q41E

HNow one vertex 15 (9, -1) and let second vertex be (L, M)
Using mid point formula, we have

L+ _,

and

M+(D_

=L=-1 and M =-1
Thus the second vertex 15 (-1, -1)

The major axis has length 10, thusa=25.

B= gt 2
=25-16
=9

So

Therefore, an equation

The major axis has length 10, thusa=25.

2 1 2
=g —c

=25-16
=9

So

Therefore, an equation

Consider the data

-4y (y+1)

of the ellipse is (x ) +(':"r ) =1
25 9
-4y (y+1)

of the ellipse is (x ) +(':"r ) =1
25 9

Centre of the ellipse is (-1,4)

Vertex of the ellipse is (-1,0)

Focus of the ellipse is (~1,6)

Determine the equation of the ellipse from the above data.

The centre of the ellipse is (h,k)- So, h=-Lk=4 .

Plot the points centre, focus, vertex on the same line.

_J."
[—1:6) & 6T
(-L4)e 47
24
_(—1:0). + :fr
k., =1 of 1 2
24




From the graph it is clear that, all the points lie on the same line y =—]. So, the major axis is
parallel to vertical axis.

Recall that.
The equation of the ellipse with major axis parallel to vertical axis is
(=) =k .
T =1
b a
And the distance between the centre and focus is ¢ and the distance from the centre to veriex
isa

Find the distances from the cenire to focus and from centre to veriex

C=J{_|_1)3+[ﬁ_4}3 Distance between (-1,4) and (-1,6)
=\(=2) +(2)

_ & Simplify

=22

a=J{_1_1)3+{ﬂ_4}2 Distance between (-1,4) and (-1,0)

-+ ()
=V4+16 Simplify
=20

=25

Find the value of b by using o = g* _p?
(8] o5} -5
4(2)=4{5}_b: Simplify
8=20-5
b’ =20-8
b =12
b=12
=23

Substitute a,b,h and k& valuesin (1).

(=0 (-4 _,
(2B)  (245)

(), (-9 _,
12 20

Thus, the equation of the conic ellipse is (x :'21}' . (r ;:}' -1l
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We must find an equation of the conic that satisfies the following conditions:
Ellipse, foci(#4, 0}, passing through (-4, 1.8)

Since the foa are (34, 0), the major and minor azes of the ellipse are the x and y azes

respectively.

The ellipse equation is £2+£2 =1
a b

The focus 1s:

4= f =P8

=a’-2»*=16

Ellipse goes through (-4, 1.8)
1, B
a®  25°
16 81
4+ =
16+  2%*
g1(16 +2%)
5&2
2
:>81(16-|;b ) _p2
25b
= 250" =1296 +81»*
=250 +81»% +1296=0

1 [Sinc:e a* =16+b’]

=16+ =16+4°

Let z=2*>0
258* —8122—1296 =0
=25z2-81z-1296=0

zz—bi\fb‘—ztac

%
| 81 J(-81)" -4(25)(~1296) _ .
- 2(25) -

-4
—=z=5=2
at—-»=16

=a-9=16
at=25

Therefore, Equation of the ellipse 15
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Consider the data
Vertices of the hyperbola are (3,0)
Foci of the hyperbola are (+5,0)

Recall that,
The equation of the hyperbola with vertices (+a,0) and (+¢,0) is

3 >

X Yo,

With the condition 2 = 42 4 p?

The vertices are (+a,0).s0 g=3 and foci are (+¢,0).50 ¢=5 -

Find the value of b by substitution of @, cin &2 = 42 4 p2-

c=a+b

{5)2 =(3)2 +b° Substitute g=3,c=5

25=9+b

b =25-9 cunpity
b=416
b=4

Substitute a,bin X _¥ _.
a b

Thus, the equation of the conic hyperbola is |X__ 2 _q|

Q44E

Consider the data

Vertices of the hyperbola are (0,+2)

Foci of the hyperbola are (0,15)

Recall that,

The equation of the hyperbola with vertices (0,+a) and (0,%c) is
y_x_,
a b

Wiih the condition p? = 4% 4 p*

The vertices are (0,+a).s0 g=2 and fociare (0,%c).S0 ¢=5 -



Find the value of b by substifution of a. cin £ = 4 4+ B*-

=a +b
(5)° =(2) +b* Substitute a=2,c=5
25=4+4°
b* =25—4 Simpiify
b=+21

Substitute a,bin 2 _% 1.
a b

¥ il

FI
Thus, the equation of the conic hyperbola is |2 — i =1l
4 21
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Consider the data

Vertices of the hyperbola are (-3,-4),(-3,6)

Foci of the hyperbola are (-3,-7),(-3,9)

Plot the points on the coordinate axes as follows.

&

104V
e (-3.9)

8--
% (—3__6) 6T

4--

2--

X

: 4 - -
3 e 1 o 2

2+
e(-3.-14) 41

_6--
o (-7

_8--




From the graph it is clear that, all the points lie on the same line y = —3. S0, the axis of the
hyperbola is parallel io veriical axis.

Recall that,
The equation of the hyperbola is

(y-k) (x-h)
a b

=L =a’ +b

with foci (, k +c), vertices (h,k +a).centre (h,k) and asymptotes y— k = ig{x_;,}_

And recollect the fact that the centre is the midpoint of the vertices of the hyperbola.

The midpoint of the vertices (-3,-4),(-3,6) is

[-3-3 —4+6)_(i 3)
2 7 2 )22
=(-3.1)
So, the centre of the hyperbola is (k,k)=(-3,1)-

We know that,

The distance between the centire to either of the focus is ¢ and the distance from the centre to
either of the vertex is a.

Find the distances from the cenire to focus and from centre to veriex

C=J{_3+3}2 +(~7-1)’ Distance between (-3,1) and (-3,-7)
=Jﬁ_4 Simplity

=8

a=J(-3+3) +(—4—1)’ Distance between (-3,1) and (-3,4)
o

e Simplify

=5

Find the value of b by using ? = g* + »*
(8) =(5) +*

64=25+p> SMPIY

b =64-25
b =39

b=/39



Substitute a,b,h and & values in (1).

(=) (=(3)
CF ()

{_1'-[}: +{_r+3}3 »
25 39

Thus, the equation of the conic hyperbola is (5"_]] +{I+3} =1}

25

39

Q46E

Consider the data

Vertices of the hyperbola are (-1,2),(7,2)
Foci of the hyperbola are (-2,2),(8,2)

Pilot the points on the coordinate axes as follows.

-}1'

23] L3} (7.2) (8.2)
e o 24 e o
1--
x
— ——t ———
4 3 2 1 ol 1 2 3 5 6 7 8 9 10



From the graph it is clear that, all the points lie on the same line y=—3. So, the axis of the
hyperbola is parallel to vertical axis.

Recall that,
The equation of the hyperbola is

(x=h) (v=k)
a b

=Lc* =a’ +b

with foci (h+c, k), vertices (h+a,k).centre (h,k) and asymptotes y—k =:l:£(r—.&}-
a

And recollect the fact that the cenire is the midpoint of the veriices of the hyperbola.

The midpoint of the vertices (-1,2),(7,2) is

-1+7 2+2]_ 6 i]
2 ' 2 272
=(3.2)
So, the centre of the hyperbola is {ﬁ,j;): (3,2)_

We know that,

The distance between the centre to either of the focus is ¢ and the distance from the centre to
either of the verex is a.

Find the distances from the centre to focus and from centre to vertex.

c=J{—I—3)Z +(2_2}1 Distance between (-2,2) and (2,2)

_J25  Simpiify
=5

a=J{_|_3f +(2-2)’ Distance between (-1,2) and (2,2)

=4 +0’
_fig  Smpity
=4

Find the value of b by using »* = 4% + b*
(5) =(4) +#°
25=16+b> SMPIY
b =25-16
b =9
b=3



Substitute g, b, h and k values in (1).

(=3 (-2

: >

@ 6
(=3 (=2
16 9

Thus, the equation of the conic hyperbola is (x-3) i -2y —1l

A\Y

Q47E
Consider the data

Foci of the hyperbola are (43,0)

Asymptotes of the hyperbola are y=+2x
Find the hyperbola that have the given foci and asymplotes.

The foci are of the form (ic,ﬂ). So, form this it is clear that the fransverse axis is along x-axis.

Recall the equation for the hyperbola with transverse axis along y-axis,
The equation of the hyperbola is

¥ o
X 2
—,—‘F—I = .I..,'I".'3 = ﬂ‘l +bz
a b

with foci (+¢,0), vertices (+a,0).centre (0,0) and asymptotes y = tE x-
o
And the distance from centre to either of the focus is ¢.
Compare the equations of the given asymptotes with y = ;|;£ X-
[

From this,

b=2a
Find the distances from the cenire to focus.

C=J{3_ﬂ}1+{ﬂ_nf Distance between (2,0) and (0,0)
=30

-5 Simplify

=3

S0, ¢=3



Substitute ¢=3,b=2ain o2 =g* +p* -
¥ =d’ +(2a)’

9=a°+4a"

Plug the value of ain p =24 -

(3]

Gle

Substitute ki k,q and p valuesin X__ Y

=]-
] 7
a b

2 2
Therefore, the equation of the hyperbola is xSy =

9 36
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Consider the foci (2,0) and (2,8)
Asymptotes are y:j{-%x andy:j—%x

Find the hyperbola that have the given foci and asympiotes.

The foci are of the form (h,k £¢)- So, form this it is clear that the transverse axis is along y-
axis.

Recall the equation for the hyperbola with transverse axis along y-axis,

The equation of the hyperbola is

(y=k) (x-h)
a b

=l =a’ +b

with foci (h, k +c), vertices (h,k +a).centre (h,k) and asymptotes y—k = i%{x_;,}_

And recollect the fact the intersection of the asymptotes of the hyperbola is the cenfre.

And the distanre frnm renire tn either nf the fnrns is .

Find the intersections of the asymptotes of the hyperbola. To do this, equate the two equations.

3+lx=5—lx
2 2

lx+lx=5_3 Add %x and — 3 on each side

x =2 Simplify
Substitute x =2 in one the asymptotes to find y.

Therefore, the centre of the hyperbola is (h,k)=(2,4)



Compare the equations of the given asymptotes with y—k = 1%{_1;_ .&}.
From this,

a_l

b 2

b=2a

Find the distances from the cenire to focus.

;;:J(z_zf +{u_4}1 Distance between (2,0) and (2,4)
=Jo' + 4
_ Jl_ﬁ Simplify
=4
SD. cC= 4

Substitute {,‘:4‘,&:2{] in c! =a3+b: R
& =a* +(2a)

l16=a"+4a’

16=5a"

. 16

16
5
4

Vs

Plug the value of ain p=24 -

ﬂ:



Substitute h,k,a and p values in (r—k) (x—k) gy
a b

{}--4}:_{1-2}; .
(&) (&)

I e

16 64
5 5
5(y-4) 5(x-2) p
16 64

S(y-4) 5(x-2) il

Therefore, the equation of the hyperbola is
16 64

Q49E

rFalp

1{ a4
b o=

ol 1 A
[ =& I 1
k! LY

4

N

From figure we see that the point on the ellipse closest to a focus
(c,a), 15 the wvertex (a,a)

Distance from the focus = a-c
And the farthest point on the ellipse from this focus 15 the vertex (-a, o),

Distance from the focus=a +c

Thus for the orbit
(a—c)+(a+c)= 2a
=2a=(1728+110)+(1728+314)
= 2a = 3880 =5

And (a+c)—(a—c)=2¢:
=314-110=2¢c =[c=102]

Since c*=a* -5 then b®=da*-c*=(1940)" -(102)
»* =3753196

2



_ T
Equation of the ellipse — +%5 =1

a B
= x =+ b4 =1
(1940)° 3753196
= x + Y =1
3763600 3753196
Q50E
(&)

¥

‘We place the vertex of the parabola at the origin. The equation of this parabola by
definition we have y* =4px whare p >0
Co-ordinates of the focus F are (p, 0)

Since the line IABl 15 perpendicular to the X-azis at the point F, so co-ordinates of
the point A are (p, 5) which will satisfy the equation of parabola so ,
2
(5) =4z(2)

2
=& == [r>0)

Then equation of parabola becomes
» =4x§x =y =10x

= .?r=%y2 This 15 the equation of parabola




(B)

Q51E
(&)

Given that opening |CD)| is at the distance 11 cm from the origin
So z-coordinate of the point C 15 11

Then from the equation of parabola x= % e

1
o7

=5y =110

=y* =,{110 (c is in the first quadrant)

Then diameter of the opening |[CD| is = 2% {110

Wehave 11=

Or  ||cD|=24110{cm

We place the points A and B on the z-axi1s and onigin at the mid point of lABl .

Co-orcinates of the points A and B are (-200, 0) and (200, 0) Let A and B are the
foci of the hyperbola
Given time difference = 1200 s s

Then according to the problem
|PA|-|PB|=time differencexspeedof the signal
=1200£65 %980 fif g
= 1176000 f

Since 1 mile = 5280 ft so

|PA|— |PB| = Mmﬂes = Emﬂes
5220 11

By the definition of hyperbola we have |PA|—|PB|=2a

2450 1225
Rt ETE

=2a

And from figure we have c = 200



Since ¢’ =a’+&°
then 22 =c?-a?

1225

2
:;»b“:(zuu)’—(T) = 40000 2002

121
3339375
121

=2

Then equation of hyperbola is
Y
a b
121 127 ()
1560625 3339375

(B)  According to the problem ship is due north of B, 50 x-coordinate of the point P is
z=200. Then from (1)
121(200)° 1217 __
1500625 3339375
_, 4840000 1217 .
1500625 3339375
1217 _ 4840000 1= 3339375
3339375 1500625 1500625
(3339375’ 3339375
(1500625)x(121) 1225x11
_ 133575

s 248 miles

= Dstance from the coastline 15#|248miles
Q52E

- |5
]
Q

Let the coordinates of the point P, be (=z,¥) which is lying on the hyperbole. F; and
F5 are two fizxed point having coordinates (-c, 0) and (c, 0) respectively
By the definition of hyperbola we have

|PR|-|PF|=+2a



By the distance formula
= Jx+e) +{(p-0) - J(x—c)(»-0)* =2a
=>J(x+c:]2+y2 —\][x—;:)2 +y* =2
=>J(x+c:]2 +y* = J(x+c::]2 +3* +2a

Squaring both sides

(I+C)2 +y* = (x—c)z +y* +44° +4a,|ﬂ(x—c:]2 +5*
=+’ +2xe =5 +c* - 2xc +4a2+4a1"i Jr—:::]2 +y°
=4xc = 4a? +41r:.||!(x—r::]2 +5*

=>zr—a2 =a1|’(x—:::]2y2

Squaring again
et vat - 20 xe =a? (I—C)2+ﬂ2y'2
=xc?+at —2a%x =a? (x’ +e*— 21:7::)+a2y2
=xc?+at 20w = 2?2 +aPP - 2P e+ 2P
=xc?-ar —azy2 =a*c?—at
=x (cz —az)—azy2 =a’ (cz —az)

Let J-a*=¥¢

Then &*x*—a®y? =a’p?
Dividing both sides by a’p?
= _y
e
Which is the equation of hyperbola with foci (i'r U) and vertices (i'a U)
Where ¢ =a* +b*

Q53E
_ A o
Equation of hyperbole 15 a—z—b—2=1
<

P

)

2
Thus equation of upper branch of the hyperbola1s y= @, ‘1+;:—2

a
=p=c ﬂb’+x’)

Solving for v :}_}:2 =a [1+

Differentiating with respectto =
, a 1 2x

W=
N
=>_}r'—£ X
b b+ 2




Again differenhiating

-\"b2+xz—Jx
=l 287 + 2
b B+
e 8 -2
Y =l-T——"a37
b [,53+x’)3‘r2
u - 2 352
=y"=ab(p’+£) >0 forallxanda, b>0

And so v 1s concave upward.
Q54E

Consider the data

Foci of the ellipse (1,1) and (-1,-1)

Length of major axis of ellipse is 4

With the given data find the equation of the ellipse.
Suppose that P[x,_r) be any point on the ellipse.
Recall that,

For an ellipse, the sum of the distances from the foci F, and F, from a point P[x,_;-}on the

ellipse is constant.
Here, F, =(L1),F, =(-1,-1)
Since the length of the major axis is 4, the constant value is 4.

Make a rough sketch of the ellipse with the given foci.

sty




Solve the equation |PF;] +|PF:,| =4 to get the equation of the ellipse through the point P.

Now,
P +|PF| =4

Y1) (r=1) +J(x+1) +(y+1) =4
(J{x—]]z+{y—l}=):=(4—J[_t+l}:+[_r+]}: }3
(x=1) +(p=1) = =2/(x+1) +(y+1)" -4+ (x+1) +(y+1)
(x=1) +(y=1) =16-8(x 1) +(y+1) +(x+1) +(y+1)
8(x+1)° +(y+1) =16+(x+1) +(p+1) —(x—1) =(y—1)
8y(x+1) +(y+1) =16+((x+1)" —(x=1) ) +((r+1) ~(»-1))
8(x+1) +(y+1)° =16+(2-2x)+(2-2y)

8(x+1) +(y+1) =16+4x+4y

2J{.r+l]] +|‘L1|w+l}2 =4+x+y
(Z-J{.r+ I}: +(y+ l}: )- = (4+x+y}:
4({x+ 1) +(»+ I}:) =(4+(x +y:])=

(¢ # 20+ 14y 4 2y +1) =4+ 24 (x4 y) + (x+y)

4 +4-2x+4-144-y° +4-2y+4-1=1648x+8y+ X" + 2y + )°
4’ +8x+4)" +8y+8=x"+2xp+8x+ )" +8y+16
3x°+3y° =2xy+16-8

37 +3)y" =2xp+8

Therefore, the equation of the ellipse |3f +3y° =2 JJ’+3|-

Q55E

) N S
A unation of the conic 15 —+—— =1
) Ea kE k-16
Case: - when k=16
Then k=k—-16=10

So this equation represents an ellipse

(B) When0<k<16

So E16=0
And then we can write the equation
kE —(16-k)
.S S
k 16—k

This represents a hyperbola



(C) When k<0

S0 £E-16<0
iz+';—r:=1 Where azb >0
Buthere k=a’ <0 and k-16=%" <0
So there 15 a contradiction
So for k < 0, this equation does not represent any curve

Then companng with

3]

(DY  First we consider the case: £ > 16,

Equation of the curve 15 £+L =1

k—16
Here a’=k b =k-16
And c*=4*-2°
=’ =k—(k-16)
=16
=c=H
So foci are ('l_i'l U)
Mow for the case: D<k<16
The equation becomes __H;)’z_k =1 which 15 a hyperbola

Here a’=k and b*=16-%
=’ =d +b = (k) +(16-k) =16
=ec=34
=>f0[:iare('|_'4,ﬂ)

So we get the same foci for different values of k.

Q56E

Consider the parabola
e =4px --.--. (1)
And the parabola has tangent at the point (x;,,,)
It is required to show that the equation of the tangent is yy, =2px+2px,.

First find the slope of the tangent line to (1). The slope of the tangent line is the first derivative
of the equation (1) at the point (x,, y,)-

Differentiate (1) with respect to x.

2p'=4p
_4p
! 2y

Substitute the point (x,,y,) in » . Then

, 4

y= P
2y,

~4p

S0, the slope of tangent line is —.

2y,



State the point slope formula

The equation of the line with slope m and passing through the point (x,, , ) is
Y= :m{x-xn]

4
Therefore, the equation of the tangent line with slope =P and passing through the point

Yo
{xn,yn) IS
_4p.
¥ J’a—zy'{r Iﬂ}

2
Y=Y =—p[.t—xn} This is the equation of the tangent line

(1]
Yoly=w3)=2p(x-x,)
We—rl=2px—2px, - (2)

Plug in the point (-Tm ¥, ) in the parabola given by (1).
Yo =4px,
Substitute the value of y,? in (2).

Wo= Yy =2pPX-2px,

o =4px, =2px-2px,

o =2px—2px, +4px,

Wy =2px+2px,

Mo =2F{I+xn)

Hence, it is proved that the equation of the tangent line can be written as |yy, =2p(x+x,)|-

Plug in the point (x,, ), ) in the parabola given by (1).

¥, =4px,

Substitute the value of y,? in (2).
Wo—No =2px—2px,

¥, —4px, =2px—2px,

Y¥o =2px—2px, +4px,

Yo =2px+2px,
We=2p(x+x,)

Hence, it is proved that the equation of the tangent line can be written as |yy, =2p(x+x,)|-




(b)

2
To find the x-intercept of the tangent line set y=01in y—y, = —p(.t —X)-
¥

[

¥, = 2p(x+x,) Tangent line
(0)y, =2p(x+x,)
0=2p(x+x,)

0=(x+x,)

xX=-x,

Therefore, the x-intercept of the tangent line is |{—;q,,[ll) ;

2
The SIDpE of the tﬂngEnt Iine is —p
Yo
We know that slope is IS¢
Run

Rise i5 difference between the y-coordinates and run is the difference between the x-
coordinates.

So, the coordinate nexi to x-intercept of ihe tangent line is obtained by adding y, to x-
coordinate of x-intercept and by adding 2p to y-coordinate of x-intercept.

The next coordinate is (-x, + ¥,,2p)-

But depending on the value of p, the parabola opens to the left of right.

Assume that p >0 . and then draw the tangent to the parabola that opens to the right is as
follows.

Use the two points (-x,,0) and (-x, + y,,2p) to draw the tangent line. The tangent to the
parabola ? =4px, p >0 is as follows.



W, z2p(x+x,)




Assume that p <0 . and then draw the tangent to the parabola that opens to the leftis as
follows.

Use the two points (-x,,0) and (-x, + y,,2p) to draw the tangent line. The tangent to the
parabola y* = 4px, p <0 is as follows.

"

N~ w, =2p(x+x,)

T/
I

N

Q57E

Consider the equation of the parabola
x=4py
Recollect that the equation of the tangent lines to the parabola, x? =4py al point (_ru, _}'n] is
given by
xx, =2p(y+,)
Again the equation of the direcirix of parabola »* = 4py s y=—-p
It is given that the tangent

Here, the tangent is on the directrix; therefore, the end point to the directrix is [ Xgp— p)
Now, the slope of the tangent passing through (x,,y,) and (x,,—p) is

Y:— W
=%
P
Xo =Xy

m=

tan 8 = % [@ is the angle between tangent and directrix

tan@ ==



Skeich the tangent line at point (I-:r'."‘u.l-' on the parabola ? = 4py -

4 N

Tangent to the

parabola
X
>
e
directrix
. | y

Therefore, the tangent lines to the parabola x* = 4 py drawn from any point on the directrix

are perpendicular
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L]
L&)

Consider the standard ellipse equation, * J,-"'_z — ] and the standard hyperbola equation.
b

Sl

Let the ellipse and hyperbola have the same foci (4¢,0). then c=a’-b*=a’ +57-

Find the points of intersection of ellipse and hyperbola.

* y_x y
al bl all bll
LA SR .
b b a  a

b’y a'a’
. bW
=X
il
, ¥ 7 hlbl‘ . Iz JFE
Substitute y" =x"——In 4 _ =
2 1 i =
x: _1[ bjﬂ- b: X ] = I
a b \aa
> h: .
+——x =1
2 e
x:(”'z:’";"z ]:I
aa’
_tz asﬂli
a’ +hb°
x=% aa,



- > a' i i
Substitute x* = in ¥ =x L
LT ¥ aa’
p=bt
a’+b’
yet

-.,I,‘lal2 +b*

Therefore, the points of intersection of an ellipse and hyperbola are

aa

s 20, 0P
J‘“lz +b|2 Jal- +b°

¥

To find the slope of the tangent to the curve *_ Y

¥ pd

= =, differentiate i -V_:=] with
respecito x.
2x 2y
P
x_ ¥
a ¥
. bx
¥==—z
ay
xz }’2 ) bz T
Therefore, the slope of the tangent to the curve —_4 - _ = at (x, y} 5 |m=——|.
ALY a'y
2 yl ) ) e }’3 )
To find the slope of the tangent to the curve —-—=-=1. differentiate —-— fﬁz =] with
'aI‘ I:]II
respeciio x.
2x 2y
22,
a’ b
x _»
a’ b
b’x
y'==5
a’y
CY - b’x
Therefore, the slope of the tangent to the curve _2_315_2:] at {_r‘ y} 5 |m=—1
I:]II all-.}.II




Find the slope of the tangents to the curves at each point of intersection.

Slope of the tangent to the curve at the point [x, y}:[ ] is as follows:

aa bb
1,‘:1.: +b|= Jalz +b|=

Substitute (x,y)= [ﬁ m]m m——L
¥ _aa_ Ja+p®
a|Jal+b?  bb
o b [aa
- a\bb
ba,
ll""-——
ab,
o . bx
ubstitute (x,y)= [m m]ln m = 1

+ fr > il
b __aa  Nai+b®
l "'-:llz k\aﬂlzi-blz blb
2 f
a
m, = blz i)
a, kblb
a
"
1
. ba ha
ultiply the slopes m aﬁan m, e
mm <20 ba
I ab, ba,

=—]
As the product of the slopes of their tangents is —1. so the tangent lines to the respective

aa bb
1,‘::,: +h7 \,Ialz +h’

curves at the point (x, y}:[ ] is perpendicular.



Slope of the tangent to the curves at the point (x,y) :[L _L] is as follows:

a’+b’ 1 Ja' +b’

-

Substitute (x,y)z[a‘:‘—;f,ﬁ] in m:-%_
me-Y|_aa [ Ja +b
a 1,‘a|=+b|: bb
bz[a,a]
m=—|—-1-
a\ bb
bal
m=—L
ab,

Substitute (x, y}=[ ;:’:blz. a?+b,’Jm m,=j’;:_
mobi|_aa | _Ja+b"
I a’ | Ja®+b* bb
__b'(aa
" a’lbb
m=ba
ba,

Multiply the slopes m=%and m, =_%
i
_ba, | _ba
T [ fm.]

=1

As the product of the slopes of their tangents is —]. so the tangent lines to the respective

#,—%l is perpendicular.
1,,||a,‘ +b° Ja, +b,

curves at the point (x, y) :[



Slope of the tangent to the curves at the point (x, y) :[ } is as follows:

___aa bb

p

__@a bbb | bx
Jai+b? Ja?+b} ay
m= b:( a‘lﬂ ‘\‘all'hblz]

Substitute (x,y)=

——? Jalz_!_bl-’ b’b
bz(a,a]
m=—|——
a \ bb
by
a

a”~+b°~ ya~ @y
mli| _@a % th
a, a’ +b’ bb
=t [ﬂ]
a, |\ bb
L
=

Multiply the siopes m = L Y m = _ba

ab, ba,

As the product of the slopes of their tangents is —|, 50 the tangent lines to the respective

L

curves at the point (x, y}:[ ] is perpendicular.



Slope of the tangent to the curves at the point [x, y}:{_ s L bb is as

Jﬂlz +b|: . Jﬂlz +b|:

follows:
s (- g e
m:—i __aa | a|=+b|'"
7 et G
m=_Y[aa
a | bb
bal
m=——=
ab,
Substits (I-J')=[- Jaf';y‘ Ja?iqz]‘" ma=f:z;
m:b'—: ___aa __.,,,‘a,’+b,"
Ca’( Ja+p? | bb
53
a \ bb
b
bal
i __ba _ha
Multiply the slopes m = =y and m, _Era,
m,m=—ﬂv£
ab, ba,

-1
As the product of the slopes of their tangents is —1. so the tangent lines to the respective

curves at the point (x, y}z[_ ‘f"' -, - flb = | is perpendicular.

Jal- +b° 'Jal +b°
Hence, if an ellipse and a hyperbola have the same foci, then their tangent lines at each point
of intersection are perpendicular.
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y2=1

Equation the ellipse 1s §+b_2

Parametric equations for this ellipse are x=acos& and y=&sn g

We have length of major axis =1.18%x10"km =2a
=>a=0.59x10"

And length of the minor azis =1.14x10"km =25
=b=0.57x10"



Then parametric equation becomes
x=059x10"cos® and y=057x10"sind 0<8<2m

Then E:—n_jgxm‘"sina and Q:n.ﬁ?xwmcosa
dg d8

If center of the ellipse 1s at the origin than it has the same length in each quadrant
So length of E]lipSE

L“IJ Ya6) /9) Gl

= 4] J[u_3431xm’")cos“9+(u_3249x10’“)sin“ g dd

Zet f(8) = [{0.3481x10” cos? 8)+(0.32 49x10® sin? &)

Taking 2=10, Af=mi20
Then subintervals are [0,7720],[7f20,7/10],... [97/ 20,7 2]

By Simpson’s rule
L m4x§[f(n)+4f(m 20)+ 27 (m110)+..... +4 7 (971 20)+ £ (71 2) ]

= %(m* 20)[ 7 (O)+4F (71 20)+2f (7w 10) 4. +4F (91 20) + £ 7/ 2) |

L~3645x10"° km
= |L%3645x10" km|
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Consider the equation of the hyperbolais *__Y_ _
a b
This represents a hyperbola through the origin with vertices (+a,0)and foci (+c,0)with

c=va' +b -

The vertical lines through focus are x=¢ and x=-c¢

It is required to find the area of the region bounded by hyperbola and the vertical lines through
focus.

Express the hyperbola as a function of y.

g_i’_;ﬂ Given equation
A

.
2 3
b a

x
Zzbl _‘_1
y=#(%-1)

)

b’ 33
—=(¥-a)

=22 [(F-a)

¥

-
%

I
I+
o

To evaluate the area using integration method. need to find the bounds of the integration.
Sketch the graph of the hyperbola and vertical lines x=c¢ and x=-c.

Fall T
4 xX=-c &y ™

4 Upper part of the hyperbola
/’}E’Eﬁ__é)
T

DN, . .
'&,Oi/(-'a,ﬂk T@N€0)

/£

N
"

A

b

v+ 2 -2y
Lower p:eu‘tt]r of the hvpegbola




From the graph left and right parts are symmetric with respect to y-axis. So, find the area for
the right curve is same as that of finding the area of left curve.

Since the vertex of the hyperbola for the right part is (a,0) and the focus is (¢,0). so the limits

of integration are from a to ¢.

i b [
From the graph, the upper part of the graph is y=—_[(x* —a*
y=—\(¥-a)

From the graph, the lower part of the graph is y = b f( - g=)
a

Now, integrating the difference of upper part and lower part between a and c gives the area of
the region.

— j:(g e _(E = _a-']}k
:jj(ngz-f +§Jf-a2}:,

- I:(z%ﬁ)ﬁ
=Z[[E==)s
%[_J—?.U—”:

al|2

Use the formula Ix-‘uz —a’du =%\.‘u= —-a —%Inlu+q‘u3 —azl

Continue the above steps.

_EE,‘:_ 1_0_2 _ 3| _4a :_1_£ [ _:I
Area = [ ¢ —a 2lt||(-+w;"[r:2 a ZJa a 2||I||r:'+ a’ a]

al?2
Apply the limits
:%% _a -%mchfcz_ﬂ-%ma]]

2

=E —th‘l'fl""]a: +b —-a° —%IIIIJ&E +5 +Ja3+bz —azl+%lnlﬂ'|]
a

o |8

2

Y - N ] |

x

2b| ba®* +b* a — a’
e ]nlqja +b +b|+?ln|a|]

2

bNa® +b -
=TT abin[Va® + 57 + b+ ablnld]
a
Thus, the area of the region bounded by hyperbola and lines through foci is

u‘.\:a':l.’:-lnlx-‘;cf +b +b|+abln|ﬂ| -
(e
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Consider the equation of the ellipse through the origin

For this ellipse, the major axis is x —axis and the minor axis is y —axis.

Take a rough sketch of the ellipse.

7
PMinor Axis
-1,
. (ﬂ,-:ﬁ )
axis
\ S
(a)

To find the volume rotated about the major axis, first solve the equation for y.

-
W=

Xy

From the figure, the limits of the integration, to find the volume are from —g to - But the
ellipse is symmetric with respect to the axis so, finding the volume from 0 to ais same as that

of the volume from _g 4o (-

Therefore, the volume of the solid ellipse rotated about the major axis is



V= H-L( ]dr+xL[-—ﬁ]:dr
=1xf[%ﬁ )Edr
=2xr(z—z(a’-f)]dr

b-.-

=27 (a —-x )ﬂ!r Use constant multiple rule of integration

_ 2ab” _r e _r fﬂ-] Use sum rule of integration
a | o

- _alrtﬁ_r fd\-] Again use constant multiple rule of integration
216% %
= alxf-|=| |u le
i [x[; [3[] Se power ru
1 i
= h,b a“[a-ﬂ] [i-i]] Apply limits

22h | Vs
-2 @5




Thus, the volume of the solid generated by rotation of the ellipse along the major axis is

= .
3

()
To find the volume rotated about the major axis, first solve the equation for y.

27
a b
° yl
e
_bl_}rl
= E
bl_ 4
X =d Y
b-
x=% az[ ';r]
=i% b -yt

From the figure, the limits of the integration, to find the volume are from _p 1o . But the
ellipse is symmetric with respect to the axis so, finding the volume from 0 to pis same as that

of the volume from —p 10 (-
Therefore, the volume of the solid ellipse rotated about the major axis is

v =af) (VT |ty f (257 |

= zxf[%ﬂ ]-d‘y
= hj:[;—i(b’ - f]}ajr



a (hrea 2 i ) )
= i -y Use constant multiple rule of integration
2755 .L (67 -y v p g

2xa’ [ 4,2 . - -
= “dc— ' u le of int t
= [L b L y @] se sum rule of integration

_ 2za” [ B r {#_r yld.,] Again use constant multiple rule of integration
0 0 ik

b!

:lj;—f b [yt_l%:[] Use power rule

2ra’ |, B o -
= b’ |b=-0|-| ——— limits

]
225 :ﬁ]

il R
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‘We must find the centroid of the region enclosed by the x-azis and the top half of the
ellipse:
9x* +4y* =36

The coordinates of the centroid for a plane figure are:

. | =8, (x)dx
A
o |»5.(») &

* A



The region above the x-azis and inside of the ellipse §+§ =1 has:
5 (x)=»

J36-927

2

S(»)=x

6—4y°
3

The area of an ellipse i1s 7Tad where iﬂ

P
a b
Forthis ellipsea=2,5=3, and the area 15 67T.

The area of the considered region is half the area of the ellipse.
Forthis case, A=3m.

Therefore,
32
—]x 4 x2dx
G 255
¥ 3
3] 1 -
5]
a 37
_9
37
=0
C, =0
And

O =
¥ 37
of y 2 Boaras
B 3T
f-ze-]
- 3T



The centroid of the region is (U, i]
i
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{(a) ‘We must calculate the surface area of the ellipso1d that 15 generated by rotating an
ellipse about its major axis.

The equation of an ellipse 1s £2+b—2=1.
a
The xazisis the major azisifa>b.

Leta>h.
The rotation of the function

y=f(x)

=b 1—£2
a

Defined on [—a,a] gives rise to an ellipsoid with surface area

S:J:E:rf(x)JH—[jT)]:dx
=2 (3

8= i 27f (x) 1+ [ £ 1(=)] dx

Simplify:

1

F x 1 ©£)?2
3=L2m1‘1—a—2 1+ Eb[l—a—:)
2 2 - 2Y ' (-ex ¥

3:12@J1—a—2+[1—?)[1—a—2) (a—f) dx

2
2?&1"1—£2+b—dxf2
s [
2

5

tq
Il

J,'—m ,L'—m

"
J,'—m
)

)



Integrate:

3=i2:m 1+x2[b2;ai)d(
B k!
- sinh_l[ bﬂ_‘a:x]
x{b _ain’+1+ . +C

&

&

S=270

1
2

. s

Where O 15 some constant.

x b!—_a!]f +1 Siﬂh_l[ . _:f x]
\ll 4 a
S =2ab " ic
2 1Jb!“‘1
a,'-

——=

1 T _ 11 1_
a b;atJ+l fiiﬂh_l[1‘—ﬂa+ ] —a ba!a!J+l sinh™| - (——a
5 =2xb + - +
LT S
a
b a A a
S=2mh E+ = > - ?+ > >
b —a b —a
2 2
a’ a’

(b) If the ellipsoid 1s rotated about its minor axis:
The rotation of the function

x=f{»)

Defined on [—bb] gives rise to an ellipsoid with surface arca

S= i 2nf (P)1+[ 7 O)] &

o33




S= i 2nf (P)1+[ ()] @

Simplify:
S= IEJMJ]—?J1+[;4[1_§_2)_; (—g}]‘dy
3=£2m‘]1—f—2+(1—-;—'211—*:—34 (;i,_;")n@
5= j 2ma, ﬁ—§+ ay

5= jzm‘]uy Ea
T




) b
X —iZ
S=2ma|| =+ - :
1E 5 2 @7
2 2~
) &
Sj_ﬂh_l az _bz ﬂh_l az _bz
b )
S=2ma|lat — +
~.-"Ia2 — 5 Jaz i
2 = 2 =
b
5 =2na’ +mdla +C
\faz — A
sinh™! [—a2 =& ]
b
S =2ma’ + 2mba +C
2 2
Ja —h
Q65E
Plx,.x,)

We need to prove that a = 8

We need to use imphcit differentiation:
Differentiate both sides of the equation

)2z 2

Eemembering that y is a function of x and using the Chain Rule:
i " 2y

=0
a’ &?

+C



Solving for ¥'
. _bzx

F= a;y
The slope of the tangent line at P(xl,yl:]is m=—

The slope of ,P where F, = (c,0)

iyl +;’211

2
xn+c a
and tan =% 2!

knxlyl
az_}rl (xl +c:)
22, ;2
_ay+h x5(x+e)
az_}rl(xl +‘:) _bleyl

1-

a? a*b?
So,
&b +bex
il &= — 2
L TR o
& (c:xl+a2)
tan &=
c.jrl(c:xl+a )
bﬂ
tan @ = —
N
A _hle
2
n—c a
taﬂ.ﬁ= 1 " M
- _ a5
2
a*nim-c)

B —a® yi - B x5(x—c)




Using (1) and (2)

232 , 32
—a b +dc
tan f=— le
Ry —aon
B (ex, —a*
tﬂﬂﬁ=(xl—ﬂ)
q,rl(cxl—a)
2
A
So we have that |
bﬂ
tan et = —
)
2
tanﬁ:b—
h
tan ¢ = tan Sand thereforea—5
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‘We need to prove that =0

‘We need to use implicit differentiation:
Differentiate both sides of the equation

43Fefgl 2o

Remembering that y 1s a function of x and using the Chain Rule:

& _aw_,
a® B2



Solving for ¥'
, B’z
The slope of the tangent line at P(x,3) is

2
_Fa o=
m=
a»
The slope of P where B, =(—c,0)

A
H—c¢
The slope of HP where H =(—c,0)

=

X
X +c

And

m=

hle_ A

az_}al ko) +c
hzx(_}r:]
| (xl +c)

tan =

1+

For my convenience I rewrite as:
. B 3’211
] +c a A
hzx[ 7]
| (xl +c)
—azy2 +ble (xl +c:)

B az_}q (xl +c)+ble_}1

tan X =

1+

tan &

‘We know that

) =a?+b?
i A bxf - a

2 Fmg=lSe—F5—
a” b a‘h

a’y? +b2c'x1

2 2

conntaon

»? (cxl + az)

So tan L=

=1 therefore 2% —ayf = o’p?



Again for my convenience I rewnite as :

N kxm
o= 2
tan p= —2 ';2"-“
x[»]
e
a“y(x—¢)
fai P az_)é—ble(xl—c)
- az_}ﬂl (x—c) +ble_}=1
Using (1) and (2)
2,2 2
—a“h” +b%cx
tan p= — 2 :
C XA —aon
bz(-:':xl—az)
tenp=——
o1(ex -4’
2
mpe?
I

& 2
So we have that tant= — =tan p=—
oA

tan ct =tan B
Therefore at=p



