Exercise 13.R

Answer 1CC.

& vector function or a vector-valued function 12 any function whose domain 15 a set of
real numbers and whose range 12 a set of vectors.

Let r(¢) = (f(i) g(4). Ez(z)} be a vector walued function, where 7, g, and jz are

differentiable functions. Then the first derivative of v (£) 15 given

byx'(e) = {'(5). '), #())

Thus, we can say that the derivative of a vector-valued function 15 obtained by
differentiating itz component functions.

The integral of a derivative function iz obtained by integrating each of itz component

functions. Then, ]-r [ﬁ) di = <if[£) i, ig[ﬁ) i, _ilﬁz[.ﬁ) dﬁ).
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Answer 1E.
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(B)

The vector function 15
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Answer 1P.
(a)
The projectile reaches maximum height when

1 d . i 2 . :
= & = —[[pnmnajg—?g[ ]: Vi S[na—g[;thatIS,WhEﬂE‘u’EF

il i

; vy it d ] Wy I i [ Wy ST 2 ‘:nz 51'11341
= an = | VaSing === =
z Y 0 g 2 8 g g

This is the maximum height attained when the projectile is fired with an angle of elevation a.
This maximum height is largest when o = /2. In that case, sin a =1 and the maximum height
is v02/2g.

(b)

Let R = v02/g. We are asked to consider the parabola x2 + 2Ry - R2 = 0 which can be rewritten

as y= — ?IE + % . The points on or inside this parabola are those for which

—R<x=<Rand 0=y =< ;—F:IE + % . When the projectile is fired at an angle of

elevation a. the points (x.y) along its path satisfy the relations x = (vO cos a)t along with

vy Sin o

y = (vO sin a)t - (1/2)gt2, where () <y <

2wy s
o= |V OS5 T

This result shows that —R <y < R.

. Therefore, we find that
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For t in the specified range, we also have
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Therefore, we now find that
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S0 we have shown that every target that can be hit by the projectile lies on or inside the

parabola y= — ﬁxz + - Now let (a.,b) be any point on or inside the parabola

I - _ —t g R
= ——x" + - .Then —R <45 < Rand 0D<h< @ - Weseekan

angle a such that (a,b) lies in the path of the projectile; that is, we wish to find an angle a such

IR ¢os

that hp= — ; a . + [t&m a]a or equivalently we can also have that

b= —1I [tanzc:t + 1Ja3 -I—[tan aja. In rearranging this equation, we get
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: +EJJ= 0or a’ (tana)’ —ZaR[tam:EJ-I-[nr2 +2bRJ=
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This quadratic equation for tan a has real solutions exactly when the discriminant is
nonnegative. So now we have

B* —4AC>0 = (—2aR)’ —4:;'3[:12 +2bRJEU o 4&2[:‘23 —a —2ij

This condition is satisfied since (a,b) is on or inside the parabola y = — #xz + % t
follows that (a,b) lies in the path of the projectile when tan a satisfies (*), which is when
2R =4 (R = a*=2R)  paR- bR &

tanq = -

2" q

(c)

If the gun is pointed at a target with height h at a distance D downrange, then tan a = h/D.
When the projectile reaches a distance D downrange, we have

and

D= x= (v, cosa)i. sofromthis we getthat (=

vy LOS
2

. . o BT o wh , . )
W= [Fﬂ sin ﬂ‘_’]f - g[' = Dtana ——— Meanwhile, the target, whose x

2wy o
coordinate is also D, has fallen from height h to height h - (1/2)gt2 = D tan a - (gD2)/{2v02
cos2a). Therefore, we know that the projectile hits the target.




Answer 1TFQ.

The given statement iz true.

From the given vector valued function; we get the parametric equations of the curve as
x =53,y= 2!:3, and z = 3.

Obtain the corresgaonding Cartesian equation of the curve. On adding y = 267 and z = 3¢,
we gety+z=>5¢"

Eeplace £ with x my+z= 58,
v+z=>5x

“We get the Cartesian equation as v + z = 5x, which represents a straight line.

Therefore, the given vector represents a straight line.

Answer 2CC.

& wector function or a vector-valued function 12 any function whose domain 15 a set of
real numbers and whose range 15 a set of vectors. This means for every £ in the domain of
r there 15 a unique vector 1n 3-D space denoted by v}, If |, g, and /2 are differentiable

functions, then et r[i) = {f[z), g(i), ki [f.j) 1z a vector valued function. Now, there 1z a
close connection between continuous vector functions and space curves. Suppose that 7,
g, and & are continuous real-valued functions on an interval £ Then, the set C of all points

(x, v z) space, where x =fi), v = g(£), and z = &if) and £ waries throughout the interval 7, 1z
called a space curve.

Answer 2E.

(&)

In the domain of # each function

Sle)=~2-¢

20 :(E*—1%

Rit)=In(t+1)
Idust be defined

Mow f(t) 1z defined forg =2
2(t) 15 defined fori 0
And hit) 1z defined for ¢ +1210

Hence the domain of r 15 [—1,0) L) [D, 2)
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Answer 2P.

(a)

As in Problem 3, ;{fj = [uﬂ cos ajg;‘ + [[ Vg Sin aj —gt ]J and so from this we

have x = (v cosa)tand y= [u" sin g_e),f — ;—gt _ The difference here is that the

projectile travels until it reaches a point where x > 0 and y = -(tan 8)x. From the parametric
equations, we obtain

(v, sin ks et et
[ = and vy = - — }fx — = [tan a}r = —}fx :
¥ 08 & ¥ 05 & Qv Cos vy Cos
Therefore from this we can determine that the projectile hits the inclined plane at the point

where | tan o —J‘fx—_j=—tanﬁ :
R s ]
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Now, since Lj = [ta.n o+ tan EJ; and x = 0, then we know that we must have that

2wy ens
. 2y 2. .-2
= = tana +tand It follows that x = ﬁ[tanaqtmng] and that
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(D)

The downhill range is R({a) = x sec 8, where x is the coordinate of the landing point calculated
in part (a). Therefore, we now find that

21"'n.'lz‘r"-’-‘iz*'*' 2"'-:12 SN0 0% cos " sin 4
Rla|= —— | tana +tand [secld = - + >
E £ cos cos i

Evt:cusu . ) Evnzcus @ sinl @+ 8 )
= ————— | sinacosfl +cosasinf | = = ’I
geostf genstf
R{a) is maximized when
2""nz . .
0=R' [a] = - {—smasm[a + ) +cos accos(a + E]]
geosTf
Ivn: Erﬂzcumfin'— )
= —cos|(a+6) +a = = ”J
geos f geos

S0 we determine that this condition implies that

cos(?a-l—ﬁ'J: 0 = 2a+f= % = = %[%_EJ



(C)

The solution is similar to the solutions to parts (a) and (b). This time the projectile travels until it
reaches a point where x > 0 and y = (tan 8)x. Since tan 8 = -tan(-6), we obtain the solution from
the previous one by replacing 8 with -8. The desired angle is a = 1/2(m/2 + 8).

(d)

As observed in part (c), firing the projectile up an inclined plane with angle of inclination 8
involves the same equations as in parts (a) and (b) but with 6 replaced by -8. So if R is the
distance up an inclined plane, then we know from part (b) that

Evﬂzuua‘ a sinf @ — |‘i':| - Ry cos g
R= L) = Y, =
27 0
g s |'L—|‘?J

2ens o sida — &)

Vi 2 is minimized with respect to a when

o 2 Rgeos'd  —(cos o cosla— 6} — sina sinfe — 6)}
0= v?|= :

dee . [cos o sifle — £)]°
—Ru cos . cosle+={a—] _ —Rg cos . cos{2e — &)
2 [cos e sinde — 6)]° 2 [cos a sinfa — 6)]°

Since 0 < a < /2, this implies cos{(2a-68)=0+« 2a-6=m2 — a = 1/2(m/2 + 8). Therefore, the
initial speed, and thus the energy required, is minimized for a = 1/2(m/2 + 8).



Answer 2TFQ.

The given statement iz true.

From the given vector walued function; we get the parametric equations of the curve as
x=[:|,y=f;2, and z = 4.

From the equation for z, we getf = %
. Z . 2
Eeplace £ with 3 iy =i

Bl

16y = z°

¥

We get the Cartesian equation as #= 16y, which represents a parabola

Therefore, the given vector represents a parabola
Answer 3CC.

Let rif) a vector function, then the tangent vector to the curve defined by r at the point &
is given by r'(z). The tangent vector is defined only if r'(£) exists and r'(¢) = 0. Now,
the tangent line to £ at F 13 defined to be the line through F parallel to the tangent vector
r'(e)

[*'(&)]

r’[ﬁ). The unit tangent T{¢) vector at & 1z given by T[z) =

Answer 3E.

Let C be the curve of intersection of given cylinder x° +3* = 16 and plane
x+z=5
The projection of C onto zy — plane is acircle x° +3* =16,z =0

Then we can write
x=dcosi, y=4siné, 0= 20
From the equation of plane
z=50—x=5—4cos¢



Answer 3P.

Observe the following diagram.

35ft

Horizontal velocity of the ball is 2 feet per second.
Height of the table is 3.5 feet

Derive a formula to calculate the time at which ball hits the ground.

1
J"-V_YHES"

where y vertical distance at which the object is located from the ground
v, vertical velocity of the object and it is zero for this problem cause
the object has only horizontal velocity.

So put v, =0 into the equation y=v r+ % gt*solve for t

- P

g



Hence, the formula of time taken the by ball to hit ground is as follows:

. sz Height of the table
g
Since Height of the table =3.5ftand g =32 fi/sec’

’2 x3.5
=
32

=4

32
=0.4678seconds

Hence ball hits the ground after 0.4678seconds.

Now the distance travelled by the ball is given by the following equation.

d = speed x time
= 2 x 04678
= .9356 fi.
Hence the ball hits the ground away from the bottom of the table.

Use the formula v =u+af to find the speed of the ball when it hits the ground.
When the ball hits the ground its final velocity will be zero thatis v=0.

Now the equation becomes O=u-gf = u =gt

This follows that u = gf

since r=0.4678seconds.

u=32x0.4678 = u = 14.9696 = [15ft/sec]

Hence the velocity of ball when it hits ground is 15ft/sec.
Use the following formula to find the angle &.

2
vI

Rg
Where v, -horizontal velocity p-range (distance from the botiom of the table to the position
where the ball hit the ground)

tand =

Since the horizontal velocity of the ball is 2 feet per second and R is 0.9356 feet.

g-_ %
0.9356-32
=0.1334

= @ =arctan (0.1334) =

Hence the required angle is 7.6 degrees.



The speed of the ball when it hits ground is 15 ft/sec and it is reduced up to 20 percent.
Which means the speed of ball when it takes off from the ground will be
{15 -20% of 15) ft/sec =12 ft/sec.

In the second jump, the ball acts like a projectile hence distance at which the ball hits ground
after the second jump will obtained by the following formula.

R=Y2gin20
g

12° .
=F5|n2[?_6}

_l44
32
=1.19

Hence the ball lands at distance of 1.19 feet.

x0.2621891

This follows that it hits ground after second jump at distance from the bottom of the table is
0.94 feet +1.19 feet :i.?.'.I}I"eeiL

Answer 3TFQ.
The given statement 1z false.

From the given vector valued function, we get the parametric equations of the curve as
x=2f,y=3—-f andz=10

From the equation for ¥, we getf =3 —y.
Eeplace £ with 2 — v 1in x = 2¢.

x=2(3-y)
x=6-2y
x+ 2y =6

We get the Cartesian equation as x + 2y =6, which represents a straight line with
x-intercapi 6 and y-intercept 3.

Therefore, the given vector does not represent a straight line passing through the origin



Answer 4CC.
{(a) The dertvative of the sum of two vector functions can be obtained by
differentiating each of the vector functions and then adding the differentials.

%[u () +¥(0)] = w(e) + v'(2)

i

(h) The derivative of constant titnes a function 18 ebtained by multiplying the
derivative of the function by the constant.

il:cu (s)] = cu'(z).

clf

{c) The derivative of the product of two wector functions 15 obtained by adding the
product of the derivative of the first function and the second function to the
product of the derivative of the second function and the first function.

S EIONOIRRNOMOREIONT

(d) The denivative of the dot product of two vector functions 12 obtained by adding
the dot product of the derivative of the first function and the second function to
the dot product of the derivative of the second function and the first function.

d f f
- [u(e) v(e)] = w'{e)vie) +ule)v'(e)

{e) The denivative of the dot product of two vector functions 15 obtained by adding
the cross product of the derivative of the first function and the second function to
the cross product of the derivative of the second function and the first function

% Tu(e) x v(t)] = w'(e)xv(e) +ule)xv'(2)

dt
i) The derivative of u [f [3)) can be obtained by applying the chain rule of

differentiation.

Sl @) = rewro)

Answer 4E.

he differentiation rule of the given vector function is the sum rule

d yd d
—iufr)+vir =—ll]+—VII
ot - { ' ' }' t { ' e ' }

=u'(r)+v'(7)



(b)
Consider the vector functions.

cu(r)

The differentiation rule of the given vector function is the scalar multiple rule.
d '
—[eu(n)]=cu'(r)

(c)
Consider the vector functions.

f(r)u(r)

The differentiation rule of the given vector function is the product rule.
d
— L/ (@u@)]=F(D)ule)+ £ ()u'()

(d)

Consider the vector functions.

u(r)-v(r)

The differentiation rule of the given vector function is the dot product rule.
< Tu(1)v(1)]=w(e)-v(e)+u(e)-vi(0)

(e)
Consider the vector functions.

u(r)xv(r)

The differentiation rule of the given vector function is the cross product rule.
%[u{r)x v(1)] =u' (1) v (1) +u(e)xv'(2)

(N

Consider the vector functions.

u(f(1))

The differentiation rule of the given vector function is the chain rule.

U O)]=r@w(r )



Answer 4P.
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Answer 4TFQ.
The given statement iz true.

We know that the derivative of any wector valued function of the form

=i+ gy + Ak 15 given by rf [E) = f [E)i + g'[f,:lj + Ez'(ﬁ)k.

Therefore, the derivative of a vector function 12 obtained by differentiating each
component function

Answer 5CC.
If ' 15 a smooth curve given by r(8) = x(£1 + »(8)j + z(t)k, on an interval [a, ], then the

arc length of C' on the interval is s = iJ[x'[E)T + [y'li.ﬁ):lj + [z'[ﬁ)]z di = :il-tr'[f,:l| di

a



Answer 5E.

Now the integral I ' r(;]d,c can be caiculated as follows:
L]

L:.-{,)d; - [g: i+ _;(Silm} m::”]i—[mim]k];

((S){olt=s2) ==
(ko= ===

1 ] 1 1 1
=—i-—j+—k —(—,j-—k) UsecosO=1,cosa=-1,sinx=0

3 T T " T
2.2,
T T
Therefore, L'r(;)d;_ %i—%j+£k X
F' F/ 4

Answer 5P.

A projectile is fired with angle of elevation « and initial speed v_ So the parametric equations
for trajectory of the projectile are,

x=(veosa)t, y=(vsina)r-igr’. (1)

The objective is to find the value of « for which the total distance traveled by the projectile is
maximized.

The vector function of the projectile is,

r(r)=(veosa)di+((vsina)r-Lgr’)j.

Then find the derivative v[r) = r‘{f}[ﬁ this vector function:
v(0)=r(1)
:%r(!)
:%[(pma)ﬁ+({vsina)l—%Hfl)j]
=%(pcosﬂ)[i +%({vsina}t—%gf3)j

=(veosa)i+((vsina)-gr)j- ()



Then, the speed of the projectile, that is, the value of |-.-{:)|wi|| be,
|v(a‘1=|(vm5a}i+([vsina}—g:}j|

= J{vmsa]! +({vsina)—g1f}1

- 7 cos” (s’ a+ g’ ~2(vsina)g)

= Jvzmsz a+v'sin’ a+g’t’ -2(vsina) gt

AV . v, (vsina)
g | cos"at+—sin"a+1r —-2—=¢

]

£ £ g

gJﬁ,ms’ a+—sin’a+1 —zmr
£ g g

= gJ[r? +i,5inz a-IMrJ+i,msz a
g g E

2
= gJ[f —isinaJ +i,v.::a|:-s.-:1 a - ------()
g g

The projectile hits the ground when its vertical component is zero, that is, when,

y=0
(vsina)r—Lgr' =0
(vsinag)r=1gr’
2v

I=—sina.
E



Hence, the distance traveled by the projectile is,

L(a)= E““|v(:)|d:

j_m"[ J[r——sma] +V; cmlajd!
-4 4
3__., P 2
=g]'nﬂ J[r-isina] +[§coszx] di -

Use the following formula;

Iﬁa‘u =%(um+a= In|u+mn+£'

with u =f—£sinn' and a= iﬁﬁﬂ'tﬂ solve above integral
g g

18- ] o (rme]
s e A,
][] [
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| —fnda
E
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Simplify the right hand side of above as follows:

é[l +sina)”

—{—v—;sina+ V: cos’ aln‘l{l —sin a)|]]

£ £ £

L(a)= %[(?sina +§mﬁz aln

=2|Y Gina+ VI, m’am‘l(l+sina4+ Pi sina—i,ms’alnF(l—sinaﬂ
2| g g g g g g
=£ Ev: sina +— msza[[nli(l +5ina}l-—]n‘1{l -—simr)|]
2| g g g g
2 2 |(vrg)(1+si
=£vzlzs;il'lu‘:r+£—v—1m:-s'mxlnlt1|I 2)( +5fna}|
2 g 2 g |(w'g}[l—5ma'}|
=L sina +£(r:::|c5:z a')ln l+szna i
g 2g 1-sina

The objective is to maximize L{a)fm D=<a 5%_ So, first find the critical points, that is, find
the points where L'(a)=0.

First find L'(&):

L'{a}z%L(a}

d (v . Vv . 1 +sina
=—o/| —sina + (cus a')ln -
dal g 2g l-sina
v Vv , l-sina 2cosa " l+sina
=—COSa + cos @-——- ——2sinacosa-In -
g 2g l1+sina {l—sina]' l-sina
v v . 2cosa . 1+sina
=—C0S& +—| €08 @ -—————2sinacosa-In -
g 2g {I—sm'a} 1—sina
v v ., 2cosa . . 1+sina
=—cosa+—|c0s  @-———-—2sina@cosa-In -
g 2g| cos” & l-sina
2 2 %
=Y cosa+—|2cosa—2sinacosa-In ﬂ
g 2g| 1-sina

v v ! 1 +sina
=—cosa+—cosa| |—-sina-In -

g g | —-sina
1+sina|)

= imsa[?—sina -In
g




Solve the equation L'{g}: 0. and find the value of a .

7

v . 1+sina
—cosa| 2—-sina-In - =0, or
g l-sina
. 1+sina
2-sina-In —] =(. because cosa = (-
l-sina
) - . l1+sina )
Use graphing utility to sketch the graph of y=2-sina-In ]— ., and find the points, at
—sina

which the graph crosses o -axis to find the solution of above eguation. See Figure-1.

A

-

From figure, it is clear that, the graph crosses the a -axis at g =(0.9855. O o ~ 56°-
So, the critical point is g = ().9855-

Compare values of L{a}at the critical point g = (.98552and the endpoints g = {L%:

l+sina
1—sine|

Fis v 1.2
L(0)=0, L| = |=—. L{0.9855)=——.
(0) [2] z ( ) -

It gives the maximum value for g = (0.9855-

Therefore, the distance travelled by the projectile is maximized for g = 0,9855. or _

Because,

e .l

L(a)= isil‘lﬂ-!- i{msza)ln

S0,



Answer 5TFQ.

The given statement 15 false.

We lenow that if v and v are two differentiable vector functions, then the derivative of

u(t) % v(z) is given by%[u (£) = v(z)] = u'(z)xv(e) +ufe) = ¥'(e).

Therefore, we can say that%[u HES v(ﬁj] = u'(t) % v'(£).
i

Answer 6CC.

{a) Let © be aplane curve. Then, the curvature of O at a point 15 a measure of how
sensitive its tangent line 15 to moving the point to other nearby points. There are a
number of equivalent wawys that this 1dea can be made precise,

The curvature of a circle of radius R should be large 1if & 15 small and small 1f & 13
large. Thus the curvature of a circle 15 defined to be the reciprocal of the radius

1
rE = —
b
(h) It 18 known that the curvature s easier to compute 1f it 15 expressed in terms of the

parameter £, If Ti¥) 1z the unit tangent vector of the vector ¥(f), then the curvature
_ e
= |r'[.ﬁ) | :
{c) It 1z a stooth curve given by v(f) = x(fi + w(f)) + 200k, then the curvature & (f,)
| r'(e) xr"(¢) ||

oI
{d) It 15 a smooth curve given by the function y = #x), then the curvature & of O at

/()]
1+ (7)) ]
Answer 6E.

The given curve 1s
x=2-1t% yv=2at—-1, z=Int

is given by x (2]

of Catiis givenby x(¢) =

£15 given by & =

BTN



{a). Mow where the curve meets xz — plane, there y =10

LE. 2i—=1=10
. 1
1Le f=—
2
x=2—f
1 3
e
15
2
y=2-1
=(]
z=Int
=1n(l]
2
=lnZ

Therefore C tmeets zz — plane in point

15
[—, 0, —1n 2]
a

(b}, The vector equation of curve 15
rlt)=<2-¢, 2t—1, Int »
Then 7'(¢)= coztn Ly
£
Mow the point (1, 1, O corresponds to the parameter =1 as

<2-¢, 2= Int »>={1,1,0}=2-¢ =1,2t-1=1lnt =0

Thenatt=1, ;'(E) = <—3 2 1>= {a,b,c} , which are the direction numbers of
tangent line at (1, 1, 0}

Hence the parametric equations of the tangent line at [xl,yl,zlj =1{1,1,01s

XA—hH_¥YTh 275 _
o b o

£

x—=1_ »y-1 z-0_
-3z 1
LE. x=1-3, v==2t+1 z=¢

4

ig.,

{c). The normal plane at [xl,yl,zl) = (1, 1, 0} hasz normal
vector;'(l) =«=3 2, 1l== <.:z,f:',r:}, so the equations of normal plane 15
alx—x)+s(y—y)+c(z-2)=0
1e., —3[x—1)+2[y—1)+1(z—0)20
1e, —3x+43+2y-24z=10

1e, —3x+dyv+z+1=0
1e, Zx—-Zy-—-z-1=10



Answer 6P.
A cable has radius r and length L

the cable is wound around a spool with radius R without overlapping.




To construct a diagram for the datas. let h be the vertical distance between coils and we

imagine that the top of the cable form a kind of helix of radms R + ¢

b 2 £

—
b

".'.h: __11_1';:

From similar tnnangles

2r . 2=lr+R)

r—a? b
hr = r{r +R VA —4r

(hr)’ = : :rr{r +R]H“j-
.\ r ;

¥ i |

h™r = rr:(r"f'R’.i:{h: ——'lr::i
B =7 +R) )= 4 ¢+ R

2 —4x"rir+= RY

.I]-_:

( r:— ::Ir— .ﬁ'j:



2 4 r+ RY

::—r"— =ir= Ry 1

2erir+=R)

_.Ifl_'_"{r_ R}E_ r?

We parametrixe the helix using

h
I

-

(1) = (R +r)cost - W) = (R +Psint - then we have that :(:J =
and
x'"()= —(R+r)sint - v' (1) = (R +r)cost - then we have that z' {;) = %

Now we calculate the length for a complete cycle

1= (PN OF + v OF + ' OF di

5

I= | {,\! [—(r +R)cost]® + [(r +R)sint]® + | 2 } dr

I =K
e

2

3 2 2
1= Ig'\}(rﬂn-{mm +sim2_1+[i] di

2x

1= Iﬁ'y}{kﬂ}%[ - T ds



= [wer T2 ]
1= zw\]{ﬁ: +7 + [i']

e rir=R)
\{:::fr— RY —r"

Using the value of . B =

-

r

1= 27 \|[R+r° +| 2228
Er{?zfr—.’ﬂ"— r

= zr\l{fe +r}1[l A P 1}

25 R =P

1Jl’zl.'i:' +rF—r

=

The number of complete cvlcles 15 given by [[L /1]] . so we get that the shortest length along
the spool that 1s covered by the cable 1s

e 2% rir=R) |T I PR 'E
h | _}}= - - . L= i
IJ_ I \{r'{r— Ry —r" I_i_ ""I"‘li'— AR — 2 j}




6TFQ.
The given statement 15 false.

Letr () =fi+£% Then, r'(£) = i+ 2§ and|r'(¢)| = JL+ 48
We have|r|:f,)| = 4,;'52 + ¢t

d
How, find E| r I:f.) |

%r(m: i(m)

ds
1 2 + 48
2 0+

d r
We note thatE|r[.ﬁ) | z |r [z)|

Therefore, we can say that%| r(.ﬁ) | * |r'|:.if) |

<Answer 7CC.
img src="https://cl.staticflickr.com/1/551/32102697381_c209ae0b30_o.png”
width="580" height="150" alt="stewart-calculus-7e-solutions-Chapter-13-R-Vector
Functions-7CC">
(h) The plane determnined by the normal and binormal vectors N and B at a point P on
a curve ' 15 called the normal plane of O at . It consists of all lines that are
orthogonal to the tangent vector T. The plane determined by the vectors T and N
1z called the osculating plane of C at &

The circle that lies in the osculating plane of  at &, has the same tangent as C at
P, lies on the concave side of C' and has radius o = 1/x is called the osculating
circle.
Answer 7E.
img src="https://cl.staticflickr.com/1/603/31411343033_a0a87752c9_o.png”
width="623" height="482" alt="stewart-calculus-7e-solutions-Chapter-13-R-Vector
Functions-7E">
Answer 7P.
To find out whether this curve 15 in a plane, see if any arbitrary point on the curve will
satisfy the same plane equation. There are several different ways to do this; we choose to
work with the parametric equation for a plane,
n(r—r)="0
Where n is a vector normal to the plane and ry is the position vector for point on the

plane.

If we can find a normal vector n such that any point on the curve satisfies this plane
equation, then every point on the curve 15 in that plane. Our strategy 15 to assutne the
curve 15 in a plane, find the normal wector to that plane, and then prove that that plane
containg every other point on the curve,



If'the curve 15 1n a plane, then any three points on the curve are coplanar and can be used
to find the normal vector to the plane. We find three points on the curve by plugging in
t=0,¢=1,and t=-1.

Forg=10:

o (0 +5(0) +ey= ¢y

iy (0y* +8 (N +e, =c,

(0 +5, (0 ey =y

Fori=1:

a (10 +8 (1) 42, = a, +b, +2,

a, (1 +h (1) e, =a, +3, +e,

(1 +E (4o = a5 +dy +e

Fori=-1:

(=D +(-D+e=a -5 +o

ay (1P B (Do, =a, — & +e,

a(~ 1 + Dt =a - b te

=0 we hawe three points, which we can write as their position vectors asu = (:-:‘1,{,‘2,{,‘3 :}-
v= {.:11 +& oy e, iyt e iy +r:3}, and w = {.:11 —btoa, b oy, — bt }

We use these three points to find two displacement wectors in the plane by subtracting
their coordinates:

pP=V—W
= (25,25, 25)
g=v—u

= (o +8y, 0, +oy a0+ 5
We now have two vectors in the plane. In order to find a normal vector to the plane, we
takee the cross product of these two vectors, as the cross product of two vectors 13 always

perpendicular to both of them, 1.6, perpendicular to the plane those two vectors are in,
which 1s exactly what we want.

Find the cross product by using a determinant. The cross product of two vectors
a= (.:zl,.:zg,.:z3} and b = {E:'lbg‘-%) can be written as the deterrminant

i 3 k
axh =@ a, &

BB &



=0 the cross product of our two displacement vectors p and q 15
1 j k
Pxg=| 2§ 2B, 2by
atdy ayth a i

=[(2Bya; + 2Byhy ) — 2By + 280,10
—[lebas + 2y ) — (2ba + 250 )]
Hi2ha, + 258 ) — e +2bby ) Kk

= (2b,a, —2b,a Yi— (2ba, — 2ha)j+ (2ba, — 2b.a )k

= (dbyay — Zhea, i+ (2hoay — 2be ) + (b, — 200k
= (2hyay — 2byay i — (2by — 20 )]+ (2ha, — 2bya)k
= (2hyay — 2hyay i+ (2byay — 20as )] +(2ha, — 2hya) )k
This wvector 15 a normal wector to the plane. Because constant multiples of wectors lie 1n

the same direction as that vector, we can divide through by 2 and still have a vector in the
same direction (normal to the plane). We call this our normal wector:

n = (b — by 0+ (e — b)) ey — b )k (1)

Ifthe curve 15 10 a plane, this vector 15 normal to that plane.

IMow that we have a normal vector, we can write an equation for the plane. Going back to
the points we found in the course of finding the normal wector, we choose u = (:cl,cg,.% :}-

when £ =10, as the position vector for a specific point on the plane, and plug thiz and the
normal vector into the parametric plane equation.

nr—r)="0

{(.-bzcz3 —ba, ), (ba —ba, ) (ba, —Erzal}}-(r - {cl,cg, . }) =00 (1)

Ifthe curve 15 1n a plane, this 15 1its parametric equation.

But now we have to prowe that for any point £, the point on the curve given by r (£
satisties the equation given in (1), We do this by plugging in an arbitrary point

rii = (alﬁg +i +.:?1,c1252 +b, +.:?2,|::t3.if2 + &4 +r:3>| and showing that it satisfies this

equation. We plug it in and show that the dot product in (1) equals 0 no matter what £ we
are at.

The formula for calculating the dot product of two vectors a= (.:11,.:12,.:13} and
h= {E:'lf:lzsz 13 to multiply component-wise and add the products:
ash = a b +ab, +ady



=0 plugging an arbitrary rif) into (1) and calculating the dot product gives us:
{'ibz% — by ), (hon — Iy, (e _bzﬂﬂ}"'({ﬂlﬁ shpto,ap’+ b vog e v B+ '53)_ {e1 6265 })
= (Bt — By, (B — By ), (g — By }'([ﬂfg + &), 'iﬁ'z-fg + Byt (ﬂfz + "-53-1'))
= (gt ~ By )and” + 38 + (ot — Buce)lagt™ + 8yt) + (hty — Byt + )
= bzﬂ'zﬂlfg + byt it = Bpanant ’ + byt Tt byt

— byasby — byt - byenbit
=1
In the second-to-last line, the color coding shows the matching terms that cancel each
other out and the dot product indeed equals 0, as desired. We have just shown that any
arbitrary point r () satisfies this plane equation.
since any point v (2 satisfies equation (1), it 15 indeed an equation for the plane
containing this curve.

Answer 7TFQ.
The given statement 15 false.

The curvature of a curwe O at a given point can be defined as the rate of change of the

T

unit tangent vector T (£) with respect to the arc length s (£). Thus, we getx =

dT
di |
Answer 8CC.
{a) It x and v are twice differentiable functions of £, and r 1z a vector-valued function
given by r(f) = x({01 + (£ +z()k, then the velocity vector 15 given by

vie)=r'(2)=x"()1 + (£ + 2" (H)k.

ds

Therefore, we can say thatx =

The speed of the object is given by || V(i) || = \/[x'[.if):lg + [y'[ﬁ):|2+ [z'(.ﬁ):lg .

The acceleration is given by a(z) =r'(¢) or aff) =z"(£)i + »"(£)j +2"(¢)k.
(h) We have the tangential component of acceleration as at and the normal
components of acceleration as ay. Then, the acceleration 15 given by
a = ap+ay.
Answer 8E.

-+

r[i)z -::25%, Cog2f, sin 2f =

-

Then r'[zf:]= -:1315}5, — 2sin 2f, Zcosdf >

—+

And ‘r '[£j| = J( )2 + [—ESin 23)2 +[2 Cos E’jjg

= 9 +45in® 22 +4 cos’ 2

= Jor+4



Answer 8TFQ.

The given statement 15 false.

We know that the binomial vector B (2) 15 perpendicular to both the tangent wvector T (2)
and the unit normal wector N (£). Then, B[i) =T [f,j ¥ N[f,:l. =ince cross multiplication

of wectors 18 not commutative, we can say that B [.ﬁ) = N[z) x T (.ﬁ:]

Answer 9CC.
The Eepler’s law of planetary motion includes three parts:

a)
b)

c)

The orbit of every planet 15 an ellipse with the Sun at one of the two foct
& line joining a planet and the Sun sweeps out equal areas during equal intervals

of time.

The square of the orbital period of a planet 13 directly proportional to the cube of

the semi-major axis of its orbit.

Answer 9E.

The equation of helix 15

nle)= cosi:?+sin£}+f,£
Then #(¢) =—sinti +cost ) +k
And

;l'[zjl‘:m'{sin2£+c¢szz+l
=2

Then the equation of tangent 15
~ A
T)=p

@)

—zingé  costi 1
=g —, =, — =
N2 N2 2
The point (1, 0, 0) corresponds to parameter £ = ()
Then the tangent at (1, 0, 0} 15

— 1 1

D0 ==0, —=, ==
The equation of curve 1s

n(e) =1+ + £+
Then 7 (¢)=1+2¢j+3%k
And [ (e)|= /144" +9¢t

The point (1, 0, 0) corresponds to parameter £ = ()

The equation of tangent to curve 1z

= ()

Lit)= 20

Then tangent at (1, 0, 0 15
T(0)=<10,0=




MNow the angle between the two curves are equal to the angle between their
respective tangednts at the point of inter section, let itbe &

Then cos8= M
7 (0)|[Z (0)]

=100 =

1
< —
_ 2

AN

2
V1
cos&=10
1e 5'=|::¢s_1[0)
ie. o=Z
2

Answer 9TFQ.
The given statement iz true.

We lenow that if 715 twice continuously differentiable, then at an inflection point of the
curve ¥ = fix) the curvature 13 0.

Answer 10E.
The equation of curve 15

;[.ﬁ) =e'i +& sin .t:s'\+.;=::r costk
Then ;'[.ﬁ:l =o' +&' [sin.ﬁ + n:c::us.t)}+e’ I:c:os.ﬁ - sin£)£
And ‘r [f,)| =.J22! +e¥ (sint+cose) +2¥ (cost—sing)’
= 3™
_o B
de
Now —= ()] =3¢

The point (1, 0, 1) corresponds to parameter £ = ()

Then &= S[ﬁ) = .1-|.:'I:H)‘|:fu

= _i.\ﬁe“.:fu

- 4],
=3[ -1]



s
Then f=ln|—+1
(\E J
1

+

Or ( —ln 3

Therefore £ =1n (—+1J

Hence the required re parameterization 15 obtained by substituting for

r(e () :Eh[ffz?*l];ﬂk{fﬁ”] in [ln (%HDE+

LE.

Answer 10TFQ.
The given statement 1z true.

We know that the curvature of a straight line 15 always zero because the tangent vector is
a constant

Theretore, we can say that a curve with & [ﬁ) = (0 represents a straight line.
Answer 11E.

e s

der th
-

M

rifl—l —f f il
\3 Z
Recollect the unit tangent vecto
r'(r)
T(r)=15
(1)
Differentiate of r(¢)with respectto ¢
/1,
r{f}:Lu;—r' —1°,1
dr\3 2
f1d ;1d n’r'.
\3dr "2dt “dt |
I
1,2y 1
=(=(3¢*).=(2r).1)
-



Find the magnitude of the vector r'(r).

|r’{.'}|=1# £) +£+1
=Vt +1 +1

The unit tangent vector is follows:

ri)
T[ ) |l" (‘.H

()
B N+ +1

_ _ (F,r, I)
Thus, the unit tangent vector is T[;} = I

Find the unit normal vector.

Recollect the formula:

_T()
N(r} - |""(')|

The derivative of the tangent vector to obtain,

T'(r}:%[(r‘,f,l){f‘ + +1)_;]
=(F,r,l)%(r‘ + +1}_§ +r+r+ I]_i ;(ﬁ,r, 1)

/]

= _%(:* +2+1) 7 (48 +20) (R, 00) + (¢ +72 +1) 7 (20,1,0)

:L_jlll_z..<,|'=1 1, ])+;m(2r, 1. ﬂ}

(r‘+:3+l] {.I'"+.I’=+|)
9P — . '+ +1
=— ! 2-(1",.' l)+ {‘ . 3),1{1;, 1, 0)
(: +f +I) (r t +l]
_(—2:"—:’, =24 Ir’—r) (2: +20 42, 1 417 +1, n)
- {t +1 +I} (l +1 +I)

(:-lr‘-r +20 420+, =28 —P + 1+ +1, -2:’-:)
(r" + + l]m




) (r3+2:, ~* 4], =28 —:)

B [t‘ +1 +I]m

To find the magnitud& of the tangent vector to obtain,
- [(Pe2)  (-*+1)  (20+1)
r)l = + +
wf‘ +r?+l)J [r‘+:"‘+l}1 (r‘ + +I)!L

_Jt"+4r1 +4f 40 +1-20" + 4 1+ 47

(t* +r +l)3

|5 60" 50 +]
(.|“'+.|‘:’+l]3

The normal vector will be,

N() =t )

)

B (f‘ + 24,1 +1,-2 —r) (f'+r+ I]M

(s"+rz+l]3;= NI 50+ 61° + 50 +1
B (r’ +20,—1* +1,-2¢° —r)
NE 5 6t 50 41
c)
Find the curvature.

Recollect the curvature formula.

Iy
v’ (7)
BEvaluate the curvature is shown below:
O
(1)
R R e
(¢ +7 +|)3Fz N

JE+50° +68° +50 +1
(1'4 +.~“’t+1:|2




Answer 11TFQ.

The given statement 13 false.

Let r(¢) = & + 41— ¢"j and find |r (2} .
|x(2) | \/[z)2+(l—f:|2

=1

Mow, we hawe r’[zf:l =1i-

Determine |r’[.ﬁ) |

We hawve |r'|:.ﬁ)| = lll—lf,g .

Therefore, we can say that if |r (£] | = 1, then it 15 not necessary that |r'[f,) | be a

constant.
Answer 12E.
The parametric equations of ellipse are:
x=3cosi, y=4snf
Then vector equation 13
r[.ﬁ) =< 3cost, dané =
Then r (ﬁ) = <—3snf, dcosi >

1
¥

And

I:ﬁ)‘=w,l'(9 sini+16cos s
;"(i)z < —3cosi, —dsinf =

(g% (2)]
20

12

Then curvature 124 =

(9 sin’i+16cos s

)3‘5



MNow point (3, 0 corresponds to parameter t= 00
Then the curvature at (3, () 15
12
B
(9sin® 0+16 cos? 0]"5
12
167
1z
4xdxd
3
16

k=

1e k=

Mow the point (0, 4 corresponds to parameter £ = %

Then the curvature at (0, 4) 15
12
(5+0)%

12
 3x%3x3
4

9

k=

Answer 12TFQ.
(Given |r|:f,) | = 1, we can say that |r[f,) |2 =1.

Then, r(.ﬁ) - r[.ﬁ) =1.
On differentiating both sides of the equation, we get ;‘i[r (ﬁ) . 4 (ﬁ)] = 0.
i
Eewriting the equation we get
d|r(t
4] r(f) = 0
ot
Zri(e) -r(z) = 0
ri¢) r'(z) =0
Therefore, we can say that r'(ﬁ) 1z orthogonal to r [.ﬁ) .

Thus the given statement 15 true.

Answer 13E.
The given curve is y=x"
Then y'=4x°

And  y"=12x



The curvature 15 given by

e |; 7
[1+(»]
1277
[1+15xﬁ]3"’5
Atpoint (1, 1), the curvature 15
=
(1+16)
I
(1)

Answer 13TFQ.
The given statement i3 true.

The circle that lies in the osculating plane of C at &, has the same tangent as C at &, lies

oft the concave side of O (toward which N points), and has radius o= l 1z called the

K
osculating circle of O at 2. It 15 the circle that best describes how O behawves near 2 as it

shares the same tangent, normal, and curvature at ©
Answer 14E.

The given curve 1z

y=xt— g
Then y'=4x —2x
p'=12x% -2

The radius of curvature 15
M
[+ ]

|12,--:2 - 2|

[1+(4x3 —EI)TE
el
[1+0]"

Then the radius of esculating circle at (0, 0) 13
1 1

B0y 2

At origin k[D) = 2




From graph the centre of the circle 1s: [D_El]

Then the equation of csculating circle at (0, 0} 15

oo}

Le x2+(y+1T—1
a 2} 4

1.0

0.5

-1.5

Answer 14TFQ.

Suppose that x = () and # [ﬁ) = r'[s :l be two parameterization of the same curve then a
point on the curve can be represented by i =fp and s =51

But, the tangent vector 18 going to be the same since only one tangent wector can be
drawn to a curve,

The given statement iz true.
Answer 15E.

The given equation of curve 13
x=s8ndi, v=I z=cos i



Then the vector equation 1s

;[5) =< gin 2, £, cos 2f >
F{e)= <2cos2t, 1, — 2sin 2¢ =
[F'(¢)] = V4eos® 2 +14-4sin 2

=5

The unit normal vector 15
T =r©/f @

F(t) == <2cos 2, |, —2sin 2% >

N5}
— 1 .
And T'[ﬁ) =—— <—dsin 2¢, 0, —dcos2f =
NG}
Then E’F'[ﬁ)‘=\/§sm2 26410 +§E052 2t
[
R'E
_ 4
NG}
MNow the point (0, 71, 1) corresponds to parameter t =17
— 1Y)
And  N(z)= ‘?'[g)‘
ie Ff(ﬁj:i{—%inﬁ,ﬂ,—%oﬂﬁ}

=« —sin 2f, 0, —cosdi »

The osculating plane at (0, 7T, 1) contains the wectors T and A | so its normal

vectoris TN =25

i i i
— - — |Z2cosZf 1 —2sin 2
Bl =T=xN= —
) 5 F
—zin 2 0 —cos 2F




Answer 16E.

(A
1Y
d
r(3.2) - r(3)
0.7
& >
(B) ) 3
;[3) i r3+R1-r(3)
Bl P
© )
— r'(E)
T3)==
UFe)

Answer 17E.
The position function 1s

Pl)=tlnef +2 ) +e7'k

Then velocity ;[z) = ;[E)

=(lnz+1)i +j—e"k



speed = |1_;[.E)|

- J(1n3+1)2 +(1) + (™)

~ J1+|:1n£)2 +2lne+1+e™

2

~ ‘j(ln.z)2 +2lne+e 42

—+I

And acceleration c_:;liﬁjl =y [r.)
-7 ()

1;\ -
=|-1 +e7k
4

Answer 15E.
alf)=6:1+126* - 6ek
Weknow  alt)=v'(t)
Then  v(£)=[a(t)d
= [ <6z, 12, - 6t »a
=<3t A8 - 3% 4T
Where C is arbitrary constant vector of integration
It 15 given that ;[D):f—:r'+3£;
Thus i-— j+3=0+C
Then ©=i—j+3k
i w(e) =3 +ACT - sk %)
v(e)= (3 +1)7 +{4e - 1) j+ (-2 +3) £

Answer 19E.
43 ft/s

45°

\

7 ft

We know for a projectile, the position at any time t iz given by

;[3) =(w cos a*)ﬁf—i—[[vu sin &)ﬁ—%gﬁz}j

Qr x=(weosalt, y=(y sincrjli—%gﬁg



(&)
When t = 2seconds
Then xz=453xcosd5%x2
= 6081 ft

hnd y= 43x5in45°><2—%x32 x(2)°
= 60 81— &4
=-3 18 ft

Then distance abowve the ground 1z
T+H(-318) =381

Hence after 2 seconds the shot 15 about 3.8 ft above the ground at 608 ft from the
athlete

()

We know the maximum height of projectile 13 given by
: 2
_ (v, sin @)

';gmax - Eg

(Which 1s the maximum height abowe horizontal through the point O from where
the shot 15 thrown and 1z parallel 12 ground)

(435in45°)

5 %32
—14.44 f

Thus the height abowve the ground 15
[14.44+?)f’t

=214 ft

Then above horizontalk =

()
Taking point 0 as origin we see thaty=-"7{t

. 1 .
Then v= [vu i1 c_‘l’).t - Egzj gives

=7 = (43%5in 45°)¢ —%[32)52

—7=304¢-16:
ie. 162 —304:=7=10

| 30.4:+,/(30.4)° +4(16)(7)
B i=

b 2(16)

| 304+37.04

52
=-02g 2107g

Then time of flight 15 2. 1075
Thus range of shot = (v cosa)f— (4300 45%)(2.107) = 64.06ft
Hence shot lands 64 06£t from the athlete




Answer 20E.
The position function of the particle 1s
r(e)=ti +26 ] +6%k
Then »'(£)=i+2j+2tk
r(e) =28
|r'[£)|=m

Then the tangential component of acceleration 15

r'[i)xr"(ﬁ)
Gp=—t 7
T )
=l gt 20,02
N5+ 4
LE dp = ¥
h T el
ik
Since r'[i)xr"[ﬁjl:l 2 2
I

L | (£)er" (2)]

e
Y-
514

1Le g = 245

Answer 21E.
The position wector 13 given by

rit)=tR(z)



(&)
Then r'(£)=R{t)+eR'(¢) - (1)
Wew R'(t)=v, (given)
And  R{f)=cos WET +sinwt
Therefore v(z)=r'(t)—cos WET +sin wi -+ ¥y

()
From (1) r'(¢)=R(s)+: R'(¢)

Then r"(6)=R'(t)+R'(£)+:R"(¢)
= 2R'(£)+£R"(¢)
Since R'(i)=v,
And R"[f,:l =y,
Therefore acceleration & =r"(¢)
LE @ =2v;+iay,
(<) ) )
r[.ﬁ) =& coswii +e sin wi
=g (n:-::-s WET + sin wi })
=z 'R (ﬁ)
Then r'[.ﬁ) =—¢ 'R [£)+e'_:r R'(ﬁ)
=2~ R[ﬁ)+e4va.
And  #" [E) =g R[z)—e_‘r R'[.ﬁ) —e" R '[.ﬁ:l+e=:_rf€ ! [.E)
= R(£)—2e7R'(t)+e” R"(¢)
Hence a=¢ ' R—2e7 v+ a,

Therefore carioles acceleration 1z 8~ R—2¢7 Vg
Answer 23E.
{(a) We have r[.if:l = Rcos ¥l + Hsin @
Differentiating with respect to £ we have
v(g)=r'(¢)
= —R@sin @i + R@cos o
= @R (—sin @ +cos atj )



(h)

(c)

Finding v[z) : r[.if:l.

v(t) r(t) = (~Rasin afi + Ratcosaj) - (Rcos @i + Rsin ay)
= - Rigsin @fcos @ + Ri@sin @icos
=0

We can thus say that w(£) 12 perpendicular to r(2).
Therefore, we can conclude that w(2) 15 the tangent to the circle and points 1n the
direction of motion.

Find | v(¢}|.

| v[.i:l | = J[—Rmsin ::EJ:if:l2 + (R&Jms -:E‘J:if:J2

= Jﬂzmg sin® ar + Ri@” cos® ar
= JR'@*
= Ra

since 2708 18 the distance traveled in one complete revolution, we get the pertod
TR
as T =

v ()]

Plugin | v(t)| with Re.

. 2R
Fa
_
Pri
27
Thus, we get Tas —.

ar

. )
Mowe, find alf by —| w(£)|.
ow, fin a( ) given by " [v[ ):|

%[—Rm sin @l + Ratcos -:Eﬂf]]
i

— Ra* cos @i — Ra' sin v

=X
—

2
—

Il

— o [Ecos il + Rsin -:Eﬂﬁ])

We note that a[.ﬁ) - —afr (ﬁ) .

Thus, we can say that aif) 15 propottional to r(f) and points towards the origin.



Find |a(t)|.

|a(e)] =

|- lr ()]

ar (\/IIZR 5111 -::E‘J:ifjl2 + [R (2T &Jﬁ)z)

= mg«jfi'g sin® o + B2 cos® o

= gFR

Therefore, we get

Then, we get F[E) = —mar [.ﬁ)

|—mm2||r[£:l|

ma (JIZR 51t mi)g + (R cos mi)j )

mmgﬁfﬂz sin® @ + R cos® an

(d) We know that
F= ma(ﬁ).
Finding |F(z)|
[F(e)| =

= m@ R
Therefore, we get
Answer 24E.
(a)

(Given equations |F |n::os 8 =mg

]
| Fleing = 22
R

(2.

[1:1 atd

Diwvide equation (2) by equation (1),

]

HiVa
|F|sin5‘ R
|F||::os.5‘ meg
y
tan & = &
=2t

Thus, we get [v3 = gRtan 8|




(h)

(c)

Plug in g with 9.8, R with 400, and & with 12° in vi. = gRtan &.
vy = [9.8)(400 tan 12°

v, = +/834.96

= 28.8%

Thus, we get the velocity as (28 82 mis|

It 1z given that vg s increase by 50%. Then, we get v, = 43.29%.

substitute 9 8 for g, v with 43,299 and & with 12% in vfa = gRtan 8.
(43.299)" = (9.8)(R)tan12°
(43.299)"
(9.8)tan 12°
s 900

Thus, we get R as approxzimately [300 £





