Exercise 11.1

Q1E
(A) A sequence is an ordered list of numbers as {al,an,a3 ............. d,..... }
Also a sequence can be defined as a function whose domain 1s the set of positive
integers.

{(B)  The term a, approaches 8 as n becomes large.

{C)  The term a, becomes large as n becomes large. We can make a, as large as we
want by taking n sufficiently large.

Q2E

(4) A sequence {a,} in convergent if hm a, exists

—
For example
%

(1) a_=—1 here a,—1 as 2—>00
F
(2) ﬂ_:::—l here a, —>0 as 7—>00

(B) A sequence {a_} 15 divergent if lim a, does not exist

For example

{1} d, =2 here a,—>00 n—>00
() a,zn:’iﬁ here a, —>00 as n—>co
Q3E
Given a_, =
L
2
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Therefore, the first five terms of the sequence 1s
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Therefore, the first five terms of the sequence 1s
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Therefore, the first five terms of the sequence 1s

111 -1 1
5 25 125 625 3125
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Given a, =cos [E)
2
T
= EGS(E)
=0
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Therefore, the first five terms of the sequence 15
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Therefore, the first five terms of the sequence 15

111 1 1
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Therefore, the first five terms of the sequence 15
-12 -3 4 -5




QOE

Given a; =1

ay =dgy
=5a, -3
=5N-3
=32

as=dy +1
=5ay—3
=5(32)-3
=157

Therefore, the first five terms of the sequence 1s

Q10E

Given a;=6 and

ﬂnﬂ=i
b

Then a; =6
a; =dy
e |

1

_ b

1

=6
a3 =dqn
d,



T4

Therefore, the first five terms of the sequence 1s

1
6,6,3,1—
4




2y
1+a,
2

7
£
7

o

+

r=] o

Therefore, the first five terms of the sequence is

Q12E

2222

27_,_,_’_
35789

Given a; =2,

=a;—a,
=-1-1
=2

@ =l

SdyTdg
—2+1
-1

Therefore, the first five terms of the sequence i1s
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Consider the sequence

w-p33aa-]

Its need to find the general term of the given sequence
From the data, we have that

l. a.=—. a. a, =—.. ..
s 4+
3

|
H. L =—,
5 7

Observe that, the numerators of the fractions have the constant value 1 and denominators of
these fractions start with 1 and increased by 2 whenever we got to the next term.

The second term has denominator 3. the third term has denominator 3; in general, the ,%
term will have denominator 2p —].the sign of the terms are positive.

Therefore, general term of the given sequence is

o =

" 2n-1
Q1l4E
We are given that

ay =1,
-1
"2—?:

1
ﬂ3—§-
-1
.:y-E,

1

aj—ﬁ

MNotce that all the numerators of these fractions 1s 1. In general, the 7™ term will have
numerator {. The denominators of these factors are power of 5, so a, has denominator

3! The sign of the terms are alternately positive and negative, so we need to multiply

by a power of -1. Here we want to start with a positive term and so we use {—1]"_1

Therefore

a,=C0" 3,%




‘We are given that
ay=2
4
a8 3
a 8
T
T
* 97

Notice that all the numerators of these fractions are power of 2. In general, the 7 term
will have numerator 2% The denominators of these factors are power of 3, and the first

1 . ) .
termis —- so a, has denominator 32 The sign of the terms are alternately positive

3—1

and negative, so we need te multiply by a power of -1. Here we want to start with a

negative term and so we use (—I)"

Therefore

g, =Y

2?:—1
F

Q16E

We are given that
a1=5
ay =8
az=11

Here first term 15 5 and increase by 3 whenever we go the next term.

Therefore,

a, =3+3(n-1

—3n+2
Q17E

‘We can given that




Notice that the numbers of the n terms 1s the square of n. so ¢, has numerator n® _The
denominators of these factors start with 2 and increase by 1 whenever we go 10 the next

term, in general, the 7™ term will have numbers o+1. The Light of terms are alternately
posihve and negative, so we need to multiply by a power of -1. Here we want to start

with a positive term and so we use (—1)"_1

Therefore
g
R -1
2,=(-1) @)
Q18E
We are given that

ay=lLay,=0,a3=-1a,=0a;=1La;=0,a;=—Lag=0_.
Notice that all even terms are zero and the sign of the odd terms are alternately positive
and negative, so we need to multiply by a power of -1.

Therefore
=1
a, = (—I)T when n 15 odd
0 when n 1s even
Q19E
’ 3n
31 =
e i 1+6x
i = Q—E—ﬂfﬂﬂﬁ
1+6 7
( ) —04615
1+6[2) 13
33
d3= () =i=ﬂ_4?36
1+6(3) 19

a, = 34 _12_ 4500
1+6(4) 25

3(5

as = () _15_0 4838
1+6(5) 31
1+6(6) 37

a, = 37)__21_, 4583
146(7) 43
3(8

g = (&) =0.4897

1+6(3) 55



= 3(9) =E=ﬂ_4939
1+6(9) 25
1+6(10) 61

Yes, this sequence appears to have the limit.
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Any list of numbers that is written in definite orders is called a sequence.

The terms of a sequence can be expressed by a general formula and each term can be
obtained by the substitution of the term number in the general formula.

Consider the sequence shown below;

-1\
a”=2+—{ )
n

Determine the value of g, for p=1:
=
a, =2+—{ l }

=2-1
=1.0000



Determine the value of g, for p=2-

2

Determine the value of ag,for p=3:

(1)

3

a; =.1+

—3.1
3

I
|

Determine the value of a,for p=4-:

Determine the value of g,for p=35-:

(-1)
5

ﬂj =2+

N =T
Uy | -



Determine the value of g, for p=6-

Determine the value of g, for p=7-:

_y, Y
a; =2+ 5

=1.8571

Determine the value of g, for p=§:

=2.1250

Determine the value of g, for p=9:
9
(-1)
9

1

= ——

ag =2+

=1.8889



Determine the value of a,for p=10-

Use the above ten terms and graph sequence as shown below:

n

2.5¢ a=2+¢
~ .aﬁ ® l.f‘ll[l
= lﬂ 'a*}z B
1.5¢ T ATt
I+ eqg
0.5+
n
} : i : -~

o

8

9 10

Observe the graph to find that all terms of the sequence approaches to a value.

So, the sequence has a limit.

Determine the limit of the sequence.

Consider the cases for » as odd and even.

Take n as odd, so {-|)' =]

a,=2-l
n

e

lima, =|im[z—l

=20
=2



Take m 3s even, s0 {41]' =1.

ﬂ'=1+l
n

ima, =tim| 2+
=2+0
=2
Hence, imit of the sequence is ‘

Q21E
_ 1A
Giwven @, = 1+ (— 5]

i 1‘11 1
“a=1+[-=| == =0.5000
L 2
1-1)
azz —_——_— =
2/
f-1)
'13: —_— =
2/

£ qab

ag =1+ —l =E=1.0156
L 2/ o
£

a; =1+ —l =E=U_9922
. 2 128
£ 1B

ag =1+ —l =E=1_0039
. 2 256
roogn?

aq =1+ —l =E=ﬂ_99}30
L 2 512
;g0

ag =1+ —l =E=1_ﬂﬂlﬂ
L 2 1024

Yes, this sequence appears to have the limit

imen=tm) (3] |

=140
=1



35

¥l

e

Q22E

- - Fo e
‘_.' TJL -3k
1 L3
L5y
. 10"
Given sequence a, = 1+—
gﬂ
ST AL
ca =1+ 2] =21112
9,
£10 V2
a, =142 —2:347
9
T
a,=1+| 2] = 23720
\ 9
1y
ay =1+ 2] =25046
.9
£
as=1+[ 2] = 26941
\ 9
100
ag=1+[ 2] = 28825
9,
£100
a,=1+| 2] 30919
L9
£
ag =1+] 2| =3.3245
\ 9
100
ay=1+[ 2] =35830
-y
¢ 10310
ap=1+{ 2] ~38702
\ 9

i



No, this series not appears to have a hmit.
Since as ntends to infinity, a, —co0
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Consider the sequence,
a,=1-(0.2)"-
Motice that this sequence can be split up into two diferent parts: | and _{072]" -

The first part does not change with », and the second part goes to (jsince it is a geometric
sequence with ratio .2 < 1-

Let b_ =1, a constant sequence, and . _ _{0_2)" :

Then, the sum of the two sequences can be taken as,
a =b .c,.
Take limits on both sides, then the equation becomes,

lima, =lim(b, +c,)

=T L

=limb, +!IE ¢, By the addition rule for limits

"

=lim1+1im-(0.2)" Use b, =land . _ -(02)"

a4 3

=140 Use b, =1always and ¢, — 0as discussed above.
=1
Here, the limit value is 1.
Therefore, the sequence converges by the geometrical series test.

Hence, the imit value of the sequence Is

lima, =m.

A=
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Consider the sequence

"1

a =
"o+l

Its need to determine whether the sequence converges or diverges, if it converges, find the
limit.

To determine whether the sequence converges or diverges follow the monotonic sequence
theorem.

Monotonic Sequence Theorem siaies that,

“Every bounded, monotonic sequence is convergent.”

Verify that whether the sequence {a, }is bounded or not

Observethal. g<p’ <n’+1 YneN

0 N |
= i — YneN
m+l m+l o+l

"J

m+1

= 0<a, <l ¥YneN

= (< <1l ¥Yne N

That is, the sequence g_is bounded.

Veerify that whether the sequence {a_} is monotonic or not-

For this, consider

—h {i'l'+|]3 _ 113

- I+{m+[}J l+n’
={H-I-l}][l+ﬂj]—ﬂi[1+{.ﬂ+l}l]

[1+{n+1]3][|+n3]
o e

- [I+{n+l)3][l+n’]

Therefore, a,,,—a,>0 VneN

el

So, sequence {a_}is increasing sequence.
Therefore, it is monotonic sequence.

Since sequence {a_} is bounded and monotonic, by monotonic sequence theorem

o ' [comergen]



To find limit of {a, }-

3

. 2 n
lima, = lim—
n—*x n—ex "'. +]

Divide the numerator and denominator by the highest power of n

= lim
L

1"';

n

liml

A—&T

i o
liml+ lim—

n—ai - n}

Q25E

‘We have al=3+5"f
nt+x

5, i, =B 2

Divide the numerator and denominator by o’
3
—:+5

i g =gl o BT o
=141 041

b

Thus a, converges and [hm a,=5
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Let {a,} be the sequence.

ﬂ]

The nth term of sequence is defined as a,=

n+l -

The objective is to determine whether the sequence convergent or not

Recollect that if !‘E d,. exisis then sequence converges otherwise diverges.
3

Consider the expression, |im n
Ll Ed

Divide both numerator and denominator by highest power of a that occurs in denominator.

lim n* lim £(
— = Since lim I{I)= ‘fﬂf{r)
lim1+ lim — = g(x) limg(x)

- B Yy

That is |jm
s+

=a0-

3
S0, lim—"— does not exist
P

ﬂ!

n+l

diverges.

Therefore, the sequence defined by a, =
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Consider the sequence
a, =ée"
Its need to determine whether the sequence is converges or diverges. If it converges, find the
limit.
The terms of the given sequence are
e e e et e ...
We have that
e et < < <e
From the above relation, we observe that, terms of the sequence a, = ¢'” are decreasing as

n increases.
Thus, given sequence is a decreasing sequence and it is bounded above by e

Hence, g = 2" is a monotonic sequence ... (1)

Since exponential of a quantity is always greater than zero, so it is bounded below by zero.
Thus, we get

O<e'"<eforal peN

That is, the sequence g =¢'"is a bounded sequence. .. (2)

From (1) and (2). we observe that the sequence g_=¢'"is a bounded and monotonic

sequence.

By using the fact that, “Every bounded and monotonic sequence is convergent™ we confirm that

a, = ¢€'"1s 2 |convergent sequence|-

To find the limit of the sequence g =¢'":

Suppose that f(x)=e" and b_:l
n

Observe that f(x)=e*is everywhere continuous function.

. .
limb, =lim—
T AT n

=0



Recall the theorem that, if !1_{!3 b, = L and the function f is continuous at f . then

limf(b,)=f(L)
Since !1_5!: b =0 f(x)=e"is everywhere continuous function in particular it is continuous at

0. by the above theorem we confirm that

lime'” =lim f(b,) Use b, =1/n

L L

= f(0) use limb =0

—¢° Replace x by 0in f(x)=¢"
=]

Thus lime™ =[1]

A=

Q28E

Consider the fD"-D’H'u"ing sequence:
3!*2
a,_ =
5]'!
Write the terms of the sequence:

{5‘4,124, 1.9,1.2,0.7,0.4,0.3,0.2,0.1,0.09,0.05,0.03,0.02,0.01,0.007,0.004,0.002,. . }

The table below shows the sequence of terms:



- 3#*3

n| a -
1 |54

2 |3.24

3 |19

4 |12

2 |07

10| 0.0544

20 | 0.00032

30 | 0.0000019

40 | 0.000000012
50 | 0.000000000072




The graph of the sequence {aﬂ} = {35_"} is as shown below:




From the graph, notice that g, approaches (,

mel

exists; that is, the sequence {a_} = {35—_} is convergent

el

Thus lima, =lim

- nax 4%

Find the limit of the sequence {al} as shown below:

AL ]

A e i 5"
=Fin| ‘3']
H::_ ;"
=9lim 3—]
MI._SI‘
' "
=9lim i]
- kj
=9-0
=0
o 37
Therefore, the limit of the sequence {a'} :{5—_}5 E’_
Q29E

Consider the sequence

i)
a_ =tan
g 1+8n

The objective is to determine whether the sequence with g_= lan(lz
+

T =
] I5 CONYErges or

diverges.
Continuity and Convergence Theorem:

If !im a, = L and the function 7 is continuous at L, then lim f{a,)= f(L).
— R=FX

As the tangent function is continuous at %, so the theorem can be applied.



According to the theorem, write the limit as follows:
i
! : 2nx
lima, = lim lan[ ]]
a—p Laad § 1+8n

G
= Iim
==\ 1+8n

2nx
1+8n

Thus, a = tan( ] convergesto 1, as m— 0.

Q30E
Consider the following sequence:

’n+l
H_=
O +1

To determine if a sequence converges, take the limit of each term as n — o0

If this limit exists, then the sequence converges otherwise the sequence diverges.

. n+l o
MNow, hm -

===+l o

Using the power law, rewrite the limit as under:

. n+l . n+l
lim = /lim
m-sx \ Opp 4] mrx Qp 4]




Since the limit is undefined, use L'Hospiial's Rule.

According to L'Hospital's Rule, if lim f(n) =2 then lim f(n) =Em Zf(n }
~g(n) = —=g(n) == Zg(n)

Take the derivative of both the numerator and denominator.

%(av:')=g.m"l And
d ;
Ec=ﬂ, where ¢ is a constant

d
Thus, —{n+1l=1
— (n+1)

i[?ﬂ+ 1)=9

Therefore. 'im\[ﬂﬂ =Jlim 52}
=\ Ontl Ver=9n+1

iy
9

X
3

Thus, the sequence converges, and its limit is .
3

Sketch a graph to show the convergence as shown below:

convergence

042
L

sequence
038
1
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Given sequence

.PI2
i
. -4113+4n

We divide numerator and denominators by n?

Therefore

J0+0

=CO

Hence the given sequence 1s divergent.

Q32E

(Given sequence

S
g, =™
hm a, = lim e(%J
n3© n3©
_ ()
=g 2
=
— o0
_ 2

The sequence {a,} Converge to 2
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Consider the sequence

_&=
“=T

Write out the terms of the sequence @, . we obtain

@@
21724272837 2J8 " 25"

_{_l 1 1 1 1 }
| 27227 237208 25T

Ratioo between any two succeesive terms of the above sequence 1s always less than 1.
For example, ratio between frist two successive temms 1s

1
E_'Ji:_i{]_
&
2

Hence it 1s convergent sequence.

Calculate the limit of the sequence:

First calculate the limit of the absolute value sequence

R EVEES
hm|( _ =lim
=20 | =2k
=0 Asn—owx 1/fn—>0
Recall the teorem that
“If lim|a,|=0. thenlima, =0~

By the above theorem_

D"
nh—-i-: 2Jn =

Thus, the sequence converges to @_
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Consider the sequence a,.

(_l}n-rl -

a S —_—
" n+n
Now, find n“m a,.

—>w®
1
Iyt
i 2 = lim )

ﬂ'—?fﬂﬂ n—w ﬂ+\!rr;

(" *te

= lim ———=" Divide both numerator and denominator by n
H—» a0 ?f 4 JI'—?

non
1
= lim “——— gimpiiry
R=3% 14
n
= lim [—I}"H-% Since liﬂl{ﬂ.f?,,)‘-“ﬁnla,vlinlbﬂ
n— o Y = n— n=r

Jn

noswyy b

n

n—w

=[ lim (—1}"“]- lim

gyt lim 4, does not exists.
n—w

Hence. the given sequence jdoes not convergs]

Q35E

Here Iy, = COS (g]

As n increases and tends to infinity The value of [:os[%) sscillates between -1

and +1 and does not tend to a unique value.
Therefore lim a, = lim cos{#/ 2)= Does not exist.
B H—m

So, Given sequence 15 |Divergent
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) 2
Given a, = cos [—)
n

As the value of n increases, the value of 2/n decreases continuously and lim E =0

l—)nn

2 2
And so, lim cos (—) = CO3 []im —) =cos0=1
F o ] H

Ew g

Le. lim cos (EJ tends to unique value 1.
n

B

Hence, the given sequence 1s and 1t’s m

Q37E
]
VS = (2n41)!
i (227 1)
= )
. 1-2:3---(22-1) o
g R ey o Tomre B
_ 1 _
= ]!1_}1:2 W (can[:el]mg the terms upto (2?:— 1))
1
~ lim (22 +1) 1im (2)
1
T ®
=0

Thus the sequence a, i1s convergent and [hm a =0

Q38E
Inz
We have .
a, ln 22
Inz
l1m =hm — Form of {cofco
Applying L- Hospitals Rule
lnx . 1/ x
lim —=lim————
Bwoin2x == (1f2x).2
=lm 1
=1

Thus an 15 convergent and |hm a, =1
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‘We have .|:;:l=£'2;|_'E
e -1

lim ﬂl=]ij:E

F L e |

Divide numerator and demimonde by e
. e ie e e
lim =hm
] Oz E—w ]_‘”'Eh
] —3x
—imZ *¢_
e I—E
= M [Sint:t: g’ —>0 asx —}m]
1-0
=0
Thus a, 15 convergent and

hma, =0

Q40E

Given sequince

_ tan {7)
7
_  tan 1w
Im a = lm ——7
”—>»00 7 —»C0 #

=( lim tan_l(n)){ lim l)
B —00

n—colt
3} @

=0

The given sequence converges to 0.

Q41E

We have a, =ne"

- 1 1l —=
Ea,—hmne

lm = [ Form of {0/ c0) ]



Applying L- Hospital's Rule

lim irzhmz—f
= K I'—IIIIE
=l E: [Again by L- Hospital’s Rule]
I—}I}E
&
co
=0
»?
Then lim —=0
D g

Thus a, 15 convergent and [hma, =0

Q42E
‘We have a, =ln(n+1)—Ilnx
=1ﬂ"n+1"'
L
r' 13
=ln| 14—
N
{ 13
lima, =limiln|14+—
=1In({1+0)
—ta(1)
=0

Thus a, 1s convergent and [hma, =0

IZZ'I:ZI'S2 n

2

Since —1=<cosx=<1 forall values of x
So 0 < cos® x <1 for all values of x
Then 0=<cos’s=1 forall values of »

cosim 1

‘We have a, =

Therefore 0 < £§ for all values of 2
Smce lim —=0 and 1 convergent
o O a =

2

Then by Squeeze Theorem, the sequence a, = m;l ? mustbe [:onvergenﬂ and

hma, =0
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Consider the sequence
a, =32 .. (1)

Its need to determine whether the sequence is converges or diverges. If it converges. find the
limit.

On rewriting the given sequence, we have that

=y2-8

(s 2"

=8-2'"

Thus gfpise _g.o¥e . (2)

The terms of the sequence g = g.2V"are
§-2',8-2"2,8.2"° 8.2 8.2¥° ...

We have that

8.2V < 8.2V £8.21% < 8.2V <8.2

From the above relation, we observe that, terms of the sequence g = 8.2"" are decreasing
as m increases.

Thus. given sequence is a decreasing sequence and it is bounded above by 16 (: 3-2) :

Hence, g = 8.2¥" is a monotonic sequence _.____ (3)

Since exponential of a quantity is always greater than zero, so the sequence q_= 8.2 is
bounded below by zero.

Thus, we get
0<8-2"<leToral neN
That is, the sequence g = 8-2""is a bounded sequence. ... (4)

From (3) and (4), we observe that the sequence g =8-2""is a bounded and monotonic
sequence.

By using the fact that, "Every bounded and monotonic sequence is convergent™ we confirm that
a,= 8-2""is a convergent sequence. ._____ (5)

From (2) and (5). we observe that ;5 = 7/2'* Is a |convergent sequence|-




To find the limit of the sequence g = R. %"
Suppose that f(x)zg.r and b_=l
n

Observe that f(x)=8-2"is everywhere continuous function.

: -
limb, =lim—
s = gy
=0

Recall the theorem that, if !1_:3 b, = L and the function £ is continuous at [, then

lim f(b,)=f(L)
Since !I_l;l: b =0 f{ ;c] = §.2"i5 everywhere continuous function in particular it is continuous

at 0, by the above theorem we confirm that
lim 8-2"" =lim f(b,) Use b =1/n

=J(0) Use lmb,=0
=8.2" Replace x by 0in f(x)=8.2"

=8
Thus lim 8-2"=8 ___ (§)

A=

From (2) and (6), we observe that lim¥2"> =[g]

=T

Q45E

Consider the sequence,

)
a, =nsin| —
n

The objective is to determine whether the given sequences convergent or divergent.

A sequence is convergent if !fl_ﬂ a, exists and if does not exists the sequence is said to be

divergent.



The sequence g = nsin[l] is convergent or divergent can be found out as follows:
n

Apply the limit as n tends to infinity to the given sequence.

AT n

1
n

: : . (1
lima, = lim#asin [—]

= lim (Rewrite)

A

Use L'hospital Rule since the sequence has % form when apply the imit n tends to infinity.

Therefore,

-0 Wi

— |=lim
A= n =T -]
nz
. (I)
=limcos| —
B=pT n
=cos(0)

The limit exists.

Hence, the sequence g = nsin{l] is convergent.
n

The limit is [1]
Q46E

Given sequence

a,=2"cosam

We know that if
o, | < 2,. &, —)ﬂ,ﬂmn a, >0
We have
1
coornl 1 L,
2 > >
Hence. Bim 2o g
nym 2"

Therefore given sequence converges to 0.
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Consider the sequence, g, = [I + E)
n

The objective is to determine whether the sequence converges.

It {a,} isasequence and lima, exist then sequence converges.

Use the following formula:

e= Iim(]+1]
Lo o "

LE:tj:%.Then j—owas nswx

lima-= Iim(l - E]

AT AT n
(1 V2
=lim| 1+—
e W
r AV i
< 1 1
=lim| 1+— ~(l+—_]
EC T J

g yF i
= lim l+l_ ~lim[l +l] Muliiplication property of limits
J

J= \ j_ﬂ F

Eohe b

= ¢’ Since e=|im(1+l]
n

Thatis lima.=¢€

=T

Therefore the sequence g4, = [| + E) converges.
n

Q48E

sin 2»

1+n

Taking linmt as » —»co
lu:na, lim sin 2xn

2o+

l1msm2u

B hm(1+J_)

‘We have a, =




Since value of sin?n oscillates between -1 and 1 for any value of n which 1s any
finite number and (1+J;) —>00 as x»—>C0

i _ ( fimite vaiue)
YRS )
=0

So hma, =0

Since limit of sequence exists so given sequence 15 |comvergent

Q49E

Consider the sequence

a,=In(2n’ +1)~In(n’ +1)

Its need to determine whether the sequence is converges or diverges. If it converges, find the
limit

On rewriting the given sequence, we have that

f(x)

zg(x)

e +1

a, :h{zlf HJ Use In f(x)-Ing(x)=In

To determine whether the given sequence is increasing or decreasing, consider the function

2x #1

f{_r}zln[ P ]

Then

goa_ 1 d2@+1

I(J)-[E_xi]a‘.rt X+ ]
x +1

_ (" +1)(4x) (26" +1)(2x) ¥ 41
{_f:H)‘ 2x" +1

2x x4+l

= ¥ 2 5 > u
(¢ +1) 20+ VxeN
So. f'(x)>0 v xel=)
Thus f inincreasing on [l,00) andso f(n)< f(n+1)
Therefore {a_} Is increasing sequence.

Hence. {a,} is a monotonic sequence ...... (1)



Obsernve that
2n° +1>ni+1foral peN

2n° +1
-

n +1

In[zﬂ‘ +1J:=-]n] forall e N

] foral e

n+1

= n-:m(z",'”]furall neN
mn+1
20’ +1

3

m+1

Thatis. the sequence a_= m( )is a bounded below by 0. ... (2)

Also, observe that

F 4

n

<] for all neN
n +1

¥

n
= 1+ <l+l foral peN

+1

n+l+n
= ———<l+lforal peN
n+1

2741 s torall pe N

= II'I[IT-"-I]*:'.IJ‘IE forall pe N
n +1

= a,{an for all neN

20t +1

n+1

That is, the sequence g = lr{ )is a bounded above by Jn2. -....- (3)

From (2) and (3). we observe that

O<In 2":“ <In2 forall e N
n+1
2n* +1

-

n+1

That is, the sequence g = ]n( ] is 2 bounded sequence. ______ (4)

20" +1

n +1

From (1) and (4). we observe that the sequence g = ln( )is a bounded and

monotonic sequence.

By using the fact that, "Every bounded and monotonic sequence is convergent™ we confirm that

2 +1)
a, =In| = is a convergent sequence.
n+1



To find the limit of the sequence g_= In(zm1 T}
n+
Suppose that g[;}: Inx and p = 2"’; +1
Yom

Observe that g(x)=Inxis continuous on ({),m) )

By =Ein

R L il B

HI(E+LZ]
= lim L

n I‘I"—.,
n

2+-I?

T n
=lim—
1+—
7

_2+ﬂ

140
=2
Thus limb, =2

=i

Recall the theorem that, if !l_[l: b, = L and the function g is continuous at J . then
limg(b,)=g(L)

Since !1_[1: b =2 g(x)=In xis continuous on (0,c0). in particular it is continuous at x=2. by

the above theorem we confirm that

lim m(z”‘ H]:]img[b'} use p =27+

w4l ) m n +1
=g{2} Use !i_[l:b, =2

=In2 Replace x by 2in g(x)=Inx

Thus lim m(z"-“]zlﬁl

d
e | 4]
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Consider the following sequence:

P (Inn)”
n

The objective is to determine whether the sequence is convergent or divergent.
If it is converges, need to find its imit.

Use the following result

Let f(n)=a, and lim f(x)=L then lima, =L where n is an integer.

(Inx)’

X

Let f{_}‘) =

In this fraction, notice that the numerator and denominator both approaches to o0 as x — .

Use L'Hospital’s rule, to find the limit.

@ . @
Im =lm )
Find the limit.
fin £ (o= iy
X e X
d
2inx—(Inx)
- lim—dx "
Ihxl
=lim =
=
mii 2Inx

I=#T x

Again apply the L'Hospital's Rule to find the limit, because the numerator and denominator both
approaches to oo

> 1
. 2Inx . g
lim =lim—%
A x F—E l
. 2
=lim—
I—I”-I

=0

2
Therefore, the given sequence is convergent and the imit of the sequence is, |lim (Inn) =0|-




Q51E

Given that o, = arctan(ln z)

Therefore
lim @, = lim tan (In %)
n3® n3®
As 7 —>co wehave Inn —c0

tan_lﬂnn)—}%

and as ln # —0c0 we have

: x
Hence lim a, = —
i

o
The sequence {a,} convergentto 5

Q52E

Consider the sequence,
a,=n—~n+1Jyn+3
Need to determine whether the sequence is convergent or divergent.

Note that the sequence {a,_}is convergent if the limit |i_£H; a, exists, divergent if the limit
N

does not exist

Rewrite the sequence by rationalizing the denominator as,

a, =n—+n+1Jn+3

(n+Ja14m3)
(redn+14n3)

=(u3-(n+1){n+3)}
(n+n+1dn+3)

- " —l:n: +3n+n+3]

B (n+ﬁﬁ}

A=A ~3n-n-3
(w1 +3)

~ —(4n+3)

_n+q"ﬂ+ls."'n+3

- (n—Jar 1 T3).

Sincela-b)la+b)= a’® - b*




Now evaluate the limit of the sequence to test for the convergence,

I I -(4n+3}
1m ia, = 1m
=T “"t{ﬂ+-f‘n+|1p‘l’[+3)
il —(4n+3) )

o]
=1i_;311n+”'_j:'7;?3”7% Since Vv =n
Ao

'"',;[.J._]F]

—-(4+3-l]} ) 1
= Since ——0asn— o
1+14+0-J1+0 n
4
]+[E-l}
W
2
==2
Thus,

lima, =-2 g3 finite value.

M—*T

Hence the limit of the sequence exists.

Therefore, the sequence {a_} converges to -2

Q53E

We have {EI,],EI,U,l,ﬂ,El,ﬂ,l,...............]
Since the sequence take s only two values 0 and 1
Therefore the sequence a, does not approach any single number as the number of

terms increases.

Soit i frvergent



Q54E

Q55E

Q56E

Wetave gt - L 1RBLTT
1'3°2°4°3°5°4°6

Since ﬂh_,_1=l and .|::h=L for all »#
b nt2

So given sequence 15 the combination of these two subsequences
Since limah_lzljmlzﬂ

= HI}H

i i 1
And Ilma, =hm =0

mah T
So lim a, = 0| , therefore the given sequence conwerges

|
We have a,=% wherexl=1.2.3-4--..»
1.2.3-4.---»

Then a, =

2.-2-2-2----upton times
Since numerator > denominator for large value of n

[For example if we take n =5 then numerator = 120 and denominator = 32
or if we take n= 10 then numerator = 3628800 and denominator = 1024]
So a, —00 as # —>00

|
Therefore sequence a, = ; diverges

A"
We have = Q
nl
Then la.|= &
nl
Since Numerator < Denominator for large value of # (2 =7)
For ezample if we take »— 7 then numerator = 37 = 2187, denominator = 71=5040
And if we take # = 15 then Numerator = 3'° = 143483907,

Denominator = 151 = 1307674368000

So ima =0

Thus given sequence is convergent and converges to 0
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Consider the seguence

a = | -I~(—2,-"I'E"}II“I
lis need to determine whether the sequence is convergent or divergent by the graph of the

sequence. If the sequence is convergent, guess the value of the limit from the graph and then
prove this guess.

To graph the sequence g =1 +{-2fe)'-. use Maple software.

First enter the sequence by using the expression command.

54 "
“‘Hpr=l+[ 2 ]

(2]

Use the following Maple command to get the plot of the sequence.
Plot([seq([n.expr].n=1..20)],style=point.symbol=solidcircle, color=red)
= plot([ seql [ n, expr], n = 1 .20) |. stvie = point, symbol = solidcircle, color = red)

n, »

1.4+
12
104 » s * 8 ® g =
0.8+ .

0.6 - -

0.4+

-'.-.-.-.-.-.-.-.-.-.H
2 4 & & 10 12 14 16 12 A

From the graph observe that, terms of the sequence g =1+ (-2/e)"are approaches to single

value as n increases. So, the given seguence is convergent.



Draw a horizontal line on the graph at g, =1 as shown below.

1.4+

124

1_“ > — ] - B - i

I}.s_ -

0.6 -

From the graph observe that, terms of the sequence g =] +{-2,.-'e)' as n increases are in

the neighborhood of 1.

So, the given sequence has imit 1. ______ (1)

We have that

2<e(=23) = —Z<I
e

So

lim| 1+(~2/e)" | = lim1.+ lim (~2/e)’

BT e R=pT

=140 Usethe fact that, g» _,0as n—>o if g<]
=
Thus lim[ 1+(~2/e) | =1 2

A=

From arguments (1) and (2), it can be observed that given sequence has limit 1 by graphing
the sequence and by evaluating limit of it by analytically.
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Consider the sequence
a, =+/nsin (xfx-"f_l}

Its need to determine whether the sequence is convergent or divergent by the graph of the
sequence. If the sequence is convergent. guess the value of the limit from the graph and then
prove this guess.

To graph the sequence g, =+/nsin {zf \G} use Maple sofiware.

First enter the sequence by using the expression command.

- (2]
=

Use the following Maple command to get the plot of the sequence.
Plot([seq([n,expr].n=1..70)],style=point, symbol=solidcircle, color=red)

> plot([seq{([n, expr].n=1.70) |.style = point, symbol = solidcircle, color = red)

l llilit'liill.i-"‘""'.-"'
esnt®”
oo’
...
L ]
L ]
.
L]
2 -
.
L
i
0 o T T T T T ™ - - 3 n
10 20 30 40 50

From the graph observe that, terms of the sequence g, = Jr_: sin (x/ Jr_: ) are approaches to

single value as n increases. So, the given sequence is convergent.



Draw a horizontal line on the graph at g, =3.1 as shown below

a,
3 ".-l-'liilliiiiiwﬂm
an®
-"'
-..
L]
[ ]
®
L ]
24 -
.
[ 3

1-
0 T . I | i

10 10 = ~ .

From the graph observe that, terms of the sequence q, = q.-";_t sin (I]' &) as n increases are
in the neighborhood of 3_].
So, the given sequence has imit 3.1. ...... (1)



Consider the limit
a/\In
!i_EIEJr_rsm{n'/J_} lim —=———= ({J_)}
sm(z" )
(=/\m)
i 158 ) sin(:r-‘wr)
= (/)
Asn—o. Jn 5o and |/ Jp>0.250 z/yn>0

. sinlx" ]
-Il’ '-Iinl-" (}r J_]

-lll'l'l.?l'

=X [t 3.!4)
Thus lim Vo sin(z/vn) =

From argumenis (1) and (2), it can be observed that given sequence has imii x [= 3.]4] by
graphing the sequence and by evaluating limit of it by analytically

Q59E

Consider the sequence

3+20°
" N&n'+n
Its need to determine whether the sequence is convergent or divergent by the graph of the

sequence. If the sequence is convergent, guess the value of the limit from the graph and then
prove this guess.

r
To graph the sequence g — 3"'12" . use Maple software.
8n" +n
First enter the sequence by using the expression command.
> epri= | 32X 207
3"2 +n

20 +3
J 82 4a



Use the following Maple command to get the plot of the sequence.

Plot([seq([n.expr].n=1..30)].style=point symbol=solidcircie, color=red)

= plot(| segl [ n, expr], n = 1.30) ], sivle = point, symbol = solidcircle, color = red)
a,

1.04

0.9

03

024

0.1

"."."I-I-II-I'I-I-I-'-"'...'.

10 15 20 25 30

L=

3+20°

From the graph observe that, terms of the sequence a, = are approaches to single

8n"+n

value as n increases. So. the given sequence is convergent.

Draw a horizontal line on the graph at g, =0.5 as shown below.

0.9
0.8+
0.7

0.6

1.0-

a,

L
=t
=
=
LA
[
=)
(B
LA
Lad
=



2
From the graph observe that, terms of the sequence 45 = ’3 +2n as n increases are in the
+n

neighborhood of (. 5.
So, the given seguence has limit |‘,-"2. cozzu R P

Consider the imit

. |3+2n0° . 3+27°
lim - =, /lim
BT S.H- +n BT

-
8n +n

Factor out the highest degree term from the numerator and denominator

nl(%+2]

- “m"—l

v n"(8+—]
n

3

—z+2

= [limZ&

=]
n

Asn—o. 1/n—02and §/n’ 50

=L
2

2
Thus [im ’3*;2" 1@
= \8nF +n 2

From arguments (1) and (2), it can be observed that given sequence has limit |,.-"2 by graphing
the sequence and by evaluating limit of it by analytically.
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Consider the sequence
a,=3"+5
lts need to determine whether the sequence is convergent or divergent by the graph of the

sequence. If the sequence is convergent, guess the value of the limit from the graph and then
prove this guess.

To graph the sequence 4 =3f3" + 57 . use Maple software.
First enter the sequence by using the expression command.

& grpr==' I"+5"
1

(" +57)"

Use the following Maple command to get the plot of the sequence.
Plot({[seq([n.expr].n=1..20)],style=point,symbol=solidcircle, color=red)

> plot([seq([n. expr),n = 1 .20) ], style = point, symbol = solidcircle, color = red)

Iy
b
7-
ﬁ_-
-
3 "l‘l-'l--ll--i--l---
4]
3
2]
1
———7—— /1

2 4 6 8% 10 12 14 16 18 20
From the graph observe that, terms of the sequence a, = ﬂl'g* 45" are approaches to single

value as n increases. So. the given sequence is convergent.



Draw a horizontal line on the graph at g, =35 as shown.

T ¥ T L T v T T T . T H T ¥ T X T E 1 "
2 2 6 8 10 12 14 16 13 20

From the graph observe that. terms of the sequence , - :;‘3-' +5° as n increases are in the
neighborhood of §.

So. the given sequence has limit 5. (1)



Consider the limit

mﬁ=m(r+r}5
-lim(5') [[;]'nf
) EEEI"(%T +I*|

f L
=5lim (E] +1
n—iﬂtlh 5 )

W=

Observe that, %{ 1

50,85 n— 0, [1) =0

5
Thus
sli__nl[[-:-)'n); =5(0+1)"
=5(1)
=5

Therefore lim¥y3"+5" =5 (2)

R=px

From arguments (1) and (2), it can be observed that given sequence has limit § by graphing
the sequence and by evaluating limit of it by analytically.
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Consider the sequence

" - n’ cosn

" 1+n
Its need to determine whether the sequence is convergent or divergent by the graph of the
sequence. If the sequence is convergent, guess the value of the limit from the graph and then
prove this guess.

To graph the sequence g =2 "Tz" . use Maple sofiware.

1+

First enter the sequence by using the expression command.

*
= m::%
1 +n

2
L n

”+1

Use the following Maple command to get the plot of the sequence.
Plot([seq([n,expr].n=1..15)] style=point, symbol=solidcircle color=red)

> plot([seq([n. expr].n=1..15) . style = point. symbol = solidcircle, color = red)

-2

-0.44

-0.61 .

-84

_n’cosn

From the graph observe that, terms of the sequence 4 —
1+

are does not approaches to

a single value as n increases.

So, the given sequence is divergent. ______ (1)



Consider the limit

* >
. mcosm . - )
lim —=lim ~xlim(cosn)
e 1+ e lbnd o
2
) n )
=lim x lim(cosn)

BT, I e
| 1+
-
. 1 .
= lim———xlim(cosn)
m—sT I BT
1+—
=

1
(1+0)

x( Undefined )

= Undefined

¥
Thus Jjm 2 <987

— l+n

is undefined. __.___ (2)

From arguments (1) and (2), it can be observed that given sequence is divergent by graphing
the sequence and by evaluating limit of it by analytically.

Q62E
1.3-5..(2z-D

zl
To compute the terms of this sequence, let us write the o' term as
1-3-5-...-(2?:—1)-2-4-6-...-2?1

2-4.6-__-2n-nl
_ (24)!
2%.1-2-3-_.-n-(n!)
__(2a)!
2l

Given sequence 4, =

a!:

Using this term, we consider the various terms of the sequence and draw the

comresponding graph
21
ATy
41
=—— =15
2T 7 ey
61
= =25
R NET
|
a; = Lj:?_g}j
2°-(50)
|
o =— 18042,

2°.(10*



The graph of the sequence 1s

2004

1801
1601
1401
1201
1001

801

= 7 o s = -: -: -:- :‘-
o 1 2 3 4 5 68 7 8 9 10

From the graph of the sequence 1t can be observed that the slope of the curve 15
increasing alarmingly and so, goes toand thus, the sequence diverges.
Now

fim i, =1 1.3-5---(2n-T)
r3@ 3@ nl
lim 1-3-5---(2n-1)
mye 1.2.3---2
357 1
Tem23d Y
we know that lim l: 0 and each of the fraction is greater than 1, there are infinite such
l—}ﬁn
fractions in the product.

So, the product1s =co
Thus, the sequence 15 divergent
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Consider the sequence
1-3-5---(2n-1)
a =
" (2n)
Its need to determine whether the sequence is convergent or divergent by the graph of the

sequence. If the sequence is convergent, guess the value of the limit from the graph and then
prove this guess.

Observe that, numerator of the given sequence is the product of the first 2p—1 odd terms.
n {n + ]]
2

Recollect that, product of the first » natural numbers is

So, product of the first 2, —] odd terms is
_(2n-1)(2n-1+1)

1-3:5-+--+(2n-1) 3

=n(2n-1)

Thus, given sequence can be written as
1-3-5----(2n—1

= {zn]{' :

_n(2n-1)

()

n- [21: - ]]
To graph the sequence 4, = W use Maple sofiware.
First enter the sequence by using the expression command.
a(2Zmn—=1)
> =——
expr (2n)"
n(2n—1)

(2m)"



Use the following Maple command to get the plot of the sequence.
Plot({[seq([n,expr].n=1..10)],siyle=point, symbol=solidcircle,color=red)

> plot([seq([n, expr]. n=1.10)],style = point, symbol = solidcircle, color = red)

a,
05

0.4

02

n-(ln-]]
(2n)

value as m increases. So, the given sequence is convergent

From the graph observe that, terms of the sequence 4, = are approaches to single

Draw a horizontal line on the graph at g, =0.5 as shown below.



=
4

021

014

471

=
-

L
o
B |

From the graph observe that. terms of the sequence a,

the neighborhood of (.

So, the given sequence has limi (. ...... (1)

Consider the limit

= lim(z-l]- liml- lim.L1

n—ew " n-—l-x-z Ll
=(2-0)-0-0
=0
(2n-1
Thus |imL",}=ﬂ L@
A {2")

(-0 ]

L=l |

10

=n-(2ﬂ—]]

(2n)’

as m increases are in

From arguments (1) and (2), it can be observed that given sequence is convergent by
graphing the sequence and by evaluating limit of it by analytically.
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Consider the sequence:

a=1 a,=4-a, fornzl

(@)

Find some terms g,,a,.4,.a, of the above sequence.

a,=4-a,
=4-]
=3

a;=4-a,
=4-3
=]

a,=4-a,
=4-]
=3

4 =4-a,
=4-3

=]
From the above, the sequence is divergent because the given sequence oscillates between 1
and 3 forever.

Hence, the sequence is divergent

(b)

Find some terms a,,q,,4q,,a, of the given sequence if the first term of the sequence is 2.

a,=4-gq,
=4-2
=2

a,=4-a,
=4-2
=2

a,=4-a,
=4-2
=2

a;=4-a,
=4-2
=2

From the above, the sequence is convergent because the given sequence is bounded and
have finite unit imit points. Hence, the sequence is convergent.
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We have a, =1000(1.06)"

(&)  &,=1000(1.06)=1060
a, =1000(1.06)" =1123.60
a, =1000(1.06)’ =1191.02
a, =1000{1.06)' =1262.48
a, =1000{1.06)’ =1338.23

®  lima,=1in(1000)(1.06)"

=1000Lim (1.06)"

=00
Thus {a,}is Evergoat
Q66E

(a)
Given

r :m[(l.uuzﬁ)" —1_?1]

0.0025

((1.0025) -1
L=100|~——1 " _1|=0
0.0025

(10025 -1

1, =100
0.0025

2] 0.0025
(1 0025)° -1

1;=100
0.0025

3] 0.0075
((10025)* -1

1, =100
0.0025

4] 0.0150

1.0025 1
1;=100 K )r 5]—0_0250
0.0025

\

((1.0025)° -1
0.0025

1, =100 6] 0.0376

)
After 2 years n—=24

(1.0025)* -1
Ly =100 ~——f

— 24 |=.7028
0.0025 ]
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(a)
Initially, the fish fomer has 5000 fish
Hence

B =5000
Each month the number of catfish increses by 8% and 300 fish are utilized.
So after (n— 1) months the cat fishis £,
Then

(Pn—l)xg
B=|p +ml2 | 300
: (’H 100

B,=1.082,_,—300

)

£,=5000
A =1.085-300=5100
£ =1.08H —300=>5208
A =1088-300=5324.64
F =108 -300=75,450.61
F =108EF —-300=75,586.66
F =1.08FE -300=5733.59
After six months the number of fishes in the pond 15 5734

Q68E

‘We start with a; =11 which 15 an odd number
Soforn=1, a,=3a+1
= this 15 an even number

Then azzéajzl? =>a; =17  thisis an odd number.

Then a, =3a,+1=52 this 15 an even number

Then a;= %q =26 this 15 an even number
Then a;= %aj =13 this 15 an odd number
Then a; =3a,+1=40 this 15 an even number
Then a; = %a? =20 this 15 an even number
= dy = las =10 this 15 an even number

= dy =—dg =3 this 15 an odd number



Similarly we find first 40 terms and make a table

a |11 Ja; |16 |ay |1 |ay

a [3 |an |8 |an [4 |an |2
% |17 |ag |2 |ag |2 |ag |1
a |52 |an |2 |ax |1 |a |2
a;, |26 |a, |1 |ay |4 |a |2
g, |13 |ay |4 |axg |2 |2 |1
a; |40 |ay [2 [ay [1 |ay |4
2, |20 |ag |1 |ap |2 |am |2
2 |10 |ap |4 |ap |2 |ap |!
dyy J dy 2 3 1 dy 4

Similarly we calculate first 40 terms with a3 =25
g | |ay |3 [ay |8 |a; [4
a |76 |lay |17 |ap |4 |a, |2
a, 38 |lag |32 |ag |2 |am |1
a, 19 (g, |26 [ay |1 |G |4
a, 58 |la, |13 |ay |4 |a |2
ag 29 |la, |40 |ay [2 |4 |1
a, 88 |ay, |20 |ay |1 |a |4
a, |44 |a, |10 |ay |4 |ayp |2
a, 22 |a, |3 ay |2 |ap |1
ap |11 |ay |16 [ay |1 |ay |4

‘We see that {from both the tables) table 1 15 contained in table 2. starts from ajp
In other words for a;-11, a=11 and for &=25, ap=11
Let first sequence be A, and second sequence be B, . Then relation between these

sequences, that1s |8, , = A,
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Ir |r| >1then r* —co as 7 —00
So {m"} —00
And then [m"} diverges



If || <1then

lim x" =lim —
3 o "
By L- hospital rule
. x 1
lim —=

=lim i
= —lnr
9 since r <1
then * =0 as x =0
So  lim #r"=0 sl <1

B

Thus [nr'} converges when |r|~::1

Q70E

(@)
Consider the convergent sequence, {a,}.
If a sequence is convergent, then it has a limit.

Suppose the limit of the sequence {a_} is L

Thus, lima, =L or ¢, > Lasn—w.

That is, if, for every g (). there is a corresponding integer N such that:
If n>N.then |a,—L|<e.
n>Nso. n+1>N.S0. |a,, -L|<e

Hence, lima, , =L

=

Therefore, |lima, =lima,_, |

e -




(b)
Consider the sequence, {a,}.
Suppose the sequence {q,} is convergent

From the part (a)

lima, =lima,,

R—E s

lima, =lhm Use a, =
R m=x| |4 a" 1+ .ﬂ'ﬂ
. 1
l]ﬂ'j ﬂ. = #
A= im(l+a
m(k+a,)
. 1
lima, =———
-t 1+lima,
A
L =L Use lima =L
1+L B

I? + [ =] Multiply with [I+L} on both sides.

LF+L-1=0

-b+b' —4dac
2a

To solve the quadratic equation, j2 7 —]=0.use the formula, , =
Here, a=1.b=1Lc=-1

s fFai()

2.1
L_—li-d']+4
- 2
L:—liJS_
2
L=—I+J§ - L=—l—«."§
2 2

The sequence can be defined as g, =land g, = for p21-

1
{I+aﬂ) -
rrirnr
2'3°4°576°

That is the terms are reducing numerically but are all positive.

The sequence is |,

Hence, as n—> oo, the limit L will be a very small positive number. It cannot be negative.

Hence, the limit of the sequence {a }is. |L = V5-1 :
2
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Given that {a.} is decreasing sequence

So Y SR S Y. S for all n=>1
{ﬂ.} 15 bounded sequence, since all terms lie between 5 and 8.
Then by Monotonic sequence theorem {a,} is convergent.
So {a,} has a limit say L.

Since 8 15 an upper bound of {a_} . 50 L. must be less than 8

Since {a,} 15 decreasing sequence 5o
Q72E

Observe that terms of sequence g = [.g}"*' are

(<2)" (2" (2" ()" (2)

which are equals to

4,-8,16,-32.64,---

From the above one observe that, odd terms of the sequence g_ ={..2)"*' are
4 16,64, --- are increasing
and even terms

-8,-32,-128,-.. are decreasing.

Since only odd terms of the given sequence are increasing and only even terms of the given
sequence are decreasing. the sequence g = {_2}"*' is not monotonic.

Consider the sequence
ﬂ. = {-E}JH-I
its need to determine whether the sequence is increasing, decreasing or not monotonic and
need to determine whether the sequence is bounded or not
Recollect the definition that, a2 sequence {a_} is called increasing if a, <a,,, forall z3>|. that

iS @ <a, <a, <---.Itis called decreasing if a,>a,,,forall »>1.Itis called monotonic if it is
either increasing or decreasing.



To determine whether the sequence is bounded or not
The terms of the sequence g = (.2]"*' are
4 -8.16,-32,64 ---

Recollect the definition that, a sequence {a_} is bounded above if there is a number Jy such
that

a <M forall p>]
It is bounded below if there is a number m such that
m=a_foral p>|

If it is bounded above and below, then {a_}is a bounded sequence.

From the above one observe that, odd terms of the sequence g_ z{_.g]"*' are

4.16,64,--- are bounded below by 4
and even terms
-8,-32,-128,--- are bounded above by —-§.

Since only odd terms of the given sequence are bounded below and only even terms of the
given sequence are bounded above, the sequence g = [.2}"*' is not bounded.

Q73E

1

2n+3
1 1

2(n+1)43 21+5
Since 2n+5>21+3

We have a, =

Then a,,=

! < ! for all »=>1
2rn+5 21243
Then a,,<a, forall =1

Therefore {a:_} 1s decreasing sequence

Since n=1
Then Znz=2
Or 2r+3=5
1 1
Or =_
22+3 5

= a, =—,

Therefore {a,} is bounded sequence.
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2n—73
We have =
a_ 344

Consider the function

2x—3
f(=)= 3;4

- B 0)-(x-30) T
(3x+4)
_ bx+8—-6x+59
 (3x+4)
17
 (3x+4)
Thus f1s an increasing function

=0 forall x

So a, <a,, and the given sequence is increasing sequence.

-1 1 3

HNow = = F = — .
it 7 = lﬂa3 13

Thus a, 2—% forall »=1

And so {":] 15 bounded below by -1/7

HNow Ilima, =]im£
o L AT |
2-3/n _3/3

=hm
o 3+4{n
So the sequence {a,} 15 bounded above by 2/3

Therefore {a,} is a bounded sequence
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Consider the sequence

a,=n(-1)

lts need to determine whether the sequence is increasing, decreasing or not monotonic and
need io determine whether the sequence is bounded or not
Recollect the definition that, a sequence {a"} is called increasing if g, <a_,, forall p>]. that
5 g, <a,<a; <--- Itiscalled decreasing if g, >a_,forall p3>]. Itis called monotonic if it is
either increasing or decreasing.



Observe that terms of sequence g = n(-])'are

1(-1).2(-1)".3(-1) . 4(-1)".5(-1)".6(-1)",---
which are equals to
12,3456,
From the above one observe that, odd terms of the sequence g = "(_1]" are
—-1,-3,-5,--- are decreasing
and even ferms
2.4 6,--- are increasing.

Since only odd terms of the given sequence are decreasing and only even terms of the given
sequence are increasing, the sequence g = "(-1}'i5 not monotonic.

To determine whether the sequence is bounded or not:
The terms of the sequence g_ ="(_]]"are
_11 21-_31-41--51-6! 2k

Recollect the definition that, a sequence {al}is bounded above if there is a number JAgf such
that

a =M forall p>|
It is bounded below i there is a number m such that
m=a Toral px>]

If it is bounded above and below, then {a.}is a bounded sequence.

From the above one observe that, odd terms of the sequence g = ,,(-1}" are

-1,-3,-5,--- are bounded above by _|
and even terms
2.4.6,--- are bounded below by 2.

Since only odd terms of the given sequence are bounded above and only even terms of the
given sequence are bounded below, the sequence g_ E,,(-ll"is not bounded.



Q76E
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We have a,=ne
We consider a function f(x)=xz="
Then ff(D=—="+e™
= [l—x)e_' <0 foralx=1
So the function f(x)=x¢ " is a decreasing function
So dyy <4y
Therefore {a.} 15 decre asing sequence

For nzl

Wehave a, <a,

Soa,=1lle

Since for 221, 4,20

Therefore {a,} 15 bounded abowe by (1/e) and bounded below by (.

n
Wehave a, = v
i i x
Consider the function f[x) -
Then 7(x)= (xj +1) ()—=x(2x)
(2 +1)
:(;—x;)z <0 when x>1
+1

Therefore f15 a decreasing on [Lm) and so {":} 15 a decreasing sequence

Since {a,} is a decreasing for # 21

So d, <da;
o <l
#+1 2

1

Thus =—
% 2

Thus sequence {a,] is a bounded above
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We have a, =M!+1
#
Consider the function f = [x) =;r+l
x

Then j"[;lr]i:l—l2
x
~-1

2
x

Thus f 15 an increasing function on [],m) and therefore {"-} 15 10Creasing

=0 for x>»1

SEqUENCE

Also since given sequence 15 increasing so

‘We have a, >a; forn=1
Then a, =2,
Therefore the given sequence 15 bounded below

Q79E

We have a sequence a,={J§,JzJ§,m ......... }

= [2“",2“"_2“",2“"_2“"_2“IB ........... ]
_ [211"1,23;4’21:3 ___________ ]

=a, = 2(2-_]:'”

Taking limit as » —c0
lima, = lim 25

_ 2_13_(2'—1}:2'

2* -1 . 1-142*

We calculate lim tim
=104
1

Then  lima,=2'

= |hma, =2
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(A) Wehave alzwfi a'+1:1f§+a!

Fora=1,

G =2+a

=a, =-J2+~.-'§ SINCE -\,‘2+w.-"§ > \E
Then a,>a
this suggest that the sequence 1s increasing

we assume that it 1s true for 2 =k
50 ag,, >ay
=2+a,,, >2+ta;
= 2+a,, >2+a,

=iy Py

So sequence 15 increasing for 2 = k+7
By mathematical induction we have a,, >a, forall »

Therefore the sequence {al} 15 increasing.

‘We calculate
a,=~2=14142,  a,=+2+/2=1.84776
a; = J2+a, =1.96157, a, =1.990

a,=19976, a,=1999, a,=19998 a,=199996
a, =1.99999, a,=1.9999

‘We see that terms are approaching 2
Since 2<3

Soa, <3 forall =1

Thus 3 15 an upper bound.

(B) Since {a,} 15 increasing and bounded above by 3 then {a,} must have himit.
LetlimitbeL so lim{a,} =L exists

Then lima,, =lim .2 t+a,

= {Hine

=~+2+1L

Since a, >L then a,, >L (asn—>w,n+1—>0w also)
= L= 2+L
=L =2+1L
=L-L-2=0
=(L-2)(Z+1)=0
=L=-1 or L=2
Since a1=J§::-U and a, 15 increasing
So L+-1

and thus [ima, =2
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Consider the sequence defined by

1
a=1a,=3-——
a

Its need to show that the sequence is increasing and g, <3 for all n.

And also needed to deduce that {a.} is convergent and find its imit

Begin by computing the first several terms by using the recurrence relation

1
a=1 a,=3-—
a

The terms of the sequence are given as,

a,=3—% a4=3—§
2 12

2 5
=25 =26

5 13
=3-2 g =3-—
B=I73 %=
_34 _8
13 34
~2615 =2.617

34 89
.. R V...
@=2"%9 B3
_233 _610
80 233
~2.618 =2.618

These initial terms suggesis that the sequence is increasing and the terms are approaching to
3



To confirm that the sequence is increasing, we use the mathematical induction to show that
a,>a foral p>1.

This is true for p =] because a2=3—%=2:.=-a,

If we assume that it is true for p = k. then we have
g

| 1
{_

a,

So

a.i'vl

1 1
}__

a,

And -

ai*l

3-L53- L

ﬂ.i:vl al
Thus a,,, >a,,
Thatis, a,,, >aistruefor y=Ff+]

Therefore, the inequality is true for all n by induction.

To showthat g, <3 forall n-

Since the sequence is increasing, we already know that it has lower bound:
a za,=|foral n
We know that @, =1< 3. so the assertion is true for p=]

Suppose it is true for y=k. Then

a, <3
So, —>~
a 3
1 1
__{__
a, 3
J—L{3—1=E{3
a ¥ 3

(3

Thus aq,,,<3

This shows, by mathematical induction, that g_ <3 forall n_



Since the sequence {a_} is increasing and bounded, by monotonic convergence theorem it
follows that the sequence {a_} is convergent. That is, it has a limit.

. 1
Suppose that lima, = L _then by the recurrence relation a,,, =3—— we have that
BT a

A=k s
aq'

lima,_, =lim [3 - l)

1
lima
A

=3-

Since g, — L. it follows that 4, — L . So we have

L

1

L=3—I
= [} =3L-1
=ILC-3L+1=0
—(-3)£(-3) -4-1-1
) J{H}
_3+J9-4
2
1

Since the sequence {a,}is increasing and bounded above, so it converges to supremum.

Thatis, L= %{3+J§)

Q82E
First we showthat 0<g <2
We have d; =2, aHl:L
3-a,
1 1
Then —— =1
4 -2 1

=y =1

Since a4, 15 arational function of a,
o2 <y <y, <dy =2



‘We use mathematical induction to show that a, 15 decreasing.

If a, 15 decreasing then - B ST, S S £
Forn=1

dy <dy

=>1<2 which is true
So £ 15 true for n=1

Now we assume that it 1s true forn=k
Then a;, <a;
==y, Fdg
=3—a;,>3—a

1 1
= <

3—ay,, 3—a;

=y S,
So 1t 1s true for n=Jk+1
Thus by mathematical induction a,; <a, for all n So a, 1s decreasing

Since a, 1s decreasing and 0 <a, <2
So {a,} must have alimit L
Then ]iiﬂal =1

And so lli_’n;%I =1L

—fim 1
l—}n3_al
1
3-L
T
3-L
=3L-1*=1
=I-3L+1=0
+./5_
:}L=3_1,‘§ 4
2
+
:>L=3_J§
2
But himit L=3+2J§ >2 which 15 not possible since a, <2
So limit L=¥
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Suppose that rabbits live forever and that every month each pair produces a new pair which
becomes productive at the age of 2 months. Start with one new born pair.

In starting month we have new born pair, after one month it remains same.

Q0
I Afier 1 month

Q0

Again after one month starting new born pair gets two months of age and its produces another
pair. It can be illusirated in below figure.

Q0
I After 1 month

o After 2 month
\ iile) 3
ﬂ{'}/ e

Then after one month old pair produces another new pair and which new pair which one is
born after previously remains same._ It can be illustrated in below figure.

00
I After 1 month

00
After 2 months
o e
/ \ l After 1 month
o0



Again after one month previously born pair gets two months of age and its produces another
pair and old pair produces another new pair.so, totally we have five pairs.

It can be illustrated in below figure.

00
I After 1 month

o0 After 2 month
mo 5
N
il
%

00 08 00 go oo
On proceeding this manner, we get pairs as shown.

{1,1,2,3,5,8,13,21,---}
Observe that, in the above set each term is the sum of two preceding terms.it van be
represented recursively as show

L=l =1 fi=fui+ iz n23
It represents a Fibonacci sequence { ¥ }

(b)
let @ =L fF 1)
Replace n by p-] in (1), then we get

-'{{l—lkl

=T
_ 5
s

_foutfos
o

— ],+:'f“‘.._2
S
1
R
fal.".ﬂ-:
1

Use f =1 +f,

=1+

a

=2



Thus a_, =1+1fa,_,

Assume that {a,} is convergent
Thatis. lima, =/

Then !i_[l:a,_, =1 and !i_{l:a__z =1

As a_, =1+1fa_, . on applying limit on both sides get

: : 1
lima, , =lim [l +—
L R a’n_!:

=]+—
lima_,
o
i |
— lima_, =1+—
—te lima_,
=

Continuation to the above

::au'=|+l

I
=0 =]+
=PF-1-1=0

=)D -4
2(1)

/

_lzt-u"l+4

2
1245
T2

Since the terms of the sequence are positive, it converges to the positive limit.

Thatis, 7 1+V5
2
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(a)
Supposethat. g =a. a,=f(a). a,=f(a))=f(f(a)). - a,,=f(a,)
Here f is continuous function.

Assume that lima, =L

BT

lts need to shows that f(L)=L

Since lima, = L by the definition of the limit of a sequence for every g () thereis a

BT

corresponding integer ) such that
“f n>N then |a, —L|<e”
As p> N.wehavethat (n+1)>n>N then g -IL|<e

Thatis lima,,=L ___ (1)
A

Recall the theorem that, if lima, =L and the function £ is continuous at [ , then
A

Iimf(a_]:f[L]

=T

From the data, we have that !1_[11 a, = L and the function £ is continuous, we claim that

lim f(a,)=f(L) ... (2)

=T

From the data, we have
alt] = f(al}
= lima,, =limf(a)  (3)

From (1), (2) and (3) we have that

L=f(L)

(b)

Consider the function f (x} =Cosx

By taking g =]. we have to estimate the value of J up to five decimal places.
From the part (a), we observe that f(x)=x

Thatis, cosx=x

So. we need to find the roots of the equation

g{x]= X—Ccosx



Recall the, formula to find the roots of a transcendental equation g (1} =() by using Newton

Raphson method is

g(x,)

X, =X, -m

As g(x)=x-cosx, we have that
g'(x)=l+sinx

So, Newton Raphson formula is

Kost =X~ (I" _CMI.)

l+sinx,

_ X, tx,sinx, —x +C05X,

I+sinx,
_ X,sinx, +cosx,

1+sinx,

Thus

_ X, sinx, +cosx,
- 1+sinx,

From the data, we have that
a=1.hatis x, =1
For p=0.we have

X, Sin x, + COs X,
I+sinx,

__t‘l=

_ Isinl+cosl
l1+sinl
_ 0.84147 +0.5403

1+0.84147
138177

 1.84147

=0.75036
Thus x, =0.75036




For p=1.we have

X, SInX, +COS X,

*

1+sinx,
B (0.75036)sin(0.75036) + cos(0.75036)
1+5sin(0.75036)
B {0.?5036){ 0.681 9}+ (0.73 144)
1+0.6819

=0.73911
Thus x, =0.73911

For p=2.we have
X, Sin X, +COs X,
X, === = =
1+sinx,
_(0.73911)sin(0.73911) + cos(0.73911)
- 1+sin(0.73911)

~ (0.73911)(0.67363) +(0.73907)

1+0.67363
=0.73909

Thus x, =0.73909

For p=3. we have

X, SINX; + COS X,
I_I -

1+sinx;
_ (0.73909)sin(0.73909) + cos (0.73909)
- I +sin(0.73909)
_(0.73911)(0.67362) +(0.73908)

1+0.67362
=0.73909

Thus x, =0.73909

Observe that, x, isequaltothe x;
That is, after x,we obtain the same limit value [ =0.73909
Hence, the required value is

L =]0.73909
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(a)
Consider the limit

.
lim—
asx gl
It is need to guess the value of the limit by considering its graph.
To graph the limit, use Maple software.

First enter the sequence by using the expression command.

S o

Use the following Maple command to get the plot of the sequence.
Plot{[seq([n,expr].n=1..40}] style=point, symbol=solidcircle, color=red)

> plot([seq([n. expr],n= | .40) . style = point, symbol = solidcircle, color = red)

0] *
304
L
201
[ ]
104 b
-
s :
Y Y S Y Y Yy Y

10 20 30 40

5
From the graph observe that, terms of the sequence a, = n_are approaches to zero as n
n!

increases.

5

Hence fim - =[0]
wsn pyl



(b)
lts need to find the smallest values of N that cormespondio g=(.] and g=0.001 by using
the graph of the sequence in part (a).

5
From the graph in part (a), we observed that the sequence a, ="_ haslimit [ =(
n!

Recollect the definition that, a sequence {a_} has the limit J and we write

lima,=L or q,—>L as n—=

Lt

if for every g = () there is a commesponding integer N such that

if p>N then |a —L]<e

-]
Since the sequence a,= P has limit L =1. by the limit definition we have that
n!

Suppose that ¢ =().] in (1), then we need to find the smallest value of N

k]
"—-u|-.-:n.|
n!

n!

= —<0.1
n!

5
Observe that ,* > ! Yn<7 = "—'::-l
mn:

S0, we can't consider these n values.

Forpn=8. 8° =32768 and 8'=40320

Then
8 32768
&' 40320

=0.812



For p=9. 9* =59049 and 9!=362880
Then

9’ _ 59049

9! 362880

=0.162
For p=10. 10° =100,000 and 10!=3.6288E6
Then

10° _ 100,000

10! 3.6288E6

=0.027 <0.1
Thus

5
n

__u|{n_| for n=10>N(=9)
n!

Hence, the smallest value of ) for which the inequality
k]

n ;
—1—4 0.1 Yyp=>NIs E]

n.

Suppose that g =0.00] in (1). then we need to find the smallest value of N

k]
"—-n|{n.{m1
n!

"5

= —<0.001

n!
"5
Observethal p* > p! YR<T = —>1
n!
So, we cant consider these n values.
For p=8. 8" =32768 and 8!=40320

Then

8 32768
81 40320

=0.812



Then

1I° 161051
11! 3.99168E7

= 0.004035
For p=12. 12° =248832 and 12'=4.790016E8
Then

12° 248832
12! 4.790016E8

=0.000519 < 0.001
Thus

4

11_[1{["““1 for n=12>N(=11)
n!

Hence, the smallest value of ) for which the inequality

5

"—-u| 0.001 wn>N s [11]

n!

Forp=9. 9° =59049 and 9!=362880

Then

Ei= 59049

9! 362880

=(.162
For p=10. 10° =100,000 and 10!=3.6288E6
Then

10° _ 100,000
10! 3.6288E6
=0.027

For p=11. 11° =161051 @3nd 11'=3.99168E7
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We have to prove that lim 7" =0

(Juessing a value for M:
Let >0 be given, we have find an integer N such that

Ir'—ﬂl-::E Whenever 2> N

= Ir' < Whenever > N

— Irr <E Whenever n> N
Taking Iz of both sides.

= nlnH-::InE Whenever n> N
=  a>heilnk]| Whenever n> N

[Since || <1=>In||<0=>n>Ine/ln ]
So, we choose MN=Ilne/fln H

Showing that this N worles -
Given €>0, let N=Ine/lnf| When [r| <1
Thenn=>H
= n>Ine/nf|
= nlnfr|<lne When || <1
=  InJf <lne When ||<1
=  Inf*|<lne When |r|<1
= |r' = When [r<1
= |r'—ﬂ| <E When || <1
Therefore by the definition we have

limr® =0 When |r|<1

E—a

If limls|=0
Then we have lim—|a,|=0
Since  —|a,[<a, <[]

Then by squeeze theorem

‘We have ].1'_Eal=ﬂ
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Suppose !1_1.11 a, =L and fis continuous at L.

Need to prove that lim f(a,)=f(L).

Since !1_1;!1 a =L

So for g=() .there exists an integer N such that
la,—L|<e forall p>N . (1)

Since fis continuous at L.

So for particular £, there exists 2 § > (such that

|x-L]<&.then |f(x)-f(L)<e - (2

Let £ >0 and an integer n, such that m>n,

Now apply the definition of limag.=L

A—#E

Choose jsuchthat m> j.then |g.—L|<&.

Soby (2), for m> j, | f(a=)— f(L)]<&-
Now take me= jand
Then m>no, and |f(a=)-f(L)|<&

This is true for any arbitrary g = (.

Thus, .I.'E fla=)=f(L)|.
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Suppose that
lima =0

R

Also suppose that {p,} is bounded.
Need to prove that limab, =0
Since lima, =0
K
So for g () .there exists an integer N such that
la,-0|<e forall >N (1)
sSince {b,} is bounded.

Then |b|<M .forall p21 ...... (2)



Let g>( and n be an integer such that p> N

Consider

0, ~0[=la.b]

b

[

< gM Since by (1) and (2)
=[i]M Choosing £ suchthat g=-%
M .

=£

Thus, for g (. there exists p » N such that |a#bn —0| <£.

Hence |limab, =0

A

Q90E

(A) We have to showthatif 0=<a <& then

bl-l-]. e |

b-a
‘We will prove i by mathematical induction

For n=1 we hawve,
pil_ gl

- <(n+1)5"

— i
Z_ T 1+
= (1+1)
22
b —a <o

b—a

(&+a)(b—a) .
B-a) >
[b+a:] < 2b

= a <& Which 1s true as 15 giventhata <b.
Therefore, the given inequality 1s true forn=1.

Let the given inequality be true forn=k
So, we have,
bl’-l-l_
<(k+1)2*

—a



Let us check forn=k+1.
Forn=k+1.
pEAML_ (Rdpl g ke kel
b—a a b—a
_ ™ -p.a* +ba™ —a-a™
b—a
b(bhl - ahl) +a*? (b - a)
T 69
B bi-l-l_ K+l E+lss
_ b ™) a(b-a)
(b—a:] (b—a)

Adding and subtracting »-2™" in numerator.

kel _
<b(k+1)8* +a™ Since, ’E’b—"m <(k+1)3*
-a
Kl
{(k+1)b“l+:ﬁbm
ksl
q(k+1)b‘*‘+[§) gt
2V
<:[i:+1+[—] ]b‘*‘
b
" _ 2}
{[k+1+l]b Since (EJ <lasa <
<(k+2)p*!
This tells us that the given inequality is true for 2=%+1
L N 2 |
Hence, Erb—a' {[n+1)b' istrue foralln
-a

(B)  From part (a) we have proved that
pH_ 2l .
P < [?z + l)b
(2™ -a) < (n+1)(2—a)"
™ —a™ <[(n+1)b~(n+1)a o
B =a™ «(n+1)™ - (n+1)ab"
B g™ <ub™ 45 —(n+1)ad”
—a™ <nt™ - (n+1)ad®
(n+1)ad® —nt™ <a™
&" [(n+1)a - nb] <a™!

L O

3

nce

|b' [(n +1) a—mb] <a™!




©

From part (b) we have,
b'[(.u +l)a—nb] <a™

Now putting & = 1+landa 1+L

n+1
We get,
(1Y 1 1 1
I+—| |+ )| 1+— |-n| 1+—| | <| 1+—
. x n+1 M n+1
I" 11\'! 1 1
= 14z [[.u+1)+1—[.u +1)] {[1+_
\ A, n+1
£ 1\'! 1 1
= 1+-— [.u+1+1—n—1] f.:[1+—
\ b H+1
I,r "I =41
= 1+1 [1] [1+L]
. M
b 1
L () <) g
» n+1

From inequality (1)

For the sequence {a!} . we have,
@y <da

This shows that {a,} is increasing.

=sl



(D)  From part (b) we have,
b* [(.l: +la- nb] < g

1
Puttinga=1 and & =14+—- we get,

(2)
¢ [
| | 1) 1- | 11— | [ < ()™
Y I (2.&)
y T
= 1+L .l:+1—.l:—l:|-::1
N 22) | 2
¢ BT
= 1+L l]{l
. 2nj |2
f 1Y
= 1+—| <2
% A
Squaring both sides we get,
_ Ly 2
1+— <f2
( 2,,]]9 @)
r’ 1 1=
= 1+—] <4 -— (1)
. 2
: Y
Gwenthatalz(1+—]
#
1 2z
So, L= 1+H—
& ( zn]
Therefore, from inequahity (1) we get,

a,, <4

(E) Wehawve to showthat a, <4 foralln
From part (c), {a,} is increasing. So o™ term will be less than each of it’s
succeeding terms of {a,} .
So, a4, <a, —@

Also from part (d) we have a,, <4 -— ()
Therefore, combining (1) and (1) we get,

a, <d, <4
= a, <4

Hence, a, <4




(F) ‘We have to show that lim (1+ l] exists.
| s »
We know by a theorem, that every bounded Monotonic sequence is convergent.
From part {c) we have that the sequence, {ﬂ;} 15 increasing where a, = (l+l)
n

Also, from part (e) we have found that o, <4 foralln
ie. {a,} is bounded above by 4.
Thus we see that the sequence {a,} is monotonic and bounded. So {a,} will be

convergent.

And we know that if a sequence {a,} is convergent then lim a, exists.

/. = =
Therefore, lim [ 1+ l) exists. Since a, = (Hl)
B \ F F i

Hence,

him (1 + l] exists.

o d -] »

Q91E

() Giventhata>b and alﬂ=a';_b',b_+l=,{a,bl_

‘We have to show that a, >a,,;, > 5,,, >4, by using mathematical induction
For, n =1 we hawve,

al—afal—@ Since, af“‘f‘
_2n-a -4
2
_th—H
2
HNow,
ﬂl—fﬁ=[a;—b—\n"ﬂ_bj|
_[a+b—2Ja_b]
2| —

1 2 2
(Y o) -2
= %[JE—JETT = always posihive asa > &
Therefore, a;, —a, = M = always positive.

2
= & > dy



_ ﬂlif’l—zm
() {8 2
(-6
= Mwajsiﬂsitivf: as @, > B from (i)
=  a>h

Now, by—b =1Jah ~5
- (-5

B NB) (g o
= oy (Multiplying and dividing by JJa, +/5 )

() - ()
Vo +b
_~B(a-B)
()
>0asa—5>0and >0

Therefore, &, = A&
Thus, we find that @, >a, >4, > &
1e. the inequality a, >a,,; >4, >b, 1strueforn=1.

Let the inequality a, »a,,, =&, =5, 1strue forn=k

So, we have

Gy Zhp, >h gy > -— ()

Now, forn=k + 1. we will check whether a; ; >ay,, > &, > b, 15true or not.
For this,

P (ah-l ;—bh-l) Since, ag,, = Zpa1 ;bh-l
_ e R T R )
2
_ Sn s
2
>0 Since, from (u) a,,;, > &,

So, ap, >dy,s -— (1)



Also, ap,—byy= (Iam—-;w = bia
_ % +ha— Z\Jﬂmrf’kn

2

[\fam )2 + (me )2 S
2
(o]
2

>0 Since, a;, >b,, From (u)

So,we have a,,, >¥ — )

Now, &y ,—8,= 'Jahlbml —Ben

= Jah-l Jb.h-l . (‘JE‘hl Jz

= wﬂ-’:m (-Jai.ﬂ . -beu)

>0 As g, »b, and b >0 from (1)
So, we have b, , > &, -—(3)
Thus from (1), (2), (3) we get,

G > Gy > g > by,
Therefore, the inequality a, > a_,; =&, > b 1s true for all n by mathematical

induction
(B) Wehave al—a=a;b—a Since al=?
_at+db-2a
2
_b-a
2
<0 Since, b—a <0 as a>h
= & <d
Or, a>a

Also, we have proved that
Ay > Gy
= {a,} 15 decreasing sequence
Also, a>a,
= {a,} is bounded above by a
Thus, {a,} 1s monotonic and bound above by a

‘We lnow that every bounded, monotonic sequence i1s convergent. So the
sequence {a,} is convergent.



Also,

b—b=-Jab-b
- 5~
- (- )
>0 Since a>b.
= b
Since from part (a) we have found that
bazh

= The sequence {bl} is increasing

Le {bl} 15 monotonic.

Since {&,} is monotonic and & > &
So, b >b
ie. {b,} is bounded below by b.

Here we find that the sequence {E:-!} 15 monotonic and bounded below by b.
‘We know that every bounded and monotonic sequence 1s convergent.
Therefore, the sequence {bl} 15 convergent.

(C)  We have to prove that lima, =lima,

Since {a,} and {4} both are convergent.
So, both the imits lima, and hma, exist

Since {a,} is convergent. So we have

lima,,=hma,

+ - +&
]jm(%]=]ima, Since a_ﬂ=a‘ x

e 2
lim (a, +4,)= 2lima,

i g, +hng, =2ldua,

i 5, = im 20, -lima,

lim &, = lim {22, - a,)

lim b, = lima,

LI

A
2

hma, =lim&,
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(a)
Consider two subsequences {a,, } and {a,,,,} convergesto [,

Thatis, lima,, =L and lima,,,, = L.

F= I
Use definition of limit of a sequence, to show that {a,} is convergent and ,I.I_EE a,=L.
Limit of a Sequence:
For every g >0, there exist a positive integer N suchthatfor s> N,

|a, - L] <e&.

As lima,, =L and .I.'_IH a,,., =L, then
For every g >0, there exist a positive integer N, such thatfor n> N|,
|a3_ —Ll <E.
Also for every g >0, there exist a positive integer N, such thatfor n> N,,
|.r13", -Ll < E.
Let N=max{N,,2N, +1}.
For n> N,
n=2k orm=2k+1, forsome k M.

IT H:Zk, thE“

a,, —L|<e as k>N,

It n=2k+1, then

a,.,—Ll<eas k>N,

Thus, |a,-L|<& forall p> N,

Therefore, the sequence {a,} is convergent, and [lima, =L{

B—T




(b)
1
l+a

Let the first term of the sequence be g, =1, and a,,, =1+

Plugin n=1, totheterm a_, =1+ » i0 get the second term of the sequence.

l+a

1+a,
||r.',=l+L
1+1
='.-|-I-l
2
_3
2
Plugin n=2 totheterm a_, =1+ :
l+a,
a,,=l+ A
1+a,
f.r3—l+L
3
1+=
2
:l+E
5



1

Plugin n=3, totheterm a_,, =1+ :
l+a,

1
l+a

Plugin n=4, totheterm a_, =1+




|
Plugin n=5, totheterm a_, =1+ .
l1+a,

Plugin n=46, tothe term a_,=1+ g
l+a,

I
l+a,

Plugin n=7, totheterm a_, =1+

Therefore, the first eight terms of the sequence are

3717 41 99 239

377

- L L ¥ = » Fan
2 512 29 70 169

408




Use part (a) result to show that lima, = JZ.

=

Consider the two subsequences of {a_}ndd terms l,l,ﬁ,ﬁ,“. , and the even terms
5 29 169
317 99 577
- —,—,—,...+ of the sequence.
212 70 408

Odd terms sequence is increasing and tending to 1.41421356-

Even terms sequence are decreasing and tending to | 41421356-

Therefore, the sequence g, approaches to J2 (sincc J2= I.4l42|356}|.

QO93E

Consider the formula p,_,, =—"
a+p,

Where Py is the fish population after n years and a and b are positive constants that depend
on the species and its environment.

Suppose p — pas n—wx
Similarly p_ ., — p as n— 0 also
Then

p=lmp,,

- lim _bp,
g+ p
blim p,
= H=pix
a+lim p,
—a
a+p

a+p
= p(a+p)=b,
= p*+ap-bp=0
:}p(p+{ﬂ—b)}=0

So p=0or p:-(a-b}zb—a

The only possible values for its limit are 0 and p—g-

Therefore { P, } Is convergent



(b)To prove p ., <(b/a)p,.
o __bp,

[ 25 e

a+Pn
_bl b,

al,, Pn
a

1+

Note that |+ P2 51




(c)Using the above condition p,_,, < [E] P
a
b
P <—Po
a

b bY
p<—p<|—| P
a a

b Y
Pi<—pP2<|—| Po
a a

oA

MNow since b<a, {I-::E{l
a

So

tm () po=rotim(2)

=p0-[|
=0

Since p, < [%) Po for all n,

By the comparison test,

lim p,ilim[é] Po=0

n—T n=a3x\ g

But p,20foralin so 0<limp, <0,
L )

Then lim p, =0.
=

(d)Let us assumethat g<p-

Suppose {p,} is an increasing sequence. Since {p,} is bounded.

Every bounded, monotonic sequence is convergent.

If g<b p, isbounded. monotonic and convergesto p—gq-
Therefore, if p, <b-a.then {p } isincreasingand 0< p, <b-a.
Similarly it p, >b—a.then {p } isdecreasingand p, >b-a.

Therefore our assumption is right, if g < p. then Ii_l&'lt p,=b-a_
-



