3. Integration (Integral Calculus)

Integration Rules

Integral of a Function
A function ?(x) is called a primitive or an antiderivative of a function f(x), if ?'(x) = f(x).
Let f(x) be a function. Then the collection of all its primitives is called the indefinite integral of f(x) and is

denoted by [f(x) dx.
Thus,

20+ 0) =) = [ ) = 4x) +
X

where ?(x) is primitive of f(x) and c is an arbitrary constant known as the constant of integration.

Common Functions Function Integral
Constant _fa dx ax + C
Variable | x dx x%/2 + C
Square [x2 dx x3/3 + C
Reciprocal _]-(1;)() dx In|x| + C
Exponential _l’e" dx B O
_[-ax dx a*/In(a) + C
[In(x) dx xIn(x) = x + C
Trigonometry (x in radians) fcos(x] dx sin(x) + C
_]-sin(x) dx -cos(x) + C
[sec2(x) dx tan(x) + C

Integration Rules

1. Chain rule :
Juvdx=uvy -uvy+uvz-u"vs+ .. + (-1)"1 =1y, + (-1)" ful.v, dx
Where stands for nth differential coefficient of u and stands for nth integral of v.
2. Sum Rule
J(f+g)dx =ffdx + fg dx
3. Difference Rule
J(f-g)dx = [Jfdx - fg dx
4. Multiplication by constant
Jcf(x) dx = cJf(x) dx
5. Power Rule (n#-1)
Ix"dx = x"*t1/(n+1) + C



Fundamental Integration Formulae

xn—'l

1) @ jx di=>—+cns-]
n+l
(ii) J(ax+b)ﬂdx:l_w
a n+1

(2) (1) I%dx =log| x| +¢

Gi) | b e Diiont e bifpn
ax +b a

(3) .exdx — > e

(4) [ i = z

= pall
log, a

(5) (s = —ioai
(6) .cosxdr =sinx +c¢

(7) .seczxdx:tanx +c

(8) |cosec’xdx =—cotx+c
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(9) Isec xtan xdx =secx +¢
(10) J.ccusec x cot x dx =—cosec x +¢
(11) ‘[tan x dx =—log| cos x| +¢ =log| sec x| +c

(12) | cot x dx =log| sinx| +¢ =—log| cosec x| +¢

[ T X
(13) | sec x dx =log| sec x + tan x| +¢ =logtan [I + 7] +c

e

. X
(14) | cosec x dx =log| cosec x —cot x| +c =log tan > +c

* dx g =1 =1
(15) | ——==sin"x+c=-cos x+c
W 1_‘x‘_2
* dx . 1 X i R
(16) | ——— =sin?Z +c=—cos ' Z +¢
ol a a
s dx -1 =4
(17) =tan~ x+¢c=—-cot  x +¢
2
Jy1+x
dx 1 iy -1 ,x
(18) ‘[—:—tan P2 be=""cot?'Z +¢
2
& +xr a a a a
dx -1 =
(19) I—:sec X +C=—co5ec X +¢€
2
xyx© —1
dx 1 == 1
{ED)I e QR T LA @ eOgE  _Egeip
iyl —d a a a a



In any of the fundamental integration formulae, if x is replaced by ax+b, then the same formulae is
applicable but we must divide by coefficient of x or derivative of (ax+b) i.e., a. In general, if ff(x) dx =
Pp(x) + ¢, then

.ﬂar+b)dr:l¢(ar+b)+c
a

‘ sin(ax + b)dx = 2 cos(ax + b) +c,
a

‘SEC(QI.' + b)dx :llog| sec(ax + b) + tan(ax + b)| +c etc.
a

Some more Results

" 1 X—a 4
(1)I . —=—"1Iog +tc=—coth?=+¢,
T 2a X+a a a
when x > a
- 1 1 a+x 1 T
(11)Iﬁdr:—lng ¢ =—tanh " =g,
g —xF 2a a—x a a

when x <a

(iii) ‘%Zlcgﬂ x+*\ix2 i |} +¢=cos h_l[i}—i—c
“Axt —a’ a

(iv) ‘d%:logﬂ x+4xt+a* |} +c=sinh_1[£}|-c
o led 5 2 a

) Vo —xdx Z%IME gt +%a2 Siﬂ_l[iJ—Hﬁ:

- cl

(vi) [ Jx2—atdx :%xwfxz —i —%az logfx +yx%—a*} +c
1 1 :

:E.ﬂmﬂxz il —Eaz CDSh_l[i]-FC
a

{*-.«'ii)Iﬁ.tz +atdx :%x\ﬂxz i +%ﬂ2 logfx +vx2+a*}+c
1 1 e i
=Exqfx2 +d +Ea2 sinh I{EJ
a

Integration by Parts




(1) When integrand involves more than one type of functions:

We may solve such integrals by a rule which is known as integration by parts. We know that,

i(ma):u— +v

dx de | dx
= duv) =udv +vdu = Id(w):judv+jvdu

If u and v are two functions of x, then

fraties [ude fiG okt

i.e., the integral of the product of two functions = (First function) x (Integral of second function) -
Integral of {(Differentiation of first function) x (Integral of second function)}

Before applying this rule proper choice of first and second function is necessary. Normally we use the
following methods :

1. In the product of two functions, one of the function is not directly integrable (i.e., log|x|, sin"1x,

cos1x, tan"1x.....etc), then we take it as the first function and the remaining function is taken as
the second function.

2. If there is no other function, then unity is taken as the second function e.g. in the integration
of fsin"1x dx, flog x dx, 1 is taken as the second function.

3. If both of the function are directly integrable then the first function is chosen in such a way that
the derivative of the function thus obtained under integral sign is easily integrable. Usually, we use
the following preference order for the first function.

(Inverse, Logarithmic, Algebraic, Trigonometric, Exponential). This rule is simply called as “ILATE".

(2) Integral is of the form feX {f(x)+f'(x)} dx:

If the integral is of the form feX {f(x)+f'(x)} dx then by breaking this integral into two integrals
integrate one integral by parts and keeping other integral as it is, by doing so, we get



(1) Iex[ﬂx) +f‘(x)]dx —e* flx)+c
(i1) Iem [mf(x)+j‘(.r)]dr =g e

(1i1) Iem{ﬂx)+ f(x)}dx :wﬂ.

M iy
(3) Integral is of the form [[x f'(x)+f(x)] dx:

If the integral is of the form [f[x f'(x)+f(x)] dx then by breaking this integral into two integrals, integrate
one integral by parts and keeping other integral as it is, by doing so, we get,
JIX F'(X)+f(x)] dx = x f(x) + ¢

(4) Integrals of the form [e®X sin bx dx fe@®X cos bx dx:

ax

%(asin bx —bcosbx)+c¢

a +b
N sin(bx —tan ! E) +c
Ja? +b? i
Ie’ﬂ .cos bx de = E—,}(acns bx + bsinbx)+c

Ie’ﬂ sinbx =

= ————COS [bx — tan ™ E] +¢
Ja*' + b’ a
E—E [asin(bx +¢)—bcos(bx + c)]—i— k

Iem.sin(bx—l-c)dx = —
a +
Em : 2t b ]
= ——sin|(bx +¢)—tan " | — ||+ k

Ja? + b? g

&

je—bj [ﬂ cos(bx +¢)— b sin(bx + c}] +k
2 L p2

Iem.ces(bx + ¢)dx =
a

—__ % cos|(bx +c)—tan‘1[é] +k

gt b a

Integration by Substitution
(1) When integrand is a function i.e., Jf[?(x)] ?'(x) dx:
Here, we put ?(x)=t, so that ?'(x) dx=dt and in that case the integrand is reduced to [f(t) dt.

(2) When integrand is the product of two factors such that one is the derivative of the others
i.e.,, I = [f(x)f'(x) dx:

In this case we put f(x)=t and convert it into a standard integral.

(3) Integral of a function of the form f(ax + b):
Here we put ax + b = t and convert it into standard integral. Obviously if [f(x) dx = ?(x) then [f(ax +



1
b) dx = a ?(ax + b) + c.

(4) If integral of a function of the form

S dx = log[flx)]+¢

| 75

(5) If integral of a function of the form

IMﬂW®ﬂ=mgi

n+1

+C,

of
flx)

flx)

()] f(z)

[7 = —1]

of
flx)

(6) If the integral of a function of the form V flz)

f S ()
)

(7) Standard substitutions

dx =2 I Y E

Integrand form Substitution
() 1|' _ oyl X = ﬂSjﬂg .
: |' or x =acosf
(] ] 3 X =dtan &
4 .I' or x = asinh @
Ly 2 X =asect
o a
(itf) ." or x = acosh@
J \/a+ 2 A X(a+ x),
(iv) arx 4
X =atan " &
ﬁ;'r(a+ X)
‘/ a s ‘/a_x: ‘\I'x(a_xjs
g I X
(v) . i asa’nz g
«,#T(ﬂ x)
(T.) J x Jx_ﬂ ‘{'(X'—{I) ; 2
vi - T - v : m X =asec” @
(vii) ‘/a—xr \/a+x X =acos2@
a+x a-— X
X'— o
(wiii) o \/I—ﬂ)(ﬁ—-’f):(ﬁ}ﬂ) x = acos’ @+ Bsin’ @




Integration by Substitution Problems with Solutions

1.

J dx _
I4-&*
(a) log(l+e™) (b) —log(1+e™)
(c) —log(l—e™) (d) loge™ +e™¥)
Solution:
I dx _ I e e
l+e* e

Put 1+e* =t = e *dx = —dt, then it reduces to

—I?:—logr:—log(l+e‘x) ,

2.
[ o
et +e*
(a) tan'(e™) (b) tant(e*)
(c) log(e™ —e™) (d) log(e™ +e7™)
Solution:
dx e’ dt
S S (. S
J.ex+e‘x J-eh+l § 41 ®
=tan '(e*)+c, {Putting e* =t = e*dx =dt}.
3.
I dx _
x +xlogx
(a) log(l+ logx) (b) loglog(l+ log x)
(c) logx + log(log x) (d) None of these
Solution:
d d
@) I X _ I X
x+x log x x(1 +log x)

1
Now putting 1+ logx =t = —dx =dt, it reduces to
X

J' I _ 1og(r) = log(1 + log x)
'§



4.

j 5111.2,;: T

1+smn- x

(a) logsin2x+c (b) log(l +sin® x)+¢
(c) %log(l +sin’ x)+¢ (d) tan'(sinx)+c
Solution:

(b) Put 1 +sin®x)=1¢= sin2xdx =dt

Hence I 5].‘[1.2.;: dx :j 10’;-.‘ = log(1 + sin® x)+c.
l1+sin- x t
5.
in 2
I - sin 2x o
sin® x +cos”? x

(a) cot(tan? x)+c (b) tan'(tan? x)+c¢

(c) cot(cot? x)+¢ (d) tan'(cot? x)+¢
Solution:

(b) J‘ sin 2x 2

sin* x + cos* x

:J' 2sihx CosSx dxzj. 2tanxsec*:cdx

sin* x + cos? x l+tan® x

Put tan® x == 2tan x sec > x dx =dt, then it reduced

dt _ 2
toj —=tan"' f+c =tan"'(tan* x)+c.
14
Trick : By inspection,

di; {aot_l (tan * x}}:

1(2 tan x.sec’ 2/ sin 2x

1+tan* x cos® x +sin? x

sin2x

d r ,
= fanT N 2 e — N—
dx { } sin* x + cos* x



Definite Integrals

d [ 4] — £/
Let ?(x) be the primitive or anti-derivative of a function f(x) defined on [a, b] i.e., dx [@(‘r)- T f (.I‘)

(x)dx

b
Then the definite integral of f(x) over [a,b] is denoted by frr f ( and is defined as [?(b) — ?

bhop ; ;
(a)]i.e., frr f (.I‘)d.l‘ - @(b) o ':D(ﬂ). This is also called Newton Leibnitz formula.

The numbers a and b are called the limits of integration, ‘a’ is called the lower limit and ‘b’ the upper
limit. The interval [a, b] is called the interval of integration. The interval [a, b] is also known as range of
integration. Every definite integral has a unique value.

Evaluation of definite integral by substitution

When the variable in a definite integral is changed, the substitutions in terms of new variable should be

effected at three places.
(i) In the integrand (ii)In the differential i.e., dx (iii) In the limits

For example, if we put @¢(x)=¢ in the integral ﬁf{;ﬁ(x]};a’s'(x)dr,
then [ f(gC e = [ Aoyat.
a Pa)

Properties of definite integral

b
(1) rﬂx)dr =Iﬂz’)d§ i.e., The value of a definite integral remains

unchanged if its variable is replaced by any other symbol.

b a
(2) I fix)dx :-Lﬂr}dx i.e., by the interchange in the limits of

definite integral, the sign of the integral is changed.

b c b
(3) I flx)dx :Iﬂ.r}ir - If(x)dr , (Wherea=c=<b)

Lo

b [x] 7 b
or .[ﬂx)cir :.[ - flx)dx +I flx)de + ... + Iﬂx)dx;
a a 1 Cn
(where a<c¢; <€y <eeeeency < b)

Generally this property is used when the integrand has two or more rules in the integration interval.
This is useful when is not continuous in [a, b] because we can break up the integral into several
integrals at the points of discontinuity so that the function is continuous in the sub-intervals.

(4) E flx)dx = Ef(a —x)dx :

This property can be used only when lower limit is zero. It is generally used for those complicated
integrals whose denominators are unchanged when x is replaced by (a - x).
Following integrals can be obtained with the help of above property.



/2 s 72 n
y sin’” X cos” X T
(i) — - .:ir:j - — iy =
J0 sin” x +cos” x 0 cos" x+smn” x 4
i /2 tan™ x £* 5 T
(ii) —dezj —Hd.r:—
Y0 1+tan” x 0 1+cot"x 4
&l 2 1 _ﬂ'z 1
(iii) —de = 2 e
Jo 1+tan"x 0 1+cot'x 4
ol 2 M T2 M
i = S2C X A coseCc X o
(iv) _ — v =[ ° _ w=Z
Y0  sec” x+cosec x 0 cosec” x +sec x 4

T/ a2
(V) flsin2x)sinxdx =| f(sin2x)cos xdx
L {] {]

T (2

(vi) flsinx)dx = r E flcos x)dx
Jo 0

AT [ 4 T
(vii) log(1 + tan x)dx = = log 2
Jo

=il : i — T 1
(viii) I logsin xdx = I logcos xdx = —1log2 = —log—
0 2 2 2

(ix) r +asmr+bcosrd ‘[f 2 asec x + b cosec rdx
SIN X +COS X SeC X 4+ cosec x
T{2qtan x + becotx T
_I dx =Z(a+b)
tan x +cotx 4

6) [ fwds = [[An+ A=) ds
In special case :

I fx)de = Ej flx)dx, iff(x) is even function or f(—x)= f(x)
0 Af f(x)1sodd function or f{—x)=—f{x)

This property is generally used when integrand is either even or
odd function of x.

(6) Eaf(x)dr =I; fx)dx +I; fRa—x)dx

0 . if fRRa—x)=—f(x)

2rh¢ﬁﬁ,if f2a—x)=fx)
0

It is generally used to make half the upper limit.

(7) Eftx)dt = Eﬂa+ b —x)x .

In particular, I_a Ax)dx =
0

(8) E x flx)dx :% E flx)dx , if fla—x)=flx).



(9) 1If flx) is a periodic function with period T, then
i i

j Slx)dx :n‘[ Jlx)dx
0 0

Deduction : If f{x) is a periodic function with period T, then

a+id I
I ﬂx)dr:nj fix)dx ,where nel

a 0

nl i
(a)Ifa=0, I fx)dx = n'[ fx)dx, where ne I
0 0

(b)iftn=1, J:;Tﬂx)dr :J.;f(der :

a1l i
(10) fx)de =(n—m) I flx)dx, wheren, m e 1.
u_m‘_T D
UEJ-'-?IT E}
(11) flx)dx :I flx)dx, where nel,
va+nl a

02k
(12) | (x —[x]Ddx =k, where k an integer, since x —[x] is a
Jo

periodic function with period 1.

a+T
(13) If flx) is a periodic function with period T, then j f(x)

a

is independent of a.
(14) J' fx)dx = (b —a)Ll A -a)x +a)dx .

Summation of series by integration

H—0

H
We know that rf(xjdr = lim hz fla+rh),where nh=>b-a
# r=1
1
Now, put a=0,b=1, -.nh=1 or h==,
n
. S | r
Hence Iﬂx)dr = lltﬂ—Z/{—].
0 Hn—w 1 Fi
Express the given series in the form ¥ 1 j[i] I

n\ h

1
Replace o by x, L by dx and the limit of the sum is L FiEAT:: 4
M 7



Gamma function

I x" e dx, n>0 is called Gamma function and denoted by In.
0

If m and n are non-negative integers, then

) r[iﬂ;l]r[n;rl]
_[J i " xdx =

N sin” x cos” xdx = >
21"[}” +H+ ]
2

where T'(n) is called gamma function which satisfy the following
properties I'(n+1)=nl'(n)=n'lie, T (1)=1, T(1/2)= Jr
In place of gamma function, we can also use the following formula

Tf 2 = =
'[ sin™ x cos” xdx
0

(m —1)(m —3)....(2or D(n—1Dm—3)...(20r1)

(m +n2(m +n—2)...(20rl)
It is important to note that we multlply by (n/2); when both m and n are even.

Reduction formulae for definite integration

b
f 2 ginbide=——
(1) J:e sin bxdx T
0o —_— _ ﬂ
(2) Le cos bxdx =7

1!
re_mx”drz -
0 a +1

Walli's formula

x/2 T /2
-[ sin” xdx = I cos” xdx
0 0
= n—3_n—5 ...... E, when 7 1s odd
- n n—2 n—4 ;
=1 B—-3 #—=) 3 1 = ;
—— e —.—.—, Wwhen niseven
n n—2 n—-4 4 2 2
i f 2 = o
‘[ ™ S (m—-1(m -3)...(n—1(n-3).... ?
0 m+n)(m+n-2)..(2orl)
[1f m, n are both odd positive integers or one odd positive
integer]
. s 5
I Gin™ 1 cos” xdy = M D@ —3)eccc. . (n—1 3)_51
0 (m+m(m+n—2)........ (2orl)

[1f m, n are both positive integers]



Leibnitz’s rule

(1) If f(x) is continuous and u(x), v(x) are differentiable functions in the interval [a, b], then,

on - ey — a
dr ﬂf)a’f o {‘v-(IJ}E{‘r(I)} Slu(x)} = {u(x);} .

(2) If the function and are defined on [a, b] and differentiable at a point and is continuous, then,

ﬂ“ﬂx et = [ s e+ L9 s ) - 2, o
X | Jo0x) #(x)

Some important results of definite integral

T 4
(1) fI,=]| tan"xdx then I, +1I,,= .
Jo n—1
o7 /4 1
(2) ¥ 1= cot” xdx then I, +1, , =
||:| ]. EE H
w74 n—2
(3) fI =] sec”"xdx then I, = (2) 2
Ry n—1 n =
a7 (4 n—2 =
(4) I = cosec "x dx then I, = (\/_) i
%0 n—1 n—1
/2 n—1
(5) I, = | sin xdx, then I = = I, ,
(6) If I = " cos” x dx, then = n—_lfn_z
'U n
aT 2
7 KL = ; x"sinxdx then I, +n(n —1)I_, = n( / 2)"
oT /2
8 ItI1 = x"cosxdx then I +n(n -1, _, =(7/2)



9) If a=b >0, then r'; A SR W
0 a+bcosx At — b2 a—>b

(10)If 0 < @< b then r'l dx

1
0 a+bcosx - \/bl o

‘ b+a—m

og
|\f‘b+a+\f{b—a

1

x /2 u
AD)Ifa>b>0 then‘f @ 2 o fa-b
0 a+bsinx 2 _ B2 a+b

(12) If 0 <a< b ,then

rq dx 1 Jb+a++Jb-a
T log
0 a+bsinx B2 Bt =D
(13)If a=b,a’ =b?* +¢?, then F"‘ dx |
0 a+bcosx+csinx
_ 2 - ad=b+
Ja? —p? - ¢* Ja? —p? ¢

7/2 dx
(14) If @ >b,a* <b* +c?, then I :
0 a+bcosx+csinx

e 1 a—b+c—m'b‘j'+cj—a1

= log
\/524’62—&2 a—b+c+~wb:'+cl—a1
/2
(15)If a<b, a* <b*+¢? then r s _
0 a+bcosx +csinx
-1 Ev—a—c—-w,l"rﬁ:z-l-cl—az
log

\fle—i-cl g EJ—EI—C-F\/EIE-I-CE—(IE

Integration of piecewise continuous functions

Any function f(x) which is discontinuous at finite number of points in an interval [a, b] can be made

continuous in sub-intervals by breaking the intervals into these subintervals. If f(x) is discontinuous at
points X1, X2, X3, «ceeereen Xp in (a, b), then we can define subintervals (a, x1), (X1, X2)
(Xn, b) such that f(x) is continuous in each of these subintervals. Such functions are called piecewise
continuous functions. For integration of piecewise continuous function, we integrate f(x) in these sub-

intervals and finally add all the values.

(Xn-1, Xn),



