Exercise 1.7

Chapter 1 Functions and Limits Exercise 1.7

igiven graph of £
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We have to find a number & such that
If |x-1<d then |f(x)-1]<02
When

|f (x)-1] <0.2

=-02<f(x)-1<0.2
=-02+1<f(x)<0.2+1
=08<f(x) <12

Frotn the graph, we observe that
if 07 «<x«l.1then 08 -::ff:x:l <1.2

This interval [D.T", l.ljis not symmetric about x=1

The distance from x=1 to left end point 1z 1-07=0.3 and
The distance to the right end pointis 1.1-1=01.

So we choose & to be smaller of these numbers, 0.1
Then we can write

If |x=1<01 then [f(x)~1]<02
Here we have chosen &= 0.1but any smaller positive value of & would have also

worlced.



Chapter 1 Functions and Limits Exercise 1.7 2E

Given graph of

We have to find a number & such that

If 0<[x-3<d then
When
|7 (x)-2| <05

=-05<f(x)-2<0.5

|7 (x)-2|<05

=-05+2<f(x)<05+2

=15<7(x) =25

From the graph, we observe that
0.8 < f(x) <12

if 26<x<238 then

This interval (2.6,3.8)13 not symmetric about x=13

The distance from x =13 to left end point is 3-26 =04 and
The distance to the right end point is 3 8-3=0.8.

Sowe choose Jto be smaller of these numbers, 0.4,

Then we can write

If 0<|x=3/<04 then

|7 (x)-2| <05

Here we have chosen & = 0.4 but any smaller positive value of & would have also

worked.
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Consider the graph of y =/ given below:
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Using the above graph of f{x] = ._f;_( to find a number § such that if |x-4l<:5 then
Nx-2/<04.
H'ere__ a= 41 L — 2, and £ 04

Rewrite the inequality ‘«.f;—2|<0.4 as shown below:

Nx-2<04
04<Jx-2<04
—04+2<\x-2+2<0.4+2
1.6<Jx<24
(1.6) <(J;]3 <(24Y
256<x<576
Therefore, if 2,56 < x<5.76 then 1.6< f(x)<2.4.

The interval 2.56 < x < 5.76 is not symmetric about the line y = 4.

Find the distance from y =4 to the left endpoint y =256 of the interval 256 < x<5.76.
§=4-2.56

=1.44
Find the distance from y =4 to the right endpoint x =576 of the interval 2 56 < x <5.76.

d=5.76-4
=1.76

Now choose the value of § to be the smaller of these two delta values 1.44 and 1.76.
Therefore, g,':,

Note: any smaller positive value of § can also be worked here.

If for every number g =(.4>( thereis anumber §=1].44 >0 suchthatif 0<|x-4|<1.44
then ‘J; = 2‘ < (0.4,

That is, by keeping x within 1.44 of 4, the value of f(x) will be kept within 0.4 of 2.

Hence, the value of § will be 1.44 or any smaller positive value of &,
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Consider the function f(x)=x"

Sketch the figure representing the function and the limit and the & values so that § can be
determined.

3_
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X

The objective is to find the value of §



From the graph, to find the limit it is interested in the area near the point [LI}.

Need to determine the values of x for which the curve y = x* lies between the horizontal
lines y=0.5 and y=1.5.

Then find the value of xfrom the value of y.

When y=0.5. then;

y=x
05=x?
+=0.7071

Similarly find the value of xwhen y=1.5;

Pt
1.5=x"
x=1.2247

So, x-coordinate corresponding to intersection of y=0.5 is =(),7] and the x-coordinate
corresponding to intersection of y=1.5is =1.22.

The minimum of these two values is (.71 -
If 0.71<x<1.22then g5<x*<1.5

Therefore, |5=0.71|-
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If x-£ <4 then |tanx—1|¢:[1.2

Find a number &by using graph:
Enter the equations into Y1 in the equation editor [y=],

Flakl Flokz  Floks
=YiBLanCs
~Yz=1
wHr=
=Hy=
“He=
“NE=
wNe=

First set the window as shown in figure.




Mow click on the button to get the graph.
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From the graph observe that tan x=0.8 When y = 0.675.

S0,
%—5, = 0.675
5, =§—U.a?s
=0.1106
Again tanx=1.2 when y = (L.8761-
S0,

Z 18, =0.8761
2o

8, =0.8761 —%
= 0.0906

Now, choose § is smaller of &, and &,.

Thus, the number § =|0.0906
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2x

[t|x-|&:§then
+4

-0.4<0.1

Find a number §by using graph:
Enter the equations into Y1 in the equation editor [y=],

Flokl Flokz Flokz
R = Pl M o N
=M=
=N=z=l
“Hy=
~Me=
~ME=
wMe=

First set the window as shown in figure.

I IHD0
amin=A
A=
nEcl=. 0
“Ymin=H
Ymax=1
Y= l=.1
wres=l




MNow click on the [GRAPH) button to get the graph.

04]
03
L 1-67171+5, =
5
From the graph observe that —=* _ = (0.3 when x x (.67
x+4
So,
1-& =0.67
8 =1-0.67
=0.33
) 2x
Again — =(.5 when y=72.
x +4
So,
1+8,=2
8, =2-1

=1

Now, choose § is smaller of &, and &,.

Thus, the number § =
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Given limit

li [ % —3x+4)=6

L]

Let & be a given positive number.

We want to find a number & such that

If 0<fx-2<8 then |[[x-3x+d)-6|<s
But
Hf—3x+4)—q=|f—3x—2
= ‘x3—2x2+2x2—4x+x—2‘
= ‘xz |:x—2)+2x(x—2)+|:x—2)‘
= ‘[x—E) [x3+2x+1)|
=|(x-2)(x+17|
Then we want that

E o 0<[x=2<5 then |(x—2)[(x+1)|<e

It we can find a positive constant C such that ||:x+1)2| <’ then
(=2 [(x+1| <cf(x-2)

And we can malke C|(x— 2)‘ < £by taking ‘[x—2)| -::g: 4

We can find such a number C if we restrict  to lie in some interval centered at 2.
In fact, since we are interested only in the values of x that are close to 2, it 15 reasonable

to assume that = 15 within a distance of 1 from 2, that 1, ||:x—2)| <1 Thenl<x <3, s0

4 <(x+1)" <16

Thus we have |(x+1)2| <16, and so ' =1615 suitable choice for the constant.



Eut now there are two restrictions on ||:x— 2)| natnely
= £
-2 <1 and -2 e==—
) R ) P
To make sure that both of these inequalities are satisfied,

We take Jto be smaller of the two numbers 1 and %
The notation for this 15 = min {1%}

When £=02

a= min{l,E}
16

= & =min{1,0.0125)

=4d=0.0125
&= 00123 or any smaller positive value.
Verifying

I 0<fr-2<0.0125 then [(x—2)[(x+1)"| <0.0125x16=02=¢

When £=10.1

A= min{l,g}
16

= & = min{1,0.00625)

= 4= 000625
A=000625 or any smaller positive value.
Werifying

If 0<[r-2|<0.00625 then [(x-2)[(x+1)’| <0.00625x16=0.1=¢
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Part 1:
Here e=035

dx+1
So -4.50<05  where |x-2|<4d

3x—4

. . dx+1 .
2o we have to determine the values of % for which the curve f(x) = - lies
e
between the lines ¥ =4 and ¥ = 3 near the point (2, 4.9)
Therefore 4 < it <5
3x—4
dx+1 :
We graph the curves y = - ¥ =4, ¥ =5 near the point (2, 4.5}
.

Then we see that the x — coordinate of the point of intersection of the line y=4

dx+1

and the curve is about 1.2, Similarly y = 3 intersects the line ¥y =5 at

s
x=2.12 (approx).

; f

+ =i

4x+1

So we say that 4 < <5 where 18 <x <212

3x-



This interval (1.9, 2.12) i3 not symmetric about x =2
The distance from left end point 15 2-1.9=10.1

The distance from right end point 15 2. 12-2=0.12
“We can choose & to be the smaller of these numbers

8o [8=01]

dx+1

We write 4 < 4-:5:>|x—2|-:0.1

x—

Part 2:
Here =011

%We have to determine the values of x for the curve f(x) = Arokl lies between

3ix—4

[4.4,4.6] near the point (2, 4.5)
dx+1

Therefore 4.4 < <46

3x—4

4xf}y=44mﬁy=46nmnmpMm(z4m

We graph the curves y=
3x—

Then we zee that the z-coordinates of the point of intersection of the line y=4 4

and curve is about 1.98 and y= el
3x—d

intersects the line y=4.6 at x= 203

Do we say that 4.4 <:x+l <46 where 1.98 < x < 203
=
i
\ =45
3 il
nﬂ 1 z a .X
Fig.2

Thiz interval {1 28, 2.03) 1z not symmetric about x =2
The distance form leftend 15 2-1.98 =0.02

The distance form rnight end 12 2.03-2.0 =003

We can choose § to be the smaller of these numbers

=002 waﬁm44<jx+1

<4.6=[x-2| <0.02

X —
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Consider limtan”x =00
Tk

Recall the definition of Infinite Limits:

Let fbe a function defined on some open interval that contains the number a, except possibly
at a itself. Then [i]}]_f'(.r]:w means that for every positive number jfthere is a positive
number § suchthatif 0<|x—a|<d& then f(x)> M.

a)

Find the values of §that correspond to A =1000:

Mow enter the two equations in the Y=window.
e S S o

Flakl Flatz Flotz
=MiBCtancEI a2
=4 zB188A

=N z=0

wHy=

=Heo=

=ME=

wNe=




Here, we're using the window settings

W T HOOL
AMin=. reo
Amax=2. 305
necl=. 725
Y'min=H
Ymax=1186
Ve l=2HA

ares=]
e S |

Press [GRAPH]to graph the equations

1100

. T
From the graph observe that qn® v = 1000 When x=~1.539 and x =~ 1.602 for x near 5

Thus,
5=1.602-2
2
=0.031

Find the values of sthat correspond to M =10,000:

MNow enter the two equations in the Y=window.

Flokl Flatz Flot:
SSiBctancEa T2
~NzB18068A
~Naz=l

“My=

“Mo=

“NE=

“Me=

Here, we're using the window settings,

W I HDO)
“Min=. reo
“max=2. 395
necl=. 725
Y'min=d
Ymax=11B084
Ve l=2B086
arres=Nl




Press [GRAPH|to graph the eguations

10000

From the graph observe that (an® » = 10000

when x =~ 1.561 and x ~~ 1.581 for x near %

Thus,
5~1.581-Z
2
<
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L ; .\.':
Use the graph of to determine the value of §, for §« y <« 5+ 4. then =100
Jx=5

2

Consider f(x)= .

vx-5
The graph of f isdrawn closeto y =5 below.
Sketch the figure representing the function and the line y =100 on the graph.

“

(3004
180+
160
1404
120+
100

80+
60+
40+ SR
20+

Q
w

4 5 6 7 8 9 10




Find the intersection of the curve f'(x) and line y =100 to estimate the value of x.

Then use the cursor to estimate the x-coordinate of the point of intersection of the line y =100

2

and the curve y = )
x—5

The graph with the point of intersection is as follows.

- o N
200+

1804
160+
1401
1201
100
80+
601
404
204

(5.065.100.292) 1 =100

i
L

i i i L L L L i i i i lx
- 5 6 % 8 9 10

From the figure, the graph of the function f{x} and y =100 intersects close to the point
(5.065,100.292).

This suggests that if § « x < 5,065. the graph of £ is below the line y =100.

But this cannot be sure that taking § = 065 by using graphing.

Evaluate f at this value of y = 5.065-

The value of f(5.065)is

(5.065)°
(5.065)-5
=100.62
Observe f(5.065)>100.

£(5.065)=

It also appears that the graph of fis decreasing between 5 and 5.065.
This implies that f(x) > 100 for 5 < x < 5.065.

Therefore, the value is |5 = 0.065]|-
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Consider a circular metal disk with area | 00em?

a)

What radius produces such a disk:
Recall the area of the circle is 4 = z?
The area of metal disk is 4 = 1000cm?
Thus

o =1000cm’

,  1000em®
gl
i

fmtmcm=
r=,|—
Fig

=17.8412 cm
Therefore, the radius produces such disk is [17.8412 em



b)

Consider an error folerance of +5 em? in the area of disk.

That is
|A-1000|< 5
|71 ~1000] < 5

—S5<art—-1000<5
1000-5< 2" <5+1000
995 < 7" <1005
9_9_5“&321005

T T
995 . [1005
T T
17.7966 < r <17.8858

Thus, the difference of 17,7966 cmand 17.8412 emis 0.0446 and the difference of 17 8858
and 17.8412 ¢mis 0.0445.

50,

if the machinist gets the radius within 0.0445cm of 17.8412, the area will be within 5 ¢m? of
1000.

C)

In terms of the g,§ definition of lim f(x)=L

Xo=hyd

Here x is the radius of the circular metal disk and f{x} is the area of the circular metal disk.

And a is target radius 17.8412 cm . L is target area |gopem?. € is tolerance in the area (5), §
is the tolerance in the radius (0.0445cm).
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Consider the relation between temperature and input power is
T(w)=0.1w" +2.155w+20
Where

The temperature in degree Celsius is T

The power input in watts is w



a)
Consider that the temperature Tis 200°C
It is required to find the power needed to maintain the temperature given.

Flug in 200 for T[w} in (1) to find the power in watts.
T(w)=0.1w" +2.155w+20 From (1)

200 =0.1w" +2.155w+20
0. 1w® +2.155w+ 20—200 = 0 Subtract 200 on each side

01w +2.155w—180=0

This represents a quadratic equation. Solve this quadratic equation using the quadratic
formula.

(2.155)J(2.155) —4-0.1-(~180)

W=

2(0.1)
—(2.155)%4J(2.155) - 72
B 0.2
_ -2.155+8.755
0.2

—2.155+8.755 ~2.155-8.755

Wv=—— o we——rrrr
0.2 0.2 Use calculator

w=33 or w=-534755

Power needed to maintain the temperature cannot be negative.

Therefore, the power needed to maintain the temperature at 200°C is [33 watts]-
b)
Consider the temperature varies +]°C up of 200°C.
So, the temperature varies from 199°C to 201°C (thatis 199 < T <201 ).
Find the value of w for these values of T, so that the range of w is obtained.
Given
T(w)=0.1w" +2.155w+20
To determine the range of input power, use graph.
First enter the function in screen.

Hit the sequence of keys to enter the function T'(w),199,201.

The key strokes are

In y1.
o X T 0,0 L F 2SI X, T 0.0 [+ [2]0]
In y2.

1ol



The function is entered as follows.

Flatl Flotz Flokz
<M1BE. 1k52+2. 155
o+ 28
=MzB199
-4 =B
“My=
=Ne=
“MNE=

Adjust the scaling in [WINDOW |-

o THOD
s“min=-Sd
SMax=n0H
necl=18
Ymin=-2E4
Yrax=205
Ve l=1HH
ares=1

Hit the graph button to view.

e

Click + TRACE|and then select 5: intersect to find the point of intersection of

y1and y2.

L4
zz.BE=B1E IY=189

Do the same with Y2=201.

The function is entered as follows.

Flotl Flokz Flok:

=NMeBE. 1k<42+2. 155
M

=Mz

HILIJ3EEEII

=My=

=Ne=

“ME=

Adjust the scaling in [WINDOW|.
W THOIC

Y ip=-2E848
Ymax=2A5
Ve l=181A
ares=1

Hit the graph button to view.

Nz




Click [2nd|+|TRACE]and then select 5: intersect to find the point of intersection of

y1and ya2.

L

Inkerseckion
m=ir liexa: Iv=enl

Therefore, the points of intersection are {32.89,I99} and {33.] I,EUU} y

Hence, conclude that the temperature will be between 199°C and 201°2C if the wattage is
between approximately 32.69 watts and 33.11 watts. As an interval, the range of wattage is

[32.89 < w<33.11]-

C)

Recall that, the limit of f(x) as x approaches ais L is

Ixi?":f{x] =T
or
if for every number g = () there is a corresponding number § = () such that

if 0<|x-al<& then |f(x)-L|<e
Basically, this definition says that as a values for x is chosen extremely close to a, then the
corresponding f{x] values that are extremely close to L.

The input to the function needed for this problem is power input in watts. So,

x is the power input|.

The function evaluated is T(w] =0.1w" +2.155w+ 20 where T is temperature in degrees

Celsius. Hence, |f(x) is the temperature|.

The target input power from part (a) is 33 watts - Hence. [q =33 watts|-
The target temperature is 200°C. Hence, |1 = 200°C)

The error tolerance for the temperature is |°C. Hence, _

Finally, the error tolerance for the power input is §.

Find § by examining the interval 32.89 < w< 33,11 and comparing distances from each
endpoint to the target power input 33 watis.

The distance from 32.89 to 33 is:

33-32.89=0.11
And the distance from 33.11 to 33 is:

33.11-33=0.11

Both distances are 0.11. Hence, [§=0.11 watts|-
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(a)
Consider,

[4x—8l<e

|4x—8|<0.1 since £=0.1
Now simplify

[4x—8|<0.1

4[x-2/<0.1

x-2| <%=0,025
Recollect the definition
If for every number g = (there is a number § = (such that
If 0<|x—al<& Then |f(x)-L|<e&
So.

lx-2|<&
Comparing the above two expression,
[5=0.025].
(D)
Consider,

[4x-8|<¢

|4x-8|<0.01 since &=0.01
Now simplify

[4x - 8| <0.01

4|x-2|<0.01

0.01

|x=2|< ——=0.0025
4

Recollect the definition

If for every number g = (there is a number § = psuch that
If 0<|x-a|<& Then |f(x)-L|<e
Then, according to definition
|x-2| <&
Comparing the above two expression,

[5=0.0023]
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Consider the limit lim(5x—7)=3

Recall the definition limit of f{x} as x approaches a as L:

lim =1

.rl--fr'f{-r]

If for every number g = (J there is a number § = psuchthatif Q< |x—a| <& then

[f(x)-L|<e



Find the value of Fthat correspondsto g=0.1:

It 0<|x-2|<& then |(5x-7)-3|<¢

But |(5x—7)-3|=[5x~10]

=|5(x-2)|

=5[x-2|

Therefore, we want §such that

if 0<|x-2|<& then 5|x-2|<0.1 Substitute &=0.]

|x—2i{% Divide each side by 5

Thatis, It 0<|x-2|<& then |x-2[<0.02

Therefore. the number 5 =[0.02]

Find the value of &that corresponds to g = (.05

If 0<|x-2|<& then |(5x-7)-3|<¢

But |[(5x-7)-3|=|5x~10)

=[s(x-2)

=5[x-2|

Therefore, we want §such that

if 0<|x-2|<& then 5|x-2|<0.05 Substitute ;= (.05

|x—2|{¥ Divide each side by 5

Thatis. if 0<|r-2|<& then |x-2|<0.01

Therefore, the number 5 =[0.01]

Find the value of &that corresponds to g =(.01:

If 0<|x-2|<& then |(5x-7)-3|<e

But |(5x-7)-3|=|5x~10]

=[s(x-2)

=5|x-2|

Therefore, we want §such that

if 0<|x-2|<d then 5|x-2|<0.01 Substitute £ = (.01

|x_2[<% Divide each side by 5

Thatis. if 0< |x- 21 <4 then |:r -2| <0.002

Therefore, the number & =[0.002
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Recall the definition of limit,

Ivir::f(x} =L

If for every number g={ thereisanumber F=( suchthatii g—§f<x<g+d then
|_f[.r)—.{.]-r: £.

Use this definition to prove that I\im(l £ ; _r] =2
Guessing a value of 4:

Let £ be a given positive number.

Here, a=3,L=2

So, it is required to find a number §such that
If 0<|x-3|<d then |{I+;.r)—2|<.s'

Now,

‘{]+;I)—2|{£

[';'I_I|{£
Jr=3l<e

|x-3| <3¢
This suggests choosing § =3¢ -

Showing that this & works:

For given g (). choose §=13¢.

If 0<|x-3|<&. then

(1+5)-2] =[5

=33

<16

-1(3¢)

=£
Thus

it 0<fx-3<é then |(14+}x)-2|<e
Therefore, by definition of limit,

lim(1+}x)=2

The graphical illustration of the limit Ii:q(] + .',‘x):z is as follows.
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Recall the definition of limit,
imf(x)=L
lim £ (x)

If for every number g = () there is a number S~ suchthatif g_ < x<g+§ then
|7 (x)-L]|<e-
Use this definition to prove that _lm(z_r -5)=3
Guessing a value of &:
Let & be a given positive number.
Here, a=4,L=3
So, it is required to find a number §such that
If 0<|x-4]<d then |(2x-5)-3|<e¢
Now,
|{2.\:—5}—3|<: £

|2x-8| <&

[2||x—4|<&

2x-4|<¢
-4

This suggests choosing & =§_

Showing that this & works:

For given g (), choose § =%
2

IF0<|x-4|<&. then
(2x-5)-3|=|2x~5-3

=[2x-8§|

=2|x—4|

=50

=g

Thus

i 0<|r—4|<& then |(2x-5)-3|<e
Therefore, by definition of limit,

lim(2x-5)=3

x=+d



The graphical illustration of the limit Iin}(lr— 5)=3 is as follows.

B4 o —— i ——— i ———— - ——— -
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Consider the limit 1in13(1-4_x]=|3

F
Prove the statement using the g,& definition of a limit:
Recall the definition of limit.

Let  be a function defined on some open interval that contains the number a, except possibly
at a itself. Then we say that the limit of f'(x)as x approaches ais L, and we write

lim f(x)=L

If, for every number g (), there is a number § = (). such that if

0<|x—al<5 then If{_r]—.-i.l{g
Given g=(.weneed §=(.suchthat U{lx—(-3]|<§.then ‘{l —41}—13|<z
But

(1-4x)-13| <&

|-4x-12|<&

‘{—4)(_¥+3]|{4: Factor —4

|-4||x+3|<&

4|x-(—-3}‘< £

|.‘t —[—3}‘ q’—i— Divide each side by 4
Now, choose 3:% . then Uqlx—(-3]| < & implies ‘{I -41—}—13'{‘,_.

Therefore, lim (1-4x)=13 by the definition of limit



Sketch the graph of y =1-4x as follows:

y=1-4x \
\

\

4
15

14

13

12

1"

10

13+¢
13-¢&

5 -4 LI -2 1
i L/g -3+6
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To prove
lim (3x+5) =-1

¥——d
Let £ be a given positive number.
We want to find a number & such that

If O<[x+2[<d then |(3x+5)+1|<e
But
|(3x+5)+1 = 3x+6
=3|x+2|
Then we want & such that
if U-=:|x+2|<:5 then 3|x+2|~::£‘

that is, £ 0<|r+2/<d  then p+a<§

This suggests that we should choose 4= %

iwven E}Ochooseﬁ:%. Ifo ~::|x+2| <d, then

(3x+5)+1=[3x+6

=3z +2|

=35

()

3

=£

Thus
if  0<|x+2|<d  then |(3x+5)+1|<e

Therefore, by definition of limit,
lir£12 [3x+5) =-1

A i



Graphical illustration

-1

Chapter 1 Functions and Limits Exercise 1.7

To prove

. [2+4x]
lim
x=1 3

Let £ be a given positive number.
We want to find a number & such that

2

If O<f-1<& then 2+4x—2‘~:
Eut
2+4x_2‘_ 2+4x—6‘
3 [ 3

_4x—4‘

| B

.

3

Then we want & such that

if 0<[x-1<d then %|x—l|~:i€

that is, if 0<[x-1<d then

This suggests that we should choose = %

Then we want & such that

if O<lx—1<d then %|x—1|-=:€

that is, if O<lxg—1<d then

This suggests that we should choosed = %

-1 <22
4

=1 <22
4

1+ £



Given &0 choose 5=%. o <:|x—1| <&, then

2+4x_2‘_ 2+4x—6|
3 N
_4x—4‘
T3
=21
3
3
Thus

£ 0<lp-1<d then |22

—2‘<€

Therefore, by definition of limit,

544
lim[ x]:z
=1 3
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To prowe
4
litn [3— —x] =3
x=10 a
Let £ ke a given positive number. We want to find a number 4 such that

If 0<[x-10[<d then ‘[3—%x]+5~:€

But
‘[B—ix]+5 =‘8—4_"
3 ]
_[40-4x
]
- 20—z
3
= 21x-19]
3

Then we want d such that

if  0<[x-10|<d then %|x—10|~:€
; ; S5e
that s, if 0<[x-10/«d then |x-10<—
4

; sg

This suggests that we should choose 5= &

Given £=0choose d= % o« |x—10| <d, then

[B—ix]+5
5

:‘8—4—X
5

_ ‘40—4:{

Thus

if 0<[x-10/<d then ‘(3—%x]+5~:€

Therefore, by definition of lumat,

lim [3— ix] =y
¥=10 a
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Consider the limit,

o Bax=6
lim——— =

=2 r=72

i

Use g—& definition to prove the statement |imLx_6 e
= y=2

5.
According to the definition of a limit,

lim f(x)=L meansthatfor every >0, there exists a § (. such that for every x. the
X—rC

expression ﬂﬁ|x—a|<5 implies {]c:lf{x}-L|<:£.

From the given statement lim[Lx;ﬁ] =5, let
-

2 -
f(x]=%x26, L=5 anda=2.

So, consider the absolute value inequality : < g, to get the expression |:r -2|

[12+x-6]_5
x=2

on the left hand side:

|£(x)-L|<e
{.rz +.x—6]_5
x=2

[x+3nx-2}_5
x=2

< &

< E

|x +3—5| < £
|_¥- 2| <E
Choose § = g. then the first inequality becomes:
0<|x-2|<e

O<x+3-5<e

0< M-j < £
x—2
2
0 x +x—ﬁ_5
{—_t'—z < £

Ll
Lh

2 e
Therefore, by the definition of a limit, it can be shown that m;['rirzﬁ
X X—
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Take a function 7 defined on the open interval which includes the number a, except possibly at
the point a.

lim f(x)=L

X=ngp

The limit is defined such that for a number g~ (. there is a number § = gwhich satisfies:

if0<|x—a|<d, then |f(x)-L|<e



Consider the limit to be evaluated:

. X +x-6
i —— ==

12 X - 2

5

Evaluate the expression shown below:

P4 x - x43)(x-2
I:zﬁ—j‘:( .r]—{E s
=|(x+3)-35|
=|x—2]
<&

So, the expression obtained is |x-2l{£.

The above inequality obtained is of the form |x-a| <d.

|x—d|<&
=|[x-2|<e¢
:>|f{x}-£|-=:£

Hence, the statement is proved.
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Consider the following limit:

lim,, x=a

Guess a value for §as follows:
Let & be a given positive number.
Compute a number §as follows:
If 0<x—a<g then |x—adl<e

This suggests that we should choose §=¢.
Show that this § works as follows:

Given g= (), assume that §=¢.

If 0<x-a<gthen |x—gl<d=¢
Therefore, by the definition of a limi,

lim,_, x=a
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Lete=0 and & =0tbe any positive numbers

If|x—c;t| < d then we have |c—c| <&

Hence |c—c|:0 < £ whenever |x—a| <4

This 1z true for any value of & .
=0 by the definition of lirmits we have

lime=c
¥—=a
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Consider the limit.

lim, ,,x*=0

Guess a value for 5 as follows,
Assume that & be a given positive number. Compute a number §such that
If 0<x<& then ‘_\': —0| <

Orif Qex<gthen 42 g0
Take square root of the inequality y? » 2.

If 0<x<dthen y<ife
Thus, choose §=./¢
Show that this § works as follows:
Given g (). assume that § = \f; If 0<x<é.then

<&

¥ {(\E]:
_‘(2 < £
or, ‘_\-3 -—0| <E

Therefore, by definition of a limit,
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Let £ 0 by any number. Choose d = -%}’E
If [z~ 0|= |3| < & then |~ 0|= || < &°

=
Hence |f —O| < £ when ever |x—0| <8

By definition of limit, we have lirr% =0
K=
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Guessing the value of & -here L=0,a=10
5o by the definition of limit

|x|-0| <€ =0<x-0]<3
= ||| <€ =0 <|z| <5
=|x<e =0<x|<d
So we would choose § =€

(23 Proof (Showing that § works)
We have |x| <4

So ||x||c:|5|

EBut we know that § > 0 therefore |5| =4
S0 we have ||x|| <d

=>||x|—0| <

By the definition of limit we can write
lim |x|=0



Chapter 1 Functions and Limits Exercise 1.7 28E

Consider the limit,

lim 6 +x=0

Aply”

Use g-g§ definition to prove the statement lim ¥6+x=0_

x=p="

According to the definition of a right-hand limit,

lim F(x)=L means that forevery £ 0, there existsa § (., such that for every . the
X—»a
EXPression g< y < g+ 4 implies |_f(x}-— L| <E.
From the given statement Iirﬂ_ Y6+x=0_let

f(x)=¥6+x, L=0, and a=-6.

So, consider the absolute value inequality -
—b<x<—H+05°

|f{x]—L| <

ffﬁ—q <&

e D

Vo+x<e

6+x<g

Y6+ x —0|< £ . to get the inequality

x<e*-6
Let §=g"-6.If Q< x<§ then,
x<a
x<£’ -6

6+x<sg’

Yo+rx<e
Yo+ x —-ﬂl <&
|_,i"[x}f L‘ <E
Therefore, by the definition of a right-hand limit, it can be shown that

lim ¥6+x =0/

="
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Cueszing the value of 5 ; -

Here L=1 a=2
By the definition of limit

(5 —dx+5)-1<e  whenever |r-2|<5

=[xt —dxtd| e whenever |x-2<J

=>||:x—2)2| <€ whenever |x— 2| <d
Taking square root of both side

(x-2)|<[e| whenever |x-2| <5
We would choose 8= ‘«JE|



Froof (showing thati worls): -

If x-2|<d=2-F<x<2+8

=-dax-2<4
By squaring both sides

(x-2)’| < &

= ‘xz —4x+4| < UJEDE
:¢h2—4x+5—q<e
:;[x2—4x+5)—q<e

Then by the definition of limit
lim (2~ 4x+5)=1
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Using the g, definition of a limit, prove the statement

lim(x* +2x-7)=1
xl_!;i;(t’ x ]
Recall the definition of limit using the g,4 that,

‘Let f be function defined on some open interval that contains the number a, except possibly
at a itself. Then we say that the limit of f(x] as x approaches ais [,

and we write

!{iq’:f{.r} =T

if for every number g = () there is a number § » (such that
if U<|x—a| <& then |.f[x)'£'l< g"

1. Guessing a value for §
Let £ be a given positive number.

It is need to find a number § ~ (such that
it 0<[x-2|<8 then |(x*+2x-7)-1|<s

To connect |{x3 +25= ?)— 1

with |:r -2|: write
Kx3+2x-?)-q=p3+2x-s

=|(x +4}(x—2]|
Then it is need to be that

T 0<|x—2|<& then |x+4|lx-2|<e
MNotice that, If we can find a positive constant ¢ such that |_r +4|-:: C.then

|x+4||x-2|<Clx-2|
And make C|x-2|< &by taking |_;_2|¢;%=5

Find such a number (if restrict xto lie in some interval centered at 2.

In fact, since we are interested only in values of xthat are close to 2, it is reasonable fo
assume that xis within a distance of 1 from 2, that is,

lx—2|<1
“l<x-2<1 since |x|<a means —a<x<a
2=l<x<2+1

l=x<3

50, 5<x+4<7

Thus, |x +4]< 7.and s0 (" =7is suitable choice for the constant.



But now there are two restrictions on |x—2|_. namely

[x-2|<1 and |x_3i{£=ﬁ
B

To make sure that both of these inequalities are satisfied. we take §to be smaller of the two

numbers 1 and g The notation for this is 5=min{1,§}

2. Showing that this 5 works.
: ; &
Given g (), let 5= mm{l,?}

ifﬂ{lx—E]{é,then

[x—2| <1
~l<x-2<1  since|x|<a means —a<x<a
2—-1xx<2+]

l&xe3

S0, 5<x+4<7

Thus, |:r +41 <7

Also, we have |_:;—2|e.:%, 50

[(x +2x=7) 1| =|(x +4)(x-2)

{?E
o
=£
This shows that

lim f+zx-?]=1

x=el
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Consider the following statement.

lim [x’ -1]:3_

x—p=1
Recollect the definition of the limit of the function as follows,

Let f be a function defined on some open interval that contains the number a, except possibly
at aitself. Then say that the limit of f'(x) as x approaches ais L, and write

lim f(x)=L

Xebap

If for every number g ( there is a number § > ( such that if

O<|r-d|<d=|f(x)-L|<e.



To prove the statement using the g, & definition of limit:
Guessing a value for §:

Let g~ ( be given.
Find a number § =, such that if u{|x+2| < dthen |(.r1 —l)—3‘ < g
To connect ‘{x’ —])—3|with |x+2| we write
(x*-1)-3|=|x*-1-3]

“|¢*-4

-]

=l(x+2)[,r—2}] a’ b =(a-b)(a+b).
=h+ﬂh—ﬂ.

Then we want if 0<|x+2|<dthen |{.r3 —])—3‘ <&.50

1(::2—1)—3|c:£

|x+2||lx-2|<e
|x+2|<:ﬁ

i

Showing that this §works:

Given g (. let 5=ﬁ.

If 0<|x+2|<&. then |x+2| <& So
|x+2|<é

h+ﬂh—ﬂﬁh—ﬂ5

£
3

:"r—zi.

=&

This shows that | lim (f - I) =13|.

x—-1
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Consider the following limit:

limx’ =8

x=rl

The objective is to prove the statement by using the definition of g,§ limit.

The definition of g, & limit, the function £ be defined on some open interval that contains the
number a, except possibly at a itself. Then we say that the limit of f(x} as x approaches

ais [,

Write the form is, lim f(x)=L
H=haf

far every number g = () then there is a number & = gsuch that {]{lx—a|<:5 then

|f[x}—L!{£



Step1: Guessing the value of §.

Let. f{x)=2"

Let > ( and to find a number § > Qsuchthat 0<|x-2|<d then

[ =8| <& (lim £ (x)=1)

Now write ‘x’ —Eii:l(x—z)[:c2 +2x+4]| (a'3 -5 ={a—b][a2 +ab+bz})

If 0<|r-2|<& then |{x—2]“(x=+2.r+4)‘<s

Here, observing that if can find a positive constant ¢ such that |{.>:2 +2x+4)| <C
Then ||[,m:—2}(x2 +2x+4]‘ <Clx-2|

Nowitis Clx-2|<e [Since|x—2|e:%=5]

Now find a number ( if restrict xlie in some interval centered at 2.

Since the value of xapproaches to 2 and it is reasonable to assume that is within a distance of
1 from 2.

So, itis |x-2|<l
|x-2}<1
—l<x=-2<1 since |x| < @ means —a<x<a

2=laex<2+1

l<x=<3

Then x*+2x+4<3 +2(3)+4

=19
X 4+2x+4<19

Since. 42 4+2x+4< (. then =19 is a suitable choice for the constant.

Now |x-2|<1land |x—2l<£=i
C 19

And so, {]-:|x—2|-::6then by choosing the smaller of two numbers 1 and %

By notation & = min {l,i}
19

Step 2: showing the work of §.
Given g>(andlet & =min {I,%}
If 0<|x-2|<sthen |x2 +2x+ 4{-:19
Now, |.&c—2[~=:i

19
|.acj —Si < |.1r—2”:f2 +2x+4|

£ 4
19

<£

Therefore, by the definition of &, limit is, Iirrg_lrj1 =8
K=
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To prove that lim =9
¥—=3

Guessing a value of § - Let €= 0 be given. "We have to find a number & = 0 such
that

|x* -9 <e  when ever 0 <[xr~3 <4
We have |(x*=9)|=|(x+3)(x=3)|
Then |x+3]|x—3 <€ when ever 0 <|x—3|<d
Let |x+3| < C where C is any positive constant
Then |x+3| |x—3|<C |z -3
And we can make C|x—3| <& by taking |[x-3| -::%: 5
Assume that x is within a distance 2 from 3 thatis |x—3|< 2

Then lex<5
=4 <x+3 <8

“We have |x+3| <8 and so C =28 15 a suttable choice

Eut there are two restrictions on |x— 3| namely,

x-3|<2 and [x-F <= =5
C 8

S0 d =rmin {25}
8

2
showing that this § works: - Given €0

let § =min {ZE}
B
If0<fx-3<d

Then |x—3| cZ2=l<x<h =>|x+3‘ <8 we have also |x—3| -:g
So [x? - 9|=|x+3||x-3| {8%:5

This shows that 1i11113.7r2 =9, and A :min{Z,g} works.
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Consider the limit limx~ =9

Show that the largest possible choice of §is § =0+ ¢ -3
Given g > (), we need §>Qsuchthatif 0<|x-3|<J, then |x*-9|<s
|.r: —9|{ £
—-£<x'=-9<¢
Qep<x’ <9+¢
Vo—c<x<\o+e
Jo-g-3<x-3<9+5-3

Therefore, the largest possible choice of §=,/9+¢ -3



To find the large possible choice of § , use TI-83Plus calculator

Enter the equations into Y1 in the equation editor [y=],

Flatl Flakz Flat:
~YiERE

~Yez=N

wHe=

“hy=

wHe=

“ME=

“Me=

First set the window as shown in figure.

W IO
amln=H
AMax=o
Ascl=1
Ymin=H
Ymax=1A
Y l=1
mres=1

MNow click on the |[GRAPH| button to get the graph.

A -3l3+‘§'2—5

From the graph observe that 2 —g_ g when y=./0_¢.

S0,
3-8 =V9-¢
6, =3-v9-¢
Again x* =94z when y=.04¢.
S50,
3+5,=9+¢
8,=9+£-3

Now, choose § is larger of &, and &,

Thus, the number 5 =|./9+ ¢ —3|by graphically
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Consider the limit Iin?(.r’ +x+ I} =3
Xeb

a)
Find a value of & that corresponds to g = (). 4 by using graph:
Enter the equations into Y1, ¥2, and Y3 in the equation editor ‘

Flati Flokz Flots
i 1] = AR e |
=HMeBEZ. 6
~NMa:E3. 4
wHy=
=He=
=NME=
=Me=

First set the window as shown in figure,

I T HOIh
amin=-1
mman=2
Ascl=.5
Ymim=-1
“masx=d
Yecl=.5
sres=1

T ———_ o — W

Now click on the [GRAPH| button to get the graph.

4
3.4
26

f 2
B |

-1

From the graph observe that the points of intersection in graph are [;,,2,5) and {1'13,4} with
x, =0.891 and x, =1.093,
Now choose §to be the smaller of 1—x, and x, —1.
So,
F=x,-1
=1.093-1
=0.093
Therefore, the number § =(0.093

b)
Consider the cubic equation 3 4 y41=34¢
Find the largest possible value of §that works for any given g > ():

Thus, the equation gives us two complex roots and one real root.

2

(216+|035+12J336+324g+3131)-‘—12
That one real rootis x(&)= — .. (1)

6(zm+|osg+|zJ336+3z4g+3152]-‘

Thus, §= m



c)
Put £=04 in (1) itgives x(£)=1.093
And the value
d=x(&)-1

=1.093-1

=10.093

This is the same answer in part (a).
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To prove lim l = l
=1 -
1 Guessing a, value of 4: Let € 0 be given We have to find a number 4 = 0such
that
1
———|—& when ever 0 -::|x—2| <d
x
We write [—— l = Esig
x 2 2x
-2
[
[=-2
Then we have |2 | < whenever 0 ~::|x—2| <d
x
If we can find a positive constant C such that m <
x
1
Then |x-2| — «<C|x-2|
[2]
=Clx-2| <

=|x-2[<==4
C

Azsume that |x—2| <1then 1<x =<3

=2 <2x<h
1 1
==
2 |2x

1
- —
&

L-::— 80 C=l
|2x| 2 2

Thiz means
But |x—2 <1 and |x— 2| <g =2¢ then & =min{1,2¢)
2 Showing that this J works: - Given €0 if0 <|x-2|<d

Then |x—2|<1::>1 -&::‘:r-&::3:>‘2L -::% and also |x—2|<:2€
x

1 1‘ |x=2| 1
o |l———|= < —.Z2E=E
P |2x| 2

This shows that lin% l = %

K= x
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1
Guessing a value for 7 - Let €» 0 we have to find 4 >0
Such that
|\E—NI'E| e whenaver [ ~:|x—cx| <4
We use
R Bl

Jx++fa



2o

[x—al
Jr+la

Ifwe find a positive constant © such that

<E whenaver () -::|x—cx| <d

1
Jr+la

Then
|x—al

Jr+ala

= |x—a| <E

-::C'.|x—a|

:>|x—a|-::i=5
g

If'we assume a positive number k suchthatlk < a, k = 0 and then
|x—a| <k
=a-k<x<ati

=a—k qﬁqqa+k

Then
1 i 1
Jr4+da a—k+a
Then
C’=; Wherek <aandk =0

@ —k +afz
But  |x—a| <k and |x—a|{%=(m+\.’g)e
Then & =min|k (Va—k+a)}e
e e e 5=mm[;c,(ﬂ+ JE)] e

If  O<lx—a|<d
Then
|x—cz| <k =a-L<x<a+tk
1 1

= o
Jr+aa Ja—k+a
And also |x—a|-:(«.,"a—ﬁ:+-\,-'g)e

Then
|x-al E 1 _(;ﬂ_khﬁ)ge Where 0 <k < a
Jr+da Ja—k+da

This shows

lim-u"_=\1fc; TWhena=10

—=a
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The Heaviside function H iz defined by
0 ift <0

H[z):{ sa( 1)

1 ¢20

suppose that the limit H[zj as : — 0 exist and is L, then for any positive

number £ 0, there is a positive number 4 such that
‘H[z)—.ﬂ| <€ whenever [ -:|z—0| <

1 .
Mow suppose €= = Three cases arise



Lett<Othen H(2)=0

S0 we have

|H|:I:I—L|<% Whenever 0~:|f,—0|~i5
:>|0—L|~:i% whenevar 0-:|£|~:15

:>|—L| f:% whenever [ -:|z| <d

1
=L <o (2
. (2)

Lett =0, then A(z)=1

Zo we have

|H[z)—£|-:% Whenever 0<f-0/<d
:‘~|1—L|~i% Whenever UﬁMﬁé
=1-L -\i% Whenever 0 <|z| <4

=-1 - Whenever 0 <|z| <4

i
2

:>L>% Whenaver 0-:|z|-:.§

Lett=0,then A () =1
lrinulﬂlii) Willbe found when ¢ — 0 from the left and fom the right 12, we will

find lim 4 (¢) = lim 4 (¢)

Now
:ll,%l o (z) =0 given
,ll,%lJrH 1:3) =] given
Hence

A H )= i A ()

Hence from all the three caszes it 15 concluded that the limit I dees not exist 1.6

lim A (z) dossnot exist
=0
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0 i x is rational

Given f(x) ={1

Suppose that lim f(x:l exist and equal to L
x=0

if x is irrational

That 1z 1:_?% j[x) =

Then by the definition of limit, for any €0 these is a number & =0 such that
|j (x)—L| <€ whenever [ ¢|x— 0| <4

Let e= l
2

Then we have |f (x)—.:f.| -c:% whenaver (1 <:|x—0| <4
Mow we have two cases

0

WWhen x is a rational number then § [x)

Zo we hawe

|f[:x:l—£.| f:% whenaver (1 ~::|x—0| <d

N
z2

= |-z <L
2

=7 <% EEE ) [|x|==xtf x <0]



WWhen x is an irrational number then j(x) =i

So we have

|f[x)—.[.| -\i% whenever () ¢|x—0| <4

:p—qﬂ%

shpac s

Thete iz a contradiction in (1) and (2} z0

lim f I:x) = does not exist
x>0
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By the definition of left hand limit

im f(x)=1L (A

=

If for every number £ 0 there 1z a number & =0 such that
|7 (x)= L| <€ whenever a-8 <x<a = (T

And by the defimtion of right hand limit

1im+f [x:] =I L (B:l
If for every number €= 0 there is a number 4 = 0 such that
|f[x:|—,[.|-::e when ever @ <x<a+d —

Ev adding the mequalities (13 and (2}
2|f|:x)—.£|<:2e when ever a—d<x<aand a <x <a+d

So |f[x)—£.|~:e when ever a—d <x<at+d

Thiz means |j [x)—ﬁ.| <€ whenever O<|x—ga|<d

Then by the definition of the limit
We have lim f[x:l =% -— (Y
From {4y, (B) and {C) we can have
If 1im_f|ix)=£=lim+f(x), then limj'(szi.
K—=a ¥—=a F=a
Cir we can say lim f(x) =L ifand only if lim F (x)l = lim 7 (x:l =
F=a K= ¥—=a

Chapter 1 Functions and Limits Exercise 1.7

We have lim. ! =00

=3 2 43)

2o by the definition of infinite limit, for every positive number M, there iz a
positive number J such that

|: 13)4 = M whenaver 0~::|x+3|~::5 [0 -:|x—|:—3)|~:15:|
r+

Guessing the value of & for W= 10,000
Here 1L =10,000 (Given)

So we hawve . 7 = 10,000 whenever 0 -:|x+3| <4
[x+3)

:>|:x+ 3:]4 < whenever () ~:i|x+3| <8

10,000

1
10,000

:‘~|x+3| -\i% whenever () ¢|x+3| <4

:>|x+3|~:: whenever [ ~::|x+3|~::5

;‘>|x+3| < 0.1 whenever 0 <|x+ 3| <8
We shouldtake =01
Zo we have to take = within



Chapter 1 Functions and Limits Exercise 1.7
1

To prowe lim =00
5 (x43)

Azsuming the value of & - by definition for every positive number M, there 15 a
positive number 4

Such that
1

(x+3

=4 when ever 0 -=:|x+3| <4

=}>|::Jr:—i-3)4 -::ﬁ when ever 0 -::|x+3| < d

:‘>|x+3|-:: when ever U-::|x+3|-::5

1
g
1

We should takee = —

i
chowing, this § works:-

1
IFAM=0letd=— of D<|x+3<a

o <k

Then =|x+3|< d=(x+3)" <&

=(x+3)" < 5*

= 1 e i.‘: A
(z+3) &
Thus e A Whenever 0 < |x+ 3| <4
[x+3)
Therefore by the definition
litn =0
% (x43)

Chapter 1 Functions and Limits Exercise 1.7

To prove lim > = —00
mtch (]

Guessing the value of & : - By the definition for every negative number M there iz
a positive number § Such that

5 . when ever [—1)—5 <X -iI:—lj
S
(x+1) = —d<x+l<0|x+]> 8

iﬁ <N Whenewver |x+1| =4
x+

when ever 0= |x+1| =4

EJ::-|x+1|:=-5

:\»|;:+1|:53Ji 0> |x+1>4
N
||5
Sowe should take 3(—=4
N



5
2 Showing, this § worles: - of W <0 let =3 —

N
5
Then |x+1| > 3—
N

3 B
=(x+1) >§
1 N
(x+1)] 5
9
[x+1)

=

s <M when, —1-d<x<-1

Thiz show lim 2

& 5 = -0
= (41

Chapter 1 Functions and Limits Exercise 1.7

(A
By thiz limit law, we know that if lg_r}r}zfl:x) =ik lg_ﬂglzx) =M
Then lim [ f (x)+g(x)|=lim f (x)+lim g (x)= L+

Suppose limf[x) =0 and lim g(x) =, Cis areal number

Then lxi_r}ré[f[x)+g[x):|=lg_r)rlf[x)lg_r}ig[x)
=0+
=Ch

lim[j' [x)+ g [x):| = 00‘ Proved

E—=a

a0

(B
Here lim f(x) = and limg(x)=Cis O =0
By limit law we have

lim[ /(x)g(x)]=lim 7 (x) limg ()

=GD,C

=0

lim[f (x) glixﬂ = GD| proved

S0

F=a

(Cy limf[x:lzoo andlimg[x)zc where T <0
Here C is a negative constant let C =-K
Then lim g(x) =-K
Mow by limit law we have

lim[ 7 (). (x)]=lim f (x) lim g (x)
 eox(-k)
By simple arithmetic we know (x) (—y) =—xy

So here lim[f (x).g(x)] =—to| proved




