Photometry and Geometrical Optics (Part - 1)

Q.1. Making use of the spectral response curve for an eye (see Fig. 5.1), find:

(a) the energy flux corresponding to the luminous flux of 1.0 Im at the wavelengths
0.51 and 0.64 pm;

(b) the luminous flux corresponding to the wavelength interval from 0.58 to 0.63
tim if the respective energy flux, equal to @« = 4.5 mW, is uniformly distributed
over all wavelengths of the interval.

The function V () is assumed to be linear in the given spectral interval.

Ans. (a) The relative spectral response V(L) shown in Fig. (5.11) of the book is so
defined that A/V (A) is the energy flux of light of wave length A, needed to produce a
unit luminous flux at that wavelength. (A is the conversion factor defined in the book.)
At A =051 um, we read from the figure

V(L) = 050 z0

16

= —— = 32mW
energy flux corresponding to a luminous flux of 1 lumen 030
At

h o= 064 pm, we read
V(k) = 017

16
. : = 7 = 94mW
And energy flux corresponding to a luminous flux of 1 lumen 17

L o
Here d @, (3) = ’vz ‘ih. dh, hshsk
=M

Since energy is distributed uniformly. Then
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Since V ()) is assumed to vary linearly in the interval Mshsh,

we have
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Thus P = ﬁW(MHV{MH
Using V(058 pm) = 085
V(063 pm) = 025
.ﬁﬂ
Thus ¢-2x1‘ﬁx11-155]umcn,

Q.2. A point isotropic source emits a luminous flux ® = 19 Im with wavelength A =
0.59 pm. Find the peak strength values of electric and magnetic fields in the
luminous flux at a distance r = 1.0 m from the source. Make use of the curve
illustrated in Fig. 5.1.

Ans.
P A
We have @, = m
1 E
But P, =3 - Elmx‘inrz or E?’_=L Ho
o 2RV R
area
mean energy
flux wector
For ho=059pm V(L) = 074 Thus
E, = 114 V/m
Ep
Hy = Vo By = 302m A/m
Also "

Q.3. Find the mean illuminance of the irradiated part of an opaque sphere
receiving

(a) a parallel luminous flux resulting in illuminance Eo at the point of normal
incidence;

(b) light from a point isotropic source located at a distance | = = 100 cm from the

centre of the sphere; the radius of the sphere is R = 60 cm and the luminous
intensity is | = 36 cd.

Ans. (a) Mean illuminance
Total luminous flux incident
Total area illuminated

Now, to calculate the total luminous flux incident on the sphere, we note that the

illuminance at the point of normal incidence is E o . Thus the incident flux is E, xR
Thus



aR-E,

. . —
Mean illuminance 2=R

1
<F>» = EEU“

(b) The spherc subtends a solid angle

Zr(l-cosa) = 2xm (]l = 7

ol

at the point source and therefore receives a total flux of

VE-F
I

2al|l -
-
2 . 2 . 2 R
2nR fsmﬁdﬁ =23aR*(l-sinc)=2nR (lv I]
The area irradiated is: 0
1-V1-@®&/1)
<f> = —{5 —-—{ )
R 1 B
Thus I

Substituting we get <E> = 50 lux.

Q.4. Determine the luminosity of a surface whose luminance depends on direction
asL = Lo cosO, where 0 is the angle between the radiation direction and the
normal to the surface.

Ans. Luminance L is the light energy emitted per unit area of the emitting surface in a
given direction per unit solid angle divided by cos6. Luminosity M is simply energy
emitted per unit area.

Thus

M 'fl'msﬂ~dﬂ



where the integration must be in the forward hemisphere of the emitting surface
(assuming light is being emitted in only one direction say outward direction of the
surface.) But

L -anmﬂ
a2
M 'J.Lumﬁlﬁ‘dﬁ - zxf Lycos®0sin0d0 = 2xL,
3
Thus 0

Q.5. A certain luminous surface obeys Lambert's law. Its luminance is equal to L.
Find:

(a) the luminous flux emitted by an element AS of this surface into a cone whose
axis is normal to the given element and whose aperture angle is equal to 0;

(b) the luminosity of such a source.

Ans. For a Lambert source L = Const
The flux emitted into the cone is

P =LAScosadQ

=1L d..if 2mcososino da
]
= LASn(1-cos0) = nL ASsin?0
(b) The luminosity is obtained from the previous formula for 6 = 90°

¢ (0 = 90°
M——uﬂ_l_n‘ﬂ

AS

Q.6. An illuminant shaped as a plane horizontal disc S = 100 cm? in area is
suspended over the centre of a round table of radius R = 1.0 m. Its luminance does
not depend on direction and is equal to L = 1.6.10* cd/m?. At what height over the
table should the illuminant be suspended to provide maximum illuminance at the
circumference of the table? How great will that illuminance be? The illuminant is
assumed to be a point source.



Ans. The equivalent luminous intensity in the direction OP is

LS5cosp
and the illuminance at P is

L.s‘m:-sﬂmﬁ LSk
{R! + .ﬁi] {R= + .‘li}li

_Ls Ls
(H;”‘] [[\%vﬁ]z +2R]1
0
0
h
Y
7 P

This is maximum when and the maximum illuminance is R=h

LS _ 16 = 10° )

4R: 4 40 lux

Q.7. A point source is suspended at a height h = 1.0 m over the centre of a round
table of radius R = 1.0 m. The luminous intensity | of the source depends on
direction so that illuminance at all points of the table is the same. Find the function
I (0), where 0 is the angle between the radiation direction and the vertical, as well
as the luminous flux reaching the table if I (0) = 1o = 100 cd.

AnNs. The illuminance at P is

1(8) I(0)cos’ 0
E, = 0=
F E?m%m JX

Since this is constant at all x, we must have

T(B)cos® @ = comst = I,

ol (8) = [,/cos’ 0



'; X P

The luminous flux reaching the table is

I}
® = nRx h—g = 314 lumen

Q.8. A vertical shaft of light from a projector forms a light spot S = 100 cm? in
area on the ceiling of a round room of radius R == 2.0 m. The illuminance of the
spot is equal to E = 1000 Ix. The reflection coefficient of the ceiling is equal to p =
0.80. Find the maximum illuminance of the wall produced by the light reflected
from the ceiling. The reflection is assumed to obey Lambert’s law.

Ans. The illuminated area acts as a Lambert source of luminosity M = L where
MS = pES = total reflected light
Thus, the luminance

L-E‘_E.
n

The equivalent luminous intensity in the direction making an angle 6 from the vertical
IS

LScosd = %ma

And the illuminance at the point P is




This is maximum when
d .3 . 4 .2 2
H{mﬂsm 0) = —=sin" B+ 3sin"Bcos” B = 0

mnzﬁ-3==-tanﬂ-\‘r§
Or

Then the maximum illuminance is

3V3 pES
16x g?

This illuminance is obtained at a distance & °0t® = R/Y3

gives the value
021 lux

from the ceiling. Substitution

Q.9. A luminous dome shaped as a hemisphere rests on a horizontal plane. Its
luminosity is uniform. Determine the illuminance at the centre of that plane if its
luminance equals L and is independent of direction.

Ans. From the definition of luminance, the energy emitted in the radial direction by an
element ds of the surface of the dome is

dP = LdSdQ

Here L = constant. The solid angle d Q is given by

dAcos B

19T

0
where dA is the area of an element on the plane illuminated by the radial light. Then

LdSdA
= ——0

do Foamal

The illuminance at 0 is then



=2 ;
E- |42 -fizmﬂzsinediame- 2xL J-xd_r - L
dA R
[1]

Q.10. A Lambert source has the form of an infinite plane. Its luminance is equal to
L. Find the illuminance of an area element oriented parallel to the given source.

Ans. Consider an element of area dS at point P.

It emits light of flux

dd = LdSdQcos

d
- LdShl“':ie-cmzﬂ
- Ld-ﬁ;ﬁ’d; cos* B
h
A A
9 0
h
[,
P

In the direction of the surface element dA at O.

The total illuminance at O is then

But

d5 =2xrdr =2xftan0d(fanbd)
= 2nh’sec’ Ouan 040

nid
E = ZansianBdB =xl
Substitution gives 0

Q.11. An illuminant shaped as a plane horizontal disc of radius R =25 cm is
suspended over a table at a height h = 75 cm. The illuminance of the table below



the centre of the illuminant is equal to Eo = 70 Ix. Assuming the source to obey
Lambert's law, find its luminosity.

Ans. Consider an angular element of area
2nxdx = 2xh*tanOsec” 0d0

Light emitted from this ring is

d® = LdQ(2nh’tan Osec” 04 0) - cos 0

Now

Where dA = an element of area of the table just below the untre of the illuminant Then
the illuminance at the element dA will be

B=a

E, -fl::LsiuHmsBdH
B=0

R

sing =

where W+ Finally using luminosity M = nLL

. R?
E -HSInzu-Mﬁ
0 K +R

z
M=E, [1 +£~£] = 700 Im/m? "[1 Ix =1 !—r-'zl dimensionally |,
m
Or

Q.12. A small lamp having the form of a uniformly luminous sphere of radius R =
6.0 cm is suspended at a height h = 3.0 m above the floor. The luminance of the
lamp is equal to L = 2.0.10* cd/m? and is independent of direction. Find the
illuminance of the floor directly below the lamp.



Ans. See the figure below. The light emitted by an element of the illuminant towards
the point 0 under consideration is

d® =LdSdQcos(o+fl)
The element 45 has the area

dS = 2aR*sinada

The distance

172
OA = [J|2+R"-znxomu]
we also have

0A h __R
sina  sin{fa+p) sinf

From the diagram

frcosa-R
OA

cos (o + fi) =

I{ we imagine a small area d X at O then
d Z cos

= d8

0A?

Hence, the illuminance at O is

fﬂ -fL:::R*simda[hm“'ﬂ}{h;Rm“}
dx (0A)



The limit of @ is o = 0 to that value for which «+f = 90°, for then light is emitted
tangentially. Thus

Olax = cos 1R
e
«u"g
h
Thus E-f L2 wR%sin o d cx {ﬁ-IHCD:E!][ﬁGDSH-zR}
we put _'r"ﬁz-l-ﬁj—ihﬂmsa
So, dy = 2hRsinada
BeR h_hi.+ﬂz-y ﬁiq.Ri_}.-_R
d 2h 2R
- o 2 8y
E fLE:tR LR }F
h-R)
il'ﬂ'.l
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W-g _
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Substitution gives: £ = 251 lux

Q.13. Write the law of reflection of a light beam from a mirror in vector form,
using the directing unit vectors e and €' of the inci- dent and reflected beams and
the unit vector n of the outside normal to the mirror surface.

Ans. We see from the diagram that because of the law of reflection, the component of
the incident unit



vector e along- n changes sign on reflection while
the component || to the mirror remains unchanged.
Writing = Eﬁ#@:
where EI = nlen)

= g=-nlen)
we see that the reflected unit vector is

e =g-e =e-2nlen)

®y
=¥
Ty

Q.14. Demonstrate that a light beam reflected from three mutually perpendicular
plane mirrors in succession reverses its direction.

Ans. We choose the unit vectors perpendicular to the mirror as the X, y,-z axes in space.
Then after reflection from the mirror with normal along x axis

— e n A B — P A A
e

-e-2i(ie) = -e t+e, J+e Kk

where Lk are the basic unit vectors. After a second reflection from the 2nd mirror
say along y axis.

» — A A g A A A
e

me =2j(je )= -e i-¢ h+e k
Finally after the third reflection
g = -eraf-ey}-ez?:- -

Q.15. At what value of the angle of incident 01 is a shaft of light reflected from the
surface of water perpendicular to the refracted shaft?

Ans. Let PQ be the surface of water and n be the R.I. of water. Let AO is the shaft of
light with incident angle 6: and OB and OC are the reflected and refracted light rays at
angles

8, and 8, respectively (Fig.). From the figure 8; = g—- 8, N

From the law of refraction at the interface PQ
sin 0, sin @,

H = — =
sin 0, sin[%vﬂl)

sin B,
cos 8

or, n o= = tan 0,

Hence B, = tan™'n



Q.16. Two optical media have a plane boundary between them. Suppose 0icr is the
critical angle of incidence of a beam and 0: is the angle of incidence at which the
refracted beam is perpendicular to the reflected one (the beam is assumed to come
from an optically denser medium). Find the relative refractive index of these
media if sin 0)../sin 8, = v = 1.28.

Ans. Let two optical mediums of R.1.n1 and n; respectively be such that ny >n,. In the
case when angle of incidence is Orer (Fig.), from the law of refraction
nysin b, = ny (1)

N

N2 1 .
Pnr - QL

‘chr'

In the case, when the angle of incidence is 01, from the

law of refraction at the interface of mediums 1 and 2.
?11 sin E]_ = ﬂ!z Sil’l ﬂz

But in accordance with the problem % = (%/2-01)
50, ny sin By = n,cos 0 (2)
Dividing Eqgn (1) by (2)
sinﬂ]cr 1
sin 0, - cos By
n = cusllB , so cosB = Lumﬂ sinf = "f_ﬂt—l
or, 1 M ' (3)
no cos B,
But ny,  sin D
L T S | N
m oM 1_y _
SO, k (Using 3)
o1
My 4 “1_]

Thus



Q.17. A light beam falls upon a plane-parallel glass plate d=6.0 cm in thickness.
The angle of incidence is 6 = 60°. Find the value of deflection of the beam which
passed through that plate.

Ans. From the Fig. the sought lateral shift

x=0Msin(0-§)

=dsec Bsin(0-§)

= d sec P (sin 0 cos B - cos @ sin )

= d(sinB-cosBtan ) (1)

But from the law of refraction

sin@ = psinf or, sinﬂ-smﬂ
Vi —sin’0
So, cosB = S0 F
n
and tanp = —on8
Val-sin’0
x = d(sinB—cosOtanp) = d sin 0 cosd ——Smo
Thus n® - sin’ 0
v/ 1-sin’0
-dsinﬂ[i- ——-—}
n?-sin’@

Q.18. A man standing on the edge of a swimming pool looks at a stone lying on the
bottom. The depth of the swimming pool is equal to h. At what distance from the
surface of water is the image of the stone formed if the line of vision makes an
angle 0 with the normal to the surface?



Ans. From the Fig.

MP_ MNcosa
OM  hsec(a+da)

As d o is very small, so
MNcoso.  MNcos*a

sindo =

da hseca h M
114
h L&
| o
Similarly
MNcos’
d0 = ——— (2)
From Egns (1) and (2)
d_u_h’l:mia or h,_.‘lcnsjﬂg;u_
db hcos’ @ ! cosa dO (3)
From the law of refraction
nsino = sin @ (A)
si.nu-m, S0, COSQL = \I' "2“:[‘29
" " (B)
Differentiating Eqn.(A)
ncosodoa = cosBdB  or, d—z- cos 9
nCOs O (4)

Using (4) in (3), we get



hcos® @
nmiu
hcos® i n® k'cos’ ©

p(route)” (r-te)

h' =

Hence & =

32 | Using Eqn.(B) ]

n?

()

Q.19. Demonstrate that in a prism with small refracting angle 0 the shaft of light

deviates through the angle = = (» — 1) 8 regardless of the angle of incidence,
provided that the latter is also small.

Ans. The figure shows the passage of a monochromatic ray through the given prism,
placed in air medium.

From the figure, we have

0 = B;+B; (A)
and  a = (a;+0,) - (B +P)
o= (o +a)-0 1)

From the Snell’s law

gin o, = % gin B,

or oy = nf, (for small angles) (2)
and sin @y = msin fiy
or, az = n f; (for small angles) (3)

From Eqgns (1), (2) and (3), we get
a=n(p+p)-0

o @ =m(0)-0 = (n-1)8 [Using Eqn.A]



Q.20. A shaft of light passes through a prism with refracting angle 0 and refractive
index n. Let a be the diffraction angle of the shaft. Demonstrate that if the shaft of
light passes through the prism symmetrically,

(a) the angle a is the least;

(b) the relationship between the angles a and 0 is defined by Eq. (5.1e).

Ans. (a) In the general case, for the passage of a monochromatic ray through a prism as
shown in the figure of the soln. of 5.19,

a=(a+a)-0 (1)

And from the Snell’s law,
sincy = nsinP; or o, = sin” (nsinf;) 0
Similarly o, =sin~! (nsin B,) = sin™' [nsin (0 - B;)] (As 0= B, + B2

Using (2) in (1)
a = [m“[uain |51}+sin'1(nsin{ﬂ-ﬁlj)]-ﬂ

da
For o to be minimum, Ea—-l]
o, ncos By _ ncos(0-f,;) .0
“I(I-H!Binzﬂ] fl-!tzsiﬂziﬂ"ﬂl}
cos” B, cos” (0 -B,)
or, (1-nZsin? "7 2o Zrq._
sin“B;) 1-n"sin"(0-P;)
or, mlﬂl(l-n’sm*w—ﬂn)-cmz{E-mu—n*sm*m
of, (1-sin’B,)(1-n’sin’(8-P,)) = (1-sin’(8-B,))(1-n’sinp,)
or, 1-n?sin’ (0 - B, ) - sin® B, +sin’ B, n* sin® (0 - B, )
= 1-n?sin’p, -sin® (6 -p,) +sin” B, n’sin* (0 - B,)
or, sin® (0P, ) -n?sin®(0-P,) = sin’ Py (1-n?)
or, sin? (0 =Py ) (1=-n?) = sin® By (1-n7)
or, B-f;=fH;, or B =02

But Bi+B; =0, so, fy=02=p



which is the case of symmetric passage of ray.
In the case of symmeétric passage of ray

a; = a; = a’ (say)
Thus the total deviation

a=(a+o;)-0

SN €N

But from the Snell’s law $in@ = nsinfp

, o+8 . B
SN ———— = HSINn <

So, 2 2



Photometry and Geometrical Optics (Part - 2)

Q.21. The least deflection angle of a certain glass prism is equal to its refracting
angle. Find the latter.

Ans. In this case we have

sin %E - using (see saln. of 5.20)

In our problem a = @
So, sin® = nsin(0/2) or 2sin(8/2)cos (0/2) = nsin(0/2)

Hence m[ﬂﬂ}-g— or a-zm'i{ml-ar. where n = 1-5

Q.22. Find the minimum and maximum deflection angles for a light ray passing
through a glass prism with refracting angle 6 = 60°.

Ans. In the case of minimum deviation

oa+0 ,
= nsin—

2 2

sin
. =1 . B
So, @ = 2sin {nsmi}-ﬂ- 37°, for n = 15

Passage of ray for grazing incidence and grazing imergence is the condition for
maximum deviation (Fig.). From Fig.




a=nx-0=nx-20,
(where 6, is the critical angle)

50, o= m-2sin(l/n) = 587
for m = 1-5 = R.L of glass.

Q.23. A trihedral prism with refracting angle 60° provides the least deflection
angle 37° in air. Find the least deflection angle of that prism in water.

Ans. The least deflection angle is given by the formula,

® = 2a -0, where & ¢ the angle of incidence at first surface and 0 is the prism angle.

Also from Snell’s law, ™ sina = m;sin (8/2) 55 the angle of refraction at first surface is
equal to half the angle of prism for least deflection

ny 5
-~ - ° - 5639
50, sin o 1"1 sin (8/2) 133 sin 30
or, a = sin~ ! (5639) = 34:3259°

Substituting in the above (1), we get, § = 865°

Q.24. A light ray composed of two monochromatic components passes through a
trihedral prism with refracting angle 6 = 60°. Find the angle Ao between the
components of the ray after its passage through the prism if their respective
indices of refraction are equal to 1.515 and 1.520. The prism is oriented to provide
the least deflection angle.

Ans. From the Cauchy’s formula, and also experimentally the R.l. of a medium
depends upon the wavelength of the mochromatic ray i.e.” = {*)n the case of least

deviation of a monochromatic ray the passage a prism, we have:

. 8 . a+0
nsin— = sin

2 2 (1)

The above equation tales us that we have n =n (o) , sO we may write

An = d—nﬂ.u

da (2)

From Eqgn. (1)

d'nsing- lmsm_ﬂ?l
2 2 2

do



o+0

dn _ 2

do Zsini
3)

From Eqn. (2) and (3)

msu+a
2
An = Ao
2:5:'.:1E
2
-”' 2 ﬂfﬂ‘ ‘H
1 - sin ( 2 } 1=-n si.n:%
or, An = 3 Aa = a Aa ( Using Eqn. 1.)
Esinz— ZsinE
2sing
Ao = An=0-44
v l-nlsinig
Thus

Q.25. Using Fermat's principle derive the laws of deflection and refraction of light
on the plane interface between two media.

Ans. Fermat’s principle: “The actual path of propagation of light (trajectory of a light
ray) is the path which can be followed by light with in the lest time, in comparison with
all other hypothetical paths between the same two points. ” “Above statement is the
original wordings of Fermat (A famous French scientist of 17th century)”

Deduction of the law of refraction from Fermat’s principle: Let the plane S be the
interface between medium 1 and medium 2 with the refractive

indices ™ = ¢/viand my = c/v; Fig (7). Assume, as usual, that ny<n, . Two points are g iv
en - one above the plane S (point A), the other under plane S (point B). The various



distances are:

AAy =hy, BBy = Iy, A, By = 1.7 \We must find the path from A to B which can be covered
by light faster than it can cover any other hypothetical path. Clearly, this path must
consist of two straight lines, viz, AO in medium 1 and OB in medium 2; the point O in
the plane S has to be found.

First of all, it follows from Fermat’s priniciple that the point O must lie on the

intersection of S and a plane P, which is perpendicular to S and passes through A and B.

A
P
0l &
fjlﬂ.:“l 85 M“‘"-
/ 7 Ay GP\I‘%
BN\
] "
@) (b) (©

Indeed, let us assume that this point does not lie in the plane P; let this be point 0 1 in
Fig. (b). Drop the perpendicular Oz from Oz onto P . Since AO2 < AOrand BO.< BOq it
is clear that the time required to traverse AO2B is less than that needed to cover the path
AO:B.

Thus, using Fermat’s principle, we see that the first law of refraction is observed : the
incident and the refracted rays lie in the same plane as the perpendicular to the interface
at the point

where the ray is refracted. This plane is the plane P in Fig. (b); it is called the plane of
incidence.

Now let us consider light rays in the plane of incidence Fig. (c). Designate

410 as x and OB; = I-x. Tho time jt takes a ray to travel from A to O and then from O
toBis

T ,£+@ - "c‘lr."1]2+_1:2 +"d'lrfi§+{F-.r}:
vy V3 vy AP (1)

The time depends on the value of x. According to fermat's principle, the value of x must
minimize the time T. At this value of x the derivative dT/dx equals zero:

_ X _ l-x - 0.

viVatex? vaVais(1-x)

Qu|='i.
=~

(2)



Now,

I- .
= =ginc, ad ——%— u sin i,
Vil +x? Vais(i-x)

Consequently,

sina_siuﬁ_u sina _ Vi
¥y Va3 ! Smﬂ Va2
So,

Note: Fermat himself could not use Eqn. 2. as mathematical analysis was developed
later by Newton and Leibniz. To deduce the law of the refraction of light, Fermat used
his own maximum and minimum method of calculus, which, in fact, corresponded to
the subsequently developed method of finding the minimum (maximum) of a function
by differentiating it and equating the derivative to zero.

Q.26. By means of plotting find: (a) the path of a light ray after reflection from a
concave and convex spherical mirrors (see Fig. 5.4, where F is the focal point, 00
is the optical axis);

(a) (5)

Fig. 5.4.
(b) The positions of the mirror and its focal point in the cases illustrated in Fig.
5.5, where P and P' are the conjugate points.
.0’ o0
0 o o i
L7 0
(@) (4)
Fig. 5.5.
Ans. (a) Look for a point O' on the axis such that O' F and O' P make equal angles with
O'0.

This determines the position of the mirror. Draw a ray from P parallel to the axis. This
must on reflection pass through F. The intersection of the reflected ray with principal
axis determines the focus.



(2) (b)
(b) Suppose P is the object and F is the image. Then the mirror is convex because the
image is virtual, erect & dim finished. Look for a point X (between P & F) on the axis
such that PX and F'X make equal angle with the axis.

() PI

(a) ' (b)

Q.27. Determine the focal length of a concave mirror if:
(a) with the distance between an object and its image being equal to | = 15 cm, the
transverse magnification § = —2.0;

(b) in a certain position of the object the transverse magnification is p1 = —0.50
and in another position displaced with respect to the former by a distance | = 5.0
cm the transverse magnification . = =—0.25.

Ans. (a) From the mirror formula,

In accordance with the problem

From these two relations, we get :

Substituting it in the Eqn. (1),



2

b
ﬂ[l‘ﬂ) T:

- = = -10
! ((L=B)  (-B)
=
(b) Agam we have, %+%-% or, —f,—{-l -3
\ L s ,_s5=f
o BT
.
0‘[: ﬁj_ J-f (2)

Now, it is clear from the above equation, that for smaller p, s must be large, so the
object is displaced away from the mirror in second position.

a
ﬁz -
ie. T3

Eliminating 5 from the Egn. (2) and (3), we get,

1B Ba

fuo——t u_25cm.

B2 - By

Q.28. A point source with luminous intensity lo = 100 cd is positioned at a distance
s = 20.0 cm from the crest of a concave mirror with focal length f=25.0 cm. Find
the luminous intensity of the reflected ray if the reflection coefficient of the mirror

is p =0.80.

Ans. For a concave mirror as usual
1 1 . sf
5

|
s"+ -j..w.r s -1

(In coordinate convention s = - s is negative & f=-1flis also negative.)



If A is the area of the mirror (assumed small) and the object is on the principal axis,
A

Iy =
then the light incident on the mirror per second is s

This follows from the definition of luminous intensity as light emitted per second per
A

5
unit solid angle in a given direction and the fact that * is the solid angle subtended by

the mirror at the source. of this a fraction p is reflected so if I is the luminous intensity
of the image,

(Because our convention makes f - ve for a concave mirror, we have to write I [')

Substitution gives ! = 20 x 10°cd.

Q.29. Proceeding from Fermat's principle derive the refraction formula for
paraxial rays on a spherical boundary surface of radius R between media with
refractive indices n and n'.

Ans. For Oz to be the image, the optical paths of all rays OAO1 must be equal upto
terms of leading order in h Thus

n OA + ny AQy = conslant
But, OP = |5|, O, P = |5'| and so

£
m-#hﬂﬂsha}i:uumz’ﬁi A
ﬁ1
01A = Vi + (5| - ) =151 =8+ 375 h
(neglecting products A° 8). Then 0 Plg M c Eli'r
2
nls| + ng|s'| + - md o+ % [luTi - f:l—,l] - Cﬂnst.\



Now (r-=58F+h =1
2
2 . h
or h 2rfé or & >
Here r = CP.
s {"; = M "y fa

Hem¢u1|s|+nz|s|+i - +m+ﬁ}-f3msum

Since this must hold for all h, we have

i ! fy — 1y
i e
Is'] ~ 15l r
5 >0, 5 < 050 we get
fa M M-
From our sign convention, £ r

Q.30. A parallel beam of light falls from vacuum on a surface enclosing a medium
with refractive index n (Fig. 5.6). Find the shape of that surface, x (r), if the beam
Is brought into focus at the point F at a distance f from the crest O. What is the
maximum radius of a beam that can still be focussed?

Ans. All rays focusing at a point must have traversed the same optical path. Thus

a
T

S——
‘ F
(a) \
1 T
x+nV P4(f-x) =nf o (nf-x)' = n"Fan’(f-x)

or, " = (nf-xP-[n(f-x)) = (nf-x+nf-nx)(nf-x-nf+nx
=xn-1)2nf-(m+1)x)
=2n(n-1)fx-(n+1){(n-1)x°




Thus, el (r=1)F=2nr-1)fx+n"F =0

nin-1f £ Vir(n-12F w2 n+1)(n-1)
(n+1)(n=-1)

2 Vi

Ray must move forward so x < f, for + sign x >f for small r, so —sign.
(Also x —= 0 as r — ()
(x =f means ray turning back in the direction of incidence. (see Fig.)

Hence x-_"f_[l_vl_f‘*_lﬁ]

n+l

50, X =

For the maximum value of r,

H—i? (A)

Because the expression under the radical sign must be non-negative, which gives the
maximum value of r.

Y Fux=fV (=1} n+1)

Hence from Eqn. 4

Q.31. A point source is located at a distance of 20 cm from the front surface of a
symmetrical glass biconvex lens. The lens is 5.0 cm thick and the curvature radius
of its surfaces is 5.0 cm. How far beyond the rear surface of this lens is the image
of the source formed?

Ans. As the given lense has significant thickness, the thin lense, formula cannote be
used.

For refraction at the front surface from the formula

' n n'-n
—_——

5 R

uu__la

L5 1 1-5-1
s -2 5

On simplifying we get, s' = 30 cm.
Thus the image I' produced by the front surface behaves as a virtual source for the rear
surface at distance 25 cm from it, because the thickness of the lense is 5 cm. Again



from the refraction formula at cerve surface

//M“‘-—-..
5 \:/ 7 . II

-"r LE

P
I

=
- |

|
a2

-

i
— i

_LS
25 -5
On simplifying, 5’ = +6-25cm

1
E

Thus we get a real image | at a distance 6- 25 cm beyond the rear surface (Fig.).

Q.32. An object is placed in front of convex surface of a glass piano-convex lens of
thickness d = 9.0 cm. The image of that object is formed on the plane surface of the
lens serving as'a screen. Find:

(a) the transverse magnification if the curvature radius of the lens's convex surface
iISR=25cm;

(b) the image illuminance if the luminance of the object is L = 7700cd/m? and the
entrance aperture diameter of the lens is D = 5.0 mm; losses of light are negligible.

Ans. (a) The formation of the image of a source 5, placed at a distance u from the pole
of the convex surface of plano-convex lens of thickness d is shown in the figure.

On applying the formula for refraction through spheri- Y
cal surface, we get “ N
n 1

F—;-{n -1)/R, (here ny=n and n; = 1)

™,
0
Ll 1 _n_(n-1) >
or, S-T=(-1/R o= 5o | R
. H—\
or. L_sf{ﬁ_{"'_u} 5

UI‘

b |

£ d R

But in this case optical path of the light, corresponding to the distance v in the medium
Is v/n, so the magnification produced will be,

o Lo ffr o) dfs @ob), doon
d R . nl\d R nR

Substituting the values, we get magnification § = - 0-20.

(b) If the transverse area of the object is A (assumed small), the area of the image
is B?A.



2
< D? aly/4

LA ===

We shall assume that 4 A'Then light falling on the Jens is
definition of luminance (See Eqgn. (5.1c) of the book; here

from the

nD*/4
2

cos @ ~ 1 if D* << & and dQ = . _ _ _ _
5=~ Then the illum inance of the image is

nD*/4
L4 25 [ B4 = L xD¥/ad

Substitution gives 42 Ix.

Q.33. Find the optical power and the focal lengths

(a) of a thin glass lens in liquid with refractive index n, = 1.7 if its optical power in

air is Po = —2.0 D;

(b) of a thin symmetrical biconvex glass lens, with air on one side and water on the
other side, if the optical power of that lens in air is ®o = +10 D.

Ans. (a) Optical power of a thin lens of R.I. n in a medium with R I . no is given by :
1 1

d = {ﬂ-m}(ﬁ—-ﬂ—]
1 2 (A)

From Eqgn.(A), when the lens is placed in air :

@, = [H—l}[é—i:—:]

(1)

Similarly from Eqn.(A), when the lens is placed in liquid :

(@)
Thus from Eqns (1) and (2)

R-ng

n-1

@y = 2D

The second focal length, is given by

LI i
I'=9 "where n is the R.1. of the medium in which it is placed.



f--8cm

(b) Optical power of a thin lens of RI. n placed in a medium of RI. n, is given by :

1 1
¢ = {H—nnl(ﬂ—l—ﬂ—z

(A)

For a biconvex lens placed in air medium from Eqn. (A)

ovmtr-n(3- ) - 25

1)

where R is the radius of each curve surface of the lens
Optical power of a spherical refractive surface is given by :

n-n

§ =
R (B)

For the rear surface of the lens which divides air and glass medium

Dy = Hﬂl+1 (Here n is the R.L (2) of glass)

Similarly for the front surface which divides wati nd glass medium

n-n R-Hy

'I';-_‘l

-KR R (3)

Hence the optical power of the given optical system
n=1 LM 2n-ny-1

=P+ = R R " R 4)

From Eqns (1) and (4)

Db 2n-ny-1 (2r-ny-1)
Y e W i Y v

Focal length in air, f = % = 15 cm

and focal length in water = % = Wem for ny = ;



Q.34. By means of plotting find: (a) the path of a ray of light beyond thin
converging and diverging lenses (Fig. 5.7, where 00" is the optical axis, F and F' are
the front and rear focal points);

(a) (8)
Fige 5.7
(b) the position of a thin lens and its focal points if the position of the optical axis
00" and the positions of the cojugate points P, P* (see Fig. 5.5) are known; the
media on both sides of the lenses are identical; (c) the path of ray 2 beyond the
converging and diverging lenses (Fig. 5.8) if the path of ray | and the positions of
the lens and of its

,,,—E/’,] \;I
o ijl‘r a .;'j'
\';\_1// /‘/l\
(a) (8)
Fig. 5.8,

optical axis 00" are all known; the media on both sides of the lenses are identical.

Ans. (a) Clearly the media on the sides are different. The front focus F is the position of
the object (virtual or real) for which the image is formated at infinity. The rear focus F'
is the position of the image (virtual or real) of the object at infinity, (a) Figures 5.7 (a)
& (b). This geometrical construction ensines that the second of the equations (5.19) is
obeyed

,/
rd
B AR IB
o F 0 LyF

(a) Convex lens
(b) Figure 5.5 (a) & (b) with lens (b) Concave lens A/



W

a) Convex lens A
EP) is the object) (b) Concave lens

(c) Figure (5.8) (a) & (b).

Clearly, the important case is that when the rays (1) & (2) are not symmetric about the
principal axis, otherwise the figure can be completed by reflection in the principal axis.
Knowing one path we know the path of all rays connecting the two points. For a
different object. We proceed as shown below, we use the fact that a ray incident at a
given height above the optic centre suffers a definite deviation.

The concave lens can be discussed similarly.

Q.35. A thin converging lens with focal length f = 25 cm projects the image of an
object on a screen removed from the lens by a distance 1=5.0 m. Then the screen
was drawn closer to the lens by a distance Al = 18 cm. By what distance should the
object be shifted for its image to become sharp again?

Ans. Since the image is formed on the screen, it is real, so for a conversing lens object
IS in the incident side.

Let S;and Sy be the magnitudes of the object distance in the first and second case
respectively. We have the lens formula

= |
| =

-

1)



In the first case from Eqn. (1)

Similarly from Eqn.(l) in the second case

1 1

1
- - = = 26 36 .
(I-A0) " (=s2) " f o

-l
0or, 55 EI-ﬁf}—f

Thus the sought distance 3% = $2=51 = 0-Smm ~ &1f*/1-f7)

Q.36. A source of light is located at a distance | = 90 cm from a screen. A thin
converging lens provides the sharp image of the source when placed between the
source of light and the screen at two positions. Determine the focal length of the
lens if (a) the distance between the two positions of the lens is Al == 30 cm; (b) the
transverse dimensions of the image at one position of the lens are n = 4.0 greater
than those at the other position.

Ans. The distance between the object and the image is |. Let x = distance between the
object and the lens. Then, since the image is real, we have in our
convention, ¥ = -% v =1I-x

50

L

Ll
I-x

e

or (l-x)=lf orx —xl+lf=0
Solving we get the roots

x-%[!:ﬂ]

(We must have / > 4f for real roots.)
(a) If the distance between the two positions of the lens is Al, then clearly

Al = x;-x, = difference between roots = VP — 4lf

50 f-F;fF-?ﬂﬁh

(b) The two roots are conjugate in the sense that if one gives the object distance the
other gives the corresponding image distance (in both cases). Thus the magnifications
are



_LeVPoap mlarged) and ~ =YL =4 VE — 4 yiminished)
1 - VF - alf 1+ VE - ar

The ratio of these magnification being n we have

I-VE-af - VE —alf v -1

- YE-ar VT I T+

or l-ﬁf-ﬁ"—lz-l_q,_ﬁ'l__
Ivn+1 1+ vy
s
Hence fzfil—'ﬁ-%?-mﬂn,

Q.37. A thin converging lens is placed between an object and a screen whose
positions are fixed. There are two positions of the lens at which the sharp image of
the object is formed on the screen. Find the transverse dimension of the object if at
one position of the lens the image dimension equals h* = 2.0 mm and at the other,
h* =45 mm.

Ans. We know from the previous problem that the two magnifications are reciprocals of
each other (B'B" =1). If h is the size of the object then h' = ' h and

h” = BJTII
Hence # = VK A"

Q.38. A thin converging lens with aperture ratio D : f = 1: 3.5 (D is the lens
diameter, f is its focal length) provides the image of a sufficiently distant object on
a photographic plate. The object luminance is L = 260 cd/m?. The losses of light in
the lens amount to o = 0.10. Find the illuminance of the image.

Ans. Refer to problem 5.32 (b). If A is the area of the object, then provided the angular

D
diameter of the object at the lens is much smaller than other relevant angles like f we
DI
LA L
a5

calculate the light falling on the lens as

Where u? is the object distance squared. If B is the transverse magnification

B - 5—]
[ “/" then the area of the image is B?A. Hence the illuminance of the image (also
taking account of the light lost in the lens)

xD* 1 _{1--:1}:11)11.

E=Q-ald7s A af?




Since s' = f for a distant object Substitution gives E = 15 Ix.

Q.39. How does the luminance of a real image depend on diameter D of a thin
converging lens if that image is observed (a) directly; (b) on a white screen
backscattering according to Lambert's law?

Ans. (a) If s = object distance, s' = average distance, L = luminance of the sounce, AS =
area of the source assumed to be a plane surface held normal to the principal axis, then
we find for the flux % incident on the lens

ﬁ*ﬂl:--fL.&SmsE-dEz

2
- LﬁSIcmB?xs:in 0d0=LAShsina = LASTE
o

45

Here we are assuming D « s, and ignoring the variation of L since a is small
"

o5 - (5] as
Then if L' is the luminance of the image, and is the area of the image then
similarly
? 2 2
L’ﬂ-S’D—zn—L‘ﬂSﬂ—:m-L AsZn
45 45 44 D;E
or L'= L irrespective of D. I & 1
S I s'

(b) In this case the image on the white screen from a Lambert source. Then if its
2 2

_ o o nLySsAS = LAS5x
luminance is Lo its luminosity will be the nLo and § 4s

or Lo=D

since s' depends on f, s but not on D.

Q.40. There are two thin symmetrical lenses: one is converging, with refractive
index n1 = 1.70, and the other is diverging with refractive index n> = 1.51. Both
lenses have the same curvature radius of their surfaces equal to R =10 cm. The
lenses were put close together and submerged into water. What is the focal length
of this system in water?

Ans. Focal length of the converging lens, when it is submerged in water of R.1. ng (say):



1 (m_ ) (L_1) 20n-n)
h My (R R), my R (1)

Similarly, the focal length of diverging lens in water.

2)

Now, when they are put together in the water, the focal length of the system,

1.1,1
f h fz
20m-m) 20m-m)  2(m-m)
neR ~  mR R
_.'_th‘

or f= -y = ¥m



Photometry and Geometrical Optics (Part - 3)

Q.41. Determine the focal length of a concave spherical mirror which is
manufactured in the form of a thin symmetric biconvex glass lens one of whose
surfaces is silvered. The curvature radius of the lens surface is R =40 cm.

L
Fiﬁ;m *ﬂ%iﬂcm‘-l
a l l o

+100D 1000 +00D

Fig. 5.9.

Ans.

C is the centre of curvature of the silvered surface and
O is the effective centre of the equivalent mirror in the
sence that an object at O forms a coincident image. From
the figure, using the formula for refraction at a spherical
surface, we have

¥ .
C 0
n o1 e = 1 or f = -R
-R R 2(2n - 1)
(In our convention f is — ve).
Substitution gives f = - 10 cm.

Q.42. Figure 5.9 illustrates an aligned system consisting of three thin lenses. The
system is located in air. Determine:

(a) the position of the point of convergence of a parallel ray incoming from the left
after passing through the system;

(b) the distance between the first lens and a point lying on the axis to the left of the
system, at which that point and its image are located symmetrically with respect to
the lens system.

Ans. (a) Path of a ray, as it passes through the lens system is as shown below.
Focal length of all the three lenses,



—— | !'3-;*

om
Ne  Sem ahe Scr ¥ Sem
@)

f-Lm-lﬂcm, . o
16 ,neglectin g their signs.

Applying lens formula for the first lens, considering a ray coming from infinity,

1
w—= o, 5§ =f=10cm,
f

and so the position of the image is 5 cm to the right of the second lens, when only the
firstone is present, but the ray again gets refracted while passing through the second, so

8=

*'n‘l_

1
=10

oy =
=

1_
jl

or, s' =10 cm, which is now 5 cm left to the third lens so for this lens,

3
10

- L
10

1 1
- ar =
5 b

Lh | =

Or 5" = 10/3 = 333 cm. from the last lens,

(b) This means that if the object is x cm to be left of the first lens on the axis OO’ then
the image is x on to the right of the 3rd (last) lens. Call the lenses 1, 2, 3 from the left
and let to be the object, O its image by the first lens, O. the image of O: by the 2nd
lens and O3, the image of O2 by the third lens.

(b)

O: and O2 must be symmetrically located with respect to the lens L2 and since this lens

Is concave, Oimust be at a distance ?Ile to be the right of L, and O2 must be _Zlle to be
the left of L2, One can check that this satisfies lens equation for the third lens Ls



u=-02|f(]+5 =-25 cm.
s =x fi=10 cn
1 1
— + =— = — so0 x = 16,67 cm,
Hence * 2 10

Q.43. A Galilean telescope of 10-fold magnification has the length of 45 cm when
adjusted to infinity. Determine:

(a) the focal lengths of the telescope's objective and ocular;

(b) by what distance the ocular should be displaced to adjust the telescope to the
distance of 50 m.

Ans. (a) Angular magnification for Galilean telescope in normal adjustment is given as.
r = f/fe

or, 10 = frf, o f,=10f (1)

The length of the telescope in this case.

I = fy-f. = 45 cm. given,

So, using (1), we get,

fe=+5 and f, = +50cm.

N

0 o fe
§' ——>

o =

¢ A

(b) Using lens formula for the objective,
1 1 Fala
—-—=—= 1 or, 5, = J
5;0 ""ﬁl fﬂ' Sﬂ' +fl‘.l
From the figure, it is clear that,
§'y=1+f, where I' is the new tube length.

= 5J5 em

o, I'=v,=f = 50-5-5 = 45-5 cm,
So, the displacement of ocular is,
Al=[ -] =455-45 = :5cm



Q.44. Find the magnification of a Kepler lan telescope adjusted to infinity if the
mounting of the objective has a diameter D and the image of that mounting
formed by the telescope’s ocular has a diameter d.

Ans. In the Kepler lan telescope, in normal adjustment, the distance between the
objective and eyepiece is fo + fe . The image of the mounting produced by the eyepiece
is formed at a distance v to the right where

1 1 1 fo

So ¥ F R+l LG+

The linear magnification produced by the eyepiece of the mounting is, in magnitude,
s
181 = 15l "

B

This equals b according to the problem so

r-f.

D
fo d

Q.45. On passing through a telescope a flux of light increases its intensity n =
4.0.10* times. Find the angular dimension of a distant object if its image formed by
that telescope has an angular dimension y' = 2.0°.

Ans. It is clear from the figure that a parallel beam of light, originally of intensity
lo has, on emerging from the telescope, an intensity.

2
I=1o [&]

because it is concentrated over a section whose diameter is fe/fo of the diameter of the
cross section of the incident beam.



Thus 7 (_n]

So r-JE:ﬁ
fe
tan 9 9
N | ——— oy ===
oW r tan ¥ g

Hence ¥ = '/ = 0.6' on substitution.

Q.46. A Kepler lan telescope with magnification I+ =15 was submerged into
water which filled up the inside of the telescope. To make the system work as a
telescope again within the former dimensions, the objective was replaced. What
has the magnification of the telescope become equal to? The refractive index of the
glass of which the ocular is made is equal to n == 1.50.

Ans. When a glass lens is immersed in water its focal length increases approximately
four times. We check this as follows as :

1 1 1
Rl

n

1 _fn _h(L_L)_ M L1 _r-m 1
fu ("ﬂ )[R1 Rz] n-1 f, mlr-1)f

Now back to the problem. Originally in air

F-;—ﬂ-li so I=f+f=f£(T+1)

-

=nu{n—1}

n o= ny

fe fe

In water,

and the focal length of the replaced objective is given by the condition



o+ =1=T+1D[f

or =T+ 1) f-F
. h n - Hy
Hence F-_,I’;'-{r-l-l}—ﬁufﬂ-ﬂ_l

Substitution gives (n = 1.5, ny = 1.33), " = 3.09

Q.47. At what magnification I - of a telescope with a diameter of the objective D
= 6.0 cm is the illuminance of the image of an objection the retina not less than
without the telescope? The pupil diameter is assumed to be equal to do = 3.0 mm.
The losses of light in the telescope are negligible.

Ans. If L is the luminance of the object, A is its area, s = distance of the object then
light falling on the objective is

LaD?

45

A

The area of the image formed by the telescope (assuming that the image coincides with

2
The object) is ™ A and the area of the final image on the retina is

] (ﬁ} 4

Where f = focal length of the eye lens. Thus the illuminance of the image on the retin

(when the object is observed through the telescope) is

LaD*A LnaD?
3 = 22
4f°r

4u2('g A !

Lad;

When the object is viewed directly, the illuminance is, similarly,

LaD* Lxd;
2 =2 2z
We want 4/°r af
D
I‘sd“-lﬂ

So, on substitution of the values.



Q.48. The optical powers of the objective and the ocular of a microscope are equal
to 100 and 20 D respectively. The microscope magnification is equal to 50. What
will the magnification of the microscope be when the distance between the
objective and the ocular is increased by 2.0 cm?

Ans. Obviously, fo = #+1em and [ = +5cm

Now, we know that, magnification of a microscope,

r. [‘}Ll]fg
? *  for distinct vision

sr
50 = [To'lﬁé or, v, = 11 cm.
Or

Since distance between objective and ocular has increased by 2 cm, hence it will cause
the increase of tube length by 2cm.

50, §o=s5,+2 =13

- [ .
And hence, : ?

Q.49. A microscope has a numerical aperture sin a = 0.12, where a is the aperture
angle subtended by the entrance pupil of the microscope. Assuming the diameter
of an eye's pupil to be equal to do == 4.0 mm, determine the microscope
magnification at which

(a) the diameter of the beam of light coming from the microscope is equal to the
diameter of the eye's pupil;

(b) the illuminance of the image on the retina is independent of magnification
(consider the case when the beam of light passing through the system ""microscope-
eye" is bounded by the mounting of the objective).

Ans. It is implied in the problem that final image of the object is at infinity (otherwise
light coming out of the eyepiece will not have a definite diameter).

{a) We see that 52 P = |53|2 «, then
p= Vo &

Then, from the figure




d-zm-zf,u/%

But when the final image is at infinity, the magnification T in a microscope is given
by
5 !

' m — + — {{ = least distance of distinct vision) Sod = 2]a/T

!Sﬂl fe

Sod = dy when T = T = 2%

= 15 on putting the values.

(b) If T is the magnification produced by the microscope, then the area of the image
produced on the retina (when we observe an object through a microscope) is:

r [5]2

Where u = distance of the image produced by the microscope from the eye lens, f =
focal length of the eye lens and A = area of the object If ¢ = luminous flux reaching the
objective from the object and d = do so that the entire flux is admitted into the eye), then

@
. . . . ] = 2 2
the illuminance of the final image on the retina I (7s)°A

But if 4 = 9 then only a fraction (do | d)? of light is admitted into the eye and the
illuminance becomes

2

@ [ﬂ} ) d-;a'%
A [g] r2 A [g] @1a)

Independent of I' The condition for this is then
dzdy or I' s Ty =15,

Q.50. Find the positions of the principal planes, the focal and nodal points of a thin
biconvex symmetric glass lens with curvature radius of its surfaces equal to R =
7.50 cm. There is air on one side of the lens and water on the other.

Ans. The primary and secondary focal length of a thick lens are given as,
[ = = (/@) |1 = (d/n') Dy

And [ 0D - @m) @),



where ¢ is the lens power n, n' and n" are the refractive indices of first medium, lens

material and the second medium beyond the lens. ®1 204 ®2 g6 the powers of first and
second spherical surface of the lens.

Here, n =1 forlens, »' = n, for air
and n" = ny, for water.
So, f=-1/D,],a d=20,
and f = +my/D (l)

Now, power of a thin lens,

3 -¢1+¢g,
where, I -{"3+”
and @, = {ﬂqi—ﬁﬂ]
So, P =(2n=-n;-1)/R

2)
From equations (1) and (2), we get

-

f-m- -11.2 cm

ny R
f = Gn-n-1)

= + 14.Y cm.
and

Since the distance between the primary principal point and primary nodal point is given
as,

X = f{(ﬂu-ﬂ}.{rﬂ"}
x = (ng/®) (mg = 1)/my = (mg—1)/®
[ S
So, in this case, =2 g/ =3

Q.51. By means of plotting find the positions of focal points and principal planes of
aligned optical systems illustrated in Fig. 5.10:

(a) a telephoto lens, that is a combination of a converging and a diverging thin
lenses (f: =1.5a, f» =—1.5a);
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Fig. 5.10

(b) a system of two thin converging lenses (h = 1.3 a, {2 = 0.5 a);
(c) a thick convex-concave lens (@ = 4cm, n = 1.5, @, = +50D, @, = —50 D).

Q.52. An optical system is located in air. Let 00" be its optical axis, F and F' are the
front and rear focal points, H and H' are the front and rear principal planes, P
and P' are the conjugate points. By means of plotting find:

(a) the positions F* and H* (Fig. 5.11a);

(b) the position of the point S conjugate to the point S (Fig. 5.11b);

A A
P o

o & o

‘-ﬂl’

o' 0 o’
-
() c)
Fig. 5.41.
(c) the positions F, F*, and H' (Fig. 5.11c, where the path of the ray of light is

shown before and after passing through the system).

[

C>

fa)

Ans. (a) Draw P' X parallel to the axis OO and let PF interest it at X. That determines
the principal point H. As the' medium on both sides of the system is the same, the
principal point coincides with the nodal point Draw a ray parallel to PH through P'.
That determines H' Draw a ray P X' parallel to the axis and join P'X".

That gives F'.

(b) We let H stand for the principal point (on the axis). Determine H" by drawing a ray
P'H" passing through P' and parallel to PH. One ray (conjugate to SH) can be obtained
from this. To get the other ray one needs to know F or F". This is easy because P and F
are known. Finally we get S'.
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(c) From the incident ray we determine Q. A line parallel to OO' through Q determines
Q and hence H'.
H and H ' are then also the nodal points. A ray parallel to the incident ray through H
will emeige parallel to it se If through H . That determines F . Similarity a ray parallel
to the emergent ray through H determines F.

Q.53. Suppose F and F* are the front and rear focal points of an optical system,
and H and H' are its front and rear principal points. By means of plotting find the
position of the image S* of the point S for the following relative positions of the
points S, F, F', H, and H":

(@) FSHH'F*; (b) HSF'FH"; (c) H'SF'FH; (d) F'H'SHF.

Ans. Here we do not assume that the media on the two sides of the system are the
same.

H T T
F | Ht F H E F IH
|
I (o) fb}
i I
g |
. ——'q:
.§"-|"—-—— = -
Fr W S




Q.54. A telephoto lens consists of two thin lenses, the front converging lens and the
rear diverging lens with optical powers 1 = = 410 D and @, = —10 D.Fjnq:

(a) the focal length and the positions of principal axes of that system if the lenses
are separated by a distance d = 4.0 cm;

(b) the distance d between the lenses at which the ratio of a focal length f of the
system to a distance | between the converging lens and the rear principal focal
point is the highest. What is this ratio equal to?

Ans. (a) Optical power of the system of combination of two lenses,
D =D+ Dy -d D, Dy

On putting the values,

P = 4D

1
f=—=25cm
or, @

Now, the position of primary principal plane with respect to the vertex of conveiging
lens,

o
X =

= 10 cm

Similarly, the distance of secondary principal plane with respect to the vertex of
diverging lens.

‘X = -E%- - 10cm, ie. 10 cm left to it

(b) The distance between the rear principal focal point F' and the vertex of converging

lens,
1 dd [(-dP;
f-d+(E){-d¢]j-?+[ > ]
1)/ ®d_d® 1
and ffl= (-I'-] > " ™ f-cb
=1/dP-ddy

= 1/d(®)+ Dy -d D, D) -d D, = 1/d D, -d* B, D,

Now, if f/l is maximum for certain value of d then f/l will be minimum for the same
value of d. And for minimum f/I,



d(l/f)/dd= ®,-2d D, D= 0
or, d= 0;/2 D) D,y
of, d=1/2®y= 5cm

So, the required maximum ratio of [/ = 4/3.

Q.55. Calculate the positions of the principal planes and focal points of a thick
convex-concave glass lens if the curvature radius of the convex surface is equal to
R: =10.0 cm and of the concave surface to R> = 5.0 cm and the lens thickness is d
=3.0cm.

Ans. The optical power of first convex surface is,

m-ﬂ’-;:—ll.sn, as Ry = 10 cm
1

and the optical power of second concave surface is,

a-n _
®, = oA 10D
So, the optical power of the system,

d .
'CIJ = "I‘l-l-‘i'z-;‘:"q'I - —4]:'

Now , the distance of the primary principal plane from the vertex of convex surface is
given as,

1
X = (E’)(s]qlz yhere gy = 1 and ny = n,

ady
- In = 5 ¢cm

and the distance of secondary principal plane from the vertex of second concave
surface,

# l E dml_ .
<o (b Gorn -2 - 25

Q.56. An aligned optical system consists of two thin lenses with focal lengths

f1 and f. the distance between the lenses being equal to d. The given system has to
be replaced by one thin lens which, at any position of an object, would provide the
same transverse magnification as the system. What must the focal length of this




lens be equal to and in what position must it be placed with respect to the two-lens
system?

Ans. The optical power of the system of two thin lenses placed in air is given as,

D = @11"@'2—!1‘:'1‘:’1

1 1. 1 4 . .
or, f-ﬂ+ﬁuﬁﬁfmefﬁmtwmwkmthmgh
1 fatf-d
50, f hifa
hh
o, f=fvh-d )

This equivalent focal length of the ‘system of two lenses is measured from the primary
principal plane.

A s clear from the figure, the distance of the primary principal plane from the optical
centre of the first is

OiH=x = +(n/D) (d/n') Dy

d P
= q}l, as n=n'=1, for air.
daf

_ (4 hha
GJ fi+fa-d
hi+f-d

be— f

Now, if we place the equivalent lens at the primary principal plane of the lens system, it
will provide the same transverse magnification as the system. So, the distance of

equivalent lens from the Vertex of the first lens is,

df;

Yt fith-d



Q.57. A system consists of a thin symmetrical converging glass lens with the
curvature radius of its surfaces R = 38 cm and a plane mirror oriented at right
angles to the optical axis of the lens. The distance between the lens and the mirror

is 1 =12 cm. What is the optical power of this system when the space between the
lens and the mirror is filled up with water?

Ans. The plane mirror forms the image of the lens, and water, filled in the space
between the two, behind the mirror, as shown in the figure.

So, the whole optical system is equivalent to two similar
lenses, seperated by a distance 2! and thus, the power of
this system,

dd
'I"-"I:‘lf'q’z- o ,Whﬂc-@l-@'z-':"l

= optical power of individual lens and no = R.I. of water.

Now, ®' = optical power of first convex surface + optical power of second concave
surface.

- !n-l!+ﬂn'-ﬂ
R R

N is the refractive index of glass.

(2n-ny-1)
R (1)

and so, the optical power of whole system,

2d @7

D=2 = 30D,

Substituting the values.

Q.58. At what thickness will a thick convex-concave glass lens in air

(a) serve as a telescope provided the curvature radius of its convex surface is AR =
1.5 cm greater than that of its concave surface?



(b) have the optical power equal to —1.0 D if the curvature radii of its convex and
concave surfaces are equal to 10.0 and 7.5 cm respectively?
Ans. (a) A telescope in normal adjustment is a zero power combination of lenses. Thus
we require

¢-D-¢1+¢=—§¢1¢2

n -1
But &; = Power of the convex surface = m
@, = Power of the concave surface = - "EDI
(n-1)AR  d__(n-1)
Ths O = Ro®o + AR) " n Ry (R + AR)
So d= nAR

" = 45 cm. on putting the values.

5 .5 d 5x .5
(b) Here, @ = -1 = T - o= + 15 * 1 x 075

1.
20 dx2 §5x20 5 2004
?'I' x

K — —
=3- 3 3 "3ty
Zﬂ;}d_;; or d=(3/100)m =3 cm.

Q.59. Find the positions of the principal planes, the focal length and the sign of the
optical power of a thick convex-concave glass lens

(a) whose thickness is equal to d and curvature radii of the surfaces are the same
and equal to R;

(b) whose refractive surfaces are concentric and have the curvature radii R: and
R2 (R2> Ry).

Ans. (a) The power of the lens is (as in the previous problem)

R R n

n-1 n-1 dfn-1 n-1 _d'[r:-l_f}
ottt L 5 - 25

The principal planes are located on the side of the convex surface at a distance d from
each other, with the front principal plane being removed from the con vex surface of the
lens by a distance R /(n - 1) .

(b) R R f

n-1 n+1l 2 -8 {n-1
Hutql-_ﬂl * R, * n 31_5_
.("-lliﬂz"ﬁi] [-1-1-"_1] Ry

Rﬂ_ RI n
n=1{(1 1



Q.60. A telescope system consists of two glass balls with radii R1=5.0cmand Rz =
1.0 cm. What are the distance between the centres of the balls and the
magnification of the system if the bigger ball serves as an objective?

Ans. Let the optical powers of the first and second surfaces of the ball of radius R1 be
B and 9, then

& = (n-1)/R, and &' =(1-n)/ (-R) = {nﬁ?l”

This ball may be treated as a thick spherical lens of thickness 2R1. So the optical power
of this sphere is,

IR Y
]

D= D = 2(n-1)/nR,

(1)

Similarly, the optical power of second ball,
@: = 2("— l}fﬂﬂz

I the distance between the centres of these balls bed. Then the optical power of whole
system,

D =Dy +Py-dd; Dy
. z(n_1)+z{u-u_4d{n-1f*

n R, nR; n* R, Ry
_2!""‘1! {R +R}_2d!ﬂ-1!
HRJ_RI 1 2 n )

Now, since this system serves as telescope, the optical power of the system must be
equal to zero.

2d(n-1) 2(r-1)
{Rl +.R2} —“ , a8 —NRIRI 0.
_n(Ry+R)
d = =1 Sem.

Since the diameter D of the objective is 2R1 and that of the eye-piece is d = 2Rz So, the



magnification,

2R,
T =D/d=3pt =Ry Ry = 5.

Q.61. Two identical thick symmetrical biconvex lenses are put close together. The
thickness of each lens equals the curvature radius of its surfaces, i.e. d =R = 3.0
cm. Find the optical power of this system in air.

Ans. Optical powers of the two surfaces of the lens are

®, = (r-1)/R and @, = (L-n)/-R = "=

So, the power of the lens of thickness d,

Ao, ®; nu1+n-1_d{n—l}2fﬂz _n-1
n ]

i -¢1+¢1— R R . nR

and optical power of the combination of these two thick lenses,

2
D= =2 - 2]
nR

@ 2(n-1
By = = -—[Hl-:wn.

So, power of this system in air is,

Q.62. A ray of light propagating in an isotropic medium with refractive index n
varying gradually from point to point has a curvature radius p determined by the
formula

1i a
o =3n (nn),

Where the derivative is taken with respect to the principal normal to the ray.
Derive this formula, assuming that in such a medium the law of refraction n sin 0
= const holds. Here 0 is the angle between the ray and the direction of the

vector Y7 at a given point.

Ans.

We consider a ray QPR in a medium of gradually varying refractive index n. At P, the
gradient of n is a vector with the given direction while is nearly the same at neighbouring
points &, K. The arc length QR is ds. We apply, Snell’s formula nsin @ = constant

where B is to be measured from the direction Va. The refractive indices at .R whose mid

point is P are T|=%j?7|1dﬂmsﬁ



50 [n—%[?nldﬂousﬁ] {3:’:1&1-%&:55 dd)

-+ % |V n| d0 cos ) (sin 0 -%msﬁ d0) or ncos® dd = | Va|ds cos sin®

{we have used here sin (D = ;—dﬂ'} = 5in @ = % cos 8 d0)

db
Now using the definition of the radivs of corvature 1‘; -

- -1-1?u| sin B
|

-0

The quantity | Vn|sin® can be called E";F i.e. the derivative of n along the normal N to

the ray. Then i = ﬁ]n n.

Q.63. Find the curvature radius of a ray of light propagating in a horizontal
direction close to the Earth's surface where the gradient of the refractive index in
air is equal to approximately 3.10® m™. At what value of that gradient would the
ray of light propagate all the way round the Earth?

Ans.
= A =B __=1
_= '?n-p?ﬂ.l?ﬂl.j‘.ﬂ:lﬂ m

==
A=
=

 since }I | V 1 both being vertical ). So p = 33 %10 ' m

p=FR=6400kn = 64x10°m
Thus |Va|=16x10""m™"
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