Differential Equations

12.01 Introduction

Most of the problems in science and engineering are solved by finding how one quantitiy is related
or depends upon one or more quantities. In many problems, it is easier to find a relation between the
rate of changes in the variables than between the variables themselves. The study of this relationship gives
rise to differential equations. Therefore, an equation involving dependent variable, independent variable
and derivative of the dependent variable with respect to independent variable is called a differential equation.

Differential equations which involve only one independant variable are called ordinary differential
equations. If the differential equation involves more than one independents variable, then it is called a
partial different equations. Here we shall confine ourselves to the study of ordinary differential equations
only. Now onward, we will use the term 'differential equation' for ordinary differential equation.

dy , d’y

'y .
For example : —=x"y, -5—+6y=sinx,
P dx Y dx* dx Y

Where x is independent variable and y is dependent variable.
12.02 Order and Degree of a Differential Equation

Order of differential equation: Order of a differential equation is defined as the order of the
highest order derivative of the dependent variable with respect to the independent variable involved into
the given differential equation.
For example :

dy .. o : .
(1) Differential equation d_)yc =e" is the order one because in this equation the dependent variable y

has maximum one differentiation.

2
d Z + xﬂ + 2y =sin @, because in this equation the dependent variable y
X

(i) Differential equation x’ y
x

has maximum two times differentiation.

dyY d
(i) Differential equation (d_ij +d—i+ 3y =0 the of order one because the dependent variable y has

maximum one differentiation.
Degree of a Differential Equation :

The degree of a differential equation is the degree of the highest order derivatives, when differential
cofficients are made free from redicals and fractions.

3

3.2 d
(1)  The degree of (%) +%— 3y =0 is two because the highest order derivative is d_i) whose
x X x

power is 2.
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(i1)

(i)

2 2 2/3
The degree of %4_{14_(?} } =0 1is three, because on rationalization it becomes
X X

3 2 2

d’ d

(a’ Zj = —{1+ (d_yj } and the power of highest derivative is 3.
X X

. . dy Xy
The degree of differential equation —— = is one.
dx Xy

Remark : Order and degree (if defined) of a differential equation are always positive integrals.

Illustrative Examples

Example 1. Find the order and degree of following differential equations.

_dy . d’y dy . Lod’y (dyj
M dx cos (it dx*  dx y=¢ (i1 dx’ * dx *
2 d'y . (d’
@iv) y=xﬂ+ a (v) —i)+s1n z) =0
dx dy/ldx dx dx

Solution :

@

(i1)

(i)

(iv)

™)

d
The highest order derivative of y in this differential equation is a’_z so its order is 1 and the highest

power of a’_z is 1, so its degree is 1.

2
The highest order derivative of y in the given differential equation is 1 Z so its order is 2 and the
X

2
highest power of 1 Z is 1, so its degree is 1.
X

2
The highest order derivative of y in the given differential equation is d_z’ so its order is 2 and the
X

2
highest power of 7 Z is one, so its degree is 1.
X

o N . o (ayY d .
On simplification we see that the given differential equation is x(d—yJ +a’ = yd—y, hence order is
X

X

1 and degree is 2.
4

The highest derivative of y in the given differential equation is d—i}, so its order is 4, also the given
X

differential equation is not a polynomial in context with diffrential coefficients. So the degree of
equation is not defined.
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Exercise 12.1
Find the order and degree of following differential equations.

2

dy

1. —=sin2x+cos2x 2. = =sinx+cos x

dx dx

4> 2 d 3
3. ( ZJ +(—yJ=0 4. (QJ L

dx dx dx)  dyldx

d2 d ) 3/2

Y Y

Cr | Z2 , _
5. adx2 l: (de } 6. xdx+ ydy=0

ay) | (dyY dy 3,
7. +y|—| +y =0 8. x—+———=

[dxzj y(dx Y dx (dy/dx) Y

12.03 Formation of differential equation
If the given family f of curves depends on only one constant parameter then it is represented by an
equation of the form

f(x y,a)=0 (1)

Differentiating equatioin (1) with respect to x

, ,_d
¢(x, y, ¥y, a)=0 [where y =d—)yc] (2)

The required differential equation is then obtained by eliminating a from equation (1) and (2) as
Jx y, y)=0
This is called the required differential equation of family of curves. Similarly if the given equation
has two arbitrary constants then differentiatign twice and by eliminating the arbitrary constants, we get
the equation of family of curves.
Illustrative Examples
Example 2. Find the differential equation of family of straight lines which passes through orgin.
Solution : The equation of straight line passing through origin is

y =mx, where m is arbitary. (1)
On differentiating equation (1)
dy
e 2
On eliminating m from (1) and (2)
dy o o : :
X I =y, which is the required differential equation.
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Example 3. Find the differential equation of family of y = ae® +be”
Solution : y=ae™ +be”" (D

Differentiating eq. (1) with respect to x

b _ 2ae* —be™ ()
dx
Again differentiating
2)’ 2
=4ae™ +be” 3
dx’ )

From (2) and (3)

2
ﬂ _d_y =2ae** +2be ™" = 2(aez" + bef")

dx*  dx
d’y _d_y_2 (From eq. (1))
dx*  dx . 4

This is the required differential equation.

Example 4. Find the differential equation of family of curves for y=e" [A sin x+ B cos x]

Solution : y=e"[Asinx+Bcosx] Differentiatign with respect to x (1)
Ay iae . .
d—:e [Asin x+ Bcos x]+e*[Acos x— Bsin x]
X
- ﬂ: y+e*[Acos x— Bsin x| ()
dx
d*y dy ) .
=—+e¢"|Acosx—Bsinx|+e"[|-Asin x—Bcosx
= dx2 dx [ ] [ ]
d’y dy _dy
7 T __ From (2
= A dx dx (From (2))
d’y dy+2 0
or -2—= =0.
dx* dx Y

This is the required differential equation.

Exercise 12.2

b
1. Find the differential equation of family of curves for y =ax+ e

2. Find the differential equation of family of curves for x*+ y* =a?.

3. Find the differential equation of family of curves for y = Ae’ + Be™ .
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4. Find the differential equation of family of curves for y=¢*[Acosx+ Bsinx]|.

5. Find the differential equation of family of curves for y = acos(x +b) , where a and b are arbitrary

variables.
12.04 Solution of a Differential Equation
The solution to the differential equation used in the equation refers to a relationship in the independent
and dependent variables which does not contain any differential coefficient and the given differential equation
is satisfied for derivative obtained.
The solution of a differential equation is also called its primitive because the differential equation is
a relation derived from it.
General, particular and singular solution
(i) General solution : In the solution of a differential equation if number of arbitrary constant are
equal to the order of it then that solution is called general solution. This is also called total solution
or total integral or total primitive.

d2
For Example : y = Acos x+ Bsin x is a general solution of differential equation 7 Z +y =0 because
X

arbitrary variables present in the solution are equal to the order 2 of the equation.
(i) Particular solution : The solution of a differential equation obtained by assigning particular values
of the arbitrary constants in the general solution is called "particular solution'.

2

For Example : y =3cosx+2sinx is a particular solution of differential equation 7 Z +y=0
X

(iii) Singular solution : Singular solutions of a differential equation are those where arbitrary constants
are not present and fails to have a particular solution of general solution.
Remark : Singular solution is not there in syllabus. Hence we will not discuss it here in detail.

Ilustrative Examples

a d
Example 5: Prove that Yy =c¢xX+— is a solution of differential equation y = P A .
c dx dyldx
Solution : Given equation is y=cx+(a/c). (D
differentiating with respect to x
dy
—=C 2
I ()

On eliminating ¢ from (1) and (2)

ZX(Q}L
Y5 )y dv)

Hence y =cx+a/c is solution of given differential equation.
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2

d”y

Example 6. Prove that y =asin2x is solution of given differential equation +4y=0.

x2
Solution : Given equation is ¥ =asin2x (1)
differentiating with respect to x
d _ 2acos2x 2)
dx
again differentiating with respect to x
d’y )
=—4asin2x 3
P (3)
'y
—+4asin2x=0
dx
d’y
and 1 +4y=0 [From Eq. (1)]
X

Hence y =asin2x is a solution of given differential equation.

Example 7. Prove that y+x+1=0 is solution of differential equation (y—x)dy —(y*—x*)dx=0.
Solution : Given equation is

y+x+1=0

y:—(x+1):>dy:—dx (D)
LHS of given differential equation

(y—x)dy—(yz—xz)dx

=(y—x)(—dx)—(y—x)(y+x)dx [ From eq. (1)]
:—(y—x)(l+x+ y)dx

=0

= RHS

Hence y+x+1=0 is a solution of differential equation.
Exercise 12.3

2
1.  Prove that y* = 4a(x + a) is a solution of differential equation y = |:1 — (%j } = 2)(? .
X X

d’y  dy
~+—-2y=0.

2. Prove that y=ae > +be* is a solution of differential equation
q X~ dx
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3. Prove that y=—> is a solution of differential equation (1 + xz)?+ (1 + y2) =0.

1+cx x

2
d Z+xﬂ+y=().
dx dx

4. Prove that y = acos(logx)+bsin(logx) is a solution of differential equation x’

2

d
5.  Prove that xy =logy+c is a solution of differential equation A (xy * 1) )

dx 1-xy
12.05 Differential Equation of First Order and First Degree

There exists a dependent variable x, an independent variable y and 2 in an differential equation

dx
of first order and first degree. hence the equation may be written as
fl_y: (x, ), where f(x, y) is a function of x and y
X
dy _f(x)
o dx  g(x,y)
or f(x, y)dx+g(x, y)dy=0

As it is not possible to integrate every function similarly it is not possible to find solution of every
differential equation. But if the differential equation is in standard form of any one out of below mentioned
then it is possible to have solution of such differential equations.

(A) Differential equation in which variable separation is possible.
B) Variable separation is possible by substitution.

©) Homogeneous differential equations.

(D) Differential equation are reducible to homogeneous form.

(E) Linear differential equation.

F Differential equation are reducible to linear differential equation.

Remark : Apart from above discussed methods in some situation the solution of differential equation
is possible by finding integral multiple, but as not a part of syllabus, the studies of such cases is not porvided
here.

(A) Variable separable form
In the equation M (x, y)dx+ N(x, y)dy =0 on separating the variables and writing in the form of
J(x)dx+g(y)dy=0 (1
here the variables are separated hence on integrating the each term of equation (1) following solution
is obtained.

I f(x)dx +Ig (y)dy =C, where C is any arbitrary cosntant.
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dy
Example 8. Solve

Solution : Given equation is ——=¢€ -€

Ilustrative Examples

“r ex+y
dx
d

x y

dx

now on separating the variables e'dx=e"dy

integrating both the sides Iexdx = J.e*y dy
= e'=—e"+C
or e*+e’ =C, where C is integral constant.

This is the required solution.

d .
Example 9. Solve d_z =smx—x .

d .
Solution : Given equation is d_z =SInx—x
on separating the variables, dy = (sin xX— x) dx
integrating both the sides, I dy = I(sin x—x)dx
x2
or y=—COSX— > + C, where C is integral constant.
This is the required solution.
Example 10. Solve xcos’ ydx = ycos” xdy.
Solution : Given equation is xcos” ydx = ycos” xdy

dy xcos’y xsec’x

or ) )
dx ycos"x ysec'y

On separating the variables

or ysec® ydy = xsec® x dx
integrating both the sides I ysec’ydy = J.xsec2 xdx
on integrating by parts

ytan y —logsec y = xtan x —logsec x+ C , where C is integral constant.
This is the required solution.

[346]



1-—
Example 8. Solve: ﬂ+ Y .

dx 1-x

. . L dy 1-y?
Solution : Given equation is R
X -X
N ting the variables —= dy
ow on separating the variables =-
p g N \/1 S

inteerating both the sid | d__ [ dy
integrating bo e sides N == -
I-x \/l—y

sin”' x =—sin"' y+C, (First form) where C, is integral constant
If we take C, as sin™' C then

sin”' x+sin”' y=sin"' C

by inverse circular formula [sin*1 x+sin”' y = sin’l{x\/l N }}

sin”! [x\/l— v+ y\/l—xz} =sin”' C

or x\/l—y2+y\/1—x2:C
This is the required solution.

Exercise 12.4
Solve the following differential equations.

1. (ey+1)cosxdx+eysinxdy:0 2. (1+x2)dy:(1+y2)dx
3 (x+1)d_y:2xy 4 d—yzex’y+x e’

) dx ’ dx
5. (sinx+cosx)dy+(cosx—sinx)dx=0 6 d—y=w

' Y B T dx e te

, ) dy x(210gx+1)

7. sec” xtan ydy +sec” ytan xdx =0 8. E_m
9. (1+cosx)dy =(1-cosx)dx 10. 1-x%dy = X’dx

(B) Differential equation reducable to variable separable

In this method the given differential equation may be reduced to variable separable form by suitable
substitution and by getting its solution and again substituting required solution can be obtained. Following
examples will explain the above method.
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Illustrative Examples
d
Example 12. Solve d_y =(4x+y+ 1)2 .
X
Solution : Let dx+y+1=t

On differentiating with respect to x,

4+ﬂ:£:ﬂ:£—4
dx dx dx dx

by substitution in given equation

dt

——4=r
dx
d
—=t+4
= dx

= T2 dt =dx (seperation of variables)
on integration J‘;zdt = jdx
1*+(2)
or %tan1 (t/2) = x+C, where C is integral cosntant
or tan"' /2 =2x+2C
or t=2tan(2x+C,), where C, =2C

putting the vlaue of ¢ the desired solution is

4x+y+1=2tan(2x+C,)

d
Example 13. Solve: (x—»)’ d—z =a’.
Solution : On writing the given equation in the following form

2

@ (1
dx (x—y)

Let x—yzt:l—%:%

So from eq. (1) 1—%=?—22

on simplification % = 1—?—22 = i t—zaz



SO

On integration

or

jdx=f{r+ﬂ?iﬁ}dt

1 t—a
x=t+a’ 2—10g (ITJ +C, where C is integral constant.
a a

putting the value of ¢ the required solution is

yzﬁlog{m}w_
2 X—y+a

d .
Example 14. Solve: d_z: sm(X+ y)+cos(x+ )’).

Solution : Let x+ y =¢, on differentiating with respect to x

=

1+Q:£
dx dx
dy _dt _
dx dx

on substitution in given equation

or

or

or

on integration

or

dt )
——1=sint+cost

dx
dt .
— =1+sint+cost
dx
dt _d ‘ .
(sint+cost+1) =ax [separation of variable]
2
(1/2)sec (I/z)dtzdx
I+tan (1/2)
2
(1/2)sec(t/2) dtzjdx
1+tan(t/2)

t
log [1 + tan 5} =x+C, where C is integral constant

(x+y)
log{ljttan 7 }=x+C_ [~ onputting r=x+y |
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Example 15. Solve {M}ﬂ _Xty+a

x+y—-bldx x+y+b

Solution : From the given equation

dy _ (x+y+a)(x+y-b)

dx (x+y—a)(x+y+b) (1)
dy dt ) _
Let x+y=t=>l+—=— (on differentiation)
dx dx

dr (t+a)(t—b)

Rl i | |

3. & (1—a)(11b)
o dar 2(r-ab)
on simplifying & (1—a)(t+0)
t(b—a)

2dx =1 d

o gy { " tz—ab} :

t(b—
on integration J‘ZdX=J‘[1+ t(z_;;)} dt
b—a

2x=t+

log(t - ab) +C, where C is the integral constant

on putting the vlaue of ¢, the requried solution is

b—a

X—y= log[(x+y)2—ab}+C_

Exercise 12.5
Solve the following differential equations.

1. 2 dy _ 2 s dy_ 1
(X+y) dx ¢ dx x+y+1
3. cos(x+y)dy =dx 4. ™ D
dx
dy x+y+1
5. (x+y)(dx—dy):dx+dy 6. L =_"72""°
dx  x+Yy
7. x+y:sinl(ﬂj g d__1 .,
dx dx x-Yy
dy dy _ (x—y)+3
9. E—sec(x+y) 10. o —2(x_y)+5
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(C) Homogeneous differential equation
Differential equation f(x, y)dx+ g(x, y)dy =0 is called homogeneous differential equation if it

could be expressed in following form

dy y
2 _FlZ
dx ( x} M
re.in f(x, y) and g(x, y) the sum of degrees of x and y in every term always remains same.
Let, y=vx 2)
differentiating with respect to x
N (3)
dx dx
Using (2) and (3) in (1)
v
vtx—=F(v
o =F)
dv
x—=F{W)—-v
or I )
! dv = ax i i
or F(v)—v . [separationof variable]

) ) 1 ..
on integration dv = _[ —dx =log x+ C, where C is integral constant.
X

On solving LHS and putting v = % , gives the required solution of differential equation.

dx
Remark : If the homogeneous differential equation is of the form T = f(x, y), where f(x, y)
y

dx dx
is a homogeneous function of degree zero, then put x =vy and find d_y and put the value of E =f(xy)

and find the general solution of differeneation equation.
Ilustrative Examples

dy 3xy+y’
Example 16. Solve, & =xy—2y
dx 3x
dy 3xy+y’
Solution : Given equation 2o xy—zy (D
dx 3x
Given equation is homogeneous differential equation
so let y=vx (2
N _, 3 3)
dx dx
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using equation (2) and (3) in (1)

dv 3vn? +v7x? 3y +v?

VHEX—= > =
dx 3x 3
dv 3v+y’ v
OI‘ X—= -y =—
dx 3 3
1 1 ) .
or v—zdv = gdx [on separating the varaibles]
1 1 ..
or ——= glog|x| + C, where C is integral constant
v
x 1 y
or ——=—10g|x|+C_ cy=2
y 3 X
this is the required solution.
d
Example 17. Solve : =2 tan (zj :
dx x X
d
Solution : DY tan (zj (1)
dx x X
This given equation is homogeneous differential equation
So, let Y =VX
SN
= dx dx
v
now from (1) v+x—=v+tanvy
dx
1 . .
or ;a’x =cotvdy [by separating the variables]
on integrating log | x|=logsin v +log C, where log C is integral constant.
or x=Csinvy
on putting the value of v required solution is
x=Csin (lj _
X
. d .
Example 18. Solve xsin (XJ—); = ysin (XJ -X
x )dx X
Solution : From the given equation
dy _ysin(y/x)—x
dx xsin(y/ x) (1)
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Given equation is homogeneous differential equation

So, let y=vx 2)
b, )
dx dx (
b i erXﬂ_vsinv—l
s0 by eq. (1) dx sinv
dv
or V+X— =V —Cosecv
dx
1 ) ) .
or ;a’x =—sinvdy [by separating the variables]
log(x/c)=cosv, where C is integral constant
Or x — CeCOSV

on putting the vlaue of v required solution is

cos(y/x)

xX=ce
dy
Example 19. Solve : x—-=y (log y —logx+1)
X
: : : dy _>, |
Solution : From given equation I x og 24 (1)
equation (1) is homogeneous equation
So, let y=VXx 2)
b, .
dx dx (

using equation (2) and (3) in equation (1)

v+xﬂ=v(logv+l)

dx
xﬂ =vlogv
or I
1 1 . .

or dv=—dx [by separating the variables]

vlogv X

(l/v)

on integration log v J.
or log(log v) =logx+logC, where log C is integral constant
or logv=Cx
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or log2 = Cx [ v=y/x]
X

This is the required solution

Exercise 12.6

Solve the following differential equations.

1. xzydx—(x3+y3)dy=0 2. d—y=l+sin(1j
dx x X
2
3. xd—y+y—=y 4. xsin[l}d—y:ysin[l}—x
dx x x |dx X
5. xdy—ydx=+x>+y*dx 6. (x2+y2)dy=2xydx
7. (1+e”")dx+e"/y(l—ijdyzo 8. (3xy+y2)dx+(x2+xy)dy=0
y

9. )c2?:)c2+xy+y2 10. x(x—y)dy=y(x+y)dx

X

(D) Differential Equation Reducible to Homogeneous Form
dy ax+by+c a

. . . . _—_— _i_

When differential equation is of the form dx a'x+b'y+c'’ where PIAAY (D)

where ¢ and c' are constants then this may be reduced to a homogeneous eq. by substitution x =X + 5

and y=Y +k we may get the required solutions

so, let X=x-h : Y=y—-k
dx =dX ; dy=dY
d_Y_ a(X+h)+b(Y+k)+c
s0 by eq. (1) dX ' (X +h)+b'(Y +k)+c'
dY _ (aX +bY)+(ah+Dbk+c)
or dX (a'X+b'Y)+(a'h+b'k+c) 2)
In order to make equation (2) a homogeneous, the constants / and k are selected such that
ah+bk+c=0
[ [ " (3)
a'h+b'k+c'=0
on solving them the values of /& and k are found now using equation (3) in equation (2)
d_Y _aX +bY 4
dX aX+b'Y “)

which is homogeneous, hence solve (4) by homogeneous method and at last put X =x—h and

Y = y—k and get the required solutions.
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1

a
Remark : The above methods fails when — = — because then the vlaues of 4 and k will be either

b b

a b 1
infinite or not defined, in such case let o = o = . then the equation (1) will be of form.

dy _ ax+by+c

dx_m[ax+by]+c' ®)
Now solving eq. (5) by substitution ax+by =v
il =a+ b( vre J
dx myv+c'
which can be solved by method of separation of variables.
Ilustrative Examples
Example 20. Solve : @ = 7x—3—y—7
dx Ty—-3x+3
a
Solution : Given equation is reducible to homogeneous differential equation because 7 # o
SO put x=X+h, y=Y+k
dy 71X -3Y+(7Th-3k-1)
dX  3X +7Y +(7K —3h+3) 1
Select & and k such that
Th-3k-7=0
and Tk -3h+3=0
on solving these, h=1 and k=0
So, fi ion (1 ar _1X- 2
o, from equation (1) X 33X 177 2)
which is homogeneous, so put Y =vX
d_Y =v+ X ﬂ
dX dX
from (2 pex T3
s, from (2) dx 3+7v
dv T7-3v
X—= -V
= dX  —3+7v
X T3y, tion of variabl
or X -1 [separation of variable]
dX T( 2v 3
] —=— dv — dv
or p% 2(#—1} V-1
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On integration —7log X = %log (v2 - 1) —glog (V—_D —log C, where log C is integral constant
v+

(VZ _1)7/2(v+1)3/2
R =logC

log X" +log
log[ (v+1)’(v=1)* | X" =log C
5 2
. Y Y ,
putting the value of v log |:(;+1J (;—lj }X =logC

or (Y+X)(Y-x)=C
now put X=x-land Y=y

(y+x—1)5(y—x+1)2 =C

This is the required solution.

dy x+y+1
Example 21. Solve : —=———.
dx x+y-1
: : : : . : a_b
Solution : The given differential eq. is not reducible to homogeneous form because here P = o
So, to solve such equation we will substitute.
xX+y=v
dy dv
I+—==—
of dx dx

a’_y_dv v+1

SO I de = o1 [From given eq.]

_ v
o dx v-1
-1
or 2dx = (V ) dv
%
1
or 2dx = (1——}61\/
v
1
on integration, Ide = I 1—; dv
2x=v—logv+C, where C is integral constant
on putting the value of v, 2x=x+Yy —10g(x+ y) +C
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or,
This is the required solution.

dy x+y+l

Example 22. Solve dx 2xTy+3

x—y+log(x+y)=C

dy x+y+l a _b

Solution : Given equation

dx 2x+2y+3 a'

=; is of the form

so le xX+y=v = I dr
ﬂ_ v+l

o dx 2v+3

dv  v+1 3v+4
or —= 1=

dx 2v+3 2v+3

2v+3dv—dx S tion of variabl

or vid [Separation of variable]

jB%&vlﬂﬂdVZjdx

on integration

2 1
30t 510g (3v+4)=x+C, where C is integral constant.

6v+log(3v+4)=9x+C,

or 6(x+y)+log(3x+3y+4)=9x+C,

or 6y—3x+log(3x+3y+4)=C,

This is the required solution.

(where, C, =9 C)

(on putting the value of v)

Exericse 12.7

Solve the following differential equations.

1 B 3xH2yS 2.
dx 2x+3y-5
3. (2x+y+1)dx+(4x+2y—1)dy=0 4,

(E) Linear Differential Equation
A differential equation in the form

dy
—+P = ’
I y=0
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dy  x—y+3

dx 2x+2y+5

dy 1-3x-3y dy _6x-2y-7
dx  2(x+y) dx 2x+3y-6
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Where P and Q are cosntants or functions of x only, is known as first order linear differential equation.
Another form of first order linear differential equation is

dx
& +px=0 )

where P, and Q, are constants or functions of y only.

I Pdx

Solution of linear differential equation (1) : Multiplying both sides of (1) by e
J'de [;ly N Py} _ eJ'deQ

X

d Pdx Pdx
or a[yej }=€I 0

integrating both the sides
[ pax

y-e = J' ng dedy+C , where C is integral constant.

J. Pdx I Pdx

or (Joe' M dax+c)

Whcih is the required solution of (1).
Remarks:

(1) eI " is called as integrating factor of eq. (1), which is abreviated as L.F. .
(i) Before solving the differential equation the coefficient of derivative should be always one.

Iﬁdy

dx :
(i) In linear differential eq [d_er Px= Qlj the integrating factor is e’ and its solution is given by

x= eijPldy {I Qlejpldydy + C}
Ilustrative Examples

Example 23. Solve (l—xz)—
x

—-xy=1.

Solution : On writing the given equation in standard form

dy [ X j 1
o B N |V 2
dx 1-x%) (I-x%)

here

So integrating factor



so, solution will be y(LF.) = I (LF.) Qdx + C , where C is integral constant

y\/1—2=I\/1—x2- ! dx

(1-x%)

or yVl—-x> =sin”' x+C.

This is the required solution.

d .
Example 24. Solve : sec xd_ic) =y+sinx,

Solution : On writing the given equation in standard form
dy )
—— — yCOSX=SinXxCcosx,
dx

here P=—cosx, Q=sinxcosx

So integrating factor (IF) = ej pax _ e*f cosdv _=sinx

s0, solution is ye = Isin xcos xe "dx+C , where C is integral constant
= J.te*’dt +C [here ¢ =sinx, ... df = cos xdx |
=—¢'(1+1)+C [integration by parts]
=— "™ (1+sinx)+C (" t=sinx)
or y =Ce™* —(1+sinx)

This is the required solution.

dy
Example 25. Solve : xlog XE"' y=2logx

Solution : On writing the given equation in standard form
2
dy vy _2

dx xlogx x

1 2
where P = =T
xlog x X
. _I.de .I.xlol xdx log(log x)
Integrating factor (LF)=¢' " =& ™" =e =logx

2
Integrating factor ylogx= I;log xdx+C , Where C is integral constant

(log x)2

=2 +C
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or y =(log x) +

(logx)
This is the required solution.
Example 26. Solve : (1 + yz)dx = (tan*l y— x) dy .
Solution : From given equation
dx 1 tan”' y
—+ X = =,
dy (1+ y ) I+y
1 tan”' y
P =, =
heI‘C 1 1+ y2 Q] 1+ y2
. . jﬂdy J‘1+yz [an’l y
so integrating factor (LF)=¢"" =e¢ =e
. . tan”" y tan”" y tan% y .
so, the solution is xe = _[ e it dy+C , where C is integral constant
y
= Ite‘dt +C [where tan™' y=1¢]
=(t-De'+C

on putting the vlaue of ¢, the required solution of equation is

—tan™! y

x=(tan” y—1)+ce

Exercise 12.8
Solve the following differential equations.

d
1 Zioy=dx 2. cos2xﬂ+y:tanx
dx dx
2\ dy 42 _ 3\ 4y _
3. (1+x )E+2yx—4x 4. (2X 10y )E"‘)’—O
5. d—y+ycotx:sinx 6. (l—xz)ﬂ+2xy:x\/l—x2
dx dx
d
7. sinl[d—y+%y}:x 8. x2i2y=x"logx
dx x dx
v 2 2 tan’ly dy
9. dx+xdy=e"sec’ ydy 10. (1+y )+(X—€ )E:O

(F) Differential Equation Reducible to Linear Differential Equation
Bernoulli's equation

dy
4 Py=0y"
I y =Qy (1)
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Above equation may be transformed in linear differential equation by dividing the differntial equation

by y" so dividing by y" to both sides

*ﬂd -n
v Py =0 2)
dx
Let ylf”:v
o dy dv
l-n)y"—=—
( )y dx dx
wdy 1 dv
dx (l—n)dx
putting the above value in equation (2)
1 dv
———+Pyv=
(1-n)dx 0
dv
—+(1=n)Pv=(1-n
or D (1-m) Py =(1-m)0

which is a linear differential equation and can be solved by the method discussed in article (E).
Ilustrative Examples

dy

Example 27. Solve : xa+y:x3y6 .

Solution : On dividing both sides of equation by xy°

1 dy 1
ot =X (1)
y dx  xy
A, Sdy_dv
Let y’ v dx  dx
. v 1 2
so, transformed form of (1) is ———+—Vv=x
Sdx x
dv 2 C . . . .
or E—;V =—5x", which is linear differential equation (2)
s lar 1
so, integrating factor (I.F.)= eI e Fer _ e = —
X
. . 1 1 5
s0, the solution of equation (2) VF = IF(_SX Ydx+C
or Lz—ij’de+C= > +C
x° 2x7
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so, putting the value of v, the required solution is

5
P =2y +6x
y ) )
d |
Example 28. Solve : 2 =e_2 —.
x x x
. ) ) dy 1 €
Solution : From given equation —t—=—
dx x x
,d !
dividing by ,* e’ d—z+%=? (D
_ ,dy dv
Let el == eV =
dx dx
. dv 1 1
so, transformed form of (1) is ——+—Vv = 7
dv 1 1
or & (2)
which is linear differential equation.

so integrating factor

—e e—logx l
X
) ) 1 1 1
so, the solution of (2) will be Ve—= I— —— |dx
X X\ x
% 1
—= +C
o x  2x?

on putting the vlaue of v the required solution is
2xe” —1=2x°C .
dy -1 3 2\ _
Example 29. Solve : E+(2xtan y—x )(1"‘ y )—0 :

d _
Solution : Given equation is d—z+ (2xtan” y—x")(1+y%)=0

1 d _
or (1+y2)d—i}=—(2xtan 1y—x3)
1 _
or md—z+2xtan ly =x (D
. 1
Let

@ _dv

an oy =v= (1+y2)dx_dx
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4 3
so, fromeq. (1) —+2xv=x

dx
which is a linear differential equation, where P=2x,Q0=x
Integrating factor ( I ,F,) = e2J e
so required solution is yeet = .[ Celde+C

:%sz (2x)ex2dx+C

:%I’etd"“c , [where t=x?, .. dt = 2xdx ]
| .

—5¢ (t-1)+C [Integration by parts]

=le”‘ (x2—1)+C, [ t=x2]
2

again substituting the vlaue of v

(tan*l y)e)‘2 =—e" (x2 —1)+C

tan”' y = %(x2 —1) +ce ™

This is the required solution.

d :
Example 30. Find the particular solution of differential equation d—z‘*' 2ytanx=sinx If x=x/3 and

y=0.
Solution : Given differential equation is
d .
—y+2ytanx:slnx (1)
dx
Here P=2tanx, Q =sinx
LF. = €2J.tan,\'dx — e2logsecx _ elogseczx _ SeC2 X
General solution of differnetial equation is
yxLF.= j (LF.) x Qdx
or y-sec’ x = J.sec2 x x sin xdx
or y-seczxzjsecxtanxdx
or y-sec’ x=secx+C (2
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when x=7/3, y=0 putineq. (2)

O=secr/3+C
or C=-2
put C =-2 in equation (2)

ysec’ x=secx—2

or y =cosx—2cos’ x
Which is the required solution.

Exercise 12.9
Solve the following differential equations.

dy 3 3 dy X=y X y

1. —+xy=x 2. ——=¢e "|\e e
ey & oerfe-e)
d A

3. —y—ytanx:—yzsecx 4. tanxcosyﬂ+siny+es‘”:0
dx dx

5. d—y+xsin2y:x3coszy 6. —dy+110gy:_);(10gy)2
dx dx x X

d 1
7. (1+x2)d—z+2xy :W ; where x=1, y=0
Miscellaneous Exercise 12

1.  Solution of (x2 +1)ﬂ —1is
dx

(a) y=cot' x+C (b) y=tan"' x+C (c) y=sin"'x+C (d) y=cos ' x+C

d .
2. Solution of D iox=¢ is
dx
(a) y+x2=§e“+c (b) y—x2=%e3x+c (c) y+x'=e"+C  (d) y-x'=¢"+C

. dy .
3. Solution of o +cosxtany =0 is

X
(a) logsin y+sinx+C (b) logsinxsiny=C
(c) sin y+logsinx+C (d) sinxsiny=C

X+ —X
4. Solution _:ex eix is
dx e" —e

(a) y=log(e'+e)+C (b) y=log(e* e )+C
(©) y:log(ex+1)+C (d) yzlog(l—e’x)+C
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10.

11.

12.

13.

14.

15.

ey d .
Solution of e e A is
dx

(@) ¢ =¢"+C (b) ¢*=¢*+C ©) eV =e*+C (d) eV =e"+C

dy 1
Solution of —+—+y=0 ig
dx vy

1
(a) x+§10g(1+y)=C (b) x+%log(1+y2):C
(c) x+10g(1+y)=C (d) x+10g(1+y2):C
. dy 2 .
Solution of ——=c¢08" y is
dx
(a) x+tany=C (b) tany=x+C (c) siny+x=C (d) siny—x=C
d x oy 2
Solution of d—y=€y +e'x’ is

X

3 3 3 3
(a) e +e’ =%+C (b) e’x+ey+x?=C (c) e+ =%+C (d) ex+e”'+%=C

2

d
By what substitution will the differential equation d_y+ RAR y_2 change in the linear equation
X x X
1 1
(a) y=t (b) y* =t (C);:’ (d)7:’

d . ) ) .
By what substitution will the differential equation d—)yc+ xXy=e y3 change in the linear equation
1
(@) 5= (b) y?=v (c) y? =v (d) y*=v
. . . . . dy 2x
Find the general solution of differential equation E +2x=e"",

d :
Find integrating factor of differential equation d—z+ ytanx=sinx,

X

d
Find integrating factor of differential equation =y ——y=e
dx sinx

d
Differential equation cos(x+ y)d—i =1 is of which form?

d *
Differential equation d—y— ytanx =e"secx is of which form?
X
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16.

18.

20.

Find general solution of following equations.

dx 3x+2y+1 Codx x

xﬂ:y+2\/yz—x2 19. d—yzex’y(ey—ex)

dx

d .
& | xsin2y = x*cos? y
dx

( )

| IMPORTANT POINTS |

An equation involving derivatives independent variable, dependent variable and derivative of the
dependent variable with respect to independent variable is known as a differential equation. Differential
equations are of two types:

(1)  Ordinary differentaial equation

(i) Partial differential equation

Order of a differential equationis the order of highest order derivative occuring in the differential

equation.

Degree of a differential equationis the degree of the highest order derivative, when differential

cofficients are made free from redicals and functions.

Solution of differential equation:

The solution to the differential equation used in the equation refers to a relationship in the independent

and dependent variables which does not contain any differential coefficient and the given differential

equatiion is satisifed from derivative obtained.

The solution of a differential equation is also called its primitive because the differential equation

is a relation derived from it.

(i) General or total solution : In the solutioin of a differential equation if there are arbitarary
constants equal tot he order of it then that solution is called general solution. This is also
called total solutiion or total integral or total primitive.

(i) Particular solution : The solution of a differential equation obtained by assigning particular
values to the arbitrary cosntants in the general solution is called particualr solution.

(i) Singular solution : The solutions of a differential equation where arbitrary constants are
not present and fail to have a particualr solutiion of general solution.

Differential methods to solve differential equation of first order and first degree:

(A) Variable Sepaerable Method : Differential equations with variable separable on wriing

the equation in general form f(x)dx+ g(y)dy =0 and then on integrating, the required solution

may be accurid.

(B) Varable separation by substitution : The given differential equation may be reduced to
variable, separable form by suitable substitution and by getting its solution and again substituting
required solution can be obtained.
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(D)

(E)

Homogeneous differential equation : If the general form of differential equation may be )

d , +b
written in the form of - = Silx,y) _ax+by

dx  f,(x,y) cx+dy

where f (x,y) and f,(x,y),x are homogeneous

functions of x and y then to reduce in variable separable equation use substitution y =vx.
Equation reducible to homogeneous form

. d + by + a
(1 form _y:%, where — # —
dx a'x+by+c a b

to reduce into homogeneous use x= X +h, y=Y +k cosntants & and k are selected such

that ah+bk+c=0 and a'h+b'k+c"=0 on solving them the vlaues of & and k are found.
Atlast put X =x—h and ¥ =y—k and get the required solutions.
a b
(i) when 7 = o then put ax+by =v and reduce the equationto variable separatio form
and then get the solution.

Linear differential equation

d
(1  Generalrm d_z + Py =0 where P nd Q, are constants or function of x

Integrating factor (I.F.)= A

Soution : y(LF.) = j (LF.)x Qdx+C

dx
(i)  General form E"‘ Fx=0, where P, and Q, are constants or function of y

then integratign factor (1.F.)= eI e

Solution xxLF.= II.F. xQdy+C
Differential equation reducible to linear differential equation (Bernoulli's equation) % +Py=0y",
where P and Q, are constants or function of x, to reduce it into a linear differential equation

1 —n . .
divide by y", then put — =7 and solve. At last put =Yy = to get required solution.
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Answers
Exercise 12.1

. order 1 degree 1 2. order 2 degree 1 3. order 2 degree 2 4. order 1 degree 4
. order 2 degree 2 6. order 1 degree 1 7. order 2 degree 3 8. order 1 degree 2
Exercise 12.2
d’y  dy dy
2
+x—-y=0 2. x+y—=0
dx’ dx Y Y dx
d’y _dy d’y . dy d’y
- —8—+15y=0 4. —2%42y=0 5. +y=0
dx’ dx Y dx* dx Y dx* Y

Exercise 12.4

) sinx(ey+1)=C 2. y—x=C(l+xy) 3. 10gy=2[x—10g(x+1)]+€
1
: €y=€x+gx3+c 5. ¢ (sinx+cosx)=C6. y=e>+C 7. sin’ x+sin* y=C

X L.
. ysiny=x"logx+C 9. y=2tan§—x+C 10. y=§sm '+ C

Exercise 12.5

-C
' x+y:atan(ya J 2. x+y+2=ce’ 3. y=tan(x;yj+c 4. x+e ™ =C
. x—y+c:10g(x+y) 6. 2(y—x)=10g(1+2x+2y)+C1
. x=tan(x+y)—sec(x+y)+C 8. 2x+(x—y)2:0
: yztan(x;y}c 10. 2(x—y)+log(x—y+2)=x+c
Exercise 12.6
. y:CeX}m3 2. tanzl:Cx 3. (x+cy):y10gx 4. x=Ce™"
X
Ly Yy =Cx 6. y:C(xz—yz) 7. x+ye’ =C 8. x*y’+2x’y=C
X
. tanl(ljzlog)ﬁc 10,—+10g(xy)=0
X y
Exercise 12.7
. 3(x2+y2)+4xy—10(x+y—1):C 2. x—2y+log(x—y+2):C
. x+2y+10g(2x+y—l)=C 4. 3x+2y+C+210g(1—x—y)=O
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5. 3(y—1)2+4(x—%}(y—l)—6(x—%} =C
Exercise 12.8

4x° C

1. y=2x—1+Ce™ 2. y=tanx—1+Ce ™3, y= + 4. 2 =2V +C
’ PTa(ew) (ee) T
5. ysinx:%x—isin2x+C 6. y=vl-x"+C(1-x)
7. xzy:C+(2—x2)cosx+2xsinx 8. 16x°y =4x*logx—x"+C
1 tan’ly —tan’ly
9. xe’ =tany+C 10. x=2e +Ce

Exercise 12.9

) . 1 .
1. y?=1+x"+Ce" 2. ¢ =¢' —1+Ce® 3. ——sinx+Ccosx=0

y
4. sinxsiny=C+e™" 5 tany:l(x2 —1)+Ce’x2 6 1 =——+Cx
’ Y= ’ 2 “logy 2x
7. yd+x*)=tan"' x—7/4
Miscellaneous Exercise 12
1. (b) 2 (a) 3. (a) 4. (b)
5. (a) 6. (b) 7. (b) 8. (d)
[P
9. (c) 10. (b) I y+a=2e"+C 12 secx
13. tanx/2 14. Equation reducible to variable separation  15. Linear equation
16. 2x° +3xy+y* +x+y=0 17. 1og(lj=0x 18. y+4y =" =Cx°
X

: ; 1 )
19. ¢" = +1+Ce” 20 ¢ tany=_(x"~1)e+C
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