HOMOGENEOUS DIFFERENTIAL EQUATIONS (XII, R. S. AGGARWAL)

EXERCISE 20 (Pg. No.: 961)

In each of the following differential equations show that it is homogenous and solve it
L xcf}‘:(x+)-')cir
Sol. xdy=(x+y)dx

ﬁ_[xﬂq.’}
dx %

"+ (x+y) andx both are homogeneous function because both function having 1 degree

@ = Lﬂ l of a homogenous differential equation
dx X |

dy _ ( X+y ;
T e J ...... (1)
Let y=wx

dy _ d(vx)

d  dx

dy o dx  dv

dx dv dx

d—} =vy+ Jrﬁ ______ (11)

dx dx

From equation (i) and (ii) [ﬂ] =y4x—
x dx

Putting y =wx

x+\/; dv
=V+X—
X
x{i+v dv
( ):v-!-x—‘
x
dv
l+v=v+x—
dx
lzxdp
dx
dv 1
dx x
1
dv=—dx
s

Integrating on both side we get fdv = Pd\'
X

v=log|x|+C
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Putting y =wx

?
y==
X

%:log| x|+e
v =log|x|+ex
2. (¥ -y )dc+2xdy=0
Sol. (x*—y*)dx+2xydy=0
On separating variables we get (x* — ° )dx +2xydy =0
2xydy =—(x* -y )dx

&: —(x: _yz)
dx 2xy

- (Jr3 - }’3] and 2xy both are homogenous function because both function having 2 degree

— x: _ .'z
& = —i—}l of a homogeneous diff equation
dx 2xy
L4

=i’ @)

&
S’o

Let y=mx= v=2

X

dy

Diff on the both sides we gef — = v£+x-‘£
de dx  dx
dy

—=v+x£ (1)

dx dx

From equation (i) and (i)

~(a?-5%) dv

— L =yv+x—
2xy

(*-¥)
2xy

Putting y =vx

v
=Vt x—
dx

= p_}_x_'-

x:(v: - l)

2vx”

(v" —1) dv

=Vt X—
2v dx

=V+X—
dx




dv 3 —(1+x)
dc 2wy

2y D
)"

Integrating on the both side, we get

l+v3) X
v 1
Yoyl
Let (14v9)=¢
Diff on the both sides wrt v
0+2v:£
dv
2v=£
dv
dv‘:ﬂ
2y
v a'I__ 1
e S b
2 ¢l 1
1 e o
| 1
f=-fy

log|f| = —log|x| +¢
log|1+v3|=-]0g|x+c|
log|1+1.’3|+log]xl:c
log|(1+v3](x)| =logc

(l-H-':)x:c

Putting v:z [1+’v—:]x=c
X X
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Sol.

x2+ 2
;V =g
)

C+y
v _,
x

X +y =cx

x3 dy+y(x+y)cir =0

dy+y(x+y)de=0
On separating variables we get
x*dy=y(x+y)dx

dy _ -y(x+y)
dx 5
dy —(xy+y3)
dx x’
- ( Xy + y:) and x* both are homogeneous function because both function having 2 degree
il
& =(x'y—,}) of a homogeneous diff equation
dx X
& __(9+7) (i)
2 T o
Let y=wx = pead
x
Diff on the both sides w.r. to x
8 .9 0
dc dx  dx
D™ (ii)
dx dx

From equation (i) and (ii)

X dx
Putting y =vx
v—(x(vx)f 1-*"1") o xﬂ
x” dx



&
dx

dx ¥

2 Ll
(v‘ + 2v) x
=B
v(v+2) x
Integrating on the both sides, we get

Ftamy =l

i --(v2 + Zv)

v(v+ 2)
dv 1
Iv(v+2) ﬁ_'l.;(&
i B (iii)

) v(v+2): v ve2

1 A(v+2)+Bv
v(v+2) v(v+2)
1=A(v+2)*RBv
Putting v=-2
|= A(-272)% B(-2)
1=0+B(-2)
1=-28

1

S B=——
2

Putting v=0
1=A4(0+2)+B(0)
1=24+0

1

SA==
2

Putting the value of A and B in equation (iii)

1 [;](_;J 1111

. =— X ——— X

v(v+2): v v+2 2 v 2 v+2
av 1

O et 7 ) 3

jv('v+2) J.x

lxldv lx 1 dv:—J'ldx
2 v 2 v+2 X

1¢l L 1 1
E-[;dv_gjv+2dv: —I;dx

%log| v|—%log| v+2|=-log|x|]+¢c
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1100 r ——lonlx|+c

2 “lv+2] T

Putting v=y/x

1 [ yilx

—lo =—log|x|+logc

2 g_y/’x-q-z} g|| %

log P ak =-2log|x|+2loge
:v+2x

4

log| —2 }:—log|x3|+logc:
y+2x

log Y -‘+log|x3|=logcz
| y+2x

log( Y )xz =logc’
Y+2x '

log( — ]x =logce
vx +2x

Putting v==—
/
(7% x |=loge
(»/x)x+2x

x:y=01(y+2x)
4. (x—yp)dy—(x+y)dx=0
Sol. (x—y)dy—(x+y)dc=0
On separating variables we get (x—y)dy = (x+ y)dx

dy 5 (x+y)

de (x-y)

"+ (x+y) and (x-y) bothare homogenous function because both function having 1 degree
+y : +

2 = (x_}] of a homogenous differential equation L. 4 = (x y) (1)

dx (x-y) dx (x-y)

Let y=wwr>v= 4
x

Diff on the both sides w.r. to x

dv =
= +x$ e (11)



From equation (i) and (ii)

o),
(x-») dx
Putting y =vx
(x+vx)_,+x
(x—wx) iq
x(l-»—v): &
x(1-v) dx
S
(i)
(l+v)_ _ o dv
(ED
() v(1-0) __av
(1-v) dx
1+v—v+v' &
T
(l+v:)_ _@
(1-v) _xdr.
(1+v3) v
(1-v)x dx
ﬂ_(HvQ)
dx_(l—v)x
(1=v) o 1
(l+v3)dv_;d’r

Integrating on the both side we get

I (1 _v) dvz_[ldx

(l+v:)

1 v 1
II«H'2 dp_J.H-v': dv:j;d.r

1 1+ 2v 1
[ 2f 2

1+v* 1+

1 1 2v

-tan"‘—)——’ll-—",dv=log|x|+c

1 1 271+v

1 le 2v

tan' v—— | ——dv =log|x|+¢
2914V

Let 14V =1

Diff on the both side w.r. tov
dt

0+2v=—o
dv



HOMOGENEOUS DIFFERENTIAL EQUATIONS (XII, R. S. AGGARWAL)

s
2y

i 1p¢2v di
tan ' v—— | =—x—=log|x|+¢
29 ¢ 2

tan ' v—%j}dt =log|x|+c
tan ' v—%log! = 10g|x|+c
tan ' v—%log‘ 1+v 3| =log|x|+¢

Putting v= &
X

1
tan ' ——Elog l+)—,‘ =log|x]+¢
X x’

tan ' -Ji—llog X Wy
2 x

=log|x|+¢
X

ﬂ‘-ﬂog[xhc
P

tan ' £=
%

1
—lo
2 <z

. w2
tan"l:log% +log|x|+¢
x x?
an"' 2 = log|, | X +log|x|+e
X X’
X+
tan"-'}—’=}og Y _xxl+e
X X
tan*? =loglx* + | +¢
X

tan'2 = logl:c2 +y3|“ +c
x

tan"‘—"’—’zllogl.vr1 +y3|+c

x 2

5. (x+y)dy+(y—2x)dx=0

Sol. (x+y)dy+(y—2x)dx=0
On separating variables we get (x+y)a§;+(y—2x)dx =0
(x+y)dy =—(y—2x)dx

dv _ -(y-2x)

dcx  (x+y)

- (y—2x) and (x+y) both are homogeneous function because both function having 1 degree
== = 7 2

B —g-ul of homogenous differential equation Y = \»-a—&+ .vc-ul ces KT

de (x+y) dc dx  dx



L

X

Diff on the both side w.r. to x
dy
dx
From equation (i) and (ii)
—=2)_ . dv

(x+y)

Putting y =

Let y=wr=>v=

dv -
=P+x—
} xdx (i)

(2—-v)—¥(1+v) _ &
(1+v) dx

2—v—v—v’ dv
1+v dx
2-2v—v'  dv
Tl &
—(vi +2v—2)
(l+v)
w(v3 +2v—2)
(1+v)x

dv —(v2 +2v= 2)

s

P
d

dx (v+l)x

(v _ 1,
v +2v-2 ¥

Integrating on the both sides we get

f—(“ﬁ)_“"": f‘;lc""‘

v 4+ 2v

v+1) e 1
_‘[1 +2v—2 ’ _.‘—dx

21+2
—Iv +2v— —I—dx
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I 2x+2 —log|x|+c

Vo +2v—
Let v’ +2v-2=¢
Diff on the both sides w.r. to v

2v+2-0= d!
r.fi

dt
2v+2)=—
(2v+2) -
i
T (2v+2)

1¢(2v+2)  ar
2 “(v+2)

= —logle +8
l_[ldr =—log]x|+'c
24

%log|t|+logjx| =

%10g|v2 +2v— 2| +log|x|=¢

Putting vz
X
1Icng —+2£—2 +log[.\'|=c
x
1 *+2xy - 2x°
_log‘w M| =2
2 X~
1/2
Ti 2y -2 |
log{Z <X +log|x| =
o
log M +100|x|
\/ &

=loge
X

,/ P ¥ 2xy—2x°
log( 2 D }xx

(yz + 24\'.))—2)(:)‘:: =
Y +2xy-2x"=c¢
Y +2xy-2¥=c¢
6. (x: +3xy+y3)c£rfx2dy=0
Sol. (x’ +3xy+y3)dx:x2ajz =0
On separating variables we get (x2 +3xy+y° )dx =x’dy

x’dy = (Jr2 +3xy+)y° )dx



dy _x*+3xy+y°
dx x*

(;vr1 +3xp+ }’3) and x* both are homogeneous function because both function having 2 degree

dv X +3xy+y° . . .
—= M of a homogenous differential equation

dx X

) X +3xp+y° .
& _FHOHY
dx X

Let y:wrzbvzl
”

Diff on the both sides w.r. to x

..

de de  dx

Q:v-l-xﬂ ....(11)
dx dx

From equation (i) and (ii)
FAIPHY Y

x
Putting y =vx
x* +3x (v )=y’
= =yV+xX—
x

x3(1+3v+v3} v
—_—— 4+

b dx

Ny d
(l+3v+v )_v+xdx

[+3v+1 —p=x—

dx
(1+13_’1»'+v3):xﬁ
dx
2 dv
1 )y = x—
(1+v) x—
.vr-%:(v-l-l)2
aﬁ;_(m-l)2
dc  x
dv ldx

(v+l)z N X

Integrating on the both sides we gets
j dv s J‘_ldx
(V + l)' X

j(v+ 1) dv=log|x|+c
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(v+l) .

—2+1
~(v+1)" =log|x]+c

= Iog|x| +c

a3 =10g|x|+c
(v+1)
Putting v:l
X

—Lzlog|x|+c
Y 41

x
—y+leog|xi+c

X
_y+x loglxi+c
= —1og|x|
y+x

[log|xi+y+xJ 2

log|df#=2— =5
y+x =l

log|x| =4
y+x

7. 2xyde+(x +2)7)dy =0
Sol. 2xydr+(x2 1-2y2)d_‘y =0
On separating variables we get (x3 +2y° )dy =—2xy dx
L -
dc x"+2y°
»—2xy and x”+2)° both are homogeneous function because both function having 2 degree

o — of a homogeneous differential equation 2 " 24 S )
di X +2y°

dx x> +2y°

Let y:wr::>v:l

X

Diff on the both sides w.r. to x
ﬂj}m-v—erdv
dx dx  dx

dy i

—_l’-l-x— apsc) |y | |

- (i1)

From equation (i) and (ii)
_2.0? d‘_!

=V+X—

¥ +2y° dx




Putting y =wx

—2x(vx) dv
ﬁ:‘-’i'x—
x*+2(m)

2w’ dv
A
X +2vx”
i—p-}x
x:(1+2v3)

=2v

— =V X—
14 2y° dx
-2y dv
——y=X—
14+2v°
—2v—v(1+2v3) v
—ﬁ:x_.
14+ 2v dx
v—y-—2° —xﬂ
1+2v
3v-2v  dv
—-sz-_

142y dx
—y(2v* 43
(‘_ﬂzxﬂ

1+ 2p° dx
dv (207 +3)

dx x(]+2v3)
1+iz‘:3 dve— Lo
v(2v‘ +3) X

Integrating on the both sides we get

18 , s 1
jv(2v3'+3) _I ;dx

Left side dividing and multiplying by 3
_I l+2v —j—dr I 3+61° '——jldx
p 2v +, sz +3v oy

Let 2v’ +3v=t¢
Diff on the both sides w.r. tov

IO
= dt dt
6 +3 T 34617
] 3+6V - I—dr
3 2v* +3v
(3+6v dt

S e 1
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= [t =~ ~eke

=¥ X

%log|!|:-log|x|+c

%log|2v“ +3v| =—log|x|+¢
log|2v3+31-'i=—310g|x|+310g|C|

Putting v= P
X

log ny—;+3x£
b

=-3log| x|+3log|c|
X

alogl |+Jlog|c]

fa 2y° +:)xy‘
o

2y’+3x y
-

log +310g|x| 3]oglc[

log 2}"-—3”{ + 10g|xr =3 loglc]
X

log (M)XI
' 4

4

=3log|¢|

= logl ¢ l

2y’ +3x°y=c { i 1 constant]
2y’ +3x°y=c
3’42y =c
R Q_Fﬂ:
dc 2x-y

Sol B X2 _g
dc 2x-y

= = ’ % 2 A
On separating variables we get d_ [x=2y
dx 2x—y
& _2y-x
dc 2x—y
'+ 2y—x and 2x—y both are homogenous function because both function having 1 degree

. oYX of a homogenous differential equation — @ . ot S (1)
dc 2x-y de  2x- y

Let y=vw = v:Z
X

Differentiate on the both sides w.r. tox
aj/ dx dv

‘_ —

dxdxaﬁr



Putting y =wx
2(wx)-x _

2x—vx

2v—1-2v+v’
2-v
Vl—l) dv
=X—
(2-v)

- (v2 —1]

_x(2—v

—

S

&%

)

=%

)
(zm‘})dvzldx

Integrating on the both sides we get

I )= lu":r

v =1

I(1 -l)(v+1

2—v

X

~ Lo

A B

(‘l’—l)(l-’+1)=

2—v

-1) (v+1)
_A(v+1)=B(v-1)

(v l)(v+1)

(v=1)(v+1)

= 2-v=A(v+1)+B(v=1)

Putting v=1

=2-1=A(1+1)+B(1-1)
=1=244+0 =1=24

e
2

Putting v=-1

.. (1i1)
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2—-(-1)=A4(-1+1)+B(-1-1)
3=0+B(-2)
3=-2B
LB=-2
2
Putting the value of A and B in equation (iii)

1 1.2
2—vy 2 2 1 1 1
5 - =—x

(-1)(v+1) (v-1) (v+1) 2 (v=1) 2 [wt1)

2-v 1
fm“’"—k‘*

.

J.2 (1—1) I v+1)

I—dx

E'Il(v—]) I{v+l

%log[ v—1 ] —%Iog[ v+1 l = Ioglx[+c

Putting v =%
X




(y-x)x* 1

log| ———x—[=log|¢|
| ooy |0
O,

(y+x)

(y-x)=c(y+x)

9. —@—er" '

=0
dx  3xy
. . dy ¥ -y
Sol. On separating variables we get — = —
dx 3xy
i'bi _ ),2 = x:
dc  3xy
+y"—x" and 3xy both are homogenous functions because both function having 2 degree
2= x'.! )
I . ()
dx 3xy

Let ‘};=vx:>v=l
X

Diff on the both sides w.r. to x

dy dx dv
A
dx dx  dx
Q:‘P—i—xi ..... (11)
dx dx
From equation (i) and (ii)
F—% - v+xﬁ
3xy
Putting y =»x
Vie® o O
Br(v“'] - ¥
¥ (vi-1
3vx”
v —1
( ) =V+xX—
3v
¥ =1 dv
3v dx
(v —l) dv
=V+x—
3v
v -1 dv
——1'— x_
3 dx



HOMOGENEOUS DIFFERENTIAL EQUATIONS (XII, R. S. AGGARWAL)

=13 dv

7=x._ﬁ
3v

oy dv

e il

[ i ]dv:—ldr
2v- +1 X

Integrating on the both sides we get

" 3y
2v +l}b,_-l.

Dividing and multiplying by 4

1
'[Zv +1 ——I;dx

Let 2V +1=¢
Dif on the both sides w.r. tov

4v+0=£
dv

dt

dv
3 o 1t
i—vxi:-‘[—!-dx
4 1 4y x

3¢l 1
i Py e

3 1
Zloglfl—_——".;
%log| 2’ +l|=~log|x|+c
Putting ],-:i

x
%log 2}';_ +1 =—I0g|x|+c
ilog‘M =—log|x|+¢
4 -
3log 2}—+ +4log|x| c

x*




10.

Sol.

2 2 2 3
log ( 2 -;x) +log|x*|:c
X
2 2 3
9?4 x?
log (2> :x) xx*|=log|c|
%
5 . Gk
2 - -
prar]
e
(2_}’2+x:)3 =
dy_x+y
dx 2xy
dy_x'+y
dx 2xy
On separating variables we get . ] = u
dx 2xy

> x*+)" and 2xy both are homogeneous function because both function having 2 degres

9

X

dy _ X"y
dx
Ey :
& L )
dx 2xy
Let),’—_-v;vr:';»v:l
X

Diff on the both sides wr. to x
dv de _dv
v + X—

dc  de dx
dy

2 )
L _viBx— ...
P ™ @)

From equation (i) and (ii)
x’+y?
EZ3
Putting y =vx

dv
=V+X—
dx

2x(vx) " dx

x’ (“’"1) av 1+v°

=S>———=Vi+Xx— = =vV+Xx

2vx? dx 2v

1+ v =202 dv = dv
== x

2v dx 2y dx

a homogeneous differential equation

Integrating on the both sides we get I%dv = J' ldx
-V X

Let 1-v' =t

dv 1+v2—v—x£
dx 2v T dy
()

14— v(2v)

dv ﬁ_(l—pz)

2v

2y

2vx

T )

dv
dx

dvzldx

X
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Diff on the both sides w.r. to v

0—21»r’=i

»

dv = i
=2y

3><i=J.la’Jr
tr -2v s

~log| | =log| x| +e
~log|i—v*| =log|d|+¢

~log|1-v* |~log|x|=¢
~[1og|t—v?|+1og]d | =¢

log|1-v?| +log| x|=-¢
log|l-+’|+log|d=e¢ [ —c=c constant]

Putting v= Pk

X

log l—if+log|x|=c
2

log

log
x—y“:c

=
¥ -y =cx
11 ﬂ:_zi
dx X -y’
Sol. Q:A
dc x" -y

On separating variables we get L 2 4 3
dx x -y

2

"+ 2xy and (x3 -y ) both are homogeneous function because both function having 2 degree

d 2 . . . ; 2xy )
2 —xy of a homogeneous differential equation i = L ...... (1)
dc x =y dc x -y
Let y=w = y=Z

X
Diff on the both sides w.r. to x
Q — pﬁ + xﬁ

dx dx  dx



Putting y =wx
2x(vx)

=vV+X—

2v—v(1—v2) _ xé
dx

=

v—v4Y = J\rﬂ
dx

(v+v‘*)F v
(1—v3)_x5
(v+v3) v
(Iﬂvz)x_a
dv (v+v)

E_x(l—v’)
1 vzd‘ =v]—dx
V+v X

Integrating on the both sides we get I dv= Ildx
v+ \-’ X

;((‘:p )) .y
L) 4 (Bree)
v(l-t—v') v 1+

ewrlil)

1-v A(l +1r3)+(Bv+ c)v

v(l+v3) - v(1+vz)
-V = A+ AV + BV +Cv
140v—v* = A+ AV’ + BV’ +Cv
1+0v—v* =v:(A+B)+Cv+A

Comparing on the both sides proper coefficient
—v' =v'(A+B) Cv=0v A=1
-1=A4A+8B c=0
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B=-4-1

Putting the value of A=1 in equation (iv)

B=-1-1

B=-2

Putting the value of A, B and C in equation (iii)
1— :l+(—2v+0) :l+(__2"?

V(I +v*’) v 1+v° v 14y

Ildv—ZI—-(b'—I—dr

v 1+v- X
Let 1+v =1
Diff on the both sides w.r. to v
oy dt dt
dv
dt
dv e —

2

Vv
J':d J'—zixizlog|x|+c

logl v'—logm = Iog|x|+c
log |v| - logil + vzl = Iog|x| +c

log Z{—l-{)g l+-y—: = lo_g'x[—lrc
X x

log i‘—lo::ng L,yu{ =log|x|+¢
% x°

—log

log

= ==
.

o] e

x’+y7|

log




In each of the following differential equations show that it is homogenous and solve it

xlajv" 3
12. =2xp+y°
e Y+ )

,dy 5
Sol. x —=2xy+y"
5 Y+ Y

On separable variables we get i 2xy+y” +,‘r

.‘l’

(21;v - )'3) and x* both are homogeneous function because both function having 2 degree

Y = M of a homogenous differential equation — a} xy+y (1)
dx x* d X

Let y=w=v==

Diff on the both sides w.r.to x
Q vdx d'r

dx dx afx

& i (i

— =V x—

dx dx

From equation (i) and (ii)

2P
x dx

Putting y=vx

Ax(m)vix’ v

=

X

el > 2
2vx" +vx dv
—_—_— VX —

X
_v(v+1)
T x
dv 1
=—dx
v(v+l) 7

Integrating on the both sides we get I ( l) I idx
v(v+ x

L o8, B D
v(v+l) v v+l
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1 A(v+1)+Bv
v(v+1) v(v+1)
1=A(v+1)+Bv
Putting 1=—-1
1=A(-1+1)+B(-1)

1=0+(-B)
B=-1
Putting v=0
1=4(0+1)+B(0)
A=1
Putting the value of A and B in equation (iii)

1 1 =P

v(v+1) = (v+1)

fﬁd“f:lﬁr

i e
B ~eraad o
log|v]—Tog|v+1|=log|x| +¢
Putting y==
X
logi{—log 2+ =log|x|+c
X X
logi‘—logﬂ‘:loglxhc
x x
y
log yix =10g|x|+c
x
log| -~ =log| x|+c
y+x
log| — ~log| x| =log|e|
y+x
y 1
log ( J— =log|c]
y+x)x
¥ o
log T+3) = log|e|
y=cx(y+x)

y=cx(x+y)



13. xaﬂrx: +xp+y°
dx

Sol. x? v

X ==x"+xy+y’
dx

On separating variable we get

dy _X+xy+y

dx %

(x2 +xy+ y:') and x* both are homogenous function because both function having 2 degree

dy X +xy+y° . . . dy X+xy+)y’ .

— =——— of a homogenous differential equation — = —————— wrze L)

dx X dx x°

Let y=wx>v= L
X

Diff on the both sides w.r tox

From equation (i) and (ii)
B, SO

x” dx
Putting y=vx

x* +x(wx)+vix’? dv
=V+X—

s

X

dx

¥

y dv
Vi+e+el=v+x—
dx

3 dv
Vi vy=—1T4]l=x—
dx
5 dv
Vv +Hl=x—
v+l dv
x dx
av 1 dr
v+l x
Integrating on the both sides we get
-2 - [la
v+l dx

%tan";:log|x|+c
tan"' v =log|x|+¢

Putting v= X
x



HOMOGENEOUS DIFFERENTIAL EQUATIONS (XII, R. S. AGGARWAL)

14.

Sol.

tan "' [-}4] =log|x|+¢
X

tan'iizloglxl-i—c
X
‘é’

y +(Jr2 —U)E =0
e +(r1 - xy)% =0

=

On separating variables we get (Jr2 —xy)a S

d_ -y

dx X —Xxy
»—y* and (x3 —xy) both are homogeneous function because both function having 2 degree

=

@)

&__~y
dc x*—xy dx x —xy
&

X
Diff on the both sides w.r. to x
dy __dx  dv

=V—Fx—

e dv dx
ddxy = (i)

=V+X—
dx

. 4 =—2 — Bfa homogeneous differential equation

Let y=1x > v=

From equation (i) and (ii)

:y_ = 1‘+.‘Jt£—1(E
x—xy dx

Putting y =wx

—vx’ dv
— v4+x—
x* —x(wx) dx

WL ®
xl(lﬂv) B dx

—y -
=v+x—
Vv

(1-v) dx
—vz—v_ dv

(1-v)
-~ —v(1-v)  _dv

(1-v) dx
—v—y(l1-v) av
=

dx
—y vyt é
(1-v) dx



[l_ljm.zldx
Vv X

Integrating on the both sides we get
1 1
10 o=
1 1
o = L

v—log'vl = loglxl+c

Putting 1»'=Z

x
Y _logl2|= log|x| +¢
x x
2 log Y —loglx':c
% x
Z—logixr’:c
x X
iflog|y|=r:
¥
Z:
. e+log|yl
y:x{c+log|y|}

ol. x%-y = 21/}-'3 =x?
dy

On separating variables we get x; =20/ =x+y

QZQ\/y:—.¥3+y

dx X

(2 Yy -x+ y) and x both are homogeneous function because



HOMOGENEOUS DIFFERENTIAL EQUATIONS (XII, R. S. AGGARWAL)

= 2 ' sl +y )
M e s s of a homogeneous differential equation

Ble &
1l "
|
"
+
e

Let y=wx —>v=2
x

Differentiation on the both sides w.r. to x

dy dx dv

=V—1XxX—

dx de  dx

dy dv o
—=v+X— ..
= ) (i1)

dx
From equation (i) and (ii)

Wy-vry v

X dx
Putting y =wx
2V —x* +wx dv
=+ X—
¥ dx
2xVv —l4wx dv
x
x(vxh'z—-l+v)
R ———_——— e o S
% dx

g o

2V —1+y—v=x—
dx

2 v:w1=x£
dx
dv 2 vi—1
dx x
av :lafx

W -1 &

. . dv 1
Integrating on the both sides we get | ———=|—dx
=2

%log v+yv' =1 ’:log,x|-rc
Putting y=2

x
—llog i-i—JL—l =log|x|+¢
2 X ¥x
1 y |y -x
—log|—+ — | =log|x|+¢
2 £ X x glrl




16.

Sol.

llOg }'+—W‘=|0g|x|+c

2 & X

llst)g gy = =10g|x|+c

2 X

log YENY —X =2log|x|+¢
x

log YNy m X =Iog|x3|+c
x

log|y +y* —x*| - log|x| = log|*| +¢
log|y +y/y* —¥*|=log| x* + x|+ logle]
log| y+/y—x* |=log|r’| +loge
log|y++)* | =log|x’ +4]
y+fyi-n =

y:dx+(x3 +Xxy +y3)d}f =0

. . . dy_
The given equation may be written as —=-—————
X~ JEpE Vo
For checking homogeneous putting i for x and 7y for y.

The given equation remains unchanged so it is a homogeneous equation.

dy dv dv Vv dv v
Put y=vx, weget, —=V+X— = VHX—=-————" = P+X—== .
dx dx dx X +XVX+V X dx 1+ v+y
v xﬁz_[M] P o .
dx I+v+v 1 dx I+v+v Vi 2y 4y
v+l v +v+1
—_———dv=-1 | dv=-1 I
=5 -[v(v2+2v+l) og|x|+loge = I e »=—log | x|+loge
= I, =-log|x|+loge (1)
v +v+] 1?2+v+1 A B (o
I = f —=— —+ =
v(v+l) v(v¥l)” voov+l (1)

Vivel A(p+1)2 +Bv(v+1)+Cy

v(v+l) v(v-i—l):

= vV +v+1=Vv(4+B)+V (24+B+C)+ 4

= vv¥l= A(v: +2v+1)+b’(u2 +v}+Cv

Equating co-efficient both side we get,
A+B=1 sl Z)
24+B+C=1 :(3)



HOMOGENEOUS DIFFERENTIAL EQUATIONS (XII, R. S. AGGARWAL)

A=1 (4
From(3), A=1 = A+B=1 . B=0
Putting the value of A, B in equation (3), 2.1+0+C=1 = C=-1 .. A=1B=0,C=-1

= = {£+i+ £ Jdv = [ =logv

:>11=10g[2]+ 2 +c E = log(y} = op
X Z-i-l x) x+y
X
Putting the value of /, in equation (1), Iog[}]*kL-wloglelogc log|y|-f~
x+y x+y
dy

17. (x—y)—=—=x+3y

(x-y)—=x+3)

dy x+3y

Sol. The given equation may be written as —
X=X
For checking homogeneous putting #x for x and 7y for y.

The given equation remains unchanged so it is a homogeneous equation.

dy dv dv x+3wvx dv x+3.vx
Put y =vx, we get, —d;:v+xg = PHX—= = V+¥—%

X—vx dx x—wx
dv 1+3v v dv 1+3v—l'+\r dv 1+2v+v°
= Xx—= = i 5 g— ==
dc 1-v 1 dx 1-v dx 1-v
= j d':fﬁ = I.=log|x|+loge ..(D)
v+ 2v+1 p -
1=y
1: .’—dv
! j‘v‘+2v+l

, 87
Putting l—v=A;(v +2v+l)+B, we get,
1-v=A4(2v+2)+B = 1-v=24v+24+B = 24=-1& 24+B=1

A:—%&B:I—ZA = B=1+1 = B=2

- 1]=IM d = L= A2 dv+ B[ ————dv

vo+2v+1 v+ 2v+1 v 2v+1
Put v’ +2v+1=¢ = (2v+2)=% = (2v+2)dv=di
= Ilz—lj'ldw _[ : dv

271 (v} +2v1+() (1} +1

|
=% L =—Eloglv +2v+1|+2.[ v+l) av = I =— loglv +2v+1|—2m

2 1 2

= llz—Elog (v+1) |—2m+c — 4 A =—log|v+1 —m+c



= I, =-log 2 41|~ +¢ = I,=-log r+}"— 2 +c
X ¥4 X X+y
¥
Putting the value of /, in equation (1),
’ 2 2
—log[x+}]— ¥ —logx+loge .- loglc(x+y)|+ = =0
x x+y x+y

18. (¥ +307 )de+(y* +3¢°y)dy =0

Sol. The given equation may be written as & = —_—(—{i)i)

dx V' +3x°y

For checking homogeneous putting #x for x and 7y for y.

The given equation remains unchanged so it is a homogeneous equation.
v —(x3 +3x_v:x3)

dy v
Put y=vx, wegel &= =v+x— = vix—=— 72"
dx dx dx vx' +3x x

dv _(1"‘3"2) dv —1-3v" v dv  ~1-3vi=p’ -3
SVHEX—=—rrt D x—=——————— o x—= 3
Vv 3y dc v +3v 1 dx Vv +3v
dv. -1-6v" —v* v +3v dx
- = —d‘}:——
dx ¥ +3v jv“‘+6v2+1 %

Ay L)
= (v +31)d1 4

Put v*¥6v° +1=¢ = 4’ +12v= i

=5 %I} dt =—-log|x|+log (¢) = %log|r|=4logxc—log]x|+logc

oy’

\
—,+1J=10gx".c
&

4
=% %108 |V4+6v:+1|=—10g |x|+loge = log(y—4+
X

‘F6xy £x° P 2.2 5
= log(y 4}’ ):4logx"c:]0gx"‘c :)J-'_GX—J}H:X—JC
X X

= y*¥Fox’y’+x*=¢

19. (r*ﬁ)dy = ydx

Sol. The given equation may be written as(x—\/;) dx=ydx = ifi:%
X=Xy

For checking homogeneous putting 7« for x and 7y for y.
The given equation remains unchanged so it is a homogeneous equation.

dy dv dv VX dv v
Put y=vx, weget, =—=v+xX—. = V4 x—-—— 3 ¥H+X¥—=—7p
dx dx dc  x—yfex dc 1-fy
= xﬁ= % Y dv__v—v-f-v\/l_r = II_J‘_’ d"=j£
- x

—_———— D X————
de 1-4v 1 & 1-
B §

-1/2

:>_[I d\r—_[%dv:loglﬂ =

",3'2

—log|v|=log|x|+c j-%~log|v]:log|x|+c



HOMOGENEOUS DIFFERENTIAL EQUATIONS (XII, R. S. AGGARWAL)

Y

X

2\/; X
=¥ ——=——log =log|x|+tc = -2 |— -logy=c
z shee = 22

2JE + log | y| =cx*  |Answer given in the book is wrong.]
Y

2dy s
) x—=—+y =xy
2 y =%
ol. The given equation may be written as xﬁ = }-‘—L =3 .4 = xy_ﬁ}r
dx ¥ dx X

For checking homogeneous putting # for x and ¢y for y.

The given equation remains unchanged so it is a homogeneous equation.

dy dv dv  xwx—-vx dv 5
Put y=wx, weget, —=v+x— B BrX—=——s— D V+X—=Vv—¥
dx dx dx X dx
dv y :
= Y= = —d:—:—j-f = ‘l:—log|x|+c = l:!(}g|;vr|—ac
dx v X v Vv
:>£:log|x|—c .L-:Iog|.\c|—i
y ¥

dy
I xZewflog y-1 1
— ¥(logy—logx-+1)

v y(logy—logx+1
ol. The given equation may be written as % = }( gy—log )
x

For checking homogeneous putting # for x and £ for y.
The given equation remains unchanged so it is a homogeneous equation.

) vx|log(vx)—logx+1
Pur y=vx, we gei di:‘-wxﬁ = v+x£: ( ( ) E )
dx dx dx x

= vfx%:v(logvﬂogxlongrl) =5 v+x%=v(logv+1)

= r%:v(longl) =7 x%:p logv = Ivl(!gvdv:-[%

= log(logv)=log(x)+loge = logv=xc = log[i]:xc = L=pg= . e
% x

2. x—‘bi—}*+xsin£=0
dx X
4 : . ey o B
ol. Given differential equation is x- yF¥x-sin—=40
dx €
:x-ﬁ:y—x-sinl :>—'Gl’l:£—sinZ ... (1)
dx X de x X

Thisis b the S 2. f(l)
dx x

This the given differential equation is homogeneous differential equation



23.

Sol.

¥

Let ==v = y=w
x
>y
dx
From (i)

dv 5
V+EX—=v-—sinvy
dx
dv X dx
= X-—=-—8inv — cosecvdv=——
dx x

Integrating both sides we get Icosec vdv = —Iﬁ
X

= log

tan%lz—log]xhlog(‘,

v 5
1:an2 =logC,

v
X-tan—
2

x-tan£|:C1
2

= X- tan[lJz - x
2x

= log|x|log

= log =logC,

=

= x-tan(iJz(“ et =C
2x

This is the required solution of given differential equation
dy 2 (}’]

X—=y—XCO0S§ | —
dx # x

Given differential equation is
dy 1 4

X-——=p-—Xx-COs —
dx X

:)EZ:Z—COSZZ ..... (i)
dx x X

This is of the form —dl: f[lj
dx X

Thus the given differential equation is a hamogenous differential equation

£
Let —=v

X
V=X
=5 -‘1}'—=v+x-—-

dx dx

: dv 5
Now, from (i) we have v+x-d—: V—CO0s™ v
e

= x—=—COS’ ¥
dx
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5 dx
= secvdv=——
X

. . 2 dx
Integrating both sides we have IseC'v dv= _I_
X

= tanv:—log|x|+(’

Y

= tan

+ 10g|x| = M

This is the required solution of given differential equation

24. (xcosijﬂ=[ycoszj+x
x Jdx '
Sol. Fim:lﬂ
dx

xcos(ijg = ycos(ij +x
dx X

X

b ]
) ycos[—]ﬂr ) -
ﬂ——J‘-—z—;"—ﬂ;ectlJ—F[l]
dx x

X

Thus the given differential equation is homogeneous differential equation

Letlzv
X
> y=w
BB e
dx dx

Now the differential equation is,

v
v+X—=vVvi+Ssecv
dx

dx
cosvdy =—
X

Integrating both sides
Icos vdv = de—r

x
sinv = log'x] G

Putting v:i&tcr =logc
X
sin = log|x| +log|c]
X

o )
sm—x loglcx[
dy

25. Find the particular solution of the differential equation 2xy+ y’ —2x° EzO, it being given that

y=2 when x=1

Sol. Given differential equation is



2 > dy
2xy+y —2x —=0
xXy+y X N

dy

=22 Z oy +y?

&

dxe;

This is of the form - f[l)
dx X

This the given differential is homogeneous differential equation
J

Let ==y
X

= y=w

dy

dv
= ——=v+x—
dx dx

Now, form (i) we have lr+x£ o
dx 2

dv v
= x—=
dx

2
=3 idv :é
v X

. . dv  pdx
Integrating both sides we have 2_[ — = I—
v’ x

T =log|x+C
v

-2 log|x|+C ... (ii)

v

Putting x=1 and y=2 we have —%zlogllh(.*

=C=-1
Putting ' =—1 in equation (i) we have
2 = log|x|—l

}}

= ~2x=y]0g|r|—y

= -2r:y-ylog|x|
2x

This is the required solution of given differential equation

26. Find the particular solution of the differential equation { xsin® 2L - y}dx+xujf= 0 , it being given that
X

T
r=— when x=1
¥ 4

Sol. Given differential equation is {Jr-sin2 i—y}ctr+xafy =0
x
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27.

Sol.

= xdy= [y—xsinz-'ijdx
x

:;,in_sinll

X X

()

This is of the form 2 = f[l)
dx -

This the given differential equation is homogeneous differential equation

Let Y-y
-
= y=w
dy dv

=S AT el
dx dx

Now, from (ii)

v+x-—=v—sin’ v
dx

dv . B
= X-—=—-Sm vy
dx
=> cosec’ v-dv =—sin’ ¥
. . 5 dx
Integrating both sides we have Icosec* v-dv = —I—
-
= —cotv=—log|x]+C

:>cot£=log|x|—(_‘
X

Putting x=1 and y :§ we have cot%:log[q—C

=1==C
= &1
Putting C' =1 in (i) we have cot[z] = Iog]x|+l
X
This is the required solution of given differential equation

Find the particular solution of the differential equation

For checking homogeneous putting £ for x and ¢y for y.

The given equation remains unchanged so it is a homogeneous equation.
dy dv dv _ vx(2vx—x)

Put y=wx, we get, D o vixZ o yexii=
dx dx dx
dv _2v—v v

X—= et
de 2v+l 1

=

= X——=
de  2v+1
¥

2y

&y _y(2y-x)

x(2y +x)

x(2m+x)

dv —2v 5 I2v+]dv:_j%

L F oy Lial Xl
:>v+210g1— log|x|+c — x+210g(x]_ log|x]+c

Y

1
= —+—10gy—llogx+log|x|:c Y
xr 2 2

:>—+llo -'+llo xX=c
5 2 g 5 8

given that y=1 when x=1




= %+%log(x y)=¢ el h)

Given, x=1, y=1, %+%Iog(1‘1]:c = g=1

Putting the value of ¢ in equation (1), .. z +%log(xy) =
%

28. Find the particular solution of the differential equation (xe" T4 y)dx =xdy, giventhat y(1)=0

Sol. Given differential equation is (x-e""' +y) dx=xdy

3, —-z:—e-""‘ +Jxl ()

Y

This is of the form 2 = f[iJ
dx x

This the given differential equation is homogeneous differential equation

Let L=v

X
=> y=w

d
= =gy —

dx

dv

Now from (ii) we have v+ X-E =e" +v

=" e"’dv:E
X

Integrating both sides we have

Putting x=1& y =0 in (i) we have
—e” =log(1)+C

=il ==1

Putting C =—1 in (ii) we have
—e”* =log|x-1

=logld+e " =1

This is the required solution of given differential equation

dy

29. Find the particular solution of the differential equation xe'™ — y+ xd— =0, giventhat y(e)=0
e

Sol. Given differential equation is

dy

x-eF—y+x-—=0
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d}’

= X - ‘e.l"'x
x = y-x

S Y e G
dx x

Thisis of the form <2 = f{l}
dx ¥

This the given differential equation is homogeneous differential equation

Letl:v
b
> y=w
:‘;»ﬂ:v-l-x-ﬂ
dx dx

¥

Now, from (i) v+x-@=v—e
dx

dv -
S x-—=44

dx
="

x
Integrating both sides we get —I~e“'dn-' = _"ﬂ
x
=e “=log|x|+C
= L =log|x|+C e
+ y(e)=0
e’ =loge+C
= 1=1+C
=T=0
Putting C =0 in (i) we have e = log|x|

Taking log on both sides —2 = log (log]x|)
x
= y= —xlng(loger
This is the required solution of given differential equation

30. The slope of the tangent to a curve at any point (x, y) on it is given by l—rcot—y—](c::esiJ, where
X oy, X x

x>0 and y >0 Ifthe curve passes through the point (1%} find the equation of the curve

Sol. Since slape of the tangent to a curve at (x,y) onitis Z—[cotzj ‘cos[l]
x

x x
L4 =2 _cot [Z] . COS[ZJ _____ (i)
dx x x x

This is of the form ﬁ = [Z)
dx X



Thus the differential equation is hangogerous differential equation

Let£=v
x
:>y=vx
:)i@’..:]?-'—x-é:
dx dx

Now from (i) we have
v+r-j—;: v—cot(v)-cos(v)

dv
= X-—=-—cotVv-cosV
dx

dx
= secv-tanvdv=———
| %

Integrating both sides we have Isec v-tanvdv = —.{-d—x
x

= secv ——log|x+C
= sec[lj = —log|x|+C .-neii1)
X

Since the curve passes through the point [1,%}

o
secL—;{) =—logll|+C
=2=C
’
Putting C =+/2 in equation we have secL-Z] +log|x]= J2
X

This is the required solution of given differential equation



