23. Scalar, or Dot, Product of Vectors

Exercise 23

1. Question

Find 3.h when

a=1-2j+k and b=31—-4j-2k
ii. g =1+2j+3kandp = —2j+4k
iii. g =1—j+ skandb =31 -2k
Answer

i)

Fi=i-2j+k

o'l

= 3i—4j— 2k
ib = (i-2j + k.(31—4—2k)
= 3b=(1x3)+(-2x —4) + (1 x -2)

- 3ib=3+8-2=09

Ans:3h = 9

i)

i=14 2]+ 3k
b = 0i—2j + 4k

ab = (i+ 2+ 3k).(01—2j + 4k)

=3b=(1x0)+(2x —2) + (3 x4)
=3b=0-4+12=38

Ans:=3p — 8
ii)

-
a4 =

—3

—fi+ 5k

o'l

= 31 + 0j— 2k

Wl

b = -7+ 5k.(31 + 0] —2K)

=3b=(1%x3)+(-1%x0) + (5 x —2)
=3b=3-0—-10 = -7
Ans:=3p = —7

2. Question

Find the value of A for which 5 and {, are perpendicular, where

L a=2i+2j+kand b=(i-2j+3k)



ii. g =31— j+4kandp = -1 +3j+ 3k
ii. g =21+4j-kandp =3i-2j+ 2k
iv. g =31+2j—5kandb = —5j+ ik
Answer

i)

i=21+A+k

b =1i-2j+ 3k

Since these two vectors are perpendicular,their dot product is zero.

= 3B = [3][B|cosd = |§||E|cosg -0
=3b=(Qi+A+R.0-2+3k =0
S3b=02x1D+OAx-2)+(1x3) =0
-3b=2-22+3=0
= 5= 2A
= J\=E

2
Ans:;\zg

a=31-j+ 4k
b=-A+ 35+ 3k

Since these two vectors are perpendicular,their dot product is zero.

U
2l
=
Il

- I
|d]|b]cos® = |§||b|cos§ =0

U
aul
=
Il

(31— +4k).(-A +3 +3k) =0

U
2l
=
Il

(3x -+ (-1x3)+(4x3)=0

U

aul

=
|

=-3A-3+12 =0

U
o
Il

-

a=21+4-k
b =3i—2] + Ak
Since these two vectors are perpendicular,their dot product is zero.

— — — m
= a.b = |3||b|cosb = |§’||b|cos§ =0



U
2l
=
Il

(21 + 4§ —k).(31i—2j + Ak) = 0
-3b=02x3)+(Ex -2+ (-1x1) =0

=3b=-A+6-8=0

= -2 =A
= A= -2
Ans: A = -
iv)

i=231+2{-5k
b = -5 + Ak

Since these two vectors are perpendicular,their dot product is zero.

U
aul
=
Il

— — m
|3||b|cosb = |§’||b|cos§ =0
= db = (31 + 2] —5k).(=5] + Ak) = 0
= 3b=(0BXx0+(2x -5+ (-5x%x1) =0

- 3b=-50+0-10 = 0

= —10 = 5
p— 2
= - = —
5
Ans: A =-2

3. Question

i.Ifa=1+2j—3k and b =31 — j+ 2k, show that (5 —b) is perpendicular to (5 -b )

o —

i, If g = (51 —3—31“() and b= ( i +3j —Sl:;) then show that (5 —E) and ('a —I_J) are orthogonal.

Answer

i)

)
Il
+
(]
—
|
[#5]
=

o'l
Il
(%]
—3
I
—
_I_
]
oy

—

i-b =1+ 2j—3k—(3i—j + 2k

= 3—-b = —2i + 3j—5k

Now (3 + b).(3—Db) = (41 + j—K).(—21 + 3j—5k)
=(4x-2)+(1x3)+(-1x-5)=-84+3+5=0

Since the dot product of these two vectors is 0,the vector (5 + b) is perpendicular to (5 -b )

Hence,proved.



=3+ Db =61+2]-8k
i-b=51—-j-3k—(+ 3j—5k
= 3-Db = 41— 4 + 2k
Now (3 + b).(3—Db) = (61 + 2j —8K). (41— 4f + 2K)
=(6x4)+(2%x-4)+(-8%x2)=24-8-16=0

Since the dot product of these two vectors is 0,the vector (5 + b) is perpendicular to (5 -b )

Hence,proved that (5 + E) and (5 —I_J) are orthogonal.

4. Question

If 5 = (1 —j'+ ?1{) and 1_3 = (51 —j-|-}-_1;;) then find the value of A so that (5 —b) and (a —E) are orthogonal
vectors. J J

Answer

al
=3
==t ]

—j+7

b = 51—+ Ak

—

i+b)=1-7+ 7k + 51— + Ak

= 3+b=61—2]+ (7 + Nk

i-b=1—-j+ 7k—(51—7 + AR

= 3-b = —4i + 0] + (7— Nk

Now (3 + b).(3—Db) = (61— 2] + (7 + VK).(—41 + 0] + (7—-0k)
Since these two vectors are orthogonal,their dot product is zero.

2(6X-4)+(-2%X0)+((7T+AN)X(7-A))=06-24+0+(49-2) =0

=\ =25
=>A=%5
Ans: A = 5

5. Question

Show that the vectors

(2 3ok o{si-6 2] (ol 2] 38

L

are mutually perpendicular unit vectors.

Answer



Let,

1 -
§=§(2’1‘+3]‘+6k)

b = —(31 i + 2k)
¢ = —(61 + 2§ —3k)
dl=hl=Fk=1

We haveto showthat 3 = b.¢ = 3.2 = 0

LH.S.
“‘E—3(2"+3"+6R)E(3"—6"+2R}—i6—18+12 =
A 7o BRT) ) =
b.t = E(3"—6" + ZE}E(G" +2j—3k) = Ls-12-6) =
A FAN ~ 49 B
- = 1 n n 1 1
a.c=?[21+3]+6k). (61+2 3k) = 2512+ 6-18) =
= RH.S

Hence,showed that vectors are mutually perpendicular unit vectors.

6. Question
let g =4i+5j-k.b=1-4j+5k and ¢ =3+ j— k.

Find a vector § which is perpendicular to both 4 and j_and is such that d.c=

Answer

i=(4+5-k

b = (i—4f + 5k
= 3Bi+j-k

Letd = pi + qj + rk

the vectorj which is perpendicular to both 4 and p_
=di=db-=

(pi + qf + k). (41 + 51 —k) =

= 4p + 5qg—r = 0...(1)

(pi + qf + 1k).(1—4j + 5k) =

p—4q + 5r = 0...(2)

dc=

(pt + qf + rk).(31 + j—-k) =
=3p+q-1r=21..(3)

Solving equations 1,2,3 simultaneously we get



p=79=-7r=-7
rd=pl+q+1k=71-7-7k = 7(1—-71-K)
Ans:d = 7(i—j—k)

7. Question

Let a :('Zi“+3}+2f() and b :(1+2]+k)

Find the projection of (i) 5 on {, and (i) {, on 4.
Answer

= (21 + 3] + 2k)

wl

—

b=(@G+2+k

El=v2Z + 32+ 22 =y2 +9 + 4 = V17
bl=viz+ 22+ 2 =yi+ta+1=16
3 2i+3j+2k
d == —"-
Ell V17
. b i+2+k
b = = = l|'_
b V6
Projection of Fonbisdb = (21 + 3j + 2k). 1+2’+k _ 24642 _ 10 _ 546
L] Vb 3
Projection of bonZisba = (i + 2j + k). 21+3’+2k _ 22 10 10VT7
V17 V17 17
Ans: i) V€
3
“) 10\.‘%

17

8. Question
Find the projection of (81 +_|) in the direction of (1 + Zj —21“()_

Answer

Let,

wl

= (81 +1)

—

b

i+ 2j—z2k)

bl=viZ+2Z + 22 = VI + 4 + 4 =19 =3

| o1

i+ 2)—2k

b=| 3

=2

<. The projection of (g + j)on (i + 2j— 2k)

i+2f 2k 2+2+0 10
|S(81+ ) J 3 =?

Ans:10/3

9. Question



Write the projection of vector (-i +] +k) along the vector J

Answer
Let,
i=(+j+k
b =(j)
bl=v0Z + 12 + 02 =+y1=1
. b j
oo _ 0

lb] 1

~. The projection of (i + j + k)on ()

isi(i+7+ k).(j =1

Ans:1

10. Question

i. Find the projection of ; on {, if 3.b =8 and b= (21 +6j +31;;)_

~

ii. Write the projection of the vector (i +_|) on the vector (.i — ])

Answer

b = (21 + 6§ + 3k)

bl=v2Z + 62 + 32 = VE + 36 + 9 = V49 = 7

Projection of 4 on

Il
ful
||:r|

e

b i-
V2

—y

. The projection of { + jon (i—7)

—

is:(1 + ]‘)_i' = E =0

V2

ol

Ans: 0

11. Question



Find the angle between the vectors ; and . when
ia=i-2j+3k and b =3i-2j+k
i.a=3i+j+2k and b =2j—2j+4k
ii. a=i—jand b=j+k

Answer

)a=i-2j+3k and b=3i-2j+k

wl

= (i—-2j + 3k

—

b= (3i—-2f + k)

Al=J12+ (-2)2+ 32 =VI + 4 + 9 = V14

bl=y32 + (—2)2+ 2=y + 4+ 1=+14
We know that,

a.b = |3|[b|cosd

= (1—2j + 3k)(31— 2] + k) = V14 14cos0
=(3+ 4 + 3) = 14cos0

= cosO = 10/14

= c0s0 = 5/7

=0 = cos “1(5/7)

Ans: 6 = cos ~1(5/7)

i) a=3i+j+2k and b =2i-2j+4k

= (31 +7 + 2k)

Wl

—

b = (2i—2j + 4k)

aAl=/32+ ()2 +22 =9+ 1+4 =414

bl=y2Z + (2)2+ 42 = V& + 4 + 16 = V24
We know that,

a.b = |3|[b|cosd

= (31 +§ + 2k)(21— 2§ + 4k) = V14V24cosB
=(6-2 4+ 8) = V336 cosb

= cosB = 12/V336

= cosB = v(144/336)

=0 = cos "1V (3/7)

Ans: 6 = cos " 1v (3/7)

iil. a=1—jand b=j+k



Ans:
= (-7

b=(G+k

wl

Al=/1z+ (-2 =VyI+1=+2

bl=/(DZ + 12 = VT +1 =42
We know that,

3.b = |3I[b|cosd

= ({1-D({ + k) = V2V2coso
=(-1)=2cosb

= co0sO =-1/2

=0 =cos 1-1/2

=0 =120°

Ans: 6 = 120°

12. Question

If q = (1 +2]—312;) and b= (31 —j+21§;) then calculate the angle between (Za —1_3) and (.a + 21_3)

Answer

-~

= (1 + 2j-3k

Wl

b = (3i—j + 2k

F+2b=(+2/-3K) +203i—j+2k) =71 +k
23 +b = 2(1 + 2j-3Kk) + (3i—j + 2k) = 5i + 3j—4k
7 + 2bl = 77 + (1)2 = V49 + 1 = V50

123 + bl =52 + (3)2 + (—4)2 = V25 + 9 + 16 = V50
We know that,

a.b = |3|[b|cosd

= (71 + k)(51 + 3j— 4k) = V50\/50c0s8

= (35-4) =50 cosH

= cosB = 31/50

=0 = cos ~1(31/50)

Ans: 8 = cos ~1(31/50)

13. Question

If 5 is a unit vector such that (p_( —5)(;1 + 5) =8, find H
Answer

If 5 is a unit vector



Ans: [¥| =3
14. Question

Find the angles which the vector g = 3 1 — ﬁj + 21;- makes with the coordinate axes.

Answer
If we have a vector 3 = aj + bj + ck

. . _ a
then the angle with the x - axis =a = cos ™! ——=
JaZ+bZ+c?

the angle with they - axis =f = [ —
9 y B cos va® +b? +c2

1

the angle with the z - axis =y = 087" ——
vaz+b?+c?

Here, 3 = 31 - 6] + 2k

JaZ + b2 +c2= /32 +(-6)2+22=+y9+36+4=+49=7

. . — a _13
then the angle with the x - axis =a = cos™!-———= = cos™1:
vaZ+bZ+c? 7
. . _ b 16
the angle with the y - axis =f = cos™'———= = cos™*—
vaZ +b% +¢c? 7
. . _ C _12
the angle with the z - axis =y = cos™!——— = cos™!=
Jar+b?+c? 7
Ans:
3 —6
cos™t=,cos™t—, cos™1=
7 7 7

15. Question

Show that the vector q = ('i +] -|-1{) is equally inclined to the coordinate axes.

Answer
If we have a vector 3 = aj + bj + ck

. . _ a
then the angle with the x - axis =a = cos™ ! ———=

JaZ+bZ+c?
1

the angle withthey - axis =f = cos ™' ——
9 y B Va2 +b? +¢c2

1 C

the angle with the z - axis =y = c08™" ——
va®+b?+c?

Here,3 =i + j + k

Ja2+b2+c2= 12+ (1)2+12=V1I+1+1=+3

then the angle with the x - axis =a = cos !——=—— = cos"”

va® +b%+c?

1

L
r.u'll"'



the angle with the y - axis =8 = cos‘ﬂ% = l:l:}s‘lli

va? +b® +¢c? YE

. . _ 11

the angle with the z - axis =y = cos™* = cos™ 1=
va?+b? +¢? V3

Now since,gq = B =y

.. the vector 5 = (i -|-j -|-1{) is equally inclined to the coordinate axes.

Hence,proved.

16. Question

Find a vector 5 of magnitude 5\/5_ making an angle /4 with x - axis, /2 with y - axis and an acute angle 6
with z - axis.

Answer

|3] = 5v2

| = cosa =cosm/4 =1/V2
m=cosB=cosmn/2=0
n = cosO

we know that

+m2+n2=1

12
= = +0°+n* =1
V2
1
=n =1—-c
2
= n® = -
L1
=n=+—=
V2

since the vector makes an acute angle with the z axis

17. Question

Find the angle between (5—1_3) and (5—1_]) if a :(-Ein—_]n'+31“() and b :(.3i“+j+21“().
Answer

i=(21—-j + 3k)

b

(31 + + 2k

i+b=(21—7+3k) + (31 +7 + 2k) = 51 + 5k



i-b=(21-j+3k)—(3i+j+2k) = -i—-2j + &k

i+ bl=y52 + (5)2 = V25 + 25 = /50

E-bl=y(-DZ+ (22 + ()2 =VyI+ta+1=16
We know that,

a.b = |3|[b|cosd

= (51 + 5k)(—i—2j + k) = V50V6cosB

= (-5+5) =,/3p0c0s6

=c0s6 =0

=0 = cos " 1(0) = n/2

Ans: 6 = /2

18. Question

Express the vector 5 = ('6i — 3j — 61() as sum of two vectors such that one is parallel to the vector

b= (1 +_]+k) and the other is perpendicular to f,

Answer

il
Il
~
[y
=iy
I
[#5]
—
I
[y
=
R

=3i=—-(1+7+k)+ (71-2]-5k)
Ans:3d = —(i +j + k) + (71— 2j—5k)

19. Question

Prove that (7 +5 ). (a ~b ) = ‘gr -\Ef 21D where ;.G andp=0.



Answer

(3+1b).(3-b) = 132 + [p]
= [312=[b|" = 137 + [b|
=[6| = 0

Which is not possible hence
@ L (b)

20. Question

fa+b+c= 6‘5‘ = 3‘1_3‘ =35 and ‘E‘ =7, find the angle between 5 and 1,

Answer

i+b+2E=0

=3 +b=-0

=(Z+Db).G3+Db) = -¢-¢

= 122 2 = _ 122
|al= + |b|= + 2|3||b|cosb = ||

=32 + 52 + 2% 3 x 5cosf = 7?2
=2 x 3 x bcosBh = 49—-9—-25

=30cosb = 15

15 1
=cosf = — = -
30 2

Ans: § = 600 = g
21. Question

Find the angle between 7z and . when

i ‘a‘:i.

E‘:l anda-‘t—]:ﬁ

i, H :‘E‘ — 2 and 3.5 =_1
Answer

i)

We know that,

3.b = |3I[b|cosd

=43 = 2 x 1cos@
=./3 = 2cosb
= cosO = V3/2

=0 =-cos 1(v3/2)=300="C

o |



Ans: 8 = cos ~1(v3/2) = 30° =E
i)

We know that,

3.b = |3I[b|cosd

= —1 = V2 x y/2cos8

= —1 = 2cosb

=cosb =-1/2
=0 =cos 1(-1/2) = 120°=23_“
Ans: 6 = cos " 1( - 1/2) = 1200 =23_“

22. Question

if |a| =2.[6|=3 and 5.5 =4 find |a —b.
Answer

We know that,

3.b = |3I[b|cosd

=4 = 2 x 3cosB

=4 = 6cosb

= c0sO = 4/6

= c0s0 = 2/3

“la—bJ2 = |3)% + |b|2— 2[3l|b|cosd

=Ja—b> =22 +32-(2x2x3) x =

“la-b*=4+9-8=5

=Ja-b] =5

Ans: V5

23. Question

—

If ('5—5)-('5—13):8 and 5 =8 B find 5 and B

Answer

3+D(5-1) =8

—}|2=8

= 81>~ b
= (af6h>- 6] = 8
=646 - [p]” = 8

-2
=63|b] =8



-6l - 2
=3l = 8fb| = 8 =

Ans: 3| = 8 fﬁlﬁ' = fE
63 63
24. Question

If 3 and b are unit vectors inclined at an angle 8 then prove that:

i. cc}sg :é‘a —b‘

—

o [i-D
i, tan —= ——

2 Ji+b)
Answer
R.H.S:

()(1a+ 61) = 2(J1aP + [B]° + 2fa1[B|coso

2

>2(JIZ+ 12 ¥+ 2 x 1 X 1cosD
2

=>§(\,fl + 1 + 2cosb

- [2+ Z2cosB

i

— [2(1+cosB)

— [(1+cosB)

7

U
I
=]
@

|

|

!_

L

wn

Hence, proved
i)

RH.S. = (5b)

(1a+b])

I
JI812 + | B|~2/a][b|cose
=

[
J1a12 + [ B]* + 21al[bcose

- V1*+12-2x1x 1cosf

W12+ 12+ 2% 1% 1cosB

P
- V1+ 1-2cos8
—_
v1+ 1+ 2cos8

1-CO58
1+ COs8

=




. 8
sin?—

cos?-
z

f 8
= |tan? 3

=tanB/2 = L.H.S

Hence,proved.

25. Question

The dot products of a vector with the vector (1 +j —31:;)_ (1 +3j —21:;) and (21 +j+41:;) are0,5and 8
respectively. Find the vector.

Answer

Let the unknown vector be: 3 = ai + bj + ck
“(al + bf + ck).(1+ j—3k) =0
=a+b-3c=0...(1)

~ (ai + bj + ck).(1 + 37—2k) = &
=a+3b-2c=5...(2)

~ (ai + b + ck).(21 + 7 + 4k) = 8
=>2a+b+4c=8..(3)

Solving equations 1 ,2,3, simultaneously we get:
a=1lb=2c=1

“3=1+2]+k

Ans:3 =i+ 2j+ k

26. Question

If A_B = (31 — _] + 21{) and the coordinates of A are (0, - 2, - 1), find the coordinates of B.

Answer
AB = B—A = 3i—j + 2k

]
ol
Il
—
o
—
|
]
—
|
e
h—
+
[#5]
3
|
—
+
]
o

- B(3,-3,1)

Ans: B(3, - 3,1)

27. Question

If A(2, 3, 4), B(5, 4, - 1), C(3, 6, 2) and D(1, 2, 0) be four points, show thatA_B is perpendicular to ﬁ
Answer

A =21 + 3] + 4k



-~

B =5i+4-k

C =31+ 6 + 2k

D=1+ 2]+ 0k
AB=B-A=051+4—k—(21+3)+4k) =31 +j-5k
CD=D-C=1+2]+0k—(31+6 +2k) = —2i—4f—2k

AB.CD = (31 + j—5Kk).(—21—4—2k) = —6—-4 + 10 = 0
Hence, AB 1 CD

28. Question

Find the value of A for which the vectors (21 + "J -|-31:;) and (31 + jj — 41{) are perpendicular to each other.

Answer

i=2i+A+3k

b = 31 + 2j— 4k

Since these two vectors are perpendicular, their dot product is zero.

— — — m

= a.b = |3||b|cosb = |§’||b|cos§ =0
= 3db=(21+A +3k.3+2j—4k) = 0
- 3ib=(2x3)+(Ax2) +(3x—-4) =0
= 3db=6+21-12=0
= 6 = 2A

=23
= =5 =
Ans: } = 3

29. Question

~ ~

Show that the vectors 5 :('3i—jj+k)_ b :(i—3j+5f() and E:(jiﬂq-j—aﬂ“() form a right - angled

triangle.
Answer
i=31-21+k

o it (Bi-21+k.(2i+7-4k) 6-2-4 o
Cost = == = = =
[all<] V14421 V14421



Hence, the triangle is a right angled triangle at ¢
30. Question

Three vertices of a triangle are A(O, - 1, - 2), B(3, 1, 4) and C(5, 7, 1). Show that it is a right - angled triangle.
Also, find its other two angles.

Answer

i=o0i-7-2k

b =3 + ]+ 4k

=51 +7+k

|AB| = VO + 4 + 36 = V49 = 7

|IBC| = V& +36 +9 = V49 = 7

|CA| = V25 + 64 + 9 = 98 = 72

AB = B—A = 31+ + 4k—(0i—j—2k) = 3i + 2j + 6k
BC=C-B=51+7+k—(31+j+4k) = 21 + 6j— 3k
CA=A-C=0i—-j—2k—(51 + 7j + k) = —51—8j— 3k

_ AB.BC  (31+2)+ 6k).(21+ 6j-3k) 6+ 12—-18 .
- |aB||BC]| - 7 %7 - 49 -

_ CABC  (-51—8j—3k).(2i + 6j—3k) —10-48 + 9
~ [cA||BE] 7V2 x 7 4942

_ CAAB  (-5i-8j—3k).(31 + 2j + 6k) —-15-16 + 18
~ [cA||aB] V2 x 7 B 492

Ans:45°,90°,45°
31. Question

If the position vectors of the verticesA, B and C of a AABC be (1, 2, 3), (-1, 0, 0) and (0, 1, 2) respectively
then find LABC.

Answer

=1+ 2j+ 3k

wl

b = —i + 0j + 0k

=0f +j+ 2k

(g™

|AB| = V& + 4 + 9 = V17



B = vi+1+4 =16
cA| =vi+1+1=43

BC=C-B=0i+1j+2k—(—i+0j+0k) =1+]+2k

CA=A-C=1i+2j+3k—(0i+1j+2k)=1+j+k

5 _ AB.BC  (—21-2j-3k).(i+j+2k) -2-2-6 —10
% = EBl[ee o Ve = iz ez

. _ 10
L0 = cosTi—
v 102

Ans: 8 = cos~ 12X = ZABC
\.'10

32. Question

a+h

B[ = 5. find (22— 55)-(33 ).

3 + b|2 = [3]> + |b]? + 2/3]|b|cose
=3 =1+ 1+ 2cos0

= c0s0 = 1/2
“(23-5b).(33 + b) = 6[3)2 —5[b| - 133D

=(28-5b).(33 + b) = 6 —5—13|3||bjcos® = 113 x 1 x 1 x (1/2)|

Ans: (23 -5b).(33 + b) = =

33. Question

—_

If 3 and 1, are two vectors such that a<b|= (25 + E) is perpendicular to the
vector |

Answer

3+ B = [l

=13+ b> = [&

= 3] + |b|? + 2|3|[b|cos® = |3

= |b| = —2|3|cose

NOW,

(23 + b).(b) = + [b?

= (23 + b).(b) = 2|3[|b|cosd + ((2/3]cosB)?)



= (23 + b).(b) = 2|3|(—2|Z|cosB)cosd + ((2|F|cosB)?) = 0
Hence, (23 + ﬁ) 1 (ﬁ)

34. Question

. ) —_ -

If 5 :(31_J) and E:(zi +j—31:;) then express E in the form B :(bl —bg). where 51 ||5 and Eg _;1..

Answer

Letb; =cand b, =d

i=(31-9)
b = (21 +j-3k

b=¢+d
¢=23&34d =0
23b=3.8+qd

=(31-7.(21 +7-3k) =3+ 0
=6—1 = A(]3|?) = 104
=>A=5/10=1/2

= I 3. 1,
¢ =24 = (1/2)(31—17) = (51—5])
b=¢+d
= (21 +7-3K) = (i-35) +d
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