ifferent Products of Vectors and
Their Geometrical Applications




2.2 Vectors & 3D Geometry

DOT (SCALAR) PRODUCT

-

. - - - - =
The scalar product of vectors aand b, written as a- b, is defined to be the number | a ll b | cos 0, where 0 is the

- -
angle between g and b.
. - - - -
Le., a-b=1allblcos 6, where 0 <8< 7.
- -
1. a-b is positive if 6 is acute.
- - :
2. a-b s negative if 8 is obtuse.

3. ZZ is zero if Ois a right angle.
PhySical- Interpretation of Scalar Product

B

Q)

A >4
. 0|C|

COS
Fig. 2.1

Let a = Z represent a force acting on a particle at O and let OB = Z represent the displacement of the
particle from O to B as shown in the figure. Then the displacement in the direction of the force = OC = b cos 6.

Therefore the work done by a force is a scalar quantity equal to the product of the magmtude of the force and
the resolved part of the d1sp1acement in the direction of force work done by force a in moving its point of

application from Oto B = | a il b icos@ = a b

Geometrical Interpretation of Scalar Product

Let aand b be two vectors represented by O_A) and O—B) respectively.
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-

Here OL and OM are known as projections of b on a and a on b , respectively.
Now, a-b=lallblcos

=121(0B cos §)

=lal(OL)

-

= (magnitude of a ) (projectionof b on @) . ®
Again, 2; = IZII blcos @

=lbl(lalcosb)
= b 1(0A cos )
=1bi(OM)
= (magnitude of b) (projection of @ on b) (i)
Thus, geometrically interpreted, the scalar product of two vectors is the product of modulus of either
vectors and the projection of the other in its direction.

- - -
' . . - - ab - b - °
Thus projectionof aon b =—=a-——=ab
bl Ibi
- —
. . — - a.b a = A D
Projectionof bon a=——=—:-b=ab
lal tlal

Properties of Dot (Scalar) Product

- - = 4 A A A A A A
i aa=lallalcos0°=lal =a’= ii=j j=kk=1
29 S -5
ii. a-b=b-a(commutative)
. -5 = -—-) - - - = R . .
m.  ag-(b +c)=a-b+a-c (distributive)

Proof: *

Let 5A = Z, 5B = Z, B_)C = Z so that

OC=0B+BC=b+¢ |
From B draw BM 1| OA and from C, drawn CN 1 0A
LHS.= 2-(b+¢)

= 0A-OC

=(0A) (OC)cosf (where = LCON)
=(O0A)(ON) (as ON = OC cos6) Fig.2.3 _
=(0A) (OM + MN) ’ .
=(0A) (OM) + (OA) (MN)
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iv. (l;z)) -(m;)_= lm(Z-Z), where [ and m are scalars

<

- - - - - - - . :
_v. If aand b are two_non-zero vectors, then a-b =0 aand b are perpendicular to each other

i=jk=ki=0
by =(ath)-(a+h)

- —>2 - >
=1aP+1bP%2ab

. -
VI. (g +

=1aP+l b+ 2lallblcosd
Vil (g4+8)-(a-b)=lal-IbP
+a, 3+ a312 and b =, i+ b, 3 + ba’lgthen. ab = ab, +'azb2 +‘aglb3
(rii=jj=kk =landi j=jk=ki=0) '

= x§+ y _Aj+ zl?.Taking dot product with ?, 3 and k alternatively, we have

A

r
x:?-?,y:,?-}‘andz:?-fc
- —)/}/\ - A A_ - A
= r=(r)i+(rpj+rk

APPLICATIONS OF DOT (SCALAR) PRODUCT

Finding Angle between Two Vectors

- ~ A ) - A A el
If a=ai+a,j+a,kandb=>bi+b,j+ bk are non-zero vectors, then the angle between them is given

by - -
a-b a,b, +a,b, +ab,

S = 2 2 2 2 2 2
lalipl  ya+a2+a? b +b +b;

cos 6 =

Also

(a,b, + a,b, + a;b, )
(@l +al+al) (B} + b2 +b2)

=cos’9 <1

= (@b, +ab,+ab)< (a’+a;+a}) (b +b;+b)

Cosine Rule Using Dot Product

Using vector method, prove that in a triangle a> = 5? + ¢* — 2bc cos A (Cosine law)
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-4

ol
Sl

"Ql,

W
a

Fig. 2.4
In AABC, : -

o ———

Let AB=¢,BC=a,CA =b,
Sincez + Z +Z=0 ,wehavea=—(z + Z)
slal=1=(b + ¢)l
= laP=1b+cP

— - — - -
= lal=ibF+1cP+2bc
= laP=1bF+1cP+21bl¢lcos(n—A)
(Since angle between Z and Z = the angle between CA produced and AB)
= a?=b*+c2—-2bccos A

. - . - °
Finding Components of a Vector b Along and Perpendicular to Vector g or Resolving

a Given Vector in the Direction of Given Two Perpendicular Vectors

- B

0 M

Sy

Fig.2.5
Let; and Z be two vectors represented by OA and OB and let 0 be the angle between Z and ;
. b=0M + MB
Also OM = (0M )a
=(OBcos 6) a

= (15 1cos6)a
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R ITRCON Y
lallbl
ablr  ab - [ab|o
il = et il el
lal lallal lal
Also b=0M + MB
- MB=b-OM=b-| %% |2
|a|2 - - - -
- - a b |- - - .
Thus, the components of b along and perpendicular to a are} —— la and b—| — |a, respectively.
fal lal
- = - - 5 o = . .
If a, b and ¢ arenon-zero vectorssuchthat 4.5 = - ¢ , then find the geometrical relation
between the vectors.
ab=ac
D-ac=0
«(b-¢c)=0
Either p—c¢ = 0 or a L (b —¢)

SA DA A - . -
If r-i=r-j=r-k and | r | =3,thenfind vector r.
- A A A - A - A - A
Sol. Let r=xi+yj+zk. Since r-i=r-j=rk
X=y=2

Also I rl= x>+ y*+7° =3
=x=%3

Hence, the required vector r = +\/3 (i+ j+k)
N

- - - - - -
If a, b and ¢ are unit vectors such that a + b + ¢ =0, then find the value of
- - - = - =

ab+bc+c-a.

-

Sol. Squaring (Z +bh+ 2); 0
= 1aP+1bP+1cP+2ab+2bc+2ca=0
= 2a-b+bc+ca)=-3

- > - > )

.=>a-b+b-c+c~a:—%
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If a b and c are mutually perpendicular vectors of equal magnitudes, then find the angle
- 2 =
between vectors a and a+b+ec.

- 5 - oo

Sol. Since a, b and c are mutually perpendicular, a-b=b-c =c-a=0

- - -,
Angle between aand a+b+cis
e e I R
a (a+b+c)

e T

Ialla+b+cl

®

cos 8 =

Nowlal:lbl:lcl=a
el - -—)2 - - - - > - - - =
la+b+cl =lalP+1bP+lclP+2a-b+2b-c+2ca
=a®+a*+a*+0+0+0
e 2
= la+b+clP=3a

- 5 o

= la+b+cl=+3a

Putting this value in (i), we get 8 = cos”

’ ~> - - - -
Ex ple’S Iflal+lbl=1ctand a+ b =

Sol. a Z
=la

- - -
¢ , then find the angle between a and b .

-

P+lbP+2ab=lch _ )
and |a|+|b|=|cl
=lal+bP+2lalbl=lcP (ii)

- a-b=lallbl (from (i)and (i)
=cos0=1=6=0°
- 2 -5
If three unit vectors a b andc satisfy a+ b+ ¢ = 0, then find the angle
- -
between a and b .

- o -
Sol. a+b=-c¢
- —)2 —)2
=la+bF=IlclF=1

= lal+IbP+2ab=1

=>'|Z||Z|cose=—%
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’ A 2 - -
(RPN If 6 be the angle between the unit vectors a and b, then prove that
i. cos 2=ll;1’+7;l
2 2
ii. sin Q 1 la—b I
2 2

Sol. i (@a+b)-(a+b)=1al+16P+2ab

=1+1+ 2(1)(1)cos 6
=2+2cos @

=>|Z+Z|2=2-2COSZQ
6 1~ -
cos—=—la+bl
RANEIY .
ii. @-b)-(@a—b)=lal+1bP-2ab

=1+1 -2(1)1)cos 6"
=2-2cos 8

—la—bP =2-2sin2g

1
* If the scalar projection of vector xz - J +k on vector 2,_ Jj+ Sk is J_, then find the
value of x. 30
ALA A - +k 2 - +5k
Sol. Projection of xi—j+k on 2i ~ ]+5k = (Xl th) Qi) )
J4+1+25
2x+1+5

= \/ﬁ
=>2x+6—1:>x—_—5
77w 2

A g A A A
fa=xi +(x~1)j+k and b=(x+1)i + j + ak make an acute angle V x e R, then
find the values of a.

Sol.  ab=(xi+(x~1)j+k) - (x+1)i+j+ak)
= x(x+D)+x-1+a

=X +2x+a-1
Wemusthave a-b>0V xe R
=x>+2x+a-1>0V xe R

=4-4a-1)<0
=a>2
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- A A A -
ARE PR If g | = a-(i+ j)= a- (i + j+ k) , then find the unit vector ¢,

Sol. Leta=x§+y}'+zIAc
Then,a-i =(xi+yj+zk)-i =x and a-(;+}')=x+y

- ~ A A
and a-(i+j+k) =x+y+z (giventhatx=x+y=x+y+2)
Nowx=x+y=y=0andx+y=x+y+z7=>2=0

-
Hence x =1 (Since a is a unit vector)

a2
La=l1

,»:Ek;amii;lf'l'l» . Prove by vector method that cos (A +B)=cos A cos B—sinA sinB.
Sol. Let i and j be unit vectors along OX and OY, respectively.

Let OP,0Q be two unit vectors drawn in the plane XOY such that

ZXOP = A, £X00 =B j{
POQ=A+B
S N P
Now OP = icos A+ j sinA
0OQ = icos B— j sin B g
5 o o B » X
OP-0Q = cos A cos B—sin A.sin B
= (1) (1) cos (A + B) = cos A cos B —sin A sin B o
= cos (A + B) = cos A cos B —sin A sin B Fig. 2.6

method.

Sol. Let B_)C:-Z,CTA=E, A_)B=Z, so that
BC=a, CA=b,AB=c¢
Now Z+Z+Z=6

Z-(Z+Z+Z)=O

i T T S

a-a+a-b+a-c=0
a* + ab cos (180° — C) + ac cos (180° - B) =0
a* - ab cos C — ac cos B=20
a—-—bcosC-ccos B=0

a=bcos C+ccosB

Fig. 2.7
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Example213 Prove that an angle inscribed in a semi-circle is a right angle using vector method.

Sol. Let O be the centre of the semi-circle and BA be the diameter. Let P be any point on the
circumference of the semi-circle.

__)
P(r)

=l

- -
A(a) 9] B(-a)
Fig.2.8

Let OA = q, then JB =- Z

AP - BP = (r—a)-(r+a)
S S
=a’- a [ r=aas OP = OA]

. AP is perpendicular to BP
= ZAPB = 90°

Using dot product of vectors, prove that a parallelogram, whose diagonals are equal, is a
rectangle.

Sol. Let OACB be a parallelogram such that OC = AB

B C
%
b A

(@] 0'? A

Fig.2.9
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> o

Let OA=a,0B=b
Now OC = AB
= O0C*=AR?

- - 2 - -
= (OA + AC) = (AO + OB)

2

2

= - 2 - -
= (OA+OB) =(~0A+0B)

= (a+b)=(—a+b)

2 2 42 42

= 2 +Z +2a-Z =aqa +b —ZZ-Z

ol

- -
= a b=
-

= aand b are perpendicular

= LAOB =90°
= (OACB is a rectangle

Example215 " Ifa+2b+3c =4, then find the least value of 2> + b + ¢
Sol.  Consider vectors p=ai +bj+ck and g =1 +2] +3k

2b+3
Now cos 0= at2b+3c
_ \/a2+b2+c2\/12+22+32

2
_@+2+30)7 _

‘or cos’f=— > """ <
14(a®>+ B>+ %)

8
= a+b+ct>—
7

2 2 2 8

= Hence least value of a“+b°+¢® is 7
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" » - A A
s uIpALE - Find a unit vector 2 which makes an angle of 774 with the z-axis and it is such that (a+i + j)
is a unit vector. :

Sol. Let a = x?+y}'+zlA<
Given lal=1, therefore
P+y +2=1 @
Angle between a and z-axis is 71/4, therefore

(71?] ak
cos|— ==
4) lalk!
Sr= o

V2
Now a+i+ ) =(x+Di+(y+1)j+zk
Given that Z + : +;’ is a unit vector. Therefore,
Ia+§+;‘l=\/[(x+1)2+(y+1)2+zz]=1
Sx2+y + 2+ 2x+2y+1=0
= 14+2x+2y+1=0, using (i)
=y=—(x+1)
From (i), we have

X+x+1P+(1/2)=1
=4x2+4x+1=0o0r 2x+1)*=0

2 2
-l 1s 12
Hence a = 2 2] «/E

- - -

Vectors a, b and ¢ are of the same length and taken pair-wise they form equal angles. If
A -+ A A N

Z:zA' +j and b = j +k, then find vector c.

Sol.  Let c=xi+yj+zk.Thenlal=1bl=lcl =@+ +2=2

It is given that the angles between the vectors taken in pairs are equal, say 6. Therefore,

cos @ = _>._) = ==

lalpl N2V2 2

ac 1 be 1

= === and — — ==

lallcl 2 Iblicl 2
x+y 1 y+z

1
2 he 2™ AR

=x+y=landy+z=1

=y=l-xandz=1-y=1-(1-x)=x
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Alsox®+y*+22=2=x+ (1 -x+x2=2
SCx+Dx-1D)=0=x=1,-1/3
Now,y=1—x=>y=0f0rx=1andy=4/3forx=—1/3
Hence, Z z+0] +k and c=——1—?+4}—11:',
3 373

& - - - -
- If a, b and c are three mutually perpendicular unit vectors and 4 is a unit vector which

- - - [ e I T
makes equal angles with a, b and c, then find the value of | g + b + ¢ +4 I

-

c

R T R - - - B I N - -
Sol. la+b+c+dP=Xlaf +2Xa-b=4+ 2d-(a+b+¢) (- a,b, are mutually perpendicular)

Letd /”ta+,ub+VC ThenZi)Z:ﬂ-Z:Z-Z:cos 6. Therefore,
A=u=v=cos 8
Also A+ 12 +1=1=3cos’ 0 =1 =>cos § =+

+
-

la+b+c+dP=4 +—=4+2\/_

Ve

E\amplez 19§ A partlcle acted by constant forces 4i + J 3k and 3i + J ki is displaced from point

i+2) Jj + 3k to point 57 + 4 J +%k . Find the total work done by the forces in units.
Sol.  Here F=F+F, = (4i+] ~30)+(3i + = k) = 70 + 2} — 4k
and d =d,—d, = (5i+4]+k)~G + 2} +3k) = 41 +2} —2k
. Work done = ;“2
= (7i+2j —4k)- (4 + 25— 2k)
=(N@+2)2)+(4)(-2)
=28+4+8 =40 units

Examplez 20 - If a=4i +6] J and b= 3; j+ 4k then find the component ofa along b.

L @bhb 18 L .
Sol. The component of vector a along b is 2—5 QBi+4k)
Ib 2

- - - - - -
Iflal=1b1=la+b| =1,thenfind the valueof la —b I.

Example 2,21 §
Sol. We have
la+b 0 +|Z—E|2=2(|Z|2 +ibP)

= 1+la-bP=4 = |g-b =3

EwnpleZ.ZZ 8 a - l + J +k and b 27 +0j j +k then find vector c satlsfymg the followmg
condltlons (i) that it is coplanar with a and b ,(ii) thatitis Lto b and (iii) that a c =17.
Sol. Letc=x1+y]+zk
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Then from condition (i)

x
-1

=0orx+3y-2z=0 @.
2

O =
— N

From condition (ii)
2x+2z=0 (i)
From condition (iii)
—x+y+z=7 (iii)

Solving (i), (i1) and (iii), we get the values of x, y and z and hence vector C = ——(—3 i+5 ]+ 6k)

E\ample223 - Let a bandc are vectors such that lal = 3, Ibl =4 and lel = 5, and (a+b) is
perpendicular to ¢ ,(b + c) is perpendicular to a and (c + a) is perpendicular to b Then

- o o
find the valueof la +b + ¢ .

e ) N T Y
Sol. Given, (a+b)-¢c=0 = a-c+b-c=0
- =S S I B

(b+c)-a=0 = a-b+ca=0

- 3 -

(c+a) b=0 = bc+ab 0
2(ab+_l;Z+ZZ) =0
Now, la+ b+ cl=lal+1bl+1cP+2ab+bc+c-a)=50

S la+b+cl=502

Emmple p%”8 - Prove that in a tetrahedron if two pairs of opposite edges are perpendicular, then the third
“7 7" pairis also perpendicular.

Sol. Let ABCD be the tetrahedron and A be at the origin.

Let AB = b, AC= ¢ and AD=d
Let the edge AB be perpendicular to the opposite edge CD.

= AB-CD=0
= b-(d-¢)=0

= bd=bc @)
Also let AC be perpendicular to the opposite edge BD. Therefore,
AC-BD=0

- - -

= ¢-(d-b)=0
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e Y

= cd=bc ‘ @i
Now from (i) and (i), we have

- -

= bd=cd
:>(Z—b)-d=0

= BC-AD=0
= AD is perpendicular to opposite edge BC.

Exémple y&x3 : In isosceles triangle ABC, | ﬁ f=1 E(:: {= 8, apoint E divides AB internally in the ratio

1:3, then find the angle between CE and CA (Where ICA| =12).
Sol.

B(®)

Given | ¢l =12andiZ|=IZ—zl=8

=B =b+P-2bc

:32 =72
222 as 23
4 CCTT 144-18
cos 0 = = = 5
- - b - b - b
_Z 12{ ¢c=—= 12f c——
lell ¢ ) 4 4 4
—-)2 -
Now [o~2 —|*|2+ﬂ—b—c—144+4 36=112
oWICTY T 6 2
21 21 37

=c08 =—F——= = —
Ixi1z 2x47 T g

E\ample 2 26 Arc ACofa c1rcle subtends a nght angle at the centre O. Pomt B divides the arc in the ratio
 1:2.If04 = a and OB = b then calculate OC in terms of zandb.

-

Sol. Vector ¢ is coplanar with vectors a and b. Therefore, ¢ = xq+ yb ®
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Sol.

Vectors & 3D Geometry

8

sl

309
60° e

»
»

Fig. 2.11
Point B divides arc AC in the ratio 1 : 2 so that ZAOB = 30° and £BOC = 60°.

We have to find the values of x and y when we are given lal=1b1=1c |=r (say).

3

-Z=rzcos30°=r27and ac=0

Q!

-~ o r2
b-c =rfcos60°= —
2
Multiplying both sides of (i) scalarly by Z and a, c:.c=xa-c+ yb-c
and cca=xa-a+yb-a
2

’
r2= -_— p—
0+2y,y 2

and 0 =xr? + yr’ %
Puttingy=2, x=- NG

—

c=—Ba+2b

Vector —OX =i+ 2;' +2k turns through a right angle passing through the positive x-axis

on the way. Show that the vector in its new position is di-j-k }

2
Let the new vectorbe OB = xi + yj +zk.
According to the given condition, we have
|OBl=1041=3 =>x*+y+722=9 @®
AISOOA LOB =x+2y+22=0 (ii)

Since while turning 04, it passes through the positive x-axis on the way,

Vectors 04, 0B and A7 are coplandr.

= = =
S N <
S AN
l
o
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=>y-z=0 (i)
Solving (i), (ii) and (iii) for x, yand z, we have x = -4y = -4z

= 16"+ y*+y?=9
1 1
=t-—= +— andx=F4—
J_ T2 2
A /\ 1/\
= 0F = (I ok ﬁk)

N 4 A 1 A /\
Since angle between OB and i is acute, OB= —~=i——F/—j]——F
| o AL

10

11.

12.
13.

_ Concept Application Exercise 2.1

If lal= 3, Ibl=4 and the angle between a and b is 120°, then find the value of l4a+3b1.
If vectors §_ 2x}'—3y ]Ac and 2+3x}' +2yIA< are orthogonal to each other, then find the locus
of the point (x, y).

Let a b and ¢ be pa1rw1se mutually perpendicular vectors, such that la I=1, |b| 2, el =2.
Then find the length of at+b+c.

If g+b+c =0, lal = 3,151 = 5, Icl= 7, then find the angle between aand b.

If the angle between unit vectors aandb is 60°, then find the value of | a-bl.

Y

Letu—_-1+J, v:z—] and w = z+2]+3k Ifn1saumtvect0rsuchthatun 0 and vn= 0,

then find the'value of | w-nl. :

A, B, C, D are any four points, prove that AB-CD + BC-AD + CA- BD =0.
P(1,0,-1),0(2,0,-3),R(-1,2,0)and S(3, -2, —1) then find the projection length of }@on RS.

If the vectors 3 p + q 5 p- 3q and 2 p+ q 47 p- 2q are pairs of mutually perpendicular vectors,
then find the angle between vectors p and q '

Let A and B be two non-parallel unit vectors in a plane. If (az + Z)?) bisects the internal angle
between A and Z? then find the value of a.

Let a b and ¢ be umtvectors such that a +b + c = ;c) Z; =1, Z?c ==, |;I= 2. Then find the
angle between ¢ and x

If a and b are unit vectors, then find the greatest value of |Z + Z [+1 2— Z f

Constant forces P, = ;—} + IAc, P, = _i+ 2}' _k and P, = 3 —k actona particle at a point A.

Determine the work done when particle is displaced from position A(4§—3}' —ZIAc) to

B(6i+j -3k)
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VECTOR (OR CROSS) PRODUCT OF TWO VECTORS

The cross product is just a shorthand invented for the purpose of quickly writing down the angular momentum

of an object. Here’s how the cross product arises naturally from angular momentum. Recall that if we have a

fixed axis and an object distance r away with velocity v and mass m is moving around the axis in a circle, the

magnitude of the angular momentum is mlirilvl, where I7l is the magnitude of vector r. But what direction should

the angular momentum vector point in? Well, if you follow the path of the object, it lies in a plane, an infinite

two-dimensional surface. One way to represent a plane is to write down two different vectors that lie in the-
plane. .

Another method used by mathematicians to represent a plane is to write down a single vector that is
normal to the plane (normal is a synonym for perpendicular). If a plane is a flat sheet, the normal vector points

straight up. Now, for any plane, there are two vectors that are normal to it, since if a vector » is normal to a
plane, —n will be normal as well. So how do we determine whether to use 7 or —n?

A long tlme ago, physicists just made an arbltrary decision known today as the right-hand rule. Given vectors
a and b , just curl your fingers from a to b and the thumb pomts in the dlrectlon of the normal used.

The vector product of two vectors a and b, written as a X b, is the vector ¢ = lalibl sin O n, where 0 is
the angle between 2 and Z (00 <m), and nis a unit vector along the line perpendicular to both
aand b.

A
ax3
N\
a
b
Fig. 2.12

Then direction of ¢ is such that a, b and ¢ form a right-handed system.

-

We see that the direction of bxa is opposite to that of ax b as shown in Fig. 2.13.

- o - -
bxa=—axb

So the vector product is not commutative. In practice, this means that the order in which we do the
calculation does matter.
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al
X
ol

1>

Properties of Cross Product

- - - -
L axb=-bxa
) - - ) ) ’
2 axa=0_
B el A - =
3-3 ax(b+c)y=axb+axc

A A

4 ixi=jxj=kxk=0andix j=k jxk=ikxi=]

A A

- 5 oS

‘5. Two nbn-zero vectors -a and Z are collineaf ifandonlyif @ x b = 0.

6 Ha=ai+a,j+akandb=bi+b,j+bk then

P |
caxb=|a a, a =(ab,—a 2)z+(c13b )]+( b, - ab )k
b b, b ‘ o
7. The unit vector perpendicular to the plane of a and b is (a lj) , and a vector of magnitude 4
: Ia xbl '

l(a X b)

perpendlcular to the plane of @ and b is + 228X 2)
' la x bl
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Physical Interpretation of Cross Product as a Moment of Force

Moment of force (often just moment) is the tendency of a force to twist or rotate an object. This is an
important, basic concept in engineering and physics. A moment is valued mathematically as the product of the
force and the moment arm. Moment arm is the perpendicular distance from the point of rotation to the line of
action of the force. The moment may be thought of as a measure of the tendency of the force to cause rotation
about an imaginary axis through a point.

Image A ' Image B
5 - Image C
force F : ) force F o
force F
- .
Fsin @
point 0 ‘ point O point O N
. / / » Fcos 6
Fig. 2.14

The moment of a force can be calculated about any point and not just the points in which the line of action
of the force is perpendicular.

Image A shows the components, the force F and the moment arm x when they are perpendicular to one
another. When the force is not perpendicular to the point of interest, such as point O in Images B and C, the

- -
magnitude of moment M of a vector' F about point O is

- -

- -
M,=r,. xF,where 1, is the vector from point O to the position where quantity F is applied.

5
Image C represents the vector components of the force in Image B. In order to determine moment M of

— - -
vector F about point O, when vector F is not perpendicular to point Q, one must resolve the force F into
its horizontal and vertical components. The sum of the moments of the two components of F about point O is

- -

M, = F sinf(x) + F cos6(0)

5
The moment arm to the vertical component of F is a distance x. The moment arm to the horizontal

Ed .
component of F does not exist. There is no rotational force about point O due to the horizontal component

5
of F . Thus, the moment arm distance is zero.

— -
Thus M can be referred to as “moment M with respect to the axis that goes through point O”, or simply

> . :
“moment M about point 0”. If O is the origin, or informally, if the axis involved is clear from context, one
often omits O and says simply moment, rather than moment about O. Therefore, the moment about point O is

- -

- -
indeed the cross product, M, = r,,. X F , since the cross product = Fsin6(x).
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Geometric Interpretation of Cross Product

L

A 4

Fig. 2.15

-

ax b=lallbisingn
—laxbl=1allblsing

1 - -5 X .
=2|~lallblsin®

2
=2 (Area of triangle AOC)

= Area of parallelogram

Area of the triangle OAB is % laxbhbl.

-

a x Z is said to be the vector area of the parallelogram with adjacent sides OA and OB.

- > 1 - -
2. I q, b are diagonals of a parallelogram, its area = > laxbl.

Fig. 2.16

In the above diagram O_C)‘ = Z and XE = I_;

= Area parallelogram = 4 x % I P—C) X P_B) I

1l

i

X
SR

[
I SRS

- -

=l|a><b
2
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3 —_— —

If AC and BD are the diagonals of a quadrilateral, then its vector area is %AC X BD.

D

Fig. 2.17

Vector area of the quadrilateral ABCD = vector area of AABC + vector area of AACD .

_ ] —

AB ><AC+%AC XA

N =

-—_

= —lAC xﬁ+ lXEx A_é
2 2

= %AC X (AD — AB)
1—) _

= —AC x BD
2

N T T S

4. The area of a triangle whose vertices are A(a), B(b), C(c) is %I axXxb+bxc+cxal

—

Area of triangle = % Iﬁx AC|

=%1(3—Z)x(2~2)|

R T S S

= —;—lbxc—bxa—axa‘+axal

R e T T )

= %laxb+b><c+cxal

_ b _ c
sinA sinB sinC’

Example 2281 If A, B and C are the vertices of a triangle ABC, prove sine rulé

- - - - - -

Sol. let BC =a,CA=b, AB=c,sothat a+b =—-¢

aXa+axXxb=—aXc

O+axb=2xa

laxbl=lcxal

ab sin(180° — C) = ca sin (180° — B)
ab sin C = ca sin B
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Dividing both sides by abc, we get
sinC _sin B
c b
b <
sinB  sinC

a

Similarly —<— = —
sinC sinA

From: (i) and (ii), we have -C
a b ¢
sinA sinB sinC
anmple 2 , 9 - Using cross product of vectors, prove that sin (A + B) =sin A cos B + cos A sin B.
Sol. Let OP and OQ be unit vectors making angles A and B with X-axis such that
ZPOQ=A+B Y
5P=fcosA+}'sinA p
0_) =i cos B—jsin B A
Gore 0B X
Now OPx0Q
= (1) (1) sin (A + B) (- &) 0
) - Fig. 2.19 )
=-sin (A+B) k @
{ ik
Also OPx0Q = |[cosA sinA 0
cosB —-sinB 0
= (—cos A sin B - sin A cos B) k
6P X0Q = - (sin A cos B + cos A sin B) k (i)

From (i) and (ii), we get
sin (A + B) = sin A cos B + cos A sin B

Exdmple 2.30 " Find a unit vector perpendicular to the plane determined by the points (1, —1 2),(2,0,-1)
‘ * and (0,2, 1).

Sol.  Given points are A(1,-1,2), B(2,0,-1) and C(0,2, 1)
= AB=a=i+j-3k BC=b=-2i+2]+ 2k

ij ok
axb=|1 1 -3 =8i+4;+4k
2 2 2

. 2i+j+k
Hence unit vector = + —J]E_
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5, - N ;Z ;Z
i If a and p aretwo vectors, then prove that (¢ x p)* = .
ba bb
Sol. 2 2, _ . N2
(axb)* =(absinf-n)
= a?h? sin’ 8
= a*bh® - a*b* cos? 6

Aol
i j ok
n - A A )
Sol. laxil’=\a, a, a,| (since a=a,i+a,j+ak)
1 0 0

g Te_ 2, 2
=la,j~a,kl’=a; +a,
[ = _22 2 2 = _)2 2 2
Similarly, la x jI'=a; +a; and la xkI"=a; +4q,

. : -
Hence the required result can be given as 2(a’ +a} +al)=2lal =8

PR & S D S S 9 9 S 9 3 D 9 o - 5
xle..3 - rXa=bxa;rxb=axb;a#0;b#0;a#Ab, and a isnot perpendicular to p, then
find 7 intermsof @ and b.

= - I

Sol. rxa—b><a—0and rxb+bxa=0
Adding, we get rx(a+b)=0

- -
But as we are given a # A b, therefore

?=/,L(Z+Z)

Ex nple 2. 34 . A, B,CandD are any four pomts in the space, then prove that
" I4B x CD+BCxAD+CAxBD | = 4(area of AABC).

I T

Sol. LetP.V.ofA,B,CandDbe a, b, ¢ and O , respectively.

= AB x CD=(b — a)x(~c), BCx AD = (c — b)x(—a)and CA x BD = (a — )X (=)
1—473)><5+B_C)><A—D)+E&7><B—D>—c><b+a><c+a><2+bx21> axb+2><b
= 2(cxb+bxa+axc)

= 2(¢ x (b—a)~ax(b-a))
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= 2((c—a)x (b-a))
— 2(AC x AB)

_) — - — —— —

= | ABXCD+ BCxAD+ CAXBD!|=4

S(ACx A—B))‘ = 4MABC
5 If a , band ¢ arethe position vectors of the vertices A, B and C , respectively, of AABC,
prove that the perpendicular distance of the vertex A from the base BC of the triangle ABC

is Iaxb+Z><c+chI A(a)
Ic bI
Sol. IBCxBAl=laxb+bxc+cxal
=>IB_C‘)IIEIsinB=12xeZxZ+Zx2I —
7 L c@©
B(®) .
22 5 oo o Fig. 2.20

=>Ic bl(ABsmB)—laxb+b><c+cxaI

e T e T

laxb+bxc+cXxal
lb—col
" 36 Find the area of the triangle whose vertices are A(1, -1, 2), B(2,1,—1) and CG, ~1,2).

Therefore, the length of perpendicular from A on BC=AL=ABsinB =

Sol. Here _074+=§_3'+21A¢and0—3)=2;+}—]2andOC=,3zA'—;'+272

—_ — — A

= AB=0B - 0A—z+2] 3kandAC OC OA 21

—

Hence, the required area = % I E x AC|

Pk
Now, AB xAC=|1 2 -3/=-23j+2k)
2.0 0

= Area of triangle = %x2l3}+2121=\/ﬁ

anmplez.v 7..‘ Find the area of a parallelogram whose two adjacent sides are represented by vectors
 3i-kandi+2].

Sol. The area of parallelogram is given by = | E X E I
Here we are given adjacent sides. Therefore,

; A
AB xAD=[3 0 -1|=27i-+6k
12 0

~
x>

Hence the required area is =! 2i —3’ +6k1= Ja1
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-Example 2.38 . Find the area of a parallelogram whose diagonals are a=3i+ } ~2k and Z =i- 3}' + 4k,

Sol. A=l|axb|
2

ik
Butaxb=3 1 -2|=-2i-14-10k
1 -3 4

Hence A = %IZXZI:—;-\/4+196+IOO =53

~ Let ;,Zand c bethreevectorssuchthat;);t{), lal=icl=1,1b1 =4and 1b x ¢ | =4/15.

' Exaniple 2.39
h-2¢=Aa , then find the value of 4.

Sol. Let the angle between Z and ¢ be
Ibxcl=A15
= IZIIleina=x/E

. 15

= sSmo=—-
4
1

=Cos =
—b-2c=Aa
—1b-2cP=A%1aP

= bP+4lcP -4 bc=Alal
— 16+4—4{1b1I¢ lcosa) = A2
=>16+4—4x4x1x%=).2

SV =16=21=x4

Exlple2.40 - Find the moment about (1,-1,— 1) of the force 3+ 4} -5k acting at (1,0,— 2).

N R R N P(1,-1,-1)
Sol. F=3+4j-5k
PA =PV.of A—PV.of P
=@ -2p-(G-j-h

=-j+k - A s en
/ 401,0.-2) F=31+4f -5k

Fig. 2.21
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- -

Required vector moment = PAXF

= (—j+k)x(3F +4] —5k)

A
=10 -1 1

3 4 -5
= [+3j+3%

A rigid body is spinning about a fixed point (3,— 2, ~1) with an angular velocity of 4 rad/s,
the axis of rotation being in the direction of (1, 2, — 2). Find the velocity of the particle at
_ point(4,1,1). ’

Sol.

W

( @ 1,1)

(3,-2,-1)4

Fig. 2.22
- ?+2}'—2I§ 4 » A7
P BT k. P Y5
Jita+4 | 3 /
»=0P - OA
@i+ j+R)-Ri-2]-h)
Y

- -

- 4/\ A A A A A
v=co><r=—3—(i+2j—2k)><(i+3j+2k)

It a x b =Z><z_l>and(_1) xZ=Z xg, then show that a — d is parallel to b- Zprovided
Zit_l) andZiZ
Sol. We have ZXZ:ZX

@®

S
andaxc=5bhX
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a - d will be parallel to b — ¢
if (a-d)x(b-c)=0

ieﬂZxZ—Zx?—zx;+dxﬁ=6

e if @xb+dxc)—(axe+dxb)y=0

ieLif axb—cxd)-(@axc—bxd)=0

ie.if 0-0=0 [from ()]

. - b - .
ie., 0 = 0, which is true
Hence the result

Examplez -H f: Show by a numerlcal example and geometrically also that a X b = ax ¢ does not

Sol.  let o =3i+2)+5k b =6i+5j+8k ¢ =3i+3j+3k

—(16-25)] —(24—30) j +(15-12) k

=—9?+63‘+3I§

. i 7ok
axc=3 2 5
33 3
—(6-15)i—(9-15)] +©—6)k =—9i + 6] +3k
W axb=axc. butb#ec.
Geometrically
D D C’ C
2 b
A % B
a
L Fig. 2.23

Let AB—a AD= b AD -—c
Vector area of parallelogram ABCD = a X b
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Vector area of parallelogram ABC'D’ = axe

Now vector area of parallelogram ABCD = vector area of parallelogram ABC’D’
(" both parallelograms have same base and same height)

- - -

- - -
s aXb=axchutb#c

Example244 It Z, Z, ?:' and 2 are the position vectors of the vertices of a cyclic quadrilateral ABCD,

- - — - - - - - - - - -
Iaxb+bxd+dxal+lbxa+cxd+d>_<bl_

prove that ——— ————— 0.
(b-a)d-a) b-c)d-c)
Sol.
Consider
IaxZ+Z><2+2><ZI_I(Z—c_i’)x(Z—Z)l
(b-a)d-a) (b - a)-(d-a)
_la-dlib—alsinA
15— alld - alcos A
=tanA @
AISOlbx_c,+f)xi+‘_{><bl=l(b_,,_cj_x(_f-_)d)!
(b-c)(d-c) (b—-c)(d-rc)
_lb-clic—dlsinC
1b—cl-1d - ¢lcosC
=tan C (i)

As cyclic quadrilateral
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A =180°-
= tan A =tan (180° — C)

=tanA+tanC=0
- - - e - - - - - - - -
:>-|a><b+bxd+anI+lb><c+cxd+d><b|

=0
(b-a)(d-a) (b-c)(d-c)

et XA The position vectors of the vertices of a quadrilateral with A as origin are B(b), D)
and C(l Z +m Z ); Prove that the area of the quadrilateral is %(l +m)li Z X 2 l.

Sol. Area of quadrilateral is %!_A—C:x B_ﬁl = %l(lg +m(_1>) X (2 -b)l
1 - - - -
=E|lb><d—md><b|
1 e -
=—(l+m)|b xdl

Example” 46 _Let a and'b be unit vectors such that | a+bk /3. Then find the value of
" (2a+5b)-(3a+b+axb).

Sol.  (2a+5b)-(3a+b+axh)= 6aa+1723+53_3
& Z-(Z x_l;) = Z'(ZXZ) =0, as Z andZare perpendicular tonZ)
~11+17ab
Now|Z+ZI=\/§
= la+bP=

—lal+bP+2ab=3

: =>(2a+5b) (3a+b+axb)_11+%7——3—29—

A A

A A . - - - u+v
uand v are two non-collinear unit vectors such that

Example 2.47 § +u X »| =1. Prove that
foa u—v
luxvl =
. + A A
Sol. Given that 1ry +uxvl =1
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A A 2

A A

v
+uxy =1

2+2c0s0 . Noa A A a
-y £12C0SU | inze =1 Cow-(uxv) =v-(uxv)=0)

0
= cos’ 7= cos* 8

=>9=n7r¢%,nez

=>9=2—”
3
Ao .2 . 1m |lu-—v
= lu X vl =sin—=sin—=
3 3 2

Examplez 48 " In triangle ABC, points D, E and F are taken on the sides BC, CA and AB, respectively,

nP-n+1
such that — BD _CE _AF ——=n.ProvethatA = """
DC EA FB (n+1)
Sol. Take A as the origin and let the position vectors of points B and C be 1_; and Z respectively.
y _ ne+b ¢ nb
Therefore, the position vectors of D, E and F are, respectively, , and - Therefore,
oL L. n+l n+l n+1
ED=AD -AE=""DC*b g Fp_nb=¢
n+l n+l
Now the vector area of AABC = %(b X ¢)
1 — N 1 — - - -
and the vector area of ADEF = —(EF X ED) = ———[(nb — c)x{(n~1Dc +b}]
2 2(n+1)
- [(R-m) bX ctbx c
2t 1) [( ) 1
1 (2 +1)(Z —*)] nz—n+1A
= 2(n+1)2 n —n X C = (n+1)2 ABC
1. Concept Application Exercise 2.2 |
1. If a=2i+3j-5k b=mi+nj+12kand a x b = 0, then find (m, n).
2. Iflal=21b1=5 and la x b! =8, then find the value of a-b.
3 If Z X Z = sz # 0, where a,b and ¢ are coplanar vectors, then for some scalar k prove that
a+ Z = kz. v
4 Ifa=20+3]-k, b=—i+2 j—4kand c= i+ j+K, then find the value of (2 Xb)-(a X ¢).
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5. Ifthevectors ¢, a = xi +yj+zkand b= j aresuchthat a,c and » form aright-handed system,
then find c.

-

- - > - - - - - - . -
6. Giventhat a-b = a-c, ax b= a X c and a is not a zero vector. Show that h=c.
- - - - - - . i . . i
7. Show that (a ~ b)x(a + b)=2a X b and give a geometrical interpretation of it.

- - . - 2 - - - -
8. If x and y areunitvectorsand | z| = ﬁ such that z + z X x =y, then find the angle 8 between
xand z.
9. Prove that (a-i)(axi)+(a- j)ax j)+(a-k)axk)=0.
10. Let c_z), b and ¢ be three non-zero vectors such that a + b + ¢ =0 and

Ab XZ+ be+ ¢xa =0, then find the value of A.

11. A particle has an angnlar speed of 3 rad/s and the axis of rotation passes through the points (1, 1, 2) and
(1, 2, —2). Find the velocity of the particle at point P(3, 6, 4).

- - - i - - - - - it T
12. Let a, b and ¢ be unit vectors such that g-p = 0 = ¢- c. If the angle between b and ¢ is g, then find

a.

13. If (axb)’+(a-b)=144and |a!=4, then find the value of | b |.

14. Givenlal=1bl=1and la+ bl = 3. If ¢ be avector such that ¢ —a —2b = 3(a x b), then find the

value of ZZ

15. Find the moment of F about point (2,1, 3), when force F = 3 +2)- 4k is acting on point (1,-1,2).

SCALAR TRIPLE PRODUCT

The scalar triple product (also called the mixed or box product) is defined as the dot product of one of the
vectors with the cross product of the other two.

-

Thus scalar triple product of three vectors a, b and c is defined as (a X b) c

- o -

We denote it by [a b c]

The scalar triple product can be evaluated numerically using any one of the following equivalent

characterizations:
(a x Z)Z: Z-(Z x Z): Z-(Z x Z):Z.(Z XZ)

(The parentheses may be omitted without causing ambiguity, since the dot product cannot be evaluated
first. If it were, it would leave the cross product of a scalar and a vector, which is not defined.)

- o e - - -

ie.[a bel=[b cal=[c abl=—[b acl=—[c b al

- A ~ ~ d ~ ~ A - A A A
Ife=ai+a,j+ak,b=bi+bj+bkand c=ci+c,j+ck,then
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ik
[abc]=(axb)-c=a, a, az-(c|§+c2}'+c3lz’,).
b b b

§~(c,§+c2}+c3l;) }’-(c|§+ cz}'+c3IA<) I:t-(c,}+ c2}'+c31:c)

= q, a, ' a,
b b, : b,
G G G
= |la, a, a
b b, b
a a, 4a,
=1|b b b
1 G G
i j k

Also [ZZZ:I:Z-(I_;XZ)=(al;+a2}'+a312)-

S
&
S

a, a4, a4
= b b
G & G

Geometrical Interpretation

A Bxc
/
/
1
7
2/ /
/
1 Ay
1 /
a | g
C
11—
2] c
0 —
b

Fig. 2.25

Here (ZXZ) Zrepresents (and is equal to) the volume of the parallelepiped whose adjacent sides are

- - —
represented by the vectors a, b and c.
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Z.(ZXZ)=Z~(bcsin6tA1)

=bc sin 6 (Z-;;)
=bcsinf-a-1-coso
=(acos o) (bcsin 8)

= height X (area of base)

= volume of parallelepiped

Also the volume of the tetrahedron ABCD is equal to — (AB X AC) AD
Properties of Scalar Triple Product
1. (Z X Z) . Z = Z. (Z % Z), i.e., position of the dot and the cross can be interchanged without altering the
product. _
2 [k ZZZ] = k[ZZ?] (where £ is scalar)
3 [a+bcdl=lacd]+[bcd]

4 Z, Z andz in that order form a right-handed system if [Z Z Z] >0

-
a

Fig. 2.26

Z,Z andz in that order form a left-handed system if [ZZZ] <0.

Lo - = -
5. The necessary and sufficient condition for three non-zero, non-collinear vectors a,b and c to be

coplanar is that [Z Z Z] ={.

6 [aabl=0 (- aisLltoaxb, a-(axb)=0)
- ; (Z xZ)
9 At a b and c are three non-coplanar vectors, then find the value of I; (-» —>)
s cXa
b (c Xa)+c (b xa)

c- (a xb) a-(bxc)

Sol. Since, [Z Z z] #0
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a-(bxc) b-(cxa) c-(bxa) labe] [beal [cbal

b-(cxa) c-(axb) a-(bxe) [beal [cab] [abel
[abc] [abe) [abc)
T label [abe] [ab el

=1+1-1=1

If the vectors 2/1'\ - 33_’, Il\ + } - lAc and 3? - ]'}, form three concurrent edges of a parallelopiped,
then find the volume of the parallelopiped.

Sol. Here, 04 = 27 ~3 = a (say),
OB=i+j—k=b (say),

and 52‘:3?712=Z (say)

) 2 =30
Hence, volumeis [abc]l = a-(bxc)={1 1 -1l=4
3 0 -t

R e - 5 o
Provethat[a+b b+c c+al=2la b ¢l
Sol. [Z+ZZ+2 Z+a=42+3y«3+2p43+2»
=(Z+Z)@x2+3x2+zx5

~labcl+[bcal=2[abc]

e i e T e 23
Provethat [l mn][a b c]=

R
[l oy 8
L8 o
Tl ooy S
CRE R T
ol ol o)

Sol. 1£t7=h§+5}+%£,;;=,m§+n5}+n%£and;==mf+m}+nj

/: /\. A D /} /\‘ A Ed /: /\- A
a=ait+a, jra;k,b=bi+b, j+bk and c=c,i-+c, j+c,k. Therefore,

=la, +hLa, +la,=2lq

Ql

1.
Similarly, 1-b = Zib,. efc.
L L Lila a

Now [—in—;z][zzz]zml m, my b b, b
oo, MG G G
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Zla,  XIb,  Zlc
IZma, Zmb, Zmpc,
Ima, Znb, Znp .

- - - - -
l.a 1.b l.c
e e e R e |
m.a mb m.c
=ls 5 - > - -
n.a nb n.c

Find the value of a so that the volume of the parallelopiped formed by vectors

AL A AA A Aa .
i+aj+k,j+akand ai +k becomes minimum.

1 a 1
Sol. V:O 1 Y -1-a+a
. a 0 1
av
= =307 1
= da

max. min.
oo < f i >
+ve '1 —ve _i +ve
- Tg Jj
Fig. 2.27
. . 1
Vis minimum ata = ﬁ

- - -
If u, v and w are three non-coplanar vectors, then prove that

- 2 - - - - 5 o
wmw+v—-w)u-v)X(y —w)=u-vXw

- o - - - -

- S - - o - - S 5 > 5
Sol. Urv-w) U=V)XV=W) = (u+v—-w)- UXV—UXW—V XV+VXW
N e T T S Y
=(U+v-w)-UXV—uXw+vXw)
- o5 - - 5 o - - >
=0-0+ u- (v xXW)+0—v- (uXw)+0—w-(u xv)+0-0

e - o - > > - o5 o
=fuvwl L [vwul-[wu vi=u (vxw)

- - - - S0 o
If @ and p aretwo vectors such that [a x b | =2, then find the value of [a b a Xb].

Sol.  [abaxb] = (axb)-(axb)
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Find the altitude of a parallelopiped whose three coterminous edges are vectors
>

A A A D A A A N A A A -
A=i+j+k,B=2i+4j-k and C = + j+ 3k with 4 and §asthesidesofthebase

of the parallelopiped.
volume of parallelopiped
Sol. h=
area of base

I 1 1
2 4 -1

[ABC] 11 1 3 4 2-/38

VAXBE i j k) 1o5i43je2b 19
11
2 4 -1

If Z, l_; and 2 are mutually perpendicular vectors and 2= a (Z x3)+ﬂ(3 x?)
+y (2 xz—;) and [ZZZ] =1, then find the value of o+ S+ 7.
Sol. Taking dot product with Z, Z and z, respectively, we get

laP=B-[abecl=f

0=y-[abcl =Y

and0=o- [ZZZ]=O¢

.
o+ fry=|gP

- > - e e e e
If a, b and ¢ .are non-coplanar vectors, then prove that [{a-d) (b xc)+ (b-d)(c Xa)

- 2> oS5 S - -
+ (¢-d) (a X b)! isindependent of d, where d is a unit vector.

Sol. Given [2 b Z] #0as 2, Z ¢ are non-coplanar. Also there does not exist any linear relation between
them because if any such relation exists, then they would be coplanar.
Let A=x(3x2)+ y(ZXZ)+z(Z xZ),
where x = 22 ,y= 32, z= E}Zi)
We have to find the value of modulus of Z ie., | Z [, which is independent of 3 .

Multiplying both sides scalarly by Z, b and Z and we know that scalar triple product is zero when
two vectors are equal.

- - == -
Aa=x[abc]+0
Putting for x, we get

- o oo -

(a-d)[abc] = A-a
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Sol.

Sol.
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Similarly, we have

e e )

(b-d)labcl=Ab
(c-d[abcl=Ac
Adding the above relations, we get

- 5 -

[(@a+b+c)-dl [abcl- A@+b+e)

or (a+b+c)[dlabcl- Al=0

Since ZB andz are non-coplanar, a+b+c =0 because otherwise any one is expressible as a
linear combination of other two.

Hence [Z B z] 2 = Z

IZI =I[Zzz]|as 2 is a unit vector.

It is independent of d.

Prove that vectors

u =(al+al); +(am+am) } +(an+an) i

l

v =(bl+bl)} +(bm+bm) j +@®n+bn) k
W= (cl+cl) i +(cm+cm) 3 +(n+en) k
are coplanar.
al+al am+am an+an,
fuvw]=|bl+bl, bm+bm bn+bn

cd+cl, cm+em  cn+opn

a a 0|1 I O
=2[uvwl=lb b O lm m 0 =0
c.¢ Oin n O
Therefore, the given vectors are coplanar.
. Let G, G,and G, be the centroids of the trianglular faces OBC, OCA and OAB, respectively,

of atetrahedron OABC. If V, denotes the volume of the tetrahedron OABC and V, that of the
parallelopiped with OG,, 0G,and OG, as three concurrent edges, then prove that 4V, =9V ,.

Taking O as the origin, let the position vectors of A, B and C be a , b and Z respectively. Then the

e T - -

. b+ . ‘
position vectors G, G, and G, are 3 c cta and & ; b , respectively. Therefore,

T3

e

1 _ — —
v,= zlabclandV, =[0G, 0G, OG,)
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Now, V, =[0G, 0G, 0G,]
1] » =25 55 -
:>V2=E[b+cc+aa+b]

e ]

2
:)sz 2—7[abc]

2
=V,= 5 X6V, =9V, =4V,

VECTOR TRIPLE PRODUCT

The vector triple product of three vectors ;, Z and Z is the vector
ax(bxc)=(ac)b—(abye
Also (axB)xc=(a-c)b—(b-)a
In general, Z X (Z X Z) # (2 X Z) XZ')

- - - - = - - had .
If ax(bxc)=(axb)xc,thenthe vectors a and ¢ are collinear.

ALZ)X—C—)
A a
._)
900 LC
> o (/-
~ax (k)
ﬁ
b -
Y
Fig. 2.28

-

of Z and E’

= Vector p must lie in the plane of bandc.

= ;=Zx(;x2):xz+yc
Multiplying (i) scalariy by a , we have ;Z =X (Z-Z)+ y(Z- Z)
But ; L Z = 7)2 = 0. Therefore,
x(@-b)y=-y(c-a)ie,=-=—2=1

ca ab

#x=h(c-a),y=-A(ab)

Substituting x and y from (iii) in (i), @ x (b x ¢)= A[(c- @)b —(a b) ¢}

A

The simplest way to determine A is by taking specific vectors a=1i b

- — - ; - - - - - .
p=ax(bxc)isavector perpendicularto a and b X ¢, but b X ¢ is a vector perpendicular to the plane

®
(i)

(iii)
(iv)

NN
:l’czj
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We have from (iv), i x (ix j) = L[(i- ) i-(i-1) 1, i k= A[07 =17 i~ f=— A }
s A=1
 Substituting Xin (iv), a x (b x ¢) = (a-¢)b—(a-b)
Lagrange’s Identity
(a Xb)-(2x2)= 2.[ZX(Z><;})]
= a-[(b-d) c—(b-)d]

(@-¢) (b-d)—(a-d) (b-¢)

Il
ol Ay
2l &l

[
ST
SR

This is called Lagrange’s identity.

Note:

(@ xBYx(c xd)=[(a xb)-d]e~[(@xB)-c1d =[a b dlo—[a b 214
Thus vector (Z % Z) X (Z X 2) lies in the plane of cand c_i; otherwise
(@ xb)x(exd) = ~(c xd)x (@ xB) = -{(c xd)-Bla +[(e x D alE

which shows that the vector lies in the plane of a and b Thus the vector lies along the common

section of the plane of ¢ and d and the plane of a and b

A - A A - A A - A -
Provethat i X (a Xi)+ jx(a X j)+k x(axk) =2 a.

Sol. zx(axz)—(z L)a (a z)z—a (Z ?);
Similarly, }x (ax j)= a—(a-7) } and & x (@ x k) = a—(a-%) k. Therefore,
i (axiy+jx(ax j)+kx(@xk) = 33— (@5 i+ (@) r@xi)by=2a

- > - = T S -
Let a,b and ¢ be any three vectors, then provethat[a Xb bXc ¢ Xa]=[abc |-

Sol.  [axb bxc cxa)=(axb) (bxc)x(cxa)
= (axb)-[[beale—[beclal

- - >

=labcF
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Foranyfourvectors,provethat(-gxz).(zxz)ﬂzxZ). (Z X2)+(ZX;;). (Zx(_i) =0.
Sol.  (bxc)-(axd) = (b-a)(c-d)—(b-d) (c-a)

(c xa)-(bxd)=(c-b)(a-d)—(c-d)(a-B)

(@xb)-(cxd)=(a-c)(b-d)—(a-d)(b-)

= (bxc)-(axd)+(exa)- (bxd)+(axb)-(cxd)=0

Let Q,IA; and ¢ bethe non-coplanar unit vectors. The angle between b and ¢ is @, between

¢ and a is B and between a and b is Y- If A(acosa),B(a cosfB) and C (gcosy),

then show that in triangle ABC, !@Xx(bxc)l _1bx(cxa)l =M—I
sinA sinB sinC
la x(b xc)l ~ o bxe o~ exa axb
H — ,Where n, = I:xf s B, = €X@ and ns
I’} sing.cos B.cosyn; | lbxcl leXal laxb!
Sol. From the sine rule, we get

AB  AC _ BC (AB)BC)(CA)
sinC  sinB  sinA 2AABC

BC=1BC| = ccosy—beosBl=1(a-b) c—(c-a) bl = [ (ax (bx )|
Similarly,

AC=1ACI=1bx(cxa)l andAB= | AB|=1¢x(a xb)|

Also,

—_— —

AABC = %IBCXBAI

1
El(ccosy bcosﬂ)x(acosa bcosﬁ)l
1
5|(cxa)cosacosy+(b><c)cosycosﬁ+(axb)cosﬂcosal
= 2AABC = | Zi, sin qrcos ffcos y |
_ laxbxol_thx@xa)l _1ex(axb) _ [Tax®xo
sin A sin B sinC | X sin acosﬁcosy;ﬁ |

-; - -
f a,b and ¢ are three non-coplanar vectors, then prove that

. ad b-d R

d= (bxc)+ - > - + (aXb)
- - o ( Xa) ——)—>—>
[abcl labc] [abcl

—)—)
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. - > - -+ 9 5 o5 - o
Sel. Since a, b and c are non-coplanar, vectors axb, bxc and cxa are also non-coplanar. Let

d=1(bxc)+m(cxa)+n(axb) )
Now multiplying both sides of (i) scalarly by a , we have

a-d = la-(bx¢)+ma-(cxa)+na-(axb) = 1 [ah o] lacal =0=[aab]

= l=(a-d)/lab c]

Similarly, multiplying (i) scalarly by band ¢ successively, we get

m=(5.dy/[aB el andn= (. D/ab el

Putting these values of /, m and n in (i), we get the required relation.

If bis not perpendicular to Z, then find the vector 7 satisfying the equation
- 9 5 - - >
rxb=axbandr-c =0.
Sol. Given;)xZ:ZxZ:(;—Z)XZ:O
Hence ( 7 Z) and b are parallel.
= r-a=tb @
Also 7 Z =0

- -

.. Taking dot product of (i) by Z ,weget r.¢c— 22 =t (Z-?)

] @

From (i) and (ii), solution of 7 is 7 = g— [E] b

Sllay

a-
=0-g.c=¢(b-c) Ort=— [2—

b-c

N .
If Z and Z are two given vectors and % is any scalar, then find the vector r satisfying

rxa+kr=5
Sol. rxa+kr=b o
= (rxa)Xa+krxa=hxa
= (r-@a-(aa) 7 +k G-k =bxa
= (r-a)a+kb-bxa=(al+k’)r
o _(ra)a+kb-bxa

laP + k2
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Also in Eq. (i), taking dot product with Z , we have

e e e )
(rxa)-a+kr-a=b-a

@l

ba
k

- o
= ra=

2 L kb+(axb)

2

=1and[rab] l,a b#O,(a b)—lalIpP =1, then find 7 in terms

“, . d . . . - o e -
Sol. Writing r as linear combination of g, b and a X b, we have

— - - - -
r=xa+yb+z(axb)
For scalars x, y and z

- >

0= ra=xlal +yZ-Z (taking dot product with @)

el

1=7b=xab+ yIBPe (taking dot product with b)

_ laP .
Solving, we get y = _,7—_)‘:,‘:—:| al
. taPlb PP —(a-b)

-

G‘J,
..L
Sl

and x = -
(a b) ~lal IbI

Also | = [;ZZ] =zl Z X Z [ (taking dot product with ZXZ)

1

== 1 axbP
thus 7 = ((a- b)a—lalzb)+ X_l,’
|a><b|2
_ax(axby+-2xPb
Iabe

- o o
- . . x X .

If vector ¥ satisfying x Xa + (x-b) ¢ =d isgivenby y =47 +a x 22 2¢) _(,d f) , then find

the value of A. (a-c)lal

- -

Sol.  Yxa+(x-b)c=d



2.44 Vectors & 3D Geometry

. {;x2+(;-3) Z}x2=2xz
=>(;x2)xz+(;-3)(_c)x2)=2x_c)
= (x ) a-(a-O)x=(dxe)

= ax{(xc)a-(a-0)xl= ax(@x o)

= (@) (@xn=ax@xe) (raxa=0)

- - S

= = aX{(dxc)

= XXa=——5—"
ac

- - -
ax(dxc)
=

a-c

- - - -
= aX{(xxa)=ax

- Z —>)
I - 2 > o5 aX XcC
= (a-a) x—(a-x)a:axi__)

ac

- 2 -
- 5 - 2o 2 5 gX X ¢
= (a-a)x=(a-x)a+a><—(—)

- -

a-c

> = - - - o
2 (ax)a - ax(dxc) Z;
E N N tax - oo where A = 5
lal (a-c)lal al?

= - >
a, b and ¢ are three non-coplanar vectors and r is any arbitrary vector. Prove that
-

[b¢rla+[carlb+labric=[adelr.

 Example 2,70}

- - g - - S5 5 - o5 - [?Bz]
Sol. Let r=xa+x,b+xc= r{(bxc)=xa(bxc) =x= 55>
[abc] »
[rcal

Ao FEx) = 1) =4, S5 a7 oy =52 - i
aoc

- =~ - -
[rab] > [rbecl~> [rcal~ [rab]- R s
X.= 55 r= - - b+ herla

— — c R e T ] - —)=
3 [abc]: (abc] (2] (abc] =[bcrla+[car]lb+tlabr]lc =[abc]lr

- - - . AU Z+Z" -
}iE;gamplg»ZJL If g,b and ¢ are non-coplanar unit vectors such that @ X (b X ¢) = NG ,b and ¢ are

non-parallel, then prove that the angle between Z and Z is 3z /4.

-

N
b+c

5 i

= (a-c) Z—(Z-Z)Z:—ZJF%Z o)

Sol. Zx(ZxZ):
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- - ° -
Since b and ¢ are non-collinear, comparing coefficients of ¢ on both sides of (i), we get

" 1 - -
—ab=—F = a.b:—L

7 7
1
= (1) (1) cos 9=—$,

where 6 is the angle between 2 and b

1
;. cos 9=~ —5 = cos 8 cos 135°

= 0=135°=3n/4

Provethat i+ K- BXBxaNla  [k-(@x@xp)p_[KaBlaxp)
lax B lax B laxBP

- o - - =4 .
Sol. o, Band a x § are three non-coplanar vectors. Any vector R can be represented as a linear

combination of these vectors.
= R=ka+k B+k (a@xp) @
Take dot product of (i) with (¢t x )

= R(@xP) =k@xB)-(@xp) =k laxBl

Lo ﬁf&fﬁ): [Z?gczi]
lax Bl laxpP
Take dot product of (i) with @ X (¢ x )
= R(ax(@xp)=k@x@xp)-B
=k, [(@ Bya-(o- ) f1- B=kl(a-B)* ~IaPI BF]
=k, lax B

_ R @x(@xP)

lax B

[R-(Bx (Bx a)]

-
loex Bl

=k

Similarly, &k, = -

2

HR.[Bx(Bxanla_[R-@x@xP B (R @xB)l@xp)

- - > = =
lax Bl lax B 1 (axp)

= R=

5, [RBx@xaa  (R@x@xpnp __R@xpl@xp

-
lax B2 laxBP laxBr

=
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g1 If a,b and c are three non-coplanar non-zero vectors, then prove that (a-a) p x¢
' e e e T ) -5 = o - =~ 5
t(ab)cxa t(ac) axb=[bcala.
il - e e - -
Sol. As a, b and c are non-coplanar, p x g, ¢ x aand a x b are also non-coplanar.

So, any vector can be expressed as a linear combination of these vectors.
-

- ~ - - - g
Let g=Abxc TUhcxag+vaxb

e

“a.a=Albcalab=pulcablac=v [abc]

(a-a)bxc (a-b)yexa . (a-c)axb
(b ¢ al (cab] [abc]

N
La=

RECIPROCAL SYSTEM OF VECTORS

Two systems of vectors are called reciprocal systems of vectors if by tafking the dot product we get unity.

- = -
Thus if g, b and ¢ are three non-coplanar vectors, and if

g - - - - Z

> bxe p,_ cxa ,_ax

a 0 =———andc —?,then b’ - are said to be the reciprocal systems of vectors
[abc] [abc] [abc]

N
for vectors a, b and c.

Properties

- o - - -y
: - - - - - - . : > - g bx ¢ abc
1 Ifa,band cand a’, b’ and ¢’ are reciprocal system of vectors, then a-a’ = _(H_, ) = [_,_)_)] =
: (abc) labc]

vSimilarly, Z[;’ = z; =1

Due to the above property, the two systems of vectors are called reciprocal systems.

i. @b =ac=ba=bhc=ca=cb=0
i, [abc][ab' '] 1
Proof:
N e e T l N
We have [a'b' )= | 2X¢__CXa a axb | _ ————[bxccxaaxb) = ——[ab el =—=—
[abcllabellabel| labcel [abc]3 [abc]

={a@bcabe] =1

iv. The orthogonal triad of vectors i, j and k is self-reciprocal.

A A

Let i j "and k be the system of vectors reciprocal fo the system i, j and k Then,
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A 'xk A A S A -A
we have i’ = -1 =i. Similarly, j’ = jand k' =k.
[i jk] :
V. Z,Z and Zare nori-coplanar iff ;’, ;’ and Z’ are non-coplanar.

- - RGN 1 ' —) "
As [abcl-[a’b’c')= 1 and [abc)# 0 are non-coplanar & —=55# 0 © [a'b ') are

non-coplanar. labce]

A A

4 8 Find a set of vectors reciprocal to the set ._'i\+;‘+]f¢,/i\_.j +k,f+}'+_]é\,

Sol. Let2=—§+3'+12,Z=§—}'+I€,Z=?+}'+I§

Py PR Pk

Then bxe=[1 -1 1) = 2i+2k, cxa=|1 1 1|=-2j+2k, axb=|-1 1 1
111 -1 11 L -1

=2i+2] |

' -1 1 1
[abel=|1 -1 1 =4
' 11 1

If a’, b’, ¢’ is the reciprocal system of vectors, then
- - o oo 1 AA - 505 NN 1 A
a =(bxc)llabc] = 5(—1 +k), b’ = (cxa)/labc] = 5(—J+k) ,

e T L T 1 ~ &
’ = (axb)llabc] = -2-(i+j)

ol

i - o - -»> - - . . .
78 Let a,band ¢ be a set of non-coplanar vectors and a’,b’and ¢’ be its reciprocal set.

-  b'xe , c'xa - a'xb
Provethat a=——— , p =555 and ¢ = 555
[al bl C’] [al blcl] ) [al bl cl]
L o (exa)x(axb
Sol. We have, p’ x ¢’ = (—%
[abcT
{(cxa)-bla—{(c xa)-a}b [cabla-[caalb labcla-0  a
- [abcl "~ [abeP [abcl  [abel
Bxi @ laba 1

Also, [a?l;)’;’]=;’.(b_"xg')= S5 ST = Soe = SIS
[abc] [abc]l labcl labc]
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- - -
xa - a'xdy
oo (T oS

a'b'c] [a"b’ "]

Y

B 5 - 5 a+btc
a'xb’+b xc'+c’xa’ = "S55
[abc]
o5 (Bxo)x(cxa)  {(bxc)-ale—{(bxc)-c}a [bcale [abele o
Sel. a’xb’ = e = rp—— =—>—>—>2—'—>—>—>2_-—)—>—>
[abc) labc]? labcl® labcl [abc]
Similarly, bxe = — f — and o'xa =
[ax bX c] [abc]
Adding, axb+bxC+oxa :aib%
[abc]

- = -
If a,b and ¢ be three non-coplanar vectors and a’, b’ and ¢’ constitute the reciprocal
system of vectors, then prove that
- - - o = 5, - 3 -
ir=(r-aYa+rd)b+(r-c’e
L I T e A - - 3
il. r=(r-a)a’+(r-b)b'+(r-c)c
Sol. 1. Since a vector can be expressed as a linear combination of three non-coplanar vectors, therefore
— - - -
let r =xa+yb+zc )
where x, y and z are scalars.
Multiplying both sides of (i) scalarly by a’, we get

N - —)] - —)’ - =

r-a = xaa'+yba+zcad=xl=x
- *’I - -

(.'. a-a :1, b_a’:o =c a')

Similarly multiplying both sides of (i) scalarly by b and ¢ , successively, we get
y= ;l;’ and z = ;)Z’
Putting in (i), we get . = (?. ;')24_ (7. E’)Z+ (?. E")?

o . -3, =, - - — — .
ii. Since a’, b” and ¢’ are three non-coplanar vectors, we can take , — xg’+ yb'+zc (i1)

Multiplying both sides of (ii) scalarly by Z, we get 7;1) = x(;’-2)+y(?~2)+z(g’-2) =x
('.' ;’Z =1 s E’Z =0 = 676_1))
Similarly, multiplying both sides of (i) scalarly by Z and c successively, we get

- > - o
y=r-bandz= r-¢

Putting in (ii), we get 7 = (7-a) '+ (- b)b'+ (1 ¢)c .
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10.

11.

12.
13.

14.

Concept Application Exercise 2.3

- o o - -
If a, b, ¢ and d are four non-coplanar unit vectors such that d makes equal angles with

all the three vectors 2, Z, Z then prove that [2 Z Z]=[Z Z Z]=[222].

e e T

l-a 1I'b 1

RN e )

Prove that if [l m n] are three non-coplanar vectors, then [/ m n] (axb) =jma mb m
S5 5 5 o5 o

na nb n

If the volume of a parallelopiped whose adjacent edges are a 27 +3] +4k, b =7 +aj +2k,
c =i +2J +ak is 15, then find the value of ¢ if (> 0).

If Z=i+j+kand b:i—2j+k, then find vector csuch that g . c=2and gx ¢ = b
If ;-2=0, ;Z =0 and ;Z =0 for some non-zero vector ;, then prove that [Z Z Z] =0.

— — -
If a, b and ¢ are three non-coplanar vectors, show that

e e T B B S

aa ab a-c

e I S S —- - o - B e T N T )
l[axb bxc cxd] =[abc] b-a bbb b-c
e e N T T

ca ¢-b cc

- -5 =

e - o
If a b and c are three vectors such that a Xb=c,bXc=a,cXa=b, then prove that

lal=1bl=lcl-

e e e g - = ZX(ZXZ) -
If a=p+q,pxb = 0 and ¢-b =0, then prove that ——5—=g.
b-b

Prove that (Z-(Zx?)?+(2-(3x}'))}+(Z-(Exfc))f< = 2«

For any four vectors a, b, ¢ and d, prove that d -(2 x(z x(z xZi)))) =(Z-2) [(_1): 2].

- - . - - - 1-
If aand b be two non-collinear unit vectors such that a X(a xb)= Eb’ then find the angle

-

5
between a and b.
- - - - - . L - R - o - -
Show that (g xb)xc=ax(bxc) if and only if a and ¢ are collinear or (axc)xb=0.
- ~ -
Let a, b and ¢ be non-zero vectors such that no two are collinear and (le—;)xz

= IZH?IZ. If 8 is the acute angle between vectorsz andz then find the value of sin 6.

3
e T T -

If p q, ’ denote vectors bxc,cX a a >< b, respectively, show that a is parallel to q r,b

is parallel to r X p, c is parallel to p X q .
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Exercises-
Subjective Type RIS : o R Solutzonsonpage284

(a-x" (a-y)? (a-z)*
L Ifib-x7" b-y?* b-2)?= 0 and vectors A, Band C , where A=a’ i + aj +k, etc., are
(c —x)* (¢c — y)2 (¢ —a)’

non-coplanar, then prove that vectors X, Y andZ, where X =2 + x}' + & » etc. may be coplanar.
2. If OABCis atetrahedron where O is the origin and A, B and C are the other three vertices with position

- -

5
vectors a, b and c, respectively, then prove that the centre of the sphere circumscribing the

tetrahedron is given by position vector @’(bxc)+ b2(_fj a) +c(ax b).
Aabe]

3. Let k be the length of any edge of a regular tetrahedron (a tetrahedron whose edges are equal in
length is called a regular tetrahedron). Show that the angle between any edge and a face not containing
the edge is cos™ (1/+/3).

4. In AABC, a point P is taken on AB such that AP/BP = 1/3 and a point Q is taken on BC such that
CQO/BQ=3/1. If Ris the point of intersection of the lines AQ and CP, using vector method, find the
area of AABC if the area of ABRC is 1 unit.

5. Let O be an interior point of AABC such that OA + 208 + 30C = 0. Then find the ratio of the area
of AABC to the area of AAOC.

6. The lengths of two opposite edges of a tetrahedron are « and b; the shortest distance between these
edges is d, and the angle between them is 6. Prove using vectors that the volume of the tetrahedron
. abdsin@
13—

6 >

7. Find the volume of a parallelopiped having three coterminus vectors of equal magnitude | g and

equal inclination @ with each other.

8. Let ;and 3 be any two orthogonal vectors of equal magnitude 4 each. Let Z, Zandz be any three
vectors of lengths 7,/15 and 2433, mutually perpendicular to each other. Then find the distance of
the vector (a-p) p+(@4) g + (@ (p X)) (p x9) + (b-p) p+ (B33 + (5 (3 x 2) (¢ )

+ (2- ;) ;+ (2(_1)) ; + (Z-(; X c_]))) (; X 2) from the origin.

9. Given that vectors 1_4) , § and 8’ form a triangle such that Z = § + E‘ .Find a, b, ¢ and d such that
the area of the triangle is 5/6 where
;4) —ai + b}' +ck
B=di+ 3}' +4k
C=3i+j-2%
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A line [ is passing through the point b and is parallel to vector ¢. Determine the distance of point
(a-b)c z or I(b—i)xcl'

2
fel lcl

A(a) from the line / in the form |5 — g+

If ;:, e_;, 23 and El, Ez E} are two sets of vectors such that e-E,=1if i= jand ;:E: = Oandifi# b
B e N S Y
then prove that [e e, ¢;][E, E, E;]=1.

ns on page 2.90

Each question has four choices a, b, ¢ and d, out of which only one answer is correct. Find the correct answer.

1.

Two vectors in space are equal only if they have equal component in

a. agiven direcﬁon b. two given directions

c. three given directions : ‘ d in any arbitrary direction

Let Z, Z and Z be the three Qectors having magnitudes 1, 5 and 3, respectively, such that the angle
between a and Z is@and a x (Z X Z) =¢ . Thentan 8 is equal to

a 0 b 2/3 ¢ 3/5 d 3/4

Z, Zand ¢ are three vectors of equal magnitude. The angle between each pair of vectors is 773 such
that I2+Z+2I=x/€. Then lal is equal to
a 2 h -1 e 1 d Je/3

- > -
If a,b and ¢ are three mutually perpendicular vectors, then the vector which is equally inclined to
these vectors is

- - -
— - — a b 4
A& g+b+c bh —+——+—
- Z - lal 1bl lcli
a c
+ + d - - - = - -
- 2 - lala-lbib+lclc
lal? 1P Il

A

e A > A A s . . . - 2 = - e e
Let a=i+ j;b=2i—k-Thenvector r satisfying the equations rx g=bxagand r xb=ax b
is
a i-j+k h 3i-j+k ¢ 3i+j-k d i-j—k

- - - o - - - S
If g and b are two vectors, suchthat @ - » <Qand la-bl=lax b, then the angle between vectors

ZandZis
a 7 ‘ b Tm/4 c. /4 d 3n/4

If a,band ¢ are three unit vectors, such that a+ b+ ¢ is also a unit vector and 0, Gz'and 6, are

angles between the vectors a, b; b, ¢ and c, a, respectively, then among 0, 6,and 6,
a. all are acute angles b. all are right angles
c. at least one is obtuse angle d none of these
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If a, b, ¢ are unit vectors such that ZZ =0= 2_0) and the angle between b and ¢ is /3, then the
value of lax b—axcl is

a 172 h 1 c 2 d none of these

P (;) and Q (Z}) are the position vectors of two fixed points and R (7 ) is the position vector of a
variable point. If R moves such that (_r) - ;) X (? - 2) = 6 , then the locus of R is

a. aplane containing the origin O and parallel to two non-collinear vectors OP and @

b. the surface of a sphere described on PQ as its diameter ’

¢. a line passing through points P and Q
d. aset of lines parallel to line PQ

Two adjacent sides of a parallelogram ABCD are 2i+ 43’ —5k and P+ 2}' +3k. Then the value of
|AC x BD| is
a 2045 b 225 ¢ 2445 d 265

If 4, b and ¢ are thrée unit vectors inclined to each other at an angle 8, then the maximum value of 6
is

b3 /4 2 St
a — b — c. — a —
3 2 3
Let the pairs a, b and P ; d each determine a plane. Then the planes are parallel if
a (axcd)x(bxd)=0 b (@xc)(bxd)=0
e. (@axb)x(cxd)=0 d (axb) (cxd)=0
if 7-2:?3:?-2:0, whereZ,Zandz are non-coplanar, then
a. 7.L(Zx2) b ?.L(be) c. 7L(ZXZ) d r=0
If g satisfies2x(§+2}+ic) =?—1Ac,thenZ;isequalto
a Ai+QA—1j+Ak AeR b Ai+A-20)]+Ak AeR
. Ai+@A+Dj+Ak AeR d Ai-(1+21)j+Ak,AeR

Vectors 3a — SZ and 24+ b are mutually perpendicular. If a+ 43 and b _ 2 arealso mutually

- -
perpendicular, then the cosine of the angle between a ard b is

19 19 19

19
— . = a —F=
NS e N Va3

The unit vector orthogonal to vector ) } +2k and making equal angles with the x- and y-axes is

h

A A

a J_r%(2§+2}_12) b o+t-(G+)—k c i%(zf_zj_lz) d None of these
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The value of x for which the angle between a=2x" i +4x 3 +k and p=7] - 2;' + xk is obtuse

and the angle between 3 and the z-axis is acute and less than 7/6, is
a a<x<l/2 h 12<x<15 ¢ x>12o0rx<0 d none of these

If vectors 2 and Z are two adjacent sides of a parallelogram, then the vector representing the altitude
of the parallelogram which is perpendicular to ais

L rul 7 N ZX(ZXZ)
b+bj<a h. %ﬁ c. b—iaa P
lal b lal? Ibl

A parallelogram is constructed on 32 + Z and 2 - 41—;, where | 2 | =6 and |Z| = 8, and 2 and Z are

anti-parallel. Then the length of the longer diagonal is
a. 40 b. 64 c. 32 d. 48

- - - - i
Let a-b =0, where g and b are unit vectors and the unit vector ¢ is inclined at an angle 8 to both

Zde.IfZ=mZ+nZ+p(ZXZ), (m, n,p € R), then

3_7t
4

h Z<g<® c. 0<0<
4 4

a —-<g< d 0<6<

~1 8
&~
&~

Z and Z are unit vectors and lZI =4. The angle between 2 and Z iscos ' (1/4) and Z - 22 = AZ.
The value of Ais '

a 3,-4 h 1/4,3/4 c. 3,4 d -1/4,3/4

Let the position vectors of the points P and Q be 47+ } +Ak and 2] — } + /'tl;, respectively. Vector

i - 3 +6k is perpendicular to the plane containing the origin and the points P and Q. Then A equals
a -1/72 h 172 c 1 d none of these

A vector of magnitude 2 coplanar with the vectors d=i + ] + 2kandb=1i + 27+ k, and
perpendicular to the vector ¢ =7 + j + k , 18
a —j+k b.i -k c.i—] d.i-j

P be a point interior to the acute triangle ABC. If PA + PB + PC is a null vector then w.r.t. triangle

ABC, point P is its '
a. centroid b. orthocentre ¢. incentre d. circumcentre

G is the centroid of triangle ABC and A and B, are the midpoints of sides AB and AC, respectively.
If A be the area of quadrilateral GA /AB, and A be the area of triangle ABC, then A/A, is equal to

3

a - b 3 C.

1
5 5 d. none of these

- - - -

- - - 5 -
Points a, b, cand d are coplanar and (sin @) g + (2 sin 28) b+ (3sin 3¥)c —d = 0. Then the least
value of sin* & + sin 23 + sin? 3y is

a 1/14 b 14 c. 6 d 1/J6
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1f Z and Z are any two vectors of magnitudes 1 and 2, respectively, and
- - - o - - -
(1-3a-b)* +12a+b+3(axb)l? =47, then the angle between g and Z is

2

a 7n/3 h m—cos' (1/4) d cos™' (1/4)

- -
If gand b are any two vectors of magnitudes 2 and 3, respectively, such that

12 (@ x b)|+13 (a- b) = k, then the maximum value of k i
a JI3 b 2413 ¢ 6J13 d 10413

- - - s - -
a, Zand ¢ are unit vectors such thatlig + Z +3 ¢ 1=4. Angle between a and b is Gl,between Z

and Z is 6, and between 2 and Z varies [7£/6, 27/3]. Then the maximum value of cos 8, + 3cos 6, is
a 3 b 4 c. 242 d 6

If the vector product of a constant vector OA with a variable vector OB in a fixed plane OAB be a
constant vector, then the locus of B is

a. a straight line perpendicular to OA

b acircle with centre O and radius equal to | OAT

¢. astraight line parallel to 0A

d none of these

Let ;, v and w be such that lul= 1,1 vi=2andiwl=3.1f the projection of v along u is equal to

— - - - . - -~ -
that of w along u and vectors v and w are perpendicular to each other, then |4 — v + w| equals

a 2 b 7 c. 14 da 14

If the two adjacent sides of two rectangles are represented by vectors ; = 5a - 3b g =—a—-2b

- -

- 5 s o - L - 1 - -
and r=—4a - b; s =—a + b, respectivély, then the angle between the vectors x = 5 (p+r+s)

= 1 » -
and y:g(r+s)is

19 19
_ —~1 —_— h — | —_—
& oS (5J43) cos (SJE )

c. 7mcos™ (3%) d. cannot be evaluated

It &l (B x 1), then (X B)- (@ X 7) equals to

a gl By b | BR (y- ) c. |y|2((}_ﬁ) d.AIOlHﬁH)/I
The position vectors of points A, B,and Care i+ j+k, i+5 j—k and 2i+3 j+5k, respectively. The
greatest angle of triangle ABC is

a 120° h 90 c. cos (3/4) d. none of these
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&
- - - . . i - . . .
Given three vectors a, b and c , two of which are non-collinear. Further if (a + b)is collinear with

- - -, i S - - - . - - - o -~ 5
c,(b+ c-)lscollinearwnha,IaI=IbI=|cI=\/§.Flndthevalueofa~b+b-c+c~a.

b -3

a 3
c. 0 d. cannot be evaluated

If Zand Z are unit vectors such that (Z + 3) . (22 + 33) X (32 -2 [—;) = 6 , then angle between Z and
E is
a 0 : h 2 C. d indeterminate

If in a right-angled triangle ABC, the hypotenuse AB = p, then AB - TC +BC-BA + CA-CB is

equal to )
a 2p? b —‘l;— c. p? d none of these
Resolved part of vector a and along vector b is Z. and that perpendicular to b is 22 , then Z, X Zz
is equal to
(axb)-b (a-b)a (a-b) (b xa) (@-b) (b xa)
e b. ) C. 2 d. - o
bl lal bl Ibxal

A A=

a= 2i —}'+ IAc,Zz i+ 2j—k,c= i+ }'— 212.Avect0rcoplanar with b and ¢ whose projection on

- 2
a is magnitude \/; is

a 27 +3)-3k b 27 +sk ¢ 2i+3j+3k 4 2i+j+sk

If *P’ is any arbitrary point on the circumcircle of the equilateral triangle of side length / units, then
IP—A>I2+IE?)I2+|P—C)Izisalwaysequalto :

a 2P b 2v3P c. I d 37

If ¥ and § are non-zero constant vectors and the scalar b is chosen such that | 7 + b5 | is minimum,

then the the value of 155 I° + 17 + b5 I* is equal to

a 2I7P b 17FR2 c 3IFP d IFP
a and b are two unit vectors that are mutually perpendicular. A unit vector that is equally inclined to
Z, b and sz is
L(Z+Z+Zx3) ' 1> 2.7.7
a. NG b E(aXb+a+b)

I » » = - 1 - = - =
C. —=(a+b+axb) d —(a+tb+axb)
3 3
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: . _ - _ @
Given that @,b, p,g are four vectors such that @ +b = up, b-g =0 and (b)* =1, where yis a scalar.

Then I(a-G)p —(p-g)al is equal to

a 2lp-gl h (1/2)1p-ql c. Ipxgl d Ip-gl

The position vectors of the vertices A, B and C of a triangle are three unit vectors a,b and c,
respectively. A vector d is such that d- a= c_i)l; —d-candd=2 (b + ¢).Then triangle ABC is

a. acute angled h obtuse angled c. right angled d. none of these
If a is a real constant and A, B and C are variable angles and ./a” ~4tan A + a tan B

+ Ja? + 4 tanc = 6a, then the least value of tan® A + tan® B + tan® C is
a 6 h 10 c. 12 d 3
The vertex A of trlangle ABC is on the line r =i+ ] + Ak and the vertices B and C have respective

position vectors i and J Let Abe the area of the triangle and A € [3/2, 33/ 2]. Then the range of
values of A corresponding to A is
a [8,41u[4,8] b [4,4] c [2,2) d [4 2]ul2,4]

A

+

&)

+ ~
A non-zero vector a is such that its projections along vectors \/_ and k are equal, then

unit vector along ; is
V3 3 NERNE] V2

Position vector k 1s rotated about origin by angle 135° in such a way that the plane made by it bisects
the angle between i and J Then 1ts new pos1t10n is

—k

i i J k i k
ELE bh t-*+=-— . == d f th
a. _\/,2_ \/E SN c NN none of these

In a quadrilateral ABCD, R is the bisector of ﬂi) and E , angle between :47?) and E is 27/3,
151AC1=3 I AB | = 5| ADI.Then the angle between BA and CD is
a.  Cos 742 h cos 7\/5 c. Cos ﬁ cos™ T4

In the following figure, AB, DE and GF are parallel to each other and AD, BG and EF are parallel to
each other. If CD : CE=CG : CB=2:1, then the value of area (AAEG) : area (AABD) is equal to

a 712 b d 92
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Vector « in the plane of b=2i+ ; and Z =i } +k is such that it is equally inclined to Z and 2

where d = 3’+ 2k . The value of & is
?+}'+/§ ?—}'+k 2?+}' 2?+}'
V3 3 N V5
Let ABCD be a tetrahedron such that the edges AB, AC and AD are mutually perpendicular. Let the
area of triangles ABC, ACD and ADB be 3, 4 and 5 $q. units, respectively. Then the area of triangle

BCDis
J5 5

a 5.2 h 5 ¢ dE

Let ? ® =[] i+ @ -0t }'+ [t+1] 12, where [.] denotes the greatest integer function. Then the

A

h. d

- (5 -
vectors f (ZJ and f (£),0<r<1,are

a. parallel to each other ' b. perpendicular to each other
+¢

2
¢. inclined at an angle cos™' ———— d inclined at cos™
71 —~1%) 91+

If Z is paralle] to Z X Z , then (Z X Z) . (Z X Z) is equal to

a lal(b-c) b IZIZ(Z-Z) c. IZIZ(Z-Z) d none of these

Three vectors ; + 3‘, ;'+ lzand k+ i taken two at a time form three planes. The three unit vectors
drawn perpendicular to these three planes form a parallelepiped of volume

a 13 b 4 ¢ (33)/4 d 43
If 2=ZXZ+Z><Z+ZXZ is a non-zero vector and 1(2-:)(ZXZ;)+(2-;) (ng)+(2~;)

(¢x a)1=0, then

- - - -
a lal=1bl=lcl b lal+Ibl+lcl=1d]
- > -,
€. a,band c are coplanar d. none of these

If lal=2and bl =3and a-b =0, then (a x (a x(a x(a x BY))) is equal to

a 48b b -485 c. 48a d -48a
If the two diagonals_) of one of its faces are 6 + 6k and 4}' +2k and of the edges not containing the

given diagonals is ¢ = 4}' — 8k then the volume of a parallelepiped is
a & b 8 ¢ 100 d 120

The volume of a tetrahedron formed by the coterminus edges Z, band ¢ is 3. Then the volume of the
parallelepiped formed by the coterminus edges a+ Z b+ zand P +a is

a 6 b 18 c 36 d 9

If 2, zand Z are three mutually orthogonal unit vectors, then the triple product
[a+b+ca+bb+c] cquals

a 0 b lor-1 _ c 1 d 3
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Vector Z is perpendicular to vectors 2 =(2,-3,1)and Z = (1, -2, 3) and satisfies the condition
Z . (? + 2}' - 7IA<) = 10. Then vector cis equal to

a (1,51 b (-7,-5,-1) c. (1,1,-1) d. none of these
Given g=xi+y 42k, b=i—j+k ¢=i+2J;aLlb, a-c =4.Then

a [abep=lal b (@b d=lal ¢ [abc)=0 d [abcl=lal
Letz=a,§+a2}+a3lAc, z=bl§+b23'+b3lzand Z=c,§+c2}'+c31§ be three non-zero vectors such

that ¢ is a unit vector perpendicular to both a and Z . If the angle between Z and Z is 7/6, then the

2

a b ¢of
value of |2 by o is
a, by ¢,
a 0 h 1
l 2 2 2 b2 b2 b2 d E 2 2 2 b2 bl b2
C. 4(atl+az+a3)(]+2+3) 4(al+az+aa)(l+2+3)

- 5 - - - - - o - - - - - -
Let r, a, b and ¢ be four non-zero vectors such that »-a =0, | r xbI=|rilblandlr X cl=| rilel.
Then [a b ¢] is equal to

a lalibllcl b —lallbllcl c. 0 d none of these

Ifz,Zandzare such that [ZZZ‘]:L Z:lez, angle between ZandZis 27r/3,|2l

- - 1 — -
= \/5, bl = «/gand | ¢ | = —, then the angle between a and b is

NE

a. z b z c. — d z
6 4 3 2
If 42+ 5b +9¢ =0, then (2 x b) X [(b X ¢) X (¢ x a)] is equal to
a. a vector perpendicular to the plane of Z, b and ¢
b a scalar quantity
c¢ O
d none of these _
Value of [Z % Z Z X Z c—i)] is always equal to
a (a-d)abc] b (2 -O)abd] c. (a-b)abd] d none of these

Let a and b be mutually perpendicular unit vectors. Then for any arbitrary 7,
a r=(ra)a+(rbyb+ (r@xbaxb)

b 7 =(ra) - (rb)b- (r(ax b)ax b

c. r=(raa-(rbb+(r(axb)axb)

d none of these
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- -
Let a and b be unit vectors that are perpendicular to each other. Then

[Z + (2 X Z) E + (Z X Z) Z X Z] will always be equal to
a 1 b. 0 ) c. -1 d none of these
@ and b are two vectors such that |G| = Llbl=4andd-b=2.1f & = (2a x 5) -3b , then find the
angle between b and ¢ .
T 3n S

a T h Z e 2 a 2
3 6 4 6

Z and Z are unit vectors. Then for any arbitrary vector Z, (((2 X Z )+ (2 X Z ) x (Z X Z ) -(Z - Z )
is always equal to

a IZI b, %IZI C. l|ZI d none of these

IfZ.Z=,8 and 2><Z=z, then b is
N (ﬂZ:ZxZ) \ (ﬁZtZXZ)
lal? lal®
(BS —ax o) 4 Bataxo
lal lal
If a((_;t X ﬁ) + b(B X 77) + C(;/ X (—X)) = 0 and at least one of a, b and c¢ is non-zero, then vectors
gz, Band 5/) are
a. parallel b. coplanar
¢. mutually perpendicular d none of these

— - - - - - - - .
If (a xb)x(bxc)=b,where a, b and ¢ are non-zero vectors, then
- o - - = ~>
a.  a,b and c can be coplanar b a,b and ¢ must be coplanar

- - -
¢. a,b and c cannot be coplanar d none of these

L T - - 1 - . i
Ifra=rb=r.c= > for some non-zero vector r, then the area of the triangle whose vertices are

A (Z), B(l_;) and C(z) is (Z, Z,Z are non-coplanar)

-0 >

a I[ZZZ]I h |7I c. lfabclrl d none of these

A vector of magnitude 10 along the normal to the curve 3x2 + 8xy +2y*—3 =0 at its point P(1, 0) can
be

a. 6/ +8 b. -8 +3j c. 6/ —8] d. 8 +6]
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If a and b are two unit vectors inclined at an angle ©/3, then {Z X (Z +ax Z)} b is equal to

a = h l c. 3 d 1
4 4 4 2
If 2 and Z are orthogonal unit vectors, then for a vector 7 non-coplanar with @ and Z, vector ¥ X a
is equal to
a. [rablb—(rb)(b x a) b [rabl(a+h)
c. [?23]2 + (?2)2 xl_)) d none of these

- 5 o . — - = - - - 2

If g, b, c are any three non-coplanar vectors, then the equation [bX ¢ cxXaaxb]x
— - = - - e e e e

+la+bb+cct+alx+1+[b—c c—aa—bh]=0hasroots

a. real and distinct h. real c. equal d imaginary

fx+cxy=dand y+cXx= b ,where ¢ isanon-zero vector, then which of the following is not

correct.
bx¢+ L

= " h x=

Exb+b+ (a3
I+c-¢

c-

d none of these

. i - - - — — - X i
The condition for equations r X @ = band r X ¢ = d to be consistent is

a bc=ad b ab=cd ¢. be+rad=0 d ab+cd=0
If ¢ and b are non-zero non-collinear vectors, then [ZZ?]?+[ZZ}]}'+[ZZIA¢]IA¢ is equal to
a a+b b axb c. a—b d bxa

fa=2i+j+k b=i+2)j+2k c=i+j+2kand 1+ a)i+Bl+a)j+yl+a)(1+Bk =
Zx(z X Z), then ¢, B and y are

a —2,-4-2 b 2,4, 2 ¢ —2,4,2 d 2,4- 2
3 3 3

Let G (x)=(sinx) + (cosx) } and b (x)=(cos 2x)i + (sin 2x) } be two variable vectors (x € R), then
@ (x)and b (x) are
a. collinear for unique value of x b. perpendicular for infinite values of x

¢. zero vectors for unique value of x d. none of these
For any two vectors Z and b, (Z X ?) . (l_; X ?) + (Z X }') . (Z X }') + (Z X lAc) - (3 X IAc) is always equal
to

- -

a. ZZ b 2ab C. Zero d none of these

- - - -
Let a,b and c be three non-coplanar vectors and r be any arbitrary vector. Then

(@ X B)X(r X ¢)+(b X )X (r X @)+ (¢ x a)x (r x b) is always equal to
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a [abclr b 2[abe]r c. 3[abclr d none of these
5 bxe - exa > axbh

- - -
If P==5559=—=5 and 7= =55 >where @, band c are three non-coplanar vectors, then

fabc] [abc] [abc]
the value of the expression (Z +E + 3)-(2 +; + 7) is
a 3 b 2 c 1 d 0

A(Z) , B(Z) and C (g) are the vertices of triangle ABC and R(?) is any point in the plane of triangle

ABC, then ?(2 X Z + Z X _c> + Z X Z) is always equal to

a  zero h [ZZZ] c. —[222] ©d none of these

It Z, Z and Z are non-coplanar vectors and ax ¢ is perpendicular to Zx(z X 2), then the value of
[Z b (Z X _g)] X ¢ is equal to

a [abc]e b [abc]b e d [abcla

If V be the volume of a tetrahedron and V’ be the volume of another tetrahedran formed by the

centroids of faces of the previous tetrahedron and V = KV”; then K is equal to
a 9 b 12 c. 27 d 8

[@xb)x(5x <) (bx)x(Cxa) (¢xa)x(axby is equal to (where 4, hand o are non-

zero non-coplanar vectors)
NN - o=

a [abcP b [abeT . labcl d [abc]
If 7=xl(2>< Z)+x2(3><2)+x3(2x2) and 4{ZBZ]=1, then x, + X, + x, is equal to
a %?-(2+Z+Z) b %?~(Z+Z+Z) ¢ 2r(a+b+c) d 4r-(@a+b+o)

- — - - - i B X - - - -
If a 1 b,then vector v in terms of ¢ and b satisfying the equations v-a =0 and v-b =1 and
-

[vab] =1is

- -

b axb b
h. —_>‘+ﬁ C —
12 Ibl lax bl b

b‘i_

X

Ql

a. +

. +
b1 |

(O

d none of these

- -
axb
— -
axb |

S

X

Ql

X

Ifa=i+ }', b= i - } +2k and ¢ = 2i + A] - 12, then the altitude of the parallelepiped formed by
the vectors 2, Zand ¢ having base formed by Z and Z is (where Z’ is reciprocal vectorZ, etc.)

a 1 b 32/2 ¢ 1/\6 d 12

- A A A Ao A A [N -
If a=i+j,b=j+k,c=k+i,then in the reciprocal system of vectors a,b, c reciprocal a of
vectorzis

non e AA A A A TN
a I+ j+k b L-Jtk c —-i—j+k d i+j—k

2 5 ) 2 2
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Multiple Correct Answers Type (SR L ', Soluttonson page2;

Vectors & 3D Geometry

Each question has four choices a, b, c and d, out of which one or more are correct.

1.

If unit vectors Z and l_; are inclined at an angle 20 such that IZ — 3 |<1and 0< 8 <, then Blies in
the interval
a. [0, 7/6) b (57/6, 7] c. [n/6, n/2) d (w2,576]

Z and Zarenon-collinear ifo (; X E’) + (Z-Z)Z =(4—-2x—siny) Z +(x2—l)zand (Z-Z)2=Z.
Then '

- a x=1 bh x=-1

c. (4n+1) el a y=(2n+l)—7£, nel
Umt Vectors a and b are perpend1cular and unit vector ¢ is inclined at an angle 6to both a and
b.If c=aa +[3b +y(a X b),then

1+cos26
2

2 and b aretwo given vectors. With these vectors as adjacent sides, a parallelogram is constructed.

a a=p b p=1-202 c. P=-cos20 d p=

The vector which is the altitude of the parallelogram and which is perpendicular to a is

bYy- = - > - 5 -
a @Y7 3 b ——{(1al b —(a-b)a)
latl® lal?
. gx@’xﬁ) d ZX(EXZ)
lal _ bV

If ax (l; X Z) is perpendicular to (2 X lj) X ; we may have

a (a-O)IbF=(@b)bc) h .5=0
c. ac=0 | d. bc=0"
5o o _ L Bxé o éxa - axb
Let @, band c be vectors forming right-hand triad. Let p = —=5=5-9= 555 and r=——55
[ab c] [a b c] {a b c]

If x € R*, then

-

a x[ZZZH[L”I_” has least value 2
X

e e )

b xlabc) +M has least value (3/22°)
2

- o

¢ [pqr]>0

d. none of these
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10.

11.

12,

13.
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a,a,a, eR~{O}anda +a,cos 2x +a, sin*x = OforallxeR then

a. vectors a a’ +a, j +a,k and b =47 +2J + k are perpendicular to each other
11 ] k perp

b vectors a—a i ta, j+a ¢ and b =i+ j +2k are parallel to each other

¢. if vector ¢ = a, i +a, J +a, k is oflength\/gumts then one of the ordered tripplet (@, a,, a,)
=(1,-1,-2)

d if2a, +3a,+6a,=26,thenla,} +a, | +a klis2/6

If 2 and b are two vectors and angle between them is 6, then
a 1axBP+@dy=1afBF

h lgxbl=(a-b),if 0=m/4

c. a X b (2 Z) ;,(nls normal unit vector), if 8= /4

d (axb)-(a+b)=0

- - - - - ~
Let a and b be two non-zero perpendicular vectors. A vector r satisfying the equation » x b = a
can be

poaxb ho2p- 94Xt ¢ 131320 g pipoaxb
b’ IbF IbF b

If vectors b = (tan o, ~ 1,2 /sin¢t/2) and c¢= [tan o, tana,— J are orthogonal and vector

sino/2

= (1, 3, sin 2¢) makes an obtuse angle with the z-axis, then the value of aris

a oa=Un+1)mr+tan™'2 b a=(@n+1)nr—-tan™' 2
c. a=(A4n+2)x+ tan™' 2 d oa=@n+2)r—tan’ 2

Let 7 be a unit vector satisfying Fxa= Z, where |a| = 3 and Il_;l = /2. Then

a 7:§(2+2x2) h 7=%(2+2x2)
- 2 - - o - 1 - - -
c r=§(a—a><b) d r=§(—a+axb)

If a and b are unequal unit vectors such that (a -~ b) X [(b + a) X (2a + b)] = a + b then angle 6
between a and b is

a 0 b 12 c. w4 d r

If ¢ and Zare two unit vectors perpendicular to each other and ;:) =1 Z + /122 + A, (Z X Z), then
which of the following is (are) true?

- >

a A=ac b A=1bxcl

. A=l@xbyxcl d A+A+A=@+b+axb)c
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14.

15.

16.

17.

18.

19.

20.

Vectors & 3D Geometry

- - . a b .
If vectors a and b are non-collinear, then — + — 1is
lal bl
a. aunit vector b. in the plane of a and b
¢. equally inclined to a and b d. perpendicularto a x b

- - - - — -
If a and b are non zero vectors such that la + bl=|a — 2b], then

is\/a

- - 1
¢. leastvalue of a-b + —
bl +2

isﬁ—l

d least value of ZZ + _)1
Ibi+2

- 5 — — — — - — - - -
Let a, band c be non-zero vectors and V,=ax(bxc)and V, = (ax b)xc. Vectors

\_/I and \7; are equal. Then

- - — -
a. g and b are orthogonal b. @ and c are collinear
- - - - -
c. b and c are orthogonal d b= l(a x ¢) when Ais a scalar
.= — . . . - - - —) — - = -
Vectors A and B satisfying the vector equation A+ B=aq, x =b and A-a=1, where a and

-

b are given vectors, are

. —>_ . - - - 2

a A=(a><b7) a b B:(bxa)+2a(a 1)
a’ a

. Z=(a><b7)+a d Ez(bxa):a(a‘—l)
a’ ] a

A vector d is equally inclined to three vectors a = i 3 + 12 Z =20 + } and ¢ = 3}' ~2k. Let

- - - . i - N
x, yand z be three vectors in the plane of a, b; b, ¢; ¢, a, respectively. Then

k] >

a xd=-1 . h yd-=1
¢ z:d=0 d rd= =0, where r—/lx+/.ty+5”

A

Vectors perpendicular to i- } —k and in the plane of i+ j +kand— i+ } + k are

A A

a i+k h 2?+}‘+IQ c 3§+2}+IQ d—4?—2}'—21A<
If side AB of an equilateral triangle ABC lying in the x—y plane is 3 , then side 53) can be

a. —%(?—\B}) h %(?—\E}') c. —%(hﬁ}) d %(hﬁ})



21.

22.

23.

24,

25.

26.

27.

28.

29,
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The angles of a triangle, two of whose sides are represented by vectors \/_ 3(a x b) and b — (a b)a

where b is a non-zero vector and a is a unit vector in the direction of a , are

a tan"' (\3) b tan (1/+/3) c. cot'(0) d tan (1)

- - - . . -
a,b and c are unimodular and coplanar. A unit vector d is perpendicular to them. If

- o - o 1A 1A 1A — - -
(axb)yx(cxd) =gi - Ej + gk, and the angle between a and b is 30°, then ¢ is

a (i-2)+2k)/3 b (~i+2j-20)/3 e @i+2j-F)3 4 (2i-27+k/3
If2+23+32=6,thenZxZ+Z><Z+Zx2=
a 2(axb) b 6(bx c) ¢ 3(¢xa) d 0

a and b are two non-collinear unit vectors, and = g — (a-b)b and v=axb. Then |7l is

- - - -
a. luI b Iul+lu-b| c. lul+lu-al d none of these

e ) - o
}Ifaxb c, bxc= ,whereciOthen

l=lc h lal=15]

Ql

a |

)

c. 1bi=1 d lal=Ibl=lcl=1

Let a b and ¢ be three non- coplanar vectorsand d bea non-zero vector, which is perpendicular to

(a+b+c) Now d—(axb) sin x + (b><c) cosy+2(c><a) Then

a £29_y | h L.,
[abc] la b c]
¢. minimum value of X2 +y2is 7%/4 d. minimum value of x2 +y? is 57%/4

If a b and c are three unit vectors such that ax (b X c) = —b then (b and c bemg non-parallel)

a. angle between a and b is 3. b angle between @ and ¢ is /3
‘€. angle between a and b is 7w/2 d. angle between a and ¢ is n/2

. . - Z ; - 2u - -
If in triangle ABC, AB = —- — =~ and AC =—-, where |y |#|y] then

_ lul vl [ae!

a 1+cos2A+cos2B+cos2C=0 b sinA=cosC
¢. projection of AC on BC is equal to BC d projection of AB on BC is equal to AB
.[c_z)xz ZXJ Zx;‘]isequalto
a [abdlicefl-labclde f) b [abellfcdl-[abfllecd]

- -

c. [cdallbe f1-[adbllae ] d [acellbd f]
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- e - - -
30. The scalars [ and m such that la + mb = c,where a, b and c are given vectors, are equal to

cxB)(axb (¢ xa)-(b X a)
[:EM h =" 5> 5

(@ x by (bxa)
(sz)-(zxZ) (ZXZ)-(ZX;)
m=————75—"" d m=-—————->=
(b x a) (b x a)

31. If (a x b)x (¢ x d)-(a x d) =0, then which of the following may be true?

- - - -

a. a, b, cand d are necessarily coplanar b. a liesin the plane of ¢ and 2

¢. b liesinthe plane of aand d d ¢ liesinthe plane of aand d

32. A, B, C and D are four points such that Ezm(Z?—6}+2/2), B_C):(?—Z}) and

5 = n(—6§ + 153’ - 3]2), If CD intersects AB at some point E, then
a m=21/2 h n>1/3
c. m=n d m<n

- o —
33. If vectorsa,band ¢ are non-coplanar and [/, m and n are distinct scalars, then

[la +mb + nz)(lb +mc+nrna)ilc+ mz + nZ)]:Oimplies
a [+m+n=0
h roots of the equation Ix? + mx + n = 0 are real
c. ?+m>+n2=0
d BP+m?*+n’=3lmn
34. Let &):a?+b}'+clz, B:b;+c}'+alA<and ;=C?+a}'+blA< be three coplanar vectors with
a#b,and v=i+ 3’+ k. Then v is perpendicular to »

-

a o b. B c. v d none of these
35. If vectors A=20+ 33’ + 4IA<, B=i +9’ +5k and ¢ form a left-handed system; then ¢ is

a 11i-6j—k b —11i+6j+k ¢ 11i—-6j+k d —11i+6j—k

Reaso ning Type ' Solutions on page 2.126

Each question has four choices a, b, ¢ and d, out of which only one is correct. Each equation contains
Statement 1 and Statement 2.

. a. Both the statements are true and Statement 2 is the correct explanation for Statement 1.
b. Both the statements are true but Statement 2 is not the correct explanation for Statement 1.
c. Statement ] is true and Statement 2 is false.
d.  Statement 1 is false and Statement 2 is true.
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1. Statement 1: Vector ¢ =—5i+7 3‘+ 2k is along the bisector of angle between a=i+ 2;' +2k and
; =-8i+ } ~4k.
Statement 2: ¢ is equally inclined toz and b.
2. . Statement 1: A component of vector b= 47 + 2}' +3Fk inthe direction perpendicular to the direction
of vector 2=?+}+1Ac is ;—;
Statement 2: A component of vector in the direction of a= i+ }+l€ is 27 + 2}' +2k.
3. Statement 1: Distance of point D(1, 0, —1) from the plane of points A(1, -2, 0), B@3, 1, 2) and
8
V229

Statement 2: Volume of tetrahedron formed by the points A, B, Cand D is

C-1,1,-1)is

V229

e e e - >

4. Let rbea non-zero vector satisfying ra= r-b=r-c=0 for given non-zero vectors a,b and c.
Statement 1: [a—b b—c c—a]=0
Statement 2: [a b ¢]=0

5. Statement 1: If g i +a, } + a, 12, b, i +b, } +b312and ¢ i+ o) } + calg_ are three mutually
perpendicular unit vectors, then a, i+ b, } + ¢ 12, a, i+ b, 3 +c, kand a, P+ b, } + c3/2 may be
mutually perpendicular unit vectors.
Statement 2: Value of determinant and its transpose are the same.

6. Statement1:If A=27 +3j+6k B=7+j—2k and C=1 +2j+%, thenl A x (Ax (A x B)).C|
=243.
Statement 2: | A x (A x (4 x B))-Cl= | API[ABC]]

5
7. Statement 1: Z, Z and ¢ are three mutually perpendicular unit vectors and d is a vector such that

e

a,b, ¢ and 3 are non-coplanar. If [ZZ)ZZ] = [223] = [ZZZ] =1, then 2: Z+ Z+ Z
Statement 2: [d b ¢]=[dab]=[d ca] = 4 is equally inclined to . band <.
8. Consider three vectors 2, Z and Z
Statement 1: a x b = (( x a)-b)7 + ((j x a)-B) j + ((k x 2)-B)k
Statement 2: ¢ = (i-c)7 + (J-¢) ] + (k- )k

Linked Comprehension o ’ s Solutions on page 2.128°

Based on each paragraph, three multiple choice questions have to be answered. Each question has four
choices a, b, c and d, out of which only one is correct.

For Problems 1-3
- - - . - - — - - - - - - - d d
Let u,vand wbe three unit vectors such that u+v + w= a, u X(v Xxw)=b, (uxv)xw=c,

a-u=3/2, a-v=7/4andl a1 =2.
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- .
1. Vector u is

- - - > 4> 8= - o 1- 4- - 2-
—= b a+-b+— ¢ 2a-b+- d —a-b+—-
a a 3b+c a 3 3c a 3c 3a 3c
2. Vector;is
a. 2a-3c b. 3b —4c c. 4c d. a+b+2c
3. Vector;t:is
2 5 o 1-» = - 1- 2- - 4 - -
a —Q2c¢c-b bh —(a-b- ¢c. —a——b-2c¢ d —(c-b
3( ¢c—b) 3(a c) 3 3 3( )

For Problems 4-6

Vectors x,y and z,each of magnitude /2, make an angle of 60° with each other. x X (y X z)=a,

;x(z x;):Zand;x;=z.
4. Vector;is

1 » - = - - 1 - - - - -5

a.E[(a~b)><c+(a+b)] b 5[(a+b)xc+(a—b)]

1 - - - - - 1 - - - - -

¢ [+ b)xc +(a+b)] d la+b)xc=(a+b)

-

5. Vector y is
1 » - e I - - - 5 o
a. 5[(a+c)><b—b—a] b. 5[(a—c)><c+b+a]
1 - - - - - | I T
c. 5[(a+b)><c+b+a] d 5[(a—c)><a+b—a]

i -
6. Vector zis .

1 -» - [N 1 - - Y
a. E[(a—c)xc—b+a] h 5[(a+b)><c+b—a]
1 - - — - - .
c. 5[c><(a—b)+b+a] d none of these

For Problems 7-9

If;c)xy=a,yxz:b,x-b:y,;-;zland;-ZZI
7. Vector} is -
a ————[ax(axb)] b —L  [axb-ax(axb)
laxhbl? la xbl?
¢ —L [axb+bx(axb) d  none of these

lax bl
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- .
8. Vector y is

axb b 2+a><b C. Z+B+aXb d none of these
Y
9, Vectorzis
Y — - - - Y — - o - —

& ————[a+bx(axb)] b ————[a+b—ax(axb)
tax bt laxbl

c. la xb +b x(axb)] d. none of these
laxb!? .

For Problems 10-12

leen two orthogonal vectors Aand B each of length unity. Let P be the vector satisfying the equation
PxB= - P. Then

10. (ﬁx 1_9))><1_3) is equal to

a P b P c. 2B d A
1i. ?Dis equal to
é+AxB b é+B><A . AXB A d Ax B
2 2 2 2 2 2

12.  Which of the following statements is false?
a.  vectors ?’, ;l) and ?’ X E are linearly dependent.
h vectors 73, 73 and ?’ X Z? are linearly independent.
c. P is orthogonal to 5 and has length 1/42.

d none of the above.

For Problems 13-15

‘Leta—2z+3j 6k b= 21—3]+6kandc——21+3j+6k Let al betheprolectlonofaonband a7 be

the projection of a on ¢.Then

13. a2 is equal to

943 943

a —(21—31 6k) b i-37-6k)

" A A 3
C. 9:%49:‘5(—21'+3j+6k) d 94
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14. ;lz is equal to

a -—-41 b —41/7 c. 41 d 287
15. Which of the following is true?

a aand ;2 are collinear b g, and ¢ are collinear
c. 2, ;, and b are coplanar d 2, c—zyl and c;; are coplanar
For Problems 16-18

Consider a triangular pyramid ABCD the position vectors of whose angular points are A(3, 0, 1), B(-1, 4, 1),
C(5, 2, 3)and D(0, -5, 4). Let G be the point of intersection of the medians of triangle BCD.

16. The length of vector E is

a 17 b J51/3 ¢ 3/J6 d 59/4

17. Area of triangle ABC in sq. units is

a 4 b 8/6 c. 46 d none of these
18. The length of the perpendicular from vertex D on the opposite face is
a 14/46 b 2//6 c. 3/46 d. none of these

For Problems 19-21

Vertices of a parallelogram taken in order are A(2, -1, 4); B(1,0-1); C(1, 2, 3) and D.
19. The distance between the parallel lines AB and CD is

a 6 b 3675 e 22 d 3
20. Distance of the point P(8, 2, —12) from the plane of the parallelogram is
46 L 326 . l6v6
9 9 )
21. The orthogonal projections of the parallelogram on the three coordinate planes xy, yz and zx,

respectively, are
a 14,42 b 24,14 c. 4,214 d 2,14,4

d none

For Problems 22-24
Let 7 be a position vector of a variable point in Cartesian OXY plane such that ;) (10}'—8?— ;) = 40 and

P, =max{| 20 3} I}, p, =min{l r+2i- 3}' I*}. A tangent line is drawn to the curve y = 8/x2 at point A with
abscissa 2. The drawn line cuts the x-axis at a point B.

22. p,isequal to
a 9 h 2/2-1 ¢ 6243 d 9- 42
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23. p, +p,isequal to
a 2 b 10 c. 18 d 5

- 24. EO—B) is equal to
a 1 h 2 c 3 d 4

Matrix-Match Type

> Solutions on page 2,134

Each question contains statements given in two columns which have to be matched.
Statements (a, b, ¢, d) in Column I have to be matched with statements (p, q, 1, s) in Column II. If the correct
matchesarea — p, s; b— q, r; ¢ — p,qand d — s, then the correctly bubbled 4 x 4 matrix should be as
follows:

CICICIOL
©EEE|-=
OO~
OO

1.
Column I ’ Column I

a. Thepossiblevalue of aif r= (i + )+ AG+2)—k)and 7= p 4
(? + 23’) + ,u(—/z: + 3 + allé) are not consistent, where A and p
are scalars, is

h The angle between vectors @ = A7~ 33’ y and g 2
b=2Ai+ A j—k is acute, whereas vector b makes an obtuse angle -
with the axes of coordinates. Then A may be

c. The pdssib]e vélue of a such that 2/1: - } + IAc, ? + 23‘ +(1+ a)lAc N
and 3i + a j + 5k are coplanar is .

d IfA=2i+Aj+3k B=2i+Aj+k,C=3i+7and A+ AB s 3
is perpendicular to C, then 124 is
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2,
Column Column I
a If 2, Zandz:are three mutually perpendicular vectors where p 12
lal=1b1=2,1¢I=1,then[axb bxc cxalis
b If Zand Z are two unit vectors inclined at 71/3, then q ‘ 0
16[a b+axb blis
c. If bandc are orthogonal unit vectors and Z X Z = Z, r. 16
‘then [:z)+_b)+4_c§ 2+Z Z—I—Z] is
d If [; ; Z] = [; ; Z] = [Z Z Z] =0, each vector being a non-zero s. 1
vector, then [;c) ; Z] is
3.
Column I Column It
a If I2I=I;l= IZI, angle between each pair of vectors p 3
is %and IZ+Z+ZI:x/E,thenZIZlisequalto
b If ais perpendicular to Z+ Z, Zis perpendicular to g 2
¢+ 2, P is perpendicular to a+ Z, lal=2,151=3
and IZI=6,then IZ+Z+ Zl—Zisequalto
¢ a=2i+3j-k b=—i1+2j-4k c=i+j+kand r 4
- A A o 1 - - - -
d=3i+2j+k,then ;(a X b)-(c x d)is equal to
d Iflal=1bl=Icl=2and a-b=bc=c-a=2, s 5
then [Z b Z]cos 45°is equal to
4. Given two vectors a = ~i+ ; + 212and;: —i- 2}' ~ k.
Column I Column I
a. Area of triangle formed by Zandlj p 3

b.  Area of parallelogram having sides 2 and b

c. Areaof parallelogram having diagonals 22 and 45

d Volume of parallelepiped formed by Z, Z and
d=ieiek
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5. Given two vectors a =—1A'+2;'+212and Z=—2§+}'+ 2.

Column I Column 1T
a. A vector coplanar with ; and Z p 37 + 33‘ + 4k .
b A vector which is perpendicﬁlar toboth a and b ¢ 2i- 23+312
¢. A vector which is equally inclined to_z and Z ' Lo+ 3
d A vector which forms a triangle with Z and Z s. - } +5k
6.
Column I Column I
a IfI2+ZI=l2+ZZI, then angle between Z and B is p N
b Ifla+bi=la-2b I, then angle between a and b is ¢ obtuse
c. If IZ + Zl = IZ - ZI, then angle between Z and Zis r. O°
d Angle between Z x b and a vector perpendicular to s. acute
the vector Z X (Z X Z) is (

7. Volume of parallelepiped formed by vectors 2 X Z, Z X Zandz X 2 is 36 sq. units.

Column I Column I
a.  Volume of parallelepiped formed by vectors p O sq. units
Z, Band Z') is
b Volume of tetrahedron formed by vectors ‘ ¢ 12 sq. anits
Z, Zand 2 is
¢. Volume of parallelepiped formed by vectors r. 6 sq. units

- S o - - >
a+b,b+cand ¢+ a is

d. Volume of parallelepiped formed by vectors s. 1 sq. units

- - —

- - - .,
a—b,b~cand ¢ —a 18
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Integer Answer Type 7 : o D SolutzonsonpageZ 138

1.

10.

11.

12.

If @ and b are any two unit vectors, then fmd the greatest posmve integer in the range of

Narbl Ly ap,

Let i be a vector on rectangular coordinate system with sloping angle 60°. Suppose that i — 1 | is
geometric mean of 141 and |u — 21 , where { is the unit vector along x-axis. Then find the value of

2+ Dlil.
Find the absolute value of parameter ¢ for which the area of the triangle whose vertices areA( 1,1,2),
B(1,2,3)and C(z, 1, 1) is minimum.

Ifd=ai+aj+ak;b=bi+b,j+bk,c=ci+c,j+ck and [3G+b3b +E3¢+a] =

ai aj ak
e e o A
Abi b-j bk thenfmdthevalueofz
i & ¢k

Let Zi=az°+2}'—3l€, 5=f+2af—2l€ and E:2f—a}'+l€. Find the value of 6¢, such that
{(@xb)x(bxE)x(Exa)=0.

If X,y are two non-zero and non-collinear vectors satisfying

[a-2)0 +(b-3)a+cl % +[@-F +(b-3B+clF +[@-2)7 +(b-3)y+cl (Ex ) =0, where o,
B, v are three distinct real numbers, then find the value of (a2 +b +c - 4).

- - -5 5

Let u and v are unit vectors such that ux v + u=w and wXu =v . Find the value of [uv w].

Find the value of 4 if the volume of a tetrahedron whose vertices are with position vectors

1 —6]+10k,~{ =3} +7k,5 — j+ Ak and 7; —4} + 7k is 11 cubic unit.

Giventhat ii={ 2] +3k; v=2{+ j+4k: w=7{+3] +3k and

(#-R-15)i + (V-R—- 30)] + (vT/-R - 20)l€ =0. Then find the greatest integer less than or equal to |R] .

Let a three-dimensional vector V satisfies the condition, 2V +V x (i +2 ]) 26 +k.If31VI= \/_
then find the value of m.

’

- o o -

If a, b, ¢ are unit vectors such that a b O=a- c and the angle between b and ¢ 1s§ then find
thevalueolexZ—Zx:l.

Let OA=a,OB=10a+2b and OC = b, where O, A and C are non-collinear points. Let p denote the

area of quadrilateral OACB, and let g denote the area of parallelogram with OA and OC as adjacent
sides. If p = k g, then find k.
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Find the work done by the force F= 3i — ] — 2k acting on a particle such that the particle is displaced
from pointA (- 3,4, 1) to point B (- 1, 1,-2).

- Solutions on page 2.144

Subjective Type

1.

10.

11.

From a point O inside a triangle ABC, perpendiculars OD, OF and OF are drawn to the sides BC,CA
and AB, respectively. Prove that the perpendiculars from A, B and C to the sides EF , FD and DE are
concurrent. (IT-JEE, 1978)

AL A, ..., A are the vertices of a regular plane polygon with 7 sides and O as its centre. Show that
n=l

Y, (OA x OA..)) = (1-n) (04 x OA)). | (IIT-JEE,1998)

i=|

Ifcbea ngen non-zero scalar, and A and B be glven non-zero vectors such that AL B find the

vector X which satisfies the equations A X =cand A X X B (II'T-JEE, 1983)

If A, B, C, D are any four points in space, prove that | AB x CD + BC x AD + CA x BD | =4 (area of

triangle ABC). (II'T-JEE, 1986)
a b ¢

If vectors Z, zand 2 are coplanar, show that Z Z ZZ a Z = 5 (IIT-JEE, 1989)
b-a bb bc

Let _Z: 27 + Z, B=1 +7+ KandC=47 — 37+7Z . Determine a vector R satisfying RxB

= CxB and R-A =0. (IT-JEE, 1990)

Determine the value of ¢ so that for all real x, vectors cx; - 6}' - BIAc and x? + 2}' + 2cxl§ make an

obtuse angle with each other. » (IIT-JEE, 1991)

-

N N - - - - - o
If vectors p, cand d, are not coplanar, then prove that vector (axb) x (cxd) + (axc)

-

x (d x b) + (ax c_i)) x (b % <) is parallel to a. , (ITT-JEE, 1994)

The position vectors of the vertices A, B and C of a tetrahedron ABCD are j + }+1§ 7 and 3?

respectively. The altitude from vertex D to the opposite face ABC meets the median line through A
of triangle ABC at a point E. If the length of the side AD is 4 and the volume of the tetrahedron is

242 /3 » find the position vectors of the point E for all its possible positions. (IIT-JEE, 1996)

- = -
Let a,band ¢ be non-coplanar unit vectors, equally inclined to one another at an angle 0. If
— — - - -

axXb+bxc=pa+ qz + rz, find scalars p, g and r in terms of 6. (IT-JEE 1997)

- >

If A, Band C are vectors such that | B=|C1. Prove that

- —

[(A+B)x(A+C)] X(B+C)-(B+C)=0. (IIT-JEE, 1997)
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12,

13.

14.

15.

16.

17.

18.

19.
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- -
For any two vectors u and v , prove that

- o - o - -
2
a (y.v)Y+luxvli=lul |vI* and

b (T +u )L+ == v) +lu+v+ux )P (IIT-JEE, 1998)
Let Z and ; be unit vectors. If ;v) is a vector such that ;)v + (7v X Z) = ; , then prove that | (1_; x' ;) . 7v|
< 1/2 and that the equality holds if and only if uis perpendicular to V. (IIT-JEE, 1999)
Find three-dimensional vectors ;1, ;2 and;; satisfying T::\Z =4, \Z\Z ==2, \7:17; =6, 1:;;; = 2,‘
Vv, =5, vy =29, (UT-JEE, 2001)

Let V be the volume of the parallelepiped formed by the vectors 2=a,§+a2}'+a312,

Z: b, ? +b, } +b, % and Z: c ; +c, } +e ]A( Ifa,b andc,wherer=1,2,3, are non-negative real

3
numbers and Z(ar +b + Cr) =3L, show that V <3, (IIT-JEE, 2002)

r=1
- o — .
u, vand w are three non-coplanar unit vectors and o, B and y are the angles between

- - o - - — . - o - . .
uand v, v and w, and w and u , respectively, and x, yand z are unit vectors along the bisectors of

- o o5 o 1
the angles o, fand ¥, respectively. Prove that [x X y yXz zXx]= E[u v w] sec’ 2 c? /3 sec 2

(IIT-JEE, 2003)

- -

If a, Z, ¢ and 4 are distinct vectors such that ; X Z = Z X Z and Z X Z = Z X t_i), prove that
(a—a’)~(3—?)¢0i.e. ab+d-c#d-b+a-c. (IIT-JEE, 2004)
P, and P, are planes passing through origin. L, and L, are two lines on P, and P,, respectively, such
that thelr intersection is the origin. Show that there extst points A, B and C whose permutationA’, B

and C’, respectively, can be chosen such that (i) Aison L, Bon P, but not on L, and C not on P,
(ii) A”is on L, B”on P, but not on L, and C’not on P,. ‘ {T-JEE, 2004)

If the incident ray on a surface is along the unit vector v the reflected ray is along the unit vector

w and the normal is along the unit vector a outwards, express W in terms of a and v.

(IIT-JEE, 2005)

Fig. 2.30
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Objective Type

Fill in the blanks
1. Let Z,l_f}andz‘ be vectors of length, 3, 4 and’5, respectively. Let A be perpendicular to
. §+E‘,§toz‘+;{ and Eto;{+§. Then the length of vector Z+}_§+Z‘ 1s
(IT-JEE, 1981)
2. The unit vector perpendicular to the plane determined by P (1, —1,2), Q (2,0, — 1)and R (0, 2, 1)
is . (IIT-JEE, 1983)
3. The area of the triangle whose vertices are A (1, — 1, 2),B(2,1,-1),C3,-1,2)is .
(IIT-JEE, 1983)
S ABXC B AxC
4. If A, Band C are the three non-coplanar vectors, then S5t 5 — =
CXAB C AxXB
(IT-JEE,1985)
5. If A =(1,1, 1) and C =(,1, - 1) are given vectors, then vector B satisfying the equations A X B
= C and A.B =3is (IIT-JEE, 1985)
6. Let Z = 4? + 33‘ and Z be two vectors perpendicular to each other in the xy-plane. All vectors in the
same plane having projections 1 and 2 along Zandz , respectively, are given by, .
(IIT-JEE, 1987)
7. The components of a vector a along and perpendicular to a non-zero vector b are
and, , respectively. (OT-JEE, 1988)
8. A unit vector coplanar with i+ 7 +2k and 7 + 2}3 +% and perpendicular to i+ _]) +k
is . (IIT-JEE, 1992)
9. A non zero vector a is parallel to the line of 1ntersect10n of the plane determmed by vectors
iand i + ] and the plane determined by vectors i ]andz +k. The angle between 2 and vector
i —2j +2kis (IT-JEE, 1996)
10. Ifband ¢ are mutually perpendlcular unit vectors and a 1s any vector, then
b x c
@hHE+@ D+ alxd g x3) - (IT-JEE, 1996)
b x ¢ |
11. Let Z, b and ¢ be three vectors having magnitudes 1, 1 and 2, respectively. If axX(axc)+b=0,
then the acute angle between g and ¢ is (OT-JEE, 1997)
12. A, B, Cand D are four points in a plane with position vectors ;, Z, Z and 2, respectively, such that

(a~d)-(B~¢)= (B-d)-(¢ - @)= 0. Then point D is the

of triangle ABC.
(OT-JEE, 1984)
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13. Let EX = Z s 51; = 102 + 23 and O_C) = _l; where O, A and C are non-collinear points. Let p denote
the area of the quadrilateral OABC, and let g denote the area of the parallelogram with OA and OC as
adjacent sides. If p = kg, then k= . (OT-JEE, 1997)

14 Ifd=j+ 3k, b=- 7+ 3k and = 243k forma triangle, then the internal angle of the triangle
between d and b is . (OT-JEE, 2011)

True or false
1. Let Z, §and Z‘ be unit vectors such that X?}: 28‘ =‘O and the angle between ;; andZ‘ is -
/3. Then A=+2(BxC). (UT-JEE, 1981)
2. If )—(),_4, =0, )_)(73 =0and )}Z‘ =0 for some non-zero vector )_() , then [XZ’:E] =0.
(0T-JEE, 1983)
3. For any three vectors a,b and c, (@a-5) (b~ )% (c— a)=2a-bxc. (IIT-JEE, 1989)
Multiple choice questions with one correct answer
1. The scalar Z (fg + E‘) X (Z + E + z') equals
a 0 h. [ZB(_:‘]+[BEZ] c. [ZE’E‘] d none of these
(IIT-JEE, 1981)
2. For non-zero vectors a, band c,|(ax b)- cl=1all bil ¢! holds if and only if
a ab=0bc=0 h b.c=0ca=0
e. ca=0ab=0 d ab=b<c=ca=0 (II-JEE,1982)
3. The volume of the parallelopiped whose sides are given by OA=2i-2 s OB =i+j—kand oC
=3i—kis :
a. 4/13 h 4 c. 277 d 2
(IT-JEE, 1983)
4, Let a, Zand_c) be three non-coplanar vectors and ;, 2 and;) the vectors defined by the relations
5> bxe » cxa .~ axb I
D = 55559 = S55andr = —55 Then the value of the expression (a+b)p
[a b c] la b c] [abc]
+@B+o)qgt(C+a)ris
a 0 h 1 c 2 d 3
(IT-JEE, 1988)
5. Leta=i- 3 b= —IGandz=l€— i .If d is 2 unit vector such that 22 =0= [ZZc_i)] ,then Zequals

Vectors & 3D Geometry

A A

?+3’—21Ac §+}'—IA< ?+j+k
* — bh *—F— ¢ +—F— d £}
3 3 NG k
(IIT-JEE, 1995)
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) - . -~ - - B+ ;
I£ a,b _a)nd ¢ are non-coplanar unit vectors such that a x (b x ¢) = \/E , then the angle between
aand b is

a 3r/4 b =©/4 ‘ c. w2 d x
(IIT-JEE, 1995)
Letz,;andv—)vbe vectors such that;+;+7v=0. If I;I: 3, I;)I = 4 and Iv_;l= 5, then
J?+3-$+Ji§m ,
a. 47 b 25 c. 0 d 25
(OT-JEE, 1995)
If Z,Zand ¢ are three non-coplanar vectors, then (Z+I—;+Z)-[(Z+3) x(2+ Z)] equals
a 0 b [abc] c 2[abel d —[2dc]
(IT-JEE, 1995)

- - -

P, gand r are three mutually perpendicular vectors of the same magnitude. If vector x satisfies the
equation ;x ((x —;) X ;)-t-gx ((;—;’) x2)+ ? X ((;— ;) X —;_-’) = 6, then x is given by

1 - - - 1 » - = 1 » -» - 1 - o -
a —(p+q-2r) b Z(p+q+r) ¢ J(p+q+r) d 3@p+g-r)
(IT-JEE, 1997)

Let a = 2i+j—2kand b=i+j.If ¢ is a vector such that Z;:Izl, Ic—al = 242 and the angle
between a x b and ¢ is 30°, then | (Z X Z) x clis equal to _
a 23 b 372 c 2 d 3

(IT-JEE, 1999)
Let g =2i+ Jj+k, b =i+ 2j —k and a unit vector ¢ be coplanar. If ¢is perpendicular to a , then ¢
is

a. ‘\;—E(—j+k) h 71—3: (=i—j—k) c. % @-2p d % (i—-j—k)
If the vectors Z, Z and ¢ form the sides BC, CA and AB, respectively, of triangle ABC, then

& gb+bctca=0 b gxb=bxc=cxa

¢ gb=bc=ca d axb+bxc+cxa=0

(IIT-JEE, 2000)
Let vectors Z, Z, ¢ and d be such that (Z X Z) X (Z X Z) = 6 Let P, and P, be planes determined by

the pairs of vectors 2, Z and Z, 2, respectively. Then the angle between P and P, is

a 0 h 7/4 c. nf3 d 72
‘ (HT'JEE9 m)

If 2, b and ¢ are unit coplanar vectors, then the scalar triple product [2 a-b 23 - Z 22 - Z] is

a 0 h i ¢ -3 d 3
(IT-JEE, 2000)
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15.

16.

17.

18.

19.

20.

21.
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A A A . A A 2 A A A A 2
If a, band c are unit vectors, then la —bI° +1b—cI” +1c —al” does not exceed

a 4 bh 9 c. 8 d 6
(IIT-JEE, 2001)

5 - - - - -
If a and b are two unit vectors such that a +2b and 5 g — 4 b are perpendicular to each other, then

the angle between Z andg is .

a 45° b &0° c. cos™'(1/3) d cos™ (2/7)
(IIT-JEE, 2002)

LetV=2i+j—kandW=i+3k.IfUisa unit vector, then the maximum value of the scalar triplé

product [U V W1 is '

a -1 b J10+v6 ¢ 59 d Jeo

(OT-JEE, 2002)
The value of a so that the volume of parallelopiped formed by i+ a}'+ IAc, }'+ akandai+k is
minimum is
a -3 b 3 c. 1/\3 d f3
-~ A A A2 D | - - A " hatd (]IT-JEE,2003)
If a=(i+ j+k),a-b=1landaxb=j—k,then bis
a [-j+k b 25—k ¢ j d 2j
(IIT-JEE, 2004)

The unit vector which is orthogonal to the vector 5}'+2}‘+ 6k and is coplanar with vectors
2i+j+k and i— j+k is

2i-6j+k y 223 . 3k 4i+3) -3k
Ja1 Vi3 N V34
(IIT-JEE, 2004)
. - - - =
If a,band ¢ are three non-zero, non-coplanar vectors and E:Z - b_;a Z, br=b+ b_;a a,
tal lat
- - Z - - -5 Z - - - - .=
- - c-a- -C — - c-a- Cc - - . - . -
¢ =c- a+-—=—>b, ¢c,=c———a--— l,c3=c—c_)aa+b_%cb,
lalP  1cP laP  1p P S N Y
A |
¢, = ¢ ———a=——b,, then the set of orthogonal vectors is
lcl ot
- = - - 2 =2 - o o - = -
a (aybp C3) h (a’bl’cl) c. (a'; b]! C]) d (a’bZ’CZ)

(II'T-JEE, 2005)
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22. Let a:§+2}'+12,z=§—}+fcandz=§+}'—l;. A vector in the plane of Zandz whose

23.

24.

25.

projection on Zis 1/4/3 . is

a 4} 74k b 3iejosk e 20sjo2k 4 abe o4k
(IIT-JEE, 2006)

Let two non-collinear unit vectors a and b form an acute angle. A point P moves so that at any time

¢, the position vector OP (where O is the origin) is given by acot t + bsin 7. When Pis farthest from
origin O, let M be the length of ﬁ and u be the unit vector along 53) . Then

a u= CAH-Z: andM:(’l+cAz-lA))V2
la+bl
b oi=2"0 adm=qa+abyr
la-bl
0=t snd M = s 20-by
la+bl
A /\__2 AA L,
d u=|"A AlandM=(1+2a-b)"2 (IIT-JEE, 2008)
a-b

- 5 5 N . - - - - - = 1
If a,b, ¢ and d are unit vectors such that (a x b)-(c xd) =1and a-c =§,then

>
and ¢ are non-coplanar

ol o

5
and d are non-coplanar

I Sl 8!

c. bandd are non-parallel

l

-

d aandd areparalleland band ¢ are parallel (IIT-JEE, 2009)

Two adjacent sides of a parallelogram ABCD are given by E=2§+10}'+11]€ and

" AD=-1+ 27+ 2k . The side AD is rotated by an acute angle o in the plane of the parallelogram so

that AD becomes AD’. If AD" makes a right angle with the side AB, then the cosine of the angle is
given by

9 9 9 9

(IIT-JEE, 2010)
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26. LetP, Q, R and S be the points on the plane with position veciors -2 - } 42, 3+ 3} and —3} + 2}'

respectively. The quadrilateral PORS must be a

a. parallelogram, which is neither a thombus nor a rectangle

b. 'square ‘

¢. rectangle, but not a square

d rhombus, but not a square (IIT-JEE, 2010)

A

27. Let a=?+}+l§,z=?—}+lzand c=§—j—lAc be three vectors. A vector v in the plane of @ and

N -

b, whose projection on ¢ is ! is given by
k C h—,
NE] 8

a.l—3j+3k b -3 -3j+k ¢ 3-j+3k a {+3)-3k
(IIT-JEE, 2011)

Multiple choice questions with one or more than one correct answer
e d /} /\. A - /: /\. A - /.\ A' A
L. Leta =aqai+a,jtak b=bi+b, j+bkandc=ci+c,j+c,k be three non-zero vectors

- . . . - - i .
such that ¢ is a unit vector perpendicular to both vectors ¢ and b .If the angle between a and b is
2

a a, a,
76, then {b b, by isequalto
6 o o

a 0
h 1

1
¢ 5 (& +a2 + azz)(blz +b§ + b32)

3
d Z(af +a +a3) (B + b7 +b2)(c? +c;+c}) (IIT-JEE, 1986)

2. The number of vectors of unit length perpendicular to vectors Z =(1,1,0)and Z =(0,1,1)is
a, one b two c. three d. infinite

(IIT-JEE, 1987)

3. Leta=2i—-j+ k,b=i+2j—12and c:?+}'—21€ be three vectors. A vector in the plane of b and

. . - . .
¢, whose projection on a is of magnitude 4/2/3, is

a 2i+3)-3k b 2i+37+3k ¢ —2i-j+5k d 2i+j+5k
(IT-JEE, 1993)
4. For three vectors y, vand w which of the following expressions is not equal to any of the remaining
three?
B u-(vxw b (vxw-u

& V(U X w) d uxv)w (I'T-JEE, 1998)
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5. Which of the following expressiohs are meaningful?

a u(vxw b (2-v) w

& (wv)w d ux(vw (IT-JEE, 1998)
6. Let g and b be two non-collinear unit vectors. If 5 = @ —(a-b) B and v=axb,then |yl is

a lul b lxl+lu-al ¢ lul+lubl d |Li+2-(a+D)
(IIT-JEE, 1999)
7. Vector%(zf_z;q-]?) is
a. aunit vector

b makes an angle 7/3 with vector (i—47+3k)

¢. parallel to vector (-— i+ } - % IAcJ
d perpendicular to vector 30+ 2}' —2k (IIT-JEE, 1994)

8. Let A bea vector parallel to the line of intersection of planes P ,and P,. Plane P is paralle] to vectors
23’ +3k and 4}‘ ~3% and P, is parallel to } —k and 3i + 3}'._Then the angle between vector Z
and a given vector 27+ }'— 2k is
a w2 b w4 c. w6 d 374

(OT-JEE, 2006)

9. The vector(s) which is/are coplanar with vectors 7 + i+ 2k and 7 + 27+ lg and perpendicular to

vector i + j +k is/are

a -k b —i+] ¢ -] d —j+k
(HT-JEE, 2011)
Integer Answer Type
1. If & and b are vectors in space given by a = ! :/52] and b = ZZHT:% , then find the value of
(2d +b)-[(@xb) x (@ - 2b)]. (IIT-JEE, 2010)

2. Letd=—i—kb=—i+ jand e=7+ 27+ 3k be three given vectors. If 7 is a vector such that

-

rxb=cxd and F-G=0, then find the value of 7- 5 (IIT-JEE, 2011)
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ANSWERS AND SOLUTIONS

Subjective Type

1. D=D, D, (see determinants)

Since K, gmd C are non-coplanar, D, #0,

2

x x 1
D,=0or|y* y 1j=0
2 oz 1

- o

or X,Y and Z are coplanar.

Fig. 2.31

N
If the centre P is with position vector r,then

a-r=PA,b-r=PB,c—r=PC,

where | PA 1= | PB1=1PC|=10P|=171

Consider la — 71 =171

= @-ry@—r)y=rr

g~ 2a-r +r=r=d=2a-r

Similarly, b2 = 25- 7, = 2¢ 7 ,

Since (Z XZ), (Z') X 2) and (le_;) are non coplanar, then7=x(z X Z)+ y(Z X Z)+ z(z X 23)
ar a

— a7 =x2-(3xz) +y-0+z-0=x[222] =x= =

-

[abcl 2Aabcl

2
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2 2
Similarly,y = ——==- andz= ——
2[ab c] 2[abc]

a2 (b x ) +b*(e X @)+ c*(ax b)

Hence r = o
2labc]

Fig. 2.32

Let O be the origin of reference and A B, C vertlces w1th posmon vectors a b and c respectively.
A vector normal to plane ABC is a xb + b X c + c xa and OA a.

The angle between a line and a plane is equal to the complement of the angle between the line and the
normal to the plane. Thus, if 8 denotes the angle between the face and edge, then

a2 |a5¢]

sin 0= e T =53 5 5 5 S5 S
Ib><c+c><a+a><b||ai IbXc+cxataxbllal
ad ab ac 1 cos60° cos60°
Now [a b cP=|b-a bb b-c|=k"|cos60° 1 c0s60°|, (where k is the length of the side
Z-Z Z Z zz cos60° cos60° 1 of the tetrahectron)

Also, (Zx :+ Zx Z+ Zx Z) is twice the area of triangle ABC, which is equilateral with each side k so that

3
this is %kz.

Hence sin 0= ——~=—=
f
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Fig. 2.33

Taking A as origin, let b and ¢ be the position vectors of B and C, respectively.

- o -

+e and that of Pis%.

The position vector of O is 3b

A b+c | .
If AR _ =, then position vector of R = A 3bte @
OR 1 4
ubiz
If R =£ , then position vector of R = 4 (i)
RP 1 pu+1

Comparing (i) and (ii), we have

3 dl 1

- an I
4 4u+1) 4 u+l1

Solving, A= % and p=12

- 9
-, . 3b+c
Therefore, position vector R is .

13
AABC and ABRC have the same base. Therefore, areas are proportional to AQ and RQ. ~
3b+c
AABC _ 4 13
ABRC 1332 (342
4 13
Area of A ABC is 13/9 units.

1 l-—) z - - O
AreaOfAABC_EaX +b><C+c>(a|
Area of AAOC 1> -

—la xcl
2
Now a + 23 + 32 = 6
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-

Cross multiply with b , axb+3cxb=0
ﬁ2xZ=M3x5

Cross multiply with a ,22 x b + 3axc =0

- - 3 - -
=>axb=5(c><a)
- o 3 - - - o
axb=—2—(cxa)=3(bxc)
Let (¢ xa) =p
axp=2P.pxe=E
2 - 2
. Gx3+3x2+2xa
. Ratio= =
le X al
3p . p .~
=L
> p
ipl
31pl
=2 _3
[pl

In tetrahedron OABC, take O as the initial point and let the position vectors of A, B and C be '
Z, % and Z respectively; then volume of the tetrahedron is equal to %Z . (Z X Z).

Also _B—C) = 2—? so that volume of tetrahedron
V= éZ (K x (Z+ﬁ))=%2. (k X EE’):%?J. (BC x a)

1- A A
= ° k .1BCllal sin 8n , where n is the unit vector along PN, the line perpendicular to both OA and BC.
Also IBCi=b.

1 . >~ 1
Here V= 3 absinBk.n= 3 absin 8 (projection of OB on PN)
1 1 1
3 absin 0 = (perpendicular distance between OA and BC) = P absinf.d = P abdsin 0

- - - - . . . . .
Let a, b and ¢ be three vectors of magnitude | a | and equal inclination 8 with each other.

The volume of parallelepiped = 2~(3 X Z) = [Z b Z]

R e e
aa ab ac

-
2?2 72y 7P
and [abc) =\p-a- bbb bc
e s T T S
ac bc cc
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1 cos@ cosé
=lalflcos6 1 cosb

cos@ cosf 1
= |Z|6 (2cos® 0—3cos’ 0 +1)
= 1gl (1-cos8)*(1+2cosB)
= [232]=I2I3 J1+2c0s0(1-cos 6)

8. ;,ZI) and ;x; are perpendicular to each other. We have,
(ap)p+(aq) g+ (a(pxq)(pxg=alpl,
(b-pp+ g g+ (b (px)(pxq)=blpl,
(c:pyp+(cq)g+ (c-(pxg)(pxg)=clpl
Hence, the required distance is I(Z+Z+Z)H;Iz.

._)
9 A
>
p
> -
pPxq
Fig. 2.34
— AP 1B +1CE xI PP
= 14x 42=224
9.

Here 1_4) , B and Z’ are the vectors representing the sides of triangle ABC, where Z =ai+ b}' + cllé,
B=di+3j+4kand C =37 +j -2k
Giventhat A = B + C. Therefore

ai +bj+ck=(d+3)1+47 +2k

= a=d+3,b=4,c=2
ik
Now BxC=|d 3 4
31 =2



10.
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=—107 +Q2d+12) ] +(d-9)k

- Area of AABC = % IBx C|

- % V1100 + (2d +12)" + (d - 9]

=546 (Given)

= |(5d° +30d + 325) =10/6

=5d*+30d-275=0 = d*+6d4-55=0

=(d+11)(d-5)=0

=d=50r-11

Whend=5,a=8,b=4andc=2,and whend=-11,a=-8,b=4and c = 2.

_)
A(a)
5
B(b) -
~ —
C
Fig. 2.35

—

AM =1 ABsin 8!, where 0 is the angle between AB and ¢

_é 5
andsin(9=|ijTc|
|ABll ¢}

— 1ABxcl _1(b-a)xc|

=AM =1 ABI-=

- -
tABllcl lcl

Also BM = @=b)c ¢

{

lcl el

And AM = AB + BM
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;I'El g:‘_)z ;:'Ea
11. Weknow that [, ¢, &|(E, E, E)]=|e, E e, E, e E,
100
=010
00 1
=1

Objective Type

1. clIf ;=;=> cAz; = cAz; This equality must hold for any arbitrary a
2. d oax(axb)=c=lallaxbl=lcl (-al(axb))

1'(1 X 5)sin @=3=>sin 6= % =>tan9% %
3. cla+b+cl=6

) ) -5 e T e e e )
= lal"+IblF+lcl" +2(a-b+b-c+c-a)=6

~3lal+3lal =6

=, -
= lal =lal=1

- - -
- a b c

4. bleta=—+—+—
lal 161 Icl

—

Since ZZ andz are mutually perpendicular vectors, if o makes angles 8, ¢ v with Z,Zand c,

respectively, then

- o

— — —
= lol-lalcos 8 =lal

1
= COSBZT
lel

1 1
Similarly cos ¢ = ——,c0s W = —~
lal lal

0=¢=vy
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S. erxa=bxa=(r-b)xa=0
rXxb=axb=(r—-a)xb=0

If 7=sz'+y3'+zl€, then

PGk [
x=-2 y z+l=0and|x-1 y—-1 z|=0
1 1 0 : 2 0 -1

=2z+1=0,x—-y=2andy-1=0,x-1+2z=0
=x=3,y=1,z=~1
6. dlabl=laxpl

= IZIIZI fcos B1= IZIIZI Isin @1 (where @ is the angle between a and l_;)
= lcos Bl =1sin 81

= 9=£ 0r3—7r (as0<6< 7
4 4
But ZZ < 0, therefore = 3—:—
7. cla+b+cP=1

-, —>2 —>2 - o - 5 - -
= lal +1bF +lc! +2lallblcos6 +21bll clcosh,+2lcllalcosd, =1

= cos 6, +cos 0, +cos 0=-1
= One of 91, 92 and 63 should be an obtuse angle.

8. b.|2x3—2><?|2=th(Z—Z)F=!Z|2|Z—Z|Z—(Z-(Z—Z))%IZ—?P
- -5 > o T
=|{bl*+icl —2|bllclcos-§=1
9. c.R(?)movesonPQ.
R()
P(p) O(q)

10. b.IACxBD| =2 |AB x ADi

ig ok
=22 4 -5
12 3

=12[i (12+10) - j (6+5)+ k (4 - 4)]]
=12[22i -11]]1
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= 221127 - j1I

=22><\/§

1. c. (G+b+8*20
34+ 24-b+b-¢+¢-3)20

3+6¢c0s620

cos 62— l

2

:6=2§
3

-

d - - - -
12. ¢ axb is a vector perpendicular to the plane containing a and b. Similarly, ¢ xd is a vector

perpendicular to the plane containing ¢ and d.

Thus, the two planes will be parallel if their normals, ie., ax b and ox Zi), are parallel.
= (axb)x(cxd)=0
N

13. d.Let?ia.Then;)-Z: Z:?Z:O

= Z, Zand ; are coplanar, whichis a contradiction.
Therefore, _r> =6

14. cax(+2j+l)=i—k=CxE+2j+k)
= (a-Hx@G+2j+k) =0
Lasfeade2ieh
s a=Ai +@r+1) ] +Ak,2eR

15. a (3a-5b)(Q2a+b) =0
— 6lal 5161 =7Tab
Also, (a+4B)-(b—a)=0
—_lal+4ibP =3a-b
=>S|Z|2—§|ZP=_1|212+§|le

= 251al = 4315 P

30D = 4P+ 4R = 2Lipp
25

312D lcos8 = LIBP
25



16.

17.

18.
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=3 /4—3I3120039 = ﬂl;lz
25 25

19
543

a. Let [, m and n be the direction cosines of the required vector.
Then, [ = m (given). Therefore

=cos 0=

Requiredvector? = l?+m}'+nlAc = l?+l}+nl€
Now,P+m*+n’=1=2P+n2=1

Since, ; is perpendicular to —zA'+ 2;’+ 2/2,
F—T42)+2k) 20> — 1420+ 21 =0=[+21=0

From (i) and (ii), we get: n= + % == %

2iFk) =% - (2i+27-k)

~>
I+

. - 1
Hence, required vector r = 5 (x2i

W | =

d. The angle between a and b is obtuse. Therefore,

Z~Z<0
= 14x> - 8x+x<0
=T7x2x-1)<0

=0<x<1/2

Tl'_lg angle between b and the z-axis is acute and less than /6. Therefore,

>cosm/6 (- B< 6= cos B >cos n/6)

- -

[kt

x 3

:> —
Jxr+53 0 2

=4x?>3x2+ 159
=x*>159

= x> /159 orx<—+/159
Clearly, (i) and (ii) cannot hold together.
c

)

(i)

@

(i1)
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Letﬁ):tz
573) =b-ta

- -
== ba
- o
lal
(Z —;)—)
e e d -ad)a
..DB =b -
~
lal

19. d.(3a+b) (a-4b)

=31al -11a-b—41bP

=3x36 ~11x6x8cosm—4x64>0 .
Therefore, the angle between Z and Z is acute.

The longer diagonal is given by

& =@Ba+b)+(a—4b) = 4a-3b

Now, laP =14a—3bF =16laP +915 P — 24a-b
=16x36+9x64 -24x6x8cosT

=16x 144

= 14a-3b] =

20. b. ¢ =ma+nb+ paxb)

Taking dot product with a and Z we have
m=n=cos @

S lcl=lcos@a+cosOb+ p(axhl=1
Squaring both sides, we get

cos? 8+ cos? G+ p*=1

Nz

1
Now ——=<cos@<—=  (forreal value of )
FEes g

=>cos =+

. ESCOSBSE
4 4

21. a.bh-2c=Aa
b=2c+a
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=16=4 1¢P+A2lal +4Aa ¢
=16=4+ 12+4l%
=2A+1-12=0
=>A=3-4
22. a. A vector perpendicular to the plane of O, P and Q is OP x 0—Q>

ik
Now, OPx0Q =4 1 Al =2A1-24] -6k
2 -1 4

Therefore, i - } +6k is parallel to 240 - 2lf -~ 6k

1 -1 6
. Hence — = — = —
Y TRy Rr:

2
23.  a. A vector coplanar with @ and b and perpendicular to ¢ is l((& X b) x E) .

But A((@ x5) x &) = ;t[(a b — (b -5)&]
= ,1[45—45]
= 42.[}—12]

Now 41412 = 2 (Given) > A==+

=

Hence the required vector is J — k or -7+ k
24, a.a-p+b-p+¢c-p=0

- . d+b+¢
P=
= Pis centroid
25. b.

4(0)

Fig. 2.37
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LetP.V.of A, Band Cbe 6 b and ? respectively. Therefore,

o B4t
3
PO

2 2

I — —  1lb+e |c
A,\s,c;:EIAGXABl':E 3 x(—]

2

1 » -
=—lbxcl

12

| — —  1lp+e [B)] 1. -

A =—1AGX AA/| = — X|=| =—1bxcl

MG T G ] [2] 12

1 » = 11 - -

:>AGA,ABI=gIbXC|:§-E|bXCl=—AABC
=>A=3

AI

e -

26. a.Points a, b, cand d are coplanar. Therefore,

sina+2sin2 f+3sin3y=1

Now Isin a+ 2 sin 23+ 3sin 3yl <\[1+4 +9. \/gin2 o +sin’ 2B+ sin” 3y

2 . 9 . 1
= sin’ a +sin® 28 +sin® 3721—4

27, . 149(a-b)'—6(a-b)+41alP+1bP+91axbP +4a-b =47
=1+4+4+36-4cos 8 =47

=cos O =- l
2

= Angle between aand b is 2%

28. c.k=12(@xb)l+13(a-b)l
=12sin 8+ 18cos 6

—=> maximum value of kis /12° +18° =613

29, hla+b+3c¢P=16
=1aP+1bP+91¢ P +2cos 6, +6cos ,+6 cos 6,= 16, 6, (7/6,27/3]
= 2cos 6, +6¢cos 6,=5—6cos 6,

= (cos 6, +3cos 8) =4



30.

31.

32.
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- 5 -
claxri=lcl

— — —
B(b) B(r) B(r)
0 =
A(a)
Fig. 2.38

Triangles on the same base and between the same parallel will have the same area.

- - - -

c¢.Given v-u =w-u

and v Lw = p-w=0

Now, lu—v+wh

= uP IV +Iwl =203 — 2wy + 20w
=1+4+9

SO I;—;ﬁ-;v)l:x/ﬁ

b. We have

pq=0

= (5a-3b)-(—a—2b) =0

@
S ooy
[
&
'
<
ol
S
I
o

Now§=5(2+7+?) =% (5a-3b-4a—b-a+b) =—b
and y= LG+ =t sm=—a
’ > 5 - - - -
- - . b
Angle between x and y, i.e., cos@ = _)f { = _)a —
Ixlyl  lallbl

®

(1)

(ii)
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3. aalBxy)=alfadaly
Now, (@x f)-(@x ) =1a P (B-y)—(@B) (@.7) = 1P (B-7)
34. b.Since, A =i+ j+k
O‘B) = ?+5}'—12
o¢ = 2i+3j+5k
@=BC=1BC1=10C —0B|=1i -2 +6k| = 41
b=CA=|CAI=10A-OC!l =1~} -2} —4k) = 21

andc=AB=1ABi=10B-0AI=10i +4) -2k | = \J20

Since a > b > ¢, A is the greatest angle. Therefore,

Pac—g  21+20~41
COSA= T: 2\/2—1\/2—0 =0
SO LA=9°

35 b.a+b=Ac
and b+c = pa
(AZ—Z)+Z = uz (putting Z=/l_c’—;1’)

= (A+1)c = (u+Da

= 1alP+I1bP+IcP+2(a-b+bh-c+c-a) =0
= 2-Z+Z-Z+Z~Z =-3

36. d.0=(a+b) (2a+3b)x(3a—2b)
= (@+b)-(—4axb-9axB)
=—13(a+b)-(axb)

which is true for all values of Z and Z
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37. c¢.Wehave

AB-AC + BC - BA + CA - CB = (AB) (AC) cos 6+ (BC) (BA) sin 0+ 0
=AB (AC cos 8+ BCsin )

2 2
_AB ((AC) L (BO) J

AB  AB
=AC?+BC?=AB* = p?

8. ca=(@-hb=9D0
b
W o o - GDB
= dr=4ad —da; = a — 5
b
Thus, o xa; = @20 | (@ Db (a:b)bxa)
b P b lb1? -

39. b.Let the required vector be 7. Then 7=x1 Z+ xzz and 72 = \/% (IZI)=2

a=xab+xac=2=x02-2-1)+x5,Q2-1-2)=x +x,=-2
2j-

s r=x (428 +xG+ 28 = f(x+x)+ Q2% +x) -k 2x, +x)

= —2i+)(x~2)—k(-4-x), wherex, € R

- o

40. a.LetPV.of P, A,Band Cbe ;, a, b and Z, respectively, and O (0) be the circumcentre of equilateral

triangle ABC. Then

u—y

l

=L
3

Now | PAR =la—pl=laP+IpF-2p-a

Ipl=1bl=lal=

Similarly, | PBP =162 +1pP=2p-b
and [PCP = IcP+1pP-2p-c

2 E e e S I S -
= SIPAP = 6-%—2p-(a+b+c) =2 as(a+b+c/3=0)

41. d.Forminimumvalue |7 +b51=0.

Let ¥ and 5 are anti parallel so b5 = — 7
SOlBS P+ 17 +b5 P = | —FP+IF 7P =1FP
. -
42. c.Letthe required vector r be such that

- - - - o
r=xat+x,b+xaxb
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- - - - - o — - 5 o - — . -
. Wemusthave r-a = r-b = r-(axb) (as r,a,b and a x b are unit vectors and r is equally

i . - - - o
inclinedto a,banda x b )

-

- - - - S5 -
Now r-a =x, r b =x,, r-(axb) =x,

-

= r

-

A(@+b+(axh)

Also, r-7 =1
S A(a+b+axb)-(a+b+(@xb) =1

= 22(0aP +1bP +laxbl) =1

= A= 1
:>/1=r—1—
3
:;7:1—%(Z+Z+Zx%
43. d.

a+5=uﬁ

= g-@+b)=pj p
= §-a+G-b=up-g
- =44

pPq
= G ab=L21(G-3)-p - G p)al

p-q

= 1G-Dp— (G pal =1G-Pbi =1(5-§)1-151

= 1(g-a)p-(g-p)al=1p.q

= A@b+a-¢)=A0+b-¢)=A(+b-0) > 1+b-c=ab+a-c

Sl-abtbc—ac=0=1-ahb+(h-a)yc=0=a-(a-b)+(b-a)c=0

= (@a—-c)-(a-b)=0= a—¢is perpendicular to (21 - }A)) => The triangle is right angled.
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45. c. The given relation can be rewritten as the vector expression
(Ja* —4i+aj+a>+4k) (tan Ai + tan Bj+tan Ck) =6a

= \/a2—4+a2+a2+4\/tan2A+tanzB+tan2C~(cose)=6a ('.'Z~Z=|Z||E'COS€)

x/ga\/tanz A+tan2B+tan2C~(cose)=6a

tan’A +tan” B+tan’C=12sec? 8 212 (-- sec> 6>1)
The least value of tan? A + tan® B + tan? Cis 12.

A A N raY Fay N A 1 o
46. d.A= %I(j+lk)><(i+lk)l=%l—k+/li+ljl =§,/2/'L‘+1

9 1 ) 33
<A+ —
=453 <5
= 4<A°<16
= 2<l1AKkK4
- 2 3 x—f+} ~
47. c. Let the projection be x, then g = x(z+])+ ( ) +x k
MR
- 2x}' ~ A \/_'t k
nas—=+xk = d=—74 +——=
N NERAN
48. b.Let?bethenewposition. Then;=2,12+y(§+}')
Also;)-lg——L 'l——i
V2 V2
, 1
Also,)&+2,u3=l:>2y'=;=>u=i%
P A
=+ — (i —_——_—
2R
49. ¢
D(d) 3
C(c)
\\\-\
\\ \
\ ™~
A(B) B(b)

Fig. 2.39
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50.

51,

Vectors & 3D Geometry

Let |ACI = 150
Thenfrom 15 |1 AC | =3 | AB1 =5 | AD|

| AB| = 51 L
Let @ be the angle between BA and CD.

B—)E) . _—>. —)_—)
=cosf = _1)4 — = _{7(_()1 _,C)
{BAIICD] |blld—cl

-

Now—b-(d—¢)=b-¢c —-b-d
= IZIIZIcos r_ IZIIc—i)Icos 2—7[
3 3

1 1
—(5/1)(1)5 +(5H B 3

_ 50 +15A7
- 2
=1042

Denominator of ()= 15 11d — ¢ |
Now |2—ZI2 =|d|2+|C|2—2;-ZI)

=947+ 22 -2(A(BA(1/2)

=1022-32

=72 .
Denominator of (i) = (54) (V7 2) =57 22
*. COS 0 = _1%— i
h N4 7

1

(Z+33)x(l—;+%z—;)

So the required ratio =

N

b.LetZ=2,2+uZ

ais equally inclined tob and d where d = }'+ 2k.

®
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L AQitPpG-jrin@iv) _AQI+ D+ pG -GG +2k)
5o B V5

2AG+D+uR-1)=2D)+u=1+2)

=4A=0,ie,A=0

A A

g—j+k

e

52. a.Areaof ABCD= -;-|B—6xB_D’|= %ub?—c})x(b?—di?)n'

A
7 —

1bd j+bck +dci)

N | =

—» X

B(b,0,0)

-
=5 VB + 2d* + db*

Now 6 =bc; 8=cd; 10=bd
b + *d? + d*b* = 200
Substituting the value in (i)

A=%«/ﬁ=5«/§
={5 15](4 5 51V~ |5 A
> “f(Z)=H’+(Z‘[zD”[z+]"
=;+(§_1);-+2/z

Ay 1/\ A
=i+—j+2k
1/
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‘Wmm0<ndq?0):07+&—0}7+z=t7+z

- 5 - t
- flt)=2+-
f(4)f() 1
2+ L 2+ -
Socos @ = =
?+l7+2
4

NN
e

o fl41?
54, a. (ng)-(;)x;):(ng)- Z, where; :2><Z
— a-(bxu)=a-[bx(axc)

a-[(b-Oa—(a b)el

a-(b-A)a (+ a-b=0)

=lal (b0
55. d (? + }') X (3’ + IAc) = - }+IA< so that unit vector perpendicular to the plane of i + } and }+IA<
1 A A A ’
is— (i—j+k).
\/g ] 1 1
Similarly, the other two unit vectors are —= (i + }'— k) and —= (—i+ Jjtk).
y B 3

1 -1 1
3
Therequired volume=—= 11 1 -l=4.f3
V3 -1 1 1

- - - - = -

56. c.2-2=d~b=2-c=[abc]
Then I(d - ¢) (@ x b)+(d -a) (b x ¢)+(d -b) (¢ x a)|=0
=>[ZZ?]|ZXZ-FZX2+ZXZ|=O
:[ZZ?]zO ¢ Eis Non-zero)
= 2, Z,Z are coplanar.

57. a.(ax(ax(ax@xb))=(ax(ax(a ba-(a b5y

= (a x (a x(-4b))
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_ —4(a x (a xB))
= —~4((a-b)a—(a-a)b)
= ~4(-45)= 165 =48b
58, d.leta=6i+6kD=4]+2kc=4)_sk
then @ x b =— 247 —12 ) + 24%
—12(=27 - j+2k)
Area of the base of the parallelepiped = % la % bl

1
=—(12x3
> ( )
v =18
Height of the parallelepiped = length of projection of ¢ on a X b
_1c-axbl
laxb|
_112(-4-16)!
- 36

20

3

- Volume of the parallelepiped = 18 x ? =120

59. ¢3=1[abc]
6
= [abc] =18
Volume of the required parallelepiped

=[Z+ZZ+Z?+Z]
=2[abc]=36
60. b.Here[abc] = *1
[@+b+ca+bb+cl=(@+b+c)x(a+b) (b+0)
= ex(a+bh)-(b+0c)
=(Z><Z+zx§)-(l_;+2)
=cxab=[abcl=+1

61. aLletc=A(sxp)

Hence ),(Zx Z) . (?+ 23‘—712) =10
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2 -3
=Al1 2 3 =10
1 2 -7
=A=-1
= ¢ =- (axb)
62. d 21p =x-y+2=0

Z-Z =4=x+2y=4

Solvingwe getx=0; y=2

= a=2j+2k

0 2 2
=[abcl=[1 -1 1]=8=qp

1 2 0
63. c (axb-c)=lalIbPicPsin’@cos?¢ (0 is the angle between aand b, ¢ =0)
_1 2 2 2 2 2 2
—Z(al +a, +a, )b +b, +b;)

-5 - - o - o - - - -
64. c.r-a=0lrxbl=lrllbtandlrxcl=1rllcl

65. b.c=A(axb)

Wl— ol

=-=1

Also lcP=A2lax bl

1 1
= l=—(azbzsin20)=—x2 x 3sin? @
39 9
= sin® O=
=0=2
4
66. c. da+ 5b + 9; =0 = Vectors 2, b and ¢ are coplanar.

-

- - - . - - - - =
= b X cand ¢ X a are collinear = (b X ¢) X (¢ X a)=0.
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a. [sz sz Zz"]

=(@axb)-((axc)xd)

= @xb)-(ad)c-(cd)a)

= (a-d)[abc]

alet r = x,cAz.+leAa+x3(21><lAa)

= ra= xl+x221-l;+x321-(21><g)=x1
Also, b = X, cA1~lA7—f-)(2~}-x3l;-(21+l;)=x2
and 7-(a X by=x,a-(@ x b)+ x,b-(a x b)+ x,(a x b)-(a x b) = x,
= F=(raa+(rbb+ (r@xb)axb)
a-[2+(2x3)3+(2x3)2xg]

= (a+@xb)- (b +(axb)x(@xb)

= (a+(axb)-(bx(axb)
=(a+@xb)-(a-(ab)b)

=aa=1(as a-b=0, a-(axb)=0)

[l

lal=11bi=4,Gb=2
E=Qaxb)-3b
= +3b=2axb

Qi

b=2

= 1dl-1blcos0=2

= cos = = =2
lat-tbl 4
_ 1
= cos f=—
2
esz_
3

= 1c+3bP=12axbl

= 1P +91bP* +25-3b =41a P16 Psin®6

=12 +144+ 6b-¢ =48

= 16P+96+6(b-¢)=0 , @

¢=2axb-3b
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= b¢=0-3x16

Sl

€ =—48

Putting value of b-¢ in Eq. (i)

I +96-6x48=0

= IcP =48x4 .

= I¢F=192

Again, putting the vélue of I¢l in Eq. (i),
192+96+ 615 1-1¢1 cos =0

=  6x4x 83 cosa=-288

= cosa=- 288 =— 3 =>cosa=—£
6x4x83 243 2
_Sm
"6

T d.(@xb)+(@x )X x o)
= (ZxZ)x(ZxZ)+(ZxZ)x(sz)
= ((@xb)0)b~(axb)b)e+{@axc)c)b~((axc)b)e
=[abecl(b +0)
= ((@xb)+(@x ) x(bxe)(b-a)
=[abcl(b+ )b - ¢)

=[abecl(bl —1cP)=0

- - -
72. a axb=c
- - - - -
= aX(axb)=axc
- o = -5 - -
= (a-b)a-lal’b=axc
ﬂ—) - -
> a—-axc - =
= b= —~ ¢ ab=p)
lal

73.  b. Taking dot product of a(a X B) + b(fi X ;) + c()_/) X a) =0 with )_;, o and B, respectively, we have
alaByi=0
Ha Byl =0
6[3 B )7] =0
> Atleastone of g, band c #0



74.

75.

76.

77
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~ [eBy]=0

Hence &,B and j_; are coplanar.
c. (@xb)yx(bxc)=b

= [ZZZ]Z b

= [a b c] =1

" a b and c cannot be coplanar.

¢. Any vector r can be represented in terms of three non-coplanar vectors a b and c as
r=x(a><b)+y(b><c)+z(c x‘a) )

Taking dot product with «, b and Z, respectively, we have,

- > - - - -

r-c r-a r-b
X="555 y= - == and = — o
[abc] [abc] [abc]
From (i)

S50 5 1 - - - - - -
[abc]r=§(a><b+bxc+cxa)

.. Areaof AABC

=%IZxZ+ZxZ+ZxZI

=labec]rl

a. Differentiate the curve
6x+8 (xy, +y)+4yy =0
m,at(1,0)is 6 +8(y,(0))=0

3
Y (0)=_Z
4
mN= E
3i+4]
Unit vector =+ (lTJ)

Again normal vector of magnitude 10 =+ (6 + 87)

a. {2X(Z+Z><Z)}-Z
—{axb+ax(axZ)}Z
—>-‘—1>—>

={abb]+{(a-b)a—(a-a)b)-b

=0+ (a-b) - (a-a)(b-b)

= cosrZop=_3
3 4
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78. a ;x2=/12+u3+y2x;
a [?ZZ]: Aa-a+ ,ul_;);z) + y[ZEZ]
0=Alzl +0+0
A=0
Also [rabl=Aa-b+ ub-b+ylabbl=p
Also (r x @) x b=7(a x b)x b .
= (r-b)a - (ab)r=Y{(a-b)b - (b-b)a)
= (7-5)2:—7/2, y=—(_r)~l_7))
79. c. The given equation reduces to [2 b 2]2 X+ 2[2 b Z]x +1=0=D=0

80. b.x+cxy=a

Taking cross with ¢
EXJ+X(ExX)=C¢xb
= (@-H+ G DE-(¢-O)f=¢xb

Alsox+céxy=a

= X+ (Exy)=¢-a

= +Q0=c-d

o o0
=Eo
o o

ol

8

= G~X+(C-a)—(C-C)¥=Cxb

= X1+ (C-E)=bxZ+ad+(¢-a)é
bxXC+ad+(¢ai

7 l1+c-¢

Similarly on taking cross product of Eq. (i), we find

T X=

81. c

8



82.

83.

84.

85.
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= (be)r—(b-rc=bxd

Adding (i) and (ii) we get,

(@d+bc)r—@dra-(brye=0

Now r-d =0and b7 =0 as d and 7 aswellas b and r are mutually perpendicular.

-

Hence, (Z-c + 2-2)? =

ol

b. Let 2 XZ = xi+ y}'+ z/Q.Therefore,
[abil=(a x b)-i=x
labjl=(axb)j=y
[ZZZ]:(ZXI—;)JQ:z
Hence, [a bili +[abj]j=[abklk=xi+yj+zk=axb
a.ax(bxe)=(ac)b-(abyc=5(G+27+2k) —6(+ | +2k)
=S0+a)i +B(l+0) ] +y(Q+)(1+Bk =—i+4j—2k
=1+a=-1,B=—4and y(~1) (-3)= -2
=y=—=

v =-3 |
b.If G (x)and b (x)are L, then @-b =0
=sinxcos 2x+cosxsin2x=0

sin (3x)=0=sin0

niw
3x=nr =x= ?

Therefore, the two vectors are L for infinite values of ‘x’.
- = = A
b. (axi)-(bxi)=

>

A
1l

a- - - = A DA
B} =(a-b)—(a-i)(b-)
b- .

~
~ >

Similarly, (a x }') (b x }‘)=(a~b)—(a-}')(b~}')

and (@ X k)-(b x k)=a-b — (a-k)(b-k)

Let Z:al? +a2}+a31Ac, Z:b,i +b, j +b,k. Therefore,
(a-)=a, a-j=a, ak=a, bi=b, b-j=b, (b-k)=b,
= (@xi)(bxD+@x )-bx))+@xk)®xk

=3ab —(ab, +ab,+ab,)

b-ab=2ab

Ql

3

(i)
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b. (@ xBYX(F X )=(@xb)-)F — (@xb)-1)-c=labelr —[abr]e
Similarly, (b x ¢)x(r x a)=[bea}r —[ber]a
and, (¢ x a)x(r x b)=[caBl7 —[carlb

= (@xb)X(r X )+ X )X (F X 3)+(e X B)% (7 X B)

_=3abclr—(bcrla+learlb +[abrd)

87.

88.

89.

=3abclr —[abelr=2Aabelr

a. We have,

- s (bxe) a(bxd) [abel

a.p=a. S o - = -3 =1
[abec]l labc]l [abc]

2.2:2- cXa _[aca]_0

labcl [abel
Similarly, a7 =0, b- p=0,b.

-2 55 o

-;+32+wr+hp+-3+3?+2;+?Z+??
=1+1+1=3

b A vector perpendicular to the plane of A(Z) , B(Z) andC (Z) is

@—Zpﬂ?—a=2x3+3x2+zx;

Now for any point R(?) in the plane of A, B and Cis

- - - -

g - - =,
(r—a)(a@axb+bxc+cxa =0
g - - L= e d - - d g
Xct+eXa)—u-(exb+bXc+cexa)=0
- - - - PR - bd
cteXay=litah>xc+0
e S T P
Xe+eXay={uabel

. - - -
c. Giventhat g, b and - 2re non-coplanar.

-
= [abc] #0

FEEY - - - -
Again g x(bxc)-(axc)=0

- 5 o e ) - o
= [(a-c)yb-(a-b)c]-{axc)=0

e e )
= (a-c)bac] =0

=>(2.Z)=0



90.

91.

92,

93.

9.
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= a and ¢ are perpendicular. (i)
ax(bxc)=(a-¢)b—(a-bye = [ax(Bx)xc= 0
¢. Consider a tetrahedron with vertices 0(0, 0, 0), A(a, 0, 0), B(0, b, 0) and C(0, 0, ¢). -

1
Its volume V= g[a bc]

Now centroids of the faces OAB, OAC, OBC and ABC are G,(a/3, b/3,0), G,(a/3, 0, c/3), G,(0, b/3, c/3)
and G (a/3, b/3, c/3), respectively.

— —

GG =c/3, GG,=b/3, GG, =al3. -
cl_ly
3| 27

c [(axB)yx(bxe) (bxe)x(cxa) (¢xa)x(axb)]

Volume of tetrahedron by centroids V' = |i
=K=27

wlal
[SSERS N

N —

=[labclb [abclc labelal=label [beal=labcl
dr=x(axb)+xbxc)+x(cxa)
=>;)-Z= xZ[ZBZ], —r?-z=x_‘[222]

-

- -
and r-c =x[cabl=xl[abc]
- - -5 -
=x,+x,+x,=4r.(a+ b+c)
- - - - -
a.letv=xa+yb+zaxb

Given: @-b =0, v-a=0, v-b=1,[v a bl=1

- o - - —->2 - — - - -
= va=xaa=xlal" (rab=0,aaxb=0)
=x=0

Again, ;))-Z=y!i;|2 = 1=yb?
fy=L (i)
Again, v-(a X b) = z(a X b)’

- - 1
=1=z(axb) = 7= ———

lax i P

. -
axb

- 1 - 1
Hence, v = ——b + ~;———
b laxbl’

d. Volume of the parallelepiped formed by ;’, b andc’ is4.

- - - 1
Therefore, the volume of the parallelepiped formed by a, band c is i
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[N i 1——)/
be=-[abc]a =Za
- - \/E 1
1bxcl=X2a

4 22

: 1 1

Len thofaltitude:—x2\/_=——
e 4 N
95, d.;,szc z+£—k

- o

[abc]

Multiple Correct Answers Type

1. a.,b.Wehave,la~bP =lal +15F —2(a-b)
=la-bF=laP+1bF-21allblcos20
—1a-BP=2-2c0520 (- lal=IB1=1)
= 1la—bP =4sin?0
= la —b!="2lsin 6

Now,lZ—Zl<1

= 21sinfl<1
) 1

= isin @l< =
2

= ¢ [0, 7/6) or Be (576, 7]
2 anc ax(bxo)+(@b)b = (4 -2x-siny) b+ (1o
= (a-0)b—(a-b)c +(a-b)b =(4—2x—siny)b + (& ~1) ¢

L T T S
Now, (c¢-c)a = c. Therefore,

- 5 5 o

(c-oXac)=(c-c)= a-c=1

= 1+a-Z=4—2x—siny, x —1=—(Z~3)
=1=4-2x—-siny+x2—1
=siny=x"-2x+2=(x—1)2+1
Butsiny<l=x=1,siny=1

:>y=(4n+1)§, nel
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a., b., c., d. Since Z, 3 and ? are unit vectors inclined at an angle 6.

lal=1bl=1andcos 6= a-c=b-c

Now, ¢ =ata + b +y(a x b) : , @
= a-¢ = a(a-a)+P(a-b)+y{a-(a xb)}

=cos@=alal (- a-b=0, a(axb)=0)
=cos =0«
Similarly, by taking dot product on both sides of (i) by b, we get B=cos 0

.'.O(:ﬂ .
Again, Z=a2+ﬁ3+y(2 xZ)
N IZI2=IaZ+,BZ+y(Z><B)12

= lal+ BIBP+ 72 1axbP +20f(a-b)+2ayla-(a x b)) +2By(b-{a x b))
=1=2+B+ylaxbl
=1=202+72{laP1bF sin®7/2)

- 2

=>1=2a2+y2=>a2=1Ty

Buta=pf=cos 6.
1=20+9Y"= y*=1-2cos*6=—cos 20

_Bz_l—y2_1+00520
TR T2 T 2
a., b.,c. We have,

.. D C
L - =2 ab
AM = projectionof b on a =——
lal
— _’_—> - 77)
. aM =| 28 s
lal?
Now, in AADM L] 3
ow, in aY; > B
AD = AM +MD = DM = AM — AD Fig. 2.42
= pir =@ba_3
fal
ey 1 - = - - .o
Also, DM =——[(a-b)a —lal’ b]

lal?
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= MD=——11aP b -(a-byal
lal?
p b 1 - o - - = - —
Now,ax(_leb)= —I[(a-b)a —(a-a)b]l= DM
tal fal?

5. a,c ax(bxc)=(a-c)b—(a-byc and (axb)xc = —(c-b)a +(a-)b
We have been given (a x (b x ¢)) - (@ X b) X ¢) = 0. Therefore,
(@B - (@-B)e) ((@c)b — (c-bya)=0
s (O 1B E = (2-O)b-0)a-5) ~ (@-B)(@-0)(B-¢) +(a-b)(b-c)c-a) =0
= (@-¢P 1B = (a-c)ab)b¢)
= (a-0)(a-c)b-b)—(a-b)b-c)) =0

e N

a-c =0or (a-¢) 1blP=(a-b)b-c)

- o - 1
6. a.,c.Wehave[pgr]=S55 Therefore,
[a b c]
[pqri>0
a x>0.x[ab a1+ 2920 52 (using AM.2GM)
X
h  Similarly,use AM.2GM.
7. a.,b,c,d.q +a,cos 2x+a,sin"x=0VxeR
= (a,+a,) +sin*x(a,-2a,) =0
= a,+a,=0 and a,-24,=0

4 _% _%_ 0
-1 1 2 *0)

= a,=-Aa,=4,a,=2A
8. a.,b.,c.,d. ZXZ= IZIIZIsinO;l

- - - - .
= lax bl =lallblsin8

lalbl

b=1lallblcos B

[N

- -
la-bl
-

lallbl
From (i) and (ii),

=cos 0 =
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sin® 6+ cos? 0=1
- - =, =P
=laxbl*+(a-b)’=lallbl

If 6= n/4, then sin O=cos 6 = 1/\/5. Therefore,

25 Dy talbl oy Talb)
V2 2
laxbl=ab
ixBeangismon - 14120
- 5 A J_
axb=(abn

R - - - ~
a., b, c.,d.Since a, b and a X b are non-coplanar,
N - - - -
r=xa+yb+z(axb)
- - o

"~ rxb=a = xaxb+{(ab)b-(bba)=a

= —(+z1bP)a+xaxb=0 (since a-b=0)

Sx=0andz=——
I
axb
- - a X .
Thus, r = yb — ——, where y is the parameter.
IbI?

b., d. Since 2 =(1, 3, sin 2¢) makes an obtuse angle with the z-axis, its z-com por:znt is negative.

=-1<sin20.<0 0]

But ZZ =0 (- orthogonal)

tan’a—tan ¢t~ 6=0

o (tan x-3) (tanx+2)=0

=tanax=3,-2

Now, tan o= 3. Therefore,
2tan ¢ 6

l+tan’ o ~ 149 ~

Now, if tan ¢=-2,

3
sin 20 = 5 (not possible as sin 2 < 0)

2tanx -4
1+tan’q ~ 1+4

=sin 20 = _—4
Sin 2ot = 5
= tan20 >0

= 2q is the third quadrant. Also, /sin @/2 is meaningful. If 0 < sin /2 .. 1. *ren
=(@4n+1)n—tan" 2 and = (4n+2) m—tan"' 2.
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11.

12.

13.

14.
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b.,d.Zx(?xZ):sz

- o - - -

37—(a-r)a =axb
Alsol7><2| = |Z|
=sin? 6= —
:(l—cosze)=§

.=¢0s> 0

b.d. (@ - b)x[(b +a)x (2a + b)l=b + a

= {@-8)-Qa+bB+a)-{(a-b)(bra)}2a+b)=b+a

= (2-ab-1b+a)=b+a

=>eitherZ+Z=6or1—Z-Z=l

=>either3=—?lor Z-Z=0

= either@=mor 6=m/2

a,d.Given c =4, a + A,b + A,(a x b) ®

and a-b=0,1al= 1,161 =1

From (i), a-c = A, c-b=A,

and 2-(Z><Z)= la x bP A
=(1.1sin90°7 A, =4,

Hencell+lz+la=(z+z+2x Z)Z

- -~

b., c., d. Obviously, % + —i— is a vector in the plane of a and b and hence perpendicular to
fal 1b!

axb. Itis also equally inclined to a and Z as it is along the angle bisector.



15.

16.

17.
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:Z-Z=|b|~
2
- - 1
Also 4-b + =
tb1? +2
bE+2 1
= + S —1
2 151 +2

>V2 -1 (using AM.>G.M.)

bad. ¥ =V, |
ax(bxc)=(axb)xc

= (@-0)b —(a-b)e=(a-0)b - (b-0)a

= (@-b)c=(b-c)a

B - — . =, . - - - - =
= either ¢ and a are collinear or b is perpendiculartoboth a and ¢ = b= A(a X ¢)

b., c. We have Z+§=Z

:Zx(ZxE):ZxZ

= (2~§)Z—(Z-Z)I§=sz

= (@-1)A-B=axb (using(i)and a-A=1)
and 2+§=2 ‘

From (ii) and (iii)

(Zx3)+2

2
a

A=

®

(i)
(ii)
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— - -
(axb)+a
a2

- -
B=a-

§=(Z><Z)+Z(a2-1)

or
a2
5 (axb)+a 5 (hxa)+ala®-1
Thus A=m and B=(b xa)+2a(a )
a a

18. c¢.,d.Since [232 1=0, 2, Z and _Z are coplanar vectors.

Further, since d is equally inclined to a, b and c,

L
Q1
I

L
SN
i

al
[

=0
=0

~0 o=
I
ST W)
<l
Il
Qul
Ny

AL =

Leta=i—j—k B=i+j+kandy=—i+j+k.

Foal ol
(=%

19. b,

- A fa) Ay
Letrequired vector a= xi+yj+zj.

- o -
a, B,y are coplanar

&

U

y z
1 1|1=0=y=¢
-1 1 1

Also, a and o are perpendicular
= x-y-z=0

= x=7y

= Options b and d are correct.

20. b.d.
. 3 n, 384
c \2 ' 2/

1
|

]

1

i
o l
60 i
i

|

|

I

|

|

1
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21. a.,b.,c.Consider V,-V,=0 = A =90°

Fig. 2.44
Using the sine law, |b —(a-b)a’ = \/§la xbl
sin@ I cosf

:tane_LIZ—(Zz-Z)él
"3 iaxpb
_ 1 l@xb)xal
V3 Gxp
_1laxblialsing0® 1
V3 axp B
=0=2
6
22, a,b.Giventi- 15+ i@ xB)x@xd)
6 3' 3
= [abdlc —[abcld
=[abd]c @

[ Z,Zand?arecoplanar]

[abd]=(axb)-d
=|ZXZ||Z|cos9 ('.'ZLZ,Z_LZ, .'.ZIIZXZ)
=absin30°1-(£1) (- @=0orn)
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-

- - - - - - - - -
23." a.,,b.,c.Weknowthat a+ b+ c=0,thenaxb=bXc=cXa

-

Given a+2b+3¢ =0 =2axb=6bXc=3cx

Ql

Hence2x3+l;>xz+2x2=2(axb) or6(Zx2)or3(Zx2)

S

4. a,b.u=a-(ab)

Y

Qi

(b-b)—(

Ql

=ZX(ZXZ)
= lul=Ibx(axb)l

=1blla X blsin90°

- - - -
=Ivli=lul+lubl

-

- - - ]
25. a,c.axb=c,bxc=a

-

. . - . i — — — - -
Taking cross with b in the first equation, we get b X (a X b)=bX c=a

i e -

= 1bPa—(abb=a =lbl=land a-b=0
Alsola xbl=lcl = IZIIl_;Isin§=IZI = lal=lcl

26. b.d.d-a=[a b clcosy=—d-(b+¢)

d-(b+ )
= COSy= ———5
fa-b-c]



27.

28.

29.

30.
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d(@a+bh) . d(a+c)
- 9 - and e i ==
[a b c] [a bc]

L sinx+cosy+2=0

= sinx+cosy=-2

=sinx=-1,cosy=-1

Since we want the minimum value of x2+ y%, x=-/2, y=7x

. The minimum value of x2 + y? is S7%/4

Similarly, sin x = -

a.’b.,c_ AB + BC =zAC

— - - -
— 2u u v u %
BC="= ~"Sto =5+t

ful tul vl lul vl

_— ;t) Ij ; A A A A

AB -BC=|—" S+t l=u-v)u+v)=1-1=0
fu bul vl

= /B=90°

=>1+cosZA+cos2B+cosZC 0
a., b.,c Let A= axb B=cxd and C—exf

We know that A-(B x C)=B-(C x A)=C-(A x B)
=(a xb)1(c xd) x (¢ x f)I
=@xB) U@ xd) F1e —(Exd)-a )
=(cd fllabel-[cdellab f]

Similarly, other parts can be obtained.

-

a., ¢. Here (lz+m3)x3=zxz ﬁleb=zxZ
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31.

32.

33.

= laxb)=(c xb)-(axb) = 1=cXbaxb
(a x b)*

(Z xZ)-(Zx 2)

- - _}(ZZ)(Z)_Z) -

b,c,d. (axb)x(cxd)-(axd) =0

Similarly, m=

= ([acdlb—[bedla)-(@xd)=0

= [acd]lbad]=0

= Either ¢ orb must lie in the plane of a and Z .

a,b.Let EB =p, AB and CE =¢CD.

D B

Fig. 2.45
ThenO<pandg<1

Sinceﬁ+2¥?+a‘?=6
pm(2i 6] +2k)+(i —27)+qn(=6i +15 -3k)=0
= Qpm+1-6qn)i +(~6pm—2+15gn) j +(2pm—6gmyk=0

=2pm—-6gn+1= 8,—6pm—2+15qn= 6,2pm—6qn= 6

. Solving these, we get

p=1/(2m)and g = 1/(3n)
S.0<1/2m)<1 and 0<1/(3n)< 1
= m=12andn>1/3

- - - -
Vi=la+mb+nc
- - - - - - -
a.,b.,d. V2 = na+1b + mc; when a, band ¢ are non-coplanar.

-

- — -
Vi =ma+nb+lic
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3s.
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Therefore,
! m n
ViVoVil=ln [ m=0
m n |

=20+m+n)[(-m)+m—-ny+n-12]=0
=l+m+n=0
Obviously, Ix* + mx + n =0 is satisfied by x = 1 due to Q).

B+m?+n*=3lmn

={+m+n)(P+m*+n*—Im—mn-In)=0, which is true
a., b., c. Itis given that gt, l_; and ; are coplanar vectors. Therefore,
e By1=0

a b ¢
=1 ¢ al=0

c a b
= 3abc-a*-b-c*=0
:>a3+b3+.c3—3abc=0
S@a+b+co)a*+b*+ct—ab-bc—ca)=0
=a+b+c=0 [ a>+b+ct~-ab—bc—ca#0]
=v-a=vP=ry =0
= v is perpendicular to gc, B and ;

b.,d. For :\, E and Z‘ to form a left-handed system

[ABC]<0
"

AxB=[2 3 4|=11i-6)-k
115

(i) is satisfied by options (b) and (d).

®

®
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Reasoning Type

1.

Vectors & 3D Geometry

-

b. A vector along the bisector is % + % STtk

lal 1bl 9

Hence ¢ =—5i+7 }'+ 2k is along the bisector. It is obvious that Z makes an equal angle with aand b.

However, Statement 2 does not explain Statement 1, as a vector equally inclined to given two vectors is
not necessarily coplanar.

- -

TP o > aoa o~ ab

¢. Component of vector b = 4i + 2 j + 3k inthe directionof a =i+ j+k is ——

tall

.L'Ql

or3i +37+3k.
|

- A A A
Then component in the direction perpendicular to the direction of a=i+ j+k is

S

Z~3§+3}'+31Ac=§—}'

d. AD=2j—k BD=-2i~j—-3kand CD=2i -]

0 2 -1
—_— — — 1
Volume of tetrahedron is l[AD BD CD]=—||-2 -1 -3j=—-
6 6 -

2 -1 0
: 1 PGk
Also, the area of the triangle ABC is % |AB X AC1 = 12 3 2
-2 3 =1

=L gt 05+ 12k
2 .

V229

2
Then g = % X (distance of D from base ABC) x (area of triangle ABC)

Distance of D from base ABC = 16/~/229

b. 72 = 73 = ?Z: 0 only if Z, Band Zare coplanar.
= [abcl=0

Hence, Statement 2 is true.
Also, [a~b b—c c—a]=0evenif [a b ¢]#0.

Hence, Statement 2 is not the correct explanation for Statement 1.
a. Let the three given unit vectors be «, band c. Since they are mutually perpendicular,
a-(b X ¢) =1.Therefore,
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al a2 a3
b b, b=1
¢ ¢ G
a b
a, b, c,)|=1
a4 b, ¢

Hence, a,? + b, } + ¢ IAc, a, i+ b, 3 +c, kand a3§ + b, } + c3IA< may be mutually perpendicular.
d. A((A-B)A-(A-A)B)-C

= zxa.g)z_(z.z)zxz].a:_m[z;éa
e e —]

Zero

Now, | A=4+9+36=49

23 6
[ABCI =1 1 —2=2(144)-1(3-12)+1(-6-6)
12 1
=10+9-12=7

11 AR (ABCH=49x7=343

b. Let Z:ll2+223+232

= [dabl=Alcab] =4 =1

[Z ZZ] =1 (because Z, B and Z are three mutually perpendicular unit vectors)
Similarly, 4 =4, =1

=d=a+b+c

Hence Statement 1 and Statement 2 are correct, but Statement 2 does not explain Statement 1 as it does
not give the value of dot products.

a. Statement 2 is true (see properties of dot product)
Also, (i X a)-b = i-(a x b)

Saxb=(i-(axbyi+(-@xbyj+k@xbyk
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Linked Comprehension Type

For Problems 1-3
1.b.,2.c.,3.d.

Sol.

-

i - - - . -
Taking dot product of u+ v+ w=a with u, we have
50 o9 5 o e T 1

1+ uv+u-w=au =5:>u~v+u-w=—

Similarly, taking dot product with : ,we have

- = - -

u-v+wy=—
4
.Also, ZZ + 2-3+Z-7v=2-2=4
= aw= 4o (3+7) 3
2 4 4

Again, taking dot product with w, we have

e 3 1
uwtvw=s——l=——
4

Adding (i), (i1) and (ii1), we have

- — - - - -
2w-v+u-w+vw)=1

- - - > - = 1
=S uv+uw+v w=§
Subtracting (i), (ii) and (iii) from (iv), we have
- - - - - > 3
v-w=0, u~w:—Z and u-v=-

- = =

— - —
Now, the equations u# X (v X w) = b and(u X v) X w* c can be written as (u-w)v — (u-v)w=

- - 1- 3> > 1- -

and (u- w)v—(v W)M_C:>_ZV—ZW b, ——v=c,ie, v-—4c
- - - - - - R T Y - 4 - 4—) - 4-
ﬁc—gw:bﬁwzﬁ(c‘—b)and u=a-v-w=a+4dc—-—c+—-b=a+-b+
4 3 g 3 3
For Problems 4-6
4.d.,5.¢.,6.b.
Sol.

Given that | 1= ;l =| ZI =+/2 and they are inclined at an angle of 60° with each other.

. ;-;z;-;=_z>~}=\/§-\/§c0s60°=l

;x(;xz a :>(x z)y (x y)z—a=> y—z-a

(i1)

(i)

(iv)

_,

0
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Similarly, y x(z X X)=b= 7z — x= b

y=a+27,x=2-b (from (i)and i)

Now,:\;x;=z

= (Z-Z>><(Z+Z)=Z

= ixa-bxz-bxa=c

=>Zx(2+3)=;+(3x2)

= (a+b)x{2x (@+5))=(a+B)yxe +(a+b)yx(b x a)

= (@+b)’z-{(@a+b)2}@a+b)=(a+)xc+l1alb—-1bF a+(ab)b—a)
Now, ()= lalf =1y — 2P=242-2=2

Similarly, (ii)=> 1 5 I =2

Also (i)and (i)) = a +b=y—x= la + bP=2
Also (@ +5) 2 =(y~x)22y2-%2=1-1=0
and a-b=(y—-2) - (z—x)

- -
=y-z—x-y=lzP+x -7 =-1

(it)
(i)

@av)

(v)

(vi)

Thus from (v), we have 2z=(z+2)xz+ 2(;—;)‘—(3—2) or Z=(1/2)[(2+Z)><Z +Z —Z]

coy=a+z=(0/a+b)xc+b+alandr=2 —b=(1/2)[(a+b)xc—(a +

For Problems 7-9

7.b,8.a.,9.c.
Sol.
Given
*xy=a
z=b

I
-

ol owlel
Ml el S X
I

From (ii), x(yx2)=xb=y= [x y 2]=7

From (i) and (ii), (x X )X (y X2)=a Xb

- o - o B e TR R S S - ZXZ;
Slxyzly-lyyzlx=axb = y=
. - - - - —~ y
Also from (i), we get (x X V)X v=a Xy

= (x)y-(yyx=axy = x=1/1yP)y-axy)=—

Bl

)
(1)
(i)
@)
™)

(vi)

14

72
laxbl

y? ;xz_zx(le—;)
Y
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= x= [axb—ax(axb)]

- o

lax bl
Also from (i), () X )X y=b Xy => | yP 2 =(2-3) y= b X y
- 1 - - e Y e - -
= z=—7—ly+bxyl=—7—Jaxb+b x(axb)]

[

ly# laxbl

For Problems 10-12
10.b.,11.b.,12. d.

Sol.

PxB=A-P and |Ai=1Bl=1 and A-B=0 is given
Now ;’X§=K—?’
(;xl_i))xZ?:(Z—;’)xE (taking cross product with Z)?on both sides)
— (P-B)B—(B-B)P=AxB—-PxB
= (P-B)B-P=AxB-A+P
— 2P=A-AxB-(P-B)B
- P= —-AXB—-(P-B)B
Taking dot product with Bon both sides of (i), we get
P-B=A-B-P-B
= P-B=0
:>;;=A+BXA
2
Now

-

(PxB)xB =(P-B)B—(B-B)P =—P

7’, Z,;’)XE(=Z—7’) are dependent
Also P-B=0

- - -2
and |?>|2=A_‘;‘XB

AP +14 x B

@

(i)

(i)
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For Problems 13-15
13.b.,14.a.,15. c.

Sol.

_41 A A A
=——(2i-3j+6k
49(1 ] )

~3 +6k) |27 —3j+6k
7 7

13. b a =[(2? +35 —6k)- &

a, =749_[(2, _3j+6h). 2Lt 3;1 * 6")](-21 + ?/J + 6k)

—41 —(~4- 9+36)(—21+3]+6k)_—(21 ~37-6k)
" (49)
- > 41 A N
14. b= (21—3]+6k) Qi3] +6k)=-41

15. ¢ Z, Zl and Z are coplanar because ;: and Z are collinear.

For Problems 16-18
16.b.,17.c., 18. a.
Sol.

Point Gis (i, l, §) Therefore,
333

—F (5% 1 (5V s1
3 9 \3 9

:’AG|=§_1
3

AB =—-4i+4j+ 0k

1_4—(3=2f+2}'+212

D(0,-5,4)

B(-1,4,1)
Fig. 2.46
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iJ ok
~ ABXAC=-8/1 -1 0
11 1

=8(i + j-2k)

AreaofAABC=%|Ex RI=4\/3

AD=-3i -5 +3k

Vectors & 3D Geometry

The length of the perpendicular from the vertex D on the opposite face

=| projection of B on AB X AC|
(31 =55 +30)( + —20)]
6 |

—_3—5—6} 14

NN

For Problems 19-21
19.¢.,20.b.,21.d.

Sol.

19.

¢. Let point D be (a,a,a,)
a,+1=3=a =2
a2+0=1=>a2=1
a,-1=7=a,=8

~.D2,1,8)
5_|@Bx @b
| AB|

AB=—i+]—5k

E=O?+2}+41Ac

ik
ABxAD=|-1 1 -5
0 2 4

=147 +45 -2k
=275 +2) k) -
= d=2\/§

Fig. 2.47
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20. b. ©P(8:2,-12)"

n=7i+2j~k is normal to the plane P= (8, 2, ~12).

%
i |
|AP1=6i+3]—16k b
A2, -1,9)

— s -

- distance d = AI:-n

inl Fig. 2.48
424 6+16

=‘\/49+4+1
64

=54

_ 64 _64/6 326

36 18 9

21.  d. Vector normal to the plane
ADX AB =1+2(7] +2] —k)
Projection on xy =2
Projection onyz =14
Projectionon zx=4

For Problems 22-24
22.d.,23.c.,24.c.

Sol.
Let ?=x? + y}'
x*+y? +8x— 10y + 40 =0, which is a circle
centre C(—4, 5),radius r=1
p,=max{(x+2)*+(y-3)*}
p,=min{(x+2)*+ (y -3y}
Let Pbe (-2,3). Then
CP=22,r=1
P, =242 -1y
p,=2~2 +1y
p,+p,=18

dy

Slope=AB = (—) =-2
dx J ;5

Equation of AB,2x +y=6
OA=2i+2], OB=3;
AB=i-2]

AB-OB= (i -253D) =3
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Matrix-Match Type

1. a-p,qrs;bop,q;c—p,r;dor

a

C.

Given equations are consistent if

G+ PD+AG+27-k)=G+2))+ p(~i + J +ak)
S 1+A=1-0,1+2A=2+yu,- A= au

= A=1/3and u=-1/3

=a=1

a=Ai-3j-k

b=2Ai+Aj—k

Angle between 2 and Z is acute. Therefore,
a-b >0

=22-34+1>0

=2A-1DA-1)>0

1
=Ae (— ,z)u(l,oo)
Also B makes an obtuse angle with the axes. Therefore,
bi<0=>A <0 ‘
b-j <0=% <0 (i)
Combining these two, we get A=~4, -2

If vectors 2i — 3 + 12, i+ 23’ +(+ a)IAc and 37 + a}'+ Sk are coplanar, then

2 -1 1
1 2 1+a|=0
3 a 5

=>a?+2a—8=0

=(a+4)(a-2)=0
=a=-42

Z=2?+A}'+312
B= 2?+).}'+1Ac
C=3i+7+0k

CAHAB =20+ AT+ A+ A1)+ G+ Mk
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Now (Z + M_E)?) LC. Therefore,

(A+AB)-C=0
=26(1+AD+A+AH)+0=0
=A+T7A+6=0
=(A+6)(A+1)=0
= A=—6,=-1
=1241=12,2
2. a9 r;bop;cos;dogq
a. If Z, Z and 2 are mutually perpendicular, then
l[axb bxc ¢xal=[a3 ep=0allblich?=16

- - - —
b. Given a and b are two unit vectors, i.e., lal=1b1 =1 and angle between them is 7/3.

- Z Vi T -
ing=12Xbl o sin Z=1axbp
-

lalibl

ﬁQGx&

2

Now

fa b+axb bj=labbl+[a axb b]
=0+[a axb b]
= (a x B)-(b x 2)
=—(Z X 3)-(2 X 3)
=—lax bl

3

4

c. If E and Z are orthogonal, ZZ =0.

“ . . 3 - i
Also, itis given that b X ¢ =a. Now

[a+b+c a+b b+cl=la a+b b+cl+[b+c a+b b+c]
=[abc]
= a-(bx 0)

- o -, -, .
=a-a=lal" =1 (because a is a unit vector)
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d.

Vectors & 3D Geometry

- -5

[x y al=0
Therefore, ; ; and Z are coplanar.
[xyb]=0

Therefore, ; ;and l_; are coplanar.

Also, [2 Z z] =0

Therefore, Z, Z and Z are coplanar
From (i), (ii) and (iii),

- -

x, y and c are coplanar. Therefore,

- - =

[xyc]=0

3. a—)q;b—)s;c‘—)p;d—)r

a.

- - - —’2 —5 —5 - = = -
la+b+cl=6=a*+b>+c*+2a-b+2b-c+2

5
slal=1

- . . = - - - - >
aisperpendicularto b+ ¢ = a-b+a-c=0
. K - - - o - -

p is perpendicularto a + ¢ = b-c + b-c=0

- -

-, s - - e ]
c 1s perpendicularto a + b => c-a + a-¢c-b =0

From (i), (ii) and (iii), we get

(@-c)b-d)—(b-c)a-d) =21

We know that [ax b bxc c¢xal =[ab ol

aa ab ac
and [Z'Z o = ba bb be
ca ¢b coe
4 2 20\
=2 4 2
2 2 4
=32

[abc]=42

N
c

a=6

)

ey

(i)

®
(i)
(ii)
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a-s;boricoqd—op
ik
- - A A A
a axb=-1 1 2{=3i-3j+3k
-1 =2 -1

343

Hence, the area of the triangle is -

b. The area of the parallelogram is 3./3.

¢. The area of a parallelogram whose diagonals are 22 and 43 is % 12a x 4b 1= 1243.
d  The volume of the parallelepiped = I’(Z X Z) cl= Jo+36+9 =36
a-p,r;boqcos;dop

a. Vectors—3i + 3}' +4kandi + 3 are coplanar with Z and Z

ik
b. axb=|-1 2 2
-2 1 2

= 27 -2j+3k
¢ Ifcis equally inclined to a and b , then we must have ac= BZ,
whichistrueforz = §_}‘+5]2.
d. Vector is forming a triangle with Z and Z Then Z = Z+Z =_3] +33’ +4k
a—>q;bas;cHp;dor

- - - -
a la+bl=la+2bl

P+ +2a-b=a+4b’ +4a-b

=2ab =—3b< 0

Hence, angle between a and b is obtuse.
b. la+bl=la—-2bI

Sa+b+2ab =2 +4b —4a-b

- -
= 6a-b =3p
Hence, angle between a and b is acute.
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¢. la+bl=la—-bl
=ab
= gis perpendicular toz .
d Z X (Z X Z) lies in the plane of vectors 2 and Z

A vector perpendicular to this plane is parallel to axb
Hence angle is 0°.

a-r;bos;coq;d-p
[szgszxZ]=36
=[abcl=6
- - - 1] »=-
=> Volume of tetrahedron formed by vectors a, b and ¢ is g[a bcl=1
[a+b b+c c+al=2Aabc]=12

Z-—Z, l_;—Zand Z—Zarecoplanar: [Z—b Z—c'—c)—a] =0

Integer Answer Type

(5) Let angie between d and b be 6.
We have |@i=1bl1=1

Now la+b| =2005§ and 1@ —b 1 =2sin g
Consider F(6) = 3 (Zcos -Q) + 2(25in g)
2 2 2

F(9)=3cos—g— +4sin—g—,96 [0, 7]

(1) Since angle between i and i is60°,

.- g n bid |
u-i=lullifcos 60°=—

Given that 1 — 11,0id1,lid - 2i] arein G.P,, so i —i > =lilli — 2i1

Squaring both sides, [1d I+ -2 -{T* = 1P [1iP + 41 P - 43 -]

[l +1-

2] =2 P+ 205G -1=0 = lil=— = lil=+2 -1

21il
2 2

i +
]2=|m2[|m2+4_4'”' 2_22J5
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3. @AB=20+j+k, AC=@+Di+0j-£k

k
ABx AC = 1

= +@+3)]-@+Dk

+ o~
O = o

|

|ABX ACI=\1+ (¢t + 3P+ (¢t + 1) =27 + 8 +11

1, — — 1
Area of AABC = EIABXACI =A= Ew/2t2+8t+1

Letfi=A’= i QF +8t+1)

fH=0=r=-2
Atr=-2, (>0
So Ais minimumat=—2

4 () &=a,f+a2}+a312
b=bi+b,j+bk
E=clf+02}'+c3l€
LHS.=[3G+b 3b+¢ 3¢+a)
=[3d 3b 3¢]+[b ¢ a]
=3[abél+[abc)
=28[ab ]

5. Wa=al+2j-3k, b={+2a)j-2k, =2 ~aj+k
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6.
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a 2 =3
= |1 200 2
2 -0 1

= oRoa-20)-2(1+4)-3(-a-40)=0

= 10-15a=0

Soo=2/3

(9) Since X and y are non-collinear vectors, therefore X, ¥ and X x y are non-coplanar vectors.
[(a=2) +(b=3)a+cl+[(@a=2)f +(b=3) BB+l F +[(@a=2)7 +(B-3) y+c] (x F)=0
Coefficient of each vector X, y and XX y is zero.

(@a-2)d+(h-3Da+c=0

(@-2)f +®-3)B+c=0

(@-2)7+®-3)f+c=0

The above three equations will satisfy if the coefficients of ¢, 8 and ¥ are zero because ¢, fand y are
three distinct real numbers

a-2=0=a=2,

b—3v=0=>b=3andc=0

wd+b ¢’ =2+3"40"=4+9=13

> o - = o

- -
Q) Given, u Xxv+u=wand wXxu=v

- - - - - - - -

- - - o - - 5 o - >
= uxXv+u)Xu=v = uxv)Xu=v =3 v—(wu-v)=v = (u-vVVu=0= (uv)=0

-

“Now, [ v wl= - (v X w)

- o - - 25 - =
2

- o - o - o - o e e ] 5
su-(vxuxv+u) =u - (WXx@xv)+vxu) = u(u—(u-vIv+vxu) =viui=1

(7) Let the vertices are A, B, C, D and O is the origin.

OA=F-6]+10k, OB=F-3}+7k, OC=—5(— ]+ Ak, OD="7i - 4]+ 7k

-

AB=0B—-OA=-2i +3} -3k

- - -

AC=0C—-0A=4 +5]+(A—10)k

- - -

AD=0D -0A=6i +27 -3k
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1 - - -
Volume of tetrahedron = g[AB AC AD]

. -2 3 3
=—l4 5 A-10
6
6 2 3
= é{—2(—15—22,+20)—3(—12—6l+60)—3(8—30)}

{4A—10—144 + 181+ 66}

AN

= —é— (22A-88)=11 (given)

= 24-8=6
A=T7

(6)Let R=xi + yj + zk
H=1-2]+3k =2+ ]+4k;w=i+3]+3k

(@ R—15)i + (5-R-30)j + (w-R—25)k =0 (given)
Soé-R=15 =>x-2y+3z=15

V-R =30=2x+y+4z=30

W-R =25=x+3y+32=25

Solving, we get
x=4
y=2
z=5

6 2W+Vx(G+2)=+k)

= W -(+2))+0=20 +k)-( +2])

=W -(+2])=2

=>|»17-(f+2}')|2=‘1

= IVl +2jcos’0=1 (61is the angle between V and i +27 )
= VP 5(1-sin'6)=1

= 1V I5sin?0=51V -1

®
(i)
(ii)

@

(if)
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11.

12.

Vectors & 3D Geometry

From Eq. (i)

=S 12V+V (@ +2)P=12] + kP
= 4IVEP+IVx(@+2)IF =5

= 4IVP+IVEI{+2jPsin’0=5
= 41V P +51V Psin®0=5

= 41V +51VP=1=5

= 9IVP=6

= 3IVI=+/6

= 31VI=\6=vm
m=6

M ab=0=alb

a-c=0=alc
= Z_L;—z
laxb-axcl=lax(b-c)l=lalib—cl=1b—cl

- —)2 -—az —)2 - - T 1
Now lb—clF=IpF+lcl —2|b||c|cos§=2—2xx5=1

[b-ci=1

(6)Here OA=a,0B=10a +2b,0C =5

q = Area of parallelogram with OA and OC as adjacent sides.

g=laxbl

102+ 25,

oY

0 2 A

Fig. 2.49

®
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p = Area of quadrilateral OABC
= Area of AOAB + are of AOBC
=%12><(102+21_;)l+—;-|(102+2;)xZI
=laxbl+5laxbl
p=6laxbl

= p=6g [From Eq. ()]
. k=6

13. (9)Here F =3 — j— 2k
AB =PV.of B-PV.of A
AB = (1=} =20)—(=3f 4] +K)
=2{+3]-3k
Let ; = A_)B be the displacement vector

Now work done = I_:“ :
= (3 — j—2k)-(2f +3] - 3k)
=6-3+6=9

Subjective Type

1. Let with respect to O, position vectors of points A, B, C, D, E and F be Z, 3 2, 2 Zand 7 Let

perpendiculars from A to EF and from Bbto DF meet each other at H. Let position vectors of Hbe r . We
join CH. In order to prove the statement given in the question, it is sufficient to prove that CH is
perpendicular to DE. '

Now,as OD LBC=>d -(b—¢)=0

=d.b=d-c @

asOELAC=> o.(c—a) =0= e-c= e-a (i)
asOF LAB= f.(a-b)=0= f-a=f-b (i)

Also AH 1 EF = (7— Z)-(Z— 7‘) =0

- o B T TS

=>r.e_7.7'_a.e+a.f =0 (lV)

andBH LFD= (r —B)-(f —d) =0

— - o

=7 f-rd-bf+bd=0 )
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Adding (iv) and (v), we get

e wiraFord-bFebd=0

= F(e—d)—e-c+d-c=0 (using (i), (i) and (iii))
= (r-¢)-(e—d) =0

= CH.ED =0=CH 1 ED

_0_A>1 E{z O_'A” . All vectors are of same magnitude, say a, and angle between any two consecutive

vectors is the same, that is, 27t/n. Let p be the unit vector parallel to the plane of the polygon.

4,

—_ —_ . 27 ~ . -
~Let OA, X OA» =a® sin—-p O

ol —_— & 27 A
Now, 3,04, x OAi, = Ya*sin == p
i1 i=1 n
2
=(n—1)a%sin —p
n
=(n—-1)[- 04, x0a | (Using(®)

=(1-n) [0A, x 0A] =R H.S.
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Let the position vectors of points A, B, C, D be 2, 3, ¢ and 2 respectively, with respect to some origin.
| AB x CD + BC x AD + CA x BD |

=l(b-a)x@-c)+(C~b)x(d-a)+(@-c)x(d-b)l]

=2lpxa+cexb+axcl ' @
=2 (2 x (area of AABQC))

=4 x (area of AABC)

- o -
Given that a, b and ¢ are three coplanar vectors. Therefore, there exist scalars x, y and z, not all zero,
such that
- N - - .
xa+yp+zc=0 6]
-
Taking dot product of ¢ and (i), we get

- -

xa-a+y2-z+zz-z=0 (i)
Again taking dot product of b and (i), we get
xB-Z+yZ-Z+zZ§-Z=o (iii)

Now Egs. (i), (ii) and (iii) form a homogeneous system of equations, where x, y and z are not all zero,
Therefore the system must have a non-trivial solution, and for this, the determinant of coefficient matrix
should be zero, i.e.,

- - -

a b c
e e e T )
aa ab ac|=0
e T S Y
b-a bb b-c

We are given that Z=2§+1Ac,1_3)=§+}'+1;and E=4§—33’+7I€andtodetermineavector R such
that Rx B= C x B and R-A=0,let R=xityj+zk

— - -

Then RXB = Cx B

TGO Tk
=x vy z[=14 3 7
1 11 I 1 1

A

=0-2); ~@-2) j+(x-y)k ==10] +(x-2) j+7k
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y—z=-10
x~-z=-3
x—y=17
Also R-A=0

=2x+z=0

Substituting y = x —7 and z = — 2x from (iii) and (iv), respectively in (i), we get

x—=T7+2x=-10
=3x=-3
=x=-1,y=-8andz=2

Wehave,z;:cx ?—6}’—31;
b=xi+2)+2cxk

- - - -
Now we know that a-b =lallblcos 8

As the angle between Z and Z is obtuse, cos <0 = Z- b<0

=cx’-124+6cx<0
=-cx’—6cx+12>0, xe R
=-¢>0and D<0

= c<0and 36¢*+48¢c <0
=c<0and (3¢ +4)>0
=c<0andc>-4/3
=-4/3<c<0

(@xB)x(cxd)+(axc)x(dxB) + (axd)x(®x )

Here (ng)x(Zxﬁ) =— (2x2-3)2+(2x2-2)5

=lacdlb-[bcdla
@xE)x(@xb)==(@dxb-c)a+@dxb-a)ec

-

= [a la

ol

d

o

Blc—[

al

- - o

(axd)x(bx¢)= (axd-c)b—(axd-b)e

=—[acdlb-[adb]c

®
(i)
(i)

@iv)

®

(i)

(i)

(Note : Here we have tried to write the given expression in such a way that we can get terms involving

5
a and other similar terms which can get cancelled)

Adding (i), (ii) and (iii), we get
Given vector = -2 [3 Z 2] a= kZ

5
=> Given vector is parallel to a.
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We are given AD =4

202

Volume of tetrahedron = ——

= % (Area of AABC) p = %5—
%Iﬁxl—iglp= 22
%1(}+1€)x2§|p=2«/§
=17-kip=22

=V2p=2+2, p=2
We have to find the P.V. of point £. Let it divide median AF in the ratio A : 1.

A-2§+(f+}'+12)

PV.ofEis - Therefore, ) ®
A+1
. AG-j-h
AE =PV.orE-PV.ofA= A+
| AE I ALY i
=3 A+1 ' @

l 2
Now,4+3 | ——{ =16
A+1

A
1+1)=%2

A=-20r-2/3

A A

Putting the value of A in (i), we get the P.V. of possible positions of £ as — i+ 3}' +3k or 3i - Jj—k.



2.148

10.

Vectors & 3D Geometry

- > -
Given that a, b and ¢ are three unit vectors inclined at an angle 6 with each other.

Also 2, Z and 2 are non-coplanar. Therefore, [2 Z Z 1 #0.

-

Also given that Zx3+—l;xz = pa +qgb +rc.
Taking dot product on both sides with @, we get
p+qcos()+rcos6=[ZZZ] v

Similarly, taking dot product on both sides with Z and Z, we get, respectively,
pcos@+qg+rcos =0

and pcos 8+qcos O+ r= [ZBZ]

Adding (i), (ii) and (iii), we get

s Aab el
F= —
Pra 2cos@+1

Multiplying (iv) by cos 6 and subtracting (i) from it, we get

Z[ZZZ]COSG_[—HH

D= b
p(cos 6-1) 2cos B +1 abcl
—[Zg;)]
1= ———=
orp (cos 6-1) 2cos O +1
[ZZZ]

7P {1=cos 8) (1+2 cos 6)

Similarly, (iv) X cos 8 —(ii) gives

_ —2[abcleosd
7= (1+ 2 cos 6) (1 — cos 6)

and (iv) xcos 8 —(iii) gives

Z[ZZZ]COSQ - 2o

R P A L P
r{cos 8—1) Y o0i 611 fabc]
—lab el

=r

" (2cos 0+ 1) (cos O~ 1)
But we have to find p, g and r in terms of 8 only.

So let us find the value of [2 Z Z]

@

(it)
(i)

@iv)
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We know that

L T NS S
aa ab a-c
—)—-)—)2 e T T T S
[abeY =lboa bbb b-c
- o5 S 9 -5
cca c¢-b c-c

1  cos@ cosé
— |cos @ 1 - cos@
cos@ cosf 1
On operating C, — C, + C, + C,, we get
1+2cos® cosf cos6
1+2cos®@ 1  cosé
1+2cos® cos® 1

1 cos@ cosB

=(1+2cos ) |1 1 cos@

1 cos@ 1

Operating R, - R -R,andR, — R,—R,, we get
0 cosf-1 0 |
=(1+2cos6) |0 1-cos@ cosf-1

1 cos 8 1

Expanding along C,

=(1+2cos 6) (1 —cos )

@b ¢l =(1 —cos 6) 1+ 2c0s 0

Thus, we get
1 —2cos @ 1
p= g = ,r=
\/1+20059 \/1+20039 \/1+20059

We have, (Z+§)X(Z+Z‘)

Z BxA+AxC+BxC

=BxA+AxC+BxC (~ AxA=0)

Thus [(A + B) x (A + O)] X (B x C)

=[§><;1) 2x8‘+B><C]><(B><C)

= BXAXBXC)+(AxC)X(BXC) (- xxx=0)
={(BxA)-C}B—{(BxA)-B)C+ {(AxC)-C} B—{(Ax ) B} C

[
[

l.’bl

ey

BIC

al

B-[
3

I
>
Al >
& Ql
Ol >l
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Thus, L.H.S. of the given expression
<[ACBI(B-0)-(B+0)
=[ACBI{(B~-C)-(B+ ()
=[ACBI{IBF -1CP}=0 (- IBI=ICl)
Alternative method:
Since [(A+ B) x (A + O)]x (B+C) - (B + C) is scalar triple product of (A + B)X (A + C), B+ € and
_ §+E,its value is 0.
12. a Wehave 4.5 =y v 1cos @
and 4 x v = [xlly| sin 6 n
(where 6 is the angle between u and v and n is a unit vector perpendicular to both u and ;)
= @) +HuxvP=luP1vE (cos? O+sin’ 0) = 1u 21V 1"
b (l—uv) +lu+v+@xv)P
- - > =, - =5 - o, - >
=1-2u-v+@v) +lulF+IvF +luxviF+2u-v
Cou-(u X V)= v-(1 X 9) =0)
=1+ U+ P+ (v +luxyP
=1+1uP+1vP +1uPIy P

=T +uP) T +13 1)

) - - S5 9 - - - - -
13. fuvwl=(uxv) - (v—wxu)= (uxv) (uxw)
e I T T
u-u u-w
Sl s 55
veu v-w
- =
Now, u-u=1
- - - 5 - - o - -5 > 505
u-w=u-(v—wxuwy=uv—[uwul=u-v
- - R ) it d -5 5
viw=v-(v—wxu)=1-[vwul=1—-[uvw]
1 cos 6
S PN =»-- | (@isthe an lebetween;and_))
. = v
(uvw] cos8 1—[uvw] &
- o
=1—[uvw]—cos*6
- 5 -5 1 1

S [u vwl= Esinz OSE

Equality holds when sin> 8=1, i.e., 8= /2, i.e., u L v.
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Given data are insufficient to uniquely determine the three vectors as there are only six equations
involving nine variables.

- - -
Therefore, we can obtain infinite number of sets of three vectors, v, v, and vy, , satisfying these
conditions.

From the given data, we get

_: =4:|;:|=2

v v
vy, =29= v, = /29
Also v,-v, =-2

=1v 1lv,lcos 8=-2 (where Qis the angle between 1:; and 1:; )
-1

= cos 0= 2

= 0=135°

Since any two vectors are always coplanar, let us sgpposeA that ;’1 and ;2 are in the x—y plane. Let ;1
be along the positive direction of the x-axis. Then v, =2i . (vl =2)
As ;)2 makes an angle 135° with ;, and lies in the x-y plane, also keeping in mind | ;2 I= /2, we obtain
Va=—it]
Again let ;3=a§+ﬂ}'+y12
: ;)3-;1 =6=2a=6>a=3
and Vs vy =5 =~ £ f=—5= f=+2
Alsol}, 1= /29 = &2+ F+$=29
=>7y=14
Hence ;3 =3i+ Z}i 4k

e A A A
Giventhat a=a, i+a, j+a,k

Z=b1?+b2}'+b3fc

ol

=c i +¢,j+ck where a,b,c (r=1,2,3)are all non-negative real numbers

3
Also ¥ (a, +b, +c,) =3L

r=1

To prove V< L3, where Vis the volume of the parallolepiped formed by the vectors Z, b and ¢ , we have

a4 4, a4
V=labc]l=b b, b,
G G G

= V=(a,b,c,+a,bc +a,bc,)~(ab,c,+ab c,+a,b,c) | ®
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Now we know that A.M. > G.M., therefore

(a, +b +c)+(a,+b,+c,)+(a, +b, +c,)
3

2[(a,+b,+c)(a,+b,+c,)(a,+b,+c)]"

3L
= EY 2[(a,+b,+c)(a,+b,+c)(a,+b,+c)]"”

=L 2(a,+b, +c)(a +b,+c,)(a,+b,+c,)

=ab,c, +a b ¢, +a,b c, + 24 more such terms

2ab,c,+abc +abe, (va,b,c 2orr=1,2,3)
2(a b, +a,be +a,b c)—(abc,+abc,+ab,c) (samereason)
=V (from (1))

Thus, L’ 2V

- - = - el - =
.16. Weknowthat [xxyyxzzxx] =[xyz]?
. . . - = . - -
Also a vector along the bisector of given two unit vectors 4, v is u + v.

- -

. . . +v
A unit vector along the bisector is

-

lu+ vl
- —)2 - - 2(1
lu+vP=1+1+2u-v = 2+2cosa= 4cos B

- -

u+v

= =
x - o
2¢cos —
2

- - - o

v+w N u+w

Stmilarly, y = 2cos /2 and = 2cos y/2

:[;;;] = ;[u+v;+;;¢)+w]sec%sec§sec}2:

[L_t) : vT/] sec gsec Esec ¥
2 2 2

_1
T8
l[z;vz]secg—secﬁsecz
4 2 2 2

=[xXxyyxzzxx]=[x y z]*

Nl‘m
t\)l‘<

—il—[uvw] sec’

17. Giventhat ax ¢ = b xd
and Z xZ = Z XZ
Subtracting (ii) from (i), we get
ax(c-b)=(b~-c)xd
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= ax(c-b) = dx(c—-B)
= ax(c—b) ~dx(c—b) =0

= (a-d)x(c-d)=0

= @-Dli(c-d) (~ a—d#0,c—b=0)

-

=> Angle between Z - 2 and ¢ — B is either 0 or 180°.

4

= (2—2)-(2—3)= IZ—ZII?—ZI cos0 #0 as Z,I_;,Zandz all are different.

The following figure shows the possible situation for planes P, and P, and the lines L, and L,:

Fig. 2.52

Now if we choose points A, B and C as A on L, B on the line of intersection of P, and P, but other than
the origin and C on L, again other than the origin, then we can consider

A corresponds to one of A”, B', C’
B corresponds to one of the remaining of A%, B”and C*
C corresponds to third of A, B’and C’,e.g., A’=C; B’=B;C'=A

Hence one permutation of [A B C] is [CBA]. Hence proved. » .
Given that the incident ray is along v, the reflected ray is along w and the normal is along a,
outwards. The given figure can be redrawn as shown.

“
S

ANNANNRRNNNNNNNNNNNY

0
Fig. 2.53



2.154

Vectors & 3D Geometry

We know that the incident ray, the reflected ray, and the norma! lie in a plane, and the angle of incidence

= angle of reflection.

Therefore, a will be aJong the angle bisector of wand ~ v ,1.e.,

A N
A o wH(—v)
aq = —————
FaY Fa)
iw—vl
A . ~
But a is a unit vector

where |w — v| = OC=20P

=2I»Av lcos 8=2cos8

Substituting this value in (i),

A Fay
A W=V
@7 2cos0

= v;1=1§+(2c059)¢;

A " A A A A A
= a=Vv-2(av)a (av =-cosb)

Objective Type

Fill in the blanks

1

Giventhat |Al =3; 1Bl =4;1C (=5
ALB+C)= A(B+C) =0> A.B+A-C =
BL(C+A) = B-(C+A) =0= B.C+BA
CL(A+B)= C-(A+B) =0= G- 4+ & B=0
Adding (i), (ii) and (iii), we get
2(A-B+B-C+C-A) =0

Now,l;{+1_3)+8‘l2

=(A+B+C) (A+B+0)

= AP +IBF +ICP+2(A-B+B-C+C-A)

=9+16+25+0
=50

®
(i)
(ii)

v)



Different Products of Vectors and Their Geometrical Applications 2.155

Required unit vector
. POxPR
a= e -_
IPQ X PRI
PG = 14 5-3k PR == 1437 -k
ik
. — — |1 1 -3
-+ PQx PR -1 3 -1
=8§+43’+41§

S IPOX PRI= J64+16+16 = 96 = 46

A 8?+43‘+412 a 2?+3‘+1Ac

™ N

.
Areaof*AABC:E | BA X BC|
BA=—i-2]+3k
BC =i-2j+3k

i

. 1 A
.'.Area=5--1 -2 16 + 4kl

W Ly &>
]
N | =

=137+ 2kl

X |yl
+

Wi > x
Ol
SR e N1
X X
i QY

Y

i
ol
oyl
a

o S s S

allal wio

Y
i
Ql

Given Z=f+3'+lzand Z‘:}'_];

Let B =x/l}+y}'+zlg

I
o>
|
x>

i
Giventhat Ax B=C = |1
x

T Y
BN e XD
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A

=@-»i+&-2) j+(y-x)k = j-k
=z-y=0,x-z=landy-x=-1
Also, ,_4))—9) =3

=x+y+z=3

Using (i) and (ii), we get
y=2/3,x=5/3,z=2/3

Let ¢ = :+ﬁ3
Given that 31 Z
~ b.o =0.

= (4i +3))-(ai + B ) =0

=4a+38=0
a B
= 3= .24 =A

=a=31B=-44

— A A
Nowlet a = xi+ yj be the required vectors.

Given that projection of a along b

- -
a-b

-

b1
4x+3y

J8E+3 h

=4x+3y=5

Also projection of a along ¢

- -

ac

= 5 =2
lcl
ox+ By

= =2
Jo© + B

=3Ax-44y=10A

=3x4y=10

Solving (ii) and (iii), we get x=2, y = — 1

.. The required vector is 2? - } .

®

(i)

®

()

(ii)
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4
A
__)
a
O = »>B
5 D
Fig. 2.54

Component of a along P

-

s b
OD = Q0Acos 8- —

| b |
_(Z-Z

ab| b _[ab)y
Ut ) e e

Component of a perpendicular to b

Sl

DA = a-0D

a-| b3
1b P

Let xi+ y}' + zk be a unit vector coplanar with i+ Jj+2kand i+ 2}' +% and also perpendicular to

Q!

L

/: /\. A
i+ j+k
x

Then, | 1
1

N o=

F4
2=0
1

= -3x+y+z=0 , ) ®

andx+y+z=0 (i)
x z
Solving the above by cross-product method, we get — = I X or A A T A (say)

0 4 4 0 1 ~1
=x=0,y=4,z=-1

As xi+ yj+ zk is aunit vector,
S0+A4+A=1
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: G-k =G+k
.. The required vector is or ————-
1 NI}

A vector normal to the plane containing vectors ;and i + j is

J
0
1

Sl
]
— = >

: AoA A
A vector normal to the plane containing vectors ; — j, i+ k is

ik
g=11 -1 Ol=—-i—j+k.
I 0 1

-

Vector a is parallel to vector pxq.

PGk
pxg=| 0 0 lj=i—j
-1 -1 1

A A

. A vector in direction of 2 isi—j
Now if @is the angle between gandi — 23’ +2k , then

114 (<1)- (-2) 3
cos 6= YT fixa+4=F 2.3

bt = g Z o
= COS§ —_\[2‘=>—40r4

R ] -
Let «, B, v be any three mutually perpendicular non-coplanar unit vectors and a be any vector, then

a=(@-aya+@ Pf+@ 9y

- >
- o . g b Xc
Here b, ¢ are two mutually perpendicular vectors, therefore b, ¢ and ——— are three mutually
perpendicular non-coplanar unit vectors. ’ thxcl
. - - - -
- e - -\ - - b X c b X c
Hence a=(a.b)b+(a.c)c+ a.——
- -
ibxct)lbxcl

-

ibxcl

- >\~ - =2\ 2'(3)(2) - -
=(a.b)b+(a.c)c+—_'———(b><c)
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-

ax@xc)+b =0

= (@-c)a—(a-a)c+b=0

- o

=2c0s6- a—c+b=0 (usinglal=1,1bl=1,lcl=2)

=>(2cos9a—c)2 = (—b)2

- o -

=4 cos’ 8- I;z)l2+l_c'|2 —-22cos@-a-¢c =1bR
=4cos?0+4-8cos@-cos0=1
=4c0s’0-8cos?0+4=1

=4 cos’0=3

=cos B=1 [3/2

For 81to be acute, cos 8=

Given that Z, Z,Zandz are position vectors of points A, B, C and D, respectively, such that

(@-d)(B-c)=(b~d) (c~a)=0

= DA-CB = DB-AC =0

Fig. 2.55

= DAL CB and EiJ_ AC
Clearly, D is the orthocentre of AABC .

q = area of parallelogram with 54’ and OC as adjacent sides
=104 x OC|
=laxbl
p = area of quadrilateral OABC
- l@{xo_B’ |+%~| OB x0C| = %[lZx(103+23)l+I(102+23)><ZI]

l|(1:>.a><b)| 6laxbl=k=6

N
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a-b=-1+3=2
lal=2,1b1=2
ge 2 1
cos 8= )

T . - . . .
0= 3 but its value is EY as it is opposite to the side of maximum length.

True or false

1.

Z, 73 and E are three unit vectors such that X Z? = ZE‘ =0(1) and the angle between l—é and Z’ is /3.
A

Now Eq. (i) shows that Ais perpendicular to both BandC.

= 7-3 X E’ =1 Z , where A is any scalar.

= |BxCl=[AAl
=sin A/3=% A4 (as 7/3 is the angle between §and Z?)
= A=+3/2
> o 3
= =% — 73
BxC 5 A
- 2 — —
= A =i*3'(B><C)

Therefore, the given statement is false.

- o

X- A =0= either A =0or XLA

&l

%.B =0=>either B =0Oor X L

{

X-C=0=secither C=0 X LC

- o

In any of the three cases, A B Z‘ =0=> [Z B 8‘] =0

Otherwise if )_f 1 1_4) )_(’ 1 f? and )_f L Z‘, then Z, f? and E are coplanar.
= [ABC]=0
Therefore, the statement is true.

P e T Y

- -
Clearly vectors a — b, b — ¢, ¢ — a are coplanar

e e )

—[a-bb-cc—a] =0

Therefore, the given statement is false.
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Multiple choice questions with one correct answer

1. a.Z(§+quZ+§+E)=Z{Bx2+§x§+ﬁxq+5x2+ax§+6x5]
=Z§xZ+K§x8+X&xZ+X€x§ mmg3x2=m
=0+ [ABC)+0+[AC B]
=[ABC] -[ABC]
=0
2. d|@xb)c1=lallBlicl
= llallblsin@n- ¢l =laliblicl
‘= lalibilclisin6cos al = | 2111l 2l
=IsinBllcosal=1
= 0@=na/2and =0
= albandclinor perpendicular to both 2 and b
:Z-B:Z-Z:Ca=0
3. d.Volume of parallelopiped = [2 Z 2]
2 2 0
=1 1 -1 =2(-1)+2(-1+3)=2
3 0 ~1
4. d.Given that Z, Z,Z are non-coplanar. Therefore,
(@b c]#0
— —l;x_) - ZXZ ZXZ .
AISOP= —»—)fr’q= [T 7_;= - - > (1)
[ab c] {abc] [a b c) »
Now, (3 +b) p+(b+c)-g+(c+a)r
YOS WA SO N L S B L LA
[ab c] [abc] [a b c]
Zl—;xz szz ZZX; e e - o o
= + + [*vb-bxXxc=ccxa=aaxb =0]

[abel [abel [abel
_[abcl [abel [abc]
labe] [abel [abe]
=1+1+1
=3
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Vectors & 3D Geometry

a.Let 2 = x;+ y3'+ zllé
where x2 +y* + 72 = 1

(d being a unit vector)

ca.d=0
Sx-y=0=x=y
(becd] =0
01 -1
=1-1 0 1|=0
X y z

=x+y+2=0

= 2x+2z=0 (using (ii))
=7=-2x

From (i), (i1) and (iii)
X+x2+4xt =1

1
=t ==
*==T6
q +(_1_;+:-_1;) | iri-2k
Rl OV R e Bl B3

- -
b+c

+

. — - -
a Since axX(bxc¢)=

- -5 = - = e 1 i
(a c)b-(a-b)c=_b+‘gc
Since Z and Z are non-coplanar
- = 1 - - 1
a = "= = "=
= ac 2 and a-b N
1 - - .
= ¢cos 6; =-— ‘5 (because g and b are unit vectors)
T
= 0= "

. e I Y
b.Since u + v +w=0,
- - )
lu+v+wlF=0

=5 -, = e e e
SHulP +lvE+ 1wl +2u-v+v-w+wu)=0

. - - - .

=9+16+25+2 (4. v + v-w+w-u) =0

B T T S

DU v+v-w+wu=-25

@

(ii)

(iai)
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8. d(a+b+0)[(a+b)x(a+c)

- - - - - — - - o — -
(a+b+c)ylaxa+axc+bxa+bxc]

L

- - e - -
(a+b+c)laxc+bxa+bxc]

i T T T T S S S
abXxc+baxc+cbxa

=labcl-[abcl-[abc]

=—[ab c]

9. b.As ;, 3 and 7 are three mutually perpendicular vectors of same magnitude, so let us consider
p=ai,g=aj.7 =ak
Alsb let ; =x §+ Y }'+ zllz
Given that ; satisfies the equation
PXIX= @)X pl+ g XX~ 1) X g1+ 7 x[(F = p)x 7] =0 | 0
Now PX[(x=9)x p] = px[xx p=-qx pl
= PX(¥X p)= pX (g% p)
=P X-P NP~ P4+ P
_ =a2;—a2xl§—a3}'+0
Similarly,
ax[Gi-ryxq) = @’ x=a’y j-a’k
and rx[(x—p)xri=a x—a’z k—a’i
Substituting these values in the equation, we get

3a% x - d? (x1§+y, }'+z1 ]2)—612 (a?+a}'+al§) =0

2—) . , 2 2o N
=3a x-a'x—a" (ptg+r)=0

=>2af;= (;+g+r) a
- l - 5 o
T xXT 2 (prqgtn)

1 . .
=7 laXblicl , 0]
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11.

12.

Vectors & 3D Geometry

Wehave,z = 2§+}'—2/A< and b = ?+3

= axb=2i-27+k

:IZXZI=J§ =3

Alsvo given IZ—ZI.=> 22

=lc-afl =8

=liclP+lal-2ac =8
Given|2l=3and2-z =IZI,usingtheseweget

1212—2|2|+1=0

C = (feh-17 =0

= Il =1
Substituting values of lax blandlcl m (i), we get

- - - 1
I(a xb)Xx cl=§x3x1=

N W

& As o is coplanar with a and Z,we take ¢ =0 a +ﬁZ
where o and 3 are scalars.

As ¢ is perpendicular to Z,using (i), we get,

0=aa-a +BZ-Z

=0=a@)+2+2-1)=32a+pP

= f=-2a

Thus, c=at (a -2b)=0 (-3j+3k) =3a (=j + k)

=1 ¢ Pk=18¢?

=1=18a2

1
=t —=
W]

- 1
Soec=2 ﬁ (=j+k)

b.Givena + Z to= 6 (by triangle law). Therefore,
ZX(Z+Z+Z)=ZX6

- - -
aXa+axb+axc=0

- - -

N
axXxb =cXa

®



13.

14.

15.
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Similarly by taking cross product with Z, we get ax Z =bx Z

E ) -

axb = sz = 2><a
a. Given that Z, Z,Zand d are vectors such that (axg)x(zxg)=0 6]

P, is the plane determined by vectorsz and Z . Therefore, normal vectors r_z’1 to P, will be given by

- o

N
m=axb

Similarly, P, is the plane determined by vectors Z and 2 . Therefore, normal vectors 1:2 to P, will be
given by

n=cxd

Substituting the values of r_l: and r;; in (i), we get

mxm =0

Hence, 7’_1)1 Ilr_z;

Hence, the planes will also be paraliel to each other.
Thus angle between the planes = 0.

- - - . - - - - - -5 A
a. a,band ¢ are unit coplanar vectors,2a — b,2b—2cand 2c—a are also coplanar vectors, being
- = -
linear combination of a, b and ¢ .
R T T T T
Thus, [2a-b2b—c 2c—-al =0
b. cAz, b and ¢ are unit vectors.
Now x=la—-bl+tb—cP+lc—qal
1 AA A A A A A A A A A A
= E(a-a+b-b+c-c)-2a-b—2b-c—2c-a
=6-2(ab+bc+ca) . _ @

Also, la+b+¢l> 0

= a~a+b-b§c-c+'2(a-b+b-c+c-a) 20

=3+2 (cAz-lA)+2-'(A:+2-zAz)->- 0

=2(@btbctc-a)z -3

=-2(b+bc+ea)< 3

=6-2 (ab+borea<9 0)
From (i) and (ii), x< 9

Therefore, x does not exceed 9.
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16. b.Given that Z andz are two unit vectors.
clal=1andlpl=1
Also given that (Z + 25)-(52 —43) =0
=51af ~8151 —4a-b+10b-a=0
=5-8+64a-b =0

= 6IZ Ilglcos 9=73 (where 8is the angle between Z andz )

=cos 0=1/2
= 0=60°

17. c¢. Given that \7:2?+;’—/2andﬁ)7=?+3l;and U is a unit vector
1U1=1

A

GBi-77-k)

3 +7* +1* cos @which is maximum when cos 8= 1

Therefore, maximum value of [(7 % V_V)] =./59

1l

A D A A - A A

18. c¢. Volume of parallelopiped formed by w=i+ a}' +k,v=j+ak-w=ai+k is

1 a 1
V=luvwl=|0 1 a
a 0 1

=11-0-a(0-a»)+10-a)
=l+ad*~a

dv
For Vto be minimum, T 0
a

=3a*-1=0

1
:a:iﬁ | : %

1
Buta>0:>a=$

19. ¢ (axb)xa = (aa)b-(aba
(G=kx(+j+k=WBYb —(G+j+h

:>3l_7>=3§ :>Z=§
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- - S - -
20. ¢ Any vector coplanar to @ and b can be written as r = Ha+p

21.

22,

;)=(,u+2/1) ?+(—u+,1) }'+(,u+l)lz since » is orthogonal to 5}'+2}+61€
= 5(U+28) +2 (- + D)+ 6(u+ ) =0 '

=9u+181=0
1

=>l=—5,ll

L r=AM3j-k)

. n . . A
Since 7 is a unit vector, r =

lal 15 P
" - -

RN a-c -, cb - -
=qc - lal® ~—L(a -b)
lar 15 P
R S s -
=ac-ac-0 (q-h =0)

- - (22)(5:2) Z : 5 -
=0C— = R 1"
lal 1B, I”
=b.c ~0-b.c (using . g =0)

a.AvectorintheplaneofZandz is u =,LLZ +Ab =(u+) §+(2u—l) }'+(u+l)l€

. . . it -
Projectionof 4 on ¢ =

Sl

- >

uwe 1
HERE
=, .c=1

S+ A+2u-A-p-A=1
=Ru-A=1
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=A=2ut1
= u = 2§+3‘+21Ac or 4;—}'+412
23. a.|a’)l=lacost+l§sintl

A A
=(cos?t+sin’t+2costsint a-b)"’

= (1+2cosz‘sintcAz-lA7)'/2
= (1+sin 2t a-b)"?
< 1OPl,, =(1+ab)" whent=r/4
a+b
la+bl
N
V2

A A
a+b

A
u =

RVEYY
24. ¢ (axb)-(cxd) =1ispossible only when |a x bl=l¢xdl=1and (axb) I (¢xd).
Since Z.Z=-12- andif blld, then Ic xdl#1
25. b. Angle between vectors XB and AD is given by

AB-AD 2420+ 722

8
VABMAD] 4+100+121\1+4+4 9
=5 cosa = cos (90° - 6) = sin = %
26. a
S (=37 +2)) R+
M

P(21-%) » 0@
' Fig. 2.56
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A

Evaluating midpoint of PR and QS which gives M = |:l§ + }] , same for both.

PO=SR=6i+]

PS=QR=-1+3]
9

- PQ~PS:tO

PQII SR, PSIQOR and | PQ|=1SRI,1PSI=I0R|

I

Hence, PORS is a parallelogram but not rhombus or rectangle.
27. e.v=Ad+ub
=AM+ )@ -+ k)
Projection of v on ¢

¢ 1

=i

IR

LA+ mitA-mi+Qrmkl G-j-k _ 1
3
DA+Uu-A+pu-A-pu=1

&

=u-Ai=1

=>A=pu-1
=SV=U-DC+j+b)+ui@-j+k
S v=Qu-Di-j+@Qu-1k
Atp=2,v=3i —j+3k

Multiple choice questions with one or more than one correct answer

- A A A

1. c.Wearegiventhata=qi+a,j+ak
- A A A
b=bi+b,j+bk
- A A

A
c=citec jtak

2

aq 4, a4,
Then b b, b| =[abcl
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= (laxbl-1cos0° (sincecis Ltoaandb, cis L tog x5

= (laxbly

2
=(|2|1b|-sin£)
6

2
1
(5\/a12+a22+a§ \/b12+b22+b32)

il

(af +a2 + a; ) (b? + b2 +b)

o=

2. b Weknow thatif » is perpendicular to a as well as Z_;, then

- o - o
. axb bxXa
n="5 S5 O 53

laxbl lbxal

- > "
As axbandbXa represent two vectors in opposite directions, we have two possible values of #

-

3. a.,c.Wehave g = 2?—;’+I€, b= ?+2}'—IAC, c= ?+}’—21A<
Any vector in the plane of Z and ¢ is
u=pb+ic
= pG+2j -k +AG+j-28)
=(#+/1)?+(2u+l)}'—(,u+21)12
Given that the magnitude of projection of u on El) is \/2/3

\E_
= 3—

2 ‘2(u+l)—(2u+l)—(u+2l)|

37 J6 |

3=

- -
u-a

la)

=|-A-ul=2

= A+u=2orA+pu=-2

Therefore, the required vector is either 27+ 3}' —3kor—2i— ; +5k.
4 cuywl=[wal=lwn ]

-

but [v 4wl =— [u v w]



Different Products of Vectors and Their Geometrical Applications 2.171

a., ¢. Dot product of two vectors gives a scalar quantity.

. - o - - A . A - - .
a,c.Wehave y=axb=1lallblsin@n =sin @ n, where ¢ and b are unit vectors. Therefore,

s .
|y]|=sin @
5

a-— (Z-Z)Z

5
Now, u

-

= a—bcos §(where a-b =cos 0)

. —)2_ - — 2
S lul"=la—->bcos 8l
=1+cos?280—2cos @-cos &

=1-cos?8=sin? O= W2
= -
=lul=Ivl

- - -
AISO, ub= a-
-

a

-, - - =2
SoAvli=tyl+lu-blisalso correct.

a., c.,d.
- 1 A A
a==2i-2j+k)

3
—)2 1 -
lal =§ (4+4+1)=1=>Ial=1

Let b = 2i —4j+3k. Then

0 ab___$ o= -
Ccos =55 =T = —
lalipl 29 3

A

Letc=—i+j-L k=34 ¢la
2

1
2
Letd =3i+27+2k. Then a-d=0= a ld
b.,d. Normal to plane P is

mo= 2 +3k)x (4] -3k)=—18i

Normal to plane P, is

n=(-kx@3i+3)) =31 -3j-3k

SAds parallel to £+ (2 xr;;) ==+ (—54}'+5412)
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Now, the angle between A and 27+ 3 —2k is given by

(-547+54k)- Qi+ j—2k) 1

cos =+ =+
5423

S

0= rm/dor 37/4
9. a.,d.Any vector in the plane of Z=;+}'+212andl_;=§+2}+;< is
r=aG 2y uG+ 25+ k)
SA+Wi+tA+20) 7 +0QA+ Wk
Also F is perpendicular to the vector  + ] +k
=7-¢=0
= A+u=0

Possible vectors are J — k or -]+ k

Integer Answer Type
1. 5)E=Qa+b)-laPb—-(G-b)a-2@G-b)b+21b1a]

2-2

i b="===0
70

lal=1

lbi=1

=  E=Qa+b)-[21bPa+lalb]
=4lalPlbP+ial @ b)+21b P (b-a)+lallbP
=5lalibP =5

2. (9 Fxb=2Exb

taking cross product with @

GX(Fxb)=ax(cxb)

= (@-b)F —(G-F)b=ax (& xb)

= F=-31+6]+3k

=7-b=3+6=9



