Chapter-Xil
1 1

Coordinate Geometry

Learning Objectives:

Students will be able to:

Form equation of a straight line in different forms.

Form general equation of aline.

Reduce the general equation of aline into different forms.
Find the distance of a point from aline.

Form equation of a circle in different forms.

Write the general form of the equation of a circle.

Form equation of a parabolain standard form.
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Concept Map
Equation of a Straight Line |
y=mx+c --|-E=I XLOSEF Y SN =p
Ax+By+C =0
Equation of a Circle
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Xy =r (kY +{y=k¥ =0 | [{(x=xMx—x)+{y-¥ )y—¥;)=0

12.1 Straight Line

A straight line is a curve such that every point on the line segment joining any
two points on it lies on it.

Equation of a Line: The equation of a straight line is a linear relation between
two variables x and y, which is satisfied by the coordinates of each and every
point on the line and is not satisfied by any other point in the Cartesian plane.
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Slope of a Line:

Inclination of a Line

v
/

¥ y’

The inclination of a line is the angle 6 which the line makes with the positive
direction of the x-axis, measured in anticlockwise direction. Clearly 0° < 0 < 180°
If we are keeping 06 unique thus 0° < 0 < 180°.

Slope or Gradient of a Line: If 0 is the inclination of a non-vertical line, then
tan Bis called the slope of the line and is denoted by m.

Remark 1: The slope of a horizontal line is 0, because tan 0° = 0,

Remark 2: The slope of a vertical line is not defined, because tan 90° is not
defined.

Let L, and L, be two non-vertfical lines with slopes m; and m, respectively. Let
their inclinations be 6, and 0, respectively.

If L, and L, are parallel
= 61 = 62
= tan 6; = tfan 0,

=M =My
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12.2 Slopes of Perpendicular Lines

4

Let L, and L, be two non-vertfical lines with slopes m; and m, respectively. Let
their inclinations be 6, and 0, respectively. Then m; = tan 8, and m, = tan 6,

Let L, and L, be perpendicular to each other. Then 0, = 90° + 0,

= tan 06, = tan (90° + 6 ,) = — cot 6,

1
tan 0,

= tan 6, = -

:>m2=—i = mim,=-—1
m,

Angle between Two Non-vertical and Non-perpendicular Lines

v
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Slope of a Line Passing through Two given Points

A
Ty B (X, ¥:)
A s |
%' O L M X
-ul}r'l

Let us consider a non-vertical line CAB, passing through the points A (x;, y;) and
B (X2, y2). Let 8 be its inclination Draw AL and BM perpendicular to x-axis and
AN 1 BM

Thus ZBAN = ZACM =0

From right triangle ANB, we have

BN BM-NM BM-AL y,-y,

tan 6 = -
AN LM OM-0OL x,-X

S>m=tanfg=Y2" %
X, =%

Hence, the slope of the line joining the points A (x;, y1) and B (X,, y») is given by,

m = yZ_yl
X, =%
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12.3 Angle between two Lines
AY

v

Let L, and L, be the two given non-verfical and non-perpendicular lines with
slopes m; and m, respectively. Let a; and a, be their respective inclinations.

Then m; = fan a; and m, = tan ay.
Let 6 and (180°- 0) be the angles between L; and L,.

We have 0 = a,— o where a;, o, = 90°

tana, —tana,
l+tana, xtana,

= tan 6 = tan (ou,— o) =

—Stong= "M where 1+ m;m, =0
1+m m,
Also tan (180°-0) = —tan @ = — M2—M
1+m m,

Thus, fangent of the angle between given lines is

Let o = min. { 6, (180 - 0)}, then a is acute and so tan a > 0.

m,—-m,
I+mm,

o tana =
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12.4 Various Forms of the Equation of a Line

1. Equation of x-axis: We know that the ordinate of each point on the x-axis
is 0. If P (x, y) is any point on the x-axis, then y = 0.

Hence the equation of x-axis is y = 0.

2. Equation of y-axis: We know that the abscissa of each point on the y-axis
is 0. If P (x, y) is any point on the y-axis, then x = 0.

Hence the equation of y-axis is x = 0.

3. Equation of a line parallel to y-axis.
A rY A
s D ¢ B
K----- B X TN
o it
¢ C + A
W v v
y

Let AB be a straight line parallel to the y-axis lying on its right hand side at
a distance a from it. Thus, the abscissa of each point on AB is a.

If P (x, y)is any point on AB, then x = a. Thus, the equation of a vertical line
at a distance a from the y-axis, lying on ifs right hand side is x = a.

Similarly, the equation of a vertical line at a distance a from the y-axis,
lying on its left-hand side is x = —Q.

4. Equation of a line parallel to x-axis
¥
=
A ® B
‘b
o O Tb X

6 y=-b D

v
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Let AB be a straight line parallel to the x-axis, lying above it at a distance
b from it. Then ordinate of each point on AB is b. If P (X, y) is any point on
AB, then y = b. Thus the equation of a horizontal line at a distance b from
the x-axis, lying above the x-axis is y = b.

Similarly, the equation of a horizontal line at a distance b from the x-axis,
lying below the x-axisis y = -b.
Equation of a Line in Point-Slope Form

ry L

P(x,y)
A(x,y,)

e
j)/ O % i

v y'

Let L be a non-vertical line with slope m and passing through a point A (x;, y1).
Let P (x, y) be an arbitrary point on L.

Then slope of the line L= Y~ %
X=X

.~ m=YHh = y-y;=m X-X;) where m=tan 6
X

Equation of a Line in Two-Point Form
L

¥
/B(erY2)
P(xy)
Alx,y)
:X/ 0o X

A

v

458



q

Let L be the line passing through the points A (x;, y1) and B (x,, y») and let P (x, y)
be an arbitrary point on L. Then slope of AP = slope of AB.

— Y-¥ = Yo~ Yi
X=X X=X

=y-yr =270 (x-x)
- X

X,

which is the required equation.

Equation of a Line in Slope-Intercept Form

y/' L
/ C(o,0)

X / o X

v

Let L be a given line with slope m, making an intercept ¢ on the y-axis. Then, L
cuts the y-axis at the point (O,C).

(Remember C could be -ve, O or +ve, The y intercept of the line is C.)
Thus, the line L has slope m and it passes through the point C (o, ¢).
So by point-slope form, the equation of L is

y-c=mXx-0)=y=mx+cC

Equation of a Line in Intercept Form

\ B(o,b)
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Let AB be the line cutting the x-axis and the y-axis at A (a, o) and B (o, b)
respectively. Here, x — intercept and y - intercept of the line are a, b
respectively. Let us assume that none of g, b is O.

S0, the equation of line AB is given by

y-0_ b-0
x—a 0-a
Ly b

Xx—a -a

(Division of both sides by ab is possible as none of a and b is 0)

Thus, the equation of a line making infercepts a and b on the x and y axis

respectively is X + Y_ 1.
a b

Equation of a Line in Normal Form

N

"N

I
I
m .
%" O M \X

Let L be the given line. Draw ON perpendicular to L. Let ON = p and let
the angle between positive direction of the x-axis and ON be o in anti-

N

clockwise sense.

Draw perpendicular NM on the x-axis. We have
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oM NM .
—— =COSoaand — =sina
ON ON

(In this figure a is acute. But, a could be such that 0 < a < 2 =) In all possible
cases, the co-ordinates of N are (p cos a, sin o)

(oc;tg,oc;ts—;)

= OM =p cos aand NM = p sin a
Thus the coordinates of N are (p cos a, p sin o)

Moreover, line L is perpendicular o ON.

-1 -1 —cosa

. Slope of the line L = = =
Slope of ON tana  sSina

Thus, the line L passes through the point N (p cos a, p sin o) and has slope

_ coso,

~ sna
So, the equation of the line L is given by

Cosa

y—-psina= -

X—p cos a)

= (y-psina) sina=-Ccosa (X—p Cosa)
= X COS o + Y sin o= p (Cos? a + sin® o)
= XCosa+ysina=p

which is the required equation.

Theorem: Prove that the equation Ax + By + C = 0 always represents a line
provided A and B are not simultaneously zero.

Proof: Let Ax +By + C =0 where A% + B? = 0
Case l: When A=0andB =0

In this case, the given equation becomes
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C
By +C=0 :>y=—E

which represents a line parallel to the x-axis
Case ll: When A=0and B =0

In this case, the given equation becomes

Ax+C=0 :>x=—E
A

which represents a line parallel to the y-axis

. 3
You may note that even if a :gor ?n the equation would be of the formy = p or

o b1 LT 3n .3
-y =p which is of the form xcos=§+ysmE:porxcos?+ysm?=p

Case lll: When A=0andB=#0
In tThis case we have
Ax+By+C=0

— By =-Ax + (-C)

(9

This is clearly an equation of a line in slope intercept formy = mx + c,

where m = [_ﬁj and (_Ej
B B

Thus Ax + By + C = 0 where A? + B? = 0 always represents a line.

Theorem: Prove that the length of perpendicular from a given point P (x;, y;) on
aline Ax + By + C =0 s given by

g- |Ax +By; +C
JA? +B?
Proof: Let L be the line represented by the equation Ax + By + C = 0 and let
P (xy, y1) be a given point outside if.
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Let us assume that none of A, B, Cis O

v

Vy

Let this line L intersect the x-axis and the y-axis at points Q and R respectively,
and let PM 1L QR.

Now, AXx+By+C=0= Ax+By=-C

ﬂ+ﬂ=]
C —C
X Y

Thus, the given line intersects the x-axis and the y-axis at the points Q (-%, 0)

and R (0, —%J respectively.
1| (-C -C C

Area of A PQR = E‘)(I(E_O)+O.(O_yl)+(Xj.(yl+Ej‘

= } _C(ﬁ+£+£j

2 B A AB
1<
=5 AB(AX1+By1+C)
C
= ‘— (Ax1+By1+C)‘ M

2AB
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Also, area of A PQR = % x QR x PM

- % x PM x \[(OQ)’ +(OR)’

Rk IR

2 2
=1><PI\/I>< %+%
2 A° B

From equation (1) and (2), we get

)

1 /Cz c? C
E x PM x F—i_? = ‘m (AX1+By1+C)

1
= —X|——
2
|Ax, +By, +C|
PM =
- VA? +B?
|Ax + By, +C|

Hence, d =
JAZ+B?

It may be easily seen that the formula stands tfrue even if A=0,B=0, C =0 or
A#0,B=0,C=00rA=0,B0,C#00rA=0,B=0,C =0,

Remarks: The length of perpendicular from the origin (0, 0) on the line

19
AX+By+C=0is ——
Y JAZ+B?
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Distance between Two Parallel Lines

v y'

Theorem: Prove that the distance between two parallel lines Ax + By + C, =0
and Ax + By + C, =0 is given by

_ le.-¢

JAZ+B?

Solution: Let L, and L, be two given parallel lines represented by

d

Ax+By+C,;=0 QD)

and Ax+By+C,=0 @

Putting y = 0 in equation (1), we get x = —% (assuming A = 0)
Thus L;, intersects the x-axis af Q = (_%, )

LetQR L L, andletd = IQRI. Then

d = length of perpendicular from Q (—%, Oj onAx+By+C,=0

Cl
‘Ax(—AjJr Bx0+C, ) |C2—C1|

JAZ 4 B? - JAZ4B?

= d=
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lllustrative Examples
Microeconomic applications: Demand curve

Example 1. Let us assume that the demand curve is described by the line
g = mp + b. Find its equations given that a promoter discovers that the demand
for theatre tickets is 1200 when the price is Rs. 400, but decreases to 200 when
the price is raised to Rs. 450.

Solution: The form of the equation g = mp + b indicates that the price p, is the
independent variable and the quantity q, is the dependent variable. The
problem gives us two points of the demand line as (400, 1200) and (450, 200).
We must identify the slope and the y-intercept of the line.

Aq_ g,-g _900-1200 -300 _ _,
Ap p,—p, 450-400 50

Slope m =

The equation must, therefore, take on the form, g =-6p + b.

Now since (400, 1200) is a point on the demand curve it must satisfy the
equation g =-6 p + b. By substitution, we obtain

1200 =-6 (400) + b
or 1200 =-2400 + b
b = 3600
Now, since m = -6 and b = 3600, the equation of the demand line is

g=-6p + 3600
Example 2: The equilibrium quantity and the equilibrium price of a product are
determined by the point where the supply and demand curves intersect. For a

given product, the supply is determined by the line.
q supply =30 p -45

and for the same product, the demand is determined by the line

gdemand = - 15p + 855
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Determine the equilibrium price and the equilibrium quantity and frace the
supply and demand lines on the same graph.

Solution: We must determine the coordinates of point (g, p) situated at the
infersection of the two lines. This point must, therefore, satisfy both the supply
and the demand equations. The solution to this problem is to solve:

g=30p-45 M
g=-15p + 855 (@)
Thus from equation (1) and (2)
30p-45=-15p + 855
or 45 p =900
p=20
and q=30(20)-45=1555

The equiilibrium price and the equilibrium quantity are, therefore, Rs. 20 and 555
resepctively.

1200 +
1155

1000 1

855
800 1

o4

4001

Supply Line

(20,555)

200 + demand Line

10 20 30 40 50 60

O

Example 3. Find the equations of the lines parallel to the axes and passing
through the point (=3, 5).
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Solution: We know that

Q) The equation of a line parallel to the x-axis and passing through (-3, 5) is
y=95

(i) The equation of a line parallel to the y-axis and passing through (-3, 5) is
X=-3

Example 4: Find the equation of the perpendicular bisector of the line segment
joining the points A (2, 3) and B (6, -5)

Solution: Here A (2, 3) and B (6, -5) are the end points of the given line segment.
The midpoint of AB is

M (ﬂﬁj e, M@ -1
2 2

Slope of AB = =3 =-2
6-2

Let LM 1L AB and let the slope of LM be m.

Thus, mx (-2) =-T=> m = %

1
Now, LM is the perpendicular bisector of AB with slope = 2 and passing through

M@, -1).
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S0, the required equation is

1
+1=— (-4
y 2( )

or 2y +2=x-4
= X—-2y-6=0

Example 5: Find the equation of the line whose y-intercept is -3 and which is
perpendicular to the line 3x -2y + 5 =0.

Solution: 3x -2y +5=0=2y=3x+5
3

Sy=Sxe
Y 2 2

.. Slope of the given line = g

.. Slope of a line perpendicular to the given line

(o M=)
ml

I
wWIN

2
Now, the equation of a line with slope 3 and y-intercept -3 is given by
2
= —X— 3
Y 3

= 2Xx + 3y + 9 = 0 which is the required equation.

Example 6: If M (a, b) is the midpoint of a line segment intercepted between

the axes, show that the equation of the line is §+% =2,

a

Solution: Let the equation of the line be g% - 1
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M(a,b)

X0 A\ X

W

v

Thus, it cuts the x-axis and y-axis at the points A (¢, 0) and B (o, d). M (q, b) is the

midpoint of AB. So %’ - aand % - b.

= c=2aand d = 2b.

So the required equation is

Example 7: Find the equation of a line whose perpendicular distance from the
origin is 2 units and the angle between the perpendicular segment and the
positive direction of the x-axis is 240°.

Solution: Let equation of the line be x cos a + y sin a. = p
Here p = 2 units and a = 240°

A _y
240°
\ /_\ X
! O X
X p:2
N \
W
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cos 240° = cos (180° + 60° = — cos 60°

sin 240° = sin (180° + 60% = — sin 60°
_ V3
2

So, the equation of the line is

X cos 240° + y sin 240° = 2

= xx[—1j+yx[_£J=2
2 2
= X+ 3y+4=0

which is the required equation.

Example 8: Reduce the equation J3x + y + 2 =0 to the normal form x cos a + y

sin a = p and hence find the value of o and p.
Solution: We have

V3X+y+2=0=-3x-y=2

e

Normal form of the equationis xcosa +ysina=p

3

, 1
Here,cosoa=-—-—=,sino=—,p=1
2 2

Since cos o < 0 and sin a < 0, a lies in the third quadrant,

' 1 2 1
Now, tan o= 2N = (——j x [——j = — =tan (180° + 30°
%7 osa 2 J3) 3 ( )

=tan 210°= o =210°
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Thus, o =210°and p =1
Hence, the given equation in normal formis x cos 210° + y sin 210° = 1.
Example 9: Find the distance between the parallel lines.

15x + 8y —34=0and 15x + 8y + 31 =0

Solution: Converting each of the given equation to the formy = mx + ¢, we get

15 17
15x+8y-34=0 = y=-x41f M
g "2
15 31
15 +8y +31 =0 :>y=—§5x—% @

Clearly, the slopes of the given lines are equal and so they are parallel.

15

The given lines are of the form y = mx + ¢; and y = mx + c;where m = ——,
17 31
Ci=—andcy= ——
4 8

. Distance between the given lines

— |C2_C1
1+ m?
‘_31_17 ‘_65‘ 65
_ 8 4 _ 8 _ 8
2 225 289
BCERSE
8 64
65 8 65 .
= — X — = — units
8 17 17

Hence, the distance between the given lines is ? units.
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Exercise 1
1. Find the equation of a line which is equidistant from the lines y = 8 and
y =-2.

2. If A(1,4),B@2,-3)and C (-1, -2) are the vertices of a AABC, then find the
equation of

0) the median through A
(i) the altitude through A
(i) the perpendicular bisector of BC

3. Find the equation of the bisector of the angle between the coordinate
axes.

4, Find the equation of the line passing through the point (2, 2) and cutting
off intercepts on the axes, whose sum is 9.

5. Find the equation of the line which is at a distance of 3 units from the

origin such that tfan o = % where a is the acute angle which this
perpendicular makes with the positive direction of the x-axis.

6. Reduce the equation 5x — 12y = 60 to intercept form. Hence find the
length of the portfion of the line intercepted between the axes.

7. Reduce the equation x + y — 2 = 0 fo the normal form.

8. What are the points on the x-axis whose perpendicular distance from the

ine =+ = 1is 4 units.
3" 4

9. A company produces shoes. When 30 shoes are produced the total cost
of production is Rs. 1500. When 50 shoes are produced the costs increases
to Rs. 2000. What is the cost equation (C) if it varies linearly in function to
the number of shoes produced (Q).

10. Consider a market characterised by the following supply and demand
curves:
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q demand =- 10p + 1000
q supply =0.2 p + 2986

Find the equilibrium price and quantity.

12.5 Circle

A circle is the set of all points in a plane, each of which is at a constant distance
from a fixed point in the plane.

radius 7/

/
20,
Centre

The fixed point is called the centre and the constant distance is called the
radius. Radius is always positive.

It Py, Po, Ps, ... are points on the circle with center C, and radius r, then
CP1=CP2=CP3= ..... =r
Equation of a Circle in Standard Form

Let O (0, 0) be the centre of the circle and r be its radius. Let P (x, y) be a point
in the plane, then P lies on the circle iff OP =r

ie., \/(x—0)2+(y—0)2 =r

=X +y?=r

P(xy)
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This is standard form of the equation of a circle.

Equation of a Circle in Central Form

q

Let C (h, k) be the centre of the circle and r be its radius. Let P (x, y) be a point

in the plane, then P lies on the circle if CP =r

P(xy)

= J(x=hY +(y—k)’ =r
= X-h)?+y-k?=r
This is known as the central form of the equation of a circle.

Equation of a Circle in Diometer Form

p (xy)

B(X2:Y2)

A
(xu¥1)

Let A (x5, y1) and B (x,, y,) be the extremities of a diameter of the circle.

Let P (x, y), be any point on the circle. Thus

slope of the line AP = Y% gnd
X=X

slope of the line BP = Y~ %2
X=X,

Now P lies on the circle, so ZAPB = 90°

The lines i.e. AP and BP are perpendicular fo each other.
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= (Y -y) Y-y == X=Xx) X=Xz)
= X=X) X=X)+(y-yD)(y-y2)=0
This is the equation of a circle in diameter form.
Equation of a circle in General Form
We know that the equation of the circle with centre (h, k) and radius r is
x=h?+(y-k?=r
=X +y’ -2hx-2ky +h?+k?-r*=0
It can be written is
X>+y?+29x+2fy+c=0
where g=-h,f=-kand c=h?+ k*-r?
r=h’+k’-c
=gy +(H*-c
=g+ -cC
But r>>0,s0 g?+f?-c >0
Now if we consider any equation
X>+y?+29x+2fy+c=0
with g* + f* — ¢ > 0 then on adding g? + f* on both the sides, we get
C+20x+ P+ Y +2fg+ ) +c=g>+

= X+gr+y+H=g’+f-cC

= X QP +ly- D= (o +f2—c)2
= (o +ly-(0f = g+
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The distance of the point (x, y) from the point (-g, -f) is a fixed positive real

number r (z\/m)

This is the set of all points (x, y) which is at a constant distance r (=«/gz+f2 —c)

from the fixed point (-g, -f)

So the equation x* + y? + 2gx + 2fy + ¢ = 0 represents a circle with centre (-g, —f)
and radius /g +f*—c. This is general form of the equation of a circle.

X +y?+29x+2fy+c=0

12.6 Properties of Circles

1.

If g + f* — c = 0, the equation of circle is satisfied by one and only one
point (-g, —f). Therefore it represents a single point known as point circle.

If g> + > — ¢ < 0, the equation of the circle is not satisfied by any real value
of x, yi.e. it is not satisfied by the co-ordinates of any point in the plane.

The general equation of a circle has the following character stics.

0) It is an equation of second degree in x, y containing no product
ferm xy.

(i)  Coefficients of x> = Coefficients of y? = 1

The equation ax? + ay? + 2 gx + 2fy + ¢ = 0 represents a circle if a = 0 and
gZ + f 2 —ac

LI

The equation ax? + 2hxy + by? + 2gx + 2fy + ¢ = 0 represents a circle if

g’ +f-c>0.ltscentre is (_9, —f—] and radius is
a a

0) a=b=0
(D) h =0 and

(i) g*’+f-ac>0
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lllustrative Examples
Example 1: Find the equation of a circle with centre (3, -2) and radius 5.

Solution: We know that the equation of a circle with centre C (h, k) and radius r
is given by

x=hy+y-k?=r
Hereh=3,k=-2andr=5
. Required equation of the circle is
(X=3+ (y+2)P°=5
= X*+y’-6x+4y-12=0

Example 2: Find the equation of the circle with centre (2, 2) and which passes
through the point (4, 5).

Solution: The centre of the circle is C (2, 2) and it passes through the point P (4,
5)

~. radlius of circle = CP = \/(4—2)2 +(5-2)°
= /449
- 13

.. Equation of the circle is
(x =27 +(y -2 = (Vi3)’

= X +y’-4x-4y-5=0

Example 3: Find the equation of the circle of radius 5 whose centre lies on x—
axis and passes through the point (2, 3).

Solution: Let equation of the circle be (x - h)> + (y - k)> = r* centre lies on x-axis
so centre is (h,0) Since the circle passes through A (2, 3) and has radius 5.

2-h?+@-01=5
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= 2-h¥=16=2-h=4,-4

=>h=-2,6
. The centre of the circle is (-2, 0) or (6, 0).
Equation of the circle is

X+2P+(y-02=5 or (x-6y+(y-0)2=5
e, XP+y*+4x-21=0 or xX*+y*-12x+11=0
There are two circles satisfying the given conditions.

Example 4: Find the equation of the circle passing through (0, 0) and which
makes intercepts a and b on the coordinate axes.

Solution: Since the circle cuts off intercepts a and b on the coordinate axes, so it
passes through the points A (a, 0) and B (o, b).

As the axes are perpendicular to each other and hence AB becomes a
diameter of this circle.

(0,b)P

ou

. The equation of the circleis x—-a) x-0)+(y-0) (y-b)=0

o\

,0)

o)

o, X+y’-ax-by=0
Example 5: Find the centre and radius of the circle x? + y> - 8x + 10y — 12 = 0.

Solution: The given equation is
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X2 +y2—-8x+10y-12=0

Comparing it with x* + y* + 2 gx + 2 fy + ¢ = 0, we get

g=-4,f=5andc=-12

L P=gP+fP-c=(-4)P+5-(-12)=53>0
Or, r=+/53

Hence, the given equation represents a circle with centre (-g, -f) i.e., (4, -5)

and radius = /53

Exercise 2

Very short answer type questions

1.

Find the equation of the circle with:

@® centre (0, 2) and radius 2.

(i centre (0, 0) and radius 3.

(i) centre (-a, -b) and radius Va2 —b? .

Find the equation of the circle drawn on a diagonal of the rectangle as
its diameter whose sides are the linesx=4,x=-5,y=5andy =-1.

Which of the following equations represent a circle? If so, determine its
centre and radius.

@ 32+ 3y? + 6x -4y = 1
(i) 2%+ 2y*+ 3y +10=0
(i) x2+y?’-12x+6y+45=0

One end of a diameter of the circle x> + y* — é6x + 5y — 7 =0 is (-1, 3). Find
the coordinates of the other end of the diameter
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5. Find the equation of the circle passing through the points (2, 3) and (-1, 1)
and whose centre lies on the line x-3y - 11 =0.

6. Find the value of p so that x> + y> + 8x + 10y + p = 0 is the equation of a
circle of radius 7 units.

7. Find the value of k for which the circles x> + y* — 3x + ky — 5 = 0 and 4x® +
4y?
- 12x -y -9 =0 are concentric.

12.7 Parabola

A parabola is the set of all points in a plane which are equidistant from a fixed
line and a fixed point (not on the line) in the plane.
/

N

Fixed line

Fixed point

The fixed line (say () is called the directrix of the parabola and the fixed point
(say F) is called the focus of the parabola.

If Py, P,, Ps.... are points on the parabola and M;P,, M,P,, M;P; are perpendiculars
to the directrix £, then

FP] = M]P], FP2 = MQPQ, FP3 = M3P3 eTC.

The line passing through the focus and perpendicular to the directrix is called
the axis of the parabola. The point of intersection of parabola with the axis is
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cadlled the vertex of the parabola. The equation of a parabola is simplest if its
vertex is at the origin and its axis lies along either x-axis or y-axis.

Equation of a parabola in the standard form

N

=0
=<

X+a
L]
—

T

¥ =3

=

N
v

(-a,0) | (0,0)

v

Let F be the focus, { be the directrix and Z be the foot of perpendicular from F
to the line .

Take ZF as x-axis Let O be the mid-point of ZF. Take O as the origin. Then the line
through 0 and perpendicular to ZF becomes y-axis.

Let ZF = 2a (a > 0) then
/O0=0F=aqa

Since F lies to the right of O and Z to the left of O, coordinates of F and Z are
(a, 0) and (-a. 0) respectively. Therefore, the equation of the line ( i.e., directrix is

x=—aor x+a=0.

Let P (x,y) be any point in the plane of the line £ and the point F, and MP be the
perpendicular distance from P to the line £ then P lies on the parabola iff

FP = MP

or (x-a)* +y? :_|x1a|
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or (X-a)Y+y’=(x+a)?
= X+ 0°-20x + Yy’ =x*+ a®+ 20X
=  y’=4ox

Hence, the equation of a parabola is y? = 4ax, a > 0, with the focus F (a, 0) and
directrixx+a =0

It is called standard form of the equation of a parabola.
Some observations about the parabola y? = 4ax, a > 0

If (x, y) is a point on the parabola y? = 4ax, then (x, -y) is also a point on the
parabola

S0, the given parabola is sysnmetrical about x-axis.
0) This line is the axis of symmetry of the parabola y? = 4ax.
(i) The focusis F (a, 0) and directrix isx + a = 0.

(i)  The point O (0, 0) where the axis of parabola meets the parabola is the
vertex of the parabola.

(v) If x <0, then y? = 4ax has no real solutions in y and so there is no point on
the curve with negative x coordinate i.e., on the left of y-axis.

When x = 0 we get y>= 0=y = 0. Thus (0, 0) is the only point of the y-axis
which lies on it. Therefore the entire curve, except the origin, lies to the
right of y-axis.

(v) A chord passing through the focus F and perpendicular to the axis of the
parabola is called the |latus rectum of the parabola.

12.8 Length of the Latus Rectum

Let chord LL" be the latus rectum of the parabola, then LL" passes through focus
F (a. 0) and is perpendicular o x-axis.

Let LF = k (k>0), then the points L and L" are (a, k) and (a, —k) respectively.
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I\

As L (a, k) lies on the parabola y? = 4ax, we get
k’=4axa=k=2a

The points L and L" are (a, 20), (a, -2a) and length of the latus
rectum = LL'= 2k = 4a. Also equation of the latus rectumisx=aorx-a=0.

To find the other equations of a parabola in standard form
@ Focus F (-a, 0), a > 0 and the line x — a = 0 as directrix.
(i) Focus F (0, a), a > 0 and the line y + a = 0 as directrix.
(i)  Focus (0, —a), a > 0 and the line y — a = 0 as directrix.

0) Let P (X, y) be any point in the plane of directrix and focus and MP be the
perpendicular distance from P to the directrix.

\\y N
(xy)

X-a=
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iii)

Then P lies on parabola.

Iff FP = MP

= \(cra) + v =jx-a]

= X+a)P’+y’=(Xx-0a)

= X2+ 0%+ 2ax + y?> = x° + 0 - 20x
= y?=-4ax,a>0

The axis is y = 0, equation of directrix x — a = 0, focus (-a, 0). Length of
latus rectum = 4q, equation of latus rectum x + a = 0.

The equation of the parabola opening upwards is x* = 4ay, a > 0.

Axis x = 0, directrix y + a =0, Focus (0, a).

g
F(o,a)
0 > X
< y+a=0 7 >/

Length of the latus rectum = 4a

Equation of latus rectumisy —a =0

The equation of the parabola opening downwards is
x*=-4ay,a>0

Axis x = 0, directrix y — a =0, Focus (0,—a).
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y-a=0 /
< 7 >
O ;
> X
¢ F(o0,-a)

Length of the latus rectum = 4a

Equation of the latus rectumisy + a=0

lllustrative Examples

Example 1: If a parabolic reflector is 20 cm in diameter and 5 cm deep, find the
focus.

Solution: Let AOB be the parabolic reflector which is 20 cm in diameter and 5
cm deep, then AB =20 cm and OM = 5cm, where M is midpoint of AB.

A y

The equation of the parabola can be taken as y? = 4ax
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Since the point A (5, 10) lies on the parabola, so
10°=40%x5=a=5
.. The coordinates of the focus are (a, 0) i.e., (5, 0).

Example 2: A beam is supported at its ends by supports which are 12 metres
apart. Since the load is concentrated at the centre of the beam there is a
deflection of 3 cm at the centre and the deflected beam is in the shape of a
parabola. How far from the centre is the deflection 1 cm?

Solution:
ALY
12m M
A B

T lcm T
| P
| 3em |
I |
I |
: 2cm :

i i -

O N \

Let AOB be the beam in the shape of a parabola with vertex at the lowest point
O. The beam is supported at the points A and B.

Take the vertex O of the parabola as origin and the axis of the parabola as y-
axis. The equation of the parabola is X*> = 4 ay.

GivenAB=12mondOl\/I=30m=im.
100

As M is the midpoint of AB, MB =6 m.

The coordinates of B are (6, i)
100

Since B lies on the parabola
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6 = dax —

100

= g= 210 _ 444
12

Let P be any point on the parabola whose deflectionis 1 cm, then NP =2 cm =

ﬁ m. Let ON = x metre, then the coordinates of P are [x, ij .

Since P lies on the parabola, we get

x2=4><300><i
100

= x2=24 = x=+2 6.

Hence, the points of the beam where the deflectionis 1 cm are at a distance of
26 m from the centre.

Example 3: The girder of a railway bridge is a parabola with its vertex at the
highest point 10 metre above the ends. If the span is 100 metres, find height of
the girder at 20 metres from its mid-point.

Solution:

Q(50,-10)

Take the vertex O of the parabola as origin and the axis of the parabola as y-
axis. Therefore, the equation of the parabola is x* = - 4 ay.

Given OM = 10 metfre and Q'Q = 100 metres

As M is the midpoint of Q'Q, MQ = 50 metres. Therefore coordinates of Q are
(60, -10).
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Since Q lies on the parabola, so

502=—40(—10):>o=1275

Let MN = 20 metres, draw NR 1L MQ to meet the parabola at P.
As P lies below the x-axis, coordinates of P are (20, -p) where p =PR >0
Since P lies on the parabola, we get

202=—4.1275(—p):>p= 400 §=1.6

250

.. The required height = NP = NR - PR
=10-1.6 AasNR=OM=10m
= 8.4 metres

Example 4: The cable of a uniformly loaded bridge hangs in the form of a
parabola. The roadway which is horizontal and 100 m long is supported by
vertical wires attached to the cable, the longest wire being 30 m and the
shortest being 6 m. Find the length of the supporting wire attached to the
roadway 18 m from the middle.

Solution:

B (50,24)

Roadway M Q N

The bridge is hung by supporting wires in a parabolic arc with vertex at the
lowest point and the axis vertical. The equation of the parabola can be taken
as

x? =4 ay.
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Shortest supporting wire = OM = 6 m.
Longest supporting vertical wire = NB = 30 m.
~ LB=30-6=24m.

AISOOL=%X100m=5Om.

. The point B is (60, 24) which lies on the parabola, and so we get

(50)2=40><24:>o=%

Let PQ be the vertical supporting wire at a distance of 18 m from M. If PQ = k
metres, then the point P (18, k — 6) lies on parabola, we get

2 24 x 24
500 K—-6) = 324 % _
96 2500

18% =4 x k-6

_ 324x24
~ 2500

=k + 6 =9.11 metres (approx.)

Hence the length of the wire required = 9.11 metres (approx.)
Exercise 3

1. The focus of the parabolic mirror is at a distance of 5 cm from its vertex. If

the mirror is 45 cm deep, find the distance AB.
Ay
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An arc is in the form of a parabola with its axis vertical. The arc is 10 m
high and 5 m wide at the base. How wide is it 2 m from the vertex of the
parabola?

The towers of a suspension bridge, hang in the form of a parabola, have
their tops 30 metres above the roadway and are 200 metres apart. If the
cable is 5 meftres above the roadway at the centre of the bridge, find the
length of the vertical supporting cable 30 metres from the centre.

The girder of a railway bridge is in the form of a parabola with its vertex at
the highest point, 15 metres above the ends. If the spanis 150 metres, find
its height at 30 metres from the midpoint.

A water jet from a fountain reaches its maximum height of 4 metres at a
distance of 0.5 metres from the vertical passing through the point O of the
water outlet. Find the height of the jet above the horizontal OX at a
distance 0.75 metre from the point O.

Answer Unit - VIII
Exercise - 1

. Y=3

. () 13x-y-9=0 (i) 3x-y11=0 (i) 3x—y+4=0
y=%X
X+2y=6

. 12x=5y=39

X C0s45° +y Snd5° =+/2
. (8.0).(-2,0)

c=25+7%
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10. 68,76 and 312, 35
Exercise — 2
1. () X¥*+y*-4y=0
(i) X2 +y?-9=0
(i) x*+y*+2ax+2by+2b*=0=0

2. X*+y +x-4y-25=0

3. () Circle, Centre (—lg), radius = g

(i) Noft circle
(i) A point circle with centre (6, -3) and radius zero

4. (7,-8)
X°+ Yy +7x+5y-14=0

Exercise - 3

1. 1.56 m approx.
60m

2.23 m Approx.
7.25m

12.6 m

13 m

S e A
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