Limits and Derivatives

Limit of a Function Using Intuitive Approach

o For a function f{x), if for x closes to a implies that f{x) closes to ], then [ is called the limit of
function f(x) at a.

lim fix)=1
e [lis the limit of function f{x) is written as “*= [read as “limit of f{x) is I, when x tends
to a” or “for x — a (x tends to a), f{x) = [ (f(x) tends to [)]

o Iff(x) =x3 -2, then for x very close to 3, f(x) will be very close to 25. This can be written

lim (x'—2) =25 o _
as . So, limiting value of x3 - 2 at x closes to 3 is 25.

Example 1: For f{x) = x(a - 3x), find the value of a at which the limits of function f{x)
when x tends to 4 and when it tends to 5 are the same?

Solution:

It is given that
f(x) =x(a - 3x)
= f(x) = ax - 3x?

The limit of function f{x) when x tends to 4 is calculated as follows:

x |39 3.95 3.99 3.999 4.001 4.01 4.05 4.1

f( |39a |395a-|399a-|3999a |4.00la |4.0la- |3.05a- |4.1la
x) | -45. | 46.807 | 47.760 | —47.97 | -48.02 | 48.240 | 49.207 | - 50.
63 5 3 6003 4003 3 5 43

lin’: flx)= ]in'!{ux —3x')=4a-48

The limit of function f{x) when x tends to 5 is calculated as follows:

4.9 4.95 4.99 4.999 5.001 5.01 5.05 5.1




f(x)

49a -

72.03 |495a-73 499 -7 |[4999a-7 |5.00la-7 |501la-7 |5.05a-7 |51a-78.03

5075 4.7003 4.970003 5.030003 5.3003 6.5075

]'Irr:| flx)= I'IIT]I[m'— 3y ) =5a-75

We have to find the particular value of a at which the limits of function f{x)
when x tends to 4 and when it tends to 5 are equal.

Ijtl} fix)= Iin;. Jix)
= dg-48=5-T75
= a=27

Thus, the limiting values of f{x) = x(a — 3x) when x tends to 4 and 5 are equal for a = 27.
Example 2: Show that the limit value of g(y) = [2y - 5] does not exist when y tends to 2.
Solution: The given function is

g =[2y - 5].

Clearly, g(y) is a greatest integer function

a=1, fora=l<g(yvi<a

g(y) = )
Hence, a, fora=g(y)<a+l

Where, a is an integer

The limit of g(y) when y tends to 2 is calculated as follows:

y

1.9 1.95 1.99 1.999 2.001 2.01 2.05 2.1

g(y) ) ) ) ) -1 -1 -1 -1

We may observe that

lim g(y)=-2
Left hand limit of the function = *** whereas the right hand limit =

lim g(y)=-1




Since the left hand and the right hand limits of the function are not equal, the given
function does not have a limiting value.

lim v(f) = v(b)
Example 3: For what real and complex values of b, *** ,

(' =16)(t" —16)

v(t)=— 3
where (7 —1N2r —r—ESj?
Solution:
lim w(f)=v(h)
We know that if a function v(t) is defined at ¢t = b, then '** , else not.

lim v(f) = vih)
Since ‘" , we need to find the value of b, i.e., t, where v(t) does not exist.

This is only possible, if

(£ =12t —t-28)=0

= (=D +e+ D27 -8+ 7t -28)=0
= (=1t +t+ D20t =4+ Tt —4)] =0
= =D+ D) =42+ T)=0

—T =121 =4(1)(1)

= t=1or 4 or — or

2 2(1)

— .
:}.f:lcnri‘rmT?ur ]_NE

-7 _
— 11I1|'1 Vi) = vih)

So,forb=1,4, 2 asreal values and 2 as the complex values, ‘™
4 -2
V(1) = (" =16)(1~ —16)

_where (F =1)2r —1-28)

Limit of a Polynomial and a Rational Function
Algebra of Limits

lim f{x) lim g(x)
If fand g are two functions such that both = and “*¢ exist, then



lim [ f(x)+ g(x)]=lim f{x)+lim g(x)

X—rd

The limit of the sum of two functions is the sum of the limits of the functions.
oA kR 5 3 ] ]
lim L.F +x2 ‘= lim x* +1lim x> =4 +4 =324+8§=40

=34 V-4 v—4

For example,

lim [ /(x)~ g(x)] = lim /() ~ lim g(x)

The limit of the difference between two functions is the difference between the
limits of the functions.
] £ 5 3 5 3
lim | x2 —x? |= lim x- —1in} x1=42-42=32-8=24
For example, "~ J '

lim [f{x).g(x)] =lim 7 (x).lim g(x)

The limit of the product of two functions is the product of the limits of the
functions.

503 5 3 5003
lim [x3.,1.'3 ] =lim x> 0im x? =42 %4> =32x8 =254
— R | a—sd

For example,

. lim f(x)
fim L) |
v g(x) limg(x) limg(x)=0
K =il , Where T
The limit of the quotient of the two functions is the quotient of the limits of the

functions, where the denominator is not zero.

z

5 = 5
2 lim x* ys
. X° ’ 4+ 32
lll'l‘l —3='r_"I 3 =—1=? =4
—d 3 3 n
T xt limx? 47
For example, 4

lim [k.f(x)]=klim f(x)

x—+a T , where k is a constant
The limit of the product of a constant and a function is the product of the
constant and the limit of that function.

2 F=d

A J A

y—d

Y { k] g 3 9
lim [—f |=— lim x? ==xd4? =—x32 =144
2 3
For example,

Limit of a Polynomial Function



plx)= Za,x"
e A function p(x) is said to be a polynomial function if p(x) = 0 or I=0 , where ar € R
and ar # 0 for some whole number r.

lim p(x)= p(a)
e The limit of a polynomial function p(x) at x = a is given by ¢

For example, the value of lim s (3m3 —9m?n+9mn? —3n* —m+n— 80) can be calculated as follows:
m—n+

lim (3m3 —9m2n+9mn? —3n® —m+n— 80)

m—n+3
= lim (3 (m* —3m’n+3mn® —n®) — (m—n) — 80
= m]—jfi‘iyg [S(m —n)® — (m—n) — 80]
- [3(3)3 ~- (3) - 80}
=81 —3— 80
— 2

Limit of a Rational Function

plx)= 4
o A function p(x) is said to be a rational function if (%) where q(x) and r(x) are
polynomials such that r(x) # 0.
plx) = g(x)
e The limit of a rational function p(x) of the form ") atx=ais given by
lim p{.r}=—qw}
e rla)

‘u"';+?

lim =
« Forexample, to find the value of “™* V¥ +2 e may proceed as follows.
7 6447 847 15
lim — =— = =—=5
e xe2 Ysd-1 4-1 3
-rllil _a.lr

=1

=Ha

lim
e Forany positive integern, "™ t—d

. i _
o (v+5)' 625

p—ei} v

e For example, can be calculated as follows.



\ i e B 4z
limU +5) 6'5: lim {'H_S! > (v — 0 shows that y +5 — 5)
1=} ¥ S :.}_.'4.:.}_5
— 4}( SJ-I
=300
Solved Examples

Example 1: Find the values of a and b if

- Jain+5)-2b(n+4)! _ (a+2b)(n+1)!=b(n-1)! —_I

) -
vz hin+5)+a(n+4)! v (2a—b+D(n+D!=aln=-1" 2
and
. oa+2bh . h—a
lim = lim
vl x s -j e _]

Also, show that 2

Solution:

lim 3a(n+5)!-2b(n+4)! _
We have " b{n+5)Hai(n+4)!

[3a.(n+5)-2b](n+4)!
= lim ==2
= [bin+5)+al(n+4)!

. dan+15a-2b
= hm——m——— =2
e b+ Sh+a

- 15a-2h0
Rl ad+ |

. i
= lim — L=-2

= jf}+q\l
n(f}+ |

| mweo

i S
]il L3ﬂ' 15a .J[}]
o)

a0

= ==L

L0



(a4 2b)in+D)=bin-1) _—_I

im _
We also have "~ (2a—=b+.(n+)=a(n-D! 2

- [(a+2b)nn+=bln-1! -1

= lim
= lim =
= lim (2a—b+1) a:|_E
(a+2b) b}
= p—
|im[{za—b+|1+‘2““'r’+”— ",} 2

1

lim [l{a+2b} +

== [(2a-b+1Dn(n+)l-a](n-1! 2
(a+2bn" +{a+2bm—b -1
s (2a—b+' +(2a—b+lm—-a 2
u:[{a+ 2b)+ (a+26) &1:|
" n =1
an:[l[Ea—b+|}l+ -
H H
noon -1
(PR Srel ﬂ ﬂ_

a+2h -1
f— =
2a-h+1 2
illl'!}+2tr
3 =1

= = [Using equation (1)]
2x ‘2‘5 bl 2

4h —1
= =
-7h+3 2
= 8bh=Th-3
= h==3

Substituting the value of b in equation (1), we obtain
a=2

Hence,a=2and b =-3

Now,

=5
-— x r—j X _I —3 : .?
lima+2h=2+2{ 3}:_4 . [_J = 2
ol | and -



im (a—bjg”—g” _ 5
Example 2: Find the value of n, such that a=b-3 (a—b)¥+27" 729
odd number.

, where n is an

Solution:

i (a_b)z'?_gn 2
im —=———= -
a=b-3 (a—h)¥+27" 729

= ”f:;m — = = (a-b-3=a-b- -3

RN _andn n
= Iibm 3%= —% (Since nis an odd number,[—3) =3"and (-3¥= -39
a—h—-3 (a—h)¥-(-3

lim (a—b)z”—(—s)?”
= a-h—s-3 @-h)—(-3) _ 2
im @D)¥V-(3% 729
a-hs-3 (@-b-(-3

I I
?ﬂ(_3)3?—1 729
3(-3)" 729

=2n=5



A+ —Ja+x

lim

Example 3: Evaluate = V9+ X' —9+x

Solution:

lim A S b :E form
A \1'[9+_1'T ~9+x
Hence,

I VA+x —Jd+x

im
=0 o4 xT — 9+ x

= lim (W-Jﬁ]x ! ]

) Jo+ 7 =9+ x
; (w..'4+.1‘" —\.|'4+_1'](w."4+r3 +«.n'4+_r) o+ +J0+x
= lim *

b N TSIy rpp (-“"9 +x7 =9 +_r][ 9+ x7 + \£9+.t:)
i [ (441" )= (44 1) y NI+ 449+ x
Hn“m ttadder (9+x)=(9+x)
. x(x*=1) N9+ X +/9+x
TN e
T e W Gt 'f)+:c}

J-*Uk_'r“ -1 4+ +Jd+x

P | VO 440+ x

« lim

= him

U e A
-1 343
= m— e —

1 2+2

I | e |

Limits of Trigonometric Functions

Let fand g be two real-valued functions with the same domain, such that f{(x) < g(x) for
lim f(x) limg(x)
all x in the domain of definition. For some q, if both +—= and ¢ exist,
limf{x) limg(x
then .l:—:ruf( } S .t—}ug{ ].



For example, we know that x2 < x3, for x€R and x = 1. So, for

limx® < limx’
anya€Randa =1, = o

Two important limits are

lim 20 g
i) X
lim | =cosx ~0
vl x
\Esin(g—x]+sin[n+x}
lim
3 JR[J— —x]
Example 1: Evaluate 3
Solution

ﬂﬁ 51'11[1—:: - x]+ sin(mT+x)

. . J3cosx—sinx
lim = lim
R

3 3| T —x 0 3 Ty
3 3

=L- lim

NE) (-
2-{ 5 Lﬂ&.\’—zblnl

it E.' ¥} T

' 3
. T

SIN—C0sX
3

—i- lim

X

T .
—COS—sInx
3

ki i._ ¥
]



Example 2:
cns4x—sin(z +5x]

lim _da+b
If renll xz 2 and yeall '
find the value of Vo4 + 2b
Solution:

. T
cosdxr—sin, — +35
e (z x] 3a+b
] xz 2
. 3a+b lim cosdx —cos Sx
Xk _x':
) [5x+4xJ ) [S.x—dli
2sin 2 sin N
=lim 5 =
K=l x
9x x
511 =1n
=2lim 2 2
a—el I:
Oy .
51N P 51N
=2lim = lim —=
a—il x y—i) X
Ox ;
9 SN SN
=2x— lim 2 v—.lim
2 u'T_.-..n 9.‘[ 'T—il'l X
: 2 2
1
=0Qu]x—xI
2
9
2
=3a+b=9

=b=9-3a..(1)

Itis also given that

L (m L (m
sm[4+5x]—s1n[4+3x]
=, /4b—5a

, then



. o - . s
sin| —+5x |—sin| —+3x
[4 J [4

lim o :w.-‘h"}—ﬁc:r
x=ll X

T i T

[—+"~r —[—+’+r] |—+5x +(—+?t]

. 4 L4
2sin LC0S
2 2
= dbh =52 =lim
N=wl} x

s 3
. T
sin x-tt}st p +4,1:J

=2lim
s} X
sin x T A
=2lim : -limms(—+ 4:rJ
=+l ;'I,

X =i

I
ZEKIXE
=2

= 4b-5a=2
From (1), we have

4(9-3a)-5a=2

36 -17a=2
17a =34
a=2

Substituting a = 2 in equation (1), we obtain b =3

Now V3a+2b =V5x2+2x3=116=4

Derivative of a Function

Suppose fis a real-valued function and a is a point in the domain of definition. If the
o flash)- f(a)

limit ** h exists, then it is called the derivative of fat a. The derivative




of fat a is denoted by fa),
fla)=lim ACks h; A C)

freadl

d
ar _[f{x}]
e Suppose fis a real-valued function. The derivative of f{denoted by X or dx }is
defined by
d o
E[f{ﬂ]: f{x}—Ll_rE

This definition of derivative is called the first principle of derivative.

Jlx+h) = f(x)
h

:l-'m_bllil

e For example, the derivative of Y is calculated as follows.

. _ R AL
We have! = J(x)=(ax=b) ; using the first principle of derivative, we obtain

IJ N 9 j| _ .
L i =lim J(xth) = /(0
v fi—slh h
A _ Jyl
_ |I-m[i-'[-‘f+|"f] B —(ax—h)
oy | _||!-;I'

0
[u{x+:‘i]| -h- [m‘—h}] ; Z[u{x +h)— h]" Nax=hy)
= !III]I:.l .'Il-rll
s 10} I

. ah - ,.
= - E 4 —/ v — By
I.l_."l-!. 7 Inll;ll-!. — [“{ A _J'” }I Ly ”

= uZ{m——h}”"‘ (ax =hY

= dl{ax—H)
= 10a{ax—hy

=1l

Aax =P +ax =06V (ax =) + . +(ax-b)Y" (ax=h)"]

e Solved Examples

I
Example 1: Find the derivative of f(x) = cosec? 2x + tan? 4x. Also, find /(%) atx= 6,

Solution: The derivative of f(x) = cosec? 2x + tan? 4x is calculated as follows.



cosec” 2(x+Hh)+tan’ 4fx+h}—[cc:sec3 2(x)+tan’ 4{.?}]

Jx)= |J_l;r|ll h
_ :msecztlx+ 2h)— cosecﬁx] +[tan3{4x+ 4/ —tanzq:l:rjj
=lim h
1 1 ]+[ﬁi|1:(4x+4b} - Sil1:4.1']
lm sin*(2x+2h) sin’2x cos (4x+4h) cos'dx
i h
(sin’2x —sin’(2x +2h) 1'| +[3in (4x +dh)cos’ 4x — cos’(4x + 4insin’ dx )
—lim sin” 2x sin”(2x + 2h) ) cos’ 4x cos’ (4x +4h) J
h—si) h
tm [sin2x —sin{:,rfzh}][finz;~+ sinf2x+ 2h))
hah frsin”2x sint(2x 4 20
T lim [sin{dlx +4h)cosdx — cos(4x + 4.-'.'}sin4x] [sin{4x +4/1)cosdx + cos(4x + 4."}}sin4:r]

fil) hcos®dx cos”(4x + 4h)

2cos(2x+ h)sin{—/1) = 2sin 2x + /1) cos(—h) . sin{4x + 4h — 4x)sin(4x + 44 + 4x)

=lim — — lim . R
B0 frsin”2x sin~(2x + 2h) f->0 it cos™4x cos™(4x +4h)

: i m . . )

_ _dlim s fi lim cus[l‘f‘-tﬁ}bahT.lnT{-.r+Ii}cus{fr] A lim sini i) < Lim s;n{4,r+¢1lh +4x)

o f e sin” 2x sin”(2x+2h) diso o 4fy w0 costdx cost(dx+4h)
o .

. ;Ds_.r L dwlx 5||148x

sin” 2x cos’ 4y

Ssindx cosdx
= —4cot 2x cosec’ 2x t—
cos 4x

= —4cot2x cosec’ 2x +8tandx sec’ 4x

s o T
2 (%)
Atx= 0, is given by

f{E] = —dcot [ E] cosec” (E] + Btan[z—nj sec” [E]
L6 3 3 3 3

1 (2Y .
= Ax——x| == | +8(=3)x(-2)



Example 2: If y = (ax? + x + b)?, then find the values of a and b,such

D 4 (4x+3)+ 201304 3)
that dx :

Solution: It is given that y = (ax? + x + b)?

:u{ x+h) H(x+h)+ h]z - [ux" +r+ .ﬁT

dy .
= —=hm
‘_rl_-'{' fr=alk J'?
. La(x+hY +(x+h)+b—(ax’ +_r+b}][a{r+h}3 +{x+M)+b+(ax’ +_r+h}]
= lim =
J—adb l||'-||
_ [a{lxh +h%) +h][a(x+ By +(x+M+h+(axr’ +x+ hj]
= lim
Sl J|Ii|‘
hla(2x+h)+1 ,
= lim [m[ il ] « lim [al[.'r+ BY +(x+h)+bh+(ax’” +x+ h}]

F=pd} ||II
={(2ax+ 1) 2(ax” +x+h)
=4a*x" +6ax’ + (dah+2)x +2b
= A (Ax+ 3+ 213x+ 3) =da’ X" + 6ax’ +(dab+ 2)x+2h

= da’ v + 6 + (dab+ D+ 2b =160 +120° + 265 +6

Comparing the coefficients of x3, x2, x, and the constant terms of the above expression, we
obtain

da’ =16, 6a=12, 4ab+2=26and 2h=6
=a=42 a=2,h=3and h=3
= a=2and h=3

- ||ax+f3
cx—d ?

Example 3: What is the derivative of y with respect to x, if

- ||c1x +bh
Solution: It is given that i cx—d




dv d Jm‘ +h
=>—=—
dv dvl Vo —d

alx+mn+h - \/ax+h
) clx+h)y—d ex—d
= lim

1=l h
. Vf[w(.vr +h)+ b](cx—d) —\}'[rt x+h)y—=d][ax+h]
hsb hyleCe+ ) —d][ex—d]

(,j[fr{x+ hy+h)(cx=d) - .j[a‘{:r+ hy=d]|ax+ h]}:{

; (-.f[f.-{x+ hys+hl(cx=d) +\j'[c'fx +h)=d|[ax+H] }

= 11m

=0 b et = difex—dl)(iatx + e+ bl(ex—d) + fie(x +h) —d][ax + 4]
—lim [eix+ i)y +h]lex —d)—[a(x+ ) —d |[ax + D]

et F:[J[ﬂ‘.r + M —d][ex—d] ] [ J[.—;n[.r +hy+b(ex —d) + J[c;[.r + )y —=d][ax +h]]

— lim— .l'fi'[u{c.'x— d)y—clax + )]
(et + = d][ex— d]][,j[a{x ++bl(cx—d) +Jlc(x+h) —d][.n;r_r+h]]

B alex —d)—clax+h)

- [,f[u =i |[cx =] ){.J{c.-x +h)ex—d)+ ..Jr{n'_r— o Wax -I—h])

B —{cacd + he)

B 2ice —-:f}.j{cr,w Milcx—d)

Derivatives of Trigonometric and Polynomial Functions

Derivatives of Trigonometric Functions and Standard Formulas

d .
—(sinx)=cosx
a&{ )

d .
—(CosX)==s8ImX
dx

d

ry -1
T (x")=nx

i{xj y=Tx""=T7x"
For example, dx

d
—(C)=0
dx , where C is a constant

Algebra of Derivatives



If fand g are two functions such that their derivatives are defined in a common domain,
then

d d d
oL )+ 8] = - f(x)+—-g(x)

This means that the derivative of the sum of two functions is the sum of the derivatives of
the functions.

di 2 2} d{ i) d(3) 5§33 330 52 3
—lxttxt |l=—|x |[+—| ¥ |=—x7 +—x' =—x"+—x’
For example el dx FEy 2 2 2 2

d d | d
E[ﬂr] —glx)]= ™ Jix) - Eﬂx}

This means that the derivative of the difference between two functions is the difference
between the derivatives of the function.

dl . L d .. d{ 1 | 1 | =
—| 5mx—-x" =—[5]]'IJ.']—— X =C05.\'—T,‘f" =C0sSy¥——x"
For example el el o 3 3

d o9 . 449
afﬂxlag{l}]—dxﬂrlagilhﬂn-mg{xl

This is known as the product rule of derivative.
For
example,

o 0 d . . .
(x cosx) = ,f (x').cosx+(x"). h{msr}:_’.x'cus.r+x"{—:-:nn.~;}:3x3 cosx—x'sinx
oy oy i

d d
i[.f{-‘f}]: dxf{x],g{x}—f[:«},dxg[.r}

dv | g(x)

i , where dx This is known as the quotient

rule of derivative.

For example,
d d { sin x ]
—(tanx)=— ——

dx dx | cosx

o . . o
(sin x).cos x —sin x. (cos x)
dfx alx

(cos x)*
cos x.cosx —sinx(—sin x)

cos” x
cos” x4+sin” x
cos” x
1
CUS: X

sec” x




i[k.f[r}] =k if{x}

dx dx , where k is a constant

This means that the derivative of the product of a constant and a function is the product of
that constant and the derivative of that function.

For example,

7 o )
—(sIin2x)=—(2sinx.cosx)
dy ( ) dy

2—(sinx.cosx)
dlx

fd . . d
ZLC—[sm X).CO8 X +5in x.—(cos x}]
e elv

= 2[cos x.cos x +sin x.(—sin x)]
=2(cos x—sin’ x)
=2cosx

Derivative of a Polynomial Function

plx) = Z ax’
A function p(x) is said to be a polynomial function if p(x) = 0 or f=0 , where ar € R
and ar # 0 for some whole number r.

plx) = iu,_x"

The derivative of a polynomial function =0 is given by

d - re=|
L[ p0)=3 rax

=l

-1
1 23 S
_teosox | vsec'x —1 ] +(1+x)"

|
Example 1: If

|=cos2x , then show
ﬁ —n(l+x)"" =cos2x
that dx
Solution:

We have



V= I+cos2x =+ 2Jr—l +{l+ x)”
I—c-:-s}.',m

.Sll‘l X s=

-1
=[ cos’ 1r+~,|'tem ] +‘i"C,.x"
\

n{ri”—nhn{n—l}(n—mf +mn—n...2ru-.+n{n—n...1_r,.J

={cotx+tanx) " +| I+nx+ ;
3l -1 mnl

7 - ) >
{)sx sin x i1 ma—=1Hn-2 =12 =11
-( ] [|+m_+ (=) o n-n=2) 5 a2 Ly pn-D)od

sin X cnsx 21 3! (=D nl )

31
sin’ x+cos’ x =1 o ma—1)n-2 mu-1).2 ., mn-1).1
( | +[l+r.rx+ { }x‘+ ( il }13 o ———— ) X l+—{ ) X
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On substituting all the values in equation (1), we obtain
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