Chapter 2

DIFFERENTIATION
OF FUNCTIONS

§ 2.1. Definition of the Derivative

The derivative [’ (x) of the function y=/f(x) at a given point x
is defined by the equality
, . Ay . f(x+Ax)—f (x)
=1 Y [Xraxn—r%
I Axlr-I.IoAx AxlTO Ax

If this limit is finite, then the function f(x) is called differen-
tiable at the point x; and it is infallibly continuous at this point.
Geometrically, the value of the derivative f’(x) represents the
slope of the line tangent to the graph of the function y=f(x) at
the point x.
The number
£ (x)=MI£rrio f(x+i);) [ ®)

is called the right-side derivative at the point x

The number ;

T (x+A%) —f (%)
o= lim SR
is called the left-side derivative at the point x.

The necessary and sufficient condition for the existence of the
derivative [’ (x) is the existence of the finite right- and left-side
derivatives, and also of the equality f_ (x)=F; (x).

If f'(x)= o0, the function f(x) is said to have an infinite deri-
vative at the point x. In this case the line tangent to the graph
of the function y=f(x) at the point x is perpendicular to the
x-axis.

2.1.1. Find the increment Ay and the ratio 52 for the following
functions:

(@) y=Vx at x=0 and Ax=0.0001;

(b) yzm at x=1 and Ax=0.2.
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Solution. (a) Ay=} x+ Ax—V x =}0.0001 =0.01;

Ay 0.01
Ax— 0.0001 100.

2.1.2. Using the definition of the derivative, find the derivatives
of the following functions:

(a) y=cosax;, (b) y=>5x*—2x.

Solution. (a) Ay=cosa (x+ Ax)—cos ax =

=—2sin (ax—l—% Ax) sin % x;
. a .a
Ay —25m<ax—|——2— Ax)sm7 Ax .
Ax Ax ’
sin 2 Ax

g = lim 2~ 9 lun sin (ax+ Ax) lim = — asin ax.

Ax - 0 DX Ax ax-0 Ox

In partlcular, if a=1, then y=cosx and y' =—sinx.

2.1.3. Show that the following functions have no finite derivati-

1y

ves at the indicated points:
y=y/x® at the point x =0;
(b) y=13/x—1 at the point x=1;
() y=3|x|+ 1 at the point x=0.
Solution. (a) Ay= ,/(x—l» Ax)? /x3
J— 3
At x=0we have Ay=3/ A3, Tx=ﬂ =

I
=~y e v O=lin gam e 1 s
i.e. there is no finite derivative. Fic. 34
(c) At Ax >0 the increment of the func- '8
tion Ay atx=0 will be: Ay=3 (0+Ax)+1—1=3Ax. Therefore

Ay
lim -Z=3.
Ax - +0 Ax

At Ax <0 the increment of the function Ay will be
Ay=—3(0+ Ax)+1—1=—3Ax,

hence,

Ax » =0 Ax :

Since the one-sided limits are different, there is no derivative at
the point x=0 (see Fig. 34).

a*
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2.1.4. Investigate the function y=|Inx| for differentiability at
the point x=1.
Solution. At x=1

Ay=|In(1+Ax)|—]|Inl|=]|In(14 Ax)],

i. e.
- _ (ln(14Ax) at Ax=>0,
Ay_|ln(l+Ax)l—{_1n(1+Ax) at Ax<0.
Therefore
In (1+Ax)
ﬂ_{T at Ax >0,
Ax In (14-Ax)
—— at Ax <0,
whence
. Ay i Ay
Ax]in}nom_ +1 and Axlim-o Ax .

Since the one-sided limits are diferent, there is no derivative.
Hence, the function y=|Ilnx| is not differentiable at the point
x=1 (see Fig. 35).

2.1.5. Find the average velocity of
motion specified by the formula

s=(t*—5t+2) m
from ¢, =05 sec to {,=15 sec.
2.1.6. Using the definition of the
derivative, find the derivatives of

the following functions:
Fig. 35 (@) y=x* (b) y=1/x2.

2.1.7. Investigate the function y=|cosx| for differentiability at
the points x=mn/2+4 nn (n an integer).

§ 2.2. Differentiation of Explicit Functions

1. Basic Rules of Differentiation
(1) ¢’ =0;
(2) Wxv) =u" 0,
(3) (cu) =cu’;
(4) (uv) =u'v+ uv’, the product rule;

(5) (%)’:%(v;&m, the quotient rule.

Here ¢=const, and « and v are functions of x which have deri-
vatives at a corresponding point.

(6) If the function u=¢ (x) is differentiable at the point x,, and
the function y={(u) is diflerentiable at the point u,=¢@ (x,), then
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the composite function y={f (¢ (x)) is differentiable at the point x,
and yy (x,) = y,, (&,) uy (x,), the function of a function, or chain, rule.

I1. Differentiation of Basic Elementary Functions
(1) (@)Y =nu""w'; (2) (sinu) =cosu-u’;

3) (cosu)':—sinu u';
(4) (tanu) = Cosz (5) (cot u)’ =— g
(6) (Inw) =2

) (a”)’:a" Ina-u’; 8) (e") =e“u’;
(9) (sinhu) =coshu-u’;
(10) (cosh w)’ :smhu u

(11) (arcsinu)' = =—(arc cos u)";

Vl
+u

(12) (arc tanu)’ =~———=— (arccot u)’.

2.2.1. Find y', if:
(@) y=>5x*/3— 3x5/2 +2x73

(b) y=?/‘.’x_2 /x

(a, b constants).

Solution. (a) y =5- x2/3 1 3~%x5/2 1_9.3¢-om1=_10
3 |/ X
15 - 6
—*2-JC X— x4
2.2.2. Find ¢’, if:
N S __sinx-4-cosx,
(a) y=3cosx+2sinx; (b) Y= Grr—eoss
(c) y=(*+1)arctanx; (d) y==x*arcsinx.
Solution. (a) Yy’ =3 (cosx)’+2(sinx) =— 3sinx+2cos x;
(b ,  (sin x4 cos x)’ (sin x— cos x) — (sin x— cos x)’ (sin x+cosx)
)y = (sin x— cos x)?2
(cos x — sin x) (sin x— cos x) — (cos x - sin x) (sin x4 cos x)
(sin x— cos x)?
—_— 2 .
" (sinx—cosx)?’
(d) y" = (x*)" arcsin x+ (arc sin x)’ x* = 3x% arc sin x+V+3; .
—x

2.2.3. Find the derivative of the given function and then com-
pute the particular value of the derivative at the indicated value
of the argument:

@) f(x)=1—3 X+ 16/x at x=—328;
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(b) fx)=(1—Vx)*x at x=0.01;
(©) f(t) =(cost)/(l—sint) at t =n/6.

Solution. (a) f’(x):——§-x‘1/3—16x”2=—;§7x:—‘x—§.
Putting x =— 8, we obtain
, 2 6 1.
f( 8)—_ ‘/—_ _(—8)2__13’
, —sin ¢ (1 —sin {)4-cos2 ¢ |
© F'(t)= (T—sin ) =T—sini"

Whence [’ (71/6) =2.

2.2.4. Taking advantage of the differentiation formulas, find the
derivatives of the following functions:

(a) y=2x*+3x—5; (b) y=Vx + V—+0 Lxto;
2 4x+1, _ x+ Vo

(c) Yy=w—xrr1° (d) y_x———_z?/x_,

(e) y=%; (f) y=2¢*+1nx;

(g8) y=e*(cosx+sinx); (h) yzex—t:;i—“-f.

2.2.5. Taking advantage of the rule for differentiation of a com-
posite function find the derivatives of the following functions:

(a) y=sintx; (b) y=Intanx; (c) y=>5¢c0s*;

(d) y=Insin(x*+1); (e) y=arcsin )/ 1—x2;

(f) y=1n® (tan 3x); (g) y=sin? ) 1/(1—x).

Solution. (a) Here the role of the external function is played by
the power function: sin x is raised to the third power. Differentiating

this power function with respect to the intermediate argument
(sin x), we obtain

(SIN® X)sin x = 3 sin? x;
but the intermediate argument sinx is a function of an independent
variable x; therefore we have to multiply the obtained result by

the derivative of sinx with respect to the independent variable x.
Thus, we obtain

Y = (31N? X)4in x (5in x), = 3 sin® x cos x;

R
“tanxcos®x  sin2x’
(©) Y= (5% ¥)cos x (cOS X);, =5 ¥ In5 (— sin x) = — 5 *sin x In 5;

(b) y:,c = (ln tan X)tan x (tan X);
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(d) ge=[Insin (x*+ D)]sin oos 1) [SIN (63 4 Doy [¥24 1] =
=S - 08 (¢ + 1)-3x* = 3xcot (x* + 1);
0 4= e sin /T s (VT (1=
1 1 _x
Ve (—2x) = N VT——x'* (x==0).
2.2.6. Find the derivatives of the following functions:
(a) y=(143x+5x2)% (b) y=(3—sinx)%
(©) y=y/sin*x+ 1/cos? x;
(d) y=3/ 252" F 1+ 1n°x;
(e) y=sin 3x +cos (x/5) + tan J x;
(f) y =sin (x* —5x+ 1)+ tan (a/x);
(g) y=arccos Vx;
(h) y==arctan(Inx) - In(arc tan x);
(i) y=In*arc tan (x/3);

W=V iV iV

Solution. (a) y’' =4 (1 4+ 3x45x2)% (1 4 3x+45x%)" =
=4 (1 4+3x45x%)% (3 + 10x);
1 1

(g)!/:_l/ (l/x)l(l/ ) - ]/I—xQVx_—2V-x(l—x);

0) y'=mm[‘+2m+w<l+zh>]'

2.2.7. Find the derivative of the function

y—arCSmH_xz

We have

2(1+x2)——4x- 2 (1—x?) 2 (1—x?)

y :l/"l__( 2 >2 A+ Y U—x) (1+1?) TIT=2[0 %) ?
- x'.f

i.e.

2
, m—z at I)C|<1,
y.:

at || > L.

2
TR
At |x| =1 the derivative is non-existent.

2.2.8. Find the derivatives of the following functions:
(a) y=sinh bx cosh (x/3);
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(b) y=-coth (tan x) —tanh (cot x);
(c) y=arccos (tanh x) 4-sinh (sin 6x);
(d) y=sinh?x®- cosh® x?;
gSinh ax
©) Y=o —con s’
Solution.

() y'=(sinh5x)’ cosh %—I— sinh 5x (cosh %>' =

= 5 cosh 5xcoshi+-;7 sinh 5xsinh—§,

(©) y'= ——Vm_xl———_——i—cosh (sin 6x) (sin 6x)" =

1/cosh2 x
V (cosh? x—sinh? x) /cosh? x

-+ 6 cos 6x cosh (sin 6x) = — ﬁ ~+ 6 cos 6x cosh (sin 6x).

2.2.9. Find the derivatives of the following functions:
_ X3 (1), _ vx) .
(a) y= 75’?— (b) y=[u ()] (u(x)>0)
(c) y= i/-)c2 7 _: 5 Sin® x cos? x;
(d) y=(Vtanx)*"".
Solution. (a) Apply the method of logarithmic differentiation.
Consider, instead of y, the function
183102+ -H)
Vsl
Taking into account that (ln[u] Y =u'/u, we have
1 1 _ —24x34-125x — 14x+75
_‘x'+3(x2+|)+15(5—-x)— 15x(x2 1) (5—x)
But z’=(In|y|) =y'/y, whence
3

3
z=Inly|=1In _ln|x|—|——ln(x2—|—l)——ln|5 x|

Pyl EEED) | 2604 1250 — x4 T5
y=yz= Y= 5x (2 )5 —7)

(b) Suppose the functions u (x) and v(x) have derivatives in the
given domain of definition. Then the function

z=Iny=vlnu

also has a derivative in this domain, and

z'=(vlnu)’=v’lnu—[—vu—;.
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Hence, the function
y= elny —- gz

also has a derivative in the indicated domain, and
Yy =e2' =yz'.
Thus,
Yy =u’ (v’ Inu-+ v%) =ou’ " +u?lnu-v’.

2.2.10. Show that the function y= xe—**/? satisfies the equation

xy'=(1—x?)y.
Solution.
y' —e— X2 x20-%%2 — p—x*/2 (1 _xz);
xy' = xe=*72 (1 —x?).
Hence,
xy =y (1—x?).

2.2.11. Show that the function y=xe~* satisfies the equation
xy' =(1—x)y.
2.2.12. Investigate the following functions for differentiability:

(a) y=aresin (cosx); (b) y=]/1—l/1—x2.

Solution. (a) y' = (cosx)’ _ __sinx _ __sinx
’ V 1—cos2x Vsintx | sinx| °
Hence, y’=—1 at points where sinx > 0; y’=1 at points where

sinx < 0. At points where sinx=0, i.e. at the points x=kn
(=0, =1, £2, ...) the function, though continuous, is not dif-
ferentiable.

(b) The domain of definition of this function is the interval
—1<<x< 1

Yy

1 —1
V1 Viewe 2VIi—x

As x—1—0 or x——1+40 we have y'— +oo. Let us find
out whether the derivative y’ exists at the point x=0, i.e. whe-

4

= (—2x) at x=£0 and x5 + 1.

ther lim Yl'—‘:l_—éﬁ exists.
Ax -0 X

Since V' T—Ax®—1 ~——% Ax?, then
. 1
| N —= as A)C-—>—|—0,

 VIi—VT=ae . V’z‘A”'_ 2

Ahmo Ax = li o Ax — L as Ax——0.

X - Ax—> V-2
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Thus, y_ (0) ==y, (0), which means that the function under consi-
deration has no derivative at the point x=0, though it is conti-
nuous at this point.

Note. There are cases of failure of existence of f’(x) and even of
fi(x) and f_ (x) at a given point, i.e. when the graph of the func-
tion has neither a right-, nor a left-side tangent at the given point.
For instance, the function

[ xsin(l/x) at x==0,

T =10 at x=0
is continuous at the point x=0, but does not have even one-sided
derivatives, since AQS‘) =sin /ﬁ.

2.2.13. Find the derivatives of the following functions:
(a) f(x)=sinh (x/2)+ cosh (x/2);

(b) f(x)=1In[coshx]; (c) f(x)=2) coshx—1;

(d) f(x)= arcsin [tanh x];

(e) f(x)=V1+sinh?4yx;

(f) f(x) =e* (cosh bx+ sinh bx).

2.2.14. Applying logarithmic differentiation find the derivatives
of the following functions:

sin x. = i W
(@) y=(cosx)sn*, (b) y= 1/1—sin3x’
(©) y=3 "‘—Vi_l '
‘/(x+2)2 V{x+ 38
2.2.15.
cos?x |
fO) = =mes
show that

f (m/4)—3[" (n/4) =3.
2.2.16. Show that the function

x—e—x*
y= o2

satisfies the differential equation
xy' +2y=e"*.
2.2.17. Find the derivatives of the following functions:
(a) y=Incos) arcsin3d-2° (x> 0);
(b) y= ¥/ arc tan +/ cos In® x.
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§ 2.3. Successive Differentiation of Explicit Functions.
Leibniz Formula

If the derivative of the (n—1)th order of a function y=F(x) is
already found, then the derivative of the nth order is determined
by the equality

Y (@) =[5 ()"

In particular, y" (x)=[y (x)]’, ¥’ (x)=[y" (x)]’, and so on.

If u and v are functions differentiable n times, then for their
linear combination c,u-c,v (c,, ¢, constants) we have the following
formula:

(clu + sz)(") — clu‘"‘ -+ 020(”),

and for their product uv the Leibniz formula (or rule)

(u0)™ = u™y 4 pun= vy’ +n (;’; D) w2y |
n
+ . Fum = kzocﬁu(n—k)vfk),
n(n—1)...(n—k+1)__  n

dare

0 _ (0) — k =
where u®=u, v =v and C} 53R =R

binomial coefficients. Here are the basic formulas:
() ™ =m(@m—1)...(m—n-+1)xm""
(2) (@®)=a*In"a(a > 0). In particular, (e¥)" =e-*.
(3) (Inx)m =(—1r @=L
(4) (sinx)" =sin (x4 nn/2).
(5) (cos x)'™ = cos (x -+ nmw/2).

2.3.1. Find the derivatives of the nth order of the following
functions:

(a) y=1Inx; (b) y=¢€**; (c) y=sinx; (d) y=sinbxcoslx;
(e) y=sinxcosx; (f) y=sin3xcostx; (g) y=In(x*+x—2).
Solution.

(@) y’=%=x"; Y'=(—x"% y"'=12x"%

y=—1-2.3x74% ...; gy =(—Dr"1(n—1)! x‘"=(—_—ll,-l-_%:l—)’ .
(c) y" =cosx=sin (x+mn/2);
Y =cos (x4 m/2) =sin (x + 21/2).

In general, if we assume that for a given n=~%&

y*® =sin (x—[—k %) ,
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then it will turn out that
y*+ =cos (x—l—k%) =sin [(k—l— 1)—’;—+xJ .

Whence, by virtue of mathematical induction we conclude that for
any natural n

y'"™ =sin (x—}—n%).
(d) y=sinbxcos 2x=—;— [sin 7x+ sin Sx] .
Therefore
1 . .
y‘"’:-? [7" sin <7x+n%> -+ 3"sin (3x+ n%)] .
, 2 1
® v =xT_Tt1;__—2
To simplify the computations let us transform the obtained
function:
r__ 241 (x+2)+(x—1) 1 - -
T x—2  (x—1)(x+2) x—l+x+2 (=17 4+ (e +2)7

Whence

y=—lix—1)72=1(x+2)"%
y'=12x—1)3+1.2(x+2)"3

.................

yP=(—hrt(n—DI{(x—1D)""4+(x+2)""]=
—(__1\n— — 1! ! I - l
_( l) 1(}1 1) l(x——l)” '*—(x_i_z)n] .
2.3.2. y=2TC find yo.

cx +d’
Solution. Transform the given expression in the following way:
_ax-+tb a bc—ad _a
_cx+d—c+c(cx+d) + (x +d).
Whence

y'=(—1>”—c—$—"i’c<cx+d)-2,

y"=<—1><—2>”iﬂ’c‘= (cx-Hd)?,

Y =(=1)(—=2) (—3 E=X “ s (ex+d)s,
Yy = (—1)"n! _adc”(cx—i—d)“'”'” —_

nlcn—
ad).

=(=1)" Wﬁ (be —
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2.3.3. y=x/(x*—1); find y™.
Solution. Transform the given expression

therefore (see Problem 2.3.2):

w (=17 n! 1 ~ 1
y( = 2 [(x+ 1)n+1 —l (x__l)n+l] *

2.3.4. Using the Leibniz formula, find the derivatives of the
indicated orders for the following functions:

(@) y=x*sinx; find y©*;

(b) y=e*(x*—1); find y®*;

(c) y=e**sinPx; find y™.

Solution. (a) y® = (sin x- x?)@% = (sin x)®® x2 - 25 (sin x)@* (x2)" +

2 "
4 52 (sin x)@® (x?)", since the subsequent summands equal zero.

Therefore
g = sin (x+25 7 ) +50x sin (£ 4245 ) +600sin (x+23 5 ) =
= (x*—600) cos x + 50x sin x.
2.3.5. Compute the value of the nth derivative of the function

y= 5——= at the point x=0.

Solution. By hypothesis we have y(x) (x2—2x+45)=3x42. Let
us differentiate this identity n times using the Leibniz formula;
then (for n > 2) we obtain

Y () (80— 2+5) g (1) (2x—2) + =Ly () 2 = 0.

Putting x=0, we have
5y'™ (0) —2ny~1 (0)+n (n—1) y»=* (0) =0
Whence
g (O)=—ny‘" D (0) — n(n—1) 4= (0).

We have obtained a recurrence relation for determining the nth
derivative at the point x=0(n>:2). The values y(0) and y'(0)
are found immediately: y(0) =2/5;
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, —3x2—4x+19 P 19
V= —m—mre: s YV O=g

Then, successively putting n=2, 3, 4, ..., find the values of
the derivatives of higher orders with the aid of the recurrence
relation.

For example,

" 2 19 2.1 2 56
yO=%5-25—% 5=m
"oy 2 56 3.2 19 234

V'O =53 %% %= "

2.3.6. Find the derivatives of the second order of the following

functions:
arc sin x

@ y=xV T+ ) y=ym—s; @ y=e.

2.3.7. Given the function
Y= c,e** fc,xe** | e*.
Show that this function satisfies the equation
Yy —4y' +4y=e*.

2.3.8. Using the Leibniz formula give the derivatives of the in-
dicated orders for the following functions:

(a) y=x*sinx; find y©”;

(b) y=e*sinux; find y'"’;

) y=e*(3x*—4);  find y";

(d) y=(1—x?) cosx; find y*m.

2.3.9. Using the expansion into a linear combination of simpler
functions find the derivatives of the 100th order of the functions:

1

I
@) y=m—r7s: 0 y= =

Vi—x'
2.3.10. Show that the function
y=x"[c, cos (Inx)+c,sin(In x)]
(., ¢,, n constants) satisfies the equation
x2y" +(1—2n) xy’ + (1 +n?) y=0.
2.3.11. Prove that if f(x) has a derivative of the nth order, then
[F (@x+0)]'" = @'} (ax-+b).
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§ 2.4. Differentiation of Inverse, Implicit and Parametri-
cally Represented Functions

1. The Derivative of an Inverse Function. If a differentiable
function y={(x), a<<x < b has a single-valued continuous inverse
function x=g(y) and y,==0 then there exists also

xy=L'
Yx

For the derivative of the second order we have
Yxx
ux)?®

2. The Derivative of an Implicit Function. If a differentiable
function y=y(x) satisfies the equation F (x, y)=0, then we have
to differentiate it with respect to x, considering y as a function

of x, and solve the obtained equation (%F(x, y)=0 with respect
to y,. To find y,, the equation should be twice differentiated with
respect to x, and so on.
3. The Derivative of a Function Represented Parametrically. If
the system of equations
x=¢ (), y=v (@), a <t <p,

where ¢ (¢f) and ¢ (¢f) are differentiable functions and ¢’ (f) 0.
defines y as a single-valued continuous function of x, then there
exists a derivative y, and

Xyy= —

L) _ gt
AT
The derivatives of higher orders are computed successively:

=—(y"?' , y;;’x=(——y"’i)’, and so on.
Xt Xt

Yix

In particular, for the second derivative the following formula is
true:
” Xt Yit —Xtt Yt
Yor =*
2.4.1. For the function
(@) y=2x*4+3x"+x find x,;
(b) y=3x—(cosx)/2; find xy,
(c) y= x+e5 find xj,.
Solution. (a) We have y,=6x2-+ 15x*+4 1, hence,
1 1

=—=so5—raT
A T R |7 R
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() y.=1+4¢*, y,.,=e*, hence,
= 1 .o ex
YT T4ex> xyy__(|+ex)3 .

2.4.2. Using the rule for differentiation of an inverse function,
find the derivative y, for the following functions:

@@ y=y % (b) y=arcsinV'x; (¢) y=InV 1+ 2.
Solution. (a) The inverse function x=y* has the derivative
x,=3y?. Hence,
1 1 1
AR T
(c) At x>0 the inverse function x=}/e¥ —1 has the derivative
x,=e>/l/ ey —1. Hence,
I _Ve—1_ V£ X

yx:;; Ny (e

2.4.3. For each of the following functions represented paramet-
rically find the derivative of the first order of y with respect to x:

(@) x=a(—sint), y=a(l—cos?t);

(b) x="rksint—-sinkt, y=kcosi+tcoskt;

() x=2Incot ¢, y=tant+4cott;

(d) x=e“, y=e“.

Solution. (a) Find the derivatives of x and y with respect to the
parameter £:

x;=a(l—cost); yi=asint.

Whence
Q——M~—cott—(t:#2kn)
dx~ a(l—cost) 2 :
© dx _—2cosec®t 4
dt™—  cott ~  sin2{?
dy ., 24 4cos2t,
2 = Sec t—cosec t———————sin22t ;

dy 4cos2tsin2f kn

2.4.4. The functions are defined parametrically:

(@) (x=acos?t, (b) (x=1¢t43t+1,
{y:bsinat; {y=t3—3t+1;

() [x=a(cost+tsint), (d) [x=e'cost,
{y:a(sint—tcost); {y=e’sint.

Find for them the second derivative of y with respect to x.
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Solution. (a) First find y.

y;=3bsin*fcost; x;=—3acos?tsint;
3b sin? £ cos ¢

. b n
Vo= ~reostrami= — g tant (t# @+ DT).

Then we shall find y,, using the formula

(yx)t
Y= __x_?_ )
Xt
where
’yo b
(yx)t = - 37
acos?t
Whence
b b

Yux =~ cos?{ (—3a cos? 7 sin /)~ 3a?cost/sint’
(d) x;=e'cost—e!sint=e! (cost—sint);
yr=etsint 4etcost =e! (cost-sint);
,_cosi+sint
*"cost—sint’
cos {+sin ¢\’
A <cost——sin t>1 2
Yor = x;  el(cost—sint) ot (cos {—sin £)3’

2.4.5. Find g,

(a) x=e"%, y=t% (b) x=sect; y=tant.
Solution. (a) First find
xy=—e"t y;=31t,

whence
Y, = — 3t2/e~t = — 3e't2.
Then find the second derivative
. (g —(Belt2+6tel)
o= '—xT =T —e-t

= 3te (1 +2).

And finally, find the third derivative
et _ 3 24 F2AF __ gost (124 344 1),

Xt —e—t

[
!/X\’X -

2.4.6. Find the derivative gy, of the following implicit functions:

(@) ¥*4xy+y*=0; (b) Inx+te ¥*=g
(c) ¥*+y*—4x—10y+4==0;
(d) Xs 4 ytls = a’ls.

Solution. (a) Differentiate with respect to x, considering y as

a function of x; we get:
3x2 4 2xy + x*y’ +-2yy’ =0.
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Solving this equation with respect to g’ find
. 3x*4-2xy
V="
2.4.7. Find y,, if:
(a) arctan y—y+x=0; (b) e¥—e’ =y—ux;
(€) x+y=e*7.
Solution. (a) Differentiate with respect to x, considering y as a
function of x and determine y’:
1+ 4
y2

r,y_-gg—y'+l=0, whence y' = —y

Differentiate once again with respect to x:

y'=—2y""".

Substituting the value of g’ thus found, we finally get
. 2 (1442
PRESLICY.)

2.4.8. Find the value of y" at the point x=1 if
x*—2xy*+5x+y—5=0 and y|,._,=1.
Solution. Differentiating with respect to x, we find that
3x?—4xy* —4x*yy' +5-+y =0.
Putting x=1 and y =1, obtain the value of y’ at x=1:
3—4—4y +5+y =0, y =4/3.
Differentiate once again with respect to x:
6x —4y* —8xyy’ —8xyy’' — 4x*y'* —4x*yy" +y" =0.
Putting x=1; y==1 and y’=4/3, find the value y" at x=-1:

64 64 ., . 22
6—4—g——3y"=0, y' =—8.

2.4.9. Find y; for the following implicit functions:

(a) x+Vxy+y=a; (b) arctan(y/x) =In} x+y%

(c) e*siny—eY cosx =0;

(d) e +xy=e; find y, at the point (0, 1).

2.4.10. Find yj, of the following implicit functions:

(a) y=x-+arctany,

(b) X +5xy+y*—2x+y—6=0; find y" at the point (1, 1).
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2.4.11. For each of the following functions represented parame-
trically find the indicated derivatives:

asin ¢ ccost

(a) X = {Tpeost’ Y=TTbcost’ find yi;

(b) x=In(14¢?), y=t—arctant; find yy

() x=+2, y=1/3—1, find gy,
(d) x=e-?t, y=arc tan (2t 4 1); find yj;
(€) x=4tan?(¢/2), y=asint4bcost; find y,
(f) x =arcsin (#2—1), y=arccos?2t,; find yy;
(g) x=arcsint, y=V1—t find ¢,

2.4.12. Show that the function y=f(x), defined by the parametric
equations x=e!sint, y=e'cost, satisfies the relation y"(x+y)? ==
=2(xy’ —y)-

§ 2.5. Applications of the Derivative

The equation of a line tangent to the curve of a differentiable
function y=y(x) at a point M (x,, y,), where y,=y(x,), has the
form

Y— Yo=Y (%) (X —%,)-

A straight line passing through the point of contact perpendicu-
larly to the tangent line is called the normal to the curve. The
equation of the normal at the
point M will be

I
Y—Y,= y' (*0) (x )Co),

Yy’ (x,) # 0.

The segments AT, AN are
called the subtangent and the
subnormal, respectively; and the 77T A v
lengths MT and MN are the Fie. 36
so-called segment of the tangent &
and the segment of the normal,

respectively (see Fig. 36). The lengths of the four indicated segments
are expressed by the following formulas:

AT =|&|; AN <y MT =|L|VTFE

MN =y |V TGP

2.5.1. Write the equations of the tangent line and the normal:
(a) to the curve y==x*—3x-+42 at the point. (2, 4);
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(b) to the parabola y =2x*—x-+5 at x=—0.5;
(c) to the curve y=x*+3x2—16 at the points of intersection
with the parabola y=3x2.

Solution. (a) Find the derivative at the point x=2:
y' =3x—3, y (2)=9.
The equation of the tangent line has the following form:
y—4=9(x—2) or 9x—y—14=0.
The equation of the normal is of the form:

y—4 =—31(x—2) or x-+9y—38=0.

(c) Solving the system of equations
{ y=x*43x2—16,
y=3x%
we shall find the points of intersection of the curves
n=—2 x,=2, y=y,=12.
Now we find the derivatives at the points x=—2 and x=2:
Yy =4x*+6x, Yy (—2)=—44, y (2)=44.
Therefore, the equations of the tangent lines have the form
y—12=—44(x+2), y—12--44(x—2).
The equations of the normals have the form

1 1
y—12=‘-ﬁ(x+2), y——lQ:—n(x—2).

2.5.2. Find the points on the curve y=x*—3x-+5 at which the
tangent line:

(a) is parallel to the straight line y=— 2x;

(b) is perpendicular to the straight line y =—x/9;

(c) forms an angle of 45° with the positive direction of the x-axis.

Solution. To find the required points we take into consideration
that at the point of tangency the slope of the tangent is equal to
the derivative y’ =3x*—3 computed at this point.

(a) By the condition of parallelism

3x2—3=—2,
whence x, =—1/)/"3, x,= 1/} 3. The required points are:

M,(— V3, 5+8V39), M,(11V3, 5—8)/3)9).
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(b) By the condition of perpendicularity
3x2—3=9,
whence x, = — 2, x,=2. The required points: M, (— 2, 3), M, (2, 7).

2.5.3. Find the angles at which the following lines intersect:
(a) the straight line y=4—x and the parabola y=4—x?/2;
(b) the sinusoid y=sinx and the cosine curve y=cosx.

Solution. (a) Recall that the angle between two curves at the point
of their intersection is defined as the angle formed by the lines tan-
gent to these curves and drawn at this point. Find the points of
intersection of the curves by solving the system of equations

{ y=4—x,
y=4—x%/2.
Whence

M, 0, 4); M,(2, 2).

Determine then the slopes of the lines tangent to the parabola at
the points M, and M,:

y(0)=0, y(2)=—2.

The slope of a straight line is constant for all its points; in our
case it equals —1. Finally, determine

the angle between the two straight — 4¥
lines:

tang, =1; ¢, =45 K

—=i+2_ 1. M
tan g, =—5 =3 ’
! °
@, = arc tan T 18.5°. 0 1':0 g z
2.5.4. Prove that the segment of Fig. 37

the tangent to the hyperbola y=c/x
which is contained between the coordinate axes is bisected at the
point of tangency.

Solution. We have y’ =—c/x* hence, the value of the subtangent
for the tangent at the point M (x,, y,) will be

Y
|y_’l=lx°|’

i.e. Ox,=x,T (Fig. 37), which completes the proof.
Whence follows a simple method of constructing a tangent to the

hyperbola y=c/x: lay off the x-intercept OT =2x,. Then MT will
be the desired tangent.
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2.5.5. Prove that the ordinate of the catenary y=acosh (x/a) is
the geometric mean of the length of the normal and the quantity a.
Solution. Compute the length of the normal. Since

y’ =sinh (x/a),
the length of the normal will be
MN =|y|V T+ (g} = yV T+ sinh® (x/a) = y cosh (x/a) = y*/a,
whence y*—=a-MN, and y=) a-MN, which completes the proof.
2.5.6. Find the slope of the tangent to the curve

[x=143t—8,
| y=22—2t —5

at the point M (2, —1).

Solution. First determine the value of ¢ corresponding to the gi-
ven values of x and y. This value must simultaneously satisfy the
two equations

[ 243t—8=2

| 22 —2t—5=—
The roots of the first equation are {,=2; {,=—2>5, the roots of the
second equation f,=2; ¢{,=— 1. Hence, to the given point there

corresponds the value ¢=2. Now determine the value of the deri-
vative at the point M:

Yt 4 —2 6
s =( ,) = (378 )ia= 7
And so, the slope of the tangent at the point M (2, —1) is equal
to 6/7.

2.5.7. Prove that the tangent to the lemniscate o =a)/ cos20at
the point corresponding to the value 0,=m/6 is parallel to the x-axis.
Solution. Write in the parametric form the equation of the lem-
niscate:
x=pcos®=a}/ cos20eos0,

y=psin6=a}/ cos20sin 6.

Whence
. a cos 0 sin 20 —
Xg=— ————al/ cos 20 sin 0,
0 V cos 26 ‘/
. a sin 0 sin 20
Yo =— —F————+a V c0s 20 cos 0
V “cos 260

xo(n/6)=—al 2,  ye(n/6) =0
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Yo (71/6)
% (71/6)
the lemniscate at the point with 8,=n/6 and p,=a) cos26, =
=a/)/ 2 is parallel to the x-axis.

Thus, the slope &=

=0. Consequently, the line tangent to

2.5.8. Find the equations of the tangent and the normal to the
following curves:

(a) 4x® —3xy®+6x2—Sxy—8y*>+ 9x 4 14 =0 at the point (—2, 3);

(b) x®*+y>—2xy=0 at the point (1, 1).

Solution. (a) Differentiate the implicit function:

12x? —3y*—6xyy’ + 12x — 5y —5xy’ — 16yy” + 9 =0.
Substitute the coordinates of the point M (—2, 3):
48 —27 + 36y’ — 24— 15+ 10y’ —48y" + 9 =0;
whence
y' =—29/2.

Thus the equation of the tangent line is
y—3=—5 (x+2)
and the equation of the normal
y—3 =2 (x+2).

2.5.9. Through the point (2, 0), which does not belong to the
curve y=x* draw tangents to the latter.

Solution. Let (x,, x}) be the point of tangency; then the equation
of the tangent will be of the form:

y—xg=y" (x,) (x—x,)

y—x‘lo = 4)(,'3 (x—'xo)'

By hypothesis the desired tangent line passes through the point
(2, 0), hence, the coordinates of this point satisfy the equation of
the tangent line:

—x§=4x} (2—x,); 3xj—8x3=0,

whence x,=0; x,=8/3. Thus, there are two points of tangency:
M, (0, 0), M, (8/3, 4096/81).
Accordingly, the equations of the tangent lines will be

4096 2048 8
y=0, y—gr =77 \¥*—3
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2.5.10. f (x) = 3x®*— 15x% + bx—7. Find out at which of the points x
the rate of change of the function is minimal.

Solution. The rate of change of a function at a certain point is
equal to the derivative of the function at this point

f(x) = 15x* —45x2 15 = 15 [(x2 — 1/2) + 1]12].

The minimum value of [’ (x) is attained at x = +1/)/'2. Hence the
minimum rate of change of the function f(x) is at the point

x==41/)/'2 and equals 5/4.

2.5.11. A point is in motion along a cubic parabola 12y =x3.
Which of its coordinates changes faster?

Solution. Differentiating both members of the given equation with
respect to ¢ we get the relation between the rates of change of the
coordinates:

12y; =3x%-x;
or

yi_®
x 4
Hence,
(1) at —2 < x < 2 the ratio y;:x; is less than unity, i.e. the rate
of change of the ordinate is less than that of the abscissa;
(2) at x=+2 the ratio y;:x; is equal to unity, i.e. at these
points the rates of change of the coordinates are equal;
(3) at x <<~—2 or x> 2 the ratio y;:x; is greater than unity, i.e.
the rate of change of the ordinate exceeds that of the abscissa.

2.5.12. A body of mass 6g is in rectilinear motion according to
the law s=—14In(¢+ 1)+ ({+1)® (s is in centimetres and ¢, in
seconds). Find the kinetic energy (muv?/2) of the body one second
after it begins to move.

Solution. The velocity of motion is equal to the time derivative
of the distance:

, 1
U(t) =& =m+3(t+ 1)2.
Therefore

2 2
v(l)=12+ and %:%(12%) = 468 3 (erg).
2.5.13. The velocity of rectilinear motion of a body is proporti-
onal to the square root of the distance covered (s), (as, for example,
in free fall of a body). Prove that the body moves under the action
of a constant force.
Solution. By hypothesis we have

v=s;=al s (a=const);
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whence

SH=Ur=a S; =a?/2.

1
2V's
But according to Newton’s law the force

F =ksj, (k=const).
Hence,
F = ka?/2 = const.

2.5.14. A raft is pulled to the bank by means of a rope which
is wound on a drum, at a rate of 3 m/min. Determine the speed
of the raft at the moment when it is 25 m distant from the bank
if the drum is situated on the bank 4 m above water level.

Solution. Let s denote the length of the rope between the drum
and the raft and x the distance from the raft to the bank. By
hypothesis

§? = x4 4%

Differentiating this relation with respect to ¢, find the relation-
ship between their speeds:
2ss; = 2xx;,
whence

’ s
Xy = ¥ S¢e
Taking into consideration that

s;=3; x=25; s=)/252+ 4 ~ 25.3,
we obtain
= Y51 42
- 25

2.5.15. (a) Find the slope of the tangent to the cubic parabola
y =x* at the point x=1)/3/3.

(b) Write the equations of the tangents to the curve y=1/(1+ x2)
at the points of its intersection with the hyperbola y=1/(x+1).

(c) Write the equation of the normal to the parabola y=x244x--1
perpendicular to the line joining the origin of coordinates with the
vertex of the parabola.

(d) At what angle does the curve y=e* intersect the y-axis?

-3 &~ 3.03 (m/min).

2.5.16. The velocity of a body in rectilinear motion is determi-
ned by the formula v=3f-4¢>. What acceleration will the body
have 4 seconds after the start?

2.5.17. The law of rectilinear motion of a body with a mass of
100 kg is s=2¢>4-3t+ 1. Determine the kinetic energy (muv®/2) of
the body 5 seconds after the start.
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2.5.18. Show that if the law of motion of a body is s=ae'4-bet,
then its acceleration is numerically equal to the distance covered.

2.5.19. A body is thrown vertically with an initial velocity of
a m/sec. What altitude will it reach in ¢ seconds? Find the velocity
of the body. In how many seconds and at what distance from the
ground will the body reach the highest point?

2.5.20. Artificial satellites move round the Earth in elliptical
orbits. The distance r of a satellite from the centre of the Earth
as a function of time ¢ can be approximately expressed by the fo-
llowing equation:

82
r=a[1———scosM———2—(cos 2M—1)J

where M= ?g (t—t,)

t =time parameter

a =semi-major axis of the orbit

e =eccentricity of the orbit

P = period of orbiting

t,=time of passing the perigee? ty the salellite.
Here a, ¢, P and ¢, are constants.

Find the rate of change in the distance r from the satellite to the

centre of the Earth (i.e. find the so-called radial velocity of the
satellite).

§ 2.6. The Differential of a Function.
Application to Approximate Computations

If the increment Ay of the function y=/f(x) can be expressed as:

Ay=Ff(x+Ax)—f(x)=A4 (x) Ax+a (x, Ax) Ax,

where

lim a(x, Ax) =0,

Ax - 0
then such a function is called differentiable at the point x. The
principal linear part of this increment A (x)Ax is called the diffe-
rential and is denoted df (x) or dy. By definition, dx=Ax.

For the differential of the function y=f(x) to exist it is nece-

ssary and sufficient that there exist a finite derivative y'= A4 (x).
The differential of a function can be written in the following way:

dy =y dx=1{f"(x)dx.

1 The perigee of the satellite orbit is the shortest distance from the sate-
Ilite to the centre of the Earth.
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For a composite function y=Ff(u), u=¢(x) the differential is
retained in the form

dy =1' (u)du

(the invariance of the form of the differential).

With an accuracy up to infinitesimals of a higher order than Ax
the approximate formula Ay ~dy takes place. Only for a linear
function y =ax+b do we have Ay =dy.

Differentials of higher orders of the function y=Ff(x) are succes-
sively determined in the following way:

d?y =d(dy); d’y=d(dy), ..., d"y=dd"'y).
If y=f(x) and x is an independent variable, then
d?y =y" (dx)%;, d*y=y" (dx)?, ..., d"y=y'™ (dx)".

But if y=f(u), where u=¢(x), then d?y={" (u)du*+ [’ (u) d?u, and
S0 on.
2.6.1. Find the differential of the function
y =In (1 + e'°¥) 4 arc tane®*.

Calculate dy at x=0; dx=0.2.
Solution.

(1 -+ elox)' (esx)' Hebx (285"——- 1
dy:[ [Felox _1_*..elox] d =_]_|._elT)d :

Substituting x=0 and dx=0.2, we get
d!/ lx:O; dx=0.2 =%02 =0.5.

2.6.2. Find the increment and the differential of the function
y=3x*+x—1
at the point x=1 at Ax=0.1.

Find the absolute and relative errors allowed when replacing the
increment of the function with its differential.

Solution.
Ay =3 (x-+AxP + (x+Ax) — 1] —(3x* +x—1) —
=9x? Ax 4+ 9x Ax? 4- 3Ax3 + Ax,
dy=(9x*+ 1) Ax.
Whence

Ay—dy =9x Ax® 4+ 3Ax3.
At x=1 and Ax=0.1 we get

Ay—dy =0.09+0.003 =0.093,
dy =1, Ay=1.093.
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The absolute error | Ay —dy|=0.093, the relative error ‘AyAydyl
0.093 ,
2.6.3. Calculate approximately the increment of the function

Yy=x—Tx*+48
as x changes from 5 to 5.01.

2.6.4. Using the concept of the differential, find the approximate
value of the function
— /2= at x=0.15
Y= 5T x =0.1o.
Solution. Notice that from Ay =y (x+ Ax)—y(x) we get
y(x+Ax) =y (x)+ Ay,
or, putting Ay =~ dy,
y(x+Ax) =~ y(x)+dy.

In our problem let us put x=0 and Ax=0.15. Then

, 1§ /ToExNG (—4)
b¥=3% (2—x> PR

¥ (0)=—, dy=—1-0.15=—0.03.
Hence,
y(0.15) = y(0)+dy=1—0.03 =0.97.
The true value of y(0.15)=0.9702 (accurate to 1074).
2.6.5. Find the approximate value of:
(a) cos31% (b) log10.21; (c) 3/33; (d) cot 45°10".

Solution. (a) In solving this problem we shall use the formula (*)
of the preceding problem. Putting x =n/6, Ax =n/180, we compute:

o V3
y(x)—cos-6—_—2—,
, . . n__l,

Yy (¥)=—sing=—=;

o V3 1 n
cos 31 —cos( +180> 5 _?Ts‘o=0851

(c) Put x=32; Ax=1. By formula (*) we get

/88~ /324 (V/ ®emar 1 =2+ o= =24 5 =2.0125,

5 ,/324
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2.6.6. All faces of a copper cube with 5-cm sides were uniformly
ground down. As a result the weight of the cube was reduced by
0.96 g. Knowing the specific weight of copper (8) find the reduction
in the cube size, i.e. the amount by which its side was reduced.

Solution. The volume of the cube v=x? where x is the length
of the side. The volume is equal to the weight divided by the den-
sity: v=p/d; the change in cube’s volume Av=0.96/8 =0.12 (cm?).
Since Av approximately equals dv and taking into consideration that
av =3x%dx we shall have 0.12=3x52x Ax, whence

0.12
Ax = o5 = 0.0016 cm.

Thus, the side of the cube was reduced by 0.0016 cm.

2.6.7. Find the expressions for determining the absolute errors in
the following functions through the absolute errors in their argu-
ments:

(a) y=Inx; (b) y=log x;

(¢) y=sinx (0 < x < m/2); (d) y=tanx (0 < x < m/2);

(e) y=log(sinx) (0 < x < m/2);

(f) y=Ilog(tanx) (0 < x < m/2).

Solution. 1f the function f(x) is differentiable at a point x and

the absolute error of the argument A, is sufficiently small, then
the absolute error in the function y can be expressed by the number

(@) Ay=|(nx)"[, A, =7", i.e. the absolute error of a natural

logarlthm is equal to the relative error in its argument.
(b) A,—(logx)' A =2 A,, where M =loge=0.43429;
(e) Ay =|[log(sinx)]"|A;=M]|cotx|A,;
(1) A, =|[log(tan )]’ | A, = —2 A,

| sin2x |
From (e) and (f) it follows that the absolute error in logtan x
is always more than that in logsinx (for the same x and A,).

2.6.8. Find the differentials dy and d*y of the function
y=4x5—T7x*+3,
assuming that:
(1) x is an independent variable;
(2) x is a function of another independent variable.

Solution. By virtue of the invariance of its form the differential
of the first order dy is written identically in both cases:

dy =y’ dx = (20x*— 14x)dx.
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But in the first case dx is understood as the increment of the
independent variable Ax (dx=Ax), and in the second, as the diffe-
rential of x as of a function (dx may not be equal to Ax).

Since differentials of higher orders do not possess the property
of invariance, to find d?y we have to consider the following two
cases.

(1) Let x be an independent variable; then

d?y = y" dx* = (80x® — 14) dx2.
(2) Let x be a function of some other variable. In this case
d?y = (80x®— 14) dx* 4 (20x* — 14x) dx.
2.6.9. Find differentials of higher orders (x an independent va-
riable):
(a) y=4-*"; find d?y;
(b) y=V1nx—4; find d?;
(c) y=sin?x; find d%y.

2.6.10. y= Inl=% + ; find 4%y if: (a) x is an independent variable,
(b) x is a function of another variable. Consider the particular
case when x=tant.

2.6.11. The volume V of a sphere of radius r is equal to

%nr‘*. Find the increment and differential of the volume and

explain their geometrical meaning.

2.6.12. The law of the free fall of a material point is s=gt?/2.
Find the increment and differential of the distance at a moment ¢
and elucidate their mechanical meaning.

§ 2.7. Additional Problems

2.7.1. Given the functions: (a) f(x)=|x| and (b) ¢ (x)=]|x*|.
Do derivatives of these functions exist at the point x=0?

2.7.2. Show that the curve y=el*l cannot have a tangent line
at the point x=0. What is the angle between the one-sided tan-
gents to this curve at the indicated point?

2.7.3. Show that the function
f(x)=|x—a]|p(x),

where ¢ (x) is a continuous function and ¢ (a) 40, has no deriva-
tive at the point x=a. Find the one-sided derivatives [’ (a) and

I+ (a).
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2.7.4. Given the function
() = i x2sin(l/x) at x=£0,
—{ 0 at x=0.

Use this example to show that the derivative of a continuous
function is not always a continuous function.

2.7.5. Let
::[ x2,if x < x,,
F) 1 ax-+b, if x> x,.

Find the coefficients a and & at which the function is continuous
and has a derivative at the point x,.

2.7.6. By differentiating the formula cos 3x = cos®x—3cos xsin*x
deduce the formula sin 3x =3 cos? x sin x—sin? x.
2.7.7. From the formula for the sum of the geometric progression

—_xn+1
I+ x4x24... —]—x":l—l—iT+ (x=£=1)
deduce the formulas for the following sums:
(a) 14-2x+3x24-... +nx""1
(b) 124 22x 43224 ... }-n2x""1,
2.7.8. Prove the identity
sin 2nx
cosx+cos3x+ ... +cos(@n—1)x = > sin 1

, X==kn

and deduce from it the formula for the sum
sinx+3sin3x+ ... 4+@n—1)sin(2n—1) x.

2.7.9. Find y’ if:

(@) y—[(sin®x)4f (cos*x); (b) y=F(e¥)e/™;

(©) y=logym P (x) (9(x)>0; P(x)>0).

2.7.10. Is it reasonable to assert that the product F (x)=f(x)g(x)
has no derivative at the point x=1x, if:

(a) the function f(x) has a derivative at the point x,, and the
function ¢ (x) has no derivative at this point?

(b) neither function has a derivative at the point x,?

Consider the examples: (1) f(x)=x, g(x)=|x|;

@) f)=1x], gx)=|x|.

Is it reasonable to assert that the sum F(x)=f(x)+4 g (x) has no
derivative at the point x=x, if:
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(c) the function f(x) has a derivative at the point x,, and the
function g(x) has no derivative at this point?
(d) neither function has a derivative at the point x,?

2.7.11. Prove that the derivative of a differentiable even function
is an odd function, and the derivative of an odd function is an
even function. Give a geometric explanation to these facts.

2.7.12. Prove that the derivative of a periodic function with
period T is a periodic function with period T.

2.7.13. Find F'(x) if

x x2 x®
1 2x 3x2
02 6x

2.7.14. Find the derivative of the function y=x|x|. Sketch the
graphs of the given function and its derivative.

F(x)=

2.7.15. Suppose we have a composite function y=f(u), where
u-=¢ (x). Among what points should we look for points at which
the composite function may have no derivative?

Does the composite function always have no derivative at these
points? Consider the function y=u? u=|x]|.

2.7.16. Find y" for the following functions:
x?sin (1/x), x==0,
=|x*]; (b =
(@) y=[x*; (b) y {Oatx=0.
Is there y” (0)?
2.7.17. (a) f(x)=x"; show that
I’ (1) f‘z’(l) f"”(l) n
f)+—=+—5—+... +— =2"
(b) [(x)=x""1e% show that
[F ] =(—1rL2 =12 ...

xzn
2.7.18. y=x%"*9 show that
—Nn*n(n—1
f(n)(O)z( I) [’;;(—z ) (n>2)

2.7.19. Show that the function y=arcsinx satisfies the relation
(1—x*) y"=xy’. Find y™(0) (n>2) by applying the Leibniz for-
mula to both members of this 1dent1ty

2.7.20. Prove that the Chebyshev polynomials

T,(x)= 2n_1cos(narccosx) n=12,...)
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satisfy the equation
(1—=x*) T%, (x)—xT'; (x) + n*T , (x) =0.

2.7.21. The derivative of the nth order of the function e~*" has

the form . \
(7)™ = e~ H, (),

where H,(x) is a polynomial of degree n called the Chebyshev-
Hermite polynomial.
Prove that the recurrence relation

H,o (X)—2xH, (x)+2nH,_, (x)=0 (n==1, 2, ...)
is valid.

2.7.22. Show that there exists a single-valued function y =y (x)
defined by the equation y*+ 3y =x, and find its derivative y,.

2.7.23. Single out the single-valued continuous branches of the

inverse function x=x(y) and find their derivatives if y=2x2—x*.
du dv

1 4o, . n

2.7.24. u=5lnm, check the relation EZuTu_l'

2.7.25. Inverse trigonometric functions are continuous at all
points of the domain of definition. Do they have a finite deriva-
tive at all points of the domain? Indicate the points at which the
following functions have no finite derivative:

! .1

(a) Yy =arccos ——; (b) y=arcsin—.

2.7.26. Show that the function y=y(x), defined parametrically:
x=2t—|t|, y=t*+1t|t|, is differentiable at #=0 but its deriva-
tive cannot be found by the usual formula.

2.7.27. Determine the parameters a, b, ¢ in the equation of the
parabola y=ax®-+bx+c so that it becomes tangent to the straight
line y=x at the point x=1 and passes through the point (—1, 0).

2.7.28. Prove that the curves y,=f(x) (f(x) >0) and y,=
= f(x)sinax, where f(x) is a differentiable function, are tan-
gent to each other at the common points.

2.7.29. Show that for any point M(x,, y,) of the equilateral
hyperbola x*—y*=aqa* the segment of the normal from the point
M to the point of intersection with the abscissa is equal to the
radius vector of the point M.

2.7.30. Show that for any position of the generating circle the
tangent line and the normal to the cycloid x=a ({—sin¢),
y=a(l—cost) pass through the highest (af, 2a) and the lowest
(at, 0) points of the circle, respectively.

5-3148
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2.7.31. Show that two cardioids p=a(l+4cos¢) and p=
= a(l—cos¢) intersect at right angles.

2.7.32. Let y=f(u), where u=¢@(x). Prove the validity of the
cquality

d*y =" (u) du® + 3f" (u) du d*u + ' (1) d*u.

2.7.33. Let y={(x), where x=g¢(¢); the functions f(x) and
¢ (t) are twice differentiable and dx=%40. Prove that

" d?ydx — dyd?x
T T 4

where the differentials forming the right member of the relation
are differentials with respect to the variable £.

2.7.34. How will the expression

d%y dy
(I—x*) T 5—x 2ty
be transformed (where y is a twice differentiable function of x) if
we introduce a new independent variable ¢, putting x =cos¢?

2.7.35. In determining an electric current by means of a tangent
galvanometer use is made of the formula

I =ktan g,
where [ =current
k =factor of proportionality (depending on the instrument)
¢ =angle of pointer deflection.
Determine the relative error of the result which depends on the
inaccuracy in reading the angle ¢. At what position of the pointer
can one obtain the most reliable results?



