


1.2 Calculus

"NUMBER SYSTEM AND INEQUALITIES fNo'“;:‘

. The Set R represents zhe set of contz
B dzscrete values):

. t_ween any two zrratzonal numb
ational numbers and. between:tw
o there exist: mf nzte zrratzonal numb'

Number System

Natural Numbers

The set of numbers {1, 2,3,4,... } is called natural numbers, and is
denoted by N,ie.,N={1,2,3,... }.

Integers

The set of numbers {...,—3,-2,-1,0, 1,2, 3, ...} is called integers,
and the set is denoted by 7 or Z.

Intervals

The set of numbers between any two real numbers is called
interval. The following are the types of interval.

Here, we represent " ... Closed Interval
a. - Positive integers = {1, 2, 3, 4, ...} = Natural numbers - xe[a,b]={x:a<x<b}
b. Negative integers = {...,—4,-3,-2,-1} - .
¢. Non-negative mtegers (or Ny)= {O 1,2,3,4,:..} =Whole - a -~ b
numbers Fig. 1.2
d Non-positive integers = {...,-3,-2,-1,0} Op en Interval
Rational Numbers : xe (a,b)or]a, b[= {x:a<x<b}
A number which can be written as % , where q and .b éré integefs, S a _ Fig. i3

b#0and H.C.F. ofa and.b is 1, is called a rational number, and Semi-Opeh or Semi-Close_d Interval ’
a set of rational numbers is denoted by Q.

x€ [a,bfor [d, b)= {x:zz.Sx<‘b}. |

a b’
x€ la,blor(a,b]={x:a<x<b}

i roaster form .

Irratronal Numbers
Some Facts About Inequalities

Those values which could be neither terminated nor expressed as

recurring decimals are 1rrat10na1 numbers (i.e., such numbers The following are some very useful points to remember:
cannot be expressed in — form) Their set is denoted by Q° (i.e., 4 a<b=ecithera<bora=b
b . ha<bandb<c=a<c
complement of ), e.g., V2,m, _E 2442, ¢. a<b=—a>-b,i.c., the inequality sign reverses if both

sides are multiplied by a negative number
d a<bandc<d=>a+c<btdanda-d<b-c
e. a<b=ka<kbifk>0andka>kbifk<0
f 0<a<b=d <bifr>0anda >b"ifr<0

) Note
e Two consecuttve
" e The set of zrratzo"

al numbers is meanzngle -

mbers cannot. be expressed n 1 .
. S g at+—22 for a > 0 and equality holds fora=1

roaster form:: a
Real Numbers ' h. a+l < -2 for a < 0 and equality holds for a=-1
The set of numbers that contains both rational and irrational a 11
numbers is called real numbers and is denoted by R. As from, the i fx>2=0<—<—.
above definitions, it could be shown that real numbers can be x 2
expressed on number line with respect to origin as i Hx<-3= - 1 < 1 < 0
- — T T x . . - )
-« 3 -2 _§ -t 0 1 2 3 = k. If x <2, then we must consider —oo<x<0or 0 <x<2

Fig.1.1. (as forx=0, 1 is not defined), then
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1 1 1 1 1 1 Sign scheme of (2x+1) (x— 3) (x + 7) is as follows:
im —>->lm—or lim —>-—>— N

¥ X X x=0-X -0t x  x 2 ‘ . P ,+
: -7 -1/2 3
1 1 1
= 0>—>—0 0r co>—>— : Fig. 1.5
X x

Hence, solution is (—o=, ~7) U (-1/2,3).

1e (oo, O)U —l— oo 2
x ’ 2’ [ ¢1) R WA Solve —<3.

X
L. Squaring an inequality: 2
2_ 32 g Sol. — <3
If a < b, then a” < b* does not follow always: A X
Cons_ider the following illustratiqns: - g _3 <0 (we cannot éross multiply with
'2<3=4<9,but-4<3=16>9 ‘ * x, as x can be negative or 'pos‘itive)
Alsoifx>2=x*>4,butforx<2=x*>0 ' ’ '
If2<x<4=4<x*<16 o, 273x g
If-2<x<4=0<x*<16 . o x
If-5<x<4=0<x%<25 L2,
Generalized Method of Intervals (x)i 2/3)
: o > ——=>0
Let F(x)= (x—a Yi(x-a)e. (x—a, )Y (x—a,) . x .
Here &, ky, ... k, €°Z and a,, a,, ..., a, are fixed real numbers Sign scheme of x=2/3) is as follows:
satisfying the condition ' ' *
a1 <@ <a3<...<a,,<a, , o ‘ R
For solving F(x) > 0 or F(x) < 0, consider the following 0 2/3
algorithm: - : : ' . : Fig. 1.6
e 'We mark the numbers a,, a,, ..., a, on the number axis and e (oo oo
put plus sign in the intelzrv;l on the right of the largest of =% (o=, 0V, ).
these numbers, i.c., on the right of a,. ) Solve X353
e Then we put plus sign in the interval on the left of a, if &, 3x-5
is an even number and minus sign if &, is an odd number. :
In the next interval, we put a sign according to the Sol. 2x-3 .4
following rule: . : : X -
¢ When passing through the point a,,_; the polynomial 2x-3
F(x) changes sign if &, ; is'an odd number. Then we = 35-5 320
consider the next interval and put a sign in it using 2% —3-9x+15
the same rule. a5 2
e Thus we consider all the intervals. The solution of the
inequality F(x) > 0 is the union of all intervals in which we ' = “Tx+12 >0 -
put plus sign and the solution of the inequality F(x) <0 is 3x - 5
the union of all intervals in which we put minus sign. - Tx—-12 <0
: 3x-5
Frequently Used Inequalities o Tx—12 .
A (x—a)(x—b)<0=>xe (a,b), wherea<b Sign scheme of s is as follows:
b (x—a)x-b)>0=xe (—o0,a) U (b, ), wherea<b + - *
c. ¥<d®=xe[-a,a] . 53 12/7
d ¥*2a’ = xe (-0, —a]U[a, ) Fig. 1.7
e. fa +bx+¢<0,(a>0)=xe (a B), where o, B

=xe (53,12/7]

x = 5/3 is not included in the solution as at x = 5/3,
denominator becomes zero.

(< B) are the roots of the equation ax* + bx + ¢ =0.
f Ifal+bx+c>0,(a>0)=xe (—oo, 0)) U (f, o), where c,
B (o< ) are the roots of the equation ax* + bx + ¢ =0 o
e ST Solve (x—1)* (x+4)<0.

‘Solve (2x+1) (x—3) (x+7) <0.

Example 1.1

: : Sol. (x—1)?(x+4)<0 M
Sol. 2x+1)(x-3)(x+7)<0 Sign scheme of (x — 1)* (x + 4) is as follows:
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- + +

-4 1
Fig. 1.8
Sign of expression does not change at x = 1 as (x - 1)

factor has even power.
Hence, solution of (1) is x € (—°, —4).

IR R Solvex> J(i-x).

Sol. Given inequality can be solved by squaring both sides.
But sometimes squaring gives extraneous solutions that
do not satisfy the original inequality. Before squaring, we
must restrict x for which terms in the given inequality are

- well-defined.

x> /(1-x) . Here x must be positive;
Here v1-x is defined only when 1 —x 2 0 or x < 1

. )
Squaring the given inequality we get #*>1-x
> +x-1>0= x—-—l—\/—s— x—i*-—\/——s— >0

- 2 2
=>x< _1;\/—5— orx> —1;\/5 2

! , 1] (asxis+ve)

| Example 16 | Find the domainoff(®)= {1-V1-¥1=# .

Sol. f(x)=\/1..—\jl—\/1——_;c;
A 20
= \/1—\/1——;7 Si

= 1-1-x2 <1

From (1) aﬁd (2),;; € (‘E -

= J1-x ZO
=1-x*20
>x¥<1=xel-1,1]

Sign Scheme of

F)=f,(x) f,%) £,6)--- 1,
Put the values of x, which are roots of the equation, f,(x) = 0, /2(x)-

=0,...,[,(x)=0onthe number line and follow the same procedure
explained in the above problems.

\/O Example 1.7 ERNCKeS 1)|x+ 1 cos x>0, forxe [-m, 7}

Sol. Let f(x)=(x—1)lx+1fcosx

+ — —_

1 + =~ |

-7 } - } 1 4
T ;w2 1 72

Fig. 1.9

cosx=0=>x=%7/2.

So, critical points are —m/2,-1,1, /2

Forxe (w/2, 1), cosx<0=>f(x) <0 )

At x = 7t/2, and x = 1, f(x) changes sign as shown in the
sign scheme.

Atx=-1, f(x) does not change sign as |x + 1| > 0 for all x.
Hence, f (x)>0=x€ (~m-mi2)w (1, 7/2).

Find the domain of
N  fw)= Jx-4-2JG-5) _Jr-4+2JG-5)

Sol. f()= {Jx-4-2J(x=5) = Jx-4+2Jx=)
- \/xf—S—z,/(i—S) F1-yx-a+2J0=5) +1

N W= V=

S 1

Hence domain is [5, )

x—3

3. f&)=

4 -
x+2 1+x

' ( 2 1 _2;;—1)
4. f)= 4 2 —x+1 x+1 2 ¥l
5. f(x)= x—V1-x*

6. Find the range of f(x)=

x+1

- x*+2
7. Solve x (¢ = 1) (x+2) (x—3)*<0.

FUNCTION

Roughly speaking, term function is used to define the
dependence of one physical quantity on another, e.g., volume ¥

4 .
of a sphere of radius 1 given by V= 3 7} . This dependence of

V on r would be denoted as V=f(r) and we would simply say that

Vis a function of . Here fis purely a symbol (for that matter, any
other letter could have been used in place of f), and it is simply
used to represent the dependence of one quantity on the other.




Definition of Function

Function can be easily defined with the help of the concept of
mapping. Let 4 and B be any two non-empty sets. “4 function
from 4 and B is a'rule or correspondence that assigns to each
element of set 4, one and only one element of set B”. Let the
correspondence be f. Then mathematically we write f: 4 — B
where y = f(x), x € A and y € B. We say that y is the i 1mage of x
under f (or x is the pre-image of ).

e A mappingf: 4 — Bissaid to be a function if each element
in the set 4 has a image in set B. It is possible that a few
elements in the set B are present which are not the images
of any elementin set 4.

.o Every element in set A should have one and only one
image. That means it is impossible to have more than one
image for a specific element in set 4. Functions cannot be
multi-valued (A mapping that is multi-valued is called a
relation from 4 and B). _

A B . A B

—

Function

Not function Not function

(c) . (d)
~ Fig. 1.10

Let us consider some other examples to make the above
mentioned concepts clear.

a. Letf: R* — R where y* = x. This cannot be considered a
function as each x € R would have two images namely

++/x . Hence, it does not represent a function. Thus, it
would be a relation.

h Letf [—2 21 >R, wherex +y =4.Herey= +4-x*
that means for every x € [-2, 2] we would have two values
of y (except when x = +2). Hence, it does not represent a

~. function.

¢. Letf: R — Rwherey=x>. Here for each x € R we would
have a unique value of y in the set R (as cube of any two
distinct real numbers are distinct). Hence, it would
represent a function.

Function as a Set of Ordered Pairs v

A function f: 4 — B can be expressed as a set of ordered pairs in
which each ordered pair is such that its first element belongs to 4
and second element is the corresponding element of B!

As such a function f : 4 — B can be considered as a set of
ordered pairs (a, f(a)) where a € 4 and f (a) € B which is the f
image of a. Hence, fis a subset of 4 X B.

As a particular type of relation, we can define a functlon as
follows :

Functions 1.5

A relation R from a set 4 to a set B is called a functien if

a. each element of 4 is associated with some element of B

b. each element of 4 has unique image in B

Thus, a function f from a set A to a set B is a subset of 4 X B in
which each a € 4 appears in one and only one ordered pair
belonging to f. Hence, a function f is a relation from 4 to B
satisfying the following properties:

a fcAxB
b Vae A=(a,f(a))ef
- ¢ (a,b)efand(q,c)e f=b=c
Thus, the ordered pairs of f must satisfy the property that

each element of 4 appears in some ordered pair and no two
ordered pairs have same first element.

Dlstmctlon between a Relatlon and a Funct1on
by Graphs (Vertical Line Test)

y
y=1fx)

e

b4

o { SRS

[

(b

@ Fig. 1.11

The above figures show the graph of two arbitrary curves. In Fig.
1.11 (2), any line drawn parallel to y-axis would meet the curve at
only one point. That means each element of 4 would have one
and only one image. Thus, Fig. 1. 11(a) represents the graph of a.
function..

InFig. 1.11 (b), certain line parallel to y-axis, (e.g., line L)would
meet the curve in moré than one points (4, B and C). Thus, element

“x, of A would have three distinct images. Thus, this curve does

not represent a function.

Hence, ify = f (x) represents a function, lines drawn parallel to
y-axis through different points corresponding to points of set X
should meet the curve in one and only one point. ‘

Consider the graph of following relations:
2 2

Eqﬁation of an ellipse x_2+y;2=1 is a relation, which is a
» a~ b

; 2
x
combination of two functions y = £b,/1-—-.
a
: S
The upper branch represents function y = b,[1-—5 and the
.

2
’ . x

lower branch represents the function y =-b,|1—— .
- a
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y
X |\ " o) Il X
\\ ,/
~a N ¢ 2
, y=-b [~ 22—
y
Fig. 1.12
Graph of a parabola y=x
y
y=Vx
X’ ' X
" Oh
.\\
S y=elE
yo ”
Fig. 1.13
2.2
Graph of a hyperbola x_2 - 'Z—z =1
. a
YA y=b x -1

Fig. 1.14

Domain, Co-Domain, Range

Let f: A — B be a function. In general, sets 4 and B could be any
arbitrary non-empty sets. But at this level, we would confine our-
-self only to real-valued functions. That means it would be
invariably assumed that 4 and B are the subsets of real numbers.

Set 4 is called domain of the functionf. .

Set B is called co-domain of the function f.

The set of images of different elements of set 4 is called the
range of the function f . It is obvious that a range would be a
subset of co-domain as we may have few elements in co-domain
which are not the images of any element of set 4 (of course, these
elements of co-domain will not be included in the range). Range is
also called domain of variation. Domain of function f is normally
represented as Domain ( f). Range is represented as Range ( f).
Note that sometimes domain of the function is not explicitly
defined. In these cases, domain would mean the set of values of x

- for which f(x) assumes real values. For example, if y= f(x) then
Domain (/)= {x: f(x)is areal number}.
Ruies for the quain of a Function
a. Domain (f(x) + g(x)) = Domain f(x) " Domain g(x)
b Domain (f(x) X g(x)) = Domain f{x) N Domain g(x)

c. Domain ([@]
g(x)

= Domain f (x) N Domain g(x) A {x:g(x)=0}
d Domain Jf (x) = Domain f(x) N {x: f(x)=0}

1. Polynomial function: If a function f is defined by f (x)
=gpx"+a "+ a, X"+ - +a,_;x+a, where nisanon-
negative integer and ag, a;, @y, -.., @, ar€ real numbers and
ay# 0, then fis called a polynomial function of degree n .

2. Algebraic function: y is an algebraic function ofx,ifitisa
function that satisfies an algebraic equation of the form
Py(x)y" + Py )y + - + P, _y(3) y + Py(x) = 0 where
n is a positive integer and Py(x),

P, (x), P,(x) are polynomials in x. For example, X+ y3 :
—3xy=0ory= x| is an algebraic function, since it satisfies
the equation y* — #=0. —
Note that all polynomial functions are algebraic but
converse is not true. _

A function that is not algebraic is called Transcedental
Jfunction. '

3. Rational function: A function that can be written as the

quotient of two polynomial function is said to be a
rational function. : :
If P(x) = @y +apx + ax*+ - +ax" and
O(x)=by+ byx+byx” + -+ b,x"
be two polynomial functions, then the function f is
defined by fix) = %x_) is a rational function of x.
x

4. Explicit function: A function y =f(x) is said to be an
explicit function of x-if the dependent variable y can be
expressed in terms of independent variable x only. For
example, (i) y=x—cosx, (i) y=x+ log,x 2.

5. Implicit function: A function y = f(x) is said to be an
implicit function of x if y cannot be written in terms ofx
only. For example, (i) @ +2hxy+ by +2gx +2fy + ¢ =0, (ii)
xy=sin(x +y). .

6. Bounded functions: A function is said to be bounded if
| £(x)| £ M, where M is a finite positive real number.

7. Identity function: The function f:R— R is called an

identity function if f(x) =xVx € R.
DIFFERENT TYPES OF FUNCTIONS

Quadratic Function
Letf(x)= ax®*+ bx + ¢, wherea, b, c,€ Randa#0.

b
We have f(x) = a[x2 +—x +£]
a a




» b B2 ¢ B
= alx+—x+—+———
| a 4a* a 44°

( b)z 4ac—b?
xh— | +—
2a 4q*

(2] 2] =(2)- o2
x+— | —=|=2{y+—|=a|l x+—7 .
2a 44° 4a . 2a

'Thus_, y=fx) répresents a parabola whose axis is parallel to

Il
Q

8

y-axis and vertex A (——21 > — -42) . For some values of x, f(x) may
a a R

be positive, negative or zero and for a > 0, the parabola opens
upwards and for a <0, the parabola opens downwards. This gives
the following cases:

a. a>0andD<0,s0f/(x)>0Vxe R,
i.e., f(x) is positive for all values of x.

Range of function is [—2, oo)
4a

b . . ..
= —— isapoint of minima.
2a

y

A

0|
Fig. 1.15

b a<0andD<0sof(x)<0V xe R;
i.e., f(x) is negative for all values of x.

Range of function is (—oo, —2]
4a

b . . .
= —— is a point of maxima.
2a

0

\
Fig. 1.16
c. a>0andD=0,50f(x)20V xe R, ie.,

=0.
y

’ \J

. 0| A
Fig. 1.17

Jf(x) is positive for all values of x except at vertex where f(x)

. Functions 1.7

d a>0andD>0

Let f(x) = 0 have two real roots czand were B (where ¢t < 3)
then .

fx)>0V xe (—oo, ) U (B, ) and fix) <0 V x e (a, ).
y

N
ola\/ﬁ_

. a<0and D=0

sof(x)S0V xeR i.e.; f(x) is negative for all values of x .
except at vertex where f(x) =0. ’

AN

Fig. 1.19

A a,<0andD$0

Let f(x) = 0 have two roots zand § (where ot < 8)
then f(x) <0 V x € (=} o) U (B, =) and f(x) >0,

V xe (a B)

2 2 14

1 1 1 13

= 2— — = —— —— = —_— ——

Sol. f(x)=x"—x-3 (x 2) 3 (x 2) 2

. 1Y o veero (L) 35713
Nowx——E_ xe—_->x.2 2> 4

V xe R

: [ 13 )
Hence, range 1s- ——Z,oo .

IRV IERRII  Find the domain and range of

o= —3x+2.

Sol. Fordomainx’—3x+22>0

=2>E-1)Ex-2)=20
= x €& (—oo, I]U[Z,oo)

Now, f(x)= Vx* ~3x+2
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Il
R
=
|
N W
N

[ %]
+
N
|
»|O

Ii
N

=

|
N[ w2
N———
N

|
B —

2
3
Now, the least permissible value of (x—E) —% is 0

- . |
when (x—%) = iE . Hence, the range is [0, ).

|53 JERWIN Find the range of the function f(x) = 6" + 3*
+6™+37+2.

Sol. f(x)=6"+3"+67F+37+2

- (V& & (4 - E 6 26

Hence, the range is [6, o).

IB¢T ) IMPA Find the domain and range of
F)= Vx? —4x+6.

Sol. x?—4x+ 6= (x—2)>+2 which is always positive.
Hence, the domain is R.

Now, f(0) = \J(x—2)% +2

The least value of f{ (x) is V2 whenx—2=0.
Hence, the range is [\/5 , ).

. . 2 _
PEPESIRREN Find the range of /() = 22— .

x“+x+1

2 —x+1

¥ +x+1
S1-pF-(1+Px+1-y=0
Now x is real, then D >0
= (1+y)*—4(1-y)>*=0
=1+y-2+2))(1+y+2-2y)20

= @y-1D)(3-»)20

=>3(y—%)(y—3) <0

Sol. Lety=

1
= §Sys3 = The range is [5,3}-

Ex’aﬁi’p_le IBCY Find the compléte set of values ofa such that

xt—x . .
attains-all real values.

1—ax

xz—x

Sol. y= "
—ax
:>x2—x=vy'—a,xy

=x+x(ay-1)-y=0

Since x isreal = (ay — 1)* + 4y >0

.=>a2y2+2y(2—a)+120Vye R
=Asa?>0,42-al -4 <0 =4—4a<0=>a€ [1,%).

x* +34x-71
X +2x-7
2. Find therangeof f(x)= /x—1++5—x -

3. Iff(x) =V x?+ax+4 is defined for all x, then find the

values of a.

4. Find the domain and range of f(x) = V3 -2x~ x°
Modulus Function

y='|x|_{x’ x20 \/—~max{x —x}

X, x<0

1. Find the range of f(x) =

Domain:R" _
Range : {0, =)
Nature : even function

45° 45° -
X’ - X
o

v
Fig. 1.21

B x—a, x2a
y=|x—a|={ ’ ,wherea>0

a-x, x<a

Y

N

X

v’

Fig.1.21(a)

Properties bf Modulus Function

a- lxl =q => Pomts 011 the real number lme whose'dl tance
ﬁom ongm isa

o=alo 0 atir,
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L bk N
[x]-2 "
y-1 .
= <0,wherey=|x|.
y—-2 .
‘ + - o+
" 1 2 “teo
Fig. 1.22
=1<y<2.
=1<|x|<2

=xe (-2,-1]JU[L,2).

: | | x+3|+x
IRELNIBREE Solve ————— > 1.
x+2

[x+3|+x
Sol. Wehave ——— >1
: x+2

Clearly, L.H.S. of this inequation is meaningful for x #—2.

=
e
[~
=
=
[4-]
H.
T
(7]
7]
)
<
[¢]
L2
&

i
[\
IN

N =
Q

&

=

=
+
(F8)

N4
o
—

x
Sol. Bx-2|< + [x+31+x .4
o2 x+ 2 '
~ . 1 1 ,
=>—.5_S3x—2S5 o X3+ x-x-2_,
3 s x+2
= - <3x< = ' ‘ +3]-
2 x 2 . . =>|_x_i_3|__2_ >0
1 5. : x+2
:Es;csg o _ Iffx+3]-2=0=>x+3=%2=x=-5,—1.
x+3{-2
=>xe.[1/2, 3/6). . Hence, the sign scheme of the expression !—x':’lz— Is
IR SRR Solve |[x—1|—5|22. ' as follows:
‘ . . - + - +
Sol. [fx—1|-5{=22 - ‘ : - o O ey
. . —oo -5 -2 -1 Foo
=kx-1-5<-2orpx-1|-522 , Fig. 1.23

=>|x—1[S3or|_x—llZ7
=>—-3<x—-1<30orx-1<-T70rx-127

$;2st4orxS—60r$c28 [T R WEN Solve [x—1|+|x—2|=4.

From the above sign scheme, x € (-5, —2) U (-1, ).

= x€ (~o0,~6] U[=2,4] U[8, ). Sol. Letf(x)= Lx—ll¥Lx—ZI
' -1 A B 0 ANC
IReli IRV Solve ——— =1 wherexe R, x#=+2.orfind A B.f(:}c)_ D-A
|x|—-2 x<1.. |[1-x+2 x<-127 %
the domain of /' (x) = 1-ixl . ‘ SN ~ —
lx|-2 , 1<x<2 |x
_ -1 SEEEERRNS &
Sol. Given >1 x>200
. [x}-2 S :
N | _Iil > - 1>0 ) . Hence, the solution is x € (—eo,~1/2}.[7/2, o).
* E 1B N ICRWIN Solve {sin x + cos x | = |sin x| + |cos xl,
—1—(|x12—2) >0 _ _ xe[0,27).
> ]-_‘ ’ Sol. The given relation holds only when sinx and cosx have
1-]x] ' same sign or at least one of them is zero. .

= 20
|x}—-2 . , ' Hence,x e [0, z/2) v 7, 37/2] L {27},
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1. Solve the following:

a 1<|x-2|<3

b 0<[x—3|<5

¢ [x=2|+2x-3]=]x-1j
x-3
x+1

d <1

2. Find the domain of -

3. Find the set of real value(s) of @ for which the equation

| 2x+3|#+|2x -3 | =ax + 6 has more than two solutions.

4. Ifa<b<cthenﬁndtherangeoff(x) Lx a|+lx bl +|x

_.cl

5. Find the range of f(x)=v1-vx? —6x+

Tngonometnc Functions

L. y=f(x)=sinx

Domain — R,Range — [-1, 1]

Period —2x ,

Nature — odd, many-one in its actual domain

sin’x, [sinx] [0, 1]

sinx=0=>x=nm,ne I

siix=1=x=(@4n+)w/2,nel

sinx=-1=x=@n-1)m2,nel

six=sina=x=nx+(-1)"e,ne I

sinx20=>xe U[2n7r 7r+2n71:]
nel

Fig. 1.24
2. y=f(x)=cosx '

Domain — R, Range — [-1, 1]
Period —»2r
Nature — even, many-one in its actual domain
cos’x, lcdsxl e [0, 1]
cosx=0=x=2n+1)rn/2,nel
cosx=1=x=2nm,nel
cosx=—-1=2x=2n+l)mnel
COSX = COSOL = x = 2nm & anel

Fig. 1.25
3. y=flx)=tanx
~ Domain - R~(2n+ D)m/2,nel;

Range—(—ee, o)
Period > 7.
Nature — odd, many-one in its actual domain
Discontinuous atx=(2n+ 1) w/2,ne I
tan’x,, |tanx| € [0, o)
tanx=0=>x=nm,nel
tanx=tan @=>x=nAt A, ne I

y

w
§ - -

Fig. 1.26

4, y=f(x)=cotx
Domain — R ~n7, n € I, Range —> (—oo, o0);
Period — =
Nature — odd, many-one in its actual domain
Discontinuous at x = nx, ne I
cot’x , [cotx| € [0, <o)
cotx=0=>x=Q2n+ ) w2,nel

Y

Fig. 1.27

2r




5.

y=f(x)=secx
Domain — R~(2n+ l)7r/2 ne

Range — (—eo, —1] U1, e0)
Period - 27,

sec’x , secx| € [1, o) v
Nature — even, many-one in its actual domain

y

I

B e i R T SR,

Fig. 1.28

. y=f(x)=cosecx

Domain > R~nm,ne I
Range — (—eo, ~1]U[1, o)
Period — 27

cosec?x, |cosecx| € [1, o)

T
w
§

Nature — odd, many-one in its actual domain

bemmem

g i U U g g

Important Result

|
]
]

PR R,

[

Fig. 1.29

e e e e e e e e el e — =

f(x)=acosx+bsinx= Va? +b® sin(x+tan_1 %)
=Ja* +b* cos(x—tan‘1 2)
a

Proof: Leta=rsina,b=rcosa

=a+bh= rzandtan a——Z—

Now, f(x) =r (cos x sin o+ sinx cos Q)

=rsin(x+ )= Va? +b? sin(x+tan‘1 %)

Since-1< sin(x+ tan”! %) <1

= —\/a2 +b% < \/a2 +b? si'n(x+tan_1 %)S\/az +b°

Functions 1.1
= The range'of f(x)=acosx+bsinxis

[—\/az +b%,\d? -i-bz].
Example 1.21 @gitil the domain of the functions.

Soy=

1+2sinx
Sol. To define f(x), we must have 1 + 2sinx # 0
. 1 ;
=sinx#—— =>x;én7r+(—1)"7?n ,neZ

Hence, the domain of the funiction is
' R—{nn+(—1)” 76£’ n eZ}. '

Example 1.22 FNCRSE I —% or find the domain of

\S __
f(x) V1+2sinx )

Sol. To define f(x), we must have 1 + 2sinx >0 or sinx>— 3

The function sin x has the least positive period 27. That is

why it is sufficient to solve inequality of the form

sinx > a, sinx>a, sin x <, sin x < a first on the interval of
_length 27, and then get the solution set by adding

numbers of the form 27m, n € Z, to each of the solutions

obtained on that interval.

Thus, let us solve this inequality on the 1nterval

[ = 3_ﬂ]
272 0

‘ sinx>—~-1/2
—n/6 | | 7nl6
RN ! ey
4 . h : ] S/ “ -
X ’ \ a | i K “' X
S w2 1 floalz A\ L S N =_1p

LT A = 7 S . y
"r \‘_4 ' -1 y“l' ~

i 2n H .

< - 1y = sin x
Fig. 1.30

.
From Fig. 1.30, sinx>—% when—% <x< z

6

_Thus, on generalizing the above solution, we get

7 .
2n7;—%<x<2n7r+—£;ne Z.

35 IWAR Find the number of solutions of sin x = I% .

Sol.

8

Here, let f(x) = sin x and g0 = % . Also we know that

~1<sinx<I=—1< T%Sl —-10<x<10.

Thus, sketch both the curves when x € [-10, 10].
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(10, 1)
g(x) = x/10

1
\ /\fr 0 ,
-10 0 72 7:\/271: 3nvn/2

At f(x) = sin x

’

Yy
Fig. 1.31

From Fig. 1.31, f(x) = sinx and g(x) = % intersect at 7

points. So, numbers of solutions are 7.

Example IWXE  Find the number of solutions of the equation
sinx=x>+x+1.

» 2
“Sel. Letf(x)=sinxandg(x)=x2+x+1= (x+?12-) +%

as shown in Fig. 1.32, which do not intersect at ariy’ point,
therefore, there is no solution.

C(=2,34) Y

/-\ / f(x) = sin x

1
1
=2/ 0

- » X
/ 7[\/
- Fig.1.32
Example WAl Find the range of f(x)= sin® x—sinx+ 1

' 2
Sol. f(x)=sin2x—sinx+ 1= (sinx—%) +%

wa,—l <sinx<1= —% <sinx——<—

O IRer Il Find the range of £ (x)=
2cosx— 2cosx—1"

Sol. —l<cosx<1
=-2<2cosx<2
=-3<2cosx—-1<1

1

For ———,-3<2cosx—-1<00or0<2cosx-1<1 .

2cosx—1
1 -1 1
- <—orl<

=00l ——— <
2cosx—1 3

——— L 0
2cosx—1

' 1
Hence, the range is (—w, —E]U[]’ o).

Example iyl Find the domain for f @)=+ /cos(sm X

Sol. f (x) Jcos(sinx) is deﬁned if -
cos(sinx) =0 ™

4
. , y=cos'X
/./ \.\ .
1 1
] ]
. ! 1
x, 1 1 X
/7#2 —1 o 1 7:/2\

Y

’,

Fig. 1.33

Asweknow,—1<sinx<1 forallx

c0s02>0

{Here, 0= sin x lies in the first and fourth quadrant}
i.e., cos (sinx) =0 forall x

ie,xe R

Thus, the domain f(x) is R.

Example WLl 16/ (x)= Siny __ . S08% , then find
A\ \/17+tan2x \/1+cot2x
\V the range of f(x).
sin x cos x . L
Sol. f(x)= seox | cosec x| = sinx |cos x| — cos x |sin x|

. i1
Clearly, the domain of f(x) is R ~ {nn:, (2n+ 1) 3 /Inel }

and period of f(x) is 27.
0, xe(0,x/2).
—sin2x, xe@/2,m)
f®=

0, xe(m,3x/2)
sin2x, xeQ@m/2,2m)
= The range of f(x)is (-1, 1).

e RPN Find the range of f(x) = [sin x| +|cos x|, x € R.

W50l f(x)=Isinx| +|cosx| V xe R.

W Clearlyf(x)>0
’ Also, f (x)—sm x+cos?x+|2 smxcosxl—l+|sm2x|
=1< A x)<2

—=1<f()<V2.

Example 1.30 B3u the range of f(8)=5cos 0 .

~ +3cos (9+§)+ 3.

Sel. f(6)=5cos 6+ 3 cos (9+§) +3

=5co0s 0+ % cos 68— :o’i—?;_ sin 0+3
2



13 V3 (1_62+27
4

= —cos - 3—sin 0+3= ——) sin(0—- @) +3
2 2 4 :

Thus, the range of(6) is [~ 4, 10].

. Find the domain of f(x)= sinx + J16-x* .

. Solve (a)tanx<2, (b)co’sxS—%.

. Prove that the least positive value of x, satisfying

. Find the range of f{x) = sec (% cos’ x) , where —co<x <ce.

. Ifxe [1,2], then find the range of f(x) =tan x.

- 1
. Find the range of f(x) = —F————— "
‘ 7 1-31-sin® x

tanx=x+ 1, lies in the interval (% s —725) .

Inverse Trigonometric Functions

fx)=sin" Iy
‘Domain: [~ 1,171, .

T T
Range: | ——, —
8 [ 2 2]

sin”! (sinx) =x, forallx e [-m/2, W2}
forallxe [-1,1]

forallx e [-1,1]

sin (sin“1 x)=x,
sin™ (—x) =—sin’ (x),

nl2 i
)
—-— } — X
-1 0 1
/2 +
Y
Fig. 1.34
f(x)=cos” x
Domain: [- 1, 1] i
Range: [0, 7 ] ’ : :j .

forall x € [0, 7}
forallxe [-1,1]}
cos ! (=x)=n—cos ' x, forallxe [-1,1]

cos ! (cosx)=x,
cos ((;os'] x)=1x,

Functions 1.13

y
zt
w2
x - b X
- 0 1
Fig. 1.35
fx)=tan" Ix
Domain: R

-T 7
Range: | —,
e (2.7

tan™" (tanx) =x, forallxe (—m/2, w/2)

tan (tan”' x) =%, forallxe R
tan™! (-x)=—tan x, forallxe R
2} o
-+ 0 — X
TTTTTTTTTTLm2 L """""""""""""
Fig. 1.36
fx)= cot lx
Domain: R
Range: (0, 7)
cot™ (cotx) =x, forallxe (0, m)
.cot (cot'1 x)=x, forallxe R
cot t (-x)=7m— cot ' x, forallxe R
' y

Lo
Fig. 1.37

f(x)=sec” Ix

Domain: (—ee,~ 1JU {1, o)

Range: [0, 7]—-{7/2} _

' forall x e [0, 7]~ {2}

forallx € (—oo, —11[1,9)

‘sec_1 (secx)=x,

sec (sec‘1 x)=x,

Ssec M () =7— sec’'x, forallxe (—o, —1Jufl, )
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Fig. 1.38
F(x)=cosec 'x |
Domain: (—eo,— 1] U [1,0)
Range: [-71/2, /2]~ {0}
cosec™! (cosec x) =x,

cosec (cosec'1 x)=x,

. cosec™! (—x) = —cosec ! x, forallxe (—oo,~11U[1,0)

Sol. Clearly, the domain of the function is [-1, 1].

Alsotan'xe [—Zr—, z forxe {-1, 1].
4" 4
Now, sin” x+cos™ x = % forxe [-1,1].

Thus, f(x)= tan™ x +§ , wherex e -1,13.

242

E | r.mE.® n 3w
Hence, the range 1s [—Z+ ] [—— —

4° 4

Example FIRXN Find the domain of f(x) =+ cos™ Lyx—sin x.

Sol.

=

=

foralixe [-n/2, /2] — {0}

forallx € (—oo, =1]U[1, o0) =

We must have cos™! x > sin 1 x

T I
——sm1x251nlx
2
V(4 . -
Z>2sin'x.
2. ‘
. - T T ..
smlxs—,but——Ssmlx
4 2
T .- T
_Z<gsintxg =
2 4
. T . TT-
sin| —— |€£x<sin—
2 4
' n

( sin x is increasing function in [— = —D

2’2
1
xe -1, —|.
[ Ji]

2
[T N RKEN Find the range of tan™! (1 ad 5 ) .
+x" /.

1 N
N Y S 2% !
i | Sol. First, we must get the range of > =V
- : 1+x
w2 We have yx>—2x+y=0
Since xisreal, D=0, =>4~ 4y >0=> 1 <y<1
& o i1 x ) T T o . »
= tan” (y)e 22 (as tan x is an increasing function).
"""""""""" -2
-r | — R . -1 1+x2
- ! | 3N ) LM Find the domain for f(x) = sin oullt
' x
: Fig. 1.39 ;
- : : (142 . 147
. . o X2 Sol. f(x) =sin" |- is defined for -1 £ —— <1, or
| e ICRWIE Find the domain off(x) = sin~ Y N 2x ' 2x ‘
. bt . 2
, o, 1+x <1
. ', 2
Sol. f{x)=sin" ("—) is defined, if 1< —<1 or-2 < <2 *
L \? 2 = |1+x3<[2x), forallx.
=0<x"<2 (as x* cannot be negative) = 1+x<[2x], forallx (as 1 +x2>0)
~V2<x242 | = P-2x|+1<0
Therefore, the domain of f(x) is ,[—«/E, JE] . = |x[P-20x|+1<0 (as x> = 1)
I K Find the range of f{x) =sin™ x+tan™ x+cos™ x. = (x]-1)°<0

But (|x| - 1) is always either positive or zero. Thus,

(x]-

1) =0=|xj=1=>x==%].

Thus, the domain for /' (x) is {—1, 1}.

@ o KA Find the range of £ (x)=cot ' (2x— x%).

& Sol. Let =cot™' (2x— x) where 8¢ (0, ) -

=
=

-

cotf=2x — x*, where O (0, 1)
cotf=1—-(1-2x+x %), where 0¢€ (0, 7)
cotf=1— (1 —x)*, where 6¢e (0, 7) -
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= cot 0<1, where 8¢ (0, @)

= z seén.
4 .

= Therangeof f(x) e l:%, n).

1. Find the domain of the following functions:
o _ X

sin” x
a fi)=
x
b fG)=sin" (x-1]-2) . :
c. f(x)=cos (1 +3x+2x) . Logarithmic Function
d f(x)= i‘ﬂ’_‘__z') Logarithm function is the inverse of exponential function.
9_—x2. Hence, the domain and range of the logarithmic functions are
1 6-3x afx-1 - range and domain of exponential function, respectively.
e. f(x)=cos” ( 2 } +cosec ( ) Also, the graph of function can be obtained by taking the mirror
. : - image of the graph of the exponential function in the line y = x.
f. f(x)= ‘sec_'(z—lxlj , - y=log,x;a>0anda#1
4 ' Domain —(0,e0) )
2. Find the range of /() = tan™! (\/xz _2x4__r2). . Range—(—e,e)
: ' ' Period — non-periodic
3. Find the range of f{x) = \/cos—l J1-x? —sin"'x. Nature — n‘;ithef odd nor even

4. Find the range of the function, ’ ]

loggx(a>1) .
f@x)=cot™ logys5(x* —2x* +3)

Exponential and Logarithmic Functions

v _ o \ > X
Exponential Function : '
y=d.a>1 - | | logax(0 <2< 1)
Domain >R . ' .
- ‘ : ' Fig. 1.42

Range - (0, ) : 18 15 _

Nature — y y=logax

Non-periodic » y=logz X

-One — one : : - Y =logsx

Neither qdd nor even ‘ T -y =logiox
- Monotonically increasing, (@ > 1) » :
" Monotonically decreasing, (0 <a <1)

0 1
y
O<a<t}
\\
. ' Fig. 1.43
X" -/ 5 X Properties of Logarithmic Function
, Forx,y>0anda>0,a#2 -~ = -
_ og, (xy)=logxHog,y ~
Fig. 1.40 2. log (xly) = logx —log,y L

=blog,x .+ o

a
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S o w=.-’%1__og;;y o

IBEVTIISKYM Find the domain off ()= (71_:5 7]-

Lo _cx X _
Sol. Wemusthaveg(x)=(l > ]20 = .5 ls

7 -7 717
Now5 —1=0=x=0and 7" -7=0=>x=-1
The sign scheme of g(x) is '
— . =+ . -
-1 0
Fig. 1.44

Hence, from the sign scheme of g(x)
X€ (—o0,—1)U[0,00).

Example 1.38 -EBgnGRGE domain of
F0)= (0.625)> —(1.6)*** .
Sol. Clearly, (0.625)4—3x 2 (1.6)1(5‘4'8)

( 5 )4—3;:. ( 8 )x(x +8)
=|= Z| =
8 5
3x—-4 x(x+8)
=) =0
5 5

=3x—42x+8x=>x"+5x+4<0
=-4<x<-1
‘Hence, the domain of functlon fx)isxe [4,-1].

Ex:{mple %W Find the range of
a. f(x)=log,sinx
b. f(x)=log,(5 —4x—x%)
Sol. ‘a. f(x)=log,sinxis definedifsinxe(0, 1]
for which log, sinx € (-0, 0].
b f(x)=logy(5-4x—x%)
=logy(9 - (x—2)")
© f(x)is defined if 9 — (x —2)>> 0,but 9— (x~2)* <9
= 0<9-(x-2)’<9 '
= —oo<logy(9—(x— 2 < log;9

Hence, the range is (— =, 2].

1l I Find the domain of

. f(x)=logyo log, 1OgZI7r (tan .
Sol. 'We must have log, logy, (tan' x>0
=5 logy, (tan~ x) ' > 1
=0<(tantx)<2n
= 71/2 < tan”! x < oo, which is not possible.
Hence, the domain is ¢.

XTI RN Find the domain and range of

f(x)= |/log;(cos(sinx))..
Sol. f(x)= y/log; (cqs(sin x)) .-

f(x) is defined only if logs(cos (sin x)) 2 0

-=cos (sinx) =1 )
=cos (sinx)=1as—1<cos 0<1
=sinx=0=>x=nmne L
Hence, the domain consists of the multiples of 7, i.e., Domain
={nmnel}.
Also, the range is {0}.

Solve log, (2 — 1) <0.

Sol. Givenlog,(Z—1)<0
Ifx>1, then .
=0<x*-1<1
=1<x?<2
Sxe [—V2,-1)u(1,¥2]

- =xe (1, 2]
fo<x<l=x-121=x"22
= xe (—oo,— J‘]u[f o)

=x=¢
Thus,xe (1, ﬁ].

0y

Ex’aniple JWEN Find the number of solutions of 2*+3* + 4-5°=0.

Sol. 2°+3*+4"-5"=0
=2 +3 +47=5"

-0

Now, the number of solution of the equation is equal to

number of times
2Y (3 (4Y :
=|Z| +|=1] +| =1 andy=1 intersect.
= (5] <5 +3) =
y
2x 3x_ 4X
— -6
3 .
\ ) y=1
X
0
' .
Fig. 1.45

From the graph, the equation has only one solution.



R SRl Find the domain of f(x) = sin™! (logy(x*/4)).

_ _ )
Sol. We have f(x) =sin! {log9 (%]}

Since the domain of sin™! x is [-1 1].

2 : v
Therefore, f(x) = sin™! {10g9 (%—J} is defined,

(ralx|<h e

Hence, the domain of f(x) is [_—6,—%} u[g , 6] .

Find the domain of function
f(x)=log, {logs(log; (18x—x*~77))}
Sol. We have f(x)=log, {logs (18x—x*~T77))}
Since log, x is defined for all x > 0. Therefore, f(x) is
defined if :
logs {logs (18x—x*—=77) } >0and 18x—x*~77>0
= log; (18x—x*—77)>5"and x* — 18x+77 <0
= log; (18x—**—77)>1and (x— 11) (x—=7)<0
=18x—x*-77>3'and 7<x <11
= 18x—x*—~80>0and 7<x<11
=x*—18x+80<0and7<x<11
= (x—10) (x—8)<0and 7<x<11
=8<x<10and7<x<11
=8<x<10
=xe(8,10).
" Hence, the domain of f(x) is (8, 10).

TSR Find the domain of f(x)= , [log.4 (—"—3—)
X

x—1 x—1
Sol. = |l —_— ists if lo, —— |20 and
J&) 0804 (x-i-SJ €xis o4 (x+5)

(i_—l)>0.
x+5
x-1 < (0.4)° and 3C—_—1>0
x+5 x+5
o X7l gna 22
x+5 x+5

>Ov

Functions 1.17

& *7! 1coma 2=ls0
x+5 x+5

x-1
=>x+5>0and i—>0
: x+5

=x>-5andx-1>0
=}x>—5 andx>1
Thus, the domain £ (x) € (1, «°).

" (asx+5>0)

xe [-b,—a]U]a,b])

Find the domain of the following‘ﬁ.mctions: (1to7)

> :
_ -2
. fO)=\4 +83 T —13-2%¢"D

. fG)=sin™" (logz)
. f()=10g 4~ 11x+24)

. for)= 4-—_3x2 +logyo (x*~x)

1 —2]
)= [P

_ log;o x
. f)= \jloglo {———2 G- lon x)}

AW -

hn

6
. ’ 1
7. f()= -
\/logllz(x -Tx+13)
in x— cos x +3/2
8. Findtherangeoff(x)=logz[smx °355x «/_].

‘Greatest Integer and Fractional Part Function

Greatest Integer Function (Floor Value Function) .-
y=1(x) = [x] (Greatest integer <x)

y
y
. 21 —
1T e—o
x’ T T : : : : x
2! -1:1_? 2 3
: ' . -
) 1 _2
y.
Fig. 1.46

Graph of y = [x]

Properties

FR; Range —)Z,
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x—1<[x]<x
[x]+[x]=0,ifxe Z
[x]+[x]=-1,ifxe Z
Kl2n=x>nneZ’ , ,
X]Sn=x<n+l,neZ ...
[x]>’n'=>x2n‘+1,‘né'z o
 ieg,. o ,
, [x]>2=>xe 2, oo)
[x]>3=>[x]>4=>xe [4 oo)
HS3oxe (o

Fractlonal Part Functlon
y=f(x)={x} =x-[x]

Yy
y=x+2

~ Fig.147
Graph of y = {x}

Propertles

e {x};F{—x}_llfxEI _

Example IRyl Find the domam of

- f)= J([x] —1) +/(4—[x]) , (where[ ]
the greatest integer function).
Sol. Givenf(x) = \/([x]—1) ++/(4—[x])
- f(x) is defined when [x] 12 0 and 4 — [x] 2 0
s Igx]€4or1sx<s. »
Hence, the domain of f (x) =D;=[1, 5).

represents

IBeigh ) [JELEE Find the domain and range of f(x) = sin™! [x]

(where [ ] represents the greatest integer fimction).

Sol I (x)=sin™ [x] is defined if — 1<[x]<1
=[x]=-1,0,1
=xe[-1,2)
= Rarnge s {sin”'(=1), sin™" 0, sin™! 1} = {-n/2, 0, /2}.

I WER Find the domain and range of f(x)=log £}, '
where { } represents the fractional part function).

Sol. Weknowthat0<{x} <1V xe R
Now when {x} =0, log {x} is hot defined. Sox cannot be
integer. Hence, the domainis R~ 1.
Now for 0< {x} <1, —o <log {x} <0 =>Rangeis (—>,0)

Find the range of f (x) = [sin {x}] where {.}

represents the fractional part function, [.]
represents greatest the integer function.
Sol. f(x)={sin {x}]

Here, {x} can take all its possible values and sine function

is defined for all real values.

Hence, 0< {x} <1

= 0<sin {x} <sinl

= [sin {x}]=0.

Hence, the range is {0}.

Example T3l Solve 2[x]=x+ {x}, where [.] and {.} denote
. the greatest integer function and fractlonal part,
! _ respectively.

Sol Given 2[x}=x+ {x}
= 2[x] [x]+2{x}

fx]

= = =

{x} 5

[x]

=0 —

=0<[x]<2
=x]=0,1.
For[x]=0,weget {x}=0=x=0 ’

<1

: 1 3
F =1, t{x}=—-=x=—.
or [x] we get {x} 2 x 2
j . x—[x]
|5CL SRRV Find the range of f(x) = ——————, where[]
- I-[x]+x
\> N represents the greatest integer function.
x—[x] {x} 1
Sol. = = =1-
oSO T ex 1409 1+{x}
Now, 0< {x} <1 '
=>1<{x}+1<2
1
= —< <
2 1+{x}
= -1<~ L 1
1+{x} 2
= 0<1- ! <l 7
1+{x} 2

[BEl RN Solve the system of eqilation nx,y, and z

satisfying the following equations
x+l+{z}=31

{x} +y+[z]=43

X1+ {y}+z=5.4

(where [.] denotes the greatest integer function
and {.} denotes fractional part.)




Sol. Adding all the three equations 2(x + y + z) = 12.8 or

x+ty+tz=64 (1)
Adding first two equatlons we getx +y+z+ [yl
+{x}=74 V)]
Adding 2nd and 3rd equatlons we getx +y+z+|[z]
+{y}=9.7 ' ©);
Adding 1st and 4th equations, we get x +y + z + [x]
+{z} =85 )]

From (1)and (2), [y] + {x} =1

From (1) and (3), [z} + {y} =3.3

From (1) and (4), [x] + {z} =2.1
=[x]=2,]=1,[2]1=3, {x} =0, {y} =0.3 and {z} =0.1
=x=2,y=1.3,z=3.1.

Solve x* — 4 —[x] =0 is (where [.] denotes the
greatest integer function).
Sol. . The best method to solve such system is graphical one.
Given equation is x* — 4 = [x] '
Then, the solutions of the equation are values of x where
graph y =x* — 4 and y = [x] intersect.
y

: y=x-4
N
\
= —2\ ~» 2 > x
Ry
NV
* Fig. 148

From the graph, it is seen that graph intersects when
¥—4=2andx*-4=-2
=x’=60rx’=2

6 or —\/5

: [x], 0<{x}<0.5 '
Example 1.55 Biygesks _ then prove that

[x}+1, 0.5< {x} <1
f(x)=—f (=) (where [ . ] and { } represent the
greatest integer function and fractional part
function). ' ' '

e ~ [_x], 0< {._x} < 0.5
Sol. f(-x)= {[—x]+1, 0.5< {x} <1
[—x1, {=x}=0
_ [—X], 0< {-—x} <0.5
" [=x]+1, 0.5 < {~x} <1
(~lx), (=0
= —1—-[)(?]’ 0<1_{x}<0.5-
~1-{x]+1, 0.5 <1-{x} <1
r_[x]’ {x}=0
={-1-[x), 05<{x<]
_[x], 0< {x} <0.5

‘Functions 1.19

=D 0<{x}<0.5
’Lhm,

_J-xL 0<{x} <0.5
B 1+[x], 0.5<{x}<1

0.5<{x}<l

=-f)

In the followmg questlons
([x] and {x} represent the greatest mteger function and
fractional part function, respectively).
1. Solve pPP—5[x]+6=0.
2. If y = 3[x] + 1 = 4[x — 1] — 10, then find the value of
[x+2y].
3. Find the domain of

af(x)—\/—ﬁ f()'— ]

' 1
4. Find the domain of f(x) = ——=——"
o t0 x| -111-5

_ ) J(1-sinx)
5. Find the domain of f(x)= —————
. logs(1—4x°)

c. f(x) log{x}.

o , +cos (1 - {x}).
6. Find the range of f(x) = cos(loge{x}). _

x
7. Find the domain and range of f(x)= cos™ logy, (l l)

8. Find the range of f(x) = log;_;sinx.
9, Solve: (x —2)[x] = {x} — 1, (where [x] and {x} denotes thq
greatest integer function less than or equal to x and
fractional part function respectively).

Signum Function | -
y=f(x)=sgn(x)

x’ —- X

I—J—C—|, x#0

sgn(x)=< x or
0 x=0
-1, x<0

sgn(x)=40, x=0
1, x>0

Domain — R;

Range — {~1,0,1};
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Nature : Many one, odd function
x
In general, sgn(f(x)) = < %%’ f@®#0
' . 0 f(x)=0
(-1, f(x)<0
orsgn(f(x))=10, f(x)=0
L L f(x)>0
. Wirite the equivalent (piecewise) deﬁ_nition of
f(x)=sgn(sinx).
-1, sinx<0

Sol. sgn(sinx)=1: 0, sinx=0

|1, sinx>0 .
-1, xe(@2n+Y)m, (2n+2)7),neZ
x=nn,nel

(L xe(2nm, (2n+1)7),neZ

// \\ -
’ N T
X L 2 - X
-2n AN

y
Fig. 1.50

Find the range of f(x) = sgn(¥*— 2x +3).
Sol. #—-2x+3=(x~1)+1>0V xe R.
= f(x)=sgn(x*—2x +3)=1
Hence, the range is {1}.
Functions of the Form f(x) = max.{g,(x), g,(x), ...,
g,(x)} or f(x) = min.{g,(x), g,(x), ..., 9,(x)}

Let’s consider the function f(x) = max. {x, x’}
To write the equivalent definition of the function, first draw
the graph of y=x.and y = x°.
Now from the graph, we can see that
: y

2 y=x2 /y=k

1 {==-==---3¢"Neglecting

2 -1 o \ 2

Neglecting

Neglecting

«y'
Fig. 1.51

For x € (oo, 0), the graph of y = x? lies above the graph of

y=x, orx*>x.

Forx e (0, 1), the graph of y = x lies above the graph of y =x" or
x> » : _
For x € (1, ), the graph of y = x* lies above the graph of

 p=xorx’>x.

xl, x<0
Hence, we have f(x)=<x, 0<x<1
x%, x>0
x, x<0
For £(x) = min. {x, x’}, we have f(x) = x*, 0<x<l
x, x>0

Iff:R—> R, g: R —> R be the two given functions,
. then prove that 2 min {f(x) — g(x), 0} = fix)

—g(x) - lg(x) —Ax)\-
Sol. h(x)=2min {f(x)—g(x), 0}
) { 0 £@)>g()
R -gR), f()<gk)

___{f(x)—g(x)—lf(x)—g(x)l, f(x)>gx)
@) -g@-|fx)-g®)]|, f(D)<gx)

h(x)=f(x)—g(x)—1g) =S () |-

Draw the graph of the function f(x) = max {sin x,
cos 2x}, x € [0, 27]. Write the equivalent
definition of f(x) and find the range of the’
function. '

Sol. sinx=cos2x -
=sinx=1-2sin’x
=2sin’x+sinx—1=0
= (2sinx—1)(sinx+1)=0
=sinx=1/2 orsinx=-1
=x=m6,57/60orx=1

y= niwax{sin X, c:os 2x}

2 N\ 3mi2 2r
: =sin x

y=cos 2x

B

Fig. 1.52

T
cos2x,0$x<—6—

. /4 S
smx,—6-Sx<—

From the graph f (i) = 9 6

cost,%r< x<2r

v

Also range of'the function is [—'1,,- 11.



1. Consider the function f(x) = max. {1,x—1|,

min{4, 3x—1|}} V x € R, then find the value of /(3).

2. Find the equivalent definition of
f(x)=max. {x% (1 —x)>, 2x (1 —x)} where 0<x< 1.

3. Write the equivalent definition and draw the graphs of the
folowing function. ‘

a. f(x)=sgn(logx))
b f(x)=sgn(x’~x)

DIFFERENT TYPES OF MAPPINGS(FUNCTIONS)
One-One and ‘Many-One Functions

Ifeach element in the domain of a function has a d1st1nct image in
" the co-domain, the function is said to be one-one. One-one
functions are also called injective functions.

For example, f: R — R givenby f(x)=3x+5is one-one.

On the other hand, if there are at least two elements in the
domain whose images are the same, the function is known as
many-one.

Forexample, f: R — R given by f(x)= =x*+ 1 is many-one.
Note that a function will be either one-one or many-one.

Lines drawn parallel to the x-axis from the each corresponding
image point should intersect the graph of y =7 (x) at one (and only

one) point if f(x) is one-one and there will be at least one line

parallel to x-axis that will cut the graph at least at two different
points if /(x) is many-one and vice versa.

Graph of f(x) = 3x + 5 (one-one function)
Fig. 1.53

Note that a many-one function can be made one-one _by-

restricting the domain of the original function.

y fx)=x2+1

e

//

X

%
N
|
X
(=]
x
)

Graph of f(x) = x2 + 1 (many-one function)

Fig. 1.54
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Methods to Determine One-One and Many-One

a. Letx,x, € domainoffandifx, #x, =>f(x1) # f(x,) for
every x,, X, in the domam then f is one-one else many-
.- one. .
b Conversely, if f(x) = =f(x,y) = X = x2 for everyxl, x2 1n thc
* domain, then f'is one-one else many-one. - :

", ', I the function is entirely increasing or decreasmg in the
¢ =z domain, then fis.one-one. else many-one. - W

d. ‘Any continuous funct1on f(x) that has at least one 1oca1
“maxima or local xmmma is many-one :

, ;,_‘"All even ﬁmcnons are many ne. i

b _All polynomlals of even degree defmed inR h ve af
o one 10031 maxima or: mmlma and hence are many-one in the

onp) = f () = (xl

ction in x; and x2 Now _ 1f g(jc't x )‘ 50' glves

e "One or many- one

xZ +4x+7

IR INN Letf: R— Rwheref(x)= —————.1Is
x?+x+1

one-one?

. St)l. Letf(x)=/0x)

xl2 +4x +7 x% +4x, +7

Xt +x +1 x% +x, +1 ,

= (v~ %) (2 + 25, x5+ 1) =0

One solution is obviously x; = x;

Let us consider 2x; +2x; +xx, + 1=0

Here, we have got a relation between x; and x, and for
each value of x, in the domain we get a corresponding
value of x, which may or may not be same as x;. Let us
check this out:

Ifx, =0, we getx, =—1/2 # x and both lie in the domain of
f. Hence, we have two different values x; = 0 and
x, = —1/2 for which f(x) has the same value.

That is, f(0) = f (=1/2) =7 and hence fis many-one.

Example 1.61 : Qi AP Gl [1 =) be a function deﬁned as
B f)y=1+ 3x°. Find the super set of all the sets

\,\' X such that f(x) is one-one.
Sol. Note thatf/(x}21
=1+3xr21
=20

" = xe [0,00).
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Moreover, for x|, x, € [0, o), x; #x,
=1+3x>21+3x}

= f(x) #/(x)

Thus, f: [1, =) is one-one forx € [0, o).

- Onte and Into Functions

Letf: X~ Ybe a function. If each element in the co-domain Y has
at least one pre-image in the domain X, that is, for every
y € Ythere exists at least one element x € X'such that f (x) =y, then
fis onto. In other words, the range of =Y for onto functions.

- On the other hand, if there exists at least one element in the
co-domain Y which is not an image of any element in the domain
X, then fis.into. '

Onto function is also called surjective function and a function
which is both one-one and onto is called bijective function.

For example, f: R — R where f(x) =sin x is into.

f:R— Rwheref(x)=ax’ + bis onto wherea#0,b € R.
Note that a function will be either onto or into.

Methods to Determine Whether a Function is Onto or
Into

a. If range = co-domain, then fis onto. If range isa proper
subset of co-domain, then fis into.
b. Solvefix)=y forx, say x=g(y)-

Now if g(y) is defined for each y € ‘co-domain and g(y) € domain
of fforally € co- -domain, then f(x) is onto. If this requlrement is
not met by at least one value of y in the co- domam then f(x) is
into. '

Remark

‘a. An into function can be made onto by redefining the
co-domain as the range of the original function.

b Any polynomial function f: R — R is onto if degree is
odd; into if degree of fis even. '

Number of Functions (Mappings)

Consider set 4 has n different elements and set B has r different
elements and functionf: 4 — B

L Equlvalent to number of waysin
~which i dlfferent balls ¢an be -
dlstrlbuted amongF persons 1f P

.Description . -~ -

‘:.'Ni‘l:mb'e'r of functions

B -:«,Any one can get any number =

1 Total number of :
' 'of objects

- functions

2. Total number of -one- "
to-one function | .

“Each gets exactly 1 object or;

| takenrata time -

permutation of different Ob_]eéﬂ';SJ‘? h

3. Total number of many— ;

"~ one functions _fba\]lgf

At 1east one gets mdr_e!_than one |

‘4. Total number of onto Each gets at least one ball P

r<nmn.

) Cl(r—l) +’C2(r—2) ’C (r—3) +-
functions. 1 e
s 5 - . >f‘n .
5. Total number of into | TF {rq - ="C (r ="+ G (r =3 =, TS
function o _ -
B r’, r>n

- |-Al the balls are received by 7
’'any one person

- 6. Total numberof - = -
constant functions

. PEOIBYIM Let/: R > R where f(x) = sin x. Show that fis

into.

Sol. Since the co-domain of fis the set R, whereas the range of
fis the interval [-1, 1], hence fis into.
Can you make it onto?
The answer is ‘yes’, if you redefine the co-domain.
Let fbe defined from R to another set Y'=[-1, 1], 1i.e.,

f: R — Y where f(x) = sin x, then { is onto as range

/@=[-11=¥

f(x) =x—1000. Show that fis an into function.

Sol. Letf{x)=y=x—1000
= x=yp+ 1000 =g(y) (say)
~ Here, g(») is defined for each y € /, but g(y) & N for
y<-1000. Hence, fis into.

EETIEE Let /1 N — Z be a function defined as



|DENTICRNEY Let 4 = {x: -1 < x < 1} = B be a mapping

f:A—>B.

Then, match the following columns:
ColumnlI ColumnII
(Function) (Type of mapping)

p ) =[x a, one-one
G flx)=xlx b many-one
r. fix)=x3 c. onto

5. flx)= [xj where [-] d. into

represents greatest
integer function

I3

‘ nx
t. f =qQin —
(x)=sin 2

p-(b,d) g-(ac) r-(a,c) s-(b,d) t—@,¢)
Sol. p.f(x)=l

-1 0 1
Fig. 1.55

The graph shows that f(x) is many-one, as the straight
line parallel to x-axis and cuts at two points. Here, the
range for f(x) € [0, 1] which.is clearly a subset of co-
domain, i.e., [0, 1] <[-1, 1]. Thus, into.

‘Hence, function is many-one-into, thereforé neither

, injective nor surjective,
X%, x20
Gf@=bl=1"
-x°,x<0
y
y=xt
.......... L1 IO
s X
-1 PagiTe) 1
[
v/
/
.y{...,T.... :.1 ........
y=-x
1%
Fig. 1.56

The graph shows that f(x) is one-one, as the straight line
parallel to x-axis cuts only at one point.

Here, the range f(x) € [-1, 1].

Thus, range = co-domain.

Hence, onto.

Therefore ,/(x) is one-one and onto or (bijective).

r. f(x)= x

Example 1.65

Functions 1.23

.................

Fig. 1.57

The graph shows that f(x) is one-one onto (i.e., bijective)
(as explained in the above example).

S.f (X) = [X],

’

Fig. 1.58

The graph shows that f(x) is many-one, as the straight line .
parallel to x-axis meets at more than one point. '
Here, the range f(x) € {~1, 0, 1}, which shows into as the
range C co-domain.

Hence, many-one-into.

| t.f(x)=sin%

Fig. 1.59

The graph shows that f(x) is one-one and onto
as range = co-domain.
" Therefore, f(x) is bijective.
" Show f: R — R defined by
f(x)=(x—1) (x—2) (x— 3) is surjective but not
injective.
Sol.
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Graphically, y=f(x)=(—1) (x— 2)(x-3),
which is clearly many-one and onto.

x2

Example 1.66 [JRIGITSULIEID:] f:R—>Agivenbyf()="2 .4

is surjection, then find 4.

Sol. The domain of f(x) is all real numbers.
Since, f: R — A4 is surjective, therefore A must be the range

of f(x).
Let f(x)=y
= y= <
x* +1
= x2y_+y=x2
= x= 2 exists,if——y'—ZO
1-y 1-
- \ + . -
(U 1
Fig. 1.61

= 0<y<l.Hence,4€ [0, 1).

OS2l 1f/: R — R be a function such that fy=x"

+ x* + 3x + sin x. Then identify the type of
function. '
Sol. f(x)=x3 +x*+3x+sinx

=f(x)

=3x’+2x+3+cosx

I

and — cos x has a maximum value 1.
= f(x) is strictly increasing and hence one-one.
Also lim f(x)=o5 and lim f(x)=-e. Thus, the
X—00 X300 )
range of f(x) is R, hence onto.

Exa IffR R,f(x) xlxd-4 xeQ
xample 1.68 :R> R, f(x)= ' ,then
' x|x]-3, xeQ

identify the type of function.

Sol. f(2)=1(3 1/4) = many-to-one function
and f(x) # J3 V xe R= into function.

1. Which of the following functions from Z to itself are
bijections?
a f(x)=x
c. f(x)=2x+1

b f(x)=x+2
d fx)=x*+x

2 : 2
3{(x+l) +§-}—(—cosx) >0as 3{(x+—1—) +§]
3 9 . 3 9 -

' 2
-4 ...
3. If f: R — Rgiven by f(x) = x2 . identify the type of
. X+
function. _ .
4. If f:R— S, defined by f(x)=sinx— J3 cosx+1,is onto,
then find the set S. ‘

5. Let f:(-1,1) > Bbea function defined by f(x)

2x .
=tan L then fis both one-one and onto when B 18
the interval.

A
55 R

. s x2 _k
6. Letg: R— |0, |1s defined by g(x) = cos > |
3 : A\ 1+x

Then find the possible values of ‘A’ for which g is

subjective function.

" EVEN AND ODD FUNCTIONS

Even Function
A function y =f(x) is said to be an even function if f(—x) =
fx) Vxe Dy _ .

Graph of an even function y = f(x) is symmetri.qal‘about the y-
axis, i.e., if point (x, y) lies on the graph then (~x, y) also lies on the
graph. o '

y=x

NS

(a)
) y=Ix|

—

45° 45°

yl
(b)

Fig. 1.62

0dd Function

A function y = f(x) is said to be an odd function if f(—x)
=—f(x)Vxe Dy _ .

Graph of an odd function y = F(x) is symmetrical in opposite
quadrants, i.e., if point (x, y) lies on the graph then (—x, —y) also
lies on the graph.

-1 . i
: n—z——, when 7 is 0dd jdentify the
2. Iff:N=>Z f(n)=
—%, when n 1s even




Fig. 1.63
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A A function can be either even or odd or nelther

: . Functlon (not necessanly even or odd) can be expressed
‘as a.sum of an even and an odd functlon ie, =

‘ f(;)' .‘ ({tx)+f(—fc)) .(f(x) zf(—x))

can now eas11y be shown that h(x) is even and g(x) is odd
fi st_ denvatlve of an even functlon isan odd functlon

: e domam of f then for odd functlon f(x) wh1ch is
contlnuous atx=0, f(0)=0, ie., 'if for-a function, f(O)
0, then: that: functlon cannot be odd. It follows that-fora
: fferentlable even function f’ (0) = 0; i ,if fora
' tiak t_ion f ’,(O)_ #0 then the function f cnn'not

f (x) 0is the °1ﬂy ﬂmctlon whichi is deﬁned on the enti ¢
number lme ‘S, even and odd at the same ttme :

f nctlon y = f (x) 1s many— ne ‘v’ x e Df

Cfove) | foe®
Odd- .| Bven

0ud | Bven

Even. | 0dd.

Example 1.69 thch of the following functlons is (are) even,
. odd or neither
a f(x)=x’sinx.

b f(x)= \/17+x+x2 —\ﬁ—x+x2 .

C e f0)- log(1 i] :
ld-f(x)=log(x+\/1+x2).

‘e. f(x)=sinx—cosx.

£re="

Sol. a f(=x)= (—'x)2 sin (—x) = sin x =~ f(x), hence f (x) is
odd.

B (=)= 1+ (=) +(%)* =1 (=x) + (~x)*
= 1—x+2? -1+ x+22

=— f{x), hence f{x) is odd. ;

¢ f(—=x)= log( —(x )) og(%)

1+(=x)

=—f(x), hencef(x) is odd.
d f(—x) = log (—x + \[1 + (—x)2 )

(—x+\/1+x )(x+\/1+x )]
(x+\/1+x )

=- log (;—11\/—_'_—72—] = — f(x), hence f(x) is odd.

e. f(=x)=sin (—x) —cos (-x) =—sinx—COSX. Hence f(x)

is neither even nor odd.
—x —(—x) —x x

£ /)= S = S = £, henee /() s

even.

Prove that f(x) given by f(x + ) =f(x) +f(») ¥

x € R is'an odd function.

Sol. G1venf(x+y)—f(x)+f(y) VxeR ' @
Replace y by —x , we have f(x—x) =f(x) + f (—=x)
= () +/(=x) 'f ©) @ .

Now put x =y =0 in (1), wehavef(0+0) f(0)+f(0)'
= f(0)=0.
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Then from (2), f(x) + f(~x) = 0 . Hence, f(x) is an odd
function.

Extension of Domain

Let a function be defined on a certain domain which is entirely
non-negative (or non-positive). The domain of f(x) can be
extended to the set X'= {—x : x € domain of f(x)} in two ways:
a. Even extension: The even extension is obtained by
defining a new functlon f=x)forxe X such that f(—x) =
S&).
h. Odd extension: The odd extension is obtamed by

defining a new function f1 (—x) forxe X, such that f{-x)
=—f().

3, .2 <r<y
Example171 Iff(x)= {x X forO_x_Z.Then

./'

for2<x<4
find thie even and odd extension of f ).
Sol. Foreven extension f(x)=f(-x)

x+2

B )P (2%, 0<-x<2
bl { —x +(2, 2<-x<4
-x+2, —-4<x<-2
- {—x3 +x2, ~2<x<0
The odd extension of f(x) is as follows:
x-2, —-4<x<-2
He)= {x - xz, —2_ <x<0.

IDEV WP et the function f(x) = x* + x + sin x — cos x

+log(1 + |x|) be defined on the interval [0, 1].
Define functions g(x) and A(x) in [-1, 0]

_ satisfying g(—x) = — f(x) and h(-x) = f(x)
V xe[0,1].

Sol. Clearly, g(x) is the odd extension of the functlon f(x) and
h(x) is the even extension.

- Since X%, cos x, log(1 + |x]) are even functions and x, sin x
are odd functions.

g(x)=—x2+x+sinx+cosx—]og(1 +|xp)
and h(x)=x2—x—sinx—cosx+ldg(1 + |x])

Clearly, this function satisfies the restriction of the
" problem.

\pplication Exercis .e7

Identify the following functions whether odd or even or neither
- [0)= () g’

: 4, 2
- x +x°+1
J&)= log (2‘]

x“+x+1
3. f(x) =xg(x)g(—x) + tan (sin x)

.f(x)=cos{x|+': :|

Yord

b

sin x

P28

RO

where [.] denotes the greatest integer function.

5, f(x)=log(x + \/ﬂ)

x|x]|, x<-1
6. f(x)=5[x+1]+[1-x], -l<x<T1,
-x| x|, x=1

where [ ] represents the greatest integer function.

PERIODIC FUNCTIONS

A function f: X — Yis said to be a periodic function if there exists
a positive real number T such that f(x +7T) = f(x), for all
x € X. The least of all such positive numbers T is called the
principal period or simply period of /. All periodic functions can
be analyzed over an interval of one period within the domain as
the same pattern shall be repetitive over the entire domain.

In other words , a function is said to be periodic function if its
each value is repeated after a definite interval. '

Here, the least positive value of T is called the fundamental
period of the function. Clearly,. f(x) = f(x + T) = f(x + 2T)
=f(x+3D)=... :

Important Facts about Periodic Functions

T/Ial (
“s Let f(x) has perlod p=min(m,ne N and €0-
. g(x) has perlod 9= = r/s (r seN and co-pnme) 'an
= 'LCM of (m )
, “HCF of (n, 5)
- Then ¢ will be the penod off+g, prov1ded there doés not
" exista positive number k (< £) for’ which =+
' f (c+E)y+gx+E)=f (x) +glx), else kwill be the peno
same rule is apphcable for any other algebralc comb" tio:
- off(x)and g(x): -
" LCM of p and ¢ exists 1f p and q are rat10nal quantme If
p and g are irrational, then LCM of p and ¢-does'no
unless they have same irrational surd LCM of ratlonal
and irrational is not possible. ' e
e sin" x, cos” x, cosec” x and sec”x have penod 27z1f nis
- and rifnis even.* _,
&. tan"x and cot” x have penod T whether n is odd oF
A: constant funcnon s penodlc but does not hav
, deﬁned penod S Ea

S, the LCM ofp and q, i. e“.t—




o Ifgi is periodic, then fog will alwaysbe a penodlc function.
» Period of fog may or may not be the penod ofg."
_e A continuous periodic function is-bounded. - -
- o If £(x); g(x) are periodic: functions with periods 7y, 75,
- respectlvely, then, we have h(x) = f(x)+ g (x) has penod as
a. LCM of {T. v L} iff(x) and g(x) cannot be interchanged
_by-adding a least positive: number less than the LCM
S of {T, T,}. ‘
b. k; if f(x) and g(x) can be mterchanged by addmg a
 least positive numbet k (k <LCM of {T; T,})."
For example ‘consider the function f(x) = |sinx| + |cosx|
lsm x|-and )cos x|-havé penod 7, hence accordmg to the
rule of LCM perlod of f (x) is 7.

n _ 2 , _2§A U2

+
= | cOs X ] + | sinx | Hence penod of f(x) is 7:/2

functions, [.] denotes the greatest integer
function.
a. f(x)= e ")+ tan’ x — cosec (3x - 5)
b f(x)=x-[x—b], be R
o |sin x + cos x|
c. =
S0 Isinx| +|cosx|

d - f(x)= tan— []

Sol. a. f{x)=¢8m + tan® x — cosec (3x—5)

. . A . . . 27
Period of e&6n? is 277, tan’ x is 77, cosec (3x—5) is- 3

.. period=L.C.M of {27:, T, 2?7:} =27.
b f(x)=x—[x—b]=b+{x—b}, (" periodof {.} is 1)
= flx) has period 1.
: |sin x +cosx|
c f)=s—"""

[sin x|+|cos x| |

Since period of [sin x + cos x| = 7 and period of
|sin x| + |cos x| is /2.

Hence, period of f(x)=L.C.M. of {% ) n} =7

d fx)=

z 4 T
tan —|x| = tan— [x + T]=tan— [x}
2[x] an2 [x+T) n2 [x]
i3 : n
= - [x+T]=nr+ —{x
> [x+T] 5 [x]
= Period = 2 (least positive value).
Example 1.74 Rl peﬁod if f(x) =sinx + {x}, where {x} is
' - the fractional part of x.
Sol. Here sin x is periodic with period 27, {x} is periodic with 1.
LCM of 27 (irrational) and 1 (rational) does not exist.
- Thus, f(x) is not _pe_n'odic.

Example 1.73 Find the Iperiods (if periodic) of the following -

\
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e DINEM If /() = sin x + cos ax is a periodic function,

show that a is a rational number.

\\
2r 2r
Sol Period of sin x = 271= T and period of cos ax = |a|
period of sin x + cos ax =LCM of and H
CM of 2 2
_LOMof 27 and 2% _2m oot of  anda

HCF of 1 and a

Since A is the HCF of 1 and a. i— and % should be both

integers
la|
b la] A4
Suppose — = p and -~ = g, then -2~ = =, where
pp 1 7 1 »
. A ‘
pqeZ
ie,la=Z.
p

Heﬁce, a is the rational number. _ »
e )30y 3 Discuss whether the function fx) = sin (cos x +
' . x)isperodic or not, if yes then what is its period.
Sol. Clearly, f(x+2m)=sin(cos(2z+x) +27+Xx)
=sin(27+ (x + cosx))

= gin(x + cosx)
Hence, periodis 27.

e kA Find the period of cos(cos x) + cos(sin x).
" Sol. Clearly, the domain of the function is R

Let f(x) —f(x+T) forallx
= fO)=AD

= cosl + 1 = cos(cosT) + cos(sinT)

T
Clearly, T= % satisfies the equation, hence period-is 5

Example 1.78 yhlRGE perlod of the function satlsfymg the

\9 relation f(x) +f(x +3) = 0 Vxe R

Sol. Givenf(x)+f(x+3)=0 )
Replace xby x+3,
We have f(x +3) +f(x+6)=0 @

From (1) and (2), f(x)=f(x+6).

Hence, the function has period 6. -

Concept Ap

1 Match the column

Column| (F unction) Column II (Period)

P-f(x)f5m3x+cos4_xv?'- o anm2 '

q. f(x)-—‘cos"“x# siﬁ-“xf‘” b
(x)—sm x+cos x €. 27,

s. f(x)=cos*x - 51n4x»’ B
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2. Which of the following functions is not periodic?
a. |sin3x|+sin®x h cos/x +cos? x
¢. €os 4x +tan’ x ‘d cos2x +sinx

3. Let[x] denote the greatest integer less than or equal to x. If

the function f(x) = tan (4/[n] x) has period %
the values of n.
4. Find the period of
|sindx|+]cos4x|

| sin4x —cos 4x | +| sin 4x +cos 4x |
nx

(n+1)!

c. f(x)=sinx+ tanE +sin —

. WX
h f(x)=sm—| — oS
n!
+tan—-+
23
.X X
+s1nF+tan-2—"

5. If f(x) = Alsin x| + A2 |cos x| + g(X) has the period equal to
7/2, then find the value of A.

6. If f(x) satisfying the relation f(x) + f(x + 4) = f(x + 2)
+ f(x + 6) for all x, then prove that f(x) is periodic and find
its period.

, then find »

COMPOSITE FUNCTION

Fig. 1.64

Let 4, B and C be three non-empty sets.
Letf: A — B and g: B — Cbe two functions, then gof: 4 — C.
This function is called composition of f'and g, given by

8of(0)=g(f6) V xe 4.

Thus, the 1mage of every x € A under the function gof is the
g-image of the f-image of x.

The gof is defined only if Vx e A , f/(x) is an element of the
domain of g so that we can take its g-image.
The range of fmust be a subset of the domam ofgin gof

Properties of Composite Functions

a. The composition of functions is not commutative in
general, i.e., fog # gof.

b The composition of functions is associative ie., if
h:A— B,g:B— Candf: C— D be three functions, then
(fog)oh = fo(goh).

¢. The composition of any function with the identity
function is the function itself, i.e., f: A — B then fol,
= Ipof =jfwhere I, and I are the identity functlons of 4
and B, respectively.

d Iff:4—Bandg:B— Care one-one, thengof A—-Cis
also one-one.

" Proof:
Suppose gof (x}) = £0f (x,)
= g(fx)=g(f(x))
= f(x;)=f(xy), as g is one-one
= X, =X,,asf1s one-one
Hence, gof'is one-one.
e. If f:A— Bandg: B— Careonto, thengof: 4 — Cisalso
onto.
Proof:
Given an arbitrary element z € C, there exists a pre-image
y of z under g such that g ( y) =z, since g is onto. Further,
fory € B, there exists an elementx in A with f(x) =y, since
fis onto.
Therefore, gof (x) = g (f(x)) = g(») = z, showing that gof is
onto.
f. If gof(x) i is one-one, then f(x) is necessarily one-one but
g(x) may not be one-one.
- Consider the function f(x) and g(x) as shown in the

following figure.
L f B I_.c
; H
i —
[ —
(a) (b)

Fig. 1.65

Here fis one-one, but g is many-one. But g(f(x)): {(1,
1),(2,2),(3,3),(4,4)} is one-one.
g. If gofx) is onto, then g(x) is necessarily onto but f(x) may

not be onto.
f
N
-
(a)
° Fig. 1.66

Here, fis into and g is onto. But gofix): {(1, 1), 2, 2),
(3, 3), (4, 3)} is'onto.

Thus, it can be verified in general that gof is one-one implies
that fis one-one. Similarly, gofis onto implies that g is onto.

Letf: {2,3,4,5} = {3,4,5,9} and g : {3,4,5,
- 9} — {7, 11, 15} be functions defined asf(2)
=3, f3)= 4, f4) = f(5) = 5 and g (3)

=g(4)=7and g (5)=g(9)=11.Find gof.

Sol. Wehave gof (2)=g(f(2)=g(3)=7,80/(3)=g (fB)=¢
@ =7 8f(®=g(f/@)=g(5)= 11 and gof (5)
~8 $)=1L

| Let f(x) and g(x) be bijective functions where
, fi{a, b,c,d} —{1,2,3,4} and g: {3,4,5,6} —
{w, x, y,z}, respectively. Then, find the number
of elements in the range set of g(f| (x)).



Sol. The range of /1 () for which g(f(x)) is defined is {3, 4}.
Hence, the domain of g{ f(x)} has two elements.
. The range of g(f(x)) also has two elements.

Let f(x) = ax +band g(x) =cx + d, a#0,c=0.
Assume a= 1, b=2.1If (fog) (x) = (gof) (x) forall
x, what can you say about ¢ and d ?
Sol. (fog) (x)=f(g)=a(cx+d)+b
and (gof ) (x) = g(f(x)) = c(ax + b) +d
Given that (fog) () = (gof ) (x)andata=1,b=2
= ex+d+2=cx+2c+d= c=1anddisarbitrary.

i Example1.82 Suppose that g(x) = 1 + Jx and f(g(x))

=3 +2+fx +ux, then find the function f (x); i
Sol. g(x)=1+ Jx andf(g(x))=3+2x +x o))

= f+x)=3+2x +x

Putl+x =y=x=(y-1)
Thenf(y)=3+2(y— D+ (-1 =2+,
Therefore, f(x)=2 +x°. o
IR EXMN The function f(x) is defined in [0, 1]. Find the
domain of f(tan x).
Sol. Here, f(x)is definedin [0, 1}.
= x e [0, 1], i.e., the only value of x that we can
substitute lies between [0, 1]

For f(tan x) to be defined, we must have 0 < tanx <1
* [as x replaced by tan x]

. T -
ie,nr<x<nm+ Z-,ne‘Z " [in general]

’ /1
Thus, the domain for f{tan x) € [mr, ni+ Z] ,neZ

. x+1, x<0 (3
B Example 1.4 0 (x)={ 2 andg(x):{x o
x .

, x>0 2x-1, x21

then find f(g(x)) and find its domain and range.

Sol. 5 g(x)+1, g(x)<0
Sok SgD= (g®), g(x)=0

-x3+1, »© <0, x<1 3
x+1, x<0
2x—1+1, 2x-1<0,x21
(x3)2, x> 20, x<1
(2x-1)*, 2x-120, x21
Forx<0,x>+1€ (—oo,1)
For0<x<1,x°¢ [0, 1)

Forx21,(2x-1)* € [1,)

Hence, the range is R and function is many-one.

= x6, 0<x<1

(2x-17, x21
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1. If f be the greatest integer function and g be the modulus
- 5 5
function, then find the value of (gof) (— 5) - (fog) (— 5) .

1+|x], x<-1

2. Letf(x)=
etfx) { [x], =x=-1
integer function. Then find the value of f{f(-2.3)}.

1 .
3. If ix)=log bt , then prove that f 2x 3 =2f(x).
1-x 1+x

4. If the domain for y = f{x) is [-3, 2], find the domain of
g(x) = f([x])). where [ ] denotes the greatest integer
function).

5. Let f be a function defined on {0, 21, then the domain of
function g(x) =f(9x* - 1). -

¢ log,x, 0<x<l1 dg) x+1, x<2 ;ch
. fx)= : and g(x) = , then
4 -1, x=1 £ x> -1, x22

find g(f(¥))- ,
7. Letf(x)=tanx, g(f(x)) = f (x - %) wher f{(x) and g(x) are '

, where [.] denotes the greatest

’ : x—1
real-valued functions. Prove that f{g(x)) = tan el

8. A function fhas domain [-1, 2] and range [0, 1]. Find the
domain and range of the function g. defined by g(x) =1

—flx+1).

INVERSE FUNCTIONS

Fig. 1.67
If f: A — B bea function defined by y = f(x) such that fis both one-
one and onto, then there exists a unique function g: B — 4 such
that for each y € B, g(y) =xif and only ify = f(x). The function g so
defined is called the inverse of f'and denoted by f~ ! Alsoifgis

" the inverse of f, then fis the inverse of g and the two functions f

and g are said to be inverses of each other. _
The condition for the existence of inverse of a function is that
the function must be one-one and onto. Whenever an inverse
function is defined, the range of the original function becomes
the domain of the inverse function and the domain of the original
function becomes the range of the inverse function.
Properties of Inverse Functions -
- e The inverse of bijective function is unigue and bijective.
e Eet. "4 function such that f is bijective-and
rse off, then fog = I = identity function'of
et B Thé gof = I, ~'identity fanction of setd: -
ST fog = gof then either £ =g or g = [ and fog®)
ClrEgof)=x e T T
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o ‘Iffand g are two bijective functions such that : 4 — B and
g B> C, then gof A — Cis bijective.
.. Also (gofy ' =f"og™
e Graphs of y = f (x) and y=f"(x) are symmetncal about
.-y = x line and intersect on line y = x or f{x) = f ) =x
whenever graphs intersect.

e y : y
- = ) =1
A y=(x 7 \fx,)—— _
X 0 i /
1.0,/ ©0 - x| ’,f —y =)
- ) ) . - X
y, y=f—1(x) O R .
@ ®
Fig 1.68 '

el +4, xell, 2
But in thé Gase of the ﬁmctlon f (x)= {x xel ]

x—4, x[5,6]
f () {7 x, x€[l, 2]

f(x) and y=f" 1(x) intersect at (3/2 11/2) and
'(1 1/2 3/2) which do not he on the lme y=x.

oy
L .o _y=x
N s
. .
4-— z.k»
3 g
© 2 -
/
4 . 3
1 .
: 1 H ’X
T T ¥ |
8 42 3 4. 5 86 :

_ Which of the following functions has inverse
function?
a f: Z— Zdefined by f(x)=x+2
h f: Z— Zdefined by f(x)=2x
¢ f: Z— Zdefined by f(x)=x
d /2 Z - Zdefined by f(x)=| x|

Sol. Functions in options a and ¢ are both one-one and have
range Z, i.e., onto, hence invertible. /: Z — Z defined by
f(x) = 2x is one-one but has only even integers in the
range, hence not onto.

f:Z — Z defined by f(x) = x | is many-one and has range
Nu {0}.
Thus, both the functions are not invertible.

x+7 xe[5, 6] ‘

Example 1.89

IRENT IR Let 4 =R~ {3},B=R-{1} andletf: 4 —> B

defined by f(X)= = _i Is finvertible? Explain.
. x —_—

Sol. Letx;, x,e€ AC
andletf(x))=f(x;)

=

= x1x2—321—2x2+6=x1x2—3x2—3x2—2x1+6

= x=x

= f is.'one-one

To find whether fis onto or not, first let us find the range
off.

x—2
x-3

Lety=flx)=
= xy-3y=x-2
= x(y-1)=3y-2

3y-2
y=-1

= x=

x is defined if y # 1, i.e., the range of f is R — {1} which is
also the co-domain of f.
Also, -for no value of y, x can be 3, ie., if we put

-2
3 =x= _3y___
y-1
= .3y -3 =3y -2 = -3=-2 not possible. Hence, f is
onto. :

Let f R- R be defined by f(x) = (¢" — €7)/2.
Is f(x) invertible? If so, find its inverse.

Sol. Letus check for inevitability of f(x)
(a) One-one .
Letx;,x, € Rand x; <x,

= ei<e (re>]) ()

Also x; <xy = — X< — X

S eT<e™ (vex]) _ @

€)) . @)= %(ex’ —e )< %(exq —e ) = f(x)) <f(xp)-

i.e. f is one-one.

(b) Onto
Asx —> oo, f(x) > 0 »
Similarly, as x — —eo, f(x) —>— oo, 1.€.,— o0 <f(X) < w50 long
asx € (—oo,00).
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Hence, the range of fis same as the set R. Therefore, f(x) .Let f(x)=y
1s. onto. ‘ . :>x=f"(y) Y]
Since f(x) is both one-one and onto, f{x) is invertible. '
a0 ' ¥, y<l s y<1
(c) Tofind f . | © e x= \/3,: 1g\/;g4= \/;', 1<y<16

=f(x)=( -2
y=f)=(¢'~¢) 168, yri6as4 |y /64, y>16 .

= £-e'=2
= &-2yf—1=0 . V. y<l1
= &= 2yEy4y° +4 _ +\/_2;f : =3y, 1<p<16 [From (1)] -
= . -—-———2 =Y INY . 2
. y /64, y>16
= &= y+,/y +1 _ 1 ox, o x<1
(as y—+Jy* +1 <O forall y and ¢ is always positive) Hence, [~ ‘)= Vx, 12x<16

2
, : \ /64, x>16
= x=log, (y+\/y +l) , ) g
. K . 1 3
- rl(x)= log, (x+ /xz '+1') Example 1.93 JRUNE the_ equation -le— x+1= —2-+ x'—z, .

Where xZE .
Iff(x) = (ax? + b)’, then find the function g such - 4
that f(g(x)) =g (f(x)). Sol. f(x)=x*-x+1
Sol. f(g(x))=g(fx) ' 1 3
f(x)=(ax2 + b)3 . . andg(x) = ’2— +.]x —Z
_ g1
- I g)=f") : o ' are inverse of one another so f(x) = g(x).
_ 1/3 _ . When f(x)=x
b.
y=(a +b)’ = x P xtl=x
‘ 13 _ =x=1
= gt9)= | 2
‘ a
IS 1f /(x) = 3x — 2 and (gof) ' (x) = x 2, then find
A | T
e function g(x). Find the inverse of the following functions:
Sol. f(x)=3x-2 : . .
x+2 . Y= e —e~x
> f@= - LSO
Now (gof) (x) x-2 2. fiR— (-, 1)isgivenby f(x)=1-27
= flogl(x)=x-2. . 3. Letf:(2,3)— (0,1) be defined by f(x) =x— [x], where []
= fEg'@)=x-2 o  represents greatest integer function.
i . . 4. f:Z—> Zbedefined by f(x) =[x+ 1], where [.] denotes the
: g +2 _
= 3 —x_2 greatest integer function.
-1
= g x)=3x-8 -1, x<2
5. f@=1 ,
x48 3 x“+3,x22
= g(X) .
3 6. f:[-1,1]—>[1, 1] defined by f (x)=xlx|
X, x< 1 » 1 -2
TS EZ Find the inverse of f(x) = { x°, 1<x<4 7. J: (f =11 {5’ oo) »where/(x) =2
‘ » 8\/;,- x>4 .
x, x<l IDENTICAL FUNCTION .
Sel. Givenf (x) ={ x?, 1<x<4 ' Two functions fand g are said to be identical if

8Jx, x>4 ' a. The domain of /= the domain of g, i.e., D= Dj.



1.32 Calculus

h The range of /= the range of g.

c. f(x)=gx), V xe Dyorx € D, e.g., f(x) = x and
glx) = \/x—z are not identical functions as D, =D, but
R=R,R,=[0,). :

Find the values of x for which the following
’@ N functions are identical. '

v a /) =randg) = — -

1
b f(x) =cos x and g(x) = ——=
"y1+tan? x
lo_,2 2
9—x and g(x) = 9—x
Nx-2.

df(x) = tanx + tan‘11 and g(x) =
X

. f()=

N

x—

1 1

. sin” x+cos” x

Sol. a. f(x)=xis defined forallx.

But g(x) = % =x is not defined for x=0as 1/x isnot
x
defined atx=0.
Hence, both the functions are identical forx € R—{0}.
b. f(x) = cos x has the domain R and the range [- 1, 1].

1 _ 1

\/ 1+tan’ x \,/;acz x
domain R — {(2n+ 1)7/2, n € Z} as tan x is not defined
forx=Qn+)m2,ne Z.

Also, the range of g(x) =|cos x| is [0, 1].

Hence; f(x) and g(x) are identical if x lies in 1st and 4th
quadrant. ‘ ,

But g(x) = = |cos x|, has

=>xe (—§+2nn,g—+2m'r), nel.

\J9—x2

e f()= s

=xe[-3,3]andx>2=x€e (2,3]

is defined if9—x*=0andx—-2>0

2 2
2= (22X is defined if 2—%- >0
x=2 x—

2
x —9SO
x=2
— ) + 1 — |+
3 2 3
Fig. 1.70

From the sign scheme, x € (~e0, 31U (2, 3].
Hence, f(x) and g(x) are identical if x € (2, 3].

df(x)=.tan“x+tan‘ll
x i3

and g(x)= sin”! x+cos™ x = g forxe [-1,1].

Hence, the functions are identical if x € (0, 1]

TRANSFORMATION OF GRAPHS

a. f(x) transforms to f(x)+a (wherea is +ve)
That is, f (x) = f(x) + a shift the given graph of f(x)
upward through a units. - '
f(x) = f(x) — a, shift the given graph of f(x) downward
through a units. ‘
Graphically, it could be stated as

y
y=f(x}+a’
y=fx)
X
0 y=f(x)—a

Fig. 1.71

b f(x)transformsto f(x—a)
That is, f(x) = f(x—a); a is positive. Shift the graph of f
(x) through a unit towards right.
Thatis, f(x) = f(x+ a); ais positive. Shift the graphof f
(x) through a units towards left.
~ Graphically, it could be stated as

¥%

y=f(x+a>7/ y = fix—2a)
. y=f(x ., : .
—8L . . x
7 a

Fig. 1.72

Example 1.95 Ploty=|x|,y=|x—2|andy=|x+2].

Sol. As discussed f(x) — f(x — a); shift towards right.
= y = |x — 2| is shifted 2 units towards right. -
Also y = |x + 2} is shifted 2 units towards left.

y

y=x+2
=—x+2 !
y=-x y l
y=-x
4 ‘I- V24
~ s
N il le—YyY=X
AN 3T // .
\
AN 7/
AN //
. 4 y=x-2
N X 1T
N7 .
x ¥ t —— X
-3 -2 - o 1 2 3 4 -
-1+




¢. f(x)transforms to f (ax)

y Y= f(2x) y=f(x) y = f(x/2)

= %2 3

y
Fig. 1.74

Thatis, f(x) = f(ax);a>1.
Shrink (or contract) the graph of f(x) a times along the x-axis.

Againf(x) > f (— x]; a> 1, stretch (or expand) the graph

of f(x) a times along the x-axis.
Graphically, it could be stated as shown in Fig.1. 74

I SKJMM Plot y = sin x and y = sin 2x.

Sol. Here y = sin 2x, shrink (or cohtract) the graph of sin x by
factor of 2 along the x-axis. '

Fig.1.75
From Fig. 1.75, sin x is periodic with penod 27 and
sin 2x with period 7. ‘

1BV KYA Ploty=sinxandy= sin%.

)

Sol. Here y=sin (2) stretch (or expand) the graph of sin x, 2

. tix_nes along the x-axis.

y sin (xIZ)

Fig. 1.76
From Fig. 1.76, sin x is periodic with period 27z and sm( ) is
2
periodic with period 47. :
d f (x) transformstoy=a f x)

Ttis clear that the corresponding pomts (points with same

x co-ordinates) would have their ordinates in the ratio of 1.

-a. .

Functions 1.33

y=afix),a>0 ~
y=1fx)

W y=afix),0<a<i

Fig. 1.77

N ) . . 2x+3, x<1
IR IR Consider the function f{x) = ) :
L : ' —x“+6, x>1
Vo Then draw the graph of the function y = f(x),
y=f(x),y=1f()| andy=|f (D).
Sol. '
y=fx) ,: I y=RIx) )
o /\A y
3 / \ / 2 \
y=[2x1+ 3 , ; \
AmEY ;
[l | \
APE2T] T 2\3 T B L W
/! | I 4 \\
y = fx)l y = IflixD
\ 5
5 | \ | -
YN ARVAN
\ 2
1 [ \ 4 \ I
V V y
232n1 123846 #3824, 2 34
Fig. 1.78

Examle I Plot y=sinxandy=2sinx.

Sol. We know y=sinx andf(x) = af(x)

Fig. 1.79

=> Stretch the graph of f(x) a times along the y-axis.
sy=2sinx
= Stretch the graph of sin x, 2 times along y-ax1$

e. f(x)transforms to f(~x)
Thatis, f(x)— f(-x)
To draw y=1(~x), take the image of the curve y = =f(x)inthe
y-axis as plane mirror.
Or :
Turn the graph of f(x) by 180° about the y-axis.
Graphically, it is shown as '
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y
= f(~x) y=f(0)
’/ ~q
\
A X
o/\ .
. .
- \
\\_/I
Fig. 1.80

| e I ERLNE Plot the curve y = log, (—x).

Sol. Here y=log,(—x); take mirror image of y=log, x about y-

axis. Graphically, 1t is shown as
y

y=log(-x)

Fig. 1.81
f. f(x) transforms to—f(x)

Thatis, f(x) >—f(x) :

To draw y = — f(x), take image of y = f (x) in the x-axis as
plane mirror. '

Or

Turn the graph of f{x) by 180° about x-axis.

g. f(x)transforms to—f(-x)

Thatis, f(x) > —f(-x) .
To draw y = — f(—x), take image of f(x) about y-axis to
obtain f(—x) and then the image of f(-x) about x-axis to
obtain — f(—x). .
f&@)—=-f(=x)
= a.Image about y-axis
b. Image about x-axis
Graphically, it is shown as

——

Fig. 1.82

h. f(x) transform to y=| f(x)) .
|f@ = f(x)if f(x)20and | f(x)}| =—f () if f(x)<O0.
It means that the graph of -f (x) and | f(x)} would coincide
if f(x) = 0 and the parts where f(x) < 0 would get inverted
in the upward direction.
Figure 1.82 would make the procedure clear.

y=1fx1
¥ =fx) y

[

Fig. 1.83

IVELTNIBIIE Draw the graph for y =|log x].

Sol. To draw graph for y = |log x|, we have to follow two steps:

a. Leave the (+ve) part of y =log x as it is.

h Take images of (—ve) part of y = log x, i.e., the part
below x-axis in the x-axis as plane mirror. Graphlcally, it
is shown as

Graph of y = log x Graph of y = |log x|

y
y

y=log x y=llog x|

1 x o\ 1 x

(a) - (b)

Fig. 1.84
y=logx is differentiable for all x € (0, o) (Fig. 1.84(2))
y=|log.x|is clearly differentiable for all x € (0, =) — {1}
as at x = 1 there i$ a sharp edge (Fig. 1.84(b)).

- PBTNNIIBIPE Sketch the graph for y = [sin x|.

Sol. Here y=sin x is known.
.. To draw y=|sin x|, we take the mirror image (in x-axis) of
the part of the graph of sin x which lies below x-axis.

y

= |sin X|

1y Y Y Ve
\,—27: -/ 70 7/ A2 3w/
e N S N AN D A,
Image of the part
below x-axis
Fig. 1.85

From the above figure, it is clear
=|sin x| is differentiable for all x € R— {n7; n € integer}.

i. f(x) transforms to f(jx|)

Thatis, f(x)— f(1x[)
If we know y = f(x), then to plot y=f({x), we would follow
two steps:

. a. Leave the graph lymg right side of the y-axis as it is.

“ b Take the image of f(x) in the right of y-axis with
y-axis as the plane mirror and the graph of f(x) lying
left-side of the y-axis (if it exists) is omitted.

Or
Neglect the curve for x < 0 and take the images of
curves for x = 0 about y-axis.




y o vy
N y= fo% . X\Negnea‘ ' /y= ()

(@ . (b
Fig. 1.86

IBDELTISBIKE  Sketch the curve y =log |x|.

Sol. As we know, the curve y = log x.
y=log x| could be drawn in two steps:
a, Leave the graph lying right side of y-axis as it is.
h Take the image of f(x) in the y-axis as plane mirror.

.
.

Flg 1.87-

" j Drawing the graph of |y|= f(x) from the known graph ofy
=f(x)

Clearly, | y| 20, if f(x) <0, graph of | y | = f(x) would not
exist. And if f(x) 20, |y |=f(x) would givey =% f(x).
‘Hence, the graph of'| y | = f (x) would exist only in the
regions where f(x) is non-negative and will be reflected
about x-axis only in those regions. Regions where f(x) <0

willbe neglected.
y

/o0 \/

(@)

=)

,\/X

N

Fig. 1.8 ©

IRe I RUEY  Sketch the curve [y] = (x— 1)(x—2).

Sol.

y

\

N\

i~ 1 Q0
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k. Drawing the graph ofy=[f(x)] from the known graph of
y=r

Fig. 1.90

Itis clear thatif n < f(x) <n+ 1,n € Ithen [f(x)]=n. Thus,
we would draw lines parallel to the x-axis passing through
different integral points. Hence, the values of x can be
obtained so that f(x) lies between two successive
integers. :

This procedure can be clearly understood from Fig. 1. 90.

Draw the graph of the followmg functlons (1to5)
T (x) =sin ]

() =k —2(-3|
U | f(x)|=tanx
I0)=p~ 3pd + 2|
S =—k-1"

. Find the total number of solutlons of sin wx = |Int |x{|.
2

7. Solve —x—l < 1 using the graphicail method.
x— .

\,8./Which of the following pair(s) of function have samd

graphs?
@ f) secx tanx ) cosXx sinx
a) fix)= - x)=—-+v

cosx cotx’ secx

cosecx

() fix)=sgn (x*-6x+10),

g(x)= sgn (cos2 x +sin? ( X+ g—)) , where sgn denote

signum function. .
© fx)= D oy = x? +3x+3
' 2
sin x ‘COS X 2cos” x
@ Sy=—71: ,g(x)=
secx cosec x cotx

MISCELLANEOUS SOLVED PROBLEMS
1. Letf:X—> Ybea function defmed by f(x)

T
a sin (X+Z)+b cos x +¢.If f is both one-one and

onto, find sets X and Y.

Sol. f(x)-—*asin(x-k%)+bcosx+c
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Sol.

. /4 S
=>f(x)=a{smxcosz+cosxs1nz}+bcosx+c

=f(x)= isinx+(i+b)cosx+c M)

N R W
Let (%)=rcosa, (%+b]=rsina

= f(x)=r{cos asinx +sin crcosx] + ¢
= f()=rsin(x+a)]+c

where r= \/a2 +2ab +b2

and o= tan™ [MJ . @
a

For f'to be one-one, we must have -2 <x+ o< /2. Thus,

domain € [_7”-—05, g—a] andrange € [c—r,c+7].

OrX='[;;—a, g—a] andY=[c—r,c+r].

. Find the set of all solutions of the equation 2 — 2! — 1|’

=141,

Here, 2Y— 2> —1|=2"1+1.

Casel: y<0

as when y<0
Iyl=-y
and |27 -1|=-(2"-1) .

=27+ - 1=+,

=27=2! .
Hence, y =-1, which is true when y <0. 1))
Casell: 0<y<]1

~aswhen 0< y <1
lyiFy
and |27 1] = - (27" ~1)

S+ -1)=2"+1;

=P=2
=y =1, which shows no solutionas 0 <y < 1. (¥))
Caselll: y>1

S2-@ ' -=2"+1

as when y20
|yl=y
and |27 -1]= (277 -1)

==+

=> 2" =27, which is an identity, therefore it is true V y>1
) . _

Hence, from (1), (2) and (3) the solution of the set is
{y:y2luy=-1}.

Sol.

Sol.

Letx e (0, —725), then find the domain of the function

1

iy =yt

Herexe (O,E)

2
= 0O<sinx<l 8))
logak<b_=> x>a’, if0<a<l}

and we know
ifa>1

@

x<a’,

' 1 o
Thus, f(x)= m exists, if —logg,, (tanx) >0
Sinx

= logg,, tanx <0
[as inequality sign changes on multiplying by —ve] .

= tanx> (sinx)’ [using (1) and (2)]

= tanx>1

= xe€ (E,Ej. [asx € (0, W2)]
4’2 : .

Find whether the given function is even or odd function,

x(sin x + tan x)

x+x| 17
T 2

greatest integer function.

where f(x)= where [ ] dehotes the

x(sinx+tanx)  x(sinx + tan x)

Jx)= [x-'_”il-l = [£]+1—%

T 2 T

x(sin x + tan x)

T

—x(sin(—x) +tan(-x))

= f=x)=
' [—~£]+ 0.5
i3
x(sin x +tan x) -
= f0=14-1 —E}u 05
0, x=nnm
x(sin x + tan x) and f(—x)=0.

Hence, f(—x)= -

[5ros



Sol.

Sol.

 Similarly, a, =

Sol.

n
. : a
= Zf(z) =a+a’++ad" =

f(—x)=—f(x). Hence, f(x) is an odd function if x # nrm
and f(x) = 0 if x = nris both even and odd function.

. Let f(x) be periodic and & be a positive real number such

that f(x + k) + f(x) = 0 for all x € R. Prove that f(x) is a
periodic with period 2k. '
Wehave f(x+ k) +f(x)=0,VxeR

= flx+k)=—f(x),Vxe R Putx= x+k

= f(x+2k)=—f(x+k), V xeR (asf(x+k)——f(x))

= f(x+2k)=f(x),V xeR
which clearly shows that f(x) is periodic with period 2.

. If f(x) be a polynomial function satisfying f(x) f (—1—]
: : x

=fx)+ f(i) and f(4) =65. Then find 1(6).

Letf(xj=a0{’+a1x"‘1 +ax"?+ -

Then, /(x) f(l)é f(x)+f(1)_
X . X

+ a, 1x + a,

- a
= (gx"+ax +-+a,) (;2-

9
+——+-ta,
x"' . .

= (g +ax +- +a")+(—+ l+ +a)
X"

On comparing the coefficient of x” we have gy a, = a,
= aq,=1 (as ag#0)
On comparmg thie coefficient of x*, we have aya,,
+a,a,= '
= aoan_1 +a,=a
= aga,,=0

= a,,=0

(asa,=1)

. (asay#0)

an_2=---=a1=0
andgy=+1 '
fE)=£x"+1, f (@)= =£4"+1

= 4+1=65 (as f(4)=65)

= 4"=64

= n=3.
So, f(x)=2++ 1. Hence, f(6) = 6 +1=217.

Consider a real-valued function f(x) satisfying 2 f(xy)
=(f&)Y+(f») V x,y€ Randf(1)=awherea# 1. Prove

that (a— 1) zn:f(i)‘ =g"" —a.
i=1
We have 2/() = (/)Y + (FO)
Replacing y by 1, we get 2/(x) =f(x) + ()" =f)=a"

n+l_a

il - a—1

= (a-1) if(i) =a™ -
i=l .

8.

Sol.

Sol.

10.

Sol

Functions 1.37

It +y+ D)= (Jf &) +JfO) andf(O) 1, Vx,yeR.

Determine f(n), n€ N.

Givenfix+y+ D= f&x)+yf() )
Puttingx=y =0,

thenf(1)=" (/7 (0) +{/F(©)° = 1+1)* =2°-
Again puttihg x=0,y=1

Thenf(2)= (/£(0) +Jf(1))2 =(1+27=3

“andforx=1,y=1

f3)= (\/f()+\/f( ) =(2+2)" =4%.
Hence, f(n)= (n+1)

. Check whether the function defined by f(x + Q)

=1+ \[2f(x)—f2 (x) V x € Ris periodic or not. If yes,
then find its period. (1> 0)

For the function to be true, 2 f(x) -2 = 0 ,.

= f() [f1x)-2]<0=0=f(x) <2 M)
and from the given function, f(x +A) 21 = fx)=1

@)
From (1) and (2), we have 1 < f(x) <2
Again, we have {_f(x + ) -1} =2fx) - —f(x)
= e+ H-12=1+ 2/ - -1}
o> {furd-1P=1-{m-11" ©)
Replacing x by x + A, we get '

a2 -1 =1- {fx+0)-1}" | @
Subtracting (3) from (4), we get .
S+2)-12= {f -1}
= | fe+2D)-1=1fx)-1] 1= f(X)SZ)
= f isperiodic with period 24.
If for all real values of u and v, 2f(x) cos v =f1 (u + V)
+ f(u — v), prove that for all real values ofx

a. f(x) +f(-x)=2acosx.

b f(m—x)+f(-x)=0.

c. f(m—x)+f(x)=2bsinx.
Deduce thathx) =acosx+ b sin x, where a, b are arbitrary
constants. :

Given 2 f(u) cos V=f(u+ V) +f(u—"0) o
Putting # = 0-and v=xin (1), we get »
f(x)+f_(—x)=2f(0) cosx=2acosx- ‘ @

a is an arbitrary constant.

Now puttingu= %——x and v= % in (1), we get

fr-x)+fx)=0 ?3)
Again putting u=m/2 and V=2 —x in (1), we get
f(r—x)+f(x)=2f(n/2) sinx=2b sinx @

b is an arbitrary constant.
Adding (2) and (4), we get
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2f()+f(m—-;+f(~x)=2acosx+2bsinx
= 2f(x)+0=2acosx+2bsinx
f(x)=acosx+bsinx )

evaluate

1 2 3 :
W6)+f(1996)+f(1996)+. o
Sol. /9=

and f(1-x)=

= f- x)——

= f(l-x)=

~ Adding (l)vand (2), we get f() + (1 - )

9* +3

-~

9x

9x

+3

9i—x
9* 43
9

__ 9
N 943"
9*

B+ 9")

3 =
(3+9%)

= f(x)+f(.l. ~x)=1 )

Now, putting x =

f[@

f(@a

/|

1

1996

998 1.
1996

1 2 .

[From (3)]

—x) = 1, and hence

3

1995)
/(i) |

(3), we get

1 1995\ . .( 2
Jo1(isse) =+ 4 (i

3 (1993
1)

(997 999 | 998
— |+ f| == =1, —
f(1996) f(1996) ’f(1996

orf(

Adding all the above eXpression; we get

"2

oo

1996 1996°

1995

1996

1996°

Jol

J(

)

998

1996

(D

998 |
..., —— ln
1996

1994)_1
1996) °

)=

@

®

=(1+1+1+---+997)+ % =997+ % =997.5

12. Let f(x) be defined on [-2, 2] and is given by

Ly

-1, -2< < x<0
FO=1,21 gexsg -andg®=rG ol
“Then find g(x).
Sol. We have

-1, -25£x<0
f(x)={ '

x=1, 0<x<£2

2 x<0

. : g -1,
= = '
= S .{le—l, 0<|x[<2

= fxD=lx|-1, 0gx[<2

(as -2< |x] <0 is not poss1ble)

—2Lx<0

= f(le)={ L o<uc M
-1, —-2<x<0
_ again, f(x) o L» 0<x<2
‘ ]1| -2<x<0 -
= = e
\
71,- -2<x<0
=  |f®l=1-(x-D), 0<x<] (¥4
+Hx-1), 1l<x<2
s g)=f(x)+ ]f(x)] can be expressed as
(—=x-D+1, 2<x<0
g@)=3(x-D+(1-x), 0<x<l1
(x-D+(x-1, ISxSZ
[using (1) and (2)]
—x,‘ —ZSxSOA
= - g= 0, 0<x<1

2(x-1), l<x<2
13. For what integral value of n, is 37 period of the function

cos (nx) sin (S—XJ ?
n



Sol. Let f(x)=cos.nx sin (S—X)

f(x)is periodic
= f(x+A)=f(x) where A is period.

.. [5x+54 ' C(5x) /_ :
= cos (nx +nd)sin =cosnxsin| — v
n

n

. atx=0, cos nA sin (2}:0
n
IfcosnA=0

. T By
= nl=rn:+—2—,re1 : T

= nGBm)=ro+ %

= 3n-r= 2 (Impos51ble)

Again, let sin (—A) =0 ' e

n

~= =pTW e,
n ;
= M = ( 2’=37L-)
‘ n
15
, => n= —
p
Forp=+1,43,45,+15 - .
son=%£15,45,43,41 (- nel

\/14/. Let f: R - R and g2 R — R be functions defined

L)' be(x)—{ O e = {“2’

~x<0
-1, x21,

Find (a)/+g, (b) /2.
Sol. (f+g):R— Rand(/g): R — R are functions defined by (f

+g) (x)=£(x) + g(x) and (/8) (x) = fIx) g(x). To find (f+g)
(x) and (fg)(x), we rewrite f(x) and g(x) as:

2x, x<0 x+2, x<0
f)=14 2=, 0<x<l gx=19 2x, 0<x<1
22 -1, x21 2x,  x21
3x+2, x<0
Hence, a. (f+g)(x)= 4x, 0<x<li

2x% +2x-1, x21

2x% +4x, x<0
b. (B®)=1 4x*, 0<zx<l

4x> ~2x, x1

2x, x20.-

Functions 1.39

15. Iff(x)=-1+|x—2/,0<x<4and

L) _ g(x)=2— x|, 1 <x<3. Then find (fog) (x) and (gof) (x)
Sol. We have

’ 1-x, 0<x<2

/@)= {x _3, 2<x<4

2+x, -1€x<0
2-x, 0<x<3

1-g(x), 0<g(x)<2
g(x)-3, 2<g(x)<4

and g(x)= {

© (fog)e= gt} = {

-

1-(2+x), 052+x<2 and -1<x<0.
| 2+x-3, 2<2+x<4 and -1<x<0
1-(2-x), 0<2-x<2 and 0<x<3
|2-x-3, 2<2-x<4 and O<x<3
(-1-x, 2<x<0 and -1=x<0
NE" 0<x<2 and -1£x<0
<—1+x, 0<x<2 and O0<x<3
[-x—-1, -2<x<0 and O0<x<3
—1-x, .—-ISxS‘()
x-1, xef
=9
—1+x, 0<x<2
-x-1, xe¢
-l -1£x<0
x-=1, O0<x<2
_ _[2+f(x), -1 f(x)<0
and (gof )x=g{f(x)} = {2—f(x), 0< (x)<3
(241-x, —1<1-x<0 and 0<x<27
_]2-(1-x), 0<l-x<3 and 0<x<2
T124x-3, -1<x-3<0 and 2<x<4”-
2—(x-3), 0<x-3<3 and 2<x<4
(3—x, 1<x<2 and 0<x<2
_jl4x, 2=5x<1 and 0<x<2
a x-1, 2<x<3 and 2<x<4
—x+5, 3<x<6 and 2<x<4
3—x, 1€x<2 i+x, 0<x<l
_|1+x, 0<x<l _ |3-x, 1€x<2
x-1, 2<x<3  |x-1, 2<x<3
5-x, 3<x<4 5—x, 3<x<4
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Sub]ectlve Type §

: Solutlons on page 1.57

1. Write explicit functions of y deﬁned by the following
equations and also find domains of definitions of the
given implicit functions:

a, x+|y|=2 TN b.e¥—er=2%
d. x*—sin' y= %
. Let g(x) = Jx—2k, V 2k < x < 2 (k + 1), where
k € integer, check whether g(x) is periodic or not.
3. Let f(x) = x* — 2x, x € R and g(x) = f(f(x) - 1)
+f(5 - fx)). Show that g(x) 20V x € R.
. If fand g are two distinct linear functions defined on
" R such that they map [—1 1] onto [0,2}and 2 : R - {-1,

c. 10*+107=10

0,1} >R defined by A(x) = ‘j; E ; then show that |h(h(x))

+ h(h(1/x))| >2.

—4x+3, x<3 x<4

X ’ x—3>
5. Letflx)= ’ and g(x ‘ .
: ﬂ { x—4, x23 & x2+2x+2, x=4

escribe the furiction f/g and find its domain.
"6/ Let f(x) = log,logslog,logs(sinx +a?). Find the set of
values of @ for which domain of f{x) is R. .
-\ 7- A certain polynomial P(x), x € R when divided by x — a,
x — b, x — ¢ leaves remainders 4, b, ¢, respectively. Then
find the remainder when P(x) is divided by (x — a) (x - b)

(x —¢) (a, b, ¢ are distinct).
8 Let R = {(x, ) : x, y € R, x

A .
- R= {(x, y).' x,ye Ry 2—§x2 }, then find the domain and

2

+ y* < 25} and

" range of RN R

N 9. If fis a polynomial function satisfying 2 + f(x) f(y) '
=f)+f) +f(xy), V x,y € Rand if f(2) =5, then find-

the value of f(f(2)).

\\;10. If fla—x)=fa+x)and fb—x)=fb+x) for all real x,
where a, b (a > b) are constants, then prove that f(x) is a
periodic function. -

N\ 1. If p, g are positive integers, f is a function defined for

. N positive numbers and attains only positive values, such
that f(x f()) = xP'y9, then prove that p* = g.

QIZ. If /2 R— [0, =) is a function such that f(x — 1) + f{x + 1)

=3 3 f(x), then prove that f(x) is periodic and find its

‘ period.
\/ 13. If a, b be two fixed positive mtegers such that f(a + x)
' =b+ [0+ 1 -30%(x) + 3b{f(0)}* - {f0)}’]"” forall

real x, then prove that f(x) is a periodic and find its period. -

\\/ 14. Letf(x, y) be a periodic function, satisfying the condition
JE ) =fQx+2y,2y —2x)Vx,y € Rand let g(x) be a
function defined as g(x) = f(2%, 0). Prove that g(x) is
periodic function and find its period.

EXERCISES

-5}5\20. If f(x) =

o ___x-a . h
015. Letf.Rf)R,f(x) ——(x_b)(x_c),b_>c.Ifflsonto en

prove thata e (b, ¢).

16. Show that there exists no polynomial f(x) with integral
coefficients which satisfy f(a) = b, f(b) = ¢, flc) = a,
where-a, b, ¢ are distinct integers.

_ : 1

. Consider the function f{x) = *—[x]- 2 I xel where
: 0, If xel
[.] denotes the fractional integral function and / is the set of
integers. Then find g(x) = max. {x%, f{x), x|}; 2 <x<2.

.- Determine all functions f: R-— R such that f(x — f(»))
=fON+xf)+fx)-1Vx,ye R.

019 Let f(x) = (2 cosx—1) (2 cos 2x— 1) (2 cos 2% - 1) ..

(2cos 2" 'x — 1) (where n > 1). Then prove tha';
f(—zﬂ) ~1Vkel
2" +1

+ |8
=

2n-1

25

ObJectwe Type

Each questlon has four choices a, b, ¢, and d, out of which only
- one is correct.

1. The functionf: N > N(Nis the set of natural numbers)./

defined by f(n) =2n+3 is
a; surjective only
c. bijective
2. The function f{x) = sin (log_(x +y1+x? )) is

b. odd function
d. periodic function

b. injective only
d. None of these

\
a. even function
¢. neither even nor odd

. . x> +14x+49
3. If x is real, then the value of the expression ————
x“+2x+3
lies between
a. 5and 4 b. 5and -4
c.—S5and 4 d. None of these

4. The function f: R — Risdefined by f{x) = cos? x +sin® x

for x € R, then the range of f(x) is

NSNS
B

5. The domain of the function f(x)=log, +Jc(xz —-1)is
a. (-3,-1)u(l, )

h [_3:—1)U [1: °°)

(a > 0), then ﬁnd_ the value of



<. 2F(n)+1 '
\ 1 R+ ) = »—(—;)——n =1,2,...a0d F(1) =2, thc;p/ ,
F(101) equals ' SR
a. 52  b.49  c.48 d. 51

.

c. (=3,-2)U(=2,-1)u(l,)
d. [3,-2) U (2, -D UL, =)

5 2 1/2
6. The domain of the function f(x) = [loglo( 2 ﬂ is

4
a —co<x<oo . b.15x%4 .
c. 4<x<16 d -1<x<1 '
7. The domain of the function /(x) sin (3 —x)
7. The domain of the function f(x)= —— 7 18
- _ n(x1-2)
a [2,4] . b (2,3)UG.4] .
a2, d. (oo, -3) U2, 7
.(08. The domain of f{x) = logjlog x] is
a0, b. (1, %)
c. (0, DU (1, ) d. (o, 1)
. logz(x+3)
9. The d f ="
e domain of f(x) = 2 43x +2
a. R—{-1,-2} b. (-2, =)
¢. R—{-1,-2,-3} d. (-3, =) — {-1,-2}

10. Let f [—g; 2—;—} _» [0, 4] be a function defined as f(x)

- =3 sinx—cosx+2 Then f~' (x) is given by .

a. sin—l(x’_ 2)~é " b sin”! (—_% +£‘t A |
2 -6 2 6 3

c. 2:—:2+ cos™! (x_;_Z) ' d. Noﬁe of these

\I}A he domain of the function f{(x) = L
| Jo°C.., -3x"C,,

contains the points
a. 9,10,11. - b. 9,10, 12 ;
¢. all natural numbers’ d. None of these

X .
\[ sin (In x) —cos (In x)

\:\_13. The domain of the function f(x) =
(ne?)is

s ) a (e, el +1om b, (£ * 14, gn + S/
c. (e 1am gBn-39m - d. None of these
\ 14. If fis a function such that f(0) = 2, f(1) =3 and f{x + 2)
Voo 2 fx) — flx + 1) for every real x, then f(5) is

a. 7 b. 13
c !l d. 5
.1 x2 +11.
15¢ The range of f(x) =sin | —5 is
e x°+2
a. [0, /2] " b. (0, W6y
c. [7/6, n/2) d. None of these ~

sec”

x
‘/x—[x]’

greatest integer less than or equal to x, is defined for allxe

N 16. The function f(x) =

where [x] denotes the-

U— 19.

(1 :
. ‘f(x)= logz[j—logl/2 (1"’;1/—4)—1) is

20.

!

17.

18.

22,

23.

Functions 1.41

a R b R—{(-1,DU {n|ne Z}},
c. R —(0,1) ‘d. R*— {n|ne N}

1 2-1x _
The domain of f{x) = cos ! (—4L—l) +[log B-x)]""is

a. [-2, 6) b. [-6,2)U2,3)
. [-6,2] - d. [-2,2]U(2,3)

: ' 1 .
The domain of the function f(x) = ,[log| — is
| sinx| <y

a. R—{-m 7 b. R— {nn|ne Z}
c. R-{2nmine z} d. (—oo, )
The domain of the function

a. (0, 1) b. (0, 1]
c.[loo) _ ©d (1, %)

The range of f(x) = sin (WX +x+1) s

SO I (]
DI R

1
. If f(x) = maximum {x3 x2, a}‘v’xe [0, o), then
\ . —I_,OSXS‘l—.I;"
64 4 -
[+, 0< x< <1 1
af(x) . b.f(x)=7x2,—<x31
x ,x>1 4
x3,x>1
osssl
' 5 1 L,OSxS-l—
c f)=13x*,=<x<1 4 flx)= 64 8
g - 3 ‘
3 x,x>1/8
x,x>1
L | -
If the period of M,ne N, is 67, then n is equal to
tan(x/n) o
al b2
c. 6 d. 1

The number of real solutions of the equation
logy s [x] =2 |x] is '

a. 1 , b. 2
c. 0 ' d None 'ofthese

The period of the function sm3 % +|cos” —‘ is -~
‘a.2m b. 10z

c. 87 d. 5S¢

. If f(x)= ¥x™ ,n e N, is an even function, then m is

a. even integer b. odd integer

¢ any integer d f(x)-even is not possible
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026.-

$27.

28.
Y

29.

30.

- [x] = the greatest integer less than or equal to x, is
‘a. R b. [0, + o)
€ (=0, 0] d. None of these
32. The range of the function f(x) = |x.—=-1] + |x -2,
—-1<x<3,is
ca. 1, 3] b. [1, 5]
¢ [3, 5] d. None of these _
33. .Which of the following functioris is inverse to itself ?
a. f(x)= 1—_—{ “b. f(x) = 5"
. 1+x
: ¢. f(x) =27 d. None of these
\'734. A function F(x) satlsﬁes the functional equation x*F(x)
' . tF1l-x)=2x- x* for all real x. F(x) must be s
Cax? b 1-x?
€ 1+x? d x2+x+1 ]
2 . Ttx —
35. 16/0)=1" "5 PR gen s
) x]x|, [x}>1
a. an even function h. an odd function
c. aperiodic function = d None of these
~N36. Functionf: (~e,—1) — (0, €] defined by f{x) = & 3**2 %"
N a. many-one and onto h. many-one and into '
¢. one-one and onto d. one-one and into
37. If f(x) = g(x) - and h(x)=x?

fE+y)+f(x-y)=

. The domain of the functlon Jfx) =

If f is periodic, g is polynomial function and fg(x)) is _.

periodic and g(2) = 3, g(4) = 7 then g(6) is
a 13 : h 15

c. 11 d None of these
The period of function 2% + sin 7 x + 3%/2 + cos 27x
(where {x} denotes the fractional part of x) is
" a2 b. 1

c.3 d. None of these _
The equation ||x — 2| + a| = 4 can have four distinct real
solutions for x if 2 belongs to the interval
-2 (—e0,—4) b. (= oo, 0]

c. [4, =)

X . -X

Given the function f(x) = %a__ (where a > 2). Then

b. £(0).f()
d. None of these

a. 2/(x). f(3)
FAC))
e

If log3(x2 6x + 11) < 1, then exhaustive range of values
ofxis

a. (=0, 2) U (4, o)

b. (2,4) '

c. (oo, HU(1, 3)u(4 00)
" d. None of these

v I,

a. fog(x)=x? x#0, h(g(x))— i

d. None of these h

where .

38
A%

\"\/39.

40.

\41.

\ 43.

044

3

45.

&
N

b h(g(x))=

¢ fog(x)= xz, x#0, h(g(x)) = (g()), x %0
d. None of these
If [x] and {x} represent the integral and fractional parts of
2000
+r} .
x, respectively, then the value of 2 fx+r)
r=l .
b. [x] .
d. x+2001

— x;tOfog(x) =x?

ax

s e {x}

If f(x) is a polynomial satisfying f(x)f(1/x) = f(x)v‘ .

+f(1/x) and f(3) =28, then f(4) is equal to
a. 63 b. 65 R
¢ 17 d. None of these :
The values of b and ¢ for which the: 1dent1ty S+ 1)
—f(x) = 8x + 3 is satisfied, where f(x) = bx* + cx + d, are
a. b=2c=1 ‘b.b=4,c=-1
e b=-1,c=4 d. b=-1,¢=1 /
Letf: R —> R, g: R— R be two given functions such that
Jfis injective and g is surjective, then which of the followmg

is injective? v

b. /.8
d None of these

a. g f
£,8

' 4 f:N'—-)Nwﬁeref(x)=x—(—1) then f is
a. one-one and into

b. many-one and into
¢. one-one and onto
d many-one and onto

fgh)=x>+x-2 and'%gof(x)=2x'2 —5x+2, thg:ﬁ. '
which is not a possible f(x)? _

a 2x-3 h 2x+2

¢ x-3 d None of these

If f R — R is an invertible function such that f{ (x) and

f- (x) are symmetric about the hne y=-—x, then
a. f{(x) is odd
b. f(x) and f-'(x) may not be symmetric about the line
y=x ' o
¢. f(x) may ﬂo\ge odd
d. None of thes
Letf: N — Ndefinedby f(x)=x*+x+1,xe N, thenfls
- a. One-one onto
b Many-one onto
¢. One-one but not onto
d None of these

Letf: X—y f(x)=sinx+ cos x + 2+/2 is invertible. Then
which X — Y is not possible?

* % Sﬂ—ﬂﬁ, V2] 7

h_3nn] 2, 3v2]

4

4
d None of these

c _3n 37[] V2, 3v2] B :



L\47

48.

\/\49

50.

\}51

\>52

#

\>54-

55.

If f(x) = ax +bx* +cx—5, a, b, c are real constants and ,

f(=7)=1, then the range of f(7) + 17 cos x is

a. [-34,0] h [0,34]
c. [-34,34] d None of these
£ £(x) = sm([x]ir)

function, then

a. fis one-one

b f'is not one-one and non- constant

¢. fis a constant function

d None of these
Let S be the set of all triangles and R be the set of positive
real numbers. Then the function £ S — R*, flA) = area of A,
where Ae Sis '

a. injective but not surjective

‘b. surjective but not injective

c. injective as well as surjective

d neither injective nor surjective
The graph of (y — x) against (y + x) is shown

(y-x)

(y+x)

C

Fig. 1.91

" Which one of the following shows the graph of y against

.
.

]1saodd
P.

Ifg:[-2, 2]—)Rwheref(x) x +tanx+[

function, then the value of parametric P where [.] denotes
the greatest integer function is

a —5<P<5 h P<5

c. P>5 d None of these

Iff(2x+8 2x - g)-—xy,thenf(m,n)+f(n,m)=0

a. only when m=n b only whenm#n
c. onlywhenm=—n d forallmandn

If £+ y)=f()+ f(y)—xy— 1V x,y e Randf(1)=1, then

the number of solutions of f(n)=n,ne Nis - -

a0 b. 1
c 2 d. more than 2
, R
The range of the function f(x) = T
e +e
A (~o0,00) b. {0,1) ’ =
¢. (1,0} d (-1,1)

If - R = Ris a function satisfying the property f(2x + 3) +

f(2x+7)=2,V xe R, then the fundamental period of /(x) is

a 2 h 4 c. R d 12

, where [.] denotes the greatest integer

56.

<

S

57.

59.

Functions 1.43

Letf:R— [o,%) defined by f(x) = tan™ | (% + x + a), then.

the set of values of a for which fis onto is

a. [0,00) b [2,1]
c. [i ,'oo) ) d None of these
. . 1
The domain of the function f{x) =
\[{sm x}+{sin(z + x)}

where {-} denotes the fractional part, is
a [0,7] b 2n+1)n/2,neZ
c. (0O,m d None of these

fx)= Tioi? where x is not an integral multiple of 7
el
and [.] denotes the greatest integer function is
a. An odd function b. Even function
¢. Neither odd nor even  d None of these
Letf(x) ([a]=5[a] +4)x* - —(6{a}? -5{a} +1)x—(tanx)x
'sgn x be an even function for all x € R, then the sum of all

" possible values of ‘@’ is (where [-] and {-} denote greatest

61.

\962.

63.

\} 64.

-\:\65.

integer function and fractional part functions, respectively)

35
a % b. % c. 331 a — 4
Let f: [-10, 10] = R, where f{x) = sin x + [xz/a] be an odd

function. Then the set of values of parameter a is/are

a. (-10,10)~ {0} b (0,10)
¢. [100,00) d. (100,)
The functlon f satisfies the functional equation 3f(x)‘
+2/(x 59]=10x+30fora11realx¢'1.Thevalueofj(7)is
x_
a 8 ' ' b 4
¢ -8 d 11

The period of the function f(x) = [6x + 7] + cos 7x — 6x,
where [.] denotes the greatest integer function, is

a3 b 27
S 2 d None of these
: : a-1 .
If the graph of the function f(x) = ——F—— 18
‘gr p i fx) @D
symmetrical about y-axis, then n equals
: 1 1
a 2 h 2 ¢ - d —-
3 3

If f(x)is an even function and satisfies the re%ation X f(x)

\
-2f (l) = g(x) where g(x) is an odd functioh,\ then f(5)
x .

equals - B
, By
a0 b 30 c. s d None of thes@"~
: 75 75
Iff(x +y) =f(x). f(y) for all real x, y and f(0) # 0, thenthe
f(x) ]

function g{(x)= ———— 5 Is
SRR B €S
b Odd function
“d. Neither even nor odd

a. Even function
c. Oddiff(x)>0
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~_66. Possible values of a such that the equation x* + 2ax + a= \) 74. X f(x +f(¥)=f(x)+y V x,y € Rand f(0)=1, then tﬁg'

1 1 value of f(7) is
a® +x —R — Tg x 2.— a, has two dlstmct real roots al . b 7

are given by c.6 d 38
a. [0,1] b [-o,0) - 75. Letf(x)= /| x| —{x} (Where {.} denotes the fractional part
\3 x| —{x}
c. [0,59) d (2 oo) of x) and X, Y are its domain and range, respectively, then
* ] / 4 ] 1 1
(67 Letg®)=f0)- L@ +/(1-9=2V xe R theng(is axe (‘“’ 5] and ¥e [5’ ‘°°)
\/  symmetrical about - . :
: b w00, —— [U[0,0)and Ye | —, o
a. Origin b.Thelinex=% | xe( a]u[ )an 6[2 ) ,
C 1 '
7 ¢. The point (1, 0) ~ d The point (%, O) {}3 _ c. Xe (—oo, —5] U [0, ) and Y &. [0, o)
N 68. Domain (D) and range (R) of f(x) =sin™" (cos™ [x]) where d None of these
[.] denotes the greatest integer function is - o L _ F(x) .
a D=xe[1,2),Re {0} , \> 76. Let fbe a function satisfying of x then f(xy) = ) forall
b D=xe[0,1},R= {=1,0,1} _ ‘ positive real numbers x and y if /(30) =20, then the value of
D= ~1,1], 0, sin”" ) -l 4 ) f(40)is
c. D=xe|: LR { sin (2),sm (71:)} ~ a 15 b 2
‘ Ce 40 d &
dsze[—l,u’,Rs{—f,o, 5} . 3
| 272 77. The domain of the function f{x) = y[Ingyyp) (<* +4x +4) is
L 69. If f(x + 1) + flix — 1) = 2f(x) and f{0) = O, then f(n), .21
\/ ne N,is : : a.[—3,—1]u[,2]
anfl) b () e E:f;—_la)]t[(z_’?_ DU, =)
c. 0 d None of these e ’ * ’

d. None of these
\} 70. The range of the function /' defined by f () =[—1—]
. : -sin- {x}

(where [.] and {.} respectively denote the greatest integer'

: x
0 78. Therangeoff(x)=[1+sinx]+[2+sin§]+[3+sm~3—]+

and the fractional part functions)is ' et {n +sin 5], V x e [0, 7], where [.] denotes the greatest
a. I, the set of integers ' - n /
b. N, the set of natural numbers integer functlon is-
¢. W, the set of whole numbers . - M
d {1,2,3,4,...} - {n +n— 2, n(n+1)} 7 ~
71. If[cos™ x]+ [cot™! x] = 0, where [.] denotes the greatest 2 2
integer function, then the complete set of values of x is o ' n(n+1)
. a. (cosl1,1] b (cos i, cotl) { 9 }
¢ (cotl,1] d [0,cot]) , '
72. If f(x) and g(x) are periodic functions with penod 7and 11, c {nz +n—-2 n(n+l) n® +n+ 2} o,
: 2 0 2 72 -

respectively. Then the period of F(x) = f(x) ng) —-gx)
' : g {n(n+l) n2+n+2} ,

X . 2 ’ ) . >

f[g) 18 ’ . : -2 2 o

a 177 ' b 22 Q 79. The total number of solutions of [x]? =x+2{x}, whefe [] [
and {.} denote the greatest integer ﬁmctlon and fractional

c. 433 d 1155
73. The period of the function part, respectively, is equal to
@ - : a 2 _ b 4 _
sin® x+sin2| x+Z |+cosxcos Pae.A c. 6 . d None of these -"
f(JC)= ¢ ( 3) ( 3) . .
is (where c is constant) Y Q80. The domain of f(x) = y/2{x}? —3{x} +1, where {.} denotes
P . ~' . the fractional partin[-1,1],1s
a. 1 . = -
2

b
' ~1,1]~ 1,
c. 7 d. Cannot be determined . a1, >




81.

(/

85.

<

88.

. Ifthe pCI'_iOd of
‘ ( )
n

83.

. ‘The period of f{x) = [x] + [2x] + [3x] + [4x] + -

86.

87.

Cal-L]

The range of sin™" [xz +—12-] +cos™! [xz —%], where [.]

denotes the greatest integer function, is

e
f

b.{7r}'

d None of these

ECM""_))? ne Nis 6xthenn=

a3 b2
b6 dl » ’
The domain off(x)—ln (ax® +(a+b)x2+(b+c)x+c)

“‘where a >0, b* — 4ac =0, is (where [- ]represents greatest

mteger ﬁmctxon)

c. LD~ {_EbZ}

b (1,w)~{—%}.

d. None of these

-+ [nx] =

+1
n(n )x where n € N, is (where [-] represents greatest

mteéer function)

an b1
c. 1 d. None of these -
n B
1 1 ' .
If f x+5 + f x—E = f(x) for all x € R, then the
period of f(x) is
al h 2
c.3 d4
Iff: R+¥—>R,f(x) + 3xf(l)=2(x+ 1), then f(99) is equal to
_ x
a. 40 b 30
e d &0

If £ X — Y, where X and Y are sets contammg natural

x+5
numbers, f(x) = 12 then the number of elements in the

domain and range of f{ (x) are respectively

a land1 h 2and 1
c. 2and2 dland2 -
O :
If ()= {x forx20  ten fof s given by
. X .

7

Functions 1.45

a. 2forx20,xforx<0

b x forx >0, forx<0

¢. x* forx>0,—x* forx<0

d x*forx>0,xforx<0
89. Ifthe graph of y=f{x) is symmetrical about linesx= 1 and

x = 2, then which of the following is true?
a flx+1)=/x) b. flx+3)=fx)
¢ f(x+2)=Ax) d None of these

u 90. Letfx)=x+2px+1|+2k—-1.Iffx)=k has exactly onereal
solution, then the value of £ is
a3 h O
¢l d?2

. The domain of fx)= sin™! [2x% 3], where [.] denotes the
greatest integer function, is .

SRR
.
R

. 2
. The range of f(x) = cos™! (l—%x—] +y2—x%is
. x

\992

a {0, 1+§} b {0,1+7}
c. {1,1+12r-} d {1,1+7}
- x, x is rational
i 93, Iff()=3" th is
L09 1£fx) {l—x, x 1s irrational enf(f&)
x, x is irrational
axVxeR = . .
1—x, x is rational
‘s rafi
e {7 1 r.a 1‘0nal‘ d. None of these
1-x, x is irrational
94. The range of f(x)= |sin x|+ |cos x| ], where [.] denotes the
greatest integer function, is

a. {0 h {0,1}
c. {1} d None of these

, S 2

Ll 95. Iff(x)=log, xz Te , then the range of f(x) is

x“+1 .
a. (0,1) b. [0,1]
d (0,1]

c. [0,1)

—

»
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96. The domain of the function f(x) = ! is
yJ4x—]x* -10x+9|
a (7- 40,7+ 40) b (0,7+ \a0)

¢ (7- \/Z(—), o) d None of these
97. If the function f : [1, «) — [1, ) is defined by
S =267 thenf(x) is
x(x— 1) X
1
a (5) b. %(l+,/1+4lqg2x) -
¥

, \9 98. The number of roots of the equation x sin x = 1,
xe [-2m 0) U (0, 27], is

L
o -

a. 2 b.3 _ v ~
c. 4 d o0
99. The number of solutions of 2 cos x = [sin x|, 0 < x < 4, is
a. 0 .b. 2
c. 4 d Infinite
. (1 ’ .
100. Ifaf(x+1)+bf| — |=x,x#-1,a#b, thenf(2) is equal \105_
. x+1 A4
to .
a 2‘2’—”’2 B2 106
2(a” -b7) a =b
c12+ 2b2 d None of these
b? . }
\ 101. The number of solutions of tan x — mx =0, m > 1 in 107.
Ty,
——,—|is
(-53)
a. 1 b. 2
~ c. 3 “d. m
N/ 102. The range of f{x) = [sin x + [cos x + [tan x + [sec x]]]], x €
(0, 4), where [.] denotes the greatest integer function <x, is
a. {0, 1} b. {~1,0,1} ~
c. {1} d. None of these '
\\/ 103, 16f(3x+2)+/3x+29)=0 V x¢ R, thenthe periodoffiy 1%
_ is
a. b. 8 .
c. 10 d. None of these ‘0109'
. /s
Sin x +COoS X, O<x<5
104. Letf(x)= a, x=m/2

tan’ x+cosecx, M/2<x<7T

then its odd extension is

2 T
—tan” x—-cosecx, MW <x<——
2
T
a, _a,. X=——
. 2 )
. s 111.
—SmXx+CcosXx, —E<x<0 Q

¢ '5(1—,/l+4log2 x) d Not defined >

. The domain of f(x) is (0, 1), then, domain of /(&™) +f(In |x])

\\/110.

—tan? x+cosecx, - <x<——
' T
b < -a, xX=—-=
2 .
sin x — CoS X, ——<x<0
2 T
—tan® x+cosecx, —7 <x<—5
c. a, x=——
: 2
. Tl
SIn X —COs X, ——<x<0
{ 2 ”
tan” x+cosx, —7r<x<—5
. - Vi3 .
d. « =a, x=—= 7
2 .
. . /9
"sin x+cos X, —5<x<0

If fand g are one-one functibn, then
a. f+ gis one-one b. fg is one-one
¢..fog is one-one d. None of these

is

a. (-1, e) b. (1, €)
ce (e -1 d. (-e, 1)
The domain of f(x) = . is
: « yJlcosx]+cosx ,

a. [-2nm, 2nal,ne Z .
b. @n7, 2n+17),ne Z . g

i
. ((4n+1)ﬂ: (4n+3)7r)’ne 7 |

2 72 ‘
a ((4n—1)7z:, (4n+1)7r),ne e
2 2 :
If f(Zt +3y, 2x — 7y) 20x, then f(x, y) equals
. 7x-3y ‘b, Tx+3y
c. 3x—T7y d. x-ky
LetX={a,,a,, ..., a¢} and Y= {b;, b,, b3}. The number

of functions f from x to y such that it is onto and there are
exactly three elements x in X such that f{x) = b, is

a. 75 b. 90
“¢. 100 d. 120 '
Let £ R > R and g: R — R be two one-one and onto
functions such that they are the mirror images of each
other about the line y = a. If h(x)=/(x)+ g(x), then h(x)qs

a. One-one and onto. .

b. Only one-one and not onto.

¢. Only onto but not one-one.

d Neither one-one nor onto.

2x '
()= (- 1)[ ”] ,8() = [sin x| |cos x| and P (x) =f(x) g(x)
(where [.] denotes the greatest integer function) then the
respective fundamental periods of f(x), g(x) and o(x) are



112.

\ 113.

116.

- 117,

118.

119.

Sh

. Letf,(x)=

b 7277

amuR
C. 77:,7L',E d.n:,E,n:
. - 2
' 1 1 1
Letf(n)=1+ -+ = +...4+ — then
2 3 n

F)+f(2)+f(3)+---+ f(n)is equal to
a nf(n)-1 b (n+1)f(n)—-n
¢ (nt 1)f(n)+n. d nf(n)+n

Letf(x)= s and g(x)= e[érlsg"x],xe Rwhere {} and
[ ] denotés the fractional and integral part functions,
respectively. Also A(x) =log(f(x))+ log(g(x)) then for real
x, h(x) is

a. An odd function.

b. An even function.

¢. Neither an odd nor an even function. -

d. Both odd as well as even function.

x,0 S)&;‘ <1
1, x>1
0, otherwise

-~ and fo(x)=f] (—x) forall x

f3(x)=—f(x) forall x

fs(x)=£f(=x) forall x

Which of the following is necessarily true?
a. f, (x)=f(x) forallx b f,(x)=—f(-x) forallx
¢ f=x)=f,)forallx  d f(x)+f,(x)=0forallx

. The number of solutions of the equation [y + [y]] =2 cos x,

wherey = ?1;- [sinx + [sin x + [sin x]]] (where [.] denotes the

greatest integer function) is

a 4 b 2
¢3 d 53 E
The sum of roots of the equation cos™! (cos x) =[x}, [.]
denotes the greatest integer function is
a 2m+3 ' h 7+3
c. 73 d 27-3
The range of
f)= \/ (1—-cos x)\/(l cos x)\/(l cos x)
is
a. [0,1] b [0, 1/2]
c. [0,2] d. None of these
. Let h(x)=|kx + 5], the domain of f{x) is [- 5, 7], the domam

of f(h(x)) is [-6, 1] and the range of A(x) is the same as the
domain of f(x), then the value of k is

a |l h 2
c.3 d4
Therange of f()=(x+ 1) (x+2) (x+3) (x+ 4) +5 for
x€ [-6,6]is L
a. [4,5045] b. [0,5045] .

c. [-20,5045] d None of these

120.

<

122.

\>123.

121.

Functions 1.47

The exhaustive domain of

f(x)=' \/;]2 — %’ +xt —x+1
is - -
a [0,1] b [1,%0)
€. (—oo,1] dR
The range of f(x) = sec™" (log3 tan x + log,,,, 3) is

[55)55] »[03)
(Fe

The range of the function f(x) =""*P, _5 is

a. {1,2,3} b {1,2,3,4,5,6}

c. {1,2,3,4} “d {1,2,3,4,5}
A real-valued function f(x) satisfies the functional
equation f(x - y) = f(x) f(») —f(a—x) f(a+y), whereaisa
given constant and (0) = 1. f(2a —x) is equal to .

a. f(x) b —f(x)

¢ fx) d f(@+f(a—x)

d. None of these

Multiple Correct :
Answers Type  SEESS

Each question has four choices a, b, ¢, and d, out of which one or
more answers are correct.

\91

Let f{x) =max {1 +sinx, 1, 1 —cos x}, x € [0, 27} and
g(x)=max {1,|x—1|} x € R, then

a. g(f(0)=1 b g(f(1)= 1

¢ f(AAN=1 d f(g(0))=1+sinl

\'> 2. Which of the following functions are identical?

A%

a fix)=Inx2and g(x)=2 Inx
b f(x)=log_eand g(x)=
log, x

¢. f(x)=sin (cos™' x) and g(x) cos (sin~! x)
d None of these .

N\.3. Which of the following function/functions have the graph !

symmetrical about the 0r1gm‘7

a-f(X)glvenbe(X)+f(y) f( W} :

b f(x) given by £ () + £ () = f(x\/I RN )

"¢ f(x)ygivenby f(x+))=fx) +f() Vx,ye R
d. None of these :

\4.' If the function f satisfies the relation f(x + y) + f(x - »)

A%

=2f(x) f(») V x,y € Rand f(0)#0, then
a. f(x)is an even function
b. f(x)is an odd function
c. If f(2)=athen f(-2)=a
d If f(4)=bthen f(-4)=

\5 Consider the function y = f(x) satisfying the condmon

f(x+l)=x2+ — (x # 0), then
X X

‘a. domain of f(x)is R
h domainof f(x)isR—(-2,2) -~
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v

11.

c. range of f(¥)is[-2,%9)
d range of f(x)is [2, %)

. Let f(x) + f(») = f(x,/l_ y* + y\/I—xz) (f(x) is not

identically zero). Then
a. f(4°-3x)+3f(x)=0
b, f(4x*-3x)=3f(x)

c f(2x\/1—x2)+2f(x)=0
4 fx1-x*)=2/()

. Consider the real-valued function satisfying 2f(sin x)

+ f(cos x) = x. Then
a. domain of f(x)is R

b. domain of f(x) is [-1, 1] -’

~ c. range of f(x) is [_%,,E}

3
d. range of f(x)is R
If f(x) satisfies the relation fe+y)=f&x)+1(y) for all x,
y € Rand f(1) =5, then _
a. f(x)is an odd function 'b. f(x) is an even function '

¢ $rm=5mc, A 3 )= ———5”’("3”2)
r=l - i r=1
Let f(x) = {xz “4 3 ang ~
o x-4, x23
. x—-3, x< 4
g~ {x2+2x+2, x24 | /
then, which of the following is/are true? '
a. (f+£)3.5)=0 b. f(g(3) =3

¢ (/22)=1 d. (f-g)4)=0

10. f()= 2 —2ax+a(a+1),f [a, ) = [a, ). If one of the

solutions of the equation f=5 ~1(x) is 5049, then the
other may be ' ~
a, 5051 b. 5048
c. 5052 d. 5050
Which of the following function is/are periodic

\/N. . 1) = {1, x is rational

0, x is irrational

x—[x]; 2n<x<2n+l

b. f(0)=4 1

. , where [.] denotes
5; 2n+l<x<2n+2

the greatest integer function, n € Z
2x

e flx)= (—1)[ " ], where [.] denotes the greatest integer
function : -

df)=x—[x+3]+ tan(zg—c}, where [.] denotes t‘}lle

greatest integer function, and a is a rational number

12.

13.

14.

15.

O

If £ R* — R is a polynomial function satisfying the
functional equation f( f(x))=6x—/f(x), then f(17) is equal
to

a 17 h —51
c d -34 i
, . _f&)-s
Letf.R—)Rbeaﬁmctxondeﬁnedbyf(x+ D= f—(m

V x € R. Then whici: of the following statement(s) is/are
true

‘a. f(2008) =£(2004) - b. £(2006) = (2010)

¢. f(2006) = f (2002) d. £(2006) = £(2018)
Letf(x)= sec”[1+ cos? x] where [.] denotes the greatest
integer function. Then

a. the domain of fis R

b. the domain of fis[1,2]

¢. the domain of fis [1, 2]

d the range of fis {sec™ 1, sec™' 2}
Which of the following pairs of functions is/are identical?

a. f(x)=tan (tan' x) and g(x) = cot (cot™ x)

b f(x)=sgn (x) and g(x) = sgn (sgn ()

¢. f(x)=cot?x .cos’x and g(x) = cot? x — cos? x

df(x)= "% and gx)= secx

. fiR—>[-1,) and f(x)=In( [lsin2x|+ lcos2x|1) (where_[.]

is the greatest integer function).
a. f(x) hasrange Z '
b. f(x) is periodic with fundamental period 7/4

. f(x)is invertible in [o, Zj—] B

d f(x) is into function

. Which of the following is/are not a function ([.] and {.} ’

denotes the greatest integer and fractional part functions
respectively)? '

a. __1___ . b; _xl
tnfi~ ] &
c. x! {x} Inx—1)

d. ——==
, Ja-x%) _
If the following functions are defined from [-1,11to [ 1],
select those which are not objective
b 2 sin~! (sin x)

T
d »* (sgn(x))

a. sin(sin™" x)

c. (sgn(x)) In (¢

. Iff:R—>Nu {0}, where f(area of triangle joining points

P(5, 0), O(8, 4) and R(x, y) such that the angle PRQ ia~
right) = number of triangle. Then, which of the following is
true ? :
a f(5)=4
c. f(625)=2

h f(7)=0
d f(x)isinto

. Iff(x)is a polynomial of degree n such thatf(0) = 0, /(M=

l, L fm= —n——,thenthe‘value of f(n+1)is
2 n+1



a. 1 when n is odd . b. I when n is even
n+2
c. _" whennisodd d —1whennriseven
n+l
' q?\Zl. Let f(x)= éx+1,andf"(x)bedeﬁneda’sfz(x)=f(f(x)),
> 4 N

and forn>2, f" () =/(F(). A= lim f7(x),, then

a. A is independent of x

b. Ais a linear polynomial in x

c. the line y = A has slope 0

d. the line 4y = A touches the unit circle with centre at

the origin.
-22. The domain of the function
F0)=l0g, {108 (x* —8x+23)~ —3——
\ ' log, |sinx|
contains which of the following interval / intervals.
a (3,7 | b (ﬂ, 3) e
2 _ ?
c. (1275, 5) : d. None of these

SN3 Let fix) = sgn(cot 'x) + tan (%[x])., where [x] is the

greatest integer function less than or equal to x. Then
which of the following alternatives is/are true?

a. f(x) is many one but not even function

b. f{x) is periodic function

c. f{x) is bounded function

d Graph of f{x) remains above the x-axis

| Reasoning Type

one is correct. Each question contains STATEMENT 1 and
STATEMENT 2. : : '

A

a. if both the statements.are TRUE and STATEMENT 2 is
the correct explanation of STATEMENT 1.

b. if both the statements are TRUE but STATEMENT 2 is
NOT the correct explanation of STATEMENT 1.

_¢. if STATEMENT 1 is TRUE and STATEMENT 2 is FALSE.

d ifSTATEMENT 1 is FALSE and STATEMENT 2 is TRUE.

1. Statement 1: f(x) = log;x cannot be expressed as a sum of
odd and even function. S
Statement 2: f(x) = log x is neither odd nor even function.

\ 2- Statement 1: If g(x) = f@) — LI fO) +f(1—x) =2V

\/ x € R, then g(x) is symmetrical about the point (172, 0).
Statement 2: If g(a—x)=—g(a+x) V x € R, then g(x)is
symmetrical about the point (a, 0).

3. Consider the function satisfying the relation

)

£ ( 2tanx )_(l+0052x)(sec2-x+2fanx)
1+tan” x 2

Statement 1: Range of y=1(x) is R.
Qéntamant 2+ T inoar functinn hac rance R if domain is R.

Each question has four choices a, b; ¢ and d, out of which only i

Functions 1.49

‘ %sider the function if f(x) = sin(kx) + {x}, where {x}/

represents the fractional part function. 3

Statement 1: f(x) is periodic for k = mm where m isa

rational number.. _ ’

Statement 2: The sum of two periodic functions is always
" periadic. ' '

L 5, &tatement 1: Function f(x) = ¥ +tan~'x is a non-periodic

function. :
Statement 2: The sum of two-non-periodic function is-
always non-periodic. :

6. Statement1:Ifxe (1, /3 ], then the range of f{x) = tan~'x

is [7/4, /3]. : _ L
Statement 2: If x € [a, b), then the range of f(x) is [f(a),
SO ' : -

7. Statement 1: /: N>R, f(x)=sinxis a one-one function.

Statement 2: The period of sinx is 277and 27is an irrational
number. - :

Lo 8. Statement 1: A continuous surjective function f: R — R,

f(x) can never be a periodic function.
Statement 2: For a surjective function f: R —>R, f (_x) tobe
periodic, it should necessarily be. 2 discontinuous

function. .

L_—' 9. Statement 1: The solution of equation | — 5x+4|—|2x—

- 3||=pP-3x+1]isxe (—_oo,l]uB, 4].

Statement 2: If|x+y|=|'x|+|y|,thenx.y20.

UIO. Consider f and ‘g be real-valued functions such that

LO17

S+ +fx-y)=2f(x).g0) V x,ye R~
Statement 1: If f(x) is not identically zero and | fOo) <€
1V xe R, then|g()|<1VyeR. '
Statement 2: For any two real numbers x andy, |x+y|<
x|yl ,

. Statement 1: f(x) = cos(x? — tanx) is a pon-periodic
function. : ’
Statement 2: x* — tanx is a non-periodic function.

. Statement 1: The period. of function f(x) = sin{x} is 1,
where {.} represents fractional part function.

Statement 2: g(x) = {x} has period 1.

. Statement 1: If f 'R — R, y = f(x) is periodic. and
continuous function, then y = f(x) cannot be onto.
Statement 2: A continuous periodic function is bounded.

. Consider the functions f(x) =logx a and g(x)=2x+3.
Statement 1: f(g(x)) is a one-one function.

Statement 2: g(x) is a one-one function. .

. Consider the functions f: R > R, f(x)= Y andg:R—R,
g(x)=3x+4.

Statement 1: f(g(x)) is an onto an function.
Statement 2: g(x) is an onto function..

. Statement 1: £ (x) = sin x and g(x) = cos x are identical
functions.

Statement 2: Both the functions have the same domain
and range.

. Statement 1: The period of f(x) =sinx is 27r=> the period
of g(x)=|sinx|is 7. '
Statement 2: The period of f{(x)=cos x is 27 =>the period
nf of XY =lcos x| is 7. '
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J; Probleins 7-9
18. Statement 1: f(x) = m hasarange [0, =) if or Problems

\

Let f: N = R be a function satlsfymg the following conditions,
b*—4ac>0.-

Statement 2: ax? + bx + ¢ = 0 has real roots if b’ —4ac=0.
19. Statement 1: If f(x) = cos x and g(x) =x’, then f(g(x))
is an even function.

Statement 2: If /1 (g(x)) is an even function, then both f.(x)<

) and g(x) must be even function.
20. Statement 1: The graph of y = sec’x is symmetrical about
Ny
7/ y-axis.
Statement 2: The graph of y = tan x is symmetrical about
ongm

Linked Comprehension (EEEE
Type .

Based upon each paragraph, three multiple choice questions
have to be answered. Each question has four choices a,b,cand d,
out of which only one s correct. : - 1

S
For Problems 1-3
Consider the functions

x+1, x<1 . x

=3 d .

f.(x) {2x+1, 1<x<2 g§0)= { +2, 2<x<3 ¢
1. The domain of the function f(g(x)) is

2 _1<x<2

a[0,2] b-1,2]
K [—1,\/5] d None of these o
2. The range of the function f(g(x)) is
a [1,5] b [2,3]

c. [1,2]u(3,5] d None of these
- 3. The number of roots of the equation f{(g(x)) =2 is

a1 ' b. 2
c. 4 : d None of these v \>
X For Problems 4-6

7 Gonsider the function 1) satisfying the identity £(x) + f(i‘:—l) .
, : (Gt

-

“=1+x,V xe R—{0,1} and g(x) =2/ () —x+ 1.
4. The domain of y =, /g(x is

: 1—\/5- [ 1+\/§:I

a, | —oo, ull, .

2 2 b
T

b —ool—\/— (O,I)Ulil-l-\/g,oo)

2 ] 2 ’
[~1-v5 ] [—1+J§ }
c. ,01lu 1
2 ) 2

d None of these
5. The range of y=g(x) is
a (—oo, 5] b [1,)
¢ (=0, 1JU[5,0) d. None of these
6. The number of roots of the equation g(x)=11s
a2 b1 c.3 do

f()=12and f1)+2,f(2)+3, fB)+ -+ +nf(m)=n(r+ 1),

f(n)forn=2.
7. The value of f(1003)= %, where K equals 5
. a 1003 b 2003 c.2005 2006

!
8. The value of f(999) is < where K equals

a. 99 b. 1000 c. 1998 d. 2000
9. (1), f(2), f(3), f(4), ... represents a series of
a, an AP © haGP
¢. aHP. d An arithmetico-geometric
For Problems 10-12 -

If (f(x))* xf( ) 64x, Vxe Df then

b x7? 1-x "
A+ x
: 3
d x(1+x) s
. l_x Vo

\10. f()is equalzto

_ /3
a 4x%3 IT+x
1-x
» 1/3
203 1-x
1+x

11. The domain of f(x)is

a. [0,%) b R—{1}
¢. (—o0,) d None of these
12. The valueof f(9/7)is
a. 8(79)* h 4(9/7)\#
c. —8(9/7y"? d None of these
For Problems 13-15
o [x-1,-15x<0 ) ) .
f= 2 and g(x) = sin x. Consider the functions
,05x<1

hy () =11 (Ig(x)l) and () =1/ (€(}-
13. Which of the following is not true about hl(x) ?
a. Ttis periodic function with period 7
b. Rangeis [0, 1]
¢. Domainis R
d. None of these . -
14. Which of the following is not true about /(x) ?
a. Domainis R
b. It periodic function with period 277 _
c. Rangeis[0,1] r -
d None of these '
15. For h,(x) and h,(x) are identical function, then which of
the following is not true ?
a. Domain of &,(x) and h,(x), x € [2n7 (2n+ Da,neZ:
b. Range of 2 (x) and ,(x) is[0, 1]
c. Period of ,(x) and h(x)ism
d None of these



A
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PF or Problems 16-18
If ay = x, a, ., = fla,), where n =
following questions.

16. Iff(x)— ”’\/(a x™),x>0,m=>2,me N.Then
a a =x,n=2k+ 1, where kis integer
b. a = f(x)if n=2k, where kis integer
¢. Inverse of a_exists for any value of n and m
d None of these

0, 1, 2, ..., then answer the

1 ! .
17. If f(x)= 1— then which of the following is not true?
. -x
aaqg=— ifn=3k+1
" 1 -Xx
bha=2"Liftn=3k+2
x

¢ a=xifn=3k
d. None of these
18. If f: R — Rbe given by f(x) =3 +4xand a, =4 + Bx, then
which of the following is not true?

a A+B+1=2"" b |[A-B|=1
. . A ’
c. lim—==-1 d None of these
. n—oo .
For Problems 19-21
Let SO=f)-2f,(),
| min {x* <1
whee = {70 O
max {x°, |x[}, |x>1
L _
min {x°, |x{}, |x[>1
and Sx)= 5
max {x%, |x]}, |x|<]
i ):—3<t< -3<
and 209)= min {f(f) x, 3<x<0}
|max {f(2): 0<t<x, 0<x<3}.
‘19 For — 3<x< 1, the range of g(x) is '
a [—<1,3] b [-1,-15]
¢. [-1,9] d None of these
20. Forxe (-1,0), f(x)+g(x)is
a x2-2x+1 b x2+2x-1
e x2+H2x+1 d x?-2x-1
21. The graph of y = g(x) in its domain is broken at
a. | point h. 2 points _
¢. 3 points - d None of these
For Problems 2224
\ i 2x + u
a, x2-1 )
Let \/ =45 , -7
) bx® + 3, x<-—1
x+4 0<x<4
and (x)= ’
| £ {—3x—2, ~2<x<0

- 22, g(f(x))is not defined if
a ae (10,0),be (5,00} b aec (4,10),be (5,)
¢ ac (10,),be (0,1) d ac(4,10),be(l,5)
23. Ifthe domain of g(f(x))is [-1 ; 4], then
aa=1,b>5 ha=2,b>7
¢ a=2,b>10 d a=0,be R
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24. If a=2 and b = 3, then the range of g(f(x)) is
a. (—2,8] b. (0, 8]
c. [4, 8] d. [-1, 8]
{ For Problems 25-27 '
Let f: R —.R is a function satisfying /(2 -x)= f(2 +x) and
f(20-x)= f(x),V x € R. For this function f, answer the
following.

25. If £(0)=5, then the minimum possibie number of values of
x satisfying f(x) =5, forxe [0, 170], s
a. 21 b. 12°
c. 11 N d. 22
26. The graph of y = f(x) is not symmetrial about
a. symmetrical about x =2
b. symmetrical aboutx =10
¢. symmetrical about x = 8
d None of these -
27. If f(2) # f(6), then the
a. fundamental period of f(x)is1
b. fundamental period of f(x) may be 1
¢. period of f(x) cannot be 1
d. fundamental period of f(¢x)is 8

U—For Problems 28-30 - _ ,
Consider two functions f () = 1 00 25¥<71 4
-Consider two functions (x x|+], —1<x<2
1[x], -m<x<0 .
= . , Where [.] denotes the greatest integer
g(x) {sinx, 0<x<nm 7 ] g ) g
function.
28. The exhaustive domain of g( f(x)) is , )
a. [0, 2] ' b. [-2, 0]
c. [-2,2] d.[-1,2]

29. The range of g(f(x)) is
a. [sin3, sinl} b. [sin3, 1]Ju {~2,- 1,0}
- e [sinl,1Ju{-2,-1} d.[sinl, 1]
30. The number of integral points in the range of g (f(x)) is
a. 2 b. 4
c.3 d 5

| Matrix-Match Type |

','_'lutlons on. page 1 79
Each question contains statements given in two columns which.
have to be matched.

Statements a, b, ¢, d in column I have to be matched with
statements p, q, 1, s in column IL If the correct match is a-p,
a-s, b-q, b-r, ¢-p, c-q and d-s, then the correctly bubbled
4 x 4 matrix should be as follows:

p q T s
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1. The function f(x) is defined on the interval [0, 1}.

0 Then match the following columns

-~

Column II: Type of function

& @)= ()Y ix 0,

n'is an odd integer :

p. odd furction

b=

g even ﬁ.ln(;tibn

| - 0, If)’c,lys‘ratrxokr'xal'_ R R b dd"’ i ~‘ t'.
e f (x)f L if xisimational | . neither odd nor even function -

d. ff(x)_= max {tan x, cot x}

.- 8. periodic -

e

Column I: Function »Column‘]I: Domain
~ a. f(tanx) p [2nﬂ—§-,2ii7f+zc2—],neZ
- b f(sinx) q | 2nm, 2n7z:+g U 2"7“'”’6—,(2"*1)7’_,1"5_23
¢ f(cosx) r. [2nm, @n+D)r),ne Z
. . - v
- & f(2sinx) s. [nn', nn+z}, neZz
Column I: Function

¢

Column I: Functions ‘

~ Column 1I: Values of x
* imany optlon of the col

| 2 se=tan” (;2"2

"W f(x)=sin" I(sin x) and g(x) = sm(sm x) ”

gxe[-1, 1]“:'2

¢ fl (x)= log > 25 and g(x) =log,5

r.xe(-1,1)

-d f(x)=sec™ x+ cosec” ', g(x) =sin'x + cos” o s.xe(0,1). .

Column1I

A fiRD [34’37:) and () = cot™! (2 -2 —"?’2:"),,'Y;hén f()is

| b f:R—>Rand f(x)=e" singx wherep, g € R, then f(x)is

c. f: R —[4, 0] and f(x)=4+3x’ then f(x)is’ _

“r many—one

- "s onto

d f: X Xand f(f(x))=xV x € X, then f(x)is

| 5. Let f:R—>Randg:R—R be functions such that f(g(x)) is a one-one function.

/

Column I’ Column II
a. Then g(x) p. must be one-one
b Then f(x) ¢ may not be one-one

c. If g(x) is onto then f(x)

'r. may be many-one

d. If g(x) is into then f(x)

. s. must be many-one




<

. {.} denotes the fractional part function and [.] denotes ]

Integer Type

ul.

3.

6“4.

Funcﬁons 1.53

Column1: Functlon

" |, .Column H': Period _ -

d f(x)= sm3xsm3xﬁ T

ﬁSoluhons on; age:

Let f be a real-valued invertible function such that

2x-3
f( . ) =5x—2, x # 2. Then the value of f1(13)is
x —
Number of values of x for which H|x2 —x+4|-2 l-—3‘
=x*+x-12is
Letf(x)= 3x°—7x+ ¢, where ‘c’ is a variable coefficient and
7
x> r Then the value of [c] such that f(x) touches f 1 (%)

is (where [ - ] represents greatest integer function)
Number of integral values of x for which

(2@% - 4)(x — 4)(x—10)

x!l—(x=-1!

Letf: R* — R be a function which satisfies f{x) - f{v) =f(xy)

<0is

11 .
+2 (— +—+ 1) for x, y> 0, then possible value of f(1/2) is

u6

S

L.‘ 8.

Sk

10.

6P\ll

12.

10

A continuous finction #x) on R — R satisfies the relation
)+ f(2x+y)+5xy=f(3x—y)+2¢ +1for Vx,ye R, then
the value of | (4)| is ¥
Let a > 2 be a constant. If there are just 18 posmve integers
‘satisfying the inequality (x — @) (x—2a) (x—a ) <0, then
the value of a is

Number of mtegers in the domain of function, satlsfymg
- ’

+1

S +fh= ,i8

I R—)Rf(x2+x+3)+2f(xz 3x+5)=6x"~10x+17 ¥
x € R, then the value of /(5) is

If f(x) is an odd function and /(1) =3, and f(x +2) =f(x)
+£(2), then the value of f(3) is '
Letf: R — R be a continuous onto function satlsfymg fx)
+f(-x)=0,VxeR. ;
If f(-3)=2and f(5)=4in[-5,5], then the minimum”

number of roots of the equation f(x) = 0 is.
Number of integral values of x for which the funct10n~:

J/sin x +cos x + \,7x —x* —6 is defined’is ",
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\ 13.

\,‘ 14.

15.

17.

6 P'\l&

19.

20.

22.

o

24,

<

25.

V126,
27
\}28.

21.

23.

Suppose that fis an even, periodic function with period 2,
and that f{x) = x for all x in the interval [0, 1]. The value of
[10 f(3.14)] is (where [-] represents the greatest integer
function)

KAix)= ,/4 -x*+ \/xz —1, then the maximum value of

(f@)is
The function f(x)= ——
' 2+

can be written as the sum of an

even function g(x) and an odd function A(x). Then the
value of | g(0)|is

. If T'is the period of the function f(x)=[8x + 7] + |tan 270x +

cot 2mx] — 8x (where [-] denotes the greatest integer
function), then the value of 1/T is
" If a, b and c are non-zero rational numbers, then the sum of

bl e} .
la B, 1

c
An even polynomial functlon f(x) satisfies a relation

f(2x) (1 - f[—;;)) +f(16x%y) =f(-2)-f(45) V x,y€ R

—{0} and f(4) =-255, f{0) = 1, then the value of |( f(2)+ 1')/2|
is

If fx) = sin® x + sin® (x + —;5) +cos x cos (x + g)

all the possible values of

5
and g( ) ~ 1 then (goN(x)is

Let E={1,2,3,4} and F= {1, 2}. If Nis number of onto
functions from E to F, then the value of N/2 is '
The function f'is continuous and has the property f( f(x))

=1 —i, then the value of f (%) +f (—Z) is

Number of integral values of x satisfying the inequality

(3)6,\&10—:’ 27
— < [
4 64

A function f from integers to integers is defined as f(x) =

n+3, neodd ~”
. . Suppose k € odd and f(f(f(k))) = 27,
n/2, ne€even

_then the sum of digits of kis

If 6 be the fundamental period of function f(x) = sin®x +
sin99 (x + 2?) +sin” (x + 4?7:) , then complex number z

=|z|(cos 8+ i sin 6) lies in the quadrant number.

Ifx= g satisfy the equation log, (x> — x +2) > log, (—* +

2x + 3), then sum of all possible distinct valués of [x] is
(where {-] represnts greatest integer function)

4" —2"*24+ 5+ |b— 1]-3| =|sinyl, X, y, b € R, then the
possible value of b is

IEf: N> N, and x, > x; = f(x,) > f(x,), V x,,%,€ Nand

SUf()=3n, V¥ ne N, thenf(2)=
Number of integral values of a for which fx)=log (log1 A

(log; (sin x + a))) be defined for every real value of x

\> 29.

\l30

‘ 1
Let f(x) = sin®x — cos™x and g(x) = 1 + 5 tan " x|, then

the number of values of x in interval [-107, 87] satlsfymg
the equation f(x) = sgn(g(x)) is

Suppose that f(x) is a function of the form flx)
o+ v v +15x+1
- x

the value of |f(=5)|/4is’

(x#0).If {5)=2,then

Subjective ,
2
x
1. Find the domain and range of the function f(x) = T+ 22
Is the function one-to-one? (IIT-JEE, 1978)
2. Draw the graphof y=|x 2 for-1<x<1

: ' - (IT-JEE,1978)
3. Hf)=2"—6x°—2x" + 12x8+x* ~ 7% + 6x* +x 3, find
S16). (I'T-JEE, 1979)

. A functionf: R — R is defined by f(x) =

. Letfbe aone-one function with domain {x, y, z} and range

{1, 2, 3}. It is given that exactly one of the following
statements is true and the remammg two are false f(x)=1,

f(y) #1, f(z) %2 determine £~ (1).
(IT-JEE, 1982)

. Find the natural number a for which Z fla +k)

k=1
= 16(2" - 1) where the function f satisfies the relation
f (x+y)= f(x) f() for all natural numbers x, y and further
F()=2. (ITT-JEE, 1992)

. Let {x} and [x] denote the fractional and integral part of a

real number x, respectively. Solve 4{x} =x + [x].

(IIT-JEE, 1992)
ox® +6x -8
) o + 6x = 8x*
Find the interval of values of a for which f'is onto. Isthe
function one-to-one for @ = 3? Justify your answer. -

(’T-JEE, 1996)
Objective
Fill in the blanks
; . ’ 2 4. . . ]
1. The values of f(x}=3 sin { T6 x ] lie in the 1ntervgl:,
(IIT-JEE, 1983)
2
: _ x“ .
2. The domain of the function f (x) = sin™' Llogz 7) is

\l3.

given by (OT-JEE, 1984)
LetAbeasetofn dlstmct elements. Then the total number
of distinct functions from 4 to 4 is and out of
these _are onto functions. (IIT-JEE, 1985)

J4- o N
If f(x)=sin loge[ ) x ], then the domain of f(x) 1§
. =X -

and its range is " (IIT-JEE,1985)




. There are exactly two distinct linear functions,
and which map [ 1, 1]onto [0, 2}.

6. Iffis an even function defined on the interval (-5, 5), then

four real values of x satisfying the equation f (x) =

x+1
d
f[x+2)are an

(IIT-JEE, 1985)

@7. If f(x) = sin® x + sin (x + E) + cos x cos(x + E) and
o ‘ 3 . 3
N

g (%) =1, then (gof)(x) =

v

True or false

1 _ 32(X—'1)
(IIT-JEE, 2011)

. x—=2
8. The domain of the function f{x) = sin”! [—8(3)———] is

1. If f(x)=(a- X))V where a > 0 and n is a positive integer,

then f[f(x)]=x. (OT-JEE, 1983)
. S X +4x+30 .
2. The function f(x)= —5 - . 1snotonto. -
x° -8x+1
(IT-JEE, 1983)

3. If f,(x) and f5(x) are defined on the domain D, and D,
respectively, then f;(x) + f5 (x) is defined on Dy U D,.
' (IT-JEE, 1988)
Multiple choice questions with one correct answer

1. Let R be the set of real numbers. If f : R — R is a function
defined by f(x) =7 then fis
a. Injective but not surjective
b. Surjective but not injective
c. Bijective ' : -
d. None of these (IXIT-JEE, 1979)
2. The entire graph of the equation y = P+hk—x+9is
strictly above the x-axis if and only if

a k<7 h —-5<k<7
c. k>-5 d. None of these
) (IIT-JEE, 1979)

. Let f(x)=|x—1|. Then
a. f()=(f()’
~d. None of these

c. flxD=lfG)
. (IT-JEE, 1983)
4. If x satisfies |x — 1| + [x — 2| + x— 3| 2 6, then
a 0<x<4 h x<-2orx24
c. x<0orx=4 d None of these
(IT-JEE, 1983)

5. If f(x)=cos (log,x), then £ (x)f ()~ % [f (i) +f (xy)]

has the value
a -1
c. -2

b fx+y)=f&x)+f0)

h 12
d None of these

, , (IIT-JEE, 1983)
6. The domain of definition of the function

y= ek E 2

- log;o (1_ x)

. (UT-JEE,1996)

Functions [1.55

a. (-3,-2)excluding—2.5 b. [0, 1] excluding 0.5
¢. [-2,1) excluding 0 d None of these
(IT-JEE, 1983)
- \7- Which of the following functions is periodic?
a. f(x)=x-[x] where [x] denotes the largest integer less
than or equal to the real number x

h f(x)=siniforx¢0,f(0)=0

c. f(x)=xcosx _

d None of these (IIT-JEE, 1983)

8. If the function f: [1, o) — [1, =) is defined by ()
=201 then £ (x)is

x(x-1) T
a. G) - h %(1+,/1+410g2,x)
c. % (l - J1+ 4log, x) d. Not defined

' (IIT-JEE, 1992)
Let f(x) = sin x and g(x) = log,|x|. If the ranges of the
composition function fog and gof are R, and R,,
respectively, then '
a R ={u-15u<l1},R,= {v:—e0o<v <0}
b R, ={u:—o<u<0},R,= {vi—co<v<0}
¢ R ={u:—1<u<1},R,= {vi—oo<v<0}
d R ={w:-1<us<l},R,= {v:—0<v <0}

(IT-JEE, 1994)
Letf(x)=(x+1)2—l,xZ—lLThentheset :
{1 f)=/" ()} s

{ 3+i3 —3—iﬁ}
a. <0,—1 .

r,

U9.

LI 10

2 2
b {0,1,—1}
¢. {0,—1}
d. empty : (T-JEE, 1995)
u 11. Let f(x) be defined for all x > 0 and be continuous. Let

f(x)SaﬁSﬁ/f(i) = f(x) - f(») forallx,yand f(e)=1.Then

1
a. f(x) is bounded b f(—)—-)Oasx——)O
x
d f(x)=logx
(OT-JEE,1995)
. The domain of definition of the function f(x) given by t;l}e
equation 2* +2¥=21s )

cxf(x)>lasx—>0

a 0<x<] b 0<x<1
¢ —oo<x<0 d —co<x<1 ‘
(IIT-JEE, 2000)
-1, x<0
U 13. Letg(x)=1+x—[x]and f(x)= 0, x = 0 . Thenforallx, '
, x>0
f(g(x)) is equal to (where [-] represents greatest integer
function)
ax ' b1 .
¢ f(x) d g (IT-JEE, 2001)
1
L014. If f:[1, ) —>[2,=)isgivenby f(x)=x*+ o then
771 (x) equals (IT-JEE, 2001)
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(x+\[x2 —4) 5
2 1+x?

2 o
(x— x —4) ‘
e — d 1+4x> -4 '

log, (x + 3) .
- i

a.

15. The domain of definition of f(x) =

x% +3x+2
a R-{-1,-2} b (~2,)
c. R-{-1,-2,-3} d (-3,0)-{-1,-2}
(IT-JEE, 2001)
\l,\ 16. LetE {1,2,3,4} and F= {1,2}. Then the number of onto
. functions from E to F is
a 14 h 16 c 12 48
(IT-JEE, 2001)

. ax
17. Let f() = —

SUG)=a? ’
a \2 b. -\2
c. 1 -1 (IIT-JEE, 2001)

\ 18. Suppose f(x) = (x + 1) forx 2— 1. If g(x) is the function

,\\,' whose graph is the reflection of the graph of f(x) with

respect to the line y = x, then g(x) equals

a.—\/;-l,xZO h—l——z,x>—l 1
. (x +1) .
e Jx+1x>-1 d JVx-1,x>0
(IT-JEE, 2002)

\9 19. Let functionf: R — R be defined by S)=2x+sinx forx

€ R, then fis
a. one-to-one and onto
b. one to one but NOT onto
¢. onto but NOT one-to-one
d neither one-to-one nor onto

(T-JEE, 2002)
20. If £: [0, 00) — [0, ), and £ (x) = l—f; then fis

a. one-one and onto
¢. onto but not one-one

h one-one but not onto

d neither one-one nor onto
) (OT-JEE, 2003)

. The domain of definition of the function .

S@)=[sin™ (2x) +%

for real-valued x is ‘

a. [_l,l h .._._l_.’l

4’2 2°2

c, (_1,1) 4 _1,1]
2°9 4" 4

(T-JEE, 2003)
2
+x+2
22. The range of the function f'(x) = x_z_x_, xeRis
.o xX T+ x+1-
a (1,0) h(1,117) ay
c. (1,73] d (1,7/5) (UT-JEE,2003)

»X # — 1. Then for what value of & is

23. If f(x)=sinx+cosx, g(x)=x*—1, then g(f(x)) is mvertlble
in the domain

03]
< [53]

\>24. If the functions f(x) and g(x) are deﬁned on R — R such

d [0,7] (UT-JEE,2004)

that f(x) = -0, x € rational . 3,
at /&) = X, x € irrational . e
0, x € irrational )
and g(x) = { S O en (f-g) (0) is

X, x € rational

a. one-one and onto
¢. one-one but not onto

h. neither one-one nor onte
d onto but not one-one
(IIT-JEE, 2005)
DZS X and Yaretwosetsandf XY IE{f(c)=y;ccX,
yc Y} and f{(d)=x;dc ¥,x X}, then the true statement
is

a f(f(b))=b b f(f(@)=a
¢ f(f®)=bbcy d f'(f(@))=a,acx
(IIT-JEE, 2005)

Multiple choice questions with one or more-than one correct
answer

2
1. Ify=f(x)=-§i_-l—then

a x=f0)
b f(1)=3
¢. yincreases withx forx <1
d fis arational function of x (IT-JEE, 1984)
uZ. Let g(x) be a function defined on [- 1, 1]. If the area of the
equilateral triangle with two of its vertices at (0, 0) and

(x, g(x)) is \/3/4 then the function glx)is

a g(x)=141-x b g(x)= 41— x*
c. é(x)=—\/1—x2 d g(0)=41+x*

(IIT-JEE, 1989)
3. If f(x) = cos[n?] x + cos [~ ] x, where [x] stands for the
greatest integer function, then

a. f(%) =1 b f(m)=1

()

(IT-JEE, 1991)

¢ f(—m)=0

4. If f(x)=3x-5, thexi )

a. is given by 3% s
+5
b is given by xT

c. does not exist because f is not one-one

d does not exist because f is not onto . :
(IT-JEE, 1998)



\Q5- fe(/@)=lsinx|and f(g())=(sin Jx)?, then
a. f(x)=sintx, g(x)=/x
b. f(x)=sinx, g(x)=|x|
¢ f(x)=x% g(x)=sin Jx

d f and g cannot be determined

Match the following type

This question contains statements given in two columns which
have to be matched. Statements 2, b, ¢, d in Column I have to be
matched with statements p, q, r, s in Column II. The answers to
these questions have to be appropriately bubbled as illustrated in
the following example If the correct match is a—p, a-s,
b—q, b-1, c~q and d-s, then the correctly bubbled 4x4 matnx
should be as follows:

p -
I
L

Subjective Type

1. x+y|
Ify20,wehavex+y=2y=y=x
= y=x,x20

Ify<o0 x—y=2y=>y=§

= .y=—; - x<0

(Multiplying by ¢’)

= &= \,/x +1
= e=x+x’+1 (as Vx* +1 >x, then

x — x* +1 <0, which is not possible)

= Y= In(x+Vx% +1)
D=R
c. 107+10"=10
= 10°=10-1¢~
" = y=log,(10-10v)
Fordomain 10-10">0= 10":<10=>x<}
= D=(-eo,1)

b4
d xX*-sinty==
Y 2

= sinlv=x2—a/?

(IT-JEE,1998)

ANSWERS AND SOLUTIONS

Functions 1.57

P 4 r s

a p q r s
b »p q r s
¢c p q T S
d »p q r s
1. Let /() -6x+5
x—_——

© P_5x+6

Match of expressions/statements in Column I with
expressions/statements in Column II

Column]I ’ Column II
a If-1<x<1,then f(x) satisfies pO<f(x)<l1
b If 1 <x <2, then f(x) satisfies g f(x)<0
¢. If 3<x<5,then f(x) satisfies r. f(x)>0
d Ifx>S5, then f(x) satisfies s. f(x)<1
(OIT-JEE, 2007)

= y=sin(x*-w2)
Df =R
2. g(x)= Jx —2k,V 2k<x<2(k+1), where k €, integer

Jx+2,-2<x<0
\/x_, 0<x<2

x-2,2<x<4

x—4,4<x<6

= g0)=

°

= gis per}odic with period =2

y
y=x
y={Jx-2
y=x+2 y=Jx—4
X - L S l X
-2 [0} 2 4
Yy

Fig. 1.92
3. Given f()=x*-2x=(x-1)*-1
= g@)=ff@)-D+ f(5-fx)

: =f [c—1)* =2} + f[6—(x~1)"]
=[(c-1)* -2~ 1P -1+ [6—(x-1)*- 1]*-1
=x-1D*-6(x-1)2+9-1+ (x-1)*

10y =12 4+925 1
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=2(x—1)* =16 (x~1)*+32
=2[(x—1)*-8(x-1)*+16]
- =2[(x-1)*-4120VxeR

4. Let two linear functions be fix) = ax + b and gx)=cx+d

6.

They map [-1, 1] — [0, 2] and mapping is onto

= f(-1)=0andf(1)=2andg(-1)=2andg(1)=0

= —ag+b=0anda+b=2 4y
and—c+d=2andc+d=0 (V)

= ag=b=landc=-1,d=1

= f(x)=x+landg(x)=-x+1

_ x+1 1
By = x+1 ah ‘1—x+ 1
= =L M =
1-x
= hh(l/x))=x
= |h(h(x))+ A(h(1/x))|=|x+ 1/x]|>2.
2
- x“—4x+3, x<3
x)= 4" '
/&) { x—4, x23
x2—4x+3, x<3 .
= f)=1 x-4, 3<x<4 1)
x—4, x=24
0 x-3, x<4
x =
& X +2x+2, x24
x—3, x<3
= gx)= {x-3 3<x<4 2)

¥ +2x+2, x4

From (1) and (2), we have

-rx2—4x+3
. _ x<3
x-3
—f(x)=* x4 3<x<4
g(x) x-3
-4
S
x“+2x+2

Clearly, f(x)/ g(x) is not defined at x =3, hence the domain
is R- {3}.
Given f{x) =log,logslog,logs(sinx +a2)_
f(x) is defined only if logslog,logs(sinx +a°) >0,V x € R
) log,logs(sinx +a®)>1,VxeR
logy(sinx +a*)>4,Vxe R
(sinx +a®)>5% Vxe R
a*> 625 —sinx, Vxe R

a” must be greater than maximum value of 625 — sinx

which is 626 (when sinx =-1)
a* > 626

Le el

U

~ e (- E26)0(EE8, )

7. By remainder theorem, P (a)=a, P(b)=b and P(c)=c.

Let the required remainder be R(x), then P(x) = (x — @)
(x—b) (x—c) Q (x)+ R (x) , where R(x) is a polynomial of
degree at most 2. : :
We get R(a)=a, R(b)=b and R(c)=c.

So, the equation R(x) — x = 0 has three roots a, bandc.
But its degree is at most 2, So, R(x) — x must be zero
polynomial (or identity). Hence, R(x) = x. '

3,00 0| (3.0

Fig. 1.93
The equation x* + y*=25 represents a circle with centre (0,
0) and radius 5 and the equation - y= 4 x?Tepresents.a

parabola with vertex (0, 0). Hence, R A R’ is the set of

 points indicated in the figure = {(x,y): —3 <x<3,0<y<5}.

Thus, the domain R N R’ = [-3, 3] and the range R N r
= [0, 5]. ‘

1
. Puty= —
x

= 20 s(H) = (L0 O
Now putx=1

= 2+ (1) =3/()

= f(l)=1lor2 _
But f(1) # 1, otherwise from the given relation 2 + f(x)
f=fE+f(D)+f)orf(x)=1, which is not possible as
giventhatf(2)=S5. '

Hence, f(1)=2.

= From (1), we have f(x) f(i) =f(x) + f(i)

= fE=tx"+1
= fQ)=£2"+1=5
= M=4=>n=2
= fE)=x"+1
=

FE@)=15)=26_

f@=f+(-5) -
= (x-
=f(2b—x)

=f(a+(@2b—-x—a))
" =f(a—-(2b-x—a))
=f(2a—2b+x)
Hence, f(x) is periodic with period 2a— 2b.




11. Givenf(xf(y))=x"y?

12.

1/p .
flxs
R q(/yP))} O
g Y
L ()= 1 =x= —— . then from (1)
()
. yalp
foy= 22—
{f('l)}”p
1
D= ———
0= Gy
=S f)=1
= fO)=y" | @
. Now, f(x y7P)=x" 7. Put y?P =z, we get
- Sflz)= (uzy’
=  fe)=xf ‘ €)
From (2) and (3) #” =xP=p*=q
fe=D+fx+1) =31 M
Puiting x + 2 for x in relation (1) we getf(-;c+ D+fx+3)=
V3/(:+2) | 0
From (1) and (2), we get ,
FE=D+2 e+ D+f(x+3)= V3 (S +/(x+2)
=3 (3 f(x+1))
=3fx+1)
= fo-D)+fG+3)=fx+1) €)
Putting x + 2 for x in relation (3), we get
Se+D)+fx+5)=fx+3) @
Adding (3) and (4) in f(x—1)=—f(x+5)
Now, putx+1forx, f(x)=-f(x+6) - ‘ o)

13, fla+x)=b+[1+5 =3B f(x)+3b {f ()}

14.

Putx + 6 in place of x in (5), we get f(x+ 6) =—f(x +12)

-, from (5) again, f(x)=—[—f(x+12)]=f(x+12) '

- the period of f(x)is 12. :

—{fey”?
=b+[1+{b-f(x)}*1"

= fla+x)-b=[1-{f(x)-b}’]""

= ¢a+x)=[1-{x"" 6))

where ¢ (x) =f(x)— b

= ¢Qa+n)=[1-{pGx+a)}])’= ¢(x) from (1)

= fx+2a)-b=f(x)-b

= f(x+2a)=f(x)
. f(x)is periodic with period 2a.
f0y)=fQ2x+2y,2y-2x)
(Replacing x by 2x + 2y and yby2y-—2x)
= f(2(2x+2y) +2(2y—2x),
. 2(2y—2x)— 2(2x+ 2y))
F0e, )= f(8x,~8y)=1(8(-8x),—8(8y))
= f(-64x,-64y)
= f(-64 (~64x), -64y(—64y)) = /(2 x, 2% y)
f6,0)=12"x,0) ,

15.

16,

17.
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f@,0=f22.2,00=£(2"",0)
= g)=gi+12)

Hence, g(x) is periodic and its period is 12.

2 Lo
=22 —[(b+cy+1]x+bcy+a=0
y= —b)Yx—0) = yx = [(b+c)y+1]x+becy

Nowxisreal,=> D=0 :
= [(b+c)y—1—4y(bcy-a)20,VyeR,

(as given that f(x) is an onto function)
(b-y-2b+c—2a)y+120,VyeR

(=

4(b+c—2a)~4(b—c)*<0

(b+c—-2a-b+c)b+c-2a+b-c)<0

(c—a)b-a)<0

c<aandb2aorb>candc=aandb<a

c<a<b(asbh>c)

ae (b,0).

Letf(x)=a0+a1x+a2x}+

Now, f(a)=ay+aat a,a + -
f®)=ay+tap+a’+ - +ab'=c
fO)=aytactac+--+act=a

= f@)~f(B)=(a-b)fi(a, b)=b—c, _

where f|(a, b) is an integer

Similarly, (b—c)fi(b,c)=c—a

and (c —a)fi(c,a)=a—b

Multiplying all these, we get f;(a, b) f1(b, ©) fi(c, a) =1

= fila,b)=£(b,0)=fi(c,a)=1

= a-b=b-c,c-a=a-bandc-a=a-b

Loy sey 9l

+ax', a,€ 1(i=0,1,2,...,n)
+aa"=b

= a=b=cwhich is a contradiction.

Hence, no such polynomial exists.

(x?,  -—2<x<-1
1-x, —l<x<-1/4
Clearly, from graph g(x) = W%+x, —+<x<0
1
ala ;/-1‘:3/ { /2 3
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18. Givenf(x—fO)=fFON+ () +/(x)-1 ey
Putting x =£(y) =0, then f(0) = f(0) + 0 +£(0)— 1
JO=1 @

Again putting x=f(»)=Ain (1)
Then f(0)=f(A)+A2+f(A)~1

= 1=2f(A)+A*-1 {from (2)}
L 2= A
M= 5 —1—7

Hence, f(x)=1 - % is the unique function.

19. Smcef(x) (2 cosx—-1)(2cos2x—1) (2 cos 2%x—1) ..
(2cos2"x-1)

(2cosx+1)(2cos x —1)(2cos2x ~1) X

- fl)= (2c0os2’x-1)..(2c0s2"x 1)
: (2cosx+1)

(4cos? x—~1)(2cos 2x —1)(2cos 22 x —1)

_ -(2c0s 2" x—1)
(2cosx+1)

(2c0s2x +1)(2cos2x —1)(2cos 2% x - 1)
_ (2c0s2" x=1)
(2cosx+1)

_ (4cos? 2x ~1)(2c0s2>x ~1)..(2¢0s2" " x~1) '

(2cosx+1)

_ (2c0s2”x +1)(2c0s 2’ x~1).. (2cos2"1 ~1)
(2cosx+1)

Proceeding in similarly way

(2c0s2" ' x+1)(2c0s 2" x—1)
(2cosx+1)

S =

_ (4cos?2"'x—1) (2cos2”x+1)
(2cosx+1) “(2cosx+1)

n+l :
2cos(22" ff)ﬂ
2nk x
1

+1
2005( 2k )+1
2" +1

Objective Typ

X

20. -f(x)= _a—xj-—\/a_

~ a* _ a _ \[;
= fa-0= d*+da  d+Jaa* a+d”
= f+f1-x)=1

“2[l+1+l+ -+ (n-1) times] + 1
=2n-1

1.b. f:N>N,f(n)=2n+3.
Here, the range of the function is {5, 6 7,.
3,4}
which is a subset of N (co-domain).
Hence, function is into.
Also, it is clear that f(n) is one-one or injective.
Hence, f(n) is injective only.

2.b. - f(®)= sin (log(x +V1+ %2 ))
= f(~x)=sin[log(—x+ J1+x? )]

) (VW1+x* +x)
—x)= sinl 1+x° —
= f(-x)=sinlog| (¥ x? )(\/H—x—'_x)J

. }YorN-{1,2,

1
(=x)=sin log| ————
= f(=)=sin ogL(x+ 1+x2)}




4

6.b.

= f(-x)=sin [— log(x ++1 +$c2‘ )]

= fl=x)=- sin[log(x+\/1 +x2 )]

= fE0)=-0)
= f(x)is an odd function.

x* +14x+9 _
x2 +2x+3

= X+14x+9=x?y+2y+3y
= Ay-D+2(y-7+(CBy-9)=0

Since x is real,

4y-T7>-43y-9) (y-1>0

407 +49-14y)—4(3)* +9-12)>0
5 -H<0;

y lies between —5 and 4.

i

. y=f(x)=coszx+sin4x

y=fx)= cos? x +sin® x(1 —cos2x)

y= cos? x + sin? x — sin® x cos? x

y=1- sin® x cos® x

!

= y= 1'~%sin22x

%sf(x)sl (- 0<sin®2x<1)

= f(x)e[3/4,1]

5.¢. f(x) is to be defined when x* ~ 1 >0 and 3 + x > 0 and

3+x#1 .

= x*>landx>-3andx#-2

= x<-lorx>landx>-3andx#-2
Df—__(_3,—'2)u(_29_1)u(19°°)

1/2
5x—x*
7 j] | O

From (1), clearly f(x) is defined for those values of x for

We have f(x) = [loglo

5x—x21

=0

which log, [

2
Sx—x 2100
4 :
2
= (Sx—x JZI
4

= x*-5x+4<0
= (x-1)(x-4)<0
Hence, the domain of the function is (1, 4].

7.b. f(x)=
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sin” (3 —x)
log (| x|—2)

Let g(x)=sin"' (3-X)

= —-1<3-x<1

The domain of g(x) is [2, 4]
and let A(x) = log(|x]-2)
= [x|-2>0o0r|x|>2

= x<-2o0rx>2

= (_ 0, — 2) v (29°°)

We know that

(fle)x)= % Vxe D,nD,-{xe R:g(X) =.O}

-. the domain of f(x) = (2,41 {3} =(2,3) U (3, 41.

8.c f(x)= lbgllog x|, f(x) is defined if log x}>0andx>0,ie,

9.d.

10. b.

1l.a.

12.d.

13. b.

14. b.

- 15.¢.

“F(n+1)=

ifx>0andx#1 (-~ Jlogx|>0ifx#1)

= xe(0,1)u(, ).

Herex+3>0andx*+3x+2#0
x>—3and(x+1)(x+2)¢0,i.e.,x¢—1,—2

The domain = (-3, ) — {~1,-2}.
y=fx= \Esinx—cosx+2=2 sin (x —%) +2
N . W
Since f(x) is one-one and onto, f is invertible.

. Yy y-2

F 1 - ==
rom()sm(x 6) 5
_ly—2+£
2 6

-1 ' .1 x—-2 T

= = sin _— =

fTx)=s ( 5 ) 5

= x = sin

E(Z—)il S F(n+1)-F(n) =

Putn=1,2,3, ..., 100 and add, we get ’

F(101)—F(1)=100 x %

= F(101)=52 [+ F(1)=2]

Given function is defined if '°C,_; >3 '°C;
1 3
> p—
I1-x x-
= x29butx<10 =x=9,10. _
For the domain sin (In x) > cos (In x) and x >0

= = 4x >33

2ni+ -;E <Inx<2nrm+ 5Tﬂ,ne Nu {0}

f@=2/0)~ f1)=2%x2-3=1

f3)=6-1=5

Putx=2 = f(4)=2fQ2)— f(3)=2x1-5=-3

Putx=3 = f(5)=2f03)= f(#=20)-(3)=13
X+l 1 o

Here, 5—— = 1—
*+2 X2 +2

Putx=0 =
Putx=1 =
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'16.b.

Now,2<x?>+2 <o forallxe R

= -2 >0
2 x*+2
1 -1

= --<— <0
2 x*+2
1 1

= —-<l-— <1
2 x“+ 2
i

The function sec™' x is defined forall x e R—(-1, 1)

1
,/x—[x]

and the function - is defined for all x € R-Z

So the given function is defined forallx e R~ {(-1,1)

uin|ne Z}}.
. cos™ (m) exists if —1 < 27| x| <1
4 . 4
= -6<-[x<2
= -2<[|x<6
= <6
= -6<x<6
The function [log (3 —x)]"! = 1
log(3—x)

defined if 3—-x>0andx#2,i.e,ifx#2and x <3.
Thus, the domain of the given function is
fx|-6<x<6} N {x|x#2,x<3}=[-6,2)U(2,3).

18.b. f(x)is defined forlog _1 20
| sinx|

- 21 and |sin x| 0.
. |sinx|

= |sinx|#0 A
| sin x

| 21 for all x]

= x#nm,ne
Hence, the domain of f(x) =R — {n7r ne Z}.

i9. a. f(x) 1s defined if —log,,, (l +%J—1 >0
x

20. c.

' 1
= Iog1,2(1+ )< ~1

= 1+ ! >[l)—l
: xl/4 2 -

1

= —>1

1/4

= 0<x<l1
For the function to get defined 0 < x? + x +1<1,

but x> +x+1>%:>—~<\,/x +x+1 <1

21.¢c.

22.¢c.

24.b. f(x)=

= §Ssin'l(\/x2 +x+1)S§.

y y=x
y=x
y=-1/64
ol v 1 X
1/81/4
Fig. 1.95

i; 0<x<t
64 8
Clearly, from the graph f(x)= { x>, —<x<1
x3, x>1

' . .
The period of cos(sin nx) is z and the period of tan (;)
n

isTn.

. Thus, 67=LCM (— ﬂ:n)

n
By checking for the different values of n, n = 6.

23. b. Draw the graph of y = logg 5 [x| and y =2|x|

y= 2|x| .V=2|X| .

-1 1
x

AV
' y = logos(x)

Fig. 1.96
Clearly, from the graph, there are two solutions.

y = logp.5(—x)

X
sin® =+
2

x
cos® =

5
The period of sin® x is 27

2
=> The period of sin® X is i =4r
2 12

— The period of |sin® 2| is 27

The period of cos’ x is 27

2r
= .The period of cossg is (1 = 1071:
5

isSm

= ‘The period of |cos’ %



25. a.

26.c.

27.a.

28. a.

29. a.

30. d.

31.d.

.32.b.

Now the period of /(x) =LCMof {27, 107} =107

Given f(x)=Vx" ,ne Nisaneven function where m € 1.
= f)=/)

= =y

= x"=(x)"

= m is an even integer

= m=2kkel

From the given data g(x) must be linear function
Hence, g(x)=ax+b
Alsog(2)=2a+b=3andgd)=4a+b="7
Solving, we geta=2and b=-1

Hence, g(x)=2x-1 _

Then, g(6)=11. .

The period of sin 77 x and cos 2mx is 2 and 1, respectively
The period of 2 g ]

The period of 32 s 2

Hence, the period of f(x) is LCM of 1 and 2 =2.
k-2|+a=14 :

= x-2|=t4-a _

for 4 real roots, 4 —a>0and -4—-a>

= ae€ (—o,—4)

‘We have f(x +y) + f(x—y)

(@7 +a™ 7+ a7+ a7

1l

[aX@ +a”)+a* (& +a)]

= = N

@+ @) @+ ) =Y WS0)

logy (% —6x+11)< 1

= 0<x’-6x+11<3

= xe[2,4]

L2022k

This is true for all positive values of x and all negative
integer x.

5
¥

[ e

N m——-

-1 |0 1
Fig. 1.97

Clearly, from the graph, the range is [1, f=D1=(1,5]

Ifx<l,fx)=—(x-1)-(x-2)=-2x+3.

In this interval, f(x) is decreasing.
f1<x<2,f(x)=x—1 -x-2)=1

33.a.

34.b.

35.b.

36. d.

37. c.

38.c.

39.b.

40.b.

& (x)=0forxe (—oo,—1]

- But co-domain is (0, €°].
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In this interval, f(x) is constant.

If2<x<3,f()=x—1+x-2=2x-3

In this interval, f(x) is increasing.

. max f(x) = the greatest among f(-1) and £(3)=5, min f(x)
=f()=1 '

So, the range =1, 5].

By checking for different function, we find that for

Yt R T
f(X)—Hx,f () =/

PFG)+ F(1-x)=2x-x" (1)
Replacing x by 1 —x, we get

= (1-x*F(l-x)+F@x=2(1-x-01 ' @
Eliminating F (1 —x) from (1) and (2), we get F/(x) =1 X~

f(—x)= (—x)2 sinz(;—x)—, |-x|<1
Dl-xl,  |-xB1
_ —xzsin-ﬂzi, |x|<1
-xlxl,  [x}1
=~ f(x).
f(x)= ex3—3x+2

Let g(x) = ©-3x+2;¢ %)
=32-3=3@x*-1)

-, f(x) is increasing function ~ f(x) is one-one

Now, the range of f(x) = (0, e

- f(x) is an into function.

f®)= L= iz and h(x) = x"
x x
flga)= x";x20
h(g(x))= -x1—4=(g(x))2,,x¢0
2000 2000
x4} 0 03 _ o000 =
,2:; 2000 22000 2% 2000 -
fe)=x"+1
= f(3)=3"+1=28
= 3'=2
n=3

= f(B=4+1=65.

v ft)—f(x)=8x+3

= (bx+1P+e(x+ 1) +d}—{bx*+ex+dp=8x+3
= b{(x+1)2—x2}+c=8x+3

= bQRx+1)+c=8x+3.

On comparing co-efficient of x and constant term, we get
2b=8andb+c=3 o
then b=4and c=-1.
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41.d.

42, c.

43. c.

44, a.

45.¢c.

46. c.

T 47.a.

48. c.

If fis injective and g is surjective
= fogis injective
= fofisinjective.

-1, i P g
fx)= * ¥ 1‘s even , which is clearly are one-one and
x+1, xisodd . :
onto.
%(gof)(x) =2x*—5x+2 or -;- glf(x)] =2x*-5x+2

& WY+ ()} —2]1=2[26% - 5x+2]
= f)+f()-(4x*-10x+6)=0
_ —1£y/1+4(4x? ~10x+6)

2

S f(x)

141622 —40x+25  —1+(4x— )
= (163" ~40x425 _—14(4x=5) ) 3o 2642

Since f(x) an(% 'a 1(x) a_r,eqsymmetx%c about the line y =—x.
If (o, B) lies ony =f(x) then (B, ~@) on y=1"" (x)
= (—a,-P)liesony=f(x)
= y=f(x)isodd.
Letx, y € Nsuch that f(x) =f(y)
Thenf(x)=/(»)
= x2+x+1=y2+y+1
= (@x-p)E+y+1)=0
= x=yorx=(-y-1)gN
fis one-one.

Also, f(x) does not take all positi\}e integral values. Hence

f is into.

fo= xfisin(x+%)+2\/§

o, f(x)= \/Ecos(x.—g)+2\/§ |

= ¥=[2,3/2]andx= [%ﬂ z} or [z Sn]

4 4’4
FD+fE7=-10
= f(NH=-17
= f(7)+ 17 cosx=-17 + 17 cos x which has the range
[-34, 0].
sin[x]r

Jfx)=

x2 +x+1

- Let [x] = n € integer

49.b.

= sin{x]z=0

= f(x)=0

= f(x) is constant function.

Two triangles may have equal areas

~. f is not one-one.

Since each positive real number can represent area of a
triangle.

- f is onto.

.50. c.

5l.c.

52.d.
y=4(a-p).

53.b.

54.c.

2
= g(x)= (2 +tan (x) + [%{} |
_ 3 ¢ + x2 +1
‘ = g(-x)=-x"—-tanx P
= g)+g(x)=0
because g(x) is a odd function
- x* —tanx

YX kk>1); y-x=k(y+x)
y+x

= yl+b=x(1+k

= y=[i+ll§)x,where 1+k<—1

2
+1
g)=x+tanx+ |:x 7 }

) :
. {— x> —tanx +|: o +1D+ [x2 +1] =0
P +
P
2 2
p p

Nowxe [-2,2]

= 0s%<1=>P>5

Let 2x +§ =a and 2x—§= B, then x =

. y Yi_
Given, f(2x+ 8,2x 8) xy
= f(a,ﬂ)=.a2—ﬂ2 ~\
= f(m,n)+f(n,m)=m2.—n24\n2—m2=0for,all-m,n
Givenf(x+y)=f(x)+f(3»)—-xy—-1Vx,ye R
=1 i
S@=/A+)=fD)+f(1)-1-1=0
fR=f2+D)=fQ)+f(H-2.1-1=-2
S+ D)=fm)+f()-n-1=f(n)—n<f(n)
Thus, f(1)>f(2)>f(3)>...and f(1)=1.

. f()=landf(n)<1,forn>1
Hence, f(n) = n, n € N has only one solution n=1.
0, x20

e -
f)= I e —e*

> x<0
e +e

Clearly, f(x) 1s identically zero if x = 0 )
et —e R ezle_ﬂz_

e t+e* 1-y

x<0= e <1=0<e”<1

1+y
I-y

Ifx<0,let y= f(x)=

0< <1




= (y+)(»

-1)<0 and 2 o
1-y

= —1<y<1andy<00ry>1
= -1<y<0 2
Combining (1) and (2), we get— 1<y<0=>Range (-1,0].

55.¢. f(2x+3)+fQx+7)=2 )

56.c.

57.d. f(x)

58.a.

59.d.

Replacexbyx+2,f(2x+7)+f(2x+11)=2 . )
from (1)—(2) we get f2x+3)—f(2x+11)=0

= fx+3)=f2x+11) ’ :

= f@Qx+3)=fQx+4)+3)

= Period of f(x)is 8

Since co-domain = [O,g) |

.~. for f'to be onto, the range = [O, g)

This is possible only whenx*+x+a>0 VxeR
~1?-4a<0>a2 i-

1 1
\/{sm x}+ {sin(z + x)} \/@1 x}+{—sinx}

0, sin x is an integer

Now {sinx} + {—sinx} = o .
1,- sinx is not an integer

For f(x) to get defined {sm x}+ {-sinx} #0
= sinx # integer :
= sinx#+l,0

ni
= x# T,nel

Hence, the domain is R — {% /nel } .

__cos(-x) cosx

f(_x)_[ Zx] 1 [2x] 1

e R B e

/3 2 i3 2 _
(as x is not an integral multiple of 7)
: cosx
= flx)= g 7= ()
=]+

= f(x) is an odd function.

f(x) = ax® — Px — (tan x) sgn x

fE=)=1()
=>—ax3+[ix—tanxsgnx=ax3-f[3x—(tanx) (sgn x)
=2(-o’ - Px=0V xe R

= qa=0and f=0

- [al-5[a]+4=0and 6{a}*>~5{a} +1=0

= (G{x}-DR2{x}-1)=0

1

+l,1+—,4+l,4+l
3 2 3

2

soa=1

60.d.

61.b.

62.c.

63.d.

64.a.

Functions 1.65

Sum of values of 2 = -35—

2
Since f (x) is an odd function, [x—:l =0 forallx e
' a

[~ 10, 10]

2
= 0<Z <1forallxe [-10,10]= a>100.
a

3f(x)+2f(xx+_519] =10x+30
Forx=7, 3f(T)+2(11)=70+30=100.
Forx=11,3/(11)+2/(7)=140.

f(7) 'f(11) -1 o
0 - 220 9-a /D=4

S()=[6x+7]+cos mx—6x
=[6x]+7+cos mx—6x
=7+ cos wx— {6x}
{6x} has the period 1/6 and cos 7 x has the period 2,
then the period of f(x)=LCM of 2 and 1/6 which is 2.

Hence, the period is 2.

a -1
J®= x"(@* +1)

f(x) is symmetrical about y-axis
= fO=fen
a-1
x*(a* +1)
a -1
x"(a® +)) - -x)"(1+a")

a’*-1
(—=x)"(@* +1)

1-a*

X" = —(—x)"

= the value of n which satisfy this relation is —% .
1) -
fo(x) 2]( ) =g(x) and2f( ) 4x2f(x) =2x2g (.;)
(Replacing x by — )
x

o —320)=gl)+ 24 (—3

| (Eliminating f (i—))

65.a.

8(x) +2x%g (1]

3x?

= f0)=-

-+ g(x) and x” are odd and even functions, respectively.

So, f(x) is an odd function. But f(x) is given even

= f(x)=0Vx.Hence, f(5)=0. .
_Givenf(x+y)=f(x)f(»)- Putx=y=0,thenf(0)=1.

Puty=—x, then f(0) = f(x) /(=) = f(—x) = —=
| f(®)

S(x)

Now, =
Y T T
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1
= g-x)= /2) 5 = f(xl)
1)) 1+ >
| {r ()}
/()
- =s(x)

l+{ f (x)}2

66.d. The equation is P+ 2ax+ %—6— =—a+,|d +x—1—16- )

= )=

which has the solution if @+ 2ax+ 1—16_ =X

2 1
- X+2a-Dx+—=0
. . (_ ) 16

For real and distinct roots (2a — 1Y2-4 Tlg 20 -

= 2a—lsr—lor2a—121=>a_<.—l—ora_>_§.
2 2 4 4

67.d. f(x)-1+f(1 -x)-1=0; sog(x)+g(1-x)=0

68.a.

69. a.

70.d.

Ti.c.

Replacingxbyx+ lE,we getg(—l2—+x) ,-i—g(%—x) =0.

So, itis sMeﬁcaI about (%, 0).

When [x] = 0 we have sin™ (cos'IO) = sin”}(n/2), not
defined. ) : )
When [x] = —1 we have sin"(cos”.—l) = sin"}(m), not
defined. .
When [x] =1 we have sin’-l(cos”1 )= sin}(0)=0.
Hence, x € [1, 2) and the range of function is {0}.
Puttingx=1,/(2) +/(0) =2 )=7D=4 (1)
Putting x=2,/(3)+f()=2(2)
= f(3)=2><2f(1)-f(1)=3f(1),and soon.
fm)y=nf(l),forn= 1,2,...,n
for+ D)+ f(r-1)=2f(n)
= flr+1)+E-D)=2n(1)
= firt )=+ 1D
- {x}e[0,1)
sin {x} € (0,sin 1) as £(x)is defined if sin {x}#0

1 1 : 1 :
= Sin{x} e(;ﬁﬁ’ ) = Lin{x}]e{l,zﬁ,...}

' 1
Notethat 1 < % =>sin1<sin = =0.866=> —— >1.155.
3 3 sin 1

‘We have [cos™ x]20 vxe [-1,1]

and [cot_1 x]20VxeR
Hence, [cot ' x]+ [cot ' x]=0
= [c:ot"1 x}= [cot’1 x}=0

If{cos ' x]=0=>x€ (cos 1,1]

72.d.

73.d

If [cot ' x] =0 =>x € (cot 1, )

= xe(cotl,1]

Th : 1

e period of f(x)is7=>The period of/(%) s 173 =21

The peri - . (x). 11
epen’odofg(x) isll= Ihepenodofg(-s-) is __1/5 =55

Hence,.Tl = period off(x)g(%) =7 % 55 =385 and

» T2=peri0dofg(x)f(§3—) =11x21=23L

- Period of F(x)=LCM {T}, T,}
~ =LCM {385,231}
=7x11%x3x5
=1155.

.2 .2 T T
. sin” x + sin x+—3— +COS X COS x+_—§

2 ' L

.2 sinx +3cosx cosx ~3sinx

= gin® x+| —— +——— | Tcosx -
2 2 2 2

T2 sin?x 3cos’x cos® x
= sin” x+ =
4 2

) 2
5512 x+5005 x=5/4.

Hence, f{x) = &% = constant, which is periodic whose
period cannot be determined.

T4.2. fex+fO)=/@+yfO)=1

Putting y =0, we get f(x +f(0) =f()* 0
= f(x+1)=f(x)VxeR o
Thus, f(x) is the period with 1 as one of its period.

= f=fO)=fG)=-=fD)=O)=1

S 75 f)= I x |- {x} is defined if | x| = {x}

= Xx€ (— oo_—-%]u[O,oo)ﬂ Ye [0,°).




76. a.

- Tl.c.

78d. f(x)= — +[sin J'c] + [sin %:l +..oF [sin —{]

79.b.

80.b.

81.b.

= x>-lorx<-3
So,x € (—o0,-3]U(2,9) @

" From (1) and (2),x € (—o0,—3] U (-2,-1) U (2,0).

n(n+1)
n

Thus, the range of Sy = {M, MH} as

} 2 2
x € [0, z].
[x]* = x + 2{x}
= [xPP=[]+3{x)
[x]* =[]
-3

o B0,

= {x}=

= Os[x]z—[x]<-3

= [x}e [ﬂ,o] v I:l, 1+J§)
2 2

= [x}=-1,0,1,2

2 2 )
3’ 0,0, 3 (respectively)

= {x}=

1 8

= x=——',0,1,—
3 3

‘We must have
2{x}2-3{x} +120= {x} 21 or {x} <1/2.

Thus, wehave 0< {x} <1/2=>x€ [n, n+§],n el

) o4l of

Thus, from domain poirit of view,

84b. flx)=[x] + [26] + [3x] -+ [rx] — G-+ 2+ 3x -

Functions 1.67
Sflx ' '
J) £6) 2oL =0,—1=>[x2+l]=1,0
y 2 : 2
1) el -1 . -1 -1,
= fo)= i)_ (putting x =1) = f(x)=sin" (1)+cos " (0)orsin (0)+cos™ (-1)
‘ _ = f)={n}
1 : .
= fB0)= %E)—) or f{1)=30x£(30)=30x20=600. 82.c. The period of cos(sin nx) is Z andthe period of tan(%)
L : _ n
1 ' ' i
Now, f(40)= _f(_) = @_ =15. 18 Tn.
40 40 P
Casel Thus, 6r=LCM | —, &n
n
0<[x|—1<1=1<x[<2,then ] P
_x2f4x+4SI_ = 67I=Ell=>n=ﬁ-,and67r=/'l,2 Tn=n=—,A;
= P+4x+3<0 o 6 X
= -3<x<-1 . el
Soxe (-2,-1 1
CaseII( ) 0 Fromn= L3 =n=6,3,2,1.
X|—-1>1=x>2, thenx®+4x+421 Clearly, for n = 6, we get the period of f(x) to be 6.
= X320 83.a. Wemusthaveax3+(a+b)x2+(b+‘c)x+c>0

= af(x+1)+bx(x+1)+cx+1)>0
= (x+1)(ax2+bx+c)>0

2
= alx+ 1)(x+2£) >0 as b* = 4ac
a

= x>'—1'and¢——b—
- 2a

——({x} + (22} + B3} oo+ )

' 1 1)}.
The period of f(x) = LCM (l, -, l, e —) =1.
7 2°3 n

85.c. f (x + -:12) +f (x - %) =f(x) |

o S+ ) =f (x ¥ %)

= f(x+1)+f(x—%) =0

= f(x ¥ %) — 1)

= S+ (x + %) =/
f(x) is periodic with period 3.

86.c. f()+3x f(i)=2(3c+ 1) )

! ,
Replacing x by — , we get
x

f(-]l;) +3£ f(}c) =2 G +1)

= xf(i)+ ) =2(x+1) . | @)
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87.a.

88.d.

89.c.

90.a.

91.d.

SU)=

From (1) and (2), we have f(x) = XTH
= f(99)=50
x+5

3
Lety=—— =1+—— =
ty=ir2 T i 7!

= x+2=——

3
-1

Als 1 3

o,y—l1=——

24 x+2 y

= x=-2+ 3 .
y—1

= y =2 only as x and y are natural numbers.

{( F(x)?, for f(x)20

f(x), for f(x)<0

(x2)2, x? 20,x20

x2, x20,x<0- _{x4,x20

%%, x2<0,x20 x, x<0

x, x<0,x<0

From the given data

A=/ _ M

and f(2-x)=f(2+x) , (#))

In (2) replacing x by 1 + x, we have
S(1-x)=f(3+x)

= f(1+x)=f(3+x)

= fo)=1(2+x)

[from (1)]

Letf(x)=x+2p+1]+2px—1]

x<-1
=1<x<1

);>1

x=2(x+D)—-2(x-1),
=SfE)={x+2x+1)-2(x-1,
- x+2(x+D)+2(x-1),
-3x, x<-—1
x+4, -1<x<1 -
5x, x>1

orf(x)=

L

—

b & N

Graph of y = f{x) is as shown.
Clearly y = k can intersect
y = f{x) at exactly one point only if k=3

£+ N W

3241 128
Fig. 1.99

We must have -1 < [2x* ~3]< 1

= _—1s2x2—3<2=>1Sx2<%

- ()

92.c.

1+x%

(<1 and x#0

X

2
cos™! (1‘;)‘ ] is defined if

93.a.

= 1+x*-2x<0

= (-1)Y<0

= x=1,-1

Thus, the domain of £ (x) is {1, —1}. Hence, the range is
{1,1+x}.

)= {1 fx, f (x)-ls‘ranfmal
- f(x), f(x)is irrational

. _ X, © x is rational

= JUe" {1 —~(1-x)=x, xis irrational. °
94.c. y=|sinx|+|cos x| :

= y*=1+|sin2x]
= 1<)7<2
= ye [L2]
= f(x)=1VxeR

2 2 ‘
x“+e x“+1+e—1 e—l)

95d. f(x)=In =ln| =———— | =Inj 1+
/& (xz +1] [ x* +1 ] ( x +1

Now, 1 <x*+1<eo

= 0< 21 <1 = 0<S<e-1
x°+1 x“+1
- “e—1 ‘
o<1+ 2l o 0<1n(1+ 3 )Sl
S X2+l x"+1
Hence, the range is (0, 1].
1
96.d. f(x)=

97.b.

98.c.

Jax—| x> =10x+9|

For f(x) to be defined |x* — 10x+ 9] <4x

= x*—10x+9<4xandx’—10x+9>—4x
= x*-14x+9<0andx®—6x+9>0

= xe (7-440, 7+/40) andxe R~ {~3}

= xe (T-40,=3) U (-3, 7+-/40)
Giveny=2""1 :
= x(x—1)=logy

= x*~x—logy=0

_1£\/1+4log, y

2

Onlyx= —Y-T770827) "2

= X

lies'in the domain.

> /@)= [+ Hlog; 3]

xsinx=1 ®

. 1
= y=sinx= —
x
Root of equation (1) will be given by the point(s) of
. . . 1 .
intersection of the graphs y = sin x and y = — . Graphically,
x

it is clear that we get four roots.




99.c.

100.a.

101.c. -

, ,
o ly=1/x
) 2 \ . :
—’éEWZ‘— SZEEZEE; 3;z/§7gn X
AW 5 y=sin x
Y
" Fig. 1.100

See the graph of y =2 cos x and y = |sin x|. Their points of
intersection represent the solution of the given equation.

Fig. 1.101

We find that the graphs intersect at four points. Hence
the equation has four solutions.

af(x+l)+bf( ) (x+1)-1 . ' 6))
Replacing x + 1 by —-:_—1 we get
af( )+bf(x+1)———_1i_—l—1 - )
MDxa-Qxb=(@-b)fix+ 1)—a(x+ 1)
b .
—-a— ——+b
x+1-

~ Puttingx=1, (a®= b*) f(2)=2a—a~ %+b=a+%

_2a+b
T2
y « y=tanx
e y=mx
«—— Yy =X
(-2 x)

Fig. 1.102
In (—E’Q)’ the graph of y = tan x lies below the line y =x
“which is the tangent at x = 0 and in (O, %) it lies above

the liesy=x.-

102.c.

103.d.

Functions 1.69

Form> 1, the line y = mx lies below y =x in (— —725, O) and

above y =xin (0, %) . Thus graphs of y = tan x and

y=mx, m> 1, meet at three points including .
T _
x=0in (— > %J independent of m.

Given f(x)= [sinx + [cosx + [tanx+ [secx]il]
* =[sin+ p], where p=[cosx + [tanx+l[secx]]]
= [sinx] +p,(aspis an ihteger)
= [sinx] + [cosx + [tanx+ [secx]]]
= [sinx] + [cosx] + [tan)é] + [seéx] :

1 1 .Y}
Now, forx € (0, 7/4),sinxe | 0, —= |, cOSX € —,1),
( ) ( -\/2) (\/2

tanx € (0, 1), secx € (1, \/5)

= [sinx] =0, [cosx] =0, [tanx] = 0 and [secx] = 1

= Therange of f(x)is 1. _
fBx+2)+f(3x+29)=0 : (¢))
Replacing x by x + 9, we get

C fBO+N+2)+H(Bx+9)+29)=0

= f(3x+29)+f(3x+56)=0 o Q
From (1) and (2), we get

f@x+2)=f(3x+56)

= f@Bx+2)=f(3(x+18)+2)

= f(x)is periodic with period 54.

104.b. For odd function

J&)=+(=)

0<—x<m/2

—x=7/2

sin(—x) + cos(—x)
= — ' a,

tan? (—x) +cosec(—x), W/2<—x<T

—w/2<x<0

x=-7/2

.8inx —COS X,
= _.a,

tan? x + cosecx, -T<x<-7/2

105.c. (a)f(x)=sinx and g(x) =cosx,x € [0, /2]

. Here, both f(x) and g(x) are one-one functions,

but A(x) = f (x) + g(x) = sinx + cosx is many-one

as h(0) = h(m/2)=1.

(b) h(x) =1 (x) g(x) = sinx cos x = sin 2x is many-one, as
h(0)=h(n/2)=0.

(c) It is a fundamental property.
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106.c. f(x)isdefineatorxe (0, 1)
= f(e")+f(In]x]) is defined for,
0<e*<land0<Inxj<1

= ~o<x<0andl<|x/<e _
= x€(-»,0)andxe (—e,—1)U(l,e)
= xe(-e-1)

. . 0,. cosx <0
107.d. [cosx|+ cosx =
, 2cosx, cosx>0

For f(x) to defined cosx>0

=x€ ((4'1'_1)” R (4n ;Dn)n € Z (1stand 4th duadrant).

2
108.b. Let2x+3y=mand2x—Ty=n
: -n Tm+3n
= y= andx=
20

= f(m,n)=Tm+3n
: = f(x,y»)=Tx+3y
109.d. Image b, is assigned to any three of the six pre- unages in
' 6C, ways.
Rest two 1mages can be assigned to remaining three pre-
images in 2° — 2 ways (as function is onto)
Hence number of functions are °C; x (2° —2) =20 x 6 =120
110.d. y = f(x) and y = g(x) are mirror image of each other about
liney=a

Fig. 1.103

= forsomex=b,g(b)—a=a-f(b)

= flb)+g(h)=2a

= h(b)=f(b) + g(b) = 2a (constant)

Hence A(x) is constant function. Thus it is neither one-
one nor onto. '

1Le. Clearly f(x + 7) = £ (), g(x + 7) = g(x) and (;w%)

= {CDSE) D g} = ().
112.b. Inthe sum, f(1)+£(2)+f(3)+ ---+f(n), 1 occurs » times,

1
— occurs (n— 1) times, % occurs (n— 2) times and so on

f(1)+f(2)+f(3)4r +f(n)
ﬂ—n 1+(n-1). +(n 2). §+ -+ 1. 1

" ;

o\ - ) 1 1 1 2 3 n—1
n|l+ s s — =+ =+ +

\/ 3 n 2 3 4 n

LI
2
=nf(n)- [

( ‘)(l~i-) '--f+(l-%ﬂ

= nf ()~ [n=f ()]
=+ Df)-n,

113.a. h(x)=log (f(x). g(x))=log MUY = gy 4[] = sgnx

. e, x>0 »
S h()=eMsgnx=140, x=0
' —e™*, x<0
e*, x<0 .
= h(=x)=40, x=0 = h(x)+h(-x)=0forallx.
—e*, x>0
114.b.
y y
1 1
X —_ X
) 1 O
y=f) y = fax)
y t
. y .
=17 - x lo} 1 X
1
¥
©y=1fX) y = falx)
Fig. 1.104

115.d. [y+[y]]=2cos X .
= pl+Dl=2cosx (v [x+n]=[x]+nifnel)
= 2[y]=2cosx=[y]=cosx o

Also y= %[sin x+[sin x +[sin x]]]

= %(3[sin x])

=[sinx] _ @
From (1) and (2)
[[sin x]] =cos x
= [sinx}=cosx

y
2
. y=cosx
—> X
302 2p
_1 i —O

Fig. 1.105

The number of solutions is 0.



116.a. cos™' (cosx) = fx]

Fig. 1.106

The solutions are clearly 0, 1, 2,3 and 3 = 27— x or
x=2m-3.

117.c. G1ven )= \/ (1—cos x)\[ 1-cos x)\/(l cos x)

= f(x)= (1—cosx)2(l—cosx)4(1 cosx)s...oo

l+l+l+...w
= f(x)= (1-cosx)? 438

|NI._‘

) -
.=? f(x)=(l—cosx)l 2
.= f{(x)=1-cosx
= Therange of f(x) is [0, 2).
118b. —5<|kx+5|<7 ‘
= —-12<kx<2where-6<x<1

= —6S§ x<1where—-6<x<1

s k=2, [~ the range of A(x) = the domain of f (x)]
119.a. Letg(x)=(x+1)(x+2)(x+3)(x+4)
"~ The rough graph of g(x) is given as

—4—"3 —2\/ 1
Fig. 1.107

o gm)= D) 2)(x+3) (x+4)
=+ D) (x+4)x+2)(x+3)
=2+ 5x +4) (6 + 5x + 6)
—t(t+2) (t+1)2-1,
where t = x* + 5x :
Now g, = — 1, for which x* + 5x =— 1 has real roots in
(-6, 6]
Also g(6) =7 x 8 x 9 x 10 = 5040
Hence, the range of g(x) is [ 1, 5040] forx € [ -6, 6].
Then, the range of f (x) is [4, 5045].

120.d. f(x) = Vx'? —x° +x* —x+1

Wemusfhave'xlz-—x9+x4—_x+l >0 1)
Obviously (1) is satisfied by x € (— oo, 0]
Also, ¢ - D +x(x* - 1)+120V.xe [1, «)

Functions 1.71

Further, x'2—x° +x* —x+1 = (1 —x) +x* (1 -x%) +x'2is
also satisfied by x € (0, 1).
Hence, the domain is R.

121.a. f(x)= sec™! (log; tan x + log,, , 3).

log, tan x]
Now for log;tanx to get defined, tanx € (0, «)
.= log;tanx e (~oo,c0) orlogytanxe€ R

fx)= sec’! [log3 tanx +

Alsox+ l <-2orx+ -1— =2
X x -

= log;tanx+ <-2 or

log, tanx

log, tanx+—1——2 2
log; tanx -

' 1
= sec logstanx +—— | < sec”'(=2) or
o log, tan x '

sec”! |log, tanx+ — | 2sec! 2
_ log, tan x .

= f< 2—” or f() 2 13‘-

7c T 2n

_(a-x)!
7 (10-2x)!
We must have 7—x >0, x>3and 7~ x>x 3
= x<7,x23andx<5
= 3<x<5
= x=3,4,5

Now,f@)= % ~1L7)= 2 =3./9)= 3 =2.

Hence, R;= {1 2,3}.
123.b. We have f - =f&) () -fa-x)fla+y)

Putting x =a and y =a —x, we get
fla=@-a)=f@fG-a)-fOf@) . O

Putting x=0,y =0, we get :
FO=O)FO)-f(@f(@

= fO=(O) -(f@)

= 1=(’-(f@)’

= f(@=0

= fQa-x)=—f()

| Multiple Correct g
- Answers Type

122.a. We have f(x)="""P,

l.a,b,d.
f(0)=max{1+sn0, 1, 1 —cos0} =1
g@)=max{L0-1}=1
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2.b,c.

f(1)=max{1+sinl, 1,1-cosl}=1+sinl
g(f(0))=g(1)=max{1,[1-1}} =1
Sf(g0)=f(1)=1+sin1l

g(f(1)) = g(1 +sinl)=max{1, |1 +sinl -1} =1

(a) For f(x)=log x*, x*>0=xe R— {0}
Forg(x)=2logx,x>0
Hence ,f(x) and g(x) are not 1dent1ca1

(b)f(x)=log, e= ——=g(x)

log

e

~ Hence, the functions are identical.

3.a,b,

- 4,a,c,

(c) £ (x) = sin (cos ™! x) =sin (% —sin”! x) = cos (sin'1 x)
=g(x)

Hence, the functions are identical.

c.

@)+ ()= f["” )

Replaceyby—x=/() +/(-0)=f©0) )
Putx=y=0=£(0)+/(0)=f(0)=£(0)=0

= f)+f(x)=0 - (from (1))
Hence, f(x) is an odd function. - '

f@+ @)= f (1= #31-22) |
Replace y by —x=f(x)+f (—x) =f (0)- 9))

~ Putx=y=0=7(0)+/(0)=/(0)
= f(0=0=f)*+f(x)=0 (from(2))
Hence, f(x) is an odd function.
Fe+)=f@)+1G) | |
Replace y by —x = f(0) =/ (x) +f(-x) €)
- Putx=y=0=>£(0+0)=f(0) +/(0)=f(0)=0= () +/ (-

x)=0 (from (3))
Hence, f(x) is an odd func_tion.
Fa+)+fa-y)=2fx).f) ‘ 4y
Putx=0=f(y)+/(-»)=2f(0) /() @
Putx=y=0=f(0)+/(0)=2/(0)/(0)

= f(0)=1(asf(0)=0)

= f0=f0) (from (2))

~ 5.b,d.

Hence, the function is even. Then f(-2) =f(2) = a.
f (x o1 ) 2+ Lz
X x

T N2
= f(x+l)=x2+i2=(x+l) -2
X X X

> foey-2
Now y= x+—1— >20r<—2
x

Hence, the domain of the function is (—e0,~2]U[2, o)
Also for these values of y, > 2 4 = y* - 2> 2.
Hence, the range of the function is [2, o).

6.a,d.

Givenf(x)+f(»)= (x, =32 + 1= ) )

Replace y by x = 2f(x) = f(2x~ 12 ‘)
¥O)=)+2)
- S+ 7{oel )

= f(x\/r-4x2(1—x2) +2x\/17—x2 1—x2)
= f(‘x\/(sz _1y? +2x(17x2»))

= _f(x[2x2—1|+2x—2x3)

= f(2x —-x+2x— 2x3) or f(x—2x3+2x—2x3)
= f(x)orf(3x— 4x%)

= f(x)=00r3f(x)=f(3x—4x")

7.b,c.

Consider 3f(x) =f(3x— 4x%)
Replace x by —x, we get
3f(=x)=f(4x>—3x) S )
Also from (1), f(x) + f(-x)=f(0)
Putx=y=0in(1), wehavef(0)=0 = f(x) +f(~x)=0, thus
f(x) is an odd function.
Now from (2) -3/ (x) =/ (4x> = 3x),
= f@’-3x)+3f(x)=0

Given 2f (sinx) +f(cos x) =x : 0!

Replace x by % -X

= 2f(cosx)+f(sinx)= % -X @

. Eliminating f(cosx) from (1) and (2), we get

8.a,c.

= 3f(sinx)=3x— %

= f(sinx).=x— %
= f()=sinx- %
£(x) has the domain {1, 1]

. T X T [ 2 n]
Also,sin"'x€ { ——, — | = sin” L_Z e |-=, = .
272 6 3°3

FR)=f/1+1)=2f(1)=10
FBR)=fR+1)=f(2)+f(1)=10+5=15
Then, f(n)="5n

= 2 f(H= 52

Replace yby—x, =>f @=f (x) +f(=x)

Sm(m +1) .

' Also putx=y=0=£(0)=7(0)+f(0)=1(0)=0

= f(x)+f(~x) =0, hence, the function is odd.



9.a,b,c.
(f+g)(35)—f(35)+g(35) +05)+05= 0
fEBGN=10)=3
(B =)= *x(-1)=1
(f-2)@)=f(@)-g#)=0-26=-26
10.b,d. :
' ()= P—2ax+aa+1)
f@)=G-a)+a,xe [a,%)
Let y=(x—- a)? +aclear1yy>a
= (x-a)i=y-a
= x=a+ . y—a
fl@=a+Jx-a
Now  f0)=f"()
c= (x—a)2+a=a+\/x_——a
(x- a)2=\/;—_a-
= (x a)*=(x—a)
= x=aor(x—ay =1
= x=aora+]1

If a=5049, then a + 1 =5050
Ifa+1=5049, then a=5048.

11.a,b,c,d.
1, x is rational
fx)= e
0, x1is irrational
1, x+k is rational .
= fariy= {0 TR
: 0, x+k is irrational

where k is any rational number

- f ) 1, x is rational
x =23 :
0, x is irrational
= fEth=f® ,
= f(x)is periodic f\mctlon but 1ts fundamental period
cannot be determined

x—[x], 2n<x<2n+l
fx)= :
1/2, 2n+1£x<2n+2
Draw the graph from which it can be verified that period is 2.

~-
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=G+ n)= Bas e

Hence, the period is 7.

f(x)=x—[x+3]+tan(£2{) = {x} —3+tan(£2x-)

{x} is periodic with period 1, tan (—5{) x is periodic with

period 2.
Now, the LCM of 1 and 2 is 2. Herice, theperlodoff(x) is2..

12.b,c.

£ (x) must be a linear function, let fx)=ax+b
= flax+b)=6x—ax—b

= a(ax+b)+b=6x—ax—Db

= a*=6-aandab+b=-b

= a=2o0r-3=5b=0 ‘

= f(x)=2xor-3x=f(17)=340r-51

13. a, b’ c, d.
f(x,+])—f(x) -3 v
= f@f G+ D=3+ 1) =) =5
o 3 (E )5
BALNIET
Replacing x By (x—1), we get 1
_3 )5
Se=D= T ?
f(x) =5 -5
f(x +l) 5 f(x) -3
Usmg(l) f(x +2) f( +1) -3 f( ) =5 -3
F(x-3
_2f(x) -5 3
IO
3f(x)-5
37(e1)-5_ A1)
Using (2), f (x —2) = fx-1) -1 o M_l
f-1
_2H=5
N CET

Using (3) and (4), we have f(x +2)=f (x - -2)
= f(x+4)=f(x)=>f(x)is periodic with period 4.

14.a,d.

" f(x)=sec” [l+cos x]

f() is defined if [1 +cos’x}<—lor[l +cos?x]21
= [cos 2x] < -2 (not possible) or [cos 2x]=0

= cos’20=>xe R
Now0<cos’x<1=1<1+cos’x<2

= [1+c052x]=1,2
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= sec '[1+cos® x]=sec'1, sec™'2 ‘ 2 x>0
J -1 -1 ’ ”
Hence, the range is {sec™ 1, sec™ 2}. -, NS
15.a,b,c. fx)=x"sgn(x)=<—x", x <0
f(x)=tan(tan""x) =x for all x and g(x) = cot(cot Iy=xfor 0, x=0
allx

e ‘which i - into.
Hence, this pair is identical functions. which is many-one and in

: 19.a,b,¢c,d
f(x) =sgn(x) and g(x) = sgn(sgn(x)) have domain R 22
£ (x) has rangé {1, 0, 1} and g(x) = sgn(sgn(x)) has range Smce ZPRO=mn/2 and points P, Q, R lie on the circle with
{-1,0,1} - PQ as diameter.

. Also £ (x) = g(x) for any x, then this pair.is identical Also PQ=5

functions Now, the maximum area of the triangle is A, =
8(x) = cot’x — cos’x = cos’x(cosec’ — 1) = cosx cot’x =f(x) , 1 ) [ 3 ) =625 R2 '
. . 2 2 ’

f)= &% has the domain [1, o), whereas o -

g(x) =sec 'x has the domain (—eo, ~1] U [1,00). . For area = 5, we :

Hence, this pair is not identical functions. have four symme- - £ <
16.b, d. ' trical positions of

The period of 'f () = |sin2x] + |cos2x]| is m/4 ) point R(shown as 7

= [f(x)]is also periodic with period 7/4. R, Ry, Ry, Ry)

Also1<f()< 2 : : ‘ : - Forarea=6.25 we Rs =

= [f®]=1f(x)isa many-one and into function. ‘ ~ have exactly two Fig. 1.109
17.a,b, d. S points. '

' For area = 7, no such points exxst
F) = — 1 s definedif [1-]x]]>0and 1 - [x}#1 20.a,b .
- Infl={x]] : (x +1)f(x) —x is apolynomial degree n+ 1

= '[1~|x}]22:> 1 —Jx| 22 = |x| <1 which is not ‘ = (x-_i-l)f(x)—x=k(x)[x—1] x=2]...[x—n] @
possible. o 20 D= D= K DY
Also, 1=K=1)(=2) ... (-n— 1)) (Puttingx=—1 in ()}

1
fx)= X Here x! is defined only when x is natural
{x} : = L 1= )

pumber, but {x} becomes zero for these values of x. = (+2)f(r+)-(rt+tD)= 1™+

Hence, f'(x) is not defined in this case. o

f(x)==x! {x} is defined for x being a natural number. Hence, = f(rt+1)=1,

f(x) is a function whose domain x € N.

' . 21.a,¢,d.
)= 27D Here ingx - 1) is defined only when ' : 2
ST - - SE
a-x3 fz(x)=f(§x +1)=§(§x +1)+1 =(z) X+Z+1

" x—1>0=>x>1.Also 1 —x*>0 for denominator, i.e., 4 4\4 ’ (1)

—1 <x< 1. Hence, f(x) is not defined for any value of x. : ' -

18.b, ¢, d. Iz 31,2

9~ . X — {x +1
- fx)= sin(sin”! x)=x V x € [-1,1] which is one-one and , f )= f )} 4 {f ( ) }

onto .

FO)=ZsinM(sinx) = Zx ’ 4 4 4

/4 i1
3V (3Y
2 =j= l
The range of the function forx € [-1, 1]is |:——, 3] (4) x+ [4) el
T

which is a subset of [-1, 1]. 3\ 3 3\~ 3

Hence, the function is one-one but not onto, hence not o= 2 x+ 4 Z Heeet 4 1

bijective.

| [x x>0 , | ) (E)
£)=(sgn(x)) In () = (sgn(x)) x = {—x, ¥<0. | - (i) 4
4 T3
0, x=0 Z .
This function has the range [0, 1] which is a subset of [-1, 1]. _
Herce, the function is into. Also, the function is many-one. sA=lim 7 (x)=0+4=4

n—yoo




22.a,b,c.
79 is defined if gy (7~ 8x-+ 23)— ———— >0
) log, |sinx|
S oy (_8£] 20
8
x*—8x+23 . .
X T«

This is true if |sin x| # 0, 1 and

xZ -8x+23

Now, <] =>x*-8x+15<0

= xe (3, 5)-'{7:, 35}
: )
Domain=(3, m) (7:, %) v (37”, 5) .
23.a,b, ¢, d. » E

) =sgn(cot™x) +tan (g[x])

sgn(cot'x) is defined when cot 'x is defined, which is for
Vxe R

(2n + l)

T ).
tan (—2— [x]] is defined when E[x] * m.wherene Z
2 |

=[x]#2n+1 = xe¢[2n+1,2n+2)
-Hence domain of f{x) is U [2n, 2n+ lj

‘neZ

Also cot x> 0,V xe R,

Then f{x) =’i +tan (%[x]) =1
=fix)=1,xe D, -

. (01
e—o0 eo—0 v
X

T3 299 71 23
Graph of f{x) = sgn{cot — 1x} + tan % 5]
Fig. 1.110

From graph f{x) is periodic with period 2.

Reasoning Type EEEEEE ,
1b. A function which can be expressed as a sum of odd and
even function need not to be odd or even.
Butf(x) = log €* is not defined for x < 0, hence statement 2

is true but not correct explanation of statement 1.
2a. f(X)—-1+f(1-x)—1=0;s0g(x)+g(1-x)=0

Replacing x by x + %,we getg(%+5c) +g(%—-x] =0.

So it is symmetrical about (%, 0).

3d f( 2tan x )_(l+’cos2x)(sec2x+2tanx)
1+tan® x ' 2

: . 2 2
= f(tan2x) - 2cos x(sec2 x+2tanx)

=14 %inveacy=14+cn 2y

10. a.

11.b.

12.b.

Functions 1.75

= f(y)=1+ywherey=sin2x,now sin2xe [-1,1]

= f&)el0,2]

Hence, statement 1 is false but statement 2 is true.

. sin(kx) has period % and period of {x} is 1

Now LCM of % and 1 exists only if k is a rational multiple

of 7 (as LCM of rational and irrational number does not
exist). Hence, statement 1 is true. .
But statement 2 is false as sum of two periodic function is
not necessarily periodic. Consider f (x) = sinx + {x}.

. -Obviously, f (x) = x* + tan™ 'x is non-periodic, but sum of

two non-periodic function is not always non-periodic, as
f(x)=x and g(x) = — [x], where [.] represents the greatest
integer function. .

S )+ gx)=x—-[x] = {x} is a periodic function ({.}
represents the fractional part function).

. fx)= tan"'x is an increasing function, then the range of

function is [tan™'1, tan™' /3 ] = [w/4, w/3].

Hence, statement 1 is true. But statement 2 is not true in
general. For non-monotonic function, statement 2 is false.
For any integer k, we have f (k) =f(2nm+ k) wheren e Z,
but 2n7 + k is not integer, hence f (x) is one-one.

. Consider f (x) = tanx, which is surjective, periodic but

discontinuous.

|2 =S+ 4= 2x =3l = ~3x+1]

= |2 5x+4|—[2x— 3| =|(? — Sx+4) + (2x~3))
(= 5x+4)(2x—3)<0 '

=
= (—1)2x-3)x-4)<0
=

3
x€ (—eo, 11U [5’ 4}

_.1 + 1 - |+

1 32 4
Fig. 1.111
Hence, statement 1 is true. )
Statement 2 is true as it is the property of modulus

function but is not a correct explanation of statement 1.
Letmax |f(x)] =M where 0 <M< 1 (since fis not identically
zeroand|f(x)|<1Vxe R)

Now, f(x+)+f(x=3) =2/ () -8
= 200 g0)=1fG+n /-y

= AN S G+ SM+M

= lgis 1forye R.

Obviously, both the statements are true but statement 2 is
not a correct explanation of statement 1, as function f(x) =
cos(2x + 3) which is periodic though g(x) = 2x + 3 isnon-
periodic. '

Obviously, both the statements are true but statement 2is
not a correct explanation of statement 1, as for fx)
= cos(sinx) the period is 7, where sinx has period 27
Thus, the period of f({(g(x)) is not always same as that of

g
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13.a. It is a fundamental concept.

14. b. Both the statements are true, but statement 2.is not a
correct explanation of statement 1 as f (g(x)) is one-one
when g(x) is one-one and f (x) is many-one,

15. b. Both the statements are true, but statement 2 is not a
correct explanation of statement 1, as for f(g(x)) is onto it

g
16. d. Statement 1 is false, though f(x) = sin x and g(x) = cos x
have same domain and Tange, cos x = sin x does not hold
forallxe R.
However, the statement 2 is true.
17.a. '
18. d. If b?—4ax >0 then ax’ + bx +c = 0 has real distinct roots

o B.

- Ifa>0, then for f(x)= Vax® +bx+¢ to get defined, ax? +-
bx + ¢ 2 0, then the range of  (x) is [0, o) (as b* — 4ac > 0)

y

A/

Fig. 1.112
If a <0, then for f (x) to get defined, ax’ + bx + ¢ > 0, then

the range of /' (x) is {O —2i:| (as b*—4ac>0)

a/ B

/ \

Flg. 1.113

‘Hence, statement 1 is false, but statement 2 is true.

19 .c. fog(x) can be even also when one of them is even and
otheris odd. .

20. a. Obviously, the graph of y = tan x is symmetrical about
origin, as it is an odd function. _
Also derivative of an odd function is an even function,
and sec? x is derivative of tan x, hence both the statements
are true, and statement 2 is a correct explanation of
statement 1.

Linked Comprehension
Type .

For Problems 1-3
1.c, 2.¢,3b

{ x+1, x<t
Sol. - fo)=

2x+1, 1<x<2

is necessary that f(x) is onto, but there is no restriction on .

: _ %2, < 2
: g@_{ﬁz, 2<x<3”
L [0+, g1
R {Zg(x) 1, 1<g(x)<2

x2+1, xzsl, ~1<x<2
x+2+], x+2<1, 2<x<3

= flgl)=
2x2 41, 1<x2<2, -1<x<2,
2(x+2)+1, 1<x+252,2<x<3
12t x2+1, —1<x<1
= X)) =
2x2+1, 1<xS\/§

1. ¢. Hence, the domain of f(x) is [-1, 2 1- ‘
2.¢c. For-1<x<1,wehavex’e [0,1]=x*+1¢€ [1,2]
 Forl<x< «2,wehavexe (1,2] =27 +1¢e (3,5]

Hence, the range is [1,2] U (3, 5].
3.b. Forf(g(x)) 2=>x2+1 22nd 2% +1=2=>x==%1orx=

f

= x=11 only. Hence, 2 roots

For Problems 46
4.b, 5.c,6.d ) _
Sol. f(x)+ f(xT_l) =1+x o)
X1 =1\, | 2
In (1) replace x by x_x— , we have f(T) + f a1
x
-1
—1+
X
(= ‘)+f( et ®
x
1 x—1
Now from (1)~ (2),wehave - f (——) =x— —
1-x x
® , :
In (3) replace x by I—— we have f (: .
1
R i
1I-x 1
_ 1-x
or f(_l_j_ f(f:_l) R @
I-x x 1-x



L.

Now from (1) + (3) + (4), we have 2/ (x) = 1 +x+x - x-1
- X

1
+— —x
1-x

= f)=

x3_x2__1 .

2x(x-1)

x*-x? -1

2x(x-1)
B

f)=

x(x I§]

4.b. = g()"

—-x+1

x2—x 1

B x(x-1)

. ),
- Now for y = ,/g(x),we must have ——— !

[x_ l—f)(x_“;/g) ] (-

x(x=1)
= xe (_ool_\/___} u(o, l) [1+£/§,wJ

2 ‘

5. y=g0)= > (;"1’)1 = p-DP+(1-y)x+1=0
Now xisreal, =>D=20= (1 y) —-4(y- 1)>0
= @-DE-5)=20
= ye (oo, 1]UI5,%)

2—x—l

_6d. gx)=1= D)

solutions..
For Problems 7-9
7d, 8.c,9.c

- Seol.
Here, '
FA)+2A @+ G+
n=2
Replacing n by n+ 1, we get
FQ+2@+3@B)+--+n+ 1 f(n+1)
=(n+1)(n+2)f(n+1)
From(2)— (1), weget
(r+1)f(r+ 1) =(n+1) {(n+2)f(n+ D)-nf(n)}
= flr+1)=(+2)f(r+1)-nf(n) -
= nf()=@+2)f(n+1)-flnt1)
= nfm=@E+1Df(ntl) :
Puttingn=2,3,4, ..., we get
2f(Q)=3/B)=4@D=...=nf(n) .
From (1),/(1)+2f () +3f(3) + -
= fO+@E=-1.nfn)= n(n+1)f(n)
= f(l) 2nf(n)

-+ nf(n) = p(n+ 1) f(n), for

20 or

=1=-x —1 = —x, which has no

)

@

-+nf(m)=n(n+1)fn)

=1
2n

1 1
2(1003) 2006

7.d. f(1003)=

11

2(999) 1998

9.c. f(1).S21fB): -
1111

, ’ ,

2’4’6’8’
For Proble_ms 10-11 _
10. a, 11.b, 12.c

Sol. ( @) f(l—”f) = 64x

8. c f 999)=
.arein H.P.

. arein H.P.

1+x

Puttin l—x l—y , we get
- -2 e

ezl e
- i) - G‘“)

From (1)%/(2), we get
o'y G‘”‘]} et
(x){ (1+x)} 64(1—3)

= {f)) =645 (1 ]
—X

1/3
N 3 1+x
= fx)=4x" ( x]

x= fOIN)=—4(9/T**(2)

For Problems 13—15
13.d, 14.c, 15.¢
Sol. lgt)|=|sinx|,x € R

|sinx|-1, —1<sinx|<0

f(lg(x)l)= {(| inx])?,

sinx — I, —1<sinx<0

f(g(X)) { 2

sin“x, O<sinx<l1

sinx—1,
sin? x,

Qn+Dr < x<2nm

2nm < x<2n+1’

Functions 1.77

M

@

=sin’x,xe R

0<(|sinx}) <1

ne Z
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13.d.

14. c.

15. c.

1-sinx, (n+)r<x<2nm

= |f(g(x))|={ 2 2nﬂ5xS(2n+1)”’

) ne
sin” x,

Clearly A,(x) =f(g)) = sinzy_c has period 7, range [0, 1]
and domain R. -
hy(x)=|f(g(x)) has domain R. -

Y

y=1Rg() .

Fig. 1.114

Also from the graph, it is periodic with period 27w and has
range [0, 2]. _

For hy(x) = hy(x) = sin®x, xe [2n7Lj (2n+1)7],n € Zand has

-range [0, 1] for the common domain.

Also, the period is 27 (from the graph).-

For Problems 1618

16.d,
Sol.

16.4d.

17.d.

. Nowif /()= l—_l—x:¢fof(x)= -

17.d,18.c
Given a,., =/(a,)
Now a, =f(ag) =f(x)
= a=fa)=f(fle)=fof @ '
=a,= fofofof . f(x)
n tirhes
@ =f(®)=(a—x")"
= a=f(f@)=Ia- {(a-x"""""=x
= a=f((fE)=®

Obviously, the inverse does not exist when m is even and
n is odd.

1 x—1

—1

1
= fofof ()= 15— =x
1-x

= a,= fofof .. of (x) = ——1— ifn=3k+1
n times —-x

71 en=3k42
X

xifn=3k

18.c. Sincea,=g(x)=3+4x
o a,=g{g)} —g(3+40)=3+4(3+4)=(#-1)+4x
ay=g {2} =g(15+4%)=3+4(15+4x)=63 +4x=(4
—1)+4% ‘ :
Similarly, we get a, = (4" — 1) + 4"
= A=4"-landB=4"

n

n

- A+B+1=2""1|4-B/=1and lim
. n—oo

= lim (1—i) =1
noe\ 47

For Problems 19-21
19.a, 20.b,21.a
Sol.19.2  fi(»)= » and f(x) = x|
= f0)=f ) ~20) =22}

Graph of f(x)

Fig. 1.115

4

f(x), —3,<x<-1
-1, -1£x<0
0, 0<x<2
f(x), 2<x<3

gx)=

x4 2x, “3<x<-1
-1, —1<£x<0
0, 0<x<2
x?-2x, 2<x<3
The range of g(x) for [-3, -1} is -1, 3].
20.b. Forxe (-1,0),f(x)+g()=x"+2x-1.

" 21.a. Obviously, the graph is broken at x = 0.

For Problems 2224

22.a, 23.d,24.c

Sol. 22.a.
2(f(x)) is not defined if .
(i)—2+a>8and (i) b+3>8
a>10andb>5

23.4d. -
xe [-1,2]
= —-1<x<2
= —2<2x<4
= -2+a<2x+ta<4+a
— _2+g<-2and4+a<4ie,a=0
b can take any value.



24.c.
Ifa=2,b=3
0 2x + 2 x2-1
x) =
3x* +3 x<~1
The range of f(x) is [0, o<).
For Problems 25-27
25.¢c, 26.c,27.c .
Sol. f2—x)=f(2+x) )
Replace x by 2 —x, = f(x) =1 (4 x) )
Also givenf(20—x) =f(x) 3)

From (1) and (2), /(4 -x)=1(20—x)
Replace x by 4 —x, = f(x) =f(x + 16)
Hence, the period of /(x) is 16.
25.¢c. Givenf(0)=5.
26.¢. f(2—x)=f(2+x)
= y=f{(x) is symmetrical aboutx=2
Also f(20 -x) =f(x)
= f(20—-(10+x))=£(10+x)
= f(10~x)=£(10+x)
= y=/(x) is symmetrical about x =10
27.¢c. Iflisaperiod, thenf(x)=f(x+1), V x€ R

=/2)=fB3)=f(®)=5)=/(6)
which contradicts the given hypotheses that f(2)  f(6)

*. 1 cannot be period of f(x).
For Problems 28-30
© 28.¢, 29.¢,30.b
s go= {0
sin f(x), 0<Sf(x)sm
<, —7m<[x]<0, -2<x<-1
[x|+], —w<x]|+1<0, ~l<x<2
B sin[x], OHS[x]Sﬂ, -2<x<-1
sin(x|+1), 0 x| +1s 7, —1<x<2
[x], -2<x<-1
={sii1(|x|+1),.—1<x32 |

Hence, the domain is [-2, 2].
Alsofor-2<x<—1,[x]=-2,-1

and for—1<x<2,|x|+ 1€ {1,3]

= sin(|x|+1)e [sin3,1] ~

Hence, the range is {~2,-1} v [sin 3, 1]
Also forye {sin3,1],{y]=0,1

Hence, the number of integral points in the range is 4.

Matrix-Match Typ

1. a—s; b->r; ¢c—p; dé—)q.
f(tan x) is defined if 0 <tanx <1

T _
= x¢€ [nﬁ, nn+z},ne I

f(sinx) if definedif 0 <sinx <1
= xe [2nm, @n+)zlnel

Functions 1.79
f(cos x) is defined if 0 S cos x < 1
= xe|2nn —E, 2im+£:|,ne I
2 2 : )
f(2$inx)isdeﬁnedif0$2sinx.<_lﬁOSsinxSI/Z
- S
= [2nﬂ:, 2n7r.+-765]u|:2nn‘ +—67£, (2_n+1)7r},n el
2. a—p; bogq; c—>q,s; doPp,r
[(1)‘]”,x>0
(v
_ 1, x>0 .
-1, x<0

Hence, f(x) is an odd function.

a f(x)= {(Sgﬂx)‘g""}"‘

h = +X 41
f(x) 173
= f(—¥)= —x ;£+1= xe* BEI
e*-1 2 ef—1 2
xet—x+x x
= X
-1 2
=x+ S PR T |
& — 2 & —
=fx)
I _fo, Ifxis rational
“ *) 1, If xis irrational

If — x is rational

o,
= fEx)= {1, If —x is irrational
10, » If x is rational )

1, If x is irrational
d S (x) =max {tan x, cot x}

From the graph of function it can be verified that f{x)
is neither odd nor even

Hence, f(x) is an odd function.
Also f(x+ 7)=max {tan(x + ), cdt(x +m}
=max{tanx, cotx}
Hence; f(x) is periodic with period 7.
3. aors; b->p,grns; c—>s. d—p.

a tan” 2x e(—z z
1-x%, 272

T T
=>2tan lye
( 2’ 2)
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= tan'”lxe(—%,g) = tan"'xe(-1, 1).

b f(x)=sin"!(sinx) and g(x) =sin(sin" ' x)
fx)is deﬁned if sin x € [ — 1, 1] which is true for all
xe R
But g(x) is defined foronly x € [- 1, 1]
Hence, f(x) and g(x) are identical ifxe [- 1, 1].
- ¢ f(x)=log > 25 and g(x) =log, 5

Sf(x)is defined for Vxe R- {0, 1} and g(x) is defmed for
(0,0)—{1}.
Hence, f1 (x) and g(x) are identical if x e o, Hu, o0, |
d f(x)=sec”'x+ cosec Iy, g(x)=sin"'x + cos “Ix
" f(x) has domain R— (-1, 1) and g(x) has domain [- 1, 1]
Hence, both the functions are identical only if x=—1, 1.
4. a—>r,s; b—ors; ¢c—>p,q; d—p,s.
a  f(x=cot! (2x—x*-2)
=cot! (-1-(x—-1)?).
-1-(x-1)2<-1
= f(0)= f(2). Hence f(x) is many-one. °

= cott (2x—-x%-2)e [—3:?, 71:]

Hence, f(x) is onto.
Also f(3)=f (—l) hence function is many-one.
—1-(x-1)*=-5. -

Fig. 1.116

Clearly, from the graph that f(x) is many-one and onto.
C. . y

/y=4+32
(0,4) ¢ '

Fig. 1.117
d LetX={x,x, ..‘.,xn-}
Let f(x))=x,
= fUfGN=1k) = x

Thus f(x) is one-one and onto.

5. a—>p; b>q,r; c—op; dogq,r
Since f(g(x)) is a one-one function
= f(g0x) # f(g(xy) whenever g(x,) = g(x2) B
= (g(x)) # (g(x,)) whenever x; #x,
= g(x) is one-one.

If. f(x) is not one-one, then fx) = y is satisfied by
X=X, X,

= f(x))= f(xy)=yalsoif g(x) is onto, then
let g(x;) = x; and g(x)) = x,
= flgl)=f(g(x)

= [ (g(x)) cannot be one-one.

" 6. a—>q; boq; c—os; d-p.

a. f(x+m/2)=cos (lsin (x+ 7/2)| - |cos (x+ 7/2)])
= cos (|cos x| — |-sin x])
= cos (Jcos x} — |sin x])
= cos ([sin x| — |cos xI)
=fx)

b f(x+ #/2)=cos [tan (x + 7/2) + cot (x+ l 2)1. _

cos [tan (x + 7/2) — cot (x + /2)]

= cos [-cotx—tan x] . cos [-cotx +tan x]
= cos (tan x + cot x) . cos (tan x — cot x) -
=f)

¢. The period of sin™! (sin x) is 27. The period of €***is 7.

Thus, the period of f(x)=LCM (2x, m) =27
d The given function is f (x) = sin® x sin 3x

= ()= (3smx;sm 3x)sin 3y

= f()= —z-(cos2x.—cos4x)—%(1—c_056x) »

=> The period of f(x)is 7.
7. a—>s; bor; e—>s; d—>p.
a f(x) ecos4 x+x—[x}cos? xx
cos?zx and cos*zrx has period 1
x—[x]= {x} has period 1
Then the period of f(x)is 1.
b f(x)=cos27{2x} +sin 27 {2x}
The period {2x} is 1/2, then the period of f(x)is 1/2.
c. Clearly, tan 7[x] = 0 V x e R and the period of
sin 37{x} is equal to 1.
d f(x)=3x—[3x+al-b=3x+a-[3x+a]l-(at+h)
" ={3x+a}—(a+b)
" Thus, the period of f(x)is 1.
8. a—>r; bos; c>q; d—p.
a. f(x)=log, (5+4x—x2)
=log,(9-(x~— 2)9)
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Now —eo<9—(x— 2')2 <9 Since f(x) is a polynomial of degree 5, f (x) cannot
But for f(x) to get defined, 0 <9—(x—-2)*<9 have even number of real roots. .
= —eo<log,(9—-(x—2)))<log,9 ' = £ (x) has all the five roots real and one root is
= —eo<log,(9-(x-2))<2 nggatlve. -
Hence, the range is (- o=, 2]. s. (S xlh=1. :
b f(x)=log, (x?—4x-5) _ = |5-|x||=7 U
=log((x—2)*-9) ) Draw the graph of y=7""and y =5 — | x|l
. y T N . :
~ For f(x) to get defined, 0 < (x—2)*~ 9 <oo _ Vo %o

= lim logx <log (x—2)*-9< lim log x-
x—0 ¢ X—y00

y=15-Ixl

= —o00< f(x) < oo
Hence, the range is R. _
¢ f(x)=log, (x**—4x+5)
=log,((x-2y'+1)

(x=2)*+1e[l,00) . ' =7
’ ' Fig. 1.120
= log, (@®—4x+5)€ [0, ). o N .
d (x)=log, (4x~5-x?) , From the graph, the number of roots is 4.
= log,(~ 5~ (*—4x)) Bl Integer Type
=log,(-1-(x~2)) |
1 2 » ' 2x-3) . 1 = 2x-3
- Now;— 1 —(x—2)*<Oforallx : 1.(3) Wehave f| —— |=5x-2 = f (5x-2)= :
Hence, the function is not defined. . E * —? ’ x-2
9. a—>¢q. b—os. ¢c—op. dos. Let 5x~2=13,thenx=3
' ' ‘ : 23)-3 _
p.y=tan_x=-1—2 _ Hencef“l(l?’_)=—(3—z—2—=3
From the graph, it is clear that it will have two real roots - : :
ai 14 . 2.(1) ||x2—x+4| —2| —3'l=x2+x—12
o5—\/ / T
1 X =772 [ : ' 2 _ -3 =x*+x—12
05/ N® / = |x x+2| -3|=x+x-1
~__/ , LA
5 a2 x 3m2 2n : ) 2. 4l 19
0“1’1 7 —7 ‘ =>lx—x 1|»x2+x 12
15 /A [ = =11
. / ' [ = x=112 |
Fiec. 1.118 ' 3.(5) fix) and f~ Y(x) can only intersect on the line y = x and
B~ _ : therefore y = x must be tangent at the common point of
¢ See the graphs of y=2***and y = |sin x|. Two curves tangency
meet at four points for x € [0, 277]. ' - 32— Tx+c=x .
y - , = 3P —8x+c=0 ..
= poesx ' This equation must have equal roots
2 .................................................. y—- . 64_12(:_—_()
64 16
T DUUU ST PP = Cc= —IE =§‘
. i ——— y=|sinx
1/2 ............................................ 4.(5) x!—(x—])!;t() = xe Ii-_{l}
: : : —» X T
o w2 x w2 2n s >4 astan” x < %
Fig. 1.119 ' 2
o ' —4)(x—10
So, the equation 2% = [sin x | has four solutions. - . = M——)<O

. k (x=DHix-1)
r. Giventhat f(|x|)=0has 8 realroots = f(x)=0has .
4 nngitive roofs. ) : = X€ {5, 6_, s 9}
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5.(4) Putx=1landy=1,
LA)-f1)-6=0
= f(H=3orf1)=-

= /%o\\,e, Now puty=1

2%
Dwt

=>f(x)-f(1)=f(X)+2G ] f()+2(2"“)

3"1 2(2x +1)

1) 2,

y=3 = f)[AH-1]=
"“’P“jt “" #W7h 90r+1)

2

AT

3 Forf(1)=3, /()= 221

M

2(2x +1)

" and forx=-2, f(x)= =3
X

= f(12)=4

6:(7) Let2x+y=3x—y = 2y=x = y=

N &

P
o Puty= —
Y72

5x '
2 = f(52x)+2x +1

= f(x)+f(5") :

2
= ==
= fh)=-7
7.(5) Asa>2,hence
@>2a>a>2
 now (x=a) (x—~2a)(x—-a’)<0
‘= the solution set is as shown

0 a . 2a &
Fig. 1.121
between (0, a) there are (a — 1) positive integers and
between (2a, a2) there are a* — 2a — 1 integer
w a*-2a-1+a-1=18 = a*-a-20=0
(@a-5(@+4)=0
noa=5

8.2) f(9)+ fG) =x’ +%
. 1 1 1
replacing x — ot f(;) +f(D)=—F+x
x

. 2 l
= —7+x=x 4 —

®

1 1 .
x=—;x+— =1 (rejected)
x x

" Hencex=1or-1
19.(7) Obviouslyfis alinear polynormal
Let fx) = ax+ b hence (i + x + 3) + 2f (2 = 3x +5) = 62" -

10x+17
= [a(?+x+3)+b] +2[a(x2 3x+5)+b]=6x"— 10x+ 17
= at+2a=6 4))
= a—-6a=-10 )
(comparing coeff. of ¥ and coeff. of x on both sjdes)
a=2

Again, 3a+ b+ 10a+2b= 17 (Comparing constant term)
= 6+b+20+2b=17
L fx)=2x-3
= f(5=17
10.9) Givenf{x+2)=/x)+A2)
Putx=-1,wehave {1)=f-1)+A2)
= f(1)=—(1)*+£2) (as fx) is an 0dd function)
= f@=2f(1)=6
Now putx=1,
We have f(3)=f(1)+f2)=3+6=9
11.3) fE)+f(=x)=0
= f(x) is an odd function.
Since points (-3, 2) and (5, 4) lie on the curve, therefore
(3,—2)-and (-5, —4) will also lie on the curve.
For minimum number of roots, graph of continuous
function f(x) is as follows:
Y,

|||||

Fig. 1.122

From the above graph of f(x), it is clear that equétion fx)
= () has at least three real roots.

12.(3) fix)= |fsinx +cosx + ,/7x -x*—6
= V2 sm(x + ) +(x-6)1-x)

Now f{x) is defined ifsin (x + %J >0and (x—6)(1-x)20

= 05x+%$n‘ or 27r§x+%.<_37t and 1<x<6

T 3z T

1z
= ——<x<— or —<x<—

and 1<x<£6

Integral values of x are x = 1,2and 6

Since fis periodic with penod 2andf(x)=x V x¢€ [0 1]
also f(x)is even
= symmetry about y-axis

-. graph of f(x) is as shown

13.(8)




X, 9\ _/‘L AN

¢+ PN\
-1 0o 1 2 334
Fig. 1.123

f(3.149)=4-3.14=0.86
14.(6) Let x* = 4 cos’0+ sin’0 .
then (4 —x?)=3sin%0 and (x**-1)=3 cos’6 _

f(x)=J§|Sin9l+\/§|cose|
V3 and

B )6
Hence range of f(x) is [«,/5, J6 :I

Hence maximum value of (f1 ®)is6

Sx)+ (%)
.2

[ 'x+1‘ + 1-x }
_x3 +1 1-%°

x

= Ymin =

150) g)=

o Ry

[ 1 L1 ]
_x2~x+1 1+x+x°

20:2 +1) }

_»(x2 +1)2 -x?

N | =
1

_ x? +1

e+l

4_

! L g0)=1
x® +1

16.(4) f(x) =[8x+7]+|tan 2mx + cot 27x| —
=[8x]—8x 7+ |tan 27x + cot 27x|
=— {8} + | tan 27x + cot 27mx | +7

Period of {8x} is 1/8
Also, |tan 27mx + cot 27mx|

sin27x  cos 2nx|_| 1
+

- =|2cosec4mx]
cos2mx  sin2mx | |sm 27mx cos 27rx|

~ Now period of 2 cosec 47 is 172, then period of |2cosec
47x|is 1/4

. Periodis L.C.M. of l and —1— which is —1-
8 4 4

17.(0) Letx= lel + 121 + lel
a b ¢
If exactly one —ve, thenx =1
Exactly two —ve, then x =—1
All three — ve, then x=-3
All three +ve, thenx =3
Then the required sum is 0

22.(7) (—
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18.(7) Wehave f(2x)-f(2x) f [2%) +(165%) =f(-2)~f(4x)

Replacing y by 8% , we get
X

re9-sea (L) vre-rea- /(5]

f<2x>+f(i) =f(2x)’f(i] [Asf@)iseven]
. 2x 2x
Sf2x) =1+(2x)" ‘
= f)=1xx" :
Now f(4)=1+4"=-255  (Given) :
Taking negative sign, we get 256=4" = n=4
Hence f{(x) =1 —x* which is an even function.
= f(=-15

.2 o 2 b4 ] /4
19.(1) f(x)=sin"x+sin x+§ + cOos x coS x+5—
2 1 .
=sin2x+i-(sinx+ 3cosx) +§cosx(cosx—\/§smx)

= —5-(sin2 x + cos? x) ==
4
(gof ) x=glf(x)]=g(5/4)=1
20.(7) From E to Fwe can define, in all 2 %2 x2x2=16{unctions
(2 options for each elements of E) out of which 2 are into,
when all the elements of E eithermap to 1 orto2
. Number of onto function =16 -2 = 14
21.(1) Given f{(fx))=—x+1
replacing x — f(x)
S =) +1
f-x) =) +1
SO +A1-x) =1

N T

‘3 6x+10-x? 27
1)
D g
= 6x+10-x*>3
X —6x-7<0
x+1D(x-7<0
= 0,1,2,3,4,5,6
23.(6) = ke odd

ft)=k+3
fywy=
If kt3 isodd=27= k—;3 +3 = k=45 not possible
k+3 '

is even

k+3\ k+3

© 27=/ )= f( —

s k=105 .
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Ziﬁlfz')isngﬂf (f105)=f(f108))=f(54) =27

24.(3) Clearly fundamental period i 1s , then z lies i in the third

quadrant
25.(1) log, (x* x+2)>loga( 2 +2x+3)

142 299
Putx= —,] >1 —_—
9’ Og"(Sl) %[81)

81 <-81
= log, (@ —x+2)>log, (-x*+2x+3)
ngesO<x2 x+2<-22+2x+3

CF-x+2>0 and 20 -3x-1<0

= 3_\/— <x<——'—3+\/—
4 4 ,
26.4) Q¥ —4-2°+4)+1+|b—1|-3|=|siny|

= (2°-2)+1+|b—1]-3|=]siny]
= (25 -2)+1+||p-1|-3|=|siny|
LHS>1andRHS<1
=2,b-1/-3=0
= (b 1)=+3
= b=4,-2

27.3) fBn)=f(f(fm)=3/(n), VneN
- Put n=1,/3)=3f(1)
I A= l,thenf(f(l)) =f()= 1,butf(f(n)=3n
= f(f(1)) =3 giving 1 =3 which is absurd.
o )=l
A 3=fUa)>f)>1
-So AhH=2
SO =f(f1)=3
28.(3) log;; logy(sinx+a)>0
= 0<log;(sinx+a)<1
1<(sinx+a)<7 VxeR['@ should be less than the
minimum value of 7 — sin x and ‘a’ must be greater than
" - maximum value of 1 —sin x]
= l-sinx<a<7-sinx ¥ xe R
2<a<6 .

29.(9) g(x)=— tanf1 [x}+1 =--sgn (g(x)) =1

= sin®x — cos?x = 1

= sin?x = 1 + cos™x which is possible if sin x=1 and cos x =0
:>'sinx=1,x=2nn+§

hence — 107t<2n7:+ E<87r:—2<n<1§
2 4 4
= 5<n<3

Hence, number of values of x=9.

a® + b + ot +dx* +15x +1
' x

307 fx)=

ax! +bx° +cx’ +dx+l-{-15
x

= . —

odd function

Now f(x) +f(=x)=30
(-5)=30-£(5)=28

Archives

Subjective

1. Since f(x) is defined and real for all real values of -
x, therefore domain of fis R.
2

Also, 5 20, forallxe R

1+x
2

and 2‘<1( x <l+x)forallxeR
1+x
2

0<

= > <1l = 0<f(x)<l
x r ‘

= Therange off¥ [0, 1).
Also, since f(1)=f(~1)=1/2
s fisnot orie-to-one.

2. y=|x|”2,—15x51

_ J=x, x<0
«f;, x20
= p?=—xif-1<x<0andy’=xif0<x<1 "
. [Here y should be always taken +ve, as by definition,
yisa+ve square root]
Clearly, y° = — x represents upper half of left-hand

parabola (upper half as y is +ve) and y = x represents
upper half of right-hand parabola.

Therefore the resulting graph is shown as

y
y=Vx y=x

X — X
O
%
. Fig. 1.124
3. f(x) X —oxT+12x8 45 T3+ 6x +x—3

Then f(6) 69 6x68-2x6"+12x6°+6* - Tx6
+6><62+6 3



L E—2X6+2X6+6—TXE+E
: +6-3
=_6+6+6-3
4, Casel f(x)#2istrue, f(y)=2and f(z)#1 are false,
- then f(x)=1or3, f(»)=1o0r3and
@)=l '
= f isnot one-one
Casell f(x)#2is false, f(y)=2istrue, f(z)#1is
: : false, then f(x)=2, f()=2, f(9)=1
= not possible

Caselll f)#2is false, f(y)=2is false, f(z):ﬁlls
true, then f{x) =2, f(y)=1or3, f(z)=20r3

= f(0)=2,1@)=3,/0)=1

. Giventhat f(x +)= f() f() ¥ x,y€ Nand f(1)= 2
L f@=/A+D=f) D=2

= fB)=fQ+1)=fQ)f()=2x2=2}

Similarly f(4)= 24, e, f)=2"

| Zf (a+k)= Zf(a)fac)

'.'= @Y, fk)
- k=1

= f@Lf )+ f(@)+--+ f(m)]
= f@)2+2% - +27]

- (55

From if(a +k)‘_=16(2" —1),f(a)=8=23 = a=3.

.. Given that 4{x} =x+[x]

where [x] = greatest integer <x and {x} = fractional part of
x

We know that x = [x] + {x}, foranyx € R

. Letusput y =:

L= a>— %and(a 2)(a 14)(a+8) <0

Functions 1.85

5 %{x}=0
= {x}=0 .~x=0+0=0

[Using equation (1)]

If  [x]=1,then

% {x}=1 _ [Using equation (1)]
= =25 "
= x=142/3=5/3
Thus, x=0,5/3

ox® +6x—8
o+ 6x—8x>

= (a+6x—8xY)y=ox’+6x-8
= (a+8y)x2+6(1-y)x—(8+ay)=0

Since x is real,

36.(1-y)2+4 (@+8y) 8+ y) 20

= 9(1-y)*+(a+8y) (8+ )20 .

= y2(9+8a)+y(46+a2)+(9+8a)>0 ' 1) -
For(l)toholdforeachye R, 9+8a>0and(46+a ) —4-
(9+80)* <0

S oa>- % and [46 + o —2 (9 + 80)] [46+ &7 +2

(9+80)]<0

= a>—%and(a 16a+28)‘(a2+16a+‘64)_<_0' .

[+ (@+8720]

= a>_'-Z- and2< <14

= 22a<l4

Thus, f (x) =

, |
v + 6x—8

QY ¥ X" willbeonto if2< < 14
a+ 6x —8x ' _

322 +6x—8 -
ad ad 2,inthiscasef(x)=0

Whi =3 fX)=—""—"7"""7=
en o f() 3+ 6x — 8x

. Given equation becomes. implies 3x” +6x—8=0 S
A= B 6+36496 6132 -6+233
= 3{x}=2fx] . = Xx= 6 = 6 = 6 :
3 . - =3+ :
= = {x} | ) | , ; 3( 3—\/3_3_)
1
Now 0< {x}<1 Thas, fE(-s ; J§§)]= f[§ (_3_5)}0.
= 0< % {x} <E Therefore, f is.not one-to-one.
: Objective | .
= 0<[x]<= [Using equation (1)] Fill in the blanks

. 2
1. For the given function to be defined 7;—6— ~x*=0-

=

x
i

o

= -—gmlA<x<m/A
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Dy=[-n/s, m/4] .
Now forx e [- /4, /4], \/71' /16 - x* e fo, 7t/4] and sine

function increases on [O /4]

sin 0 <sin ——x <sm7r/ =—
\J J_
’ 3 .
= O<3sm ——x
2 :
ol ]

_ : 2
2. For f(x)to be deﬁned, we must have -1 < log, (_xz_) <1

. 2 '
= 2“5"752‘:15;:254

= xe[-2,-1]U[1,2).
3. Set A4 has »n distinct elements. -

Then to define a function from 4 to 4, we need to

-associate each element of set 4 to any one of the n
elements of set 4. So, the total number of functions from
set 4 to set 4 is equal to the number of ways of domg njob
where each job can be done in n ways. The total number
of suchwaysisnxnxnx...Xnn-times. ‘ »
Hence, the total number of functions-from AtoAdn"
Now for an onto function from 4 to 4, we need to associate
each element of 4 to one and-only one element of 4. So,
the total number of onto functions from set A to A'is equal
to the number of ways of arranging n elements in the
range (set A4) keeping n elements fixed in domain
(setd).n elements can be arranged in n ! ways. '
" Hence, the total number of onto functions from A to A is n!

4. The given function is, f (x)=sin ln[ 1 ad J

)

Sine ﬁmct10n is deﬁned for all real numbers.
But logarithmic function is defined only for positive
value_s

4-x*

1-x

>0

Then

Fig. 1.125

1-x>0also4-x*>0
¥<land—-2<x<2

xe (=21 :
Domain of fis (-2, 1).

T

Alsoforx e (-2;1),sinx € (— 1, sin 1) as shown in graph.

'5. According to the given data, there can be two possible

linear functions, one is increasing and other is decreasing.
Clearly, from the diagram, the funct10ns are f(x)=x+1or

J)=—x+1.

6. Giventhat f(x)= f (iﬁ-—l] and f is an even function

x+2

. f(x)=f(—x)éf(:;‘:';) |

o x= XM ~3x+1=0
' ~x+2
3+5
= x= .
2
Alsof(Ax);-f'x+l'
\x+2
x+1 =—x= x? +3x +1=0
x+2
-3 + 5
= X=
N . 2 ) .
3445 345 3+45
Four values of x are 7 T 5

3-45
. 2 M

o - z
7. = f(x)=sin’x + sin? (x‘+§)+gosxcos(x+§)

PSR RO 2
=s1n2x+z(smx+ 3cosx)

+ — cosx (cOs x—+/3 sin x) .

1
2
(sm x+cos x) % :

(gox=glf®]=g(5/4)=1

~ 8. For domain

8372
1 — 326-D <1

: 3x_3x—2
= ST st

X __Aax—2
3 -3 —-1<0

G* D32 -1)
= (32x—2 -1 20

= x (e, 0]U (},00).



3).’ _31—2
Forﬁ,_—zﬂzo

F2-DE +D)

= @E¥ion

= X€ (—oo,l)u[2, o0)
So,x € (—,0] U[2,)

True or false '
1. f()=(a-x")"" a>0,nis+ve integer

= 7(r@)=s]la-=)"]

n 1/n
= (a—a+x ) =x
Statement is true.

2 +ax+30  (x+2) +26°
- -y

2. flx); x> —8x +18 (x —4)2 +2
For y = 0, there is no pre-image x € R
fis not onto.
Statement is True.
3. We know that the sum of any two functions is deﬁned only
on the points where both f; and f, are defined, that 1s
f1 + f, is defined on D; N D,.
“The given statement is false.

Multiple choice questions with one correct answer

1.d. f(x)= lesmany-oneasf(l)—f(—l) 1.

Also fis into, as the range of function is [0, c) which is

subset of R (co-domain). ‘
fis neither m_]ectlve nor suxjectlve

- ' 2 '

- . For entire graph to be above x-axis, we should have

2
9—(5) >0
2
= KP-2%-35<0=(k-T)(k+5)<0
- =>-5<k<T '

3.d. f)=px—1|

= f(P)= |x2—1|and(f(x))—lx P=x*-2x+1

= [ S

Hence, option a is not true.

fa+HY=f@+f()=k+y=1= |x 1|+|y 1, whlchls'

absurd. Putx =2,y =3 and verify. .
Hence, option b is not true.

6.c. y=

Functions 1.87

Consider f(|x [)=1/(x)]
Putx=—5, thenf(| - 5[)=/(5) =4 and | f(-5)|=|-5~ 1| =6.
¢ is not correct.
4.c. Letlx—1j+px—2|+[x-3|<6
- D+ -2+ (-3 <p— 1+ 2| +]e-31<6
3x—6|<6
b—2|<2
—2<x-2<2
0<x<4 (
" Hence, for pr— 1|+ x—2|+|x—3|26,x<0orx24.

5.d. f(x)=cos (logx) '

LU Uy

=».ﬂ@f01—%[f(§)+f@wﬁ

= cos (log x) cos (log y) - = [cos (log x log y)]

+ cos (log x + log ¥)]

. . 1 .
= cos (log x) cos (log y)— > [2cos (log x) cos (log y)].
=0 '
+ ’
101%’10(1 ~x)
y=f@)+g®)
" Then, the domam of given functlon isDy M D,.
1

Now, for the domam of f(x)= 1, glO a —x) ,

we know it is defined only when 1 —x>0and 1 —x#1

= x<landx#0.. D=(-c0, 1)~ {0}

For the domain of g (x) = \/x + 2

x+ 2 20=>x2-2

Dy=[-2,%)

common domain is [-2, 1) — {0}

7.a. f(x)= {x} is periodic with period 1

f(x) =sin l for x# 0, £(0) =0 is non-periodic as

gx)= —1- is non-periodic

Also f (x) = x cos x is non-periodic as g (x = xis
non-periodic.
8.b. y=2C"D=ox?—x— log, y="0;

= x=%(1i,[1 +4log2y)

Since x € [1, =), we choose x =

(l + 41 +4log2

S+ 2 l-ogzy)

Nl»-‘

or £ (3) =

\.—/

I\)I»—-‘
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9. d. We have fog (x) = f(g (x)) = sin (log. [x])

10.c.

11.d.

12.d.

“13.b.

logel x| has range R, for which sin(log | x|) € [~ 1, 1]
={u:-1<u<1}
AlsogOf(x) g(f(x)) = log,Isin
- 0<|sinx|<1
= —eo<log,[sinx| <0
= R,={v: —oo<v<0}
Since f (x) (x+1)*—1 is continuous function, solution of
fe) =71 x) hes onthe liney=x

= fO="®=x "

= (x+1)*-1=x

= ,x2+x=0

= x=0or—1

= The required setis {0,—1}.

f(x)is continuous forallx>0 and f (i] =f(x)-f (}’)
Yy

Alsof(e)=1
= Clearly, f(x) =log, x satisfies all these properties.
f(x) =log, x, which is an unbounded function.
Itis giventhat2"+2”=2 Vx,yeR
= V=22
= y= log2(2 -2%)
=> Function is defined only when 2 — 2> 0 or 2* <2
orx<]
-1, x<0

g =1+ {x},f(x)=

0, x =0 where {x} represents the

1Lx>0
fractional part function.

=1, 1+{x} <0

= f(g@®))=40, 1+{x} =0

1, 1+{x} >0

= f(g(X)) L1+{x}>0(0<{x}<1)
= flgt)=1V xeR

14.a. f:[l,oo_)-—>[2,°°)

 S@)=x+ =y

15.d.

X .
= xz—yx+l=_0

2
<4
= Xx=. Y -

~Butgiven f:[1, ) —[2, )

_y+y 4
2
- f_,-(x)=x‘+\/x2'—4'

2
logz (x + 3)

For domain of f(x) =
f( ) x +3x +2

16.a.

17.d.

18.d.

19.a.

20.b.

21.a.

x2+3x+2¢0andx+3 >0
= x#-1,-2andx>-3

Dy=(-3,0) - {~1,-2}. .
From E to F we can define, in all, 2 x 2 X 2 x 2= 16 functions
(2 options for each elements of E) out of which 2 are into,
when all the elements of E map to either 1 or 2

No. of onto function=16-2=14.

==

x4+l x#-1
5 |
: x+1 .
f(f(x))=x=>T=x
+1
x+1
:' azx _
(@+1)x+1
= (@+tD)x?+(1-a?)x=0 ®

= oa+1=0and1-0?=0
[Astrue Vx#—1 .. Eq. (1) is an identity]

= a=-1." ' ' -

Giventhatf(x)=(x+1)%, x>—1

Now if g(x) is the reflection of £ (x) in the line y=x, then

g (x) is an inverse function of y =f(x).

Giveny=(x+1)*(x>—1and y=0)
= x= i»\/; -1 ~
= g@=T®=Vx -1,x20
Given that, f(x) =2x+sinx,x€ R
= f'(x)=2+cosx
but—1<cosx<1
= 1<2+cosx<3
- f'®)>0,yv xeR
= f(x) is strictly increasing and hence one-one.
Alsoasx —> o, f(x) > 0and x — — oo, f(x) > — 00
Range of f(x) =R =co- domam of f(x)
= f(x)isonto
Thus, f (x) is one-one and onto.

Given that f: [0, <) — [0, ), f () = Y +1

1+x-~- -X 1 >0\ x
+xf (Q+x®

fis an increasing function = f'is one-one
Also D=0, ).

5 f’(x):

x

And forrange let — =y = x = A

1+x ’ l—y

wx20=>0<y<1 -~
fis not onto

Hence, D, # R,=> fis not onto

R =~ [0, 1) ,# co-domain

For f(x)=,/sin™" (2x) +% to be defined and real

sin”! 2x+ /620




= sin!2x>— % (1)
But we know that — 77/2 < sin”! 2x < /2 )
Combining (1) and (2), — 71/6 <sin™ 2x < 70/2

= sin(—7/6)<2x <sin ( 7/2)

= -12<2x<1
=

-1/4<x<12
11
D, = —7
g [AJ
e (x* +x +1) +1
22.c. Wehavef(x)=x2+x+2=( Sl )
x° +x+1 x° +x +1
S p—_—

(x+3) +3
x+=| +=
T T2) T4

We can see here that as x — oo, f (x) — 1 which is the
minimum value of /(x). '

Also f(x) is max when (x + %) +% is minimum which is
so whenx=-1/2,

1 .
14— =73
fmax 372 /

R=(1,7/3]

23.b. f(x)= smx+ cosx, g(x)=x"—1

= g(f(x)= (smx+cosx) —1=sin2x

Clearly, g (f(x)) s invertible in— g_s 2% < %

G sin @ is invertible when — 77/2 <0 < 71/ 2)
N P4
' 4°7 74

24.a. We are given that

. f R RS0 = { 0, x € rational

x, x € irrational

0, x" € irrational

.g:R—>R,g(X)={ .
LT X, x € rational”

(f—-2):R —5 R such that

-2 ()~

Since f— g : R — R for any x there is only one value of
(f (x) — g(x)) whether x is rational or irrational. Moreover,
asx € R,f(x)— g (x) also belongs to R. Therefore, ( f—g) is
one-one and onto. '
25:d. Given that X and X are two sets andf: X > Y. {f(c)=y;
: chch}and{fd x;dcY,xc X}.

—x if x € rational

x if x € 1rrational

The pictorial representation of given information is as

- shown
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f—1
- f(a)
Fig. 1.126 . .
Sincef'd.=x
= fx)=d
Nowifacx=f(a)cf(x)=d
= f7Ifa=a

f7 (f(@))=a, a cx is the correct option.
Multiple ‘choice question with more than one answer
x+2

1. a,d leenthat f ®)=y= l :

, o x+2 -
a.Letf(x=;—_—1-=y=>'x+2=xyfy

x=2t2
-1

=x=10)

ais correct.
‘b f(1)#3 .. bisnotcorrect.

x-1-x-2 -3
¢ f{x)= =
' (x-17 . (x x=1)
= f(x)is decreasing Vx#1
;. cisnot (;orrect

TdfM=

. d. is the correct answer
g Thus we get that a, and d are correct answer.
© 2. b.c. As(0,0)and (x, g (x)) are two vertices of an equilateral
{triangle; therefore, length of the side of Ais

(x=0)® +(2(x) 0 =yx* +(g(x))"

T (e )

<0forVxe R—{1}

+2. .
- is aratlonal functionof x

The area of equilateral A=

N

= g(x)"‘=1—x2

= g(;t)=d: Vi- x*

b, ¢ are the correct answers as a is not a function
(- image of x is not unique).
3. a, c. f(x)=cos [#7] x + cos[—7?] x
We know 9 <77 <10 and ~10 <~ <9
= [#%]=9and [-7]=-10
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4.b.

= f(x)=cos 9x+ cos (-10x)
= . f(x)=cos 9x + cos 10x’

a. f(g—) = cos%r +cos5m =—1 (true)

b f(7)=cos 97+ cos 10z=—1+ 1 =0 (false). |
¢. f(-m) = cos (-97) + cos(-107) = cos 97 + cos 107

=-1+1=0(true)

d f (—) =Co0s N +cos 7 cos (27r + —) +0 (false)
4 4 2 4

Thus, a and e. are correct options.
f{x)=3x-5(given)
Lety=f(x)=3x-5

y+5 -

- = yt5= 3x=>x—T

x+5

= o=

. Iff(x)=sin xandg(x)=\/; ’

Now, fog=/(g ()= F&x) =sin®Jx-

~and gof (x) = g(f (x))=g (sin’x) = v/sin® x —|smx|

again if f(x)=sinx, g (x)=| x|

- fog(x)=f(<§'(x))=f(lxI)=SlnlxI?&(Sin\/;)2

, Wh'enf(x)=_xz,g(x)‘=sin Jx

fog (6)=FTg ()] =f(sinx )= (sin/x )’

and o)) = g [ 9] = g () = sin v = sin x|

#|sinx| -
a is the correct option.

Match the following type

(-5) (z-1)
DI

X% —6x +5.
x? —5x+_6

1. We have kf(x)=
a->p,L,s.

If-1<x<1,then f(x) = (—_—V%‘%) = +ve - f()>0

(—ve)(—v
_ R S 1)
| Alsof(x)-1=— Tor a6 = (x—2) (x—3) |
for-1<x< l,f(x)— 1= —_—(ﬂ— =-—ve
(—ve) (-ve)
= f()-1<0=f(x)<1
. 0<f(x)<1
‘b q,s.
1 <x<2thens)= VY L
(-ve) (~ve)
. f(x)<Oandsof(x)<1
€—>q,S. .
If3<x<5then
_ (~ve) (+ve) _
/()= (+ve)-(+ve) ve
f(x)<0andsof(x)<l
d-—)p,r,
Forx>5 f(x_)>0

~(x+1)

Also f(X) - 1= m<0f0r.¥>5 .

= f@<1,.0<fE<1



