Exercise 13.4
Answer 1E.

(A)
We know the average velocity over a time interval of length h 1s given by

r(E+h)—r(t)
P

Now for the interval [0, 1]
r(e+h)—r(0) ~ r(0+1)—r(0)
2 B 1
_ <45,63>-<279837>

1
=<18,-38,-07>

That is average velocity over [0, 1]is1.87 —3.8 /—0.7§

For the interval [0.5, 1]
r(t+h)-r(z) r(0.5+0.5)-r(0.5)
h - 0.5
_ <45, 60,3.0>—<35,72,33>
0.5
= <20, -24,-0.6 >

That is average velocity over [0.5, 1]is2r — 2.4 — 0.6k

For the interval [1, 2]
r{t+k)—r(f) ~ F1+1)—r (1)
B a 1
_ <33 T8 27>—<45, 60 30>
1
= <2818 -03>

That is average velocity over [1, 2] is 2.87 +1.87—0.3%



®B)

For the interval [1, 1.5]
r{e+h)—r(2) ~ F{140.5)=7(1)
A B 0.5
 <59,64,28>-<4560,30>
0.5
=<28 08 -04=>

That is average velocity over [1, 1.5]is2.87 +0.8 7 —0.4%

The average velocity over interval [0.5, 1J1s <2 —-24, -06 >

And over interval [1, 1.5]15 <28, 08, -04 >

Therefore the velocity of particle at£=11s
<2,—24,-06>+<28,08,-04>

2
=<24,-08-05>

ie. v(1)=24i-083-05k
Andspeedis  [o(1)]=yf(24)" +(-0.8)" +(-0.5)

Answer 2E.

(&), (B)

r(2.4) - r(2) 0.5

0.4

y (3,2.9)

W
-




()

. F(2+R)—r(2

5(2) <tim 27 (2)
=0 ;3

(L)
speed of the particle at 2 =215 ‘v(2)|
s2)=L r[2.4)—r[2)+r[2)—r(1.5)}
2_ 0.4 0.5

~ l_-::2.3,3.5:a— -::2.4,3.2::-+ €24 32%— <3 29 ::-}
2l 0.4 0.5
:%c:—l.dlﬁ, 135>

= <0725, 0675
Then  [o(2)]=y(-0.725)" +(0.675)
=099

Answer 3E.
To find the velocity, acceleration and speed of the particle with the position function,
r(r)= —l;:,r =2
2

Velocity of the particle,

v(r)=r'(r)
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The acceleration of the particle is,

a(r)=r"(r)
d
=Er (r)
=< (1)
=[(-10)
And.
a(2)=(-1,0)
The speed of the particle is,
V()| =1
= +1
At r=2,



Finally, the sketch of the path of the particle, the velocity and acceleration vectors
v(2)=(-2,1). a(2)=(-1,0)is shown below:

Answer 4E.
Consider the position vector,
r()=(2-1)i+4tja=1

The objective is to find the acceleration, speed and velocity of a particle with the given position
vector.

The velocity of the particle is,

o(1)=Lr(1)

=—r
dt

:i(z-rAJF)

dt
{3

The velocity vector of the particle is [v(1) = (—1,i>.




Find the velocity at y =1.

=(-1.2)

Thus, the velocity at ¢ =1is v(1) =[{-1,2}|.

The acceleration of the particle is derivative of the velocity vector.

The acceleration of the particle is,

{of3)
~(0.-)

The acceleration vector of the particle is |a(f) = (D,-r'j”’) ;

Find the acceleration at p =1.

a(r)=(0.-"")
a(1)=(0,-1)

Thus, the acceleration at s =1is a(1) = |{0,-1)|.




The speed of the particle is,

i

Hence, the speed of the particle is |p{;)| = “ +i .
!

The speed of the particle at ;=1 is,

4
|v{l]|: 1+T

=|vs

The position vector at 1 =] is.
r(r)=(2-14Vr)
r(1)=(2-1,41)

=(1.4)

Sketch the graph of the path of the particle and draw the velocity and acceleration vectors.




Answer 5E.

To find the velocity, acceleration and speed of the particle with the position function,
r(r)=(3cost,2sint),1=x/3

Formulas for differentiation,
d .
—(cost)=—sint
it
qd ..

—|sIn{ | =cos!?

— (sin?)
Velocity of the particle,

v(r)=r'(r)

= %{3 cost,2sint)

(—3sint,2cosr)

And,
v(r)={-3sinr,2cosr)

(5) <_3m_ m%)
({76
2



The acceleration of the particle is,
a(r)=r"()
d_,
=—Tr({
dt )

= i =3sint, 2 cost
dt

(-3cost,-2sint)

)=(-3cost, —Esmr}
a(: < zsmm>
a){)
(70

The speed of the particle is,
|v(=‘]| =|(—3 sint, 2 cos r)l

= \]{—3:-3&115}2 +(2cost)’

= \.IFS's.in3 t+4cos’t

= JSsin® 1 +4sin’ £ +4cos’ ¢
= 5sin’r+4
At 1=x/3.
r{: =(3cost,2sint)

<3c 2sm ’3"]>
<
.

e
2



Finally, the sketch of the path of the particle, the velocity and acceleration vectors

v[%]: <if1> a[%} :<_T3,-J§>i5 shown below:

f

Answer 7E.
Find the velocity, acceleration and speed of the particle with the following position function:
r(t)=(1,2),1=1
Velocity of the particle is as follows:
v(r)=r'(1)

A7 s
=&?(r,r,2)

=1(1,21,0)

Mow, proceed as follows:

v(1)=(1,2,0)



The acceleration of the particle is calculated as follows:
a(r)=r"(1)
d ,
=—Tr (!
Q)
=i(|,2r,n}
dr

=((0,2,0)

Obtain the following result:

a(1)=(1,2,0)

The speed of the particle is calculated as follows:
o) =[0.200)

JOY +(2) +0?

At r=1. obtain the following values:
r(r)=(r’,2)

r(1)=(1,1,2)

Finally, the sketch of the path of the particle, the velocity and acceleration vectors
v(1)={1,2,0). a(1)=(1,2,0)is as follows:




Answer SE.

The position function is r(t)=fi+2cosfj+sinrk.

Thatis r(1)=(r,2cost,sint)

The objective is to find velocity, acceleration and speed of a particle.
The point on the curve at ;=0 is {0,2,0)

Use the following formulas:

(i) The velocity of a particle at time ¢ is v(r)=r'(1)

(ii) The acceleration of a particle attime ¢ is a(r)=r"(r) -

First differentiate the position function, r(z‘}: (r,zccsr,sinr;a with respectto 1.

r'(t)=<1,-2sint,cost >

The velocity at =0 is v(0)=<1,-2sin0,cos0 >=|(1,0,I)

Again differentiate the function r'(¢)=<1,-2sin#,cos¢ > with respectto 1.

() =i{1,—251nr,c05r3:
dt
={0,—2cost,—sin1)
The acceleration vector at =0 is,
a(0)=(0,-2cos0,~sin 0}

=((0,-2,0)




The speed of a particle is |y(;]| =J1+4sin?r+cosis.

The speed of the particle at ¢ =) is,

|'.'(ﬂ}| = JI +4sin’0+cos’ 0 = \.E

The velocity and acceleration of a particle at § = () are shown below:

Answer 9E.

-+

rig)= < +1,£. 8 -1»

Velocity v(e)=r'(t) = <23 2t »
Arcceleration ;[.ﬁ) =;" [z) =<2 62>

Speed [o(2)]=yf(2) +(3) + (22’
= Jd? +9¢* + 452
=for* + 8.7
= ko +3

Answer 10E.

;[.ﬁ) =« 2cost, 3, 2ani >



Welocity 1_;[ ): ; [z)_ < —2sing, 5 2cost >

Acceleration ;[.ﬁ) ;" (ﬁ)z o —2cosi, 0,—Z2sni >

Speed| | le Esmﬁ +32+[2|:os£:l2

w'rilsin 49+ oo

e
i3

Answer 11E.
Consider the position function
r{r}=ﬁri+e’j+e"k
Velocity is the rate of change of position vector with respect to time ¢

That is
v(r)=r'(r)
=%{v"§fi+e‘j+e"k)

=V2i+ej-e'k

And
The Acceleration is the rate of change of velocity with respect to time §.
Therefore
a(r)=v'(1)
=r"(1)

—r{ Zi+éj—e k)

=i+ j+e’'k

=le'j+e 'k




Now find the speed of a particle

The speed of the particle at time [ is the magnitude of the velocity vector, that is, |v[r]]

Since speed cannot be negative

Thus

Speed = |v(r]]

v (o) =[r(r)
_ds
Cdr

= rate of change of distance with respect to time.

Suppose
If \'{."}Zai+ﬁj+ﬂkthen |]J(f]’:1ﬂa2+bz+cl
Here \r(r):-ﬁhe’j—e"k

Then
Ml=y(V2) +(€) +(-<)

= Multiply and divide by 1 or

2r

e

E.‘!r

- 2
{E-‘ H) Use the formula (a+b)2 —a*+b° +2ab
e.’.‘r

r
e” +1 Cancel the square root

e smon
Thus the speed of a particle is



Answer 12E.

Consider the position function, r(r) =ri+2j+Inrk.

The objective is to find the velocity, acceleration, and speed of a particle with the position
function.

Find velocity function v(¢) as follows:
The derivative of the position function is velocity function.

Thatis. v(r)=r'(r)

V() =2 (r(1))

=§:~(:’i+2:j+|mk]

dn d o d
—m(: )Hdr(zr]ﬁd.r[lm)k

=2n'+2j+}k

Hence, the velocity function is, v{.‘] =Eri+2j+lk .
i

Find the acceleration a[r] as follows:
The derivative of the velocity function is the acceleration.

Thats. a(r)=v/(1)=
(*’ )

=7[2"”¢'*"‘]

2 (2n)is S (2)i+ 21

:2i+ﬂ-j+[::~]k
!

Hence, the acceleration is, a(r}: zi+{].j_llk .
!




Find the speed of a particle as follows:

The speed of the particle at time t is the magnitude of the velocity vector. That is, |~.|[r]|

5

|1'[;)!:J{2;]:+23+[}]
4,2 1
= 4" +4+=
i
B 4¢* + 40 +1
= |I—sz

=~1—\4'|4f"1 +41° +1

J

1l 3
Hence, the speed of the particle is, H A + 415 +1|.

Answer 13E.

-

r(i) =(.;?I costide sing j +£I£k)

Welocity {;(z) = ;'[ﬁ) = (e’ cost—g sin£)§+ (et sin £ +a’ cos.ﬁ):;' +(e’.£ +&' 1) P

= e’[(msr_—sinﬁ);+[sin.ﬁ+cos£):}+(z+1:]£:|

Arcceleration 5(5) =y (ﬁ) = (e’" cost—& sint—e sint— &' cosﬁ);

-

+(.;?:rsinf,+‘=3:r cosi+e’c05£—e’sinﬁ);
+{elt+e' 1+ )k

=—2¢ sinsi+2¢ cos£}+e’ [£+2)k

Speed |;|:£:|‘ = \/e:” [(cosz - sini)g +(sini+ cosﬁ)g +(¢ +1:|2]

= .;?:rm'rlz:-::-sgE+si112f,—2sinﬁlz:-::-s£+sin:£+|::c::u52£+25inf,|::-::usf,+£2 +2f+1

=11+ 26 +1

= ‘e’«ﬁz:‘ +26+3




Answer 14E.

It x and v are twice differentiable functions of £, and r 12 a vector-wvalued function given
by v(£) = x(fn + v + 2k, then the velocity vector 12 given by

vie)=r'(e)=x"(e )i+ ()i + 2" (e)k.
Evaluate x(£).

x'{e) = —[£%)

Mow, find »(2].

d
"(£] = —(sin —fcost
y[) ng:Sln EOS)

= fsnf

z'[z) = j;z[msz +.Esin£)

= fcosf

Replace the obtained values in v{¢) = x"(£)i + y'(£)j + 2" (¢ )k .

v(ﬁ) = 24 +fsnf +icostk

Thus, we get the velocity function as v(ﬁ) = 28 +fznf + fcostk .

MNow, determine the acceleration givenby afe) = r"(¢) = 2" (£)i + »"(2)j + 2" (1) k.
Find z"(¢), »"(¢) and z"(z) .

x"(£) = E[?.ﬁ) =&
7(8) = = (esing) = sin(2) + rcos (1)
Z"(£) = %[zcos.ﬁ) = cos(f) — £sint)

Therefore, the acceleration of the object 15 obtained as

vit) = 2i +[s1n +toos( :|] I:I:C-S — ¢sin :|k



Replace the obtained values in w(¢) = z"(£)i+ »(¢)i +2'(t)k.

v[f.) = 24 +faung + fcostk

Thus, we get the wvelocity function as v(i) = 28 +fanf) +icosik.

Iow, determine the acceleration givenby a(¢) =r"(¢) = x"(e)i + " ()] + 2" (£) k.
Find z"(¢), »"(¢) and 2"(¢).

x"(t) = E[E‘.ﬁj = 2
#(6) = S (esine) = sin(6) + rc0s(0)
2"(t) = %[zmsﬁj = cos(£) — tsin(t)

Therefore, the acceleration of the object 15 obtained as

v[ﬁ)=2i+[s1n + toos( ]] [l::os — tsin | ]k.

| v (2] = \f[zz)g +{tsing) + (£cose)
5¢°

= f0f
The speed of the object 15 thus obtained as N'Ig-f :

Answer 15E.

To find the velocity and the position vectors of a particle that has the given acceleration,
velocity, and the position,

a(r)=i+2j

v(0)=k

r(0)=
A known result is,

m+l

n 'F
Jf dt = N
n+l




First, integrate acceleration,
v(r)=_[a{:}i’r
= [ (i+2j)dr
=fi+2j+C
v(t)=fi+26+C . (1)
Now we can plug in the first initial condition v(0)=k.
v(0)=(0)i+2(0)j+C
C=k
Then by (1), the velocity vector |v(t)=1ri+2+k

Next we can solve for the position function.

r{I:I=J.v[.'}d1‘
= [(d+26+K)dr

2

="Ei+r3j+rk+c'

¢ )

r(r}=%i+r3j+rk+ﬂ' o]

Mow we can plug in the final initial condition r([}) =1,

3

r{0}=%—i+{]3j+ Ok +C'
C'=}
Then by (2).

r(r}:%i+r1j+rk+i

Therefore, the position vector [r(¢) =[%+1]i+r:j+rk




Answer 16E.

Find the velocity and the position vectors of a particle that has the given acceleration, velocity,
and the position,

a(t)=2i+6rj+12°k

v(0)=i

r(0)=j-k
A known result is,

m+l

i
n+l

_fr"a’r = N

First, integrate acceleration,
v(1)=[a(r)di
= [(2i+60j+120 k) dr
=2ti+37 j+4r'k+C
Therefore, the velocity vector is,
v(1)=21i+3¢ j+4r'k+C (1)
Plug in the first initial condition v{[}}:i:
[ﬂ]i+2[ﬂ]j+C=i
C=i
Then by (1),
v(t)=2ti+37 j+4r k+i
=(2e+1)i+37 j+4r'k

Therefore, the velocity vectoris v(r) =|(2r+1)i +3 j+4r k|.




Solve for the position function by integrate the velocity vector,
r(r)=[v(r)dt

= [((2r+1)i+3F j+4c k) dr
r(r):(.fz+.f)i+r3j+.f‘k+l} ------ (2)
Plug in the final initial condition r([}) =j-k.
(0°+0)i+0°j+0'k + D =j-k

D=j-k

Then by (2),
r(t)=(F +e)i+fj+r k+j-k

=(F+e)i+(0 +1)j+ (' -1)k

Therefore, the position vector is r(#) = [rz +1f}i+{4F3 +l]j+(r“ —l)k .

Answer 17E.

A position vector is represented as r(r}which shows the position of any point  pin space with

respect to the three coordinates and it is also known as location or radius vector.

(a)

Consider the acceleration of a particle
a(r)=(21)i+(sinr)j+(cos2r)k.
Since a(r)=v'(z), find the velocity of the particle by integrating a(r) with respect to .

v[r}=ja[1]dr

= [[(20)i+(sins)j+(cos20)k ] dlt
L

sin 2¢

v(r}=(;’-'}i+(-ms:)j+[ ka...(n



Given that the velocity of the particle at y=( is v{ﬂ] =i.._[2]

To find the integration constant ¢, substitute y = @in the equation (1) and equate it to the

equation (2).

v(r) =[r1]i+[—cnsr)j+[

sin 27

]k+C

sin z{ﬂ}}‘ e

v(ﬂ]=(03)i+{—cosﬂ)j+(

sin(

i:[ﬂ]i+(—l]j+( >

i=(—l)j+[9]k +C
2
C=i+j
Substitute C =i+ j in the equation (1).

Jk+l’.‘l

sin 2

]R+C

v{f:}z(i‘z)i-i-(-ri}ﬂsf]jﬂk(
n2s

v{r}:(;z)i+(-msr]j+(5i2

v(r)=(1+7)i+(1 -cnsr}j+[5ir;2f]k

]k +i+]

The velocity of the particle is;

v{r}:(1+rz)i+(1-msr]j+[Sin;t]k.

since v(¢)=r'(r), find the velocity of the particle by integrating v(¢) with respectto ¢,

= I{[I +r1)i+{1—casr}j+[5izmjk] dt

3 3
|41 i+(r-sim)j+[-“”52’ k+D
3 4 )

3 )
r{:]:[r+%Ji+(r—sinr)j+[—mf!Jk +D...(3)



Given that the position vector of the particle at ;=( is r{[}): i [4}

To find the integration constant [y, substitute ;= ()in the equation (3) and equate it to the
equation (4).

(1) = [r+—]:+[: s|nf]j+( Cﬂf"]km
r(0)= [u+—].+ (0- S|nﬂ]J+(—w]k+D

=(ﬂ}i+(ﬂ}j+[-ﬂk+n

1
D=j+—j
j+7]

Substitute D= j+&j in the equation (3).

i 3%

r(r)= r+L i+(r-sinr}j+[—cuszfjk+n
b Fy 4

3%

r(r)= r+L i+(f—sinr}j+[— 0521]k+j+l]
b 3.1
r 3

r(f)= fp i+(l+r—sinr)j+[l—m52r)k
L 3 4 4
¢ 3 _

r(7)= r+ L i+{l+r—sinr)j+[ﬂ]k
. 3.:-' 4

Therefore, the required position vector of the particle is;

r(s) ={f+§]i+{l+r—sinr}j+[$jk




(b)
Graph the path of the particle using a computer whose position vector is given below;

3

r{r}:[r+r3;]i+(1+; -sinr]j+[$]k.

Use MAPLE to sketch the graph as shown below.

Answer 19E.
Consider the position function of particle r{.f) = (:H*ij,r2 -lﬁr).

To determine that, when the speed of a particle is minimum if the position function of the
particle is given by, r(t)= {:3*53‘,4'2 - lﬁr}.

State the formulae for differentiation.

%{r"] = nt"™
d 1

= f’(f)]=ﬁf’(f)
The velocity function v(¢)=r'(t).

v(r)=(21,5,2r-16)



Find the speed of the particle, |v(r)|.

(1) = (26) +(5)" +(2t-16)
= J4 +25+ (2 -16)
=4r® +25+4¢* — 641 + 256
= /817 — 641 + 281

Find the minimum speed by equating the derivative of the speed is equal to zero.
d
—|v[r]|=l]
dr

|
2817 — 641 + 281

(161-64)=0

161 —64=10
f=4

S0, the speed of the particle is minimum when |f = 4sec|.

Answer 20E.

Ple) =+ 5k
v(e)=r'(t)
= 3%+ 21+ 3k
a(t)=r"(2)
=65+ 46tk
Therefore F[.ﬁ) = g [ﬁ)

=m[6z§+2}+6z£-]



Answer 21E.

Suppose that an object starts at the origin with initial velocity \f({]] =i-j as shown below.

=

initially object
at the origin

X

A force with magnitude 20 N acts directly upward from the xy—plane on an object with mass 4
kg. It is needed to find its position function and its speed at time 1.

Acceleration of the object is defined as the derivative of the velocity:

a=v'(r)
Then v(r)=[a(r)dr
= [(5k)ar

=5tk+C

Where {__':‘ i5 constant vector of integration



From the data, it is given that ;(.[]] =i-j
Then i-j=5(ﬂ)k+§

C=i-j

Therefore, v(t)=i-j+5¢k

Velocity of the object is defined as the derivative of the position vector:
v(e)=r'(¢)
Then r(t)= I;f[r]a’r
Thatis r(s)=[(i-j+5tk)dr
=1i—rj+5ﬁk+£_)

Where p is constant vector of integration.

Since the object starts at origin then
r(0)=0
ﬁ:ui—ﬂj+§(ﬂ“]k+ﬁ

2

D=0

Then f-(;):;i—err%fk

Thus position function at time ¢ is E(;}: ;i_.rj+§ﬁk

The speed of the object at time ¢ is the magnitude of the velocity vector, that is ‘v[r}‘
As v(t)=i-j+5rk. speed of the object at time ¢ is
V(0] =) +(-1) + (51

=J141+252
=2 +25¢*

Thus, speed of the object at time 1 is |i}{;}|= J2+25¢°




Answer 22E.
Let the velocity of the particle 15

=< /() (E)AE) > e (1

Then acceleration 1z

a(f)=<7(8), g'(e).4'(e) » SETSEURSURSRBNY ¢+
The speed of the particle 15 given by

&)=y )+ () +7 (2)

It 15 given that |v [E)‘=constant

1LE. fog (£) +g° (£) + i (£) =constant
Le. fz I:f.) + gz (ﬁ)—l—ﬁzj [ﬁ) = constant

Differentiating both sides with respect to t

2r(e) e +2g(t) g () +2k () k' (£)=0
e SV (O+glelg'(e)+h() R () =0
ie. < Fle),glelh(e)= < F'(e).g'(e).k'(£)==0
e v()a(l)=0 (Because of (17 and (2))

1E v(ﬁ) and a (ﬁ) are orthogonal
That 12 if a particle mowes with a constant speed then the velocity and acceleration
vectors are orthogonal

Answer 23E.
The initial speed of a projectile is 200m/s.
The projectile is fired with an angle of elevation g(° .
(a)
The objective is to find the range of the projectile.
Find the range of the projectile, using formula for distance traveled.

v, sin(2a)

g

d=



The initial velocity v, = 200m/s. g =9.8m/s*, and a = 60°

Substitute the values v,,g, and & in the above formula.

- 200° xsin (120°)
0.8
200 xsin(90+30)
- 9.8
40000 cos(30°)
- 9.8

V3

40000x -~
—

9.8
_ 40000x+3
2x9.8

~20000%+/3
9.8
3464101615

9.8
=3534.797

= 3535
Therefore, the range of the projectile is, |3535m




(D)

Find the maximum height of the projectile, using parametric equations of the trajectory.
: | B

x=(vocos(a))t. y=(v, sm[a]]r—ng"

Substitute the values of v,, g, and & in the parametric equations.

x=(200cos(60°))r

= El}l}-lr
2
=100z
y= (Zﬂﬂsin(ﬁﬂ°]]f —g—ff?’

V3x200 98,
2 2

Write the vector form.

«J'ixznnr_ﬁrz j
2 2

r{r}: 1004 +

Find the maximum height of the projectile reached.
Observe that this height will be critical point for the graph of vertical motion.
So, need to derivative of y with respectto ¢.

dy_d[3x200 98,
didrl 2 2

J3 %200 o

MNow find di =)
dt

@_m:n

9.3;:”@“2“”

J3 %200
19.6



Substitute the value of ¢ into the formula for vertical position.

V3x200 98 ,
2 2

:ﬁKZﬁU{ﬂxzﬂﬂ]_E[ﬁxzﬂﬂT

2 19.6 2 19.6

~ 3x40,000 9.3(3%1},{1{1{]}

392 2| 384.16

_ 340,000 _9,3[3x40’0ﬂﬂ]
39.2 768.32

_ 120,000 —9.8[ 120,000]

39.2 T68.32
=3061.2-1530.6
=1530.612245
= 1531
Therefore, the maximum height of the projectile reached is, .

(c)

Find the speed of the particle at impact.

First solve for the time at which the projectile impacts the ground.
The range of the projectile is 3535 meters.

Find that at time of impact:

x=100¢
3535=100¢
3535=1¢

Solve for impact velocity:

The velocity of the particle is,

v(r)=r'(7)



The vector r(r)=1004 +

2

[\Exzuur Q.Erg]j
2

Differentiate the vector r(r) with respectto 1.
(J3x200

v{r}=1ﬂﬂi+ ——Q.Er]j
2

(J3x200

=100i + —2——9.8(35.35:}]j

LY

=100i +(100v/3 ~346.430) j

=100i+(173.21-346.430) j
=100i-173.220j

Hence, the impact velocity is, v(z) =100i—173.220j

Find the speed of the particle, using the formula

Impact speed is just the magnitude of impact velocity,

[v(1)| = J(100)" +(~173.200)°
=199.996
Therefore, the speed of the impact is, [200m/s

Answer 24E.
(a)
Find the range of the projectile.
The parametric equations of the trajectory of a projectile are

x=(vcosa)r y=(v,sina)r —%grz

Here v, is the initial speed of the projectile, is the angle of elevation, and g=9.8 mfs"— is the
acceleration due to gravity.



If we place the origin at the ground, then the initial position of [ﬂ,]ﬂﬂ]and 50 we add 100 to

the expression for y. Use v, =200, and g = 60°-

x=(200cos60° )
= 100¢
And

y=100+ (2[]{] sin 6U°}f -%':9-3)?2

=100+ 10013 - 4.9¢

The range is the value of x when y=0, that is, when 4 9,2 _ m{},,ﬁ —100=0-

Solving the quadratic equation, to get

- 1003 + /30,000 + 1960

9.8
z 35.92
Then
x=100(35.92)
=3592

Therefore, the range of the projectile is {3592 ml.



(b)
Find the maximum height reached.
The velocity of the projectile is
v(r)=r'(z)
=100i+(100v3 -9.8¢)

The maximum height is reached when the y-coordinate of v is 0.

1003 -9.8¢=0
Solving this equation for t, to get
. 100y3

9.8
=17.67

Then

y= 1DD+]Dﬂ[l?.é?}ﬁ—ﬁi.g(l?.ﬁ?]:
=1631
Therefore, the maximum height reached is (1631'm

(c)
Find the speed at impact.

The speed of impact occurs when ¢ = 35.02.

2

[v(1)| = J(mnf +[100y3-9.8(35.62)
=532
Therefore, the speed at impact is 532111,-’5.




Answer 25E.

If'the ball is projected with speed w making an angle & with ground, then we
know the maximum range of the ball 1z given by

2v§ SIIL (T C0S &

g
Here v,=7, R=%m, g=9.8%, =45

21)3 sin 45 cos 45"

H=

Then %0=
898
. 2 90 =9 8
LE. v, = —
Zain 45 cos 45"
ie. v =882

1:8: v, = 25.6%
That 15 1nitial speed of the ball 15

¥y = 50 mA

Answer 26E.

Consider the following data:

A gun is fired with angle of elevation 3q°.
The maximum height of the shell is 500 m.
The objective is to find the muzzle speed.

The position vector of the projectile is,

. 1 5.
I'(J'}Z{l-'“ L:us.r.r].'i+|:[1;|,5|n .:r]: —Egi‘]J
And, the parametric equations of trajectory are,
x=(v,cosa)t

. 1,
y=(Vsina)t-_ gt



Here,

a =30°
h,.. =500m
g =9.8m/s’

Substitute these values in the above parametric equations to get,

X =V, cosa
= v, cos 30°
K
ik

And,

y=(v,sine)s —%grz
= (v, sin 3-:}**};—%(9.3);3

=ln,~ﬂ,r—4.‘£x'.r2
A



Differentiate y with respect to f to get,

d—y=lvu —9 8
dr
For maxima/minima, set ﬁ =10,
i
l
EVH—Q.EI =)
|
9.8 =E'I-’,:I
1=
19.6

Since h_ =500m. then

%vﬂ;—f;.gﬁ =500

Substitute ¢ = 1;‘3& in the above equation to get,

s
luﬂ[ ¥ ]-4_9[ Y ) - 500
2"(19.6 19.6
| - L __29 |_500
<196 (19.6)

W2 [i) - 500
302

»  500x392
¥, =—————
5
v, =39200
v, = /39200
v, =198

Thus, the muzzie speed is v, =|198 m/s|.




Answer 27E.

We know if the projectile 13 projected with initial speed vp making an angle & with
horizontal then the range 1z given by

R:vg sin 2oy
E
Here R =800m, vﬂzlﬁﬂmé, g:Q.SmSg, a="1
2.
150 2
Then guozm
| | 200% 9.8
1E 51112:_‘1’:—2
(150)

1E sin 2ex = 0348

e Da=sin_(0.348)=203%

1LE. a=101%

We know sif 2[9[] - {:f) = s1in (18[]‘:'—2:‘:.:’:]
= 510 28

Theretore the two required angles of elevation are 10 2% and 90° - 10 2°
That 12 10.2° and 79 8°

Answer 28E.

Let the x-coordinate represent the distance from home plate, while the y-coordinate denotes
height above the ground is shown in below figure

115 ft/s
71t

y | 10t

400 ft




Use the foot as the unit of distance and the second as the unit of time. The initial position is
then

r, =xi+ ¥}
The initial velocity w, is given in terms of the speed |vu|=l 15 ft/s and the angle g =5(°
above the horizontal. Thus
v, = |v,|(cos i +sin j)
=115(cos 50° +sin 50°j).

The acceleration is a=-—gj, where g is the strength of the gravitational field, measured in
ft/s?- In these units, g =~ 32.174.

Using the formula for motion with constant acceleration:
1 .,
r(t)=r, +vnr+5ar'

=3j+115(cos50°% +sin 50°j)1 +%[—32.1 74j) ¢’

=3j+115¢cos50° +115¢sin 50°j—16.087¢° j
=(115¢c0s50°)i+(115/sin50°~16.087¢ +3)

Where x(¢)=115rcos50° and y(r)=115¢sin50°-16.0871* +3

The question of whether this trajectory clears the fence can be rephrased as the question of
whether the ball is above the level y =10 top of the fence when the ball reaches the fence at
x =400,
Solving the equation y = 400 vield the time when the ball reaches the fence:
x(r)=115¢cos50°
__x(0)
I 15¢cos50°
400

f=——
115¢c0s50°
r=54



Substituting this into the equation for the height ,1'(1']1
y(5.4)=115rsin50° -1 6.087¢° +3
=115(5.4)sin 50° 1(‘:.(]3?(5.4}: +3
=115(5.4)(0.766)-16.087(5.4)" +3
= 9.62

Because 9 62 < 10. the ball does not clear the fence -

Answer 29E.

Consider a projectile is fired with angle of elevation «,and initial velocity v

L]

First draw the picture of the situation and various different firing angles.

30%
25
20
15
10 Yo
L/
6

i i i i -
0 100 200 300 400 500 600



The equation of motion for this problem,

x=x,+v,fcos(8,)

v =y, +v,tsin(6,)- %gf
Where x, =0,y,=0,v, =80m/s.
x=x, +v,tcos(6,)
x=0+wtcos(6,)

Xo

= v, cos(8,)

¥ =y, +vysin(g,) - zlgﬂ

y=ﬂ+v“[

To solve the value of y

1]
,cos(8,

-

&

b : |
T—}JSIH(HU]—EE[“—T

gis the gravitational acceleration is 9 gm/s?

_ x“sin[ﬂu] _ Ex
cos(8,) 2v,cos’(4,)
:xtan(f?n]—ﬂ_:secz[ﬁn)
0
=Imn(3n]_ E{S:r}:l
2 2
gy gx 2
—xtan(8) - & an(g
x n( D} zv“! 2'0'“: an [ “)

2v, y=x2v, tan (6,

b) =
)
&)

gr gx tan” [5’]

2v, vy —x2v, tan (6, ) + g’ + gx’ tan” (6,) =0
2v,’y—x2v,’ tan( +g.:r +gx’ tan’(6,)=0
g_l—
v}y x2v)?
g;zy_ gxi” tan(g,)+1+tan’(6,)=0
2 2

tani(ﬂn]—ﬂvf tan(&'n}+[l+ h”‘f]:ﬂ

ax gy



E'l". use the quadratic formula:
tan(#,) = Vo "_'l 4 -4 1+ Zv'ﬁ”
fray 2 2x 2
v ) 2v* : 2v’
L'-I"=[ﬁﬂ il i_ _ il _4 'I+_ .|"
gx | 2 ox ox”

To set fire to the city by catapulting heated rocks over the wall, so the following (-‘-1.1“') pairs

{lﬂﬂm,ljm} and the commander of an attacking army and the closets then get to the wall is
100m.

Sothe (x,y)pairs ((500+100)m,0)=(600m,0).and v, =80m/s
Therefore.,

6,=112.99°,85.54°} at (x,y)=(100m,15m)

6, ={37.37",56.63"| at (x,y)=(600m,0m)

So, the range of angles should (12 99° < 9 <37.37°| or |56.63" < 6, < 85.54°|.

Answer 30E.

In the case of a projectile, the equation for y-direction motion are given by

1 :
¥ =y tut- Eg@fz and v, =wusind — gf.

Atg=0,we gety=0and u, = usind.

: 1
Then, we get ¥ =usin & — Egﬁz.

ulsin? g

The maximum height reached 15 givenby & = e But, at mazimum height v, =10
g
: 151 & : ;
Then, we get 0 =usind — gf or £ = . The time taken to reach the maximum
g

S in &

height 1s ¢ = by
4

Mow, we have to find the time taken when &= ;H CWe then get the maximum height

1.2 ot 2
reached as H'=M. Thus, o 8 = usiné‘—lngz.
8g 8g 2



Tse the quadratic formula to find the roots of £

usin & + \/uz sin® 8 — f—luz sin” &

&

. 1 .
usin & + —usin &

E
Gusin & wan &

2g | 2g

wsin &

2g

mince A< A the only possible value for £ 15

Therefore, we can say that the projectile needs only half the time to reach its maximum
height.

Answer 31E.
Consider the acceleration vector:
a(r)=-4j-32k
Given that the initial velocity is v(0)= 50i+ 80k

To find the velocity, Integrate a{:) with respect to *y'we get

v(r)= _I-n(r)d.r

= [(-4i-32k)ar
= —41j— 32tk +C

To find the constant C. use the fact that the initial velocity is v(0)= 50i+ 80k

Then the equation becomes,
v(0)=C
50i+80k =C
Therefore, C = 50i+ 80k -
Now substitute € =50i+80kin v(r)=—4j-32k+C
Then, the velocity vector is:
v(r)=—41j- 32k + 50i + 80k
=50i— 47 +(-32r+80)k



since v(1)=r'(1).
To find the position function r(z). integrate v(r) with respectto *s*
r(r)= I‘F(r)df
= [[50i— 45+ (-32¢+ 80)k | dr
=504i— 207§+ (~16¢* + 801 Jk + D
The initial position of the ball is 0. that is. r(0)=0
30,
r(0)=0+D
0=D
D=0
Thus, the position vector is r(f)= 50— 21"j+ (—Iﬁ-.r1 + 8{]:):.

The ball lands when the value of the z-component ( —16#2 + 80¢ ) 1S 0. which occurs when
¢ =5 Thus, the ball lands at the position r(5).

r(5)=50(5)i-2(5) j+[-16(5) +80(5) |k

= 250i— 50j

The ball lands at the point ((250,—50,0)

Now find the speed of the ball. That is |v(r)]

v(r) =|50i— 45+ (-32:+80)K]
v(5)=[50i - 4(5)j+(-32(5)+80)k|
=|50i — 20— 80k|
= /2500 + 400 + 6400
=/9300
=[10\93 f's

Thus, the ball lands at about the point |(250,-50,0)| with a speed of approximately

10493 fi/s|-




Answer 33E.

(a)
Consider the function f(x)= %x(-ﬂ] —-x)

Let the point 4 commesponds to the origin in g2 .and the position of the boatatime ( is
r(0)=0.

The velocity of the boat at any time r.

Since the boat is proceeds at a constant speed of 5 m/s from a point 4

This means that after rseconds the x-—coordinate of the boatis 5¢

Therefore the time rseconds the velocity of the water at the point,

£ (5) = s(50)(40-50)
3 3,

=—f——t

2 16
And the velocity of the boat at time ris,

v{r}:ﬂh(%:—%r*]j

(a)
Consider the function f{ .r) = ix(dl[}— _1-}
400
Let the point 4 corresponds to the origin in  j2.and the position of the boat a time ( s
r(0)=0
The velocity of the boat at any time r.
Since the boat is proceeds at a constant speed of § m/s from a point 4

This means that after rseconds the x-—coordinate of the boat is 5¢
Therefore the time ¢seconds the velocity of the water at the point,

£(51) = (51) (4051
3 3,

=f—-=t

2 16
And the velocity of the boat at time ris,

v(r)=5i +(%t— %r’ ]j



The position vector of the boat by integration.

3 3,
A= 1 51 —_f = |
J\(} J[|+[2r T3 ]]}#
= 3 i ] I 3]-
=5 il C
r(r) n+{4: Iﬁr j+
But C=( because r(0)=0

The boat reaches the opposite shore when y =40 then r=8 [Since* ﬂ]
5

3,2 1,00
r(8)=5(8)i+| —(8) ——I(8) |j
(5)=5(8)i+( 30 -7 )
— 40i + 16j
Therefore, the boat ends up 16 meter down the shore from its started.
The plot of,

x=51,;-=if—i:3, 0<t<8
4 16

The path of motion of the boat is shown below and 16 m far down the river on the opposite
bank will the boat touch shore.

&

y

X
; . =
20 30 40
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(b)
The pilot the boat to land at the point B on the east bank directly opposite 4.
If maintain a constant speed of Sm/s.

The velocity supplied by the boat's engine is Scos(a)i+5sin(a)j

Where ais the direction and _9Q® <« o < (" . theend up at point Fif o> -

The x-—component of the velocity is 5cos(a)meters per second, the x—coordinate of
the boat at time r willbe Scos(a)s-

Which means the velocity supplied by the river itself at this time,
f(5cos(a)r)= %(Scﬁs(a)l](dﬂ—icm{a]r)

3 3 )
— r—_ l_
zm{a} T Cos (a)

The velocity vector of the boat at time ris,
v(1)= Scns{a}i+[55in{a}+%cos{a)r -%ms’ (a)r ]j
The position vector of the boat by integration.
r(r)=5cos(a)d+ [Ssin{-:r}r +%cm{a}rz - %cm’ {a}13]j+{.‘

But C =0 because r(0)=0.
The boat will reach point Bwhen y=40and y=0.
Scos(a)r=40

8
cos(a)

And

_ g8 ) 3 s V1 . A8 _
Ssm(a)[m]+zm{a}[m] -—ﬁr.:os ( )(_cus{a}] 0
640sin(a)+256 =0

sin(a) = —%

a =-23.58



The boat must maintain a upstream of about 73 sg*at the point B

5 5
=
But, ms{a}
. 8
N7
5
= §.73 seconds
Therefore,
321, 21,
r(r =-Jrﬂri+ =21 + - i |j
) [ 20 400 J*‘

The boat’s path by the parametric curve,

_rz-u"E_IL_r: —2!+3\wa— 2] r|.0<t<8.73
20 400

The path of motion is shown below.

15

]

15T

05T

45T




Answer 34E.

Let a be the angle north of east that the boat heads, so the velocity of the boat in still water is
given by 5(cosa)i + 5(sina)j - Al seconds, the boat is 5(cosa)i meters from the west
bank, at which point the velocity of the water is

3sin{ 5 )i= 35in[ﬂ"( Heos o )}= 3sin{ -rcosa)j

The resultant velocity of the boat then is given by

!-{r) = S(tmsa)f + [Ssim:t +35in( %!msn:)]j - Integrating. we get

r(r) = (Srcusa)f + [Srsinn: - r;%cus( %rmsa)}' +C

If we place the origin at A then

{0)=0= - Z—j+c=0=c= jand

oS s

,.(r) = (Srmsa)i+[5rsina— rim CGS( %":“5“) ¥ r*-:.:d 1’

The boat will reach the east bank when Sficosa=— 40 = 1=

- In order to land at point

COS
3 24 Y 24
B(40.0) we need S/sine — —— m( —rmsa) + =0
T OO & 8 TOOS &
R 2 24 I3 b 24
= 5(—_)sma— : cuﬂ[—(—)cusa]-i- — =90
@® 8 T COSE
= p— (Wsina—iimri*i—d) =0= 4ﬂsina+g =0 =sinae= —sir

Therefore, g = sin_i(—_i) = —22. 5" south of east
oy

Answer 35E.

It is giventhat r'(z) = ¢ xr(¢). Then, we get x'(£) - r(z) = c xr(£) -r(z) or

r'(t) -r(f.) = 0. We note that the dot product of r'(f.) and r(t) is zero. Thus, we can
say that postion vector 1s perpendicular to the wvelocity vector. Also, we can say that
r'(z) is perpendicular to the plane containing ¢ and r(¢).



Answer 36E.
(a) If a particle moves along a straight line, then r(f) is a linear function of £.
We know that a(f) is obtained by differentiating r(f) twice with respect of t.
Since r(f) is a linear function of £, we can say that r'(r] is Zero.
Thus, the acceleration vector is zero.

(b) If the pariicle moves with a constant speed, then we cannot make any conclusions about
the acceleration.

This is because the acceleration of a particle dependents on its velocity and not speed.
Answer 37E.
r(e)=(%—2)i+3"
r{e)=(3-3")i+6t
;. (.f) = —6!;"'6}

Fo)=y3-22) +(62)"
=9 +9:* — 188 + 366

=~f9:* +182 +9

= ,’[3:’ +3) =343

The tangential component of acceleration vector 1s
. _r'(.t).r'(ﬁ)
r_ 1
)
(3—3%)(—6e)+(6)6
3 43
_ —18:+18¢" +36¢
%43
187 +18¢
% +3
6¢(3" +3)
343
= 6¢




;
Now r'(£)xr"(£)=p-3£
& 6

R wo
[ e

= :[3—3=]ﬁ+3ﬁz“]fé

= :13—1%3:2+36£“]£
=(13.:‘+13).’i—

F'(z)x}"(z)|=1ﬂ13.:“+13)’

=18¢* +18
The normal component of acceleration vector is

__Foxrg)
G
_18*+18
% +3
~ 6(3" +3)
¥ +3
=6

Answer 38E.
r(e)=(1+2)i+(£ - 2)
r{e)=i+(26-2)
=i+2(z-1);
r(£)=2]

Fe)= P +[2(-D]
= ‘f1+4(z2 -2t +1)

=-J1+47 -8t +4

=4 g +5




The tangential component of acceleration vector 1s
"(e)r(¢
P70
F )
[2(¢-1)]2
N4 8145

A4

JA2 8t +5

Now ri{g)xr(e)=[i+2(e-1)] |x2}

= 2ixj+2(t—1) jx2j

2k +0
2%

&)< (@]=+2
=2

The normal component of acceleration vector 1s
_Forro)
¥ uaal
F o)
2

J42 _ 845



Answer 39E.

Consider the following vector

r(r)=costi+sinrj+rk

Find the tangential and normal components of the acceleration vector:

Recall the tangential components of acceleration vector is

_r(0)-r()
TR0

Differentiating r(r)with respectto 7 is
r'(t)=-sinfi+cosfj+k
Again differentiating r(¢)with respectto ¢ is

r"(t)=—costi-sintj

|r'{r)| = J(—sinl]! +(4:it:|rsif}3 +P

=sin2r+cos’t+1

=1+l

=2

The tangential components of acceleration vector is

_r'(e)r()
r'(r)

_ (—sint)(—cosr)+cost(—sinr)

V2

1 :: )
=E{smrmsr—ms!ﬁmf}

ar

=0

Therefore, the tangential component of acceleration vector is El

Recall the normal component of acceleration vector is

' (1)xr" (s

o PO @)

o ee)



i i Kk
Now r'(r)xr"(¢)=|-sinr cosr |1
—cost -sinf 0

=sinsi+(~cosr) j+(sin® r+cos’ 1)k

=sinfi—cosrj+k

|r’{r]x r'[r)l = Jsin?t+cos 1 +1

=+1+1

=2

The normal component of acceleration vector is

The normal component of acceleration vector is El



Answer 40E.

A particle moves with position function r(f)=d+1"j+3rk

To find the tangential and normal components of the acceleration of this particle:

The tangential component of acceleration vector is

_r'(1)-r(r)
ar -W )

MNow,

r(r)=rni+rj+3k

r'(r)=i+24+3k

r(r)=2j
And the magnitude of the vector r'(:) =i+21j+3kis.
() =P +(20) +3

=\1+47+9

=4 +10

Substitute the values of r'(:),r’{r},lr‘{r)l in the equation (1) to get the tangential component
of acceleration vector.
r'(t)-r"(¢
g
~(1L.21.3)-(0.2,0)
NPT,

4

J4r +10




The normal component of the acceleration of the pariicle is,

Now the cross product of ¥'(r),r"(r)is

r'(r)xr"(r) = (i+24+3k)x(2j)
=2(ixj)+2(2r)(jxj)+6(kxj)

=2k +41(0)+6(~i) Since ixj=k, jxk =ikxi=j

=—6i+2k

So the magnitude of the vector r’(r)xr*(r)is.

(1)< (o) = (-6) +2*
=\36+4

=40

=210

So by (2), the normal component of acceleration vector is,

R0

TR0

2410
Va4 +10

Answer 41E.

A =i j+ek
PO =i+ 2 -k
Fe)=dite'k



£, -
=g +a

The tangential component of acceleration vector 1s
r'(e)-r" (o)
gp = — 2 NS
TPl
et [E_!:I [E_!:I

1 =
e t+e
=4
—-g

=
g +a&a

(et +e4) (e’ - e_!)

J
Now ;'(I)x;'(r)z ) -q"i
¥

= «fl_’e_’;— (e’.e" +e’e"’) :r'— -J'Ee’ .E
=2 - 25— 2k

Py @=(v2e) +2+(v2e)
=2 +4+ 2.
=2 Z+ 246
=2 e’+e4)2
- (e +e7)




The normal component 1s
I ACRa0)
kol
\,E (et +e4)
e +e '

-2

Answer 42E.
F(e)=ti+cos’s j+sin’tk
;'(f.) —i+2cost (— Siﬂ.f) _}+ Dsinfcosik

=i—sin2f j+sin 2 F

L (£)=—cos2t. 2_}+cos 2 2k
= —2[:052:_}+2[:0525.E
1 2 1 3 i 5
(@)= P +(-sin 2" + (sin 22)
= J1+sin? 2 +sin? 2¢
=1+ 2sin® 2¢

The tangential component of acceleration vector is
00
r - _.-I
(2)
B [— sin 2:) [—Et:os 2:) +(sin 2:)(2 Cos 2:)
J1+2sin? 2
_4sin2fcos 2f
J14+2sin? 2%

2sinds

J1+25in2¢

i g k
Now r'(e)xr"(£)=[1 -—sin2 sin2e
0 —2cos ZcosX
=(—2sin 2¢cos2f+ 2 cos 2 sin 2:);+2 Cos 2£}+|:—2 Cos Ef):i;

= Et:oszt:r'— Deos 26k



F@)x7(0)] = (2c0s 26)" +({2c0s22)"
—] -J4 cos- 2t +4coss 2

= 2+f2c0s? 2¢
= 21,)5(:052:

The normal component of acceleration vector 1s
. _Fosa)
Fe)
2-»;5 cos 2¢

J14+ 25in? 2t

Answer 43E.




It is given that the magnitude of the acceleration vector ais:

a|-10emy/,

Now, from the figure, the tangential and normal components of acan be determined.

Since, it can be seen in the figure that the vector a makes the diagonal of the rectangle whose
sides are given by the normal and tangential components, so, by Pythagoras theorem:

The tangential component is:

a. =4.5 ‘:‘%3

And the normal component is:

a, = 9.0*3%3

Verify:
a,’ +a,’ =(4.5) +(9.0)
=100

Answer 44E.

It is given that
L) =mr(£)xv(2)
On differentiating both sides withrespectto t

L'(e) = [ mr ()0 () +mr () <'(2)

Since 7'(£)=v(¢)
Then L'(t)=[mv(t)xw(e)+mr () x'(e) ]
=[0+mr () ()]

= mr (£)xa(£) (Asv'(6)=a(2))

But  mr(f)xa(f)=7(f)
Then L'(t)=7(£)



Now if ;(t) =0Oforall £
Then Z'(t)=0
On integrating

L () = constant vector

Answer 45E.

0

Let the engine 1s turned off when spaceship 15 at A After A the spaceship wall
move along tangent to the curve at A 1e. the spaceship will continue to move

along it’s velocity v (I) at A
Let spaceship takes time m to reach at B from A therefore total displacement of
the spaceship 1in t + m time 1s OB and
OB=0A+AB
= OA+mi(z)



Now posttion function of spaceship 15
7t)= [3+z)f+[2+lnt)}+(?—
Differentiating with respectto t,

F(e)=F(e)= % (3+6)F +(2+1ng) j+ r?—i)f]

4 B’
£+1)

E o ot

I"
- - 1 -
=i i—4| — 281k
T (fﬂ)‘]( )

9

Now, from a+ﬁ(z) = ﬁ we have,
Fle)+mv(e)=6i +4;+9%

= (3+:)?+(2+1n:)}+(?— 24 )£+m f+1}+ N —k (=67 +47+9%k
£ +1 £ [I2+1)

- - 4 Bt - -~ -~ -
= (3+z+m)i+(2+]nz+?]j+l?— + ]ﬂ::&' +4 7+ 9%

(£ +1) (£ +1}2

Equating coefficients of 7 , 7, i we get,

3+tf+m=6=>m=3—¢ — (D
2+lnt+ =4 2]
£
And 7o 4 ;¥ __g

(£ +1) [z‘+1)2_
r RPN - B
7(+1) -4 +21)+B.t(3 z)zg
[z’+1)
= ?[z‘+2:’+1)—4z“—4+2zk—&“=9[z‘+2:‘+1]

= 14247122 4+ 246 -4 =9 11842 49
= 1422 4124643 =%" +187+9
= 2 11662 —24:46=0

= 482 -12¢43=0
= [z—l)[ﬁ +£ +9z—3)=ﬂ




Ifi-1=0= £=1
Therefore, m=3—§f=3-1=2
Putting values of t and m 1n equation (2)

We get, 2+ln1+%=4

24+0+2=4

= 4=4
1 e values of m and t also satisfy equation (2)
Hence,

Engine should be tumed off whent=1

Answer 46E.

{(A) Equation of motion of rocket 15
av  dm
m — —
df  dt
Or, & _ ldm 7,
dft  modf
Integrating both sides wath respect to t
From £=0 to f=f we get,

E

= v(ﬁ)—v(ﬂ)zve [hm(z)—]nm(ﬂ)]

S HE)=s(0)+um )

m(0)

Hence,

3(6) =5(0) 7,10 L)

m(2)




(B) Frompart (a) we have
0
5(¢)=v(0)—%,1a :8
Given, rocket starts motion from rest.
Therefore, v(ﬂ) =0 and thus,

v(r)— —v,In—~ m(ﬂ)

m(z)
Also, when speed of rocket 1s twice the speed of its own exhaust gases, we have
P(E)|=2]
Now, from v (I) =-v,In :Eg
m(0)
|v(f')| |"" |]Il ”’(I)
= o))
=  2=In ’:;((S))
m(0)
m(t)

= m()="0_ (o)

Therefore, mass of the fuel burnt
= m(ﬂ) - m(r)
== m(ﬂ) —e7m (ﬂ)
=m(0) [l—e_z]
Thus, the fraction of the imtial mass which the rocket has to burn as fuel
mass of the fuel bumt

™ Hifidlimass of the fael
_my(1-¢7)
 om

=1-e
Hence,

The fraction of the imtal mass
that is burned as fuel = 1-22






