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Chapter

Properties of Triangles

Topic-1: Properties of Triangle, Solutions of Triangles, Inscribed

& Circumscribed Circles, Regular Polygons

I MOQs with One Correct Answer

In a triangle the sum of two sides is x and the product of

the same sides is y. If x2 — ¢* = y, where ¢ is the third side
ofthe triangle, then the ratio of the inradius to the circum-

radius of the triangle is [Adv. 2014]
3y 3y
e (Bt
2x(x+c) 2¢(x+c)
3y 3y

© 4x(x+c) @ de(x+c)

Let POR be a triangle of area A with a = 2, Z::g and

5

5 5} where a, b, and c are the lengths of the sides of the

triangle opposite to the angles at PO and R respectively.
2sinP-sin2P

Then———————gquals. [2012]
2sin P +sin 2P

e ) G ]2 . ['45\3

@ D aa @ Ul 90

Ifthe angles A, B and C of a triangle are in an arithmetic
progression and if a, b and c denote the lengths of the
sides opposite to A, B and C respectively, then the value

A £ :
of the expression Zsin2C +—sin24 is [2010]
¢ a
| A

1 /3 \
@ > (b) ”7 (© 1 @ 3

Let ABCD be a quadrilateral with area 18, with side A8
parallel to the side CD and 24B = CD. Let AD be
perpendicular to AB and CD. Ifa circle is drawn inside the
quadrilateral ABCD touching all the sides, then its radius
18 [2007 - 3 Marks]

3
(a) 3 (b) 2 © 3 (d) 1

=

th

Oneangle of an isosceles A is 120° and radms of its incircle

= /3 . Then the area of the triangle in sq. units is
12006 - 3M. -1

(a) —'}:\_T" (b) ]:—-’\E

\_ (d) 4n

In a triangle ABC, a, b, ¢ are the lengths of its sides and 4.
B, C are the angles of triangle 4BC. The correct relation is
given by [20058]

(© 12+7

N
(a) (b —{:';-sin-g —J = acos

(3]

2
{h) (b_(')CUSL £ J:asin_ﬁ_{

/

b |

.. (B+C A
(c) [b+c>]5m| —1 = @cos—
N Y 2

(A4
(d) (b_C)COSK_J = 2asin J

~
e

In an equilateral triangle, 3 coins of radii 1 unit each are
kept 50 that they touch each other and also the sides

of the triangle. Area of the triangle is [2005S]
(a) 4+2.3 (b) 6+4.f3

743 73
(c) 12+% (@) 3+2Y°
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10.

12.

14.

The sides of a triangle are in the ratio 1 : V3 : 2, then the

angles of the triangle are in the ratio [20048]
@138 (b) 2:3:4
321 (d 1:2:3

Ifthe angles of a triangle are in the ratio4 : 1 : 1, then the
ratio of the longest side to the perimeter is [20035]

@ +3:(2++3) (b) 1:6

© 1:2443 @ 2:3

Which of the following pieces of data does NOT uniquely
determine an acute-angled triangle ABC (R being the radius
ofthe circumcircle)? [2002S]
(a) a,sinA,sinB
(¢) a,sinB,R

(b) a,b,c
(d) a,sind,R

s

In a triangle ABC, let £C = 3 Ifristhe inradius and R is
the circumradius of the triangle, then 2(++ R) is equal to

[20008]

@) a+b

(c) cta

(b) b+c
(d) at+b+c

In a triangle ABC, 2acsin-;-(A -B+C)= [20008]

() *+a’-b?

(a) a®+ b2 —c*
@ ?-a?-p?

(c) R
Ina triangle ABC, £ B= 53‘- and ZC= E, Let D divide

sin Z/BAD .

1s equal to
sin ZCAD 4

BC intemnally in the ratio | : 3 then
[1995S]

1 2
(© B (d \g

If the lengths of the sides of triangle are 3, 5, 7 then the
largest angle of the triangle is [1994]

1 1
(a) I (b) 5

S w3
(a) 5 (b) 3 (c) 3 (d) a
In a triangle ABC, angle 4 is greater than angle B. If the
measures of angles 4 and B satisfy the equation
3 sin x—4sin’x— k=0, 0 <k< 1, then the measure of angle
Cis [1990 - 2 Marks]
@ ®E
3 2

2n Sm
(c) 3 (@) -

Ifthe bisector of the angle P of a triangle POR meets OR in
S, then

) OS=SR
(c) OS:SR=PQ:PR

[1979]
(b) OS:SR=PR:PQ
(d) None of these

with foci at Sand S, where S lies on the positive x-axis. Let
P be a point on the hyperbola, in the first quadrant. Let

Mathematics

ZSPS,=a, with a< —’:f— The straight line passing through

the point S and having the same slope as that of the tangent
at Ptothe hyperbola, intersects the straight line 5, P at P,.
Let 8 be the distance of P from the straight line SP,, and
p = S,P. Then the greatest integer less than or equal to
BS &

?SmEIS

18. Inatriangle 4BC, let AB= /23 ,BC=3 and CA=4.Then

|Adv. 2022]

cotd+cotC . Ady. 2021
cotB s ]

19.  Consider a triangle ABC and let a , b and ¢ denote the
lengths of the sides opposite to vertices 4, B and C
respectively. Suppose a=6, b=10 and the area of the

triangle is 15v3 , if ZACB is obtuse and if  denotes the
radius of the incircle of the triangle, then 72 is equal to

[2010]

20. Let ABC and ABC'be two non-congruent triangles with

sides AB =4, AC = AC'= 2v/2 and angle B = 30°. The
absolute value of the difference between the areas of these
triangles is [2009}

the value of

Consider an obtuse angied triangle ABC in which the dlfference

T
between the largest and the smallest angle iSE and whose

sides are in arithmetic progression. Suppose that the vertices
of this triangle lie on a circle of radius 1.
21. Let a be the area of the triangle ABC. Then the value of

(64a)is [Ady. 2023]
22. Then the inradius of the triang]e ABCis  [Adv. 2023]

Ina tnangle ABC,a: b c=4:5:6.Theratio of the rachus
ofthe circumcircle to that of the incircle is .. -
11996 1 \Iark]
24. Adcircleisinscribed in an equilateral triangle of side a, The
area of any square inscribed in this circleis .. i
1] 994 2 Marks]
25. Inatriangle ABC, AD is the altitude from 4. Given b > ¢,

ZC=23"and AD =

5 then ZR=: 145 S
b° —c
[1994 - 2 Marks]

26. | Hinatimgle dBc, 20%4  cosB  2cosC g 0 8
a b ¢ bc ca

then the value of the angle A is .................. degrees.
[1993 - 2 Marks]

27, Iftheangles of a triangle are 30° and 45° and the included

side is (/3 +1)cms, then the area of the triangle is
|1988 - 2 Marks]
28. A polygon of nine sides, each of length 2, is inscribed in a

circle. The radius of the circleis................... [1987 - 2 Marks]



29.

30.

31.

33,

@;:Eh

In a triangle ABC, ifcot A4, cot B, cot Care in A P. then
a?, B, arein................... progression. [1985 - 2 Marks]
The set of all real numbers a such that a° + 22, 22+ 3 and
a* +3a+ 8 are the sides of atriangle iS..................

|1985 - 2 Marks]
ABC is a triangle with /B greater than ZC. D and E are
points on BC such that AD is perpendicular to BC and 4E
is the bisector of angle 4. Complete the relation  [1980]

ZDAE= %[(...]— ZC]
ABC'is atriangle, Pis a point on 4B, and Q is point on AC
such that LZ40P = Z4BC. Complete the relation
area of A4APQ  (...)
area of AdBC 42
Ina A4BC, Z4=90° and AD is an altitude. Complete the

[1980]

- BD A4S
relation —— = —

)

1980
i [1980]

34. Consider a triangle POR having sides of lengths p, g and r

36.

opposite to the angles P, O and R, respectively. Then which
of the following statements is (are) TRUE?
[Adv. 2021]

2
@ cosP> Teis
2gr

r]cosP+(p ]cosQ
+4q Ptq
qg+r zqr'sin QOsin R

£ sin P

(b) cosRZ(;_ .

(c)

it
q
Let x, y and z be positive real numbers. Suppose x, y and z
are the lengths of the sides of a triangle opposite to its
angles X, Yand Z, respectively. If [Adv. 2020]
uigns 17

2 x+y+z

then which ofthe following statements is/are TRUE?

@ 2¥=X+2 b)) Y=x+2Z

(d) Ifp<gandp<r, then cosQ>% and cos R >

x
tan — +
2

X
(c) tam—=
: 2 yit:z

Ina triangle PQR, let ZPQR =30° and the sidesPQ and QR

have lengths 10\5 and 10, respectively. Then, which of
the following statement(s) is (are) TRUE?

d »? +z2~y2 =xz

[Adv, 2018]
(a) ZQPR=45°
(b) Theareaofthe triangle PQRis 254/3 and ZQRP= 120°
(c) The radius of the incircle of the triangle PQR is

103 -15
(d) The area of the circumcircle of the triangle PQR is
100

38.

39.

40.

41.

42,

B95

In 2 triangie XYZ_ let x. v, z be the lengths of sides opposite

to the angles XY, Z respectively. and 2s=x+y + z.

S-X S-y s—

£ - - IR

&

XYZis ", then

(a) areaofthetriangle XYZis 6.6

If

z
and area of incircle of the triangle

[Adv. 2016]

e
(b) the radius of circumcircle of the triangle XY7Z is %'-uf'ﬁ

() si113(~3inzsin£—i
2 A2 Boins

sin? [——x+ Y] T
@ 2 )3
1

In a triangle POR, P is the largest angle and cos P= —

5 |
Further the incircle of the triangle touches the sides PQ,
OR and RPat N, L and M respectively, such that the lengths
of PN, QL and RM are consecutive even integers. Then
possible length(s) of the side(s) of the triangle is (are)
[Adv. 2013]
(b) 18

(a) 16 (d 2
Let ABC be a triangle such that £4CB =1;— andleta, b

(© 24

and c denote the lengths of the sides opposite to A, B and
C resg ectively. The value(s) of x for whicha=x>+x+1,

b=x*—1andc=2x+1is(are) [2010]
@ —2+3) ®) 1+3
© 2443 d 43

In A4BC, internal angle bisector of Z4 meets side BCin D.
DE | AD meets ACin E and 4B in F. Then
[2006 - 5M, 1]

25

() AEisHMofb&ec ' () AD= =X iosd
b+c 2

dbe . A

(c) EF = o smE (d) AAEF is isosceles

+c
Let AgA A 4,4 A4 be a regular hexagon inscribed in a
circle of unit radius. Then the product ofthe lengths of the
line segments AgA pAgd,and A A, is [1998 - 2 Marks]|

3
® 3 ®) 343
© 3 @ 3‘5—3_

Ifin a triangle POR, sin P, sin @, sin R are in A.P., then
[1998 - 2 Marks]

(a) thealtitudes arein A.P.

(b) thealtitudes are in H.P.

(c) themediansare in GP.

(d) themediansareinA.P.

In a triangle, the lengths of the two larger sides are 10 and

9. respectively. If the angles are in A P. Then the length of

the third side can be [1987 -2 Marks]



44,

45.

46.

47.

48.

49.
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@ 5-v6 b) 33
(© 5 ) 5+v6
(e) none

There exists a triangle ABC satisfying the conditions
[1986 - 2 Marks]

(a) bsind=a,A<mw2 (b) bsind=a A>1?2

(c) bsind>a,A<m2 (d) bsind<a,A<m2,b>a

(e) bsind<a,A>m/2,b=a

If I is the area of » sided regular polygon inscribed in a
circle of unit radius and O, be the area of the polygon
circumscribing the given circle, prove that

( 2
=2l fi-(2e) )
o n
If A is the area of a triangle with side lengths a, b, c,

v
then show that A < Z\f(a+b+c)ﬂbC-A]so show that

the equality occurs in the above inequality if and only if
a=hb=c. [2001 - 6 Marks]

Let ABC be a triangle with incentre [ and inradius r. Let
D,E.F be the feet of the perpendiculars from / to the sides
BC, C4 and 4B respectively. lfrl, r, and rs are the radii of
circles inscribed in the quadrilaterals AFIE, BDIF and CEID
respecitvely, prove that [2000 - 7 Marks]

[2003 - 4 Marks]

TP pRE S

r=n r-n r-n (r-q)lr-n)r-n):
Let ABC be a triangle having O and / as its circumcenter
and incentre respectively. If R and r are the circumradius
and the inradius, respectively, then prove that (/0)>= R? -
2Rr. Further show that the triangle BIO is a right-angled

triangle if and only if & is arithmetic mean of g and c.
[1999 - 10 Marks]

Prove that a triangle ABC is equilateral if and only if

tan4+tan B+tan C=3 /3. [1998 - 8 Marks]

Consider the following statements concerning a triangle
ABC [1994 - 5 Marks]
(i) Thesidesa, b, c and area A are rational.

hhn

" B C :
(i) a,tan 2 tan 2 are rational.

(1ii) @, sin 4, sin B, sin C are rational.

Prove that (i) = (ii) = (iii) = (i)

Let4,, 4,,.........., A be the vertices ofan n-sided regular
1 1 1

olygon such that = gy

, Find the value

44,
of n. [1994 - 4 Marks]
Three circles touch the one another externally. The tangent
at their point of contact meet at a point whose distance from
a point of contanct is 4. Find the ratio of the product of the
radii to the sum of the radii of the circles. [1992 - 4 Marks]
In a triangle of base a, the ratio of the other two sides is
r{= 1). Show that the altitude of the triangle is less than or
equal to it =
I—r

[1991 - 4 Marks]

54.

63.

65.

Mathematics

The sides of a triangle are three consecutive natural
numbers and its largest angle is twice the smallest one.
Determine the sides of the triangle. ~ [1991 - 4 Marks]|
Ifin a triangle ABC, cos A cos B+ sin 4 sin Bsin C=1,

Showthata:b:c=1:1: 42 [1986 - 5 Marks|
In a triangle ABC, the median to the side BC is of length

1

V11-643

and it divides the angle 4 into angles 30° and 45°. Find the
length of the side BC.

A ladder rests against a wall at an angle o to the
horizontal. Its foot is pulled away from the wall through a
distance a, so that it slides a distance b down the wall

making an angle B with the horizontal. Show that

[1985 - 5 Marks]

1
a=btan5(a+[3} [1985 - § Marks]|
With usual notation, ifin a triangle ABC;

b+c c+a a+b
= = then prove that

11 12 13
cosd cosB cosC
T e s 1984 - 4 Marks]

Fora triangle ABC it is given that cos 4 + cos B + cos C = .;_ ;

Prove that the triangle is equilateral.  [1984 - 4 Marks]
The ex-radii ry, r,, 75 of A ABC are in H.P. Show that its
sides a, b, carein A.P. 1983 - 3 Marks|
Let theangles 4, B, Cof a triangle ABC be in A.P. and let

b:c=+[3: J2 .Findtheangled.  [1981 - 2 Marks]
ABC is atriangle with 4B = AC. D is any point on the side
BC. E and Fare points on the side AB and AC, respectively,
such that DE is parallel to AC, and DF is parallel to 4B.
Prove that

DF+FA+AE+ED=AB+AC [1980]
ABC is a triangle. D is the middle point of BC. If AD is

perpendicular to 4 C, then prove that [1980]
2 2
S vase= 2 =4)
3ac

(a) Ifacircle is inscribed in a right angled triangle ABC
with the right angle at B, show that the diameter of the
circleis equal to AB+ BC—AC.

Ifa triangle is inscribed in a circle, then the product of
any two sides of the triangle is equal to the product of
the diameter and the perpendicular distance of the
third side from the opposite vertex. Prove the above
statement.

(b)

[1979]
A triangle ABC has sides AB=AC=5cmand BC=6cm
Triangle A'B'C is the reflection of the triangle ABC'in a line
parallel to AB placed at a distance 2 cm from 4B, outside
the triangle ABC. Triangle A"B"C" is the reflection of the
triangle 4'B'C' in a line parallel to B'C' placed at a distance
of 2 cm from B'C' outside the triangle 4'B'C'. Find the
distance between 4 and 4", [1978]
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Topic-2: Heights & Distances

) 1B |
1. Aman from the top of a 100 metres high tower sees a car
moving towards the tower at an angle of depression of
30°. After some time, the angle of depression becomes 60°.

The distance [in metres] travelled by the car during this

time is [20015]
(a) 10043 (b) 2007373
() 100V3/3 @ 20043

2. Apolestands vertically inside a triangular park A4BC .If
the angle of elevation of the top of the pole from each
corner of the park is same, then in A4BC the foot of the

pole is at the [20005]
(a) centroid (b) circumcentre
(c) incentre (d) orthocentre

3. From the top ofa light-house 60 metres high with its base
at the sea-level, the angle of depression of a boat is 15°.
The distance of the boat from the foot of the light house is
[1983 - 1 Mark]
[ 3-1 3+l
(a)

:ETJ 60 metres  (b) [-ﬁ—l} 60 metres

V+1]
(c) ﬁ metres (d) none of these

3 ” 10 i S
Abird flies in a circle on a horizontal plane. An observer
stands at a point on the ground. Suppose 60° and 30° are
the maximum and the minimum angles of elevation of the
bird and that they occur when the bird is at the points P
and Q respectively on its path. Let 0 be the angle of
elevation of the bird when it is a point on the arc of the
circle exactly midway between P and Q. Find the numerical
value of tan?0.[Assume that the observer is not inside the
vertical projection of the path of the bird.] [1998 - 8 Marks]
A tower AB leans towards west making an angle o with the
vertical. The angular elevation of B, the topmost point of
the tower is [3 as observed from a point C due west of 4 ata
distance d from A. If the angular elevation of B from a point
D due east of C at a distance 2d from C'is y, then prove that

2tan ao=—cot B +cot y. [1994 - 4 Marks]
6.  An observer at O notices that the angle of elevation of the
top of a tower is 30°. The line joining O to the base of the

tower makes an angle of tan~! (1/4/2)) with the North and is

inclined Eastwards. The observer travels a distance of 300
meters towards the North to a point A and finds the tower to

Ln

5

10.

11.

13.

his East. The angle of elevation ofthe top of the tower at 4 is
¢.Find ¢ andthe height ofthe tower [1993 - 5 Marks]

A man notices two objects in a straight line due west. After
walking a distance ¢ due north he orserves that the objects
subtend an angle o at his eye; and, after walking a further

distance 2¢ duenorth, an angle B . Show that the distance

8¢

between the objects is ————
3cotp—coto

; the height of the
man is being ignored. [1991 - 4 Marks]|

A vertical tower PO stands at a point P. Points 4 and B are
located to the South and East of P respectively. M is the mid
point of 4B. PAM is an equilateral triangle; and Nis the foot of
the perpendicular from P on 4B. Let AN=20metres and the

angle of elevation of the top of the tower at N'is tan~'(2).

Determine the height of the tower and the angles of elevation
of the top of the tower at A and B. [1990 - 4 Marks]|
ABC'is atriangular park with 4B=4C= 100 m. A television
tower stands at the midpoint of BC. The angles of elevation
ofthe top of the tower at 4, B, C are 45°, 60°, 60°, respectively.
Find the height of the tower. [1989 - 5 Marks|
A sign-post in the form of an isosceles triangle ABC is
mounted on a pole of height h fixed to the ground. The
base BC of the triangle is parallel to the ground. A man
standing on the ground at a distance d from the sign-post
finds that the top vertex A of the triangle subtends an
angle P and either of the other two vertices subtends the
same angle o at his feet. Find the area of the triangle.
[1988 - 5 Marks]
Four ships 4, B, C and D are at sea in the following relative
positions : B is on the straight line segment AC, B is due
North of D and D is due west of C. The distance between
Band Dis2 km, ZBDA =40°, ZBCD=25°. What is the
distance between 4 and D? [Take sin25° =0.423]
[1983 - 3 Marks]
A vertical pole stands at a point ( on a horizontal ground.
A and B are points on the ground, d meters apart. The pole
subtends angles o and 8 at 4 and B respectively. 4B
subtends an angle y at Q. Find the height of the pole.
[1982 -3 Marks]|
(i) PQis avertical tower. P is the foot and Q is the top of
the tower. A, B, C are three points in the horizontal
plane through P. The angles of elevation of O from 4,
B, C areequal, and each is equal to 6. The sides of the
triangle ABC are a, b, c; and the area of the triangle
ABC is A, Show that the height of the tower is

abctan®
47
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(i) ABisa vertical pole. The end 4 is on the level ground. elevation at Cis thrice that at A. Ifthe distance between
C is the middle point of 4B. Pis a point on the level A and B is 2 and the distance between B and Cis b, find
ground. The portion CB subtends an angle B at 2. If the height of the balloon in terms of  and b.
81 (b) Find the area of the smaller part of a disc of radius 10
AP=n AB, then show that tan = =g [1980] cm. cut off by a chord 4B which subtends an angle of
14. (a) A balloon isobserved simultaneously from three points 22 %c at the circumference, [1979]

A, B and C on a straight road directly beneath it. The &
angular elevation at B is twice that at 4 and the angular
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Hints & Solutions

ﬁTﬂpic-l : Properties of Triangle, Solutions of Triangles

E] Inscribed & Circumscribed Circles, Regular Polygons

(b) Let two sides of the triangle be ¢ and 4.
S atb=xandab=y
Nowx? — ¢? = y, where c is the third side of A.

2 2 2
h': 4 y a~+b" -c*° 1
= + - = e ——
asb] e Sub 2ab 2
- COSC——;‘:>C=]10” (1)
A ; '
& = —*——, where A is area of the triangle
R s abc =
5 8 x| ] absinfj
? 4A" (2 :
= — - :
R (a+b+c) [r:-rb+c)abc
p)

_ 2% sin?120° 2“5”‘2 A ay

S (a+b+c)abe (x+c)e 2¢(x+c)

2sinP—sin2P _ 2sin P—2sinPcosP  1-cos P
© 2sinPrsin2P ~ZsinP+2sinPoosP - I—sinP

2sin® — -
9 =1an2£=(5 b)(s—c)

< 7 a+b+e
2cos? E 2 s(s—q)  where s=
2
__(s=bP(s-¢)? _(a+c-bP@+b-c)?
s(s—a)(s-b)(s—c) 16.A2
7P (p 5y
Qr— | |p et
_[ 2.2 2. 2 _‘X9_(3\2
164 16A2  \4A
d - 4 B CareinAP, .. B=60°
Now Zsin2C + Esin24
L4 a
= an A D5t C oot s?n( 2%k Acos A
sin C sin A4

=2(sin A4 cos C+ cos 4sinC) = 2 sin(4+ C)

=2sin(n— B) = 2sin B =2x—7\@:\/§

() Given : 4B || CD, AD perpendicular to both AB and
CD, CD = 24B Let AB = a then CD = 24

Let radius of circle be r and circle touches AB at P BC at 0,
AD at R and CD at S.

Then AR=AP=r,BP=B0 =a—r

DR=DS=r and CQO = CS =2a—»r
Now in ABEC, BC? = BE2 + EC2
= (a-r+2a-r2=@2r?+(a)?

»

| W

= 9% +4r2— 2ar=42+42 = 4=

Now, area (quad. ABCD) = 18

2a

2

= Area (quad. ABED) + Area (ABEC)= 18

1
= a><2r+5><a><2r:18

2 3
= ar=6 = -Sr—=6:>r=2 [-'azirJ

(c) By Sine law,

X a
sn30° " smizos = 2= ™3

A
120°
X X
B c
a
1 - = I3 .
A=—xxxx8in120°=— x* il
2 4
A 2x+ 3
Now, r=-—:>r3=(_x:>(__%a_)\/§ :i-g_xz
X 4

= x=2(2+:3)
On putting the value of x in (i), we get
5

K .4_x4{4+3+4\/3—) = 7J§+l2sq.unils.
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Diee. 218

6. (b) By Sine law, =k (let)

sind sinB sinC 10.
2cos [B+CJ sm[ﬂ]
> b—c_sinB*sinC_ 9 2
a sin 4 2sinA/2cos A/ 2
sinA:’Zsin[B_C] s'm[ﬁj
= 2 a 2
sinAd/2cosA/2 cosA/2
-C
(b—c)oosA!2=asin{Bz )
7. () Let C,, C, and C; be the centres of the three circular
coins. For circle with centre C,, BP and BF are two tangents
from B to circle, therefore BC, must be the bisector of £B.
But £B = 60° (- AABC is an equilateral triangle)
" £CyBP=30°
1
= tan30°=— = x=+3 ii.
12.
BC=BP+PQ+0C=x+2+x=2+23
3 2
: AreaofAABC=—\£_-—x(2+2\/3_) =4J§+68q.units, 13
8. (d) Given : Sides are in the ratio 1:\5:2
Leta=k, b= 3 kand c=2k
7] e S
cos A:b__.-m—_azﬁ:'?f’=£
2be
P )
PN i e B
2ac 2 3
Hence C=n— (A+B)=%:>A;B:C=l:2:3
9. (a) Given: 4:B:C=4:1:1
letd=4x, B=x,C=x But A+B+(C=180°
4dx+x+x=180° = x=30°
A=120°, B=30%and C =30°
Now by sine law, L et 14.

sin120°  sin30° sin30°
b 5 =5 a:b:c=J§:1:1

a
V312 12 172
Ratio of longest side to the perimeter

=3:1+1+43 =3:2+3
(d) We know by Sine law in A4BC as
Y By c

sind sinB sin(n—A-B)

e c by
sind sinB sin(4+B)

(a) By using the value of g, sin 4, sin B; we can find the

value of b, ¢, £A, £B and £C.

(b) By using the value of g, b, ¢ we can find the value of

ZA4, £B and ZC using cosine law.

(c) By using the value of a, sin B, R we can find the

value of sin 4, b and then sin (4 + B) and hence ZC can be

found.

(d) By using the value of a, sin A, R then we can find

[
sinB sin(4+ B)

values of b, ¢, sin B, sin C separately.
. A can not be determined in this case.

=2R

only the ratio . We can not find the

(a) Weknow 2R=——=>c=2R (- ZC=90°)
sinC

r

(6
Now, tan—=
2 s-c¢

= p=s—c¢ (v 2C=90)
= a+b—c=2r = 2r+c=a+b
= 2r+2R=a+b (. ¢=2R)
(b) InAABC, 4+ B+ C=180°
o A+C-B=180°-28
1 ;
Now 2ac sin {5 (A-B+ C)] = 2acsin(90°- B)

2ac {az +c*—b%) 2.2

=2accos B= =a - +c —62
2ac
(2) 4
n/3 /4
B x. D 3x C

In A4BD. on applying Sine law we get

AD

= 4p- ‘5" i)
sinn/3 sina 2sina
In AACD, applying Sine law, we get

AD e 3x Ix o
sinn/4 "~ sinp — 4P =T5me i
\/.’:x 3x sina 1

From (i) and (ii), st = \EsinB sinp = ﬁ
(¢) Let a=3,b=35,¢c=7 then the largest angle is opposite
to the longest side, i.e., ZC
N 16t o @+’ -c? 9+25-49 -1
2ab 2x3x5 2

C=2n/3
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15. (¢) Given:4>Band3sinx—4sin’ x-k=0_0< k<1

= sm3xr=k
Since 4 and B satisfy above egquation

sm34d=kandsin3B=k — sm34d-sm3B=

-

34+3B .
— 2cos sin

34A-38

~ =
'34+3B) (34—
]= 0 or 3m

34-3B

But given that 4 > B,

n

3B)

J
/

=0

;. A=B Hence, A + 8=

2n
But A+B+C=n = C= H_E=T

16.

containing the angle.
5 OS:SR=PQ:PR
17. (7)

=0

w|g

C=2n/3

(c) We know that bisector of an angle, in a triangle,
divides the opposite side in the same ratio as the sides

50
B

Product of distances of any tangent ﬁ'om two foci

InAS,QP, smE=

5_SIQ=6stin%=b2

.o
" Basmi_fi_ﬁ

9 9y

18. (2) B
Given thatc= \/2_3;a=3; b=4

2

cosd b +c? -a

= 8§0= Bsm —

2

We have cot 4 =—
sin A

b? +c?

2bcsin A

2
it Al i {A - e A}
2.2A 2

)
b™+c" =
cotd= il
4A

a?+c* -

Similarly, cot B=———— & co

4A

=bl

v a* +b* - ¢*

4A

19.

20.

21.

B287

N oot A+cotC BPict-a+at+b* -2
.g“‘ _ 2 ;. 2 3
cot B a®+c*-b°
9 n_,
a*+c*-b* 9423-16 16 3
(3) >
c
b=10

- a=6 C
: 1 :
We know that area of triangle = Eabsm C

3

|
= =x6x10xsin C=15V3 = sin G

= C=120° as ( is obtuse angle.

i )
+b" -
Now cos C = a—c_‘ [cosine rule]
2ab
2
coslzo":w
120
= 2=19%6=>c=14, - s=a+2+c 15
Hence radius of incircle, r=£=%=\/§
s
rt=3
(4) Let LACC'=80,then ZAC'C=80 (v AC = AC')

and ZAC'B =180°-0.

Applying sine law in A ABC', we get

4 A 2«/5 in® 1 >
sin(180-8) _sin30° — SMO=7 = 0=45
LCAC! =90°

Now required area = ar(AABC) —ar(AABC')
1
= ar(AACC") = 5 x ACx AC’

1
= x22x 22 =4 §q. units.
(1008.00) Let sides of triangle aren —d, n, n + d.
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n—d=2sing .. (1) 2r 2 a a
= — = ——— = —
asdm2sn (240 N RN
=n+d=2 cosa - (i)
T
n = 2sin [E‘ 2“) E
= n=2cos 2a E -.(iif) I
Adding (i) and (i), we get n = sina + cosa .
= 2 cos2a = sina + coso e by
2(cos*a — sin’a) — (cosa + sinat) = 0 45'5-’
(coso. + sina) [2(cosa — sina) — 1] =0 Geaan (
3 \30° 8 R
= 2 (cosa. — sina) = 1 = sin2a = 51 1'{ L ;C
Area of square = a%6 sq. units.
Then, a= %.n. (n + d). sina = 5 2 cos 2a. 2cosa. sina il 2
= sin2c. cos2a
3.0 3
4" 4 16
2
(64 x 2 16 x 9 x 7=1008 2
(64) = L 16 J = Ruiss B D C
22. (0.25) From solution 14 In right angle AADC, AD = b sin 23°
A 1n(n+d)sina
r=—= '—‘Q—L But given that 4D = apx
s 2 [3_9] b2 —c?
2 T
i abe sin23 a
_(n+d).sina bsin 23 AT e @
e 3 : = :
D cos o S Now by sine law, in AABC s = sind (i)
= ~————(ﬁ‘om[ii)) c
3 From (i) and (ii),
sin2a 1 ; 9
s Ml a sin 4 sin” 4 ;
3 4 5 a =sin A4
23. Leta=4k , b=5k , c =6k b —c a sin® B—sin® C
=Ek,3—a=1k, S—b:ék,_g_c=ik = sin (B+C)sin (B—C)=sin4
2 2 2 2 = sin (B—C)=1=B-C=90° = B=90°+23°=113°
Now, area of the triangle, A = \/s(s—a)(s—b)(s—c)
v 26. In A4BC, ZCOSA+COSB+ZCOSC=_0_+£
a b c be ca
15x7x5x3[2) —15\/_( ) 2(‘5_2_-{-(‘2—&2\ 2 far Mo 2(52+a2-c2\
i i 2 15 k L 2be J 2ac L 2ab
Radius of circle, r=—=15wﬁ[-) +— k=72 R a g b & ¢
s 2 2 2
b
Radius of circumcircle, Ry = % ) a’ +b?
4.5.6k° 8 __abe
Radius of incircle = _;._L____z___.g = — 2b2+2£,‘2 2ﬂz+02‘+62 b2+202+2b2 2&'2 2(12+2b2
4157k 14 7 = b*+c*=a’> = AABCisrightangledat4 .. £4 =90°
27. BD=BC=h
R B 716
—=—L£'—'*~ = R:r=16:7 h 1
7 Wf e a3
24. Let that ABC be an equilateral A of side a and r be the V3+1-h V3
radius of circle inscribed in it. <
In right A IBL, tan30"_—:>r
2~f :
If PORS be the square inscnbecl in circle of radius r,
then side of square = 2 (r cos 45°) 30° 459
A D B

V3 +1



28.

Z29

30.

31.

Properties of Triangles B289
= A3+ h=A{341 5= original triangle.
e 1 gt s 3+l " ABDA - ABAC
Area = —x(\3+1)xI = $q. units BD AB R
Let 4B = 2 units be one of the B4 BC
sides of the polygon. 34. (a,b) q p
. ZAOB=2n/9 where O is (a) SincedM>GM
the centre of circle.
Ptq
IfOL L AB, then AL =1 3 “ o > >\Jpg p - 0
and ZAOL = /9 v 2
Now 04 = AL cosec n/9 = cosec n/9. = &t q prq A :
2
Radius of the circle = cosec = cosp=9*" £ 4 N 4 —iZI—L
9 2qr 2pr 2qr 2qr
cot A, cot B, cot C are in A.P. .
cot B — cot A = cot C — cot B 30(a) is correct
: ; (b) (@+g)cosR2(g—r)cos P+ (p—r)cos O
= sm(A—B}=sm(B—C} = (pcosR+rcos P)+(gcosR+rcos Q)= gcos P
sin4sinB  sinBsinC +pcos Q
= sin (4 -B)sin (4 + B) =sin (B + C) sin (B- C) [By projection formula p = ¢ cos R + rcos Q]
= sin?4 —sin® B=sin? B —sin? C = g+p>r
= @-P=P- = a b FareinAP [In triangle sum of two sides greater than third sides]
Letx=a’+2a ; y=2a+3 and z=a*+3a+8 So (b) is correct.
If x, yand z are sides of a A, thenx + y > =z (c) Bysinerule,
= @+4a+3>a2+3g+8 = a>5 s (1) P=KsinP,g=KsinQ,r=KsinR
+z> @+5a+11>+2a = 3a>-11 >-1173 . =
A ? o s .. i g+r _sinQ+sinR 5 2,/sin Oxsin R
and z+x>y P sin P sin P
= 2a*°+5a+8>2a+3 = 2a°+3a+5>0 [+ AM>GM)
Here coeff. of > >0and D=9 -40=—~ve So (c) is incorrect.
It is true for all values of a. Hence an identity. (d) Ifp<gandg<rthen pissmallest side, therefore one
From (i) and (ii), we geta > 5. of O or R be obtuse angle. So, one of cos Q or cos R can be
a €(5,o) p p
Given: ZBAE = LCAE and ZADB= ZADC =90° negative. Therefore cos@ >~ and cosR > < cannot
r q
A
hold always. X
So(d) isincorrect.
35. (b,¢) Letx+y+z=2s
# y
x z 2y
tan 5 + la]:lE = T
x z
cC I3 5 B ¥ v ‘ 2
Now  ZDAE = £BAE — £BAD e L n A SOR £
= ZLCAE—(90° - £B) s(s—x) s(s—z) 2s

32.

33.

=(£LCAD — £ZDAE)-90° + £B
=(90°— £C)— £LDAE -90° + /B

1
= 2ZDAE=FB- /C = ZDAE= E(AB—AC)
4

In AAPQ and A ACB
ZA=ZA (common) 0

LAQP = ZABC (given)
.. AAPQ ~ AACB P
Ar(AAPQ)  AP?
Ar(AACB)  4c?
We know that altitude from right D
vertex to hypotenuse in right

angled triangle divides it into two
triangles each being similar to the 4 B

0

o)

S A =(5-xPGE-22=>s(s-y)=(s—x) (5-2)
= xtytz)(xtz-p)=@+z-x)(x+y—z)
= @ +2P -y =y~ (- x)

S@+R+E-2P=22 =2+ 2= 2 zy:fz‘-

(By converse of Pythagoras theorem)
= AN =X+ A7

X
x A
tanz s(s—x)
1
x Exz
fan—= 7 5
£y+z) =% Y b A
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36.

37.

ph e SRERD L
2 27242y (=%t v )
X X
_2_=y+z
(b, c,d) p
2 2 2
(a) cos 30°= - JP%EQRPR 10_\6
-

[cosine law] Q 10 R
VB _ (10J3)% +10> - PR?
2 2x10v3x10
= PR2=100 = PR=10
ZP =2Q=30° .. (a)isfalse.

oy

1 :
(b) Areaof APQR = EPQXQR x sin30°

& %x10£x10x1=25\@

Also £ZR = 180°-30° -30°=120°, . (b)is true.
© reba 2543 . A3
s [Qﬁno-@J 2443
2

=5V3(2-/3)=103-15, .. (c)is true.

: _ﬂ_lﬂ\@xl{)xlﬁ_lo
@ 4A  4x25\3

.. Area of circumcircle = 7R 2 =100m, .. (d)is true.

d S—x__S—y_s—z__s—x+s—y+s—z*i
i T 9
8. s T8
X g Y= g 2= 9
A% 8n

Now area of incircle = nir? = rr—i-=?
8
SE-x)(s-y)s-2) _8
i s 3
4><3x253_8
= 9x9x9s 3 — s=9 . x=5,y=6,z2=7

(a) Area (AXYZ) = \[s(s— x)(s— y)(s — 2)
=V9%x4x3x2=6+/6

S5x6x7 35V6
(b) Radius of circumcircle, R = o LR =

4A  4x6Js 24

=4Rsi Xsinzsing sinﬁsinzsing——r—

Or=4Ri 5o S, = 4R
= 2-\/5)( 24 = i N r= _—2\/5 and. R = _35‘JE
£x4x35\/€ 35 \/3 24

38.

39,

40.

s 2X+Y 5 Z _8(6-z) 9x2
(d) sin = C0S > _“—rxy S
(b, d) Since length of PN, QL and RM are consecutive

even integers, therefore we can suppose PN = x, QL=x+
2, RM = x + 4, where x is an even integer.

&
5

Qi x+2 " T x+4. R
. PM=PN=x,QN=QL=x+2,RL=RM=x+4
Hence, PQ=2x+2,QR=2x+6,PR=2x+4
2 S AR
Nowcostl:}PQ +PR* -QR =_1_
3 2PQ.PR 3

L Cx+2? +2x+ 47 -2x+6)° 1

2.2x+2).2x +4) i3

= H(x+1)? +(x+2)% ~(x +3)%] = 2(x +1)(x +2)
=3(x2-4)=2(x+1)(x+2)=>x=8
. PQ=18,QR=22,PR=20

(b) Given : a=x2+x+i,b=x2—l,c=2x+l
and ZC=n/6

a’ +8% -2
2ab
e ( +x+1)? + (22 - 1) — 2x +1)
6 2(x* +x+1)(x2 1)
_\fi‘__ (x? +3x+2) (x? —x)+(x? -1)?
2 207 + x+1)(x2 ~1)
= B3 +x+1) (x+D(x=1) = x(x=1)(x +1)(x +2)
+(x+ 1) (x-1)?

= (x+1)[x—1)[J§(x2 +x+1)-x(x+2)—(x+;)(x_1}] =0
= (x+l)(x—-l)li(\f§—2)xz+(\/§~2)x+(\[§+l):‘=0
x=—l,l,(£+l),—(\/§+2)

Now for x = —1and 1, b = 0 which is not possible

and for x = —(2+J§], =—4-23+1<0, which is not
possible.

Hence, x=+/3+1

(a,b,c.d) In AAFE, AF = AE [By simple geometry ]

-+ AA4FE is an isosceles triangle.
Now area (A4BC) = area (A4BD) + area (AADC)

Now, cos C = [cosine rule]

=

= lbcsinA=chDsin£+leDsin£
2 2 JoaEls] 2

2bc cosﬁ ]
= = N )
b+c
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41.

42.

A
Also AD = AE cos — v (11)

2
»
AE
b

From (i) and (ii), =HM of b and c.

+C

Now, EF=2DE=2.AD tanE = b

¢
(¢) Given that 4,4,4,4;4,45 is a regular hexagon
inscribed in a circle of Lmjtt radius.

360°
LAgO4 = ——=60°
In &0/104,, 0A4y= 04;=1
LOAA, = 204,4, = 60°

= AOA4, isan eqmlateral triangle.

 Sl=A 4, =44, =44, = A A, =AA,

= LAy 4,=60° + 60°=120°

(AUAl) +(A1-42) —(AgAy )'
2Ap4) (A4)

[using cosine law]

In AdgA,A,, cos 120° =

1 1+1=(44)
2 2x1x1

Now by symmetry A4ydy = AyA, =3

Agd Ay A, =1. 3 B =3
(b) Let d,, d,, dy be the altitudes on OR, RP and PQ
respectively in APOR.

— 4)142 =\/§

1 1
area (APOR)= A= EPQ'I =Eqd2 =

43.

44,

45.

8291
2A 2A ZA
= G=—,dh=—,dy=—
E g r
2A 2A
— dy = - .d‘ = Z:A ,d} = =
" ksmP ° ksinQ ksinR

[using sine law]
= d,, d,,d; are mHP. (As given thatsin P, sin 0,
sin R are inAP)
(a, d) Since the angles of triangle are in A.P., Let
LA=x+d, LB=x, /C=x-d
Then by £ sum property of triangle, we have
Now LA+Z B+ ZC=180°

x+d+x+x-d=180° = x=60°
az +c? -b?
2ac
100+ ¢2 - 81
2x10xe

+ L
=10_v'1:;)0 76:>c:5i\f6

Given that a = 10, b =9 are the longer sides
¢=5+6 or 5 —+/6, both are possible.

(2, d) In a A4BC, M:¥ — asinB=bsin A
a
(a) bsind=a = asinB=a
= sinB=1= B=n/2
A=<m2, .. AABC is possible.
(b) bsind>a = asinB>a = sinB>1,
which is impossible. . A4BC is not possible. (c) AABC is
not possible as in (b)
(d) bsind<a = asinB<a = sinB<1
~. value of £B exists.
Now,b>a = B> A4 Sinced<n?2
The A4BC is possible when either B> /2 or B < n/2.
() ~b=a, .. B=A.Butd>n/2
S, B> w2 Butitis not possible for any triangle.
Let OA4B be one triangle out of n of a n sided polygon
inscribed in a circle of radius 1.

. ZB=60°

Now cos B = (cosine formula )

= cos 60°= =2 -10c+19=0

2
Then ZAOB = X
O4=0B=1

*. using Area of isosceles
triangle with vertical angle 8 and
equal sides as »

= lr2 sin 6
2
area (AOAB) = lsinz—ﬂ
2 n
I,= %sinz—ﬁ ...... @)

Further consider the n sided polygon subscribing the circle.
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- s(s—a)(s—b)(s-*c}ﬁ%b—c

1
= s(s—a)(s—b)(s—c) ég (a+b+c) abe

— AS&,;abc(a+b+c}

and equality holds whenx =y =z — g=p=¢
47. LetMN=r;=MP=MQandID =r = IP=r—p

A'MB' is the tangent of the circle at M = 4'MB' 1 OM

= AMO s right angled triangle, right angle at M. Clearly /P and Q are tangents to circle with centre M.
e IM must be the £ bisector of £ PIQ
e ‘. ZPIM=ZQIM=9, (let)

1 n

Now, area of A{MO = = x1x tan— Also from AIPM, tan g, = 4P _ 73
: n LSty
Area of AA'B'O = tan— A
2 n
Hetice," O sitat—— ——————— =Sy ol — . (i1)
n
( 2 E

@) 21

We have to prove L, =—21+ 1_[__ﬂ] 0 E
2 n [
r-n
2 M i
or g” -1= ]—[21”] fs/
n 1
i .2 g N D <
27 nsin =% Similarly, in other quadrilaterals, we get
LHS= —2-1= =i [From (i) and (i)] -
0, by tan®, =—2—and tan 6, =

n F—n ?“‘)’I

= 2cos? 2= cosgﬂ Also 26, +20, +20, =21 = 0,+0,+0;=n

n n
3 5 :>tanﬁl+zan82+tanﬁ3=tan8].tan92,tan93
21 ; :
RHS = h—[—ﬂ_) = f1-sin? =X [From (i)] 5 | . goard | e
n n % b 2 bt B0 14213
2n

EA e BRER T renY (e ) (e~ n)
o LHE = RES 48. It is clear from the figure that, O4 = R
46. A=\/s(s—a) (s=b) (s—0)

=\/§(b+c—a) (c+a-b) (a+b-c)

Since in a triangle, sum of two sides is always greater
than third side;
Lobtc-a,eta-ba+b-—c>0

= (s-a) (s-b) (s—c)>0

Let s—a=x,s-b=y,s-—c=:

Now, x +y=2s5—-ag—h=¢
Similary,y + z =gandz+x = b

Since AM>GM
r

- x-20-_v S @ = ZJx—y = . DAIF is right angled triangle, so = m
. But r=4R sin (4/2) sin (B/2) sin (C/2)
- > =2 <u <. AI=4R sin (B/2) sin (C/2)

2 \/J; \/J; Again, ZGOA=B= 0AG=90°-§

Therefore, £140 = £JAC — 204C
and z+x2\/;:>2x/55b, - 8xyz <abe i
- =A!2—(90°—B}=5(A+?,B—]80°)

= (5—-a) (s-b) (s-0) ﬂ-l-abc
8 1 I
=§(A+ZB~A—B—C)=5(B—C)
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In AOAL OF = 04 + AP - 2 (0A) (4]) cos (£IAO)
=R?+ [4R sin (B72) sin (C12))?

B-C
— 2R- [4R sin (B/2) sin (C/2)] cos 5
=[R? + 16R? sin? (B/2) sin® (C/2)

~8R?sin(B/2)sin’ (c/ 2)cos[

=~
B2 |
o
S
peE—

= R2[1 + 16 sin? (B/2) sin? (C/2)

—-Ssin(Bf’Z]sin(ClZ)cos[

(=]
[SH
0y
W A
e -

= R2[1 + 8 sin (B/2) sin (C/2)

{2sin(srz]sin(c;z)—cos(g“

=R?[1 + 8 sin (B/2) sin (C/2)
COS[B_C)+COS(B+C] —CDS[B_C] i
2 2 2

R [I—SSln(BJZ )sin(C/2) os[B;C]]

iﬂ

P 0 :r:]
Vot —t—=—
S

oA

{l—&sm[Bh’Z Jsin(C/2)cos

28]

= R*[1 - 8 sin (4/2) sin (B/2) sin (C/2)]

= R? [1 —8&%}] = R2 2Ry

Now, in right angled AB/O,

OB? =BP + 10>

R?=BP +]0?>= 2Rr=BP
2 Rr = r?/sin? (B/2)

2R =r/sin® (B2)
2Rsin?BR2=r
R(l—cosB)=r

ab

b s ul

[l—cosB)

U

abe(1- cosB]

2 2
a* +c 4A
e abc|i1 } 3

= 2
abc{zac a2 -c?+b }=

4A?
5

A
= b|b? 2}4—
5

P2

- f{bz—(a c)} 8(s-a)(s-b)(s—)
[{o-(a=c)}{b+(a~c)}]=8 s -ays-B) (s— )
[(

-b)(s—c)

—- b
= bl(b+c-a)(b+a—c)]=8(s—a)(s

49,

50.

= b[25-2a(2s-2c)]=8(s —a)(s —b)(s -c)

= b[22(s-a)(s-c)]=8(s—a)(s—b)(s~c)

= b=25-2b=2b=a+c

Which shows that b is arithmetic mean between and c.

Let ABC is an equilateral triangle, then
A=B=C=60°

= tanA +tan B+ tan C =33
Conversely, suppose

tan A + tan B + tan C = 33

Now using A.M, =
are equal)
For tan A4, tan B, tan C, we get

tan A+tan B+ tanC

3
But in any A4BC, we know that
= (tanA4 +tan B +tan C)*3 23
[~ tan 4+ tan B + tan C = tan 4 tan B tan C)
= tan A4+ tan B + tan C>3J_

where equality occurs when tan A4, tan B, tan C are equal,
ie,A=B=C

= AA4BC is equilateral.
(I) a, b cand A are rational.

GM. (equality occurs when numbers

> (tan Atan Btan C) /3

a+b+c

== 9= is also rational

(s—a)(s—c) AT ;

t Bz’2=’ = 1 tional
= an S(S“b) s(s_b)lsasoralona
and tan¢/2= |-G BN & & yotisiionst

s(s—c) s(s—c)

Therefore (I) = (II).
(I1) @, tan B/2, tan C/2 are rational.

. 2tanB/2
= SRS
l1+tan” B/2
2tanC/2
and sin C= m are rationals.
& € B
Now t 2= 1 90°-{—+—] - t(—+~}
ow tan A4 an[ > 2] co! 5 o
1 1-tanB/2tanC/2
= is rational
[B c] tanB/2+tanC/2
tan| —+
)
sieldt 2tan A/2 3 L
]+t3.112A;"2 15 rational.

Therefore (IT) = (I1I)
(IIT) a, sin 4, sin B, sin C are rational,

a
Now A =2R — Ris rational

sin
b=2Rsin B, ¢ = 2R sin C are rationals.
= -;—bc sin 4 is rational

Therefore (I11) = (I).
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51.

Let O be the centre and » be the radius of the circle passing

through the vertices 4, 45, ......., 4.

2n
Then, ZAIOAz = T
also, OA4,=04,=r

Again by cos formula, we know that,
[ 515] 0L +043 - 44

n )~ 2(04) 0t
(0]
O
52.
r r
4, A,
[27:] 4 —AlAzz
=7 COs| — | =
n 2(r)(r)
(D cos[u—ri] =2r? —AlAZZ
= AIAEZ =2 -212 cos[—z—nj
n
= A44Z =27 {l-cos[z—ﬂ”
n
2_0 2,5 2(®) L 442 =4r?sin?| 2
= AA3 =2r°2sin" | —|= 12 o
n
2w
= A4, =2rsin &
e 04
Similarly, 44, = 2rsin [7]
and A4, =2rsin[3—n}
n
; iy ¥ 1 _
Since, Ak Ak AA [given]
1 = 1 i 1
= 2rsin(n/n)  2rsin(2n/n) 2rsin(3n/n) -

1 I !
= Sin(n/n) sin(2n/n)  2rsin(3n/n)

: (311] : (an
SN — |+ —
1 n n

sin(ftfn) i sin(2rz!n)sin(3m‘n)

o ) s{hel2)

E I INE I
o (2o en (252}

= —=f-— = —==

= n=17

Let us consider three circles with centres at 4, B and C and
with radii r,, r, and r, respectively which touch each other
externally at P, O and R. Let the common tangents at P, O
and R meet each otherat O. Then OP = OQ = OR=4 [Lengths
of tangents from an external point to a circle are equal].

Also OP L AB, 0Q L AC and OR L BC.

= O is the incentre of the A4BC.
= (n+n)+(rn+n)+(n+n)
2

Hence, for AABC, s
= s=rtntr

A=(r+n+n)n-nn

[Heron’s formula]

Now ,.=_é
s

o g Natntmann o inn

ntnt+n Jhitn+n

s Bl =1E3 T rl+r2+r3=16:1

n+n+n 1

=

In A4BC, BC = a and %=r
Let altitude 4D = h
In AABD, h=csin B

A
c h b
B D €
(........m.‘...‘.,.....a..........‘....... EERTELT 3
_casinB
a
_cksinAdsinB  ¢sin Asin B
ksind  sin(B+C)

_csin4sinBsin(B—-C) _ csinAsinBsin(B-C)
sin(B +C) sin(B-C) sin® B —sin® C
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b
‘(._.E-smlB—CJ_abcsinIB—Cl
ik
[E]' B-C
a5 sin( ) arsm(B-C) __ar
1-r* 1=

[+ sin(B-C)=1]
ar
_l—rz
54. Let the sides of AABCben, n+ 1,n+2; wherene N.
Leta=nb=n+1l,c=n+2

A
(3]
At n+l
20
B - c
Let the smallest angle £4 = 0 then the greatest ZC = 20
sin® sin26 ; )
In AABC, et 25 sin® _ 2sinBcos®
i n n+2
BB ED 1_2cosf oap 2 '
sin@ =0, .. e - 0
(n+1)2 +(n+2)* —n? ‘
I cosf =
n A4BC, 2n+1) (n+2) [Cosine Law]
i)
2 2 2
From (i) and (ii), (n+1)"+(n+2)" -n _n+2
2(n+1) (n+2) on

m+22 n+D=nm+22+nn+1)2-n
nmn+2P+m+22=nm+2P2+n(n+1>-n
mw+4n+4=n*+2n2+n-n’
(n+1)(n-4)=0 = n=4d(asn £-1)

Sides of triangle are 4, 5 and 6.

Gwen In A4BC, cos A cos B+ sin Asin Bsin C= 1

=4
=
=
:>

55.

l-cos Acos B
sin Asin B

S Pl

sinC 5], Mgl

sin Asin B
1< cosAcosB +sin AsinB = 1<cos(4-B)
cos(4—B) <1, .. cos (A-B)=1
A- B=0 = A=R
o, cosdcosd+sindsindsinC=1 [ A=8B]
= sin’AsinC=sin?4 = sin?A4 (sinC-1)=0
= sindA=0 orsin C=1
The only possibilityissin C=1 = C=mn/2
= A+B=n2

i

56.

57.

But A=B— A=B==4
a . &, ¢
sindA sinB sinC
a b e
sin45°  sin45°  sin90°
Let AD be the median in A4BC.
Let ZB =0 then £C = 105°- 0
A

Now, [sine rule]

0°[45°

0 105°-8
e
AD
sin@
AD
sin(105°-6)

_ 4D
~ 2sin®

In AACD,

sinds®
AD

V2 5in(105° - 9)

AD AD
2sin@  \/25in(105° - 0)
= sin (90° + 15°— @) = V/25in®
= cos (15°-0)= V25in®

=DC=

BD =DC,

= cos 15°cos 8 +sin 15°sin @ = \ESiﬂe

\E sinl5° 5- J'_B\/— 4

= cot 0=

cosl5° J_+1
= cosec 9 =+/1+cot? 9=2V‘11—6\6
! D 2J11-6y3

= = o
2sinB \h 1—6\/5 2
2. BC=2 BD =2 units
Let ¢ be the length of the ladder, then

P

oo —

0 A+—ia-—» B

In ABOQ, cmg:% = OB=/fcos B

Similarly in APOA, cos a = % = O4=fcsa

Nowa=03—0.-!=(lcmﬂ~‘cuc-
Also in AOAP. OP=fsma
and in AOQB. OQ={s=§

==a:bie=1:1:

B295

V2

=1
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58.

59.

60.

S b=0P- 0Q = { (sin o. - sin f) (ii)
Dividing equation (i) by (ii), we get

2sin[ﬂjsin(ﬂJ
Z cosP — cosa = 2 2

b sina-sinf 2005(-a+ﬁJsin a B)
2 2
— £=tan[a+|3), a—btan(a-m]
b = 2
= b+c*c+a_a+b_k
e e A o
= b+c=11k (i)
cta=12k (i)
a+b=13k ..(iii)
On solving equations (:) (u ) and (iii), we get
a=7k b=6k c
2 2 2
Now, cos A=b—-+c—a—
2be
_36K2+25K2 49k 1
2% 6k x5k 5
A ra?-2 25k +49k%-36k> 19
COS B-'—' == o —
2ca 2x5kx7k 35
a*+b* -c*  49%k* +36k2 -25k% 5
cos C= = =
2ab 2x7 kx6k 7
cos A __cosB _cosC
1/5 ~19/35 5/7
cos4 cosB cosC
TG s
In AABC, cos A + cos B + cos C=%
B A = =y
= 2 sin — cos =
2 2 2
— — - 1 2
S osinCondzB _3-M-25n? C/2)
2 2
= mS(A-—B]_HzIsinzCIZ
2/ 4sinC/2
[A—BJ 1+4sin® C/2—4sinC/2+4sinC/2
= CO0S = =
2 4sinC/2
-B —2sinC/2)?
= cons(A2 ):U 48?:‘;;2) +1, which is possible
only when 1-2sin C2=0 = €= 60°
cosA;B=l=>A-B=O =A-B=0 (i)
and 4+ B=180°—60° = 120° ..(if)

From (i) and (11) A=B= 60°

= 4= =60° .. AABC s an equilateral triangle.
A A
Ex-radii ofa AABC are 1 = = »T3=
1 s—a "2 s—b s—c
. : gl (==, r
Since ryry, 1y areinHP, .. — —, — arein AP
sy

62.

63.

64.

Mathematics

s—a s-b s-c :
T’_A_’_A_ are in AP
= s5-a 85-b s—carein AP

= -—a,~-b—careinAP. = g, b, carein A.P.

]

As the angles A, B, C of A4BC are in AP

* Letd=x-dB=xC =x+d

But 4+B+C=180°, . x—d+x+x+d=180°
= x=60° .. ZB=60°

Now by sine law in AABC,

b __c _b_snB _ V3 sin60°
sinB sinC ¢ sinC V2 sinC
SEmeE s
J_ 2sinC = sin —E-sm

=180°—(£LB+£C)= 75°
Gwen In AABC, AB = AC, =/2 i)
B D (&

AB || DF and BC is transversal, .. Z1= /3 (i)
From (i) and (ii), £2= /3 = DF=CF ..(iil)
Similaraly we can prove DE = BE
Now, DF + FA+ AE + ED = CF + FA + AE + BE= AC +
AB [using (iii) and (iv)]

i)
2 2
In A4BC, cos ¢ =2 +b"—c [cosine law]  ...(ii)
2ab
From (i) and (i1),
2 a?+b*-¢* ) e +
— = b =—(a°-c
a 2ab 3( ) (i)
g et iy
Also, cosA:b il
L 2be
[cosine law]
A S 22 2
cosAcos 0 t¢"=a" 2 b +c"-a
2bc a ac
12 a0 5 2% s
[a —c®)+(c" -a”) _2(62_32)
3ac
(a) Inracllus of the circle is given by
B (a+b+c ] T a+c—b
=(s—b) tan—= -b —=
8 el 2 dost3

2r=a+c—b = Diameter=BC + AB — AC
(b) Given : A4BC in which AD L BC, AE is diameter of
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2.

circumcircle of A4BC. triangular park ABC. Hence foot of the pole will be at the
A point of circumcentre of the triangle ABC.

= x =60cot 15° T

N ogr] &

To prove : 4. LetAd, % and C be the projections of the points

AB xAC = AE x P, 0 and M on the ground.

el ,J’.!DBE |7 ZPOA=60°, Z00B=30°, LMOC=9
onstruction : Join Let & be the height of circle from ground, then

60
3. () tanl5°=—
X

v

Proof : ZABE=90° [Angle in a semi circle] AP=CM=BQ=h
In A's ABE and ADC Let O4 = x and AB = d (diameter of the projection of the
£ZABE= /Z4DC [=907] circle on ground with C, as centre).
LAEB= ZACD [Angles in the same segment]
AABE ~ AADC [By AA similarity] F
—‘i!E:iE— = AB x AC=AD x AE  proved
AD AC
Let L be the line parallel to side 4B of AABC, at a distance /
of 2 cm from 4B, in which the first reflection A4' B' C is
obtained. Let L' be the second line parallel to B' C, at a
distance of 2 cm from B' C', in which reflection of A4' B' C'
is taken as A4"B"C". e | ol
In figure, size of A4"B"C" is same to the size of A4'B'C.. — & —Ny
In the figure, distance between AB & A'B' and distance e i
between B'C' & B"C" will be same Now in APAO, tan 60°= —= x = T <il1)
" x 3
h
In AQBO, tan 30° = T x+d= h3
X
h 2h
a8 3 o B =
=> d-h\/_—\/?_’ = N (11)
p h
3 In AOCM, tan e e S
i ocC
5 B2 2 2
Y i) = tan’0= e : o= :
: oc* oct +¢c (I+E]2+[£J2
From figure 44'=4 cm and 4’4" = 12 cm, So to find 44" 2 2
it suffices to know £A44'4", clearly 52
LU= 90° + 6, where sin @ =3 =( == ]2 [ o [using (i) and (ii)]
M, + — + —_—
3 BB \B ]
= 008 LAA'4"= cos (90° + o) = —sin o0 = — 3 52 3
Dl e TE N E
Now, in AAdA'A", cos(90° + o) = (AAY +(4'A"Y" —(AA4") ﬂ-}- h_ 5
2(AA"NA'A") 33

[cosine law] 5.  Let AB be the tower leaning towards west making an angle

5 > o with vertical. At C, angle of elevation of B is § and at D
soAAY = J{AA') +(A'A")" —244"x A' A".cos(90°+ o) the angle of elevation of B is y
1058 . CA=4D=d
=\/16+I44+96x LI =8\ﬁcm
5 5 S
C_'—_TJ Topic-2: Heights & Distances
=]

(b)

(b) Since angle of elevation of the top of the pole from
cach corner of the triangular park ABC therefore foot of
the pole will be equidistant from the each corner of the




B298

m : n theorem: In A4BC where point D 4
divides BC in the ratio m : n. and £ZADC= 8

(i) (m+mn)cot®=ncotB—mcotC
(i) (m+n)cot®=mcoto—ncotpP
Now on applying m : n theorem
in ABCD, we get BEm D n C
(1+1)cot(90°+a)=1.cot P—1.coty
[Here in the ABCD, A divides CD in the ratio 1 : 1, base
angles are } and y and £BAD = 90° + g
= —2tana=cotP—coty
= 2tana=coty- cotP
Let PO be the tower of height 4. 4 is in the north of O and
P is towards east of 4,

ZOAP =90° ZLQOP =30° LQAP= ¢

1

ZAOP= qa, .. tano= ﬁ
9
h tower
D
Now in AOPQ, tan 30° :5"};:>0P=h\/§ (i)
h s
In A4APQ, t =—= AP = hcot -...(ii)
0, tan¢ ¥7: cotd (
ta_na—L . sinu—.—_[an_a_-.l_
\E \Jl+mn2a 3
1 hcotd

N 1 P Sinct = —— i
ow in AAOP, OP ‘E h-\/g
[using (i) and (ii)]
= cotp=1 = ¢p=45°
Now in right AOAP, OP? = 0A4* + AP?

= 3h2=90000 + 42 cot> 45° = =150 \/2m
Let the man initially be standing at the position O after
walking a distance ‘c’, the man reached at A4 and then after
walking a distance “2¢” reached at B. The two objects are
observed at ‘C” and ‘D’ from 4 and B by the man.

C
Now OA=c,AB=2c, ZCAD = o.and ZCBD =p
Let CO=x,CD=d, ZACO=0 and £ADC = 0,
£BDO =y and ZBCO =6,

A0 ¢
In AACO, tanB=—=—
& CO «x

C
InA4DO, tang=——

x+d
Now, O=qa+ ¢
[Exterior angle theorem]

= oa=0-¢
c c

tanf-tang _ x x+d
1+ tanBOtan ¢ 3
x x+d

= tano =tan (9—¢) =

ex+cd —cx
X% 4 dx+c?
= 22+ 2+ xd=cdcota w1}

Now in ABOD, tan v = —C- (i)
x+d

= fanoa=

f 3c
and in ABOC, tan 8; = i ....(iii)
[Exterior angle theorem]
= tanP = tan (6, - y) - tan6; —tany
1+tan 6, tan y
32 3¢

= mpaciis
I+ — ——

x x+d
3cd
x* + xd +9¢2
= x*+xd+9¢% =3cd cot B )
From (i) and (iv), 8¢2=3cd cot B — cd cot o
. 8¢
" 3cot B—cota

Since 4 and B are located to the south and east of P
respectively, .. ZAPB = 90°

[using (ii) and (iii) ]

= tamf=

A
ZAPM = 60° :
Since PN L AB, therefore AN = NM =20 m
*  PAMis an equilateralA, .. AP=40m
** M is mid point of 4B, MB= 40 m

Let angles of elevation of top of the tower PQ of height A
from 4, N and B be o, 0 and f respectively.
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O=tan"'2 = tanQ=2 D is mid point of BC.
P Now, ZAPE=p and =
In APON, mn6=;% 5 3=_h_y: BNblD . ow, ZA B ZCPF=a
: 5 In A4EP, tmﬁ~h+'t=>t—a'tanﬁ h i)
In equilateral AAPM, ZAPM = 60° and PN is altitude, 7 d d B =t

10.

o LAPN=30°

AN
In AAPN tan ZAPN=——

PN
20
tan30° = — ing (i
= VB [using (i)]
h=40/3m
In A4PQ, tan u=i=ﬂ‘§=ﬁ = a=60°

AP 40
Also in ABPQ, tan p = h/PB

PB=PN? + NB? =20V3)2 +(60)2 =40~ m
403
3

tanp =2, B—450

4043

Thus height of the tower is 40 3m and angles of elevation
are 60°, 45°,

Let ABC be the triangular region with 4B = AC = 100 m and
M be the mid point of BC at which tower LM stands.
Since A4BC is isosceles and M is mid point of BC.

.. AM1BC
Let LM = h be the height of the tower.

In AAML, tand45°= — = MAd = h
Also in ABML, tan 60° s B
1 . ——
e BM
= BM =—h-
3

Now in right AAMB, AB? = AM*+ BM?

2
= (10{))2=;,2+"_ — h=503m

Let ABC be the isosceles triangular sign board with BC
horizontal. DE be the pole of height . Let the man be
standing at P such that PE = d

4+

x

+
lq—y—-o-
h

r—an

Let AD = x and BC = 2y
Since, A4BC is isosceles with AB = AC

11.

12.

In ACFP, tana;=£::»tana=
PF

32 2
\I‘d- + Y..

= V+d=nrcotta = y=yh cot? a—d? ..(i)

1
Now area of AABC=%><BC><AD =§><2y><x=xy

=(dtanB-h) \h? cot? a-d?

D
Here, ZADC=130°, .. ZDAC=180°—(25°+130°)=25°
From the figure, in A ABD, using sine law

AD _ BD

sinl15° sin25°
4D 25in(00°+25°) _2c0s25°
sin 25° sin 25°

= AD=2cot 25°

=2‘/ i L 1=428km
sin” 25° (0.423) P

Let height of pole PO be .

h ~J
In AAQOP, tanu=;§ = AQ=hcota

In ABQP, tanf3 = ‘—5,% = BQO = hcotp i)

AQ* + BO? - 4B?
240-BO

h? cot? o + A2 cot? B- d*
2i? cotoecotf

d

In A4BQ, cosy =

cosy =

= h=

«'/r:ot2 a + cot? B—2cotacotBcosy
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13. (i) Let 4 be the height of tower PQ. Also in AABP, ZBAP = /APB, ~ AB=PB =g
In APBC,
i h a b PC ! -
ol e Now = = sine law] ...(1)
S R sin (180°—3a)  sina _ sin 20 | :
Similarly in A's BPQ and CPQ, = - B e PC
3p=;%=cp 3sina—4sin> o sino.  2sinocosa
an
a b PE
= A = ==
= AP=BP=CP A& 3-4sinfa 1 2cosa
= P is the circumcentre of “ : T 1 [b+a
b = =sinta =" — '205‘1='5 5
AABC with circum radius R = AP = 7L b
AR Also PC = 2b cos o= /b (a+b)
thPtaﬂe=T NOWI"APCQ
: h asina ! :
. Sh o) o
i) Giventhat AP =AB xn = “==—=tand W Se= A= PC [using eqn. (i)
n
B =g} |'(3b—a}
= h=\bla+b). —.
b \f 4h
c = k=%. J(@+b) (3b-a)
lﬂ
b ] (b) v LACB=22— ., . LAOB =45°
/i A 2
AC 1T AR ]
REE P e T
1
tanO—tanB 1 P e B

I+tan@tanp 2n 1 o™

= @2r+)tanP=n = tan B=
2n° +1
4. By exterior angle theorem, ZAPB = ABPC o

4—3-

2a 3a
1-——a —Ml— b——r

P
Area of the segment APB = Area of the sector APBO
— Area of AAOB

I
:gnr2—1x10x1051n45° [

3 14x100 50

3 \E =3.91 sq. cm.

A =lbcsinA]
2
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