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1.2 Trigonometry

EXPONENTIAL FUNCTION

Exponential functions are perhaps the most important class of functions in mathematics. We use this type of
function in the calculation of interest on investments, growth and decline rates of populations, forensics
investigations, and in many other applications. '

Definition
y=flx)=a", where a>0;a+1,andx € R. Here "> 0 for V x € R. Thus, the range of the function is (0, o).

" Exponential functions always have some positive number other than | as the base. If you think about it,
having a negative number (such as -2) as the base would not be very useful, since the even powers would
give you positive answers (such as “(~2)? = 4™") and the odd powers would give you negative answers (such as *‘(-2)* =
—8"), and what would you even do with the powers that are not whole numbers? Also, having 0 or 1 as the

base would be a kind of dumb, since 0 and 1 to any power are just 0 and 1, respectively; what would be the
point?-This is why exponentials always have something positive and other than 1 as the base.

Graphs of Exponential Function
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From the graph, the function is increasing. For x, > x, = a=> 4™
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From the graph, the function is decreasing. For x, > x, = a" < "
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Tﬁg;:nomeily :
When a > 1, fix) = log,x is an increasing function. Then for x, > x; => logx; > logx,. Also Iog,,:éz > x

= xy> "
When0<a<
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When 0 < a < 1, fix) ="log,x is a decreasing function. Then for x, > x, = log,x, < logx,. Also log,x, > x,

| =0<x,<d"l

Fig. 1.6
The natural logarithm is the logarithm to the base e, where e is an irrational constant approximately
equal to 2.718281828. Here, e is an irrational number. Also, e is defined exactly as e = (1 + 1/m)™ as m increases
(1+1/10000000)'°%°%% = 2.7182817 (rounded), which is very close to the actual value. The natural logarithm

to infinity. You can see how this definition produces e by inputting a large value of m like m = 10,000,000 to get
is generally written as In(x), log, (x).

%



Logarithm and Its Applications 1.5

The common logarithm is the logarithm with base 10. It is also known as the decadic logarithm, named
after its base. It is indicated by log,o(x) On calculators, it is usually written as “log”,

but mathematicians usvally mean natural logarithm rather than common logarithm when they write “log”.
To mitigate this ambiguity, the /SO specification is that log,(x) should be Ig (x) and log.(x) should be In (x).

FUNDAMENTAL LAWS OF LOGARITHMS

Form,n, a>0,a#1;log, (mn)=log,m+log,n

Proof: Let log, m =x and log, n= y.

Then log, m=x=>a*=mand, logn=y=>a"=n
somn=a"a*

= mn=a"" = log,(mn)=x+y = log,(mn) =log, m+log,n
In general for x;, x,, ..., x,, are positive real numbers,

log,(x; X3 ... x,) = log, x, + log, x, + ... log, x,,.

m
Form,n,a>0,a# |; log, (—)= log, m-log, n
n

Proof: Let logam=x:=:-a"-‘.=m and log,n=y=>a"=n

m a*

m -y
. _-_=_v = —_=ag*? ey joga[ﬂ)=x—y =D ]Ogﬂ(ﬂJ=logalﬂ"lﬂgaﬂ
n a’ n n n !

Form,n,a>0,a# 1;log,(m")=n. log, m

Proof: Letlog, m=x=a"=m = ("Y' =m" = ™" =m" = log,(m") = nx = log, (m")=n. log, m
log, 1 =0.

Proof: Since a° = 1. Therefore, by definition of log, we have log, 1 =0.

log,a=1

Proof: Since a' = a. Therefore, by definition of log, we have log,a=1..

Form,a,b>0and a# 1, b= 1, then log, m = log, im
log, a

Proof: Let log, m=x. Then,a"=m '
Now, a" = m = log(a") = log, m [Taking log to the base b]
= x log, a=log, m => log, m. log, a = log, m [ log,m=1]
= log, m= log,

log, a
Replacing b by m in the above result, we get
log, m=logi’—" = log, m= [« log,m=1]

log,, a log, a

Fora,n>0anda# 1 d°%" = n
Proof: Let log, n=x. Then &* = n. Therefore, a'%%a" = n, [Putting the value of x in a* = n)

For example, 3% =8, 210825 = 90852 53 520053 _ 5logs3” 32 _ /g

log o n? = % log,n, where a,n>0.a# 1

Proof: Let log , n” = xand log, n=y. Then, (@Y=" and &’ =n

i

—



1.6 ‘ , Trigonometry

Therefore, " =n” and a, = n= o = n”and(a")” n”::»a"“ (a")":m"‘—a””::qx p=x= (p/2)y

= log , n? = = Ioga

9. gt = log, a,
- loge logp loga logp o
Proof: Let 4% © = =logp=> ——= = logya=
roof: Let p = log,c=log,p lab T = g hoige = log,a=logp
—=p= F_]ogb a =>alogb cz—clog,, s
BEINICIANE  Solve (1/2)* 2y,

Sol. We have (1 1272 < (1/2)
It means x> —2x>2 -

=x-(1+3)E-(1-3)>0
' =>x>1+\/§ 0rx<]-\/§

=X € (—o9, l—sﬁ)UU*\@,‘”)

X
1-3 >0,
7

Example 1.2-

X

5§ -
Sol. g(x)=
gx) ==

1
. SO.Nows* —1=0=x=0and 7" -7=0=x=-1

Sign scheme of g(x):

N Fig. 1.7

Hence, from sign scheme of g(x), x € (=0, — 1) U [0, o).

Which of the following numbers are positive/negative?

Example 1.3
(i) log,7 Gi) logy,3 (iii) log1/3(1/5)
(iv) log,3 (v) log, (log, %)

. (i) Letlog,7=x=7=2"=x>0

(u)LetlogO‘zB =x=3=02"=2x<0

(iii) Letlog,(1/5)=x= 1/5=(13)'=5=3"=x>0
(iv)Letlog3=x=3=4*"=x<0

(v) Let log, (log, 9) =x = log, 9 =2" =9 = 22 x>0

‘Example 1.4 ° RYGEISH logarlthm of 323/4 to the base 22 ?

5 5 % 5*% 207 18
Sol. ].ng\[i 32‘\/2 = log{znn)(z 4 ) - IOg(Ean)(z )= ‘gﬁ—Ing 2= ?-—3 6

Example 1.5

Find the value of logs log,log;log, 512.

Sol. logs log, log, log, 2° = logs log, log, (9 log, 2)
= logs log, log, 3% (log,a=1ifa>1a#1) ,
= logs log, 2= logs 1 = 0.



Logarithm and Its Applications 1.7

‘ 1
Example 1.6 QIBUAEA {J=3§,then find the value of b.

1 2 10 '
Sol. logﬁb=3§w;logzéﬁ-—=>!og2b_=5=>b=25==32

3
flixan’aplé (Pl If #> 1, then prove that = 2 + 1 + o S ‘
' log,n  logan logssn  logss 1
Sol. The given expression is equal to log, 2 + log,, 3 + - +log, 53 =log, (2.3 ... 53) = log, 53! = l :
; : Q85

EREILDICARE Which is greater x=log; 5 or y = log,, 257

| 1 | 1
Sol. —=log,. 17=—log: 17and —=log. 3= —log.9
y 225 2 g5 - 85 2 085 |

1 1
L= x>y
y x
1

RETTIBEKM v = 2" 4, then find x in terms of y.
] | !
(Ca>0x21)

Sol. Sincey= 2"%4 we getlog, y= -
log, 4

X
‘ 1
= log, y=log, x = Elog2 x

=2 log,y=log, x

= log, y* = log, x
sox=yP

Find the value of 81V198s3 4. 27108y 36 | 4dlog,9

Example1:10
2 , log_, {6
Sol. 81(1/10g5 3) i 27]039 36 & 34!]0g79 - (34}10335 i (33) Ogsz{ ) +34logg7 :
4 4log .7 "
3
- 54 & 3log3 6 % 3210g3 7

= 5% +6° 30T . T
=625+216+7°=890

IRETUTNIBRIN  Prove that number log, 7 is an irrational number.

Sol. Letlog,7isa rational number
= log,7 = £ =5 7 = 2P/4 = 79 = 27 which is not possible for ar{y integral values of p and g.
q

Hence, log,7 1s not rational.




1.8

Example 1.12

Sol. logs4 log, 5logs 6 log, 7 log, 8 log, 9=

Example 1:13

Sol. log, ( z ; H

Trigohometry

Find the value of log; 4 log, 5 logs 6 log, 7 log, 8 logg 9.

If lnge[

a+b

log4xlonglogﬁxlog'?xlogSXlogS?
log3 logd4 log5 log6 log7 log8

=8 o, 924
log3 083 _

J— 1 {log,a+log, b), then find the relation between a and b.

J - l(loge a +log, b)

= loge(——J = (log, \/—) = \/—
= a+b-Wab=0 = (Ja-bl? =0=a=b

Example 1.14§

Ifa*=b, ¥ = ¢, c* = a, then find the value of xyz.

Sol. a'=b,b"=¢c,=a=x=logb,y=logse,z=log.a

= xyz = (log,b)(log,c)(log.a) =

xy+z-x)_ y@+x-y)_zx+y-z)

logh loge loga
loga logh logce

Example 1. 1500 rove thatx’ y* = =x*7"
il logx logy logz 7 S e
XXy+z—x +x - X+ y~—
Sol. Let XY t2-X) 3 y) _xty-2z)
Ioga X ]‘Oga y ]oga z
. x{v+y—z}
o xly+z—x e
~ v(z+x-z) 2(x+ y—-2)
Similarly,y=a * andz=a *
xy(§+z~x) yx(zhx=y) X)12+x;rz—.r2)=+;t}-z+x3y—x}sz _ 2xyz
. Nowx¥’y*=a * a * =g % =g *
o
Similarly, 2 v =2"z"=a * .

‘Exaniple-1.16

Which of the following is greater: m = (log,5)? or n =log,20?

Sol. m—n=(log,5)" - [log,5 +2]
Letlog,5=x=>m-n=x*—x—2=(x-2)(x+ 1) (logy5—2)(log,5+1)>0
Hence, m > n.

IS W 1flog,; 27 =a, then find log, 16 in terms of a,

bl 2=2 s L a.5] =4
3+a 3+a 3+ a




‘Logarithm and Its Applications 1.9

Sol. Since a=log,,27 =log,, (3)° =3 log,; 3, we get

. - 3 - 3
log; 12 14Jogs 4 1+2logy 2
3=-a
logy 2=
- 2a :
Then, logg 16=logg2* =4 logg2= —— = — 2 =% __ 4[24
logy 6 1+log,3 ,, 24 3+a
3-a
Example:1.18 IRIHTTY + ! + L %
— ' 1+log, bc 1+log, ca 1+log. ab
Sol. . + 1 WL
l+log, be  1+log, ca 1+log, ab
tog a . log & & log ¢ .

) lopa+logb+loge loga+logh+logc loga+]ogb+logc*

: :lj?_I_\'_‘.';'uuilq IBT] 11)? =xzand a* =b" =, then 'prove that log, a = log, b.
. Sol. af=b'=c=>xloga=ylogb=zlogc

¥ z:Ioga=logb
x y logh loge

= log, a=log, b

IDSIIVEI  Suppose x, y, 2 > 0 and not equal to 1 and log x + log v + log z = 0 . Find the value of
1 1 11 1
f xmﬂ'}gﬁ x).|°82+|°!!1 xzoRx tozy (base 10)

l+l I | |

' + +
Sol. Let K= x'o8Y |ﬂgzxylog: log.x o . logx  log y

log K=log x : + 'l +log y : + : +log z ] + : )]
logy logz logz logx log x logy

Putting log x + log v+ log z = 0 (given), we get -

PuE, ke g RT ORE e IO, JoRE
logy logy Clogx log x logz logz
Therefore, R.H.S. of Eq. (i) = -3 = log ;o K=—3 = K= 107>
log 1 ¥ __3lug,.,(r2+l)“ -

E.i{:ill'l-[‘lll.‘ I.2l:'_ Prove that >0;Vxe R,
o 7080x _ 1

=

logzua " _ 310327(.1‘2-”)3‘_ 2x

Sol. y=

7d|ogwx s ]
<t —(ar2 +2x+1)

P

CHx+]
=(x+1/2)°+%>0;Vxe R




1.10 Trigonometry

i iR TR g

Copcept Applicatlon Exercise A

AR o o I b ¥hditdone 1o LS § R T D e

. Prove that log, logﬂi’,h/(?ﬁ) =1-3log, 2. -

. Solve forxand y : y* =x"; x = 2y.

. Find the value of 3° "% 7,
. If log;o x = y, then find log, g x” in terms of .
. Iflogs 2 =m, then find log,, 28 in terms of m.

6. Find the value of 1/(log%'5,4).

7. Find the value of ’Hog( 12]4—5 log( = ]+310g( 81]

th & W b o=

80
2. 43 atd ) 1
8. [fa~ + b° =7 ab, prove that log 5 E(ioga +logh). .
9. Prove the following identities:

. log, n ' ' o
i “—=1+log, b i) log,, x =
® log,, n o ! (1) logay log, x+ log, x

log, xlog, x

10. If log, (ab) = x, then evaluate log, (ab) in terms of x.
11. Compute log,, Rfa 14b) it log,, a=4.

y \
12. If & = B = ¢* = &, show that Iog,,(bcd)—x[—l—+ 2 l].
; y i W

13. Solve forx: 11%%72.3%% = 5§ .77,
14, If log; n =2 and log,2b = 2, then find the value of b.

15. Suppose that @ and b are positive real numbers such that log,,a + logyb = 7/2 and lognb + logga = 2/3.
" Then find the value of ab.

LOGARITHMIC EQUATIONS

~ While solving logarithmic equations, we tend to simplify the equation. Solving equation after simplification
may give some roots which are not defining all the terms in the initial equation. Thus, while solving equations
involving logarithmic function, we must take care of domain of the equation.

[NETNTR Y. Solve log,8 + log,(x + 3) - log,(x - 1)=2.

Sol. log,8 +log,(x +3)—log,(x— 1) =2
8(x+3) 8(x +3)
) oy T L

x-1 x-1

= log, =42

=X FI=26-2=5%=5
Also for x = 5 all terms of the equation are defi ned



Logarithm and Its Applications 1.11

Solve log (=x) =2 log (x + 1).

Sol. By definition,x<0andx+1>0,=>—1<x<0
Nowlog(-x)=2log(x+ 1) = —x=(x+ 1)} = +3x+1=0

_ 345 =345

3 ¥ 3

3., : :
Hence, x = is the only solution.

w1
-

.

[

RRLIDILEIRE  Solve log, (3x—2) =log,, x.

log, x
0gy 27

= 3r-2=x" = 3x?-2x =1 = x=lorx =~1/3. But log, (3x - 2) and log, ,, x are meaningful ifx > 2/3.
Hence,x= 1. .

Sol. log,(3x~2)=log,px= = =log, x~

Solve 2¥* 127X/ -N =9

Example 1.25
Sol. Taking log of both sides, we have (x +2)log 2+ {-_I log27 = log9
=(x+ 2}]0‘&32+Ll 3log 3 =2log3
X=
3x
= (x+2)log2 + (—]-—2]l0g 3=0

X -

=(x+2) [log2+l°gf] 0
X

log 3
=x=-20rx~|=~
log 2
log 3
=-21- ;
=X " log2

RO WA Solve log,(4 X 3* —6) — log,(9* - 6) = 1.
Sol. log,(4 X 3" -6)—logy(9"-6)=1

L s
I
=

- 4%x3" -6 =
- s, M
2 o —
=,ix_§i=2 ;
9* -6 .
= d4y—6=2y"— 12 (putting 3 =y)
=12 =2y-3=0
=>y=—-l,3
=3"=3

=x=1
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[:",xn LIy Solve 6(log,2 —logyx) +7=0.

. Sol. 6(log.2—logx)+7=0

=5 6(logx2-%log2 x)+7=0

— ({l—%}ﬁ =0 (wherey=log,x)

y
et -
:;6[2 2 |+7=0
2y
.3
ap 22X Lir=0
y
=6-3+7y=0

=3 —Ty—6=0
=3y*+2p-9y—-6=0
= -3)3y+2)=0
‘=y=3ory=-2/3
= logyx =3 or-2/3
=x=8orx=2"%"

L RCITIAWL!  Find the number of solution to equation log, (x+5)=6-x.

Sol.' Here,x +5=20"

I

|

i

I

I

t

I

I

I
-
o=

[

]
1
1
]
]
1
1
1
'
on

————————————————————

Sl Sl e e T S T

: Fig.1.8"

‘Now graph-of y=x + 5 and y = 2°~* intersect only once.
Hence, there is only one solution.

Example 1.29

Solve 4'°%2 8% = Jog x — (log x)* + 1 (base is ¢).

Sol. log, log x is meaningful ifx> 1. :
Since 4lug2[ogx= 22]0g2!0g.'r = (2]ogzlog::)2 il (log x)z ‘(alogdx =x,a>0,a# ])
So the given equation reduces to 2(log x)? —logx—1=0.
Therefore, logx = 1, logx = 1/2. But forx > 1,
logx>0sologlogx=1,ie,x=e.
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Example 1,30 Sol.ve 4logr,2 (\/;)+ 2log,, (Jt‘2 ) = 3log,, (-"3}

4 log, Vx " 2log,(x%) _ 3 log, (x°)

Sol.
log, (x/2) log, (4x) log,(2x)
: 1 '
4><E|032(1') 2 4logy(x) _ 9log,(x)
log, x=1 2+logy(x) 1+ logy(x)
Let log,x =1, given equation reduces to
2t 4t O '
- [
=1 1+2 t+l
=:,'t 0o * 3 2
== r =
t=1" t+2 t+] "
2+4+4-4 9
(=D +2) 1+1
=2+(-6=0
=(1+3)1-2)=0
=1=0,20r-3
=x=1,4,1/8
Exampile 1.31 NN 4% _ x4 2105321 =0, - ™

Sol. Let2'°%*=y, we gety? —6y+8=0
=y=d4or2 ‘
1£2'°8% =22 = logpx =2 = x = 81
1208 =2 = loggx=1 = x =9

Concept Application Exercise 1.2

I. Solve log,(25° "3 — 1) =2 +log, (5 + 1).
2. Solve log,(2 x4*~2-1)+4 =2x.

; . :

3. Solve logs(5'* + 125) = logs6 + | + =T

4. Solve logy (x — 1) =log, (x = 3). .
5. Solve logg9 — l0gg27 + logex = loggx = logg4.

6. Solve log, (2v17 - 2x )= 1~ logy, (x~ ).

7. Solve 3log 4 + 2log, 4 + 3log,,,4=0.
8. Solve (logyx)(logs9) - log 25 + log;2 = log, 54.

9. Solve (x'°8 )2 — (3'%80 ¥y _2 =0 | ‘ "
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LOGARITHMIC INEQUALITIES

Standard Logarithmic Inequalities

x>wifa>l

1. Iflog x> log,y =>
Bo¥ = 10Ba) {0<.r<y.if0<a<l.

x>’ ifa>1
2. Iflogx>y=
O<x<a.if0<a<l,

3. logx>0=x>landa> |
or0<x<land0<a<]

Frequently Used Inequalities
. x-a)x-b)<0(a<h)=pa<x<bh
2. x=a)(x~-b)>0(a<h)=px<aorx>b
3. x|<a=-a<x<a
4. x|>a=>x<-agorx>da

[AETUBIA Y. Solve log,(x-1)> 4,

Sol. log,(x—1)>d4=2x~1>2'=x>17

Solve logy(x~2) < 2.

Sol. logy(x—2)<2=0<x-2<32=52<x<1|

[RETITIGEEN Solve logn,;,(.vr2 -x+1)>0.
Sol. logys(x*~x+1)>0=0<x?—x+1<(0.3)°
=0<?-x+1<1=x2—x +1>0and X -x<0 = x(x~1)<0
=0<x< | (asx?~x+ 1 =(x~1/2)*+3/4 > 0 for all real x)

ISHINDITRRER Solve 1 <log,(x—2)< 2.

Sol. 1<logy(x-2)S2=>2'<x-252?
=4<x<6

AT IRIE Solve log,|v~ 1] < 1.

Sol. logylx—I[<1=20<|x—1{<2'
=5-2<x-1<2andx-1%0
=-—-|<x<3andx#I
=xe (-1,3)-{1}

U [ MYE Solve logy ,lx—3|20.

Sol. logg,lx~3|20=>0<x-3|£(0.2)°
=0<x-3|€ I =-1<x-3<landx-320
=2<xS4andx#3=xe (2.4]-{3}



x+2 x4 2

ey =x=2 2x -1

—_— 0 <0
X+ 2 e x+2

=-2<x< /2

YT ETE Solve logy(2a” + 6x—5) > 1.

Sol. logy(2x?+6x—5)> 1 = 2x2 + 6x—5> 3!
=22 +6x-8>0=>x?+3x=4>0
= (x-1x+4)>0=>x<-4o0rx>]

Solve logg g4 (x = 1) 210gy 5 (x—1).
Sol. 1ogg g (x=1)2l0gg,(x—~1)
= log,n(x=1)2 logg,(x=1)

= -';-logo_z(x =1)2loggy,(x = 1)
= logp,(x=1)2 2logg,(x—1)

= logg,(x=1) = logg, (x~1)?
=x-1)<@x-1)
={(x-1P%-(x-1)20
Sx=-Dx-1-1)20
={(x—1)x~2)20
=xSlorx22

Also, x> 1; hence, x 2 2,

‘ m&lve Iogm:,)(x2 -x)<L
Sol. log,,;(x*~x)<1 .

x(x=1)>0=>x>1orx<0
Ifx+3>1=2x>-2

then x° —x <x + 3 i
-2 -3<0 O ‘

Logarithm and Its Applications 1.15
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=(x=-3)x+1)<0 ' ‘
Hence,x e (=1,0)w(1.3)
If0<x+3<1-3<x<-2,then
X¥-x>x+3

=x2-2x-3>0

=Sx-3Nx+D>0

=xe (-3,-2)

EATINUIIREY Solve 2 logyx—4 log,27 S5 (x> 1),
Sol. Letlogyx = Wy g 3y
Therefore, the given inequality 2 log3.\ - 12 log,3 <5

12
=2y—~—<5
v

=22 -Sy—12<0(asx> 1 = y>0)
= 2r+3)(y-4)<0-

3 3 3
=5V ..._'4 --_-‘-,__..<|0 <4
)E[ 2 ] 2— g3x—

=32 <x<81°

Concept Application Exercise 1.3

(i)

(ii)

0

. 1. Solve log,|x{> 2.

il
2x+$5
3. Solve logo(x? -2x~2) <0, °

<]

2. Solve log,z

4. Letfix) =\/log,, x* . Find the set of all values of x for which /(x) is real.
5. Solve 28 "D > x4 5,
6. Solve log, |4 - 5x|>2.

; +2
7. Solve log, , %—-— ) 1

. Solve log,, (2 = 6x + 12) 2-2.
9. Solve log, . (x-2)=2-1.

10. Solve logy(x +2) (x +4) + log,s (x +2) < % log 5 7.

11. Solve log, (x*=1) £ 0.

FINDING LOGARITHM

To calculate the logarithm of any positive number in decimal form, we always express the given positive
number in decimal form as the product of an integral power of 10 and a number between 1 and 10, i.e., any

positive number k in decimal form is written in the form as
K=mx10, '
where pis.an integer and 1 <m < 10. This is called the standard from of 4.
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Characteristic and Mantissa of a Logarithm

Let 12 be a positive real number and let m X 10” be the standard fom of n. Then n=m x 10°
where p is an integer and m is a real number between 1'and 10,i.e., t Sm<10

= logq 1 =log,q (mx10")
o logw m+ ]Dglol(y’

=logjgm+plogy, 10
=ptlogygm

Here pis anintegerand 1 Sm<10.Now, 1 £#i <10
= logo 1< logom<log,, 10
= 0<loggm<I.
Thus, the logarithm of positive real number # consists of two parts:

(i) The integral part , which is positive, negative or zero, is called characteristic.
(i) The decimal part log m, which is a real number between 0 and 1, is called mantissa.

Thus, log n = Characteristic + Mantissa.

Note that it is only the characteristic that changes when the decimal point is moved. An advantage of using
the base 10 is thus revealed: if the characteristic is known, the decimal point may easily be placed. If the
number is known, the characteristic may be determined by inspection; that is, by observing the location of the
decimal point.

Although an understanding of the relation of the characteristic to the powers of 10 is necessary for
thorough comprehension of logarithms, the characteristic may be determined mechanically by the application
of the following rules:

1. For a number greatcr than |, the characteristic is posntwe and is one less than the number of digits to
the left of the decimal point in the number.

2. For a positive number less than 1, the characteristic is negative and has an absolute value one more
than the number of zeros between the decimal point and the first non-zero digit of the number.,

Write the characteristic of each of the following numbers by using their standard forms:

Example 1344

(i) 1235.5 (i) 346.41 (iii) 62.723 @v) 7.12345
) 0.35792 (vi) 0.034239 (viii) 0.002385 (viii) 0.0009468
Sol. L
Number Standard Form Characteristic
» 12355 1.2355% 10° 3
346.41 3.4641 % 10? . 2
62.723 6.2723% 10 ]
7.12345 7.12345%10° 0
035792 3.5792% 10°! |
- 0.034239 34239%x10% - *o,
0.002385 12.385% 107 -3
0.0009468 9.468 % 10 : -4

Mantissa of the Loéaﬁthm of a Given Number

The logarithm table is used to find the mantissa of logarithms of numbers, 1t contains 90 rows and 20 column.

e e
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" Every row beings with a two-digit number 10, 11, 12, .., 98, 99 and every column is headed by a one-digit
number 0, 1, 2, 3, ..., 9. On the right of the table, we have a big column which is divided into 9 sub-columns
headed by the dlg,lt 1,2, 3, .., 9. This column is called the column of mean differences.

Note that the position of the decimal point in a number is immaterial for finding the mantissa. To find the
mantissa of a number, we consider first four digits from the left most side of the number. If the number in the
decimal form is less than one and it has four or more consecutive zeros to the right of the decimal point, then
its mantissa is calculated with the help of the num ber formed by digits beginning with the first non-zero digit.
For example , to find the mantissa of 0.000032059, we consider the number 3205. If the given number has only
one digit, we replace it by a two-digit number obtained by adjoining zero to the right of the number. Thus, 2 is
to be replaced by 20 for finding the mantissa.

Significant Digits

The digits used to compute the mantissa of a given number are called its significant digits.

Example 1.45 R Write the significant digits in cach of the following numbers to compute the mantissa of
their logarithms : s ’
(i) 3.239 (i) 8 (iii) 0.9  (iv) 0.02
(v) 0.0367 (vi) 89 (vii) 0.0003 (viii) 0.00075
Sol.
Number Significant digits to find the mantissa
of its logarithm
3239 13239
8 80
09 %
- 0.02 - 20
0.0367 : ' 367
89 , 89
0.0003 . 30
0.00075 B 75

NEGATIVE CHARACTERISTICS

When a characteristic is negative, such as -2, we do not perform the subtraction, since this would involve a
negative mantissa. There are several ways of indicating a negative characteristic. Mantissas as presented in
the table in the appendix are always positive and the sign of the characteristic is indicated separately. For

example, where log 0.023 = 2.36173, the bar over the 2 indicates that only the characteristic is negative, that
is, the logarithm is -2 +0.36173.

IRETITN I  Find the mantissa of the Iogarithmi)f the number 5395.

Sol. To find the mantissa of log 5395, we first look into the row starting with 53. In this row, look at the
number in the column headed by 9. The number is 7316.

o
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0 1 2 3 4 5 6 7 3 9 Mean Differences
1 2 3|4 5 6|7 8 9
z : |
' i :
I | :
5] | 1
E | ‘:
7076 | 7084 | 7093 [ 7101 | 7140 | 7118 | 7126 | 7135 7143 | 715211 2 3|3 4 5|6 7 8
7160 7168 | 7177 | 7185 | 7193 | 7202 | 7210 | 7218 | 7226 | 7235 |1 2 2 | 3 5|16 7 7
7243 | 7251 | 7259 | 7267 | 7275 | 7284 | 7292 | 7300 | 7308 @ 1 2 2 4 )5 (6 6 7
7324 | 7332 7340 | 7348 | 7356 | 7364 | 7372 | 7380 | 7388 | 730}l 1 2 2| 3 516 6 7
Fig. 1.9

Now, move to the column of mean differences and look under the column headed by 5 in the row
corresponding to 53. We see the number 4 there. Add this number 4 to 7316 to get 7320. This is the.
required mantissa of log 5395. '

If we wish to find the log 5395, then we compute its characteristic also.

Clearly, the characteristic is 3. So, log 5395 =3.7320.

NPT ICYM Find the mantissa of the logarithm of the number 0.002359.

Sol. The first four digits beginning with the first non-zero digit on the right of the decimal point form the’
number 2359. To find the mantissa of log (0.002359), we first look in the row starting with 23. In thisrow, -

look at the number in the column headed by 5. The number is 3711.

0 1 D 3 4 5 6 4 8 g Mean Differences
1 2 3|4 5 6|7 8 9
: | |
! | |
a | i
21 ii 3222 | 3243.| 3263 | 3284 | 3304 | 3324 | 3345 | 3365 | 3385 | 340472 4 6 | 8 10 1214 15 18
13424 | 3444 | 3464 | 3483 | 3502 | 3522 | 3541 | 3560 | 3579 3598 |2 4 6 | 8 10 12|14 15
1. 23 1) 3617 | 3636 | 3655 | 3674 | 3682 @ 3729 | 3747137661 3784 |2 4 617 9 11|13 1817 ).
4 ii 3802 | 3820 | 3838 | 3866 | 3874 | 3802) 3909 | 3927 | 3045 | 3962 (2 4 S5 |7 9 11|12 14
!l25 1 3979 | 3997 | 4014 | 4031 | 4048 | 4065) 4082 | 4089 | 4116 | 4133 |2 3 5|7 9 10({12 14 15
1l
Fig. 1.10

Now, move to the columm of mean difference and look under the column headed by 9 the row
corresponding to 23. We see the number 17 there.
Add this number to 3711. We get the number 3728. This is the required mantissa of log (0.002359).
Mantissa of log 23.598, log 2.3598 and 0.023598 is the same (only characteristic are different).

Example 1.48

(i) 25795

Use logarithm tables to find the logarithm of the following numbers:
(ii) 25.795 '
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-~ Sol.

(i) The characteristic of the logarithm of 25795 is 4.
To find the mantissa of the logarithm of 25795, we take the first four digits.
The number formed by the first four digits is 2579. Now, we look in the row starting with 25. In this row,
look at the number in the column'headed by 7. The number is 4099. Now, move to the column of mean
differences and look under the column headed by 9 in the row corrésponding to 25. We see that the
number there is 15.
Add this number to 4099. We get the number 4114. This is the requ1red mantissa. Hence, log (25795)
=44114

(i) The characteristic of the logarithm of 25.795 is 1, because there are two digits to the left of the decimal
pomt The mantissa is the same as in the above question. Hence, log 25.795 = 1:4114.

'Similarly, log 2.5795=0.4114. and log (0.25795) =~ 1+0.4114 = 1.4114
Here — 1 + 04114 cannot be written as — 1.4114, as - 1.41 14 is a negative numberofmagmtude 1.4114,

whereas — | +0.4114 is equal to — 05886. In order to avoid this confusion, we write 1 for — 1 and thus

log(0.25795)= 1.4114 .

ANTILOGARITHM

The positive number # is called the antilogarithm of a number mif log n=m. If nis antilogarithm of m, we write
n=antilog m. For example,

() log 100=2 , = antilog 2= 100
(i) log431.5=2.6350 = antilog (2.6350)=431.5
(i) log0.1257=1.993 = - antilog (1.993)=0.1257

To find the antilog of a given number, we use the antilogarithm tables given at the end of the book. To find
n, when log # is given, we use only the mantissa part. The characteristic is used only in determining the
number of digits in the integral part or the number of zeros on the right side of the decimal point in the required
number,

To Find Antilog of a Number

Step I: Determine whether the decimal part of the given number is positive or negative. If it is negative,
~ make it positive by adding 1 to the decimal part and by subtracting 1 from the integral part.
For example, in—2.5983, the decimal part is — 0.5983 which is negative, So, write

~2.5983 =-2-0.5983
=—2—-1+1-0.5983
=-3+04017

= 3.4017

Step II: In the antilogarithm table, look into the row containing the first two digits in the decimal part of the
given number.

Step I11: In the row obtained in step 11, look at the number in the column headed by the third digit in the
decimal part.

StepIV: In the row chosen in step 111, move in the column of mean differences and look at the number in the
column headed by the fourth digit in the decimal part. Add this number to number obtained in step I11.

Step V: Obtain the integral part (Characteristic) of the given number.
I1f the characteristic is positive and is equal to », then insert decimal point after (n+ 1) dlglts in the
number obtained in step I'V.
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If n> 4, then write zeros on the right side to get (n + 1) digits.
If the characteristic is negative and is equal to ~ n or n, then on the right side of decimal point write
(n— 1) consecutive zeros and then write the number obtained in step IV.

VTR Find the antilogarithm of each of the foliowing :
(i) 2.7523 (i) 3.7523 (iii) 5.7523 (iv) 0.7523

(v) 1.7523 (vi) 2.7523 (vii) 3.7523
Sol.
(i) The mantissa of 2.7523 is positive and is equal to 0.7523.

Now, look into the row starting 0.75. In this row, look at the number in the column headed by 2. The
number is 5649. Now in the same row move in the column of mean differences and look at the
number in the column headed by 3. The number there is 4. Add this number to 5649 to get 5653.
The characteristic is 2. So, the decimal point is put after 3 digits to get 565.3.
Hence, antilog (2.7523)=565. 3.

(i) The mantissa of 3.7523 is the same as the mantissa of the number in (i), but the characteristic is 3.
Hence, antilog (3.7523) = 5653.0.

(i) The mantissa of 5.7523 is the same as the mantissa of the number in (i), but the characteristic is 5
Hence, antilog (5.7523) = 565300.0.

(iv) Procecding as above , we have antilog (0.7523) = 5.653.

(v) In this case, the characteristic is 1, i.e.,=1.
Hence, antilog (1.7523) = 0.5653.

(Vi) Inthis case, the characteristic is 2 ,1.e.,=2. So, we write one zero on the right side of the decimal point.

Hence, antilog (2.7523) = 0.05653,
(vii) Proceeding as above, anlilog_(5.7523) =0.005653.

Example 1 R Evaluate Y12.3 ,iflog 0.723 = 1.8591 .
Sol. Letx=3723.

1
Then, logx=(72.3)"" = logx= 3 log 72.3

1
= logx= 3% 1.8591 = logx=0.6197

= x = antilog (0.6197)
=> x=4.166 (using antilog table)

Using logarithms, find the value of 6.45 x 981.4.

Sol. Letx=6.45x%9814,
Then, Ig x =log (6.45x981.4)
=log 6.45+10og 981.4
=0.8096 +2.9919 (using log table)
=3.8015
s x=antilog (3.8015)= 6331 (using antilog table)
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AP Letx=(0.15)*. Find the characteristic and mantissa of the logarithm of x to the base 10.
Assume log,,2 = 0.301 and log;10 = 0.477.

15
Sol. | log(0.15)° =201
ol. logx= og( ) og[mO] #
=20[log15-2]
=20[log3 +log5-2]
10
=20[log3+1-log2-2] ( logn 5 =log10?J

=20{—1 +log 3 —log 2]
=20[-1+0.477-0.301]
= 20%0.824=-16.48= 1752

Hence, characteristic =—17 and mantissa = 0.52.

In the 2001 censhs, the population of India was found to be 8.7 x 10, If the population
increases at the rate of 2.5% every year, what would be the population in 2011 ?

| Example 1.53

Sol. Here, P, =8.7x107, r=2.5 and n=10.
Let P be the population in 201 1.

Then P=F, | e
100

=8.7x107 1+£
- 100

=8.7%107(1.025)"°
Taking log of both sides, we get

log P =log[ 8.7x107(1.025)'"]
=log 8.7 + log 107 +log (1.025)"°
=log 8.7+ 7log 10+ 10log (1.025)
=0.9395+7+0.1070
=8.0465
= P =antilog (8.0465)=1.113 x 10* (using antilog table)

(BN CAEER Find the compound interest on ¥ 12000 for 10 years at the rate of 12% per annum
compounded annually. :
Sol. We know that the amount A at the end of n years at the rate of 7% per annum when the interest is
compounded annually is given by

A T4 | '
100 -

Here, P=%T 12000, = 12and n=10.

3 gy {12000[“-13-] }
‘ 100
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: § 3 10
=3{12000| 1 + —
(5|

—

10
=% '12000(2“3} }

25

[~ 10 '
=7 12000[2—8] ] i
25 ) .

: 10
Now, A= 12000 g
25

= log 4 =log 12000 + 10 (log 28 ~ log 25)
=4.0792+10(1.4472-1.3979)
=4.0792+0.493 = log A =4.5722

= A =antilog (4.5722) = 37350.

So, the amount after 10 years is ¥ 37350. ;

Hence, compound interest =¥ (37350 - 12000) =¥ 25350.

If P is the number of natural numbers whose logarithms to the base 10 have the
characteristic p and @ is the number of natural numbers logarithms of whose reciprocals
to the base 10 have the characteristic ~ g, then find the value of log,,P - log,,0.
Sol. 10°<P<10” = P=10""-10"= P=9%10°

Similarly, 109~' <0< 109= @=107-10""=107"'(10-1)=9x 107~}

o logioP —10g)o@ = logo(P/Q) =log,y 10”4 * ! = p—g+ |
Let L denote antilog;, 0.6 and M denote the number of positive integers which have the

characteristic 4, when the base of log is 5 and N denote the value of 491110872} 4. 5-lorg—4,
Find the value of LM/N,

Sol. L =antilogy, 0.6=(32)"10=202V10=23=¢
M= Integer from 625 to 3125 =2500

N = 49(I~—Ing, 2) & 5-!0;;513

Example 1.55

Example 1.56

=49 e 7"2'081 2 + 5"!085 4

caoy 1 50_25
I

LM 8x2500%2

S

N 25

EXERCISES

Subjective Type Solutions on page 1.30

1. fx=logy,a,y= Idgm 2a,z= loém Ba,lbrove“that-l J;.r;vz =2yz.

2. Solve the equations for x and y: (’a“x)"’g3 = (4y)"B* glogx = 3logy
3. Ifa=log, 18, b =log,, 54, then find the value of ab + 5(a— b).
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Trigonometry

1 | 1
1= log, x I=log, z

Ify=a andz= a'™ "% ¥ then prove thatx = @
Solve log, 2 log,, 2 = log,, 2.

Leta, b, ¢, d be positive integers such that log,b = 3/2 and log,d = 5/4. If (a - ¢) =9, then find the value
of (b—d). -

7. Solve \Jlog(—x) = logx* (base is 10).

8. 1Ifa=b> 1, then find the largest possible value of the expression log,(a/b) + log,(b/a).

10.

11,

12.
13.

14,
15.

16.

17.

(log, x)? - %lﬁg9 X435
Solve 3

=34/3.

Solve the inequality | [log, ( s 13 J <l.

Find the number of solutions of equation 2* + 3* + 4" - 5" =0,

Solve x°¢v¥ =2 and y"°&” =16.
Solve log,,2 + log,2x =-3/2.

Solve for x: (2%)'°% % = (3x)°%*

If logya log,a + log,b log b +log,clog,c=3 ( where a, b, care different positive real numbers # 1), then
find the value of abc. :

1 log, N _ log'a N -log, N
log. N log, N —log. N

,where N>0and N# 1, a, b, ¢ > 0 and not equal to 1, then prove that

b= ac. , »
Given a and b are positive numbers satisfying 4(log, a)* + (log, b)* = 1, then find the range of values
of aand b.

Objective Type Solutions on page 1.33

log, 18-s X .
a. arational number b. an irrational numbgr ¢. a prime number d. none of these
Iflog, 5 = a and logs 6 = b, then log; 2 is equal to

: b : 2ab+1 d :
" 2a+1 "2b+1 s ' 2ab-1

: —4+21

The value of x satisfying J3 HEBET Z1/94s
a2 b.3 c.4 d. none of these
2%%5 8 implies _ :
a.xe (0,00) b.xe (0, 1/5)wW(5,00) e.xe (I,) d.xe(1,2)
The number N =6 log,, 2 + log,, 31 lies between two successive integers whose sum is equal to
a.5 b,7 ¢.9 d 10

The value of 4911087 2) 4 571085 4

a.212 b.25/2 €. 625/16 ~d. none of these



10.

11.

12.

13.

14,

151

16.

17.

18.

19.

20.

21,
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If (log; x - 0.5=log, \/;, then x equals

a. odd integer b. primec number ¢. composite number  d. irrational
Iflog,x +log, y=1,x* +y=12, then the value of xy is
a.9 b. 12 c. 15 d.2l
If tog, 3 =2 and log, 8 =3, then log, b is
a. log; 2 b. log, 3 c. log; 4 . dilog,3
If (4)'°8% 4 (9)'°82% = (10)™8x 8 thenx is equal to
a2 b.3 c.10° - d.30
The value of log ab — log|b| =
a.loga b. log la]- ¢.—log a d. none of these
If (x+ )80+ = 100(x + 1), then
a. all the roots are positive real numbers. b. all the roots lie in the interval (0, 100)
c. all the roots lie in the interval [-1, 99] - d.none of these :
If a, b, ¢ are distinct positive numbers different from 1 such that (log, a log.a —log, a) + (log, b log. b |
—log, b) +(log, c log, c—log. c) =0, then abec is
a.0 b.e (| " d. none of these
Given that log (2) = 0.3010..., the number of digits in the number 20007 is
a.6601 b. 6602 ¢, 6603 d, 6604
The value of 28225 _ 1082 L
]Og% 2 logm 2
a.3 b.0 c.2 d.]
- : Y
The set of all values of x satisfying X% =9 s

a..a subset of R containing N b. a subset of R containing Z (set of all integers)
¢. is a finite set containing at Ieast two e]emems d. a finite set ’

b
If In [a+b)=(lna+lnb} then —+—-iscqualto
3 3 bh. a

2 i
a.l b.3 ' .5 d.7 |
The value of b for which the equation 2 log, s (bx +28) =—logs (12 — 4x — x?) has coincident roots if
a.b=-12 b.b=4 c.b=dorb=-I12 d.b=—4dorb=12
IfS={xe N:2+ log, Jx+1>1 —Iogm,/.q._x? }, then
aS={1} b.S=Z c.S=N d. none of these
If @* - b° = 1, then the value of log (a’b") equals
a.9/5 b.4 B X d.8/5

If the equation 2 + 4" = 2V + 4* is solved for y in terms of x, where x <0, then the sum of the solutions is
a. x log,(1-2%) b.x +log,(1 -2%) ¢. log,(1-2% d. x log,(2*+1)
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22. The minimum value of the expression 2 log;x —10g,0.01, where x> 1, is

a2 b.0.1 c.4 ‘ d.!
23. The value of 3"%%® — 5°°%% i

a.0 - 2 d. none of these
24. If a, b, c are consecutive positive integers and log (1 + ac) = 2K, then the value of X is

a logb ' b.loga €2 d.]

10
25. Iflogyx +log,2 = W log,y+log,2 andx#y thenx +y=

a.2 b. 65/8 . 37/6 _ d. none of these

26. Iflog,q [;} =x[log,, 5 — 1], then x =

2" +x~-1

a.4 b.3 c.2 d.]
27. IfS={x€ R:(logys0.2 16) logs (5 —2x) < 0}, then Sis equal to
. a.[2.5,00) b.[2,2.5) €(2,25) d.(0,2.5)
28. Solution set of the inequality logs(x +2) (x +4) +log, 5 (x +2) < (1/2) log N 7is

a.(-2,-1) b.(-2,3) e.(-1,3) d.(3,°)
29. Iflog; {5 +4 log; (x—1)} =2, thenx is equal to . _

a.2 b.4 c.8 d.log, 16
30. If 2x'%843 431 ¥ =27 thenx is equal to

2.2 b.4 | c.8 d6

31. Equation log, (3 —x) +logg s (3 +x) =log, (1 —x) +log, 55 (2x + 1) has

a, only one prime solution ‘ b. two real solutions

¢. no real solution d. none of these

v 1+2logy2-

32. The value of —235 +(logg 2)? s

a.2 b.3 c.4 d.1

2 -
33. Product of roots of the equation log_S(S/x_z) =3 is
(logg x) |
a.l b, 172 c. 1/3 d. 1/4

34. Let a> | be areal number. Then the number of roots equation a*"#:* =5 + 4x°%2% hag
a.2 b, infinite c.0 , ' d.l
1 1
35. 1f(21.4)7 = (0.00214)" = 100, then the value of — =g
a.0 b. 1 c.2 d.4



36.

37.

38.

39.

40.

41.

42.

43.

44.

48.
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The solution set of the inequality log,, x*-16)s logo (4x—11)is
a. (4, %) b.(4, 5] . c. (11/4,00) d.(11/4,5)

The number of roots of the equation log, - x + log;, Jx =0is
al b.2 c.3 d.0

The set of all x satisfying the equation x'°% S 0
a. {1,9} b. {1,9,1/81} c. {1,4,1/81} d. {9,1/81}
If x32 = 4 and log; (log, x) + log,; (log; p)) = 1, then x equals
a.4 b.8 ¢c. 16 d.64
if2™'=6"and 3™ =2"*! , then the value of (log 3 —log 2)/(x~y) is
a.l b. log, 3 - log;2 c. log (3/2) d. none of these
If log, x + tog, y 2 6, then the least value of x + y is
a.4 b.8 c. 16 d.32
HAx)= log[l J then
X
a.flx;) flxg) =Ax, + x,) | b fix +2)=2f(x+ 1)+ Ax)=0
¢ ) + A+ 1) =2 +x) d.flx) + ) =/ 222
14 xx,
Which ofthe following is not the solution of log, 5_ 1) 3.1
Z ® 2 x
21 23
o b.(1,2) 5F%Y d. none of these
[f x, and x, are the roots of the equation & - X" * = x3 with x, > x,, then
a.x, = 2x, b.x,= x} G 20y = xz d. x? = xg
The number of real values of the parameter & for which (log,s x)? = log,s x + log,s k = 0 with real

coefficients will have exactly one solution is ‘
a.2 b.1 c.4 d. none of these

Multiple Correct Answers Type Solunons on page 1 4]

Each question has four choices a, b, ¢, and d, out of which one or more answers are correct.

1.

For a> 0, # 1, the roots of the equation log,, a + log, @+ log 2. a® =0 are given by

waa¥? B . c.a d.a"?

2
The real solutions of the equation 2**2. 5% = 10" is/are
a.l . b.2 c. —log,o (250) d.log;p4~3

logx lo log z
if B o B, 08 , then which of the following is/are true?
b-¢ c¢c—-a a-b

axyz=1 b. /=1 . x0tCyfe o m | d. xyz =Xz
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4. Iflog, x. ldgs k=log,5, k#1, k>0, thenx is equal to
a.k b.1/5 &5 d. none of these

: ' X
5. If p, g € N satisfy the equation x_‘/; - (-\E) , then p and ¢ are

a. relatively prime b. twin prime 7
€. coprime d. if log p is defined, then log,g is not and vice versa -

6. Which of'the following, when simplified, reduces to unity?

2log2 +log3
. . + 2 . ST T T

a. logo5 . log;y20 + (logp2) Togd8—log#

| I 64
¢. —logs log, /39 ; d. = ]ogg (EJ

7. 1f log @ x = b for permissible values of @ and x, then identify the statement (s) which can be correct.
a. If a and b are two irrational numbers, then x can be rational.
b. If a is rational and b is irrational, then x can be rational,
¢. If a is irrational and b is rational, then x can be rational.
d. If ais rational and b is rational, then x can be rational.
8. The equation log . (x —0.5) =log, ¢ s(x +1) has

a. two real solutions b. no prime solution ¢. one integral solution d. no irrational solution

9. The equation /I +log, J27 log;x + 1 =0 has

a. no integral solution b, one irrational solution e. two real solutions  d. no prime solution
10. Iflog,;,,(4 —x) 2 log, 2 — log, ,(x — 1), then x belongs to

" 2.0,2] b.[3,4) e.(1,3] d.[1,4)
. k=2 i
11. Ifthe equation x'%* = —, a+# 0, has exactly one solution for x, then the value of & is/are
a
2 6+42 b. 2+ 64/3 c. 642 d.2- 63

Matrix-Match Type [N . ' Solutions on page 1.44

Each question contains statements given in two columns which have to be matched.
Statements (a, b, ¢, d) in column I have to be matched with statements (p, g, r, 8) in column I1. If the correct
matches are a-p, a-s, b-q, b-r, c-p, ¢-q and d-s, then the correctly bubbled 4 x 4 matrix should be as follows:

P q9 1 s

PO
PO
PO
lclolelo

o o

0
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Column| Column 1]

a. The smallest integer greater than p-10

1 ]

+ is
log;m logy @

b Let3°=4,4"=5,5=6,67=7,7°= 8 and 8’ =9,

Then the value of the product {abcedef) is i q-3
¢, Characteristic of the logarithm of 2008 1o the
base 2 is : )

d If log,(log, (logs x)) = log,(log, (log, ¥)) =0,

then the value of (x -y} is 5.2
Column | Column I
|
a: The value of log, log, log, 256 + 2Iogxf§2 is g
' .6
b Iflog; (5x—2)-2 logz\/3x +1 =1-log; 4, i
thenx =
¢. Product of roots of the cquation o %
7Ing.,(.r‘-4x+5)=(x_~ !) i
d Number of integers satisfying log, , %2
Jx =2 (log 4 M x+1>0are
Columnl Column 11
p. rational

log,, sz 15 .
a 2 g{-ﬁ] 18

b i[(slﬂog‘:s +_,(_,_,1__0__)_} is q. irrational
1’ "'|0g|0 .] .

c. log;5 - logy 27 is r. composite

d Product of roots of equation
| S. prime
x %% =100 xis
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‘Integer Type Solutions on page 1.45

1. If log,b=2; log,c =2 and Jogzc = 3 + logya, then the value of c/(ab) is
- 2. The value of (log,o2)* + log,,8 * 10g,o5 + (log,o5)’ is

B
3. If logsd = logeB = logg(A4 + B), then {4;] (where [-] represents the greatest integer function)

equals

4. Integral value of x which satisfies the equation log,54 + log, 16 = log 55 x - Iog%g— is

1 =ab
a—b

6. The difference of roots of the equation (logyx*)? = log,,x® is

is

5. If a=logy,s175 and b= log,5,s875, then the value of

7. Sum of all integral values of x satisfying the inequality (3SRRa2-Ray _ edbiary s i

8. The least integer greater than log,15-log,,,2:log;1/6 is
& = 2 7 i
log, (2000) logs(2000)

10. Sum of integers satisfying \flog, x—1 —1/2 log, (x*)+2> 0 is
11. Number of integers satisfying the inequality log,, v =3 > — 1 is

9. The reciprocal of

- S R ¥
3 IOg-'- 8

X* =-x

12. Number of integers < 10 satisfying the inequality 2 log;, (x = 1) <

13. The value of log(m+m) 27 is

ANSWERS AND SOLUTIONS

Subjective Type |

1. 1+xyz=1+(log,, a)(logs, 2a)(log,, 3a)
s log a log 2a log 3a
log 2a log 3a log 4a

1
L Joga

log 4a
=log,.4a + log,,a
= log, da*

=2log, 2a
=2(log,, 2a)(log,, 3a) = 2yz
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2. (3x) = (4y)"®!, 4low = 3losy
=» (log 3)(log 3x) = (log 4)(log 4y) and (log x)(log 4) = (log y)(log 3)
=> (log 3)(log 3 + log x) = (log 4)(log 4 + log y) and (log x)(log 4) = (log ¥)(log 3)
=» (log 3)(log 3 + p) = (log 4)(log 4 + g) and p(log 4) = g(log 3) (where p=log x and ¢ = log y)

= (log 3)(log 3+ ‘J]Li:i]z log 4(log 4 + q) (eliminating p)
og

(log4)* - (log 3)
log4d -

= (log 3)*—(log 4)* =

=qg=-logd = logy=logd™' =>y=1/4
Now p(log 4) = g(log 3)

=> p(log 4) =—(log 4)(log 3)
=p=-log3

= logx=1log3 "'

=x=1/3

log, 18 1+ 2log, 3
log,12 2+log, 3

Putting x - log, 3, we have

log, 54 1+ 3log, 3
log, 24 3+log,3

and b =log,, 54 =

3. Wehavea=log, 18=

ab+5(a-b)=l+2‘t-l+3x+5 142x 1+3x
2+ x _3+x 24+x 3+x
a7 4+ 5x+145(=27 +1)
(x+2)(x+3)
B x? +5x+46 _.
(x+2)(x+3)
1 -log, x
4. log,y= , therefore, 1 —log, y=1- = a
ot 1-log, ot I-log,x 1-log, x
: 1-1 '
or l = OB ¥ ()
l-log, y ~log, x
! ' ,
Butz=a'" 'Y = Jog, z= 1 =— +1
l1-log, » log, x
= =]-log,z=»log, x= ——
log, x 8a Ba 1-log, z
1 ;
=='x____al-log,,z

5. Since log, 2 logy, 2 =l0gs, 2, wehavex>0,2x>0anddx>0andx# 1,2x= 1,4x # 1
=:~:r>0‘cmdx;:tI,—l~,-l
2 4

1 1 1

Then, . =
logy x log, 2x  log, 4x
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10.

. Trigonometry

= log, x . log, 2x = log, 4x

= logyx(1 +log, x) = (2 + log, x)

= (logyx)* =2 = log, x =++/2
coa= 22 g, (22, 2y
b=a"?and d=c"
Leta=x*andc=y" x,ye N .
=b=x"; d=y’
Givena—c=9,thenx’-y*=9

‘23 (x _J’z)(x "',1’2) =9, Hence, x-—yz =1andx +y2 =9

(No other combination in the set of + ve integers will be possible.)
x=>5andy=2. Therefore, b—d=x>~)" = 125 -32=93.

. Since the equation can be satisfied only for x <0, hence Vx? =] x| =—x. That is,

Jlog(—x) =log(-x) =» log(-x) = [log(=x))’

= log(-x){1 —log(—x)] =0

iflog(-x)=0=>-x=1=x=-1

iflogyp(-x)=1 = -x=10=x=—10 |
Let x = log,(a/b) + log,(b/a) = log,a— log,b + log,b — log,a = 2 - (log,a + log,b)

-~ (iog,a - fiog, ) <0

Hence, the maximum value is 0.

We have (logg x 2 %logg X S % (taking log on both sides to the base 3)

Putting logy x =y, we have y* - %y-f- 5= %

=2)2-9+7=0,i.e,Qv-7)(p=1)=0
=y=7/2,1 (S
Therefore, either logogx = 1 orloggx=7/2

i.e., eitherx =9 orx =972 =37

Inequality is true if

. ‘ 2x -3
osmgz{k_:?_]d:ns =2 <2

x—=1, x—l
Mty 2x-—3_2<0=>2x—3—2x+2<0
x-1 x-1
-1 g
= <0= >0 = x>1

x—1 X -

)
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12.
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T I R
x-1 x—1
2x-3-x+1 —
= g . lx 20::»); >0=x>20rx<1

Taking intersection of Eqgs. (i) and (ii), we have x 2 2.
N BV Ry S

2'\)? 3x 4)&‘
== ¥ =| =] =1
@ 5 5

Now the number of solutions of the equation is equal to number of times.

= Ex+ §x+ iIanci = | intersect
Y“15) "15) "5 4 '

A

A
¥
>

Fig. 1.11
From the graph, equation has only one solution.

Let logx =1=>x=)"

Also x' =2 and y! = 2

= x =21

= y=2% .
Putting the values of x and y in Eq. (i), we have

2= 2" = 4P =1

i 3
Using Ba, (v} in Eq, (i), we getz— (P -2

/
Using Eq. (iv) in Eq. (iii), we get y = @",

13. Given equation is

1 +log22x__§ y
1+log, x 2 2

1 -1+ log, x 3
= + =——
1+log, x 2 2

133

(ii)

0

(i)
(iii)

(iv)
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14.

15.

'I 16.

17,

© Trigonometry

1 ¥i 3
+ — —_——t—_=——
Let 1+ logyx=y = g 5

=2+)y*+3y=0=3y=-1or-2
= 1+logx=-1or-2

=> logyx =~2 or -3
=x=2"20r27?

(zx) log,, 2 i (3x)|08h 3
= log,2[log 2 + log x] = log,3[log 3 + log x]
= (log,2)(log 2) —log,3 * log 3 = (log,3 — log,2) log x

log 2 log 3 -
= 2% g2 B log3= g3, o log x
logh logh

. logb log b .
= logx=—(log 3 + log 2) = log (6)™
=2x=1/6
logya . log.a+log.b . log.b+log.c.log,c=3

log 2)? - - -
_ (log 2)” - (log 3) =(log3 logz)logx

log a log « w log b log b N log ¢ log ¢ =%
logh loge logaloge logalogh

= (log @)* + (log b)* + (log ¢)* = 3(log a)(log b)(log ¢)
=logatlogbtlogec=0(asa,b,c are different)
= log abc=0=> abc =1

log, N log, N —log, N

log. N log, N —log, N

1 1
logyc logya logyb
logy a 1 1

logy b - logy ¢

logyc _logyc - logy & —logy a
logya logya logyc—logyb

s logy b—logy a _
logy ¢=logy b

= logy b-logy a=logyc-logyd
= bla=c/b

= b =ac

(log,b)> =1—(21og;0a)* 20
=(2log;, ay-1<0

= (2log;ga—1)(2logga+1)<0
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11 1
= log,ga€|-~,—|;a€ | —,10
b [ 2 2] [Jlo ]

-1 ! '
—%M20=(logmb}2—lso

1
Similarly, (log,ga)* =

= loggpbe [-1,1]=be [1—10- 10]

Objective Type | i SIS -

1L.b

2.d.

3l dl
4.b.

S.b.

6.b.

7.b.

9.c

10. c.

Let log, |18 =plq, wherep,ge |
|4 1 1 p I m
= lo 9+]0 2=— = —_%x2lo I4—= =;|o = ———=—{(sa
Bl e =gl Mg s =k 5= (s2y)

where m, ne Jand n#0 = 3 =(2)"" = 3" = 2" (possible only when m = n = 0 which is not true)
Hence, log, 18 is an irrational number,

Here, 5=4%and 6 = 5°,

Let log; 2 =x, then 2 =3,

Now, 6 = 5" = (47" = 4% or 3 = 22~!

Therefore, 2 = (222" = 1y =22eh=1) o y(2ab—1)=1 .

3238 232 3 o o log s =0 =]

Taking logarithm with base S, we have

x'o8s ¥ >5 = (logs x) (logs x) > 1 = (logsx— 1) (logsx+1)>0=logsx> l orlogsx<~1=x>Sor
x<1/5 i

Also we must have x > 0. Thus, x € (0, 1/5) W (5, ).
N=log,, 64 +log,;,31 =log,o 1984 . Therefore, 3 <N<4=7.

490-10812) 4 5-logs4 = 49 77200812 4 57ogsd g9y 1 150 2
4 4 2
log, x —=0.5=log, ./ ' .
= ,/logz x=05=05logx=2y-05=05 =) 2+1=0=3y=1=logyx=1=x=2

1
. Lett=log,x(x,y>0,and# 1), then r+-;=2or(:—1)2=o

soA=logx=1,ie,x=y. Wegetx?+x—12=0x=-4,3,

x =3 only (— 4 rejected)

log,8=3=3log,2=3=>log,2=1

log, b=log, b.log,2=log, b.log;2.log,3 =1l.log;2.2=2log; 2=log; 4

(4)'0&) 3 i (9)[03: ) - (l O)Iog, 83

1

d10a,3 ‘
= (4)2 7 4 (9)2108:2 = (10)°8«B = 2 4 81 = (10)" ¥ = 83 = (10) 5 = x =10
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11! b.

12. c.

i3. C.

14. c.

Trigonometry

log ab is defined if ab > 0 or @ and b have the same sign.
Case(i):a,b>0 '

= log ab - log|b| =log a + log b — Iog b=loga

Case (ii): a. b <0

=> log ab - log|b| = log(— a) + log (-~ b) — log (- b) = log (-a)
From Eqs. (i) and (ii), we have log ab —log|b| = log |4|.

(x4 D80 = 100(x + 1) = logyg(x + 180 = Iogw(]OO(x +1))

]°g1o(x +1)logolx + 1) =2+ Iogm(x+ 1)

Let loglg(x+ 1)"“}’ :

=) —y-2=0=y=20r-1 = log,y(x+ 1)= 2—l:>x+1~—100 1/10=>x= 990r 9/10
(log, alog.a~ 1)+ (log,b. log. b— 1)+ (log, clog,c—1)=0

loga.loga_*_logb.logb log ¢ logc

logb loge loga loge loga logb :
= (log a)* + (log )’ + (log ¢)* =3 log alog b log ¢
= (loga+logh+loge)=0[Ifd+b*+c*—3abc=0,thena+b+c=0ifazb+c]
= log abc = log 0 = abc= 1 '

Let x = 2000209

~ logx=2000 log,,(2000) = 2000 (log,,2 + 3) = 2000 (3.3010) = 6602 5

15. a.

16. d.

17.4d.

18.¢.

logy24=1+a=log, 192=log, (16 x 12)=4 +aand

Therefore, the number of digits is 6603.

Letlog, 12 = a, then =log, 96 =log,2°x 12=3+a

logge 2

=log, 12=a.
0812

Therefore, the giv;en expression = (1 +a) (3 + a)—(4 + a)a=3.
Taking logarithm of both the sides with base 3, we have

logs (1 - x)*
log; x

= logy (1 —x)2=2 = (1-x)*= 9 (clearly x #3)
= x =4, - 2. Butx >0, hence the solution set is {4}.

ln(a;—b] In ab IJ_

log, (1 —x)* logyx=2= logyx=2

ﬁ\/_=>az+2ab+bz 9ab=>b+2+—=9

a b
S=t—=7
b a
2logs (bx + 28)
logs (1/5)*

For coincident roots, D=0 = (b +4)2 = 4(16)=>b+4==8

=_logs (12-4x—x*)=> bx +28=12 -dx —x*=>x* + (b +4)x + 16 =0

(M
(i)



19. a.

20. a.

21, b.

22, ¢c.

23,8,

24. a,

25.d.

2+ logyJx+1>1 —logm,}g;_x?
= |+ log, Jx+1~ log, 1}4—.1'2 >0
= log,2 + logz,/x+l ~ log, \/4 -x* >0

2\}x+1 2dx+1

= |032\/4—2>0=>J4—2
-X -X

>1

S A+ 1254 -2 a2+ 8x +4>4—x2 = 5x2 + 8x >0 = x>0

Alsox+1>0and4-x?>0
=x>-land-2<x<2

From Egs. (i) and (ii), 0 <x <2
=x=]asxe N .

Given 4 log,a+ Slog,b=0 = log,b=-4/5

: 16 9
Now log,(a*h*)=5+4 Iogab=5+4(_§].~=5_, -

222+ 25 (1-29=0
Putting 2¥ =1, we get

£ =t+2%1-2%)=0where 1, =2” and t, = 2%

1]’2”_‘21(1 -'21)

2102=2%(1 -2%

Yy tyy=x+logy(l-27)

2 logox - 1080001 x>
logo x

= 2logpx + 2 -y [l+y]24
logy x y

(where log,px = y)

log5 loga
3'03‘ 5= = —_—
Let a=»log,5=logia=> ogd log 3
loga log3 -
= I = 1
= ]og 5 ]()g 4 = 10844 log‘3

= g= 5!03,3 = 3!03.5_ Slng, 3=0
Leta=x-1,b=x,c=x+1

Now log (1 +ac)=log [l +(x=1)(x+1)]=logx*=2logx=2logb=>K=logh

10 |
3 3

1 -
— =3+~ The given equation is of the form p+~;=3+§=q+;.wherep:%asx#y

=> logyx = 3. Iog;,l’= 1/3 =>x=23,y=2"3=>x+y=3+2m'

Logarithm and its Applications 1.37
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26. d.

27.b.

28. b.

29.b.

30.d.
31.d.

32.d.

33.d.

34.4d.

|35. [

Trigonometry

. 1 1. .
RH.8.=x=[logy, 5~ loglq 10]= x log,, % =log;o 21—I = Y =2—x ,thereforex—1=0orx=1. .
(10g,6)(0.6)°) logs(5—2x) S0 =5-2x < | =x22 ' @)
Also,5-2x>0 ' (i)
From Eqs. (i) and (ii), we have x [ 2, 2.5) . :
(x+2)(x+4)>0andx+2>0 -

=x>-2 !

Now the inequality can be written as log; (x +2) (x +4) — logs(x + 2) <log; 7

=>logy(x+4)<log; 7=>x+4<Torx<3

We must havex—1>0 = x> 1 i (i)
and 5+4log; (x-1)>0=4log; (x—1)>-5

:>l0g3(x—])>-—§

=13 " x>+ 4 (i)
From Eqgs. (i) and (ii), we getx > 1 + 3%, Therefore, 5 +4 log; (x — 1) =9 =>4 log; (x - 1) =4
=logy(x-1)=1=3x-1=3=2x=4

2 X083 4 3B X =97 =y ) 3BT 4 FOBX =99y FBT =9 =32 J0g, x =2, thereforex =42= 16,
logy (3 ~x) +1ogg 55 (3 +x)=log, (1-x) +logy s (2x+1)

=logy (3 -x)—log, 3+x)= ]0g4.(1 ~x)-log,(2x + 1)

=log,(3 -x) +log, (2x+ 1)=log, (1 —x) +log, (3 +x)

=@ -x)(2x+1)=(1-x)3+x)
=3+5x-20=3-2x-2

=x1-7x=0

= x= 1,7 .

Only x = 0 is the solution and x = 7 is to be rejected.

1+2l0g;2 (logs2)* _ (1+logy2)* -

(1+1log;2)°  (1+logs2)?  (1+1log, 2)° |
Let loggx =y, then the given equation reduces to (1 —2y)4? =3.
=32 +2y—-1=0=3y? +3y—y-1=0
=3y(y+1)-1y+1)=0=loggx=y=1/3,-1

=x=2,1/8 _ ; 5 :
Given equation can be written as (@ ") =5+4a """

log, x

Let @' = then the given equation is 2 — 47— 5=0. We get (1—5) (t+ 1) =0
= 1= 50rt=-1 (rejected)
log, x

1
L @Bt =5 B 5y = §5'%7

(21.4)*= 100 = alog(21.4)=2
s log(21.4)=2/a : ' , ' (i)

Again (0.00214)" = 100, we get A(log 0.00214) =2 |
= hlog(21.4x 10H=2
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2 2 1

=b

a :
36.b. X —16<4x-11 =2x*-4x-5<0=3(x-5)(x+1)S0=>~1<x<5" (i)

37.h.

38.b.

39.d.

490. c.

Alsox’~16>0=>x<—4orx>4 (i)
Anddx—11>0=>x>11/4 | (i)
From Egs. (i), (i) and (iii), we have x € (4, 5].

log x > “(/2)1og x
log3+(1/2)log x  log3+log x

|0g3 X l |0g3 X o
14 (1/2)logy x 2 (1 +log, x)

S B
14(y/2)  2l+)

74 |
=y + =0
[2+y 2(1+)’)J

=4 +4y+2+y]=0

= y=0o0ry=-6/5

=> logzx =0 or logyx = - 6/5

=>x=1]orx=3"° '

Taking log of both the side with base 3, we have (log; x* + (log; x)? = 10) (log; x) = =2 log 3x.
= logy x =0 or2 logy x + (logy x)* ~8=0 '
=x=1,logyx=—1x3orlog;x=2,log;x=-4.

Hence,x=1,3%,3"=1,9,1/81.

log, (log, x) + log, 3 (log, ) = |

= log; (log, x) — logs(log,,v) = 1

= log; (log, (4/5%)) - logs(log, ) = |

= log, (4/%) = 3(log, )

= log, (4/*) ==3(log,y) = log, (47) + (logy”) =0 =s 4y =1 =2y = /4 = x =64

Let logyx =y, we get

Taking log, we have (x +y) log 2 =y (log 2 + log 3), therefore x log 2 = v log 3.
X y xX=y '
Or _— = =
log3 log2 log3-log?2
Also{x-1)log3=(y+ 1) log2.
orxlog3—ylog2=1log3+log2
Using Eq. (i), we get A [(log3)? - (log2)*] =log 3 + log 2

A say O

l ] 3
A= ————— — =log3-log2=log —
a3 —lass * herefore 2 og og og 5
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Trigonometry

41.c. Givenlog,x +log,y26 = log, (xy)26
= xy 264
Also to define log, x and log, y, we have x>0,y > 0.
Since AM.2 GM.

3 x;sz}y_ =x+y2 2.[xy 216

42.d. flix,)+flx,) = log[

l+x 1+x

1-x" 1- xZ]

=log[1+x| Xy + X + xz

= log

1+.x1x2—x1—x2J

4t X
1+ xx, = f x1+x2)
Nty 1+ xx,
1+xx,

43. c. Given inequality is defined ifx > 2/5; x# 1

1 > 3 8
2

¢ ; 5
Casel: Ifx>] == —-—>x=2x+ — < —
2 &% X

= 2(x* +

=2x%—§

1)< 5x
x+2<0

=522 —dx—x+2<0
= (x=2)(2x—1)<0

=xe (1,

2)

Case II: —;- <x<1, then (x-2)2x—1)>0.

(2
= XE
) 5

2

From Eqs. (i) and (ii), we getx (%, —;—] kL2

44. 22 _‘xlnx= 3

X

Taking log on both sides,‘w've get In (€2 - x™*) = In (%)
=(Inx)*-3Inx+2=0
=((nx-2)(Inx-1)=0

Iflnx=2
Iflnx=1

::»x=ez

=XxX=e

Since x, > x,, we getx; = ¢’ and x, = ¢

:>X§' =X

li,fl =4 loge k

45.a. log),x=

2

s k=16,ie,k=2,~2,2i,-

. For exactly one solution, 4 log,s k= 1.

)

(ii)
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Multiple Correct Answers Type . o - W

1. a,d T
log,, a+log.a*+ log,» a’ =0

1 2 3
it + =
log, ax log, x (log, a’x)

0

1 i 2 & 3 -
log, atlog, x log, x (2+log, x}

1 2 3
= + — 4
Let log,x =y, we have ¥l g By

=0

=67 +11y+4=0

2. b,c,d.
¥ +2 §6-x o 9x* gx’

_y ghxext _ grtox-2

= (6 ~x—x%) log,o 5 = (x* - x - 2) log,,2 (base 10)
= (6 —x—x%) [1 = log,10] = (x* - x = 2) log,2
=6-x-x2=(log,52) [(F-x=2)~x*—x+6]

= 6—x-x2=(logo 2) [4 ~ 2x]
=x>+x-6=2(log;o2) (x~2)

= (x+3) (x—2)=(log)p4) (x—2)

Therefore, eitherx =2 orx+3 = log, 4

= X= ]03104 —3= ngm (._.i;.._) VX =-log|0 (250)
1000
3. a,b,c,d.

log, x log, y log; z _

b-¢ c¢-a a-b
= x= b~ = ppAe=a) 7= pla=h)

- =bxyz=kp(b"c)k”[c_a)k”a-b)= kp(b-c)-rp(c-a)-tp(a-b):ko___]
xaybz.c= kpa(b-c)kpb{c-a)k;n{a—b) =k°= 1

Lo ot avh o Jtb+ )b - €) ple+ aXe - a) ypka+ B)(a=b) = k9= i

4. b,c
log; x . logs k=log, 5

log xmzl

log k log 5

Let

og, 5

X



1.42 Trigonometry

log x .
log 5
= logs x =
: logs x

= (logsx)*= 1 = logsx =+ |

=x=5* =5x==,5

La | —

5. a,c,d.
x‘[; =(~/;)I,p,qu

= vVx logx =xlog Jx .

=>Iogx[~/_-%}=0
= logx=0or [s/;-—-ﬂ =0

=x=]or4
6. a,b,c.

a. log,o[_lzﬂ] logo(10x2)+ (}ogm2)2 =(1-log,p2) (1 +logp2) + (Iong)'z.__-—— 1

log 2° %3 |
" log(48/4) : |
c. — logs logy 9'1%=—log; log; 3" =—logs(1/5)= 1

1 64) 1 AV
&= lopp | | =23 (-) S
| 6 g@[w) 6 H\2
7. asb,c,d. '

log,x=b=x=d"

, & B V2 '
. a.Fora=V2" ¢ Qam_ib=\/§ € 0x= («/5 ) which is rational.

- b.Fora=2e Qand b=log,3 ¢ O;x=3 which is rational.

¢. Fora=+2 andb=2;x=2
d. The option is obviously correct.
- 8. b,c,d.
log,(x-0.5) _ log,(x+1)
Clogy(x+1)  log,(x—0.5)

= [logy(x + D> =[logy(x—0.5)]

=> log,(x + 1) = logy(x —0.5) or — log,(x — 0.5)

logy(x + 1) =logy(x ~0.5) = x + 1 =x - 0.5=> no solution
If log,(x+ 1) = log(x — 0.5)




10.

11.

12
x=(/2) 2x-1

= x+ 1=

=@E+)(2x-1)=2
=2 +x-3=0
=2+ 3x=2x~3=0
=x=-1)2x+3)=0
=Dx= l(x=-3{2 rejected)
a,d.

(1+ : 'Jlog3.r+l=0
2logy x |,

Let logyx =y, we get

3 e 3 1 2y+3° |
l+— |y =-1=2|1+— S— == = —
2y ) 2y) vy 2y oy

22 +3p-2=0=> 2 +4p—y—2=0=>(y+2) 2p—1)=0

y=120ry=-2=>x=3"(rejected) orx=1/9
ah.

log) (4 —x) 2 logp2 —logn(x~1)
= 10, (4 ~X)(x - 1) 2 log, ;2

=@ -x)x-1)<2
=2 -5x+620

=(x-3)(x-2)20
sx23orxs2

Butxe (1,4)

=x€e (1,2]uU[3,4)

a,¢. :

(log, x*) logx = (k—2) log, x— k

Let log, x =1, we get

20— (k—2)t+ k=0

Putting D = 0 (has only one solution), we have
(k-2)’-8k=0

=k 12k+4=0

e 125:;/1"23

—k= 6142

Logarithm and Its Applications 1.43
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1.44 i Trigonometry

Matrix-Match Type (NI o o

" lLa=qib—osic—=pid-or
1

% We have — - + =log,3 + log4 = log,12
logam logy 7

But 72 < 12 <7, we have 2 <log, 12<3.
h 3°=4; a=log;4

Similarly, b= log,5 etc.

Hence, abedef= log,4 - log,5 - log56 loge7 - log-,s logg9 = log,9 =2
c. We have to find characteristic of log,2008.
~ We know that log,1024 = 10 and log,2048 = 1 1, therefore

10 <log,2008 <11

Hence, it has characteristic = 10.

d log, (log; (logs x)) =0=5log,(logx)=1= logx=2=>x=9

Similarly, we have log,(log, »=1

= log,y=3=y=8

Therefore,x -y =1,
2.a=s;b—picoqidor

a. A=log, log, log, 256 + 2log ; 2

= log, log, log, 4* + 2log, 122
=log, log,4+4log;2+4=1+4=5

b log; (5x—2)-2log; \3x+1=1-log, 4

- = logy (5x—2)—logz (3x+1)+logy4=1

| ~ -2)(4

:108,(M)=,=,<sx @ _

= |
3x+] 3x+1 —
" 7!0;,(H-Ax+5) a1}
=x~4x+5=x~1]
=x-5x+6=0

=Sx-2)x-3)=0=>x=20rx=3
Also we must have x2 —4x + 5> 0andx—1>0
= x> | (as x* —4x+ 5> 0 is true for all real numbers)

d x>0, -lj-logzx 2( =L )+1>0

= log, x—(log, x)>+2>0

= (logox)? - log, x =2 <0

Let log, x =1, we have # —¢—2<0
={-2)(1+1)<0=>-1<¢<2
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=-]<logyx<2= % <x<4

Hence. the number of integers is 3, i.e., {1, 2, 3}.
a-qb-opsicoHp;d-=p,r

Wy
i 2|08ﬂﬁ,15= 2|0823rz‘5 - 22/3!03;!5 - 2Iog,l$ = 152/3

b 3l 5'7%85 4 1 ] = 13| 5lo8s7 ++ =\j[7+—l-—-—-——] =37+1) =2
J[ V(=logyy 0.1) [ V(og,0.17") | ° logyo 10 el

log 5 log 27 . log 5 xg log 3 =.§_
log3log25 log3 2logd 2
d (log,ox)’ = log 100x =2+ log10x

Putting log x =1, we get ££ =2 +

=74-1-2=0

=>t=2o0rt=-1

= logl0x=2orlog 10x=~]

=x=1000rx=1/10

Hence, the product of roots is 10.

Integer Type

' ¢
1.(3) logyc =3 +logza = log; e I3=¢c=27a (1)

¢ logs5-logys27 =

log,b=2; logyc=2

= log,b - logyc=4 = log,c=4=c=a" ~ (ii)
From Eqs. (i) and (ii), we get ¢ =3, c=81].

From relation (i), we have b=a* = 9.

Hence, c/(ab) = 3.

2.(1) Letlog,i0=pandlogsl0=g
Hence, p+g=1
x=p’+3pg+q

=(p+q)y’-3pg(p+4)+3pq
=1-3pq+3pq
-]

3.(6) Letloged =logsB=1loge(4+ B)=x
=A=4"B=6"and 4 + B=9"
A+B=9"=4"+6"=9"
=5 2% 4 2% . 3= 3T

2x X
SORER
2 2

ﬁ(g)‘t:]*‘\/g | ‘ -

2 2
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4.(4)

5.(5)

6.(8)

Trigonometry

: 4

loge54 +1log,16=10g ;5 X —logss o
: 2
=1 +2logg3 +log, 16 =2 log,x —logs 3

= 1+2log3 +log, 16 =2 log,x - logs2 +log:3

= 1 +log, 16 =2 log,x — (logg2 + loge3)
= 1 +log,16=21log,x 1

4
= log, x

Let log,x = ¢, we have (£ —2)(¢ + ])=(j
={=20r!>-) o ;
=x=4orl/2

=2 logax—2

_ logs 175 2+logs 7
logs 245 1+ 2logs 7

= a+2alogs7=2+logs7

. 42
= logs7= '1':“2'_&'

a

logs 875 3 +logs 7
b= logs 1715 1+ 3logs 7

= b+3blogs7 =3 +logs7

b-3
=> log,7= 1-3b

a-2  p-3

Iuab_

From Eqgs. (i) and (ii); we get ¥ By

(logyyx°) = logyx®
= (3 logy7x)” = 6 logyyx
=3 3 logyyx (3 logym —2) =0

2
=x=lorlogyx= 3

=x=27"=9
Difference=9—1 =8

IR

a=p

(M

(i)



7(3) We musthave |2-3x>0 and x>0 =x € (0,4)

8.(3)

9.(6)

10.(5)

11.Q2)

12.(9)

=log 4% 5= log (2000) = —
(2000

Therefore the integral valuesare 1,2, 3.

Forx=1; [32 - ]-(3'ogzl ) =39.3% > 32

Similarly, x = 2 satisfies but notx=3
Hence, the required sum = 3.

log, 15.logys2 . logs 1/6.

logl5 log2 -log6

log2 —log6 log3

= log;15 :
Let N=21log 4 +3 IogtS, where x = (2000)°

=log 4% + log,5°
1

Hence reciprocal of given value is 6

,/logg x—1 —%log2 x+2>0(x>0)
= Jlog, x—1 —%(logz x—l)+%>0

Let \/log, x—1 =120, we have
logax? 1 =>x22

Then from Eq. (i), we have r - %rz -'l-% >0
=372 -2t-1<0

= 13 <<

From Egs. (i) and (ii), we have 0 </ < | -

0< log, x—1 <1

0<log,x—1<1
1 S-]0g2x<2
28x<4

Hence, the integral values are 2 and 3, and their sum is 5.

logiplx~3[>-1
= pk-3|<2
= —2<x~-3<2
=>l<x<5,x=¢'3
Lx€e{2,4}
We must be x > 1

1

. 1
21 -N€ - - ——
e =1 3 log.r’..x 8

Logarithm and Its Applications ' 1.47
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1.48 ‘ ' T —
I e

% R o +2log, (x-1)20

=5 10322—10g£(x2—x) +6log, (x—1)20

5
ﬁgﬂ)_z

X
Putting x -1 =y, we have y > 0.
2 5
=X 130
y+1
o
-3 S Lt JH
y+1
5_ —-—
2y" =2y+y 120
y+1
2y(y* -1 +y-1
y+l.
o-bl2yy+n (P +D)+1]
= 20
y+1

20

y=1
=p ——20=yp21
y+1

=Hxed T
50 2 = 20 - (B
- I
V34242 +\3-242) 2 10g., ((ﬁ + l) » (ﬁ _1))

1
log» 2312
9

ZSEZ

= ]Og(

6



