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" If f2 X — Y is a function defined by y = f(x) such that f'is both one-one and onto, then there exists a unique
function g : ¥ — X'such that for each y € ¥, g(y) =x if and only if y = f(x). The function g so defined is called
the inverse of fand denoted by /', Also if g is the inverse of /; then fis the inverse of g; and the two functions
Jand g are said to'be inverses of each other.

The condition for existence of inverse of a function is that the function must be one-one and onto.
Whenever an inverse function is defined, the range of the original function becomes the domain of the inverse
function and domain of the original function becomes the range of the inverse function,

We know that trigonometric functions are many-one in their actual domain. Hence, for inverse functions to
.get defined, the actual domain of trigonometric functions must be restricted to make the function one-one.

Inverse Circular Functions

Since the domain of sine function is the set of all real numbers and range is [-1, 1], if we restrict its domain to
[-#72, 7/2], then it becomes one-one and onto within the range [~ 1. 1]. Actually, sine function can be
restricted to any of the intervals [-32/2, — /2], [-n/2, n/2), |7/2, 3n/2], etc. [t becomes one-one and its
range is {—1, 1]. We can, therefore, define the inverse of sine function in each of these intervals. We denote the
inverse of sin¢ function by sin™' (arc sine functibn). Thus, sin™ is a function whose domain is {~ 1, 1] and the
range could be any of the intervals {=37/2, = /2], [-n/2, #/2) or /2, 37/2] and so on. Corresponding to
- each such interval, we get a branch of the function sin”!. The branch with range |-m/2, /2] is called the
principal value branch, whereas other intervals as range give different branches of sin™'. When we refer to the
function sin™', we take it as the function whose domain is -1, 1] and range is {—n/2, n/2) . We write sin”':
[, 1) = |~n/2, n/2).
From the definition of the inverse functions, it follows that sin(sin”'x) =x if = 1 £x < 1 and sin”'(sin x) =x
-2 sx<s 2.

If any point (x;.y,) lies on the curve y = fx), then corresponding to it (v, x,)} lieson y = f~ '(x). Since points
(x1,) and the (3, x,) arc symmetrical about the line y =x, the graphs of vy =7"(x) and y =/ ~'(x) arc symmetrical
about the line y=x.

Nofte:

e sin~' xis envirely different from (sin x) ™. The former is the measure of an angle in radians whose sine

is x while the latter is —
sin x
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Domain, Range and Graphs of Inverse Trigonometric Functions
With reference to the preceding discussion, the domain, range and graphs of inverse trigonometric functions

can be summarized as follows. :
In the following figures, dotted line graphs are of trigonometric functions and solid line graphs are of

corresponding inverse trigonometric functions.

f(x)=sin""'x -
Domain: [- 1, 1]
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S(x)=tan"'x
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fx)=sec”'x
Domain: (—ee,— 1] U1, 00)

Range (principal values): [0, #] — {n/2}
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£(x) = cosec™ 'x

Domain: (—eo,— 1] [1, )

Range (principal values): |:— -’25 ,g} -~ {0}
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- PROPERTIES AND IMPORTANT FORMULAS OF INVERSE FUNCTIONS
Property 1
i. sin(sin'x)=x, forallxe [-1,1]
VA
i
y=x
| L45° N
=1 o +1
=

Graph of y =sin(sin™'x) or y = cos(cos™'x)

Fig. 4.8
ii. cos(cos'x)=x, forallxe [-],]1]
iii, tan(tan'x)=x, forallxe R
yA
1
y=x
45° ‘e
=1 0 +1
-1

Graph of y = tan (tan™x) or y = cot (cot 'x)
Fig. 4.9
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iv. cot(cot™ x)=1x, forallxe R
v cosec(cosec™ x)=x, forallxe (—eo,—1]U[l,e0)

vi sec(sec”’ x)=x, forallxe (—eo,—1JU[], )

yA ' y=x

|
Y

: -1
yEx

Graph of y=sec(sec™'x)
or y = cosec(cosec™'x)

Fig. 4.10

Property 2

sin"'(sinx)=x, forallxe [-m2, m2]

sin”'(sin x) is defined when sin x & [-1, I]whichistrue Vx € R.

But range of sin™ 'x is [~ /2, /2], hence sin™ (sin x) = x is true only forx € [~ n/2, /2).
With the same reasoning, we have the following resuits.

. cos”'(cos x) =x, forallx e [0, 7)
iii. tan”'(tanx)=x, forallxe (- w2, w/2)

cot”'(cot x) =x, forallxe (0, )
cosec '(cosec x) =x, forallxe [- /2, /2]~ {0}
sec”!(sec x) =x, foralixe {0, w)— {2}

G'raph ofy= sin”!(sin x)

For x not lying in the principal domain, we have the following method to draw the graph.
Considery=sin"'(sinx) = siny=sinx = y=nn+(-1)Yx,ne Z

Now, keeping in mind that y € [~ 7/2, /2], we have the following table:

Value of n Relation ' Range of x

n=-2 . B y=—2r+x x€ [3m2, 5m'2]
n=—t yE X " xe[-3m2,~-m2]
n=0 y=x x€ [-n/2, 2]
n= , y=m-X x€ [n2,3m2]
n=2 y=2m+x xe [-5a2,-3m2]
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From the preceding informatidn, we can plot the graph of y = sin™ (sin x) as follows (Fig. 4.11):

y
F
z
SIS 2 L
» § T 4 2 3z
o S == B b 2
4 -+ 2 "G
X
2 2
=h
2
yuf
Fig. 4.11

Graph of p =cos ' (cos x)
y= cos”(cos x) ; '
= Ccosy=cosx = y=2ng+x,ne’

Now, keeping in mind that y € [0, 7], we can plot the graph of y = sin”!(sin x) as follows (Fig.4.12):
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Graph ofy =tan™ (tan x)
- tan'l(tan x)

= tany=tanx = y=nnt+x,nel’
Now, keeping in mind thaty € (- /2, n/2), we can plot the graph ofy = tan I(tan x) as follows (Fig

4.13):
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Fig. 4.13
Graphofy= cot™!(cot x)° '

y=cot"'(cotx)  => coty=cotx
= tany=tanx = y=nmg+t+x,ne’Z
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Now, keeping in mind thaty € (0, x), we can plot the graph of y = cot " '(cot x) as follows (Fig. 4.14);
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Graphofy= cosec !(cosec x)
y = cosec™ (cosec X) =  COSEC Y = COSeC X => siny=sinx .
Hence, graph of y = cosec (cosec x) is the same as that of y = sin™ (sin x), but excluding points x = nz, ne Z.
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Graph of f(x) =sec”'(secx).

y=sec'(secx) = secy=secx - = COSY=COSX
Hence, graph of y = sec”'(sec x) is the same as that of y = cos ™' (cos x), but excludmg pomts
x=2n+ 1)70’2 he Z

y
An
) *
3 +x(b* J-{\ T ‘\’/ / Q“D
i {, ‘ ! K ! ! %\
INL ] L1 N
xv i i ! - X
©<2n 3t m n | m % 3 2n
2 2y 2 2
‘ Fig. 4.16
Example 4.1 Evaluate the following:

i. sin”'(sin 7z4) ii. cos'(2n/3) iii. tan~'(tanm/3)
‘Sol. We know that ‘
sin” (sin 6) = @, if — W2 < O< 72,
cos™ (cos )= 6,if0< <
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and tan™' (tan 8) = 6, if — g <f< %
Then

i. sin™! [sin E) =Z
4 4

% =] ( 275) 2
1. COS COS— | = ——
3 3

. n n
jii. tan™! |tan— | = —
3 3

Example 4.2 Evaluate the following: _
i. sin”? (-23) ii. cos™ (cos 7—") jii. tan™ [tan 2—") iv, cos | cos™ -ﬁ + f-)
3 . 6 3 2/ 6 J

o ooafl. 2% 2r 2% e pe n
i. sin”" | sin — | # —, as — does not lie between —— and —
3 3 3 2 2

Now, sin™’ (sinzl) = sin”! sin(z—EJ =sin™ [sin-’-r-J =z
’ 3 3 3 3

i. cos™ [cos E) = 7—” , as lg does not lie between 0 and 7«

6

Now, cos™" [0087—:-) = cos™ [cos (?.rr - —SGED =cos™! (cos 5—:-) - 5?“ ’

iii. tan™ (tan 2—” : —2-5, because E-E does not lie between — L and 8
3 3 3 2 2

Now, tan™’ (tan?'—f-] =tan™' tan(n—E- = tan"" (—tan E—] = tan”' | tan (—E) =z
3 : 3 3 : 3 3

iv. cos [cos" {—%EJ + 1;-] = cos: [5% + %) =cos(n)=-1

Exampic 4.3 Evaluate the following:
i. sin”'(sin 10) ii. sin™'(sin S) iii. cos™'(cos 10) iv. tan~'(tan (—6))

Sol.

Soli. Here, 6= 10 rad does not lie between-% and % ;

But,3z—-6, i.e. 3n-10lies between— 1;- and g—
Also, sin (3n-10)=sin 10
- sin”'(sin 10)=sin"'(sin (37~ 10))=(37 - 10)
ii. Here, =5 rad. Clearly, it does not lie between - —;—t- and % But both 27~ 5 and 5 — 27 lie between

= % and = Therefore,

sin(5-2n)=sin(—(2r -5))=-=sin(2A-5)=—(-sin5)=sin 5
= sin”'(sin 5)=sin"! sin (5 -2n))=5-2n



4.10 Trigonométry

. We know that cos ' (cos 9) 0 if0co<n
Here, 8=10rad.
Clearly, it does not lie between 0 and 7.
However, (47— 10) lies between 0 and 7 such that cos (47— 10)=cos 10
= cos '(cos 10)=cos '(cos (47— 10))=4x— 10
iv. we know that tan'(tan 6) = 6, if — m/2 < 0 < 7/2.
Here, 8= — 6 rad does not lie between — 772 and 7/2. We find that 27— 6 lies between
— /2 and 7/2 such that '
tan 27— 6)=—tan 6 =tan (- 6)
tan™ (tan (~6)) = tan™' (tan 27— 6)) =276

Evaluate the following:

i, sin (éos‘l 3) ii. cos (tan“é) iii. sin [5 —sin~! (1D
5 4 2 2
Sol. '

i. Letcos™ 3/5=6.
Then, cos 8=3/5 = sin'@=4/5
+. sin(cos™ 3/5) = sin 6=4/5

ii. Lettan ' 3/4=8,

Example 4.4

Then, tan 6=3/4 = ¢os 8=4/5 ‘ ('.'as cos® 6 =

<. cos (tan”'(3/4)) = cos 8=4/5

o (J’C . ,_1( ID_ ) [n ( T:D_ 2t 3
L Sin| — —sin = | 22 BN | | et | [ RGN ——
2 2 2 6 3 2

Example 4.5 Ifcos' A+ cos™ p+ cos™ y= 3, then find the value of A+ py+ yA.

Sol.

We know that 0 < cos™' x < 7.

Hence, from the question

cos” ' A=mcos ' u=m cosly=x

[ cos™'A+cos ' u+cosly =3xis possible only when each term attains its maximum.]
= A= ju=y=-1 = Au+uy+yA=3

. . e 1 '
1f cos(2 sin”~' x) = 3’ then find the values of x.

Sol. Letsin™ x= 0

= 1-2sin’0=9 = [-2x== :>_x=g =¥ x=i%

Example 4.7 Find the value of sin (—;-cot'l (—g] .
Sol.

Letcot'(-3/4)=60 = cotf=-3/4 = 0Oe (W2,
= cos0=-3/5(0e (W2,m) = 1-2sin’(02)=-3/5

1

1 +tan’ @

|
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sin® 8/2 = 4/5 orsin 812=2//5

Example 4.8 Find the number of solutions of the equation cos(cos “Ix)= cosec(cosec™x).
Sol.

cos(cos 'x)=xforxe [-1, 1)

cosec(cosec™ x) =x forx € (~oo,—1]WU[1, e0)

= cos(cos "'x) = coesec(cosec"x) forx =z 1 only.
Hence, there are two roots only.

I
e
h

Example 4.9 Find the range of flx) = |3tan"x ~cos™'(0)| - cos ™ (-1 ) 7
Sol.

fx) = |3tan“'x cos“(l))l cos”'(-1) = |3tan"x (m'2)| -
Now —— < tan™' x < E
2 2
3n -1 n
= -—2— <3tan” x<—

. &
= 2r <3tan 'x——2-<n:

3tan”’ x—%’<27r

-

0%

o r
3 tan 1x-——{—:r<7r

5

6. Find the value of tan [% cos

Concept Application Exercise 4.1

. Find the principal of

i. cosec™'(-1) ii. cot™ (-——}.;]

. Find the principal value of

i. sin™ (sin 3) ii. sin" (sin 100) iiii. cos~' (cos 20) iv. cot™! (cot 4)

. Evaluate the following;:

i. sin(cot™ x) ii. sin [-;i —-sin”" (-—l?—]}

: - y ol n :
fsin” x+sin” y+sin” z= 3—2»,thenﬁndthevalue 2y,

2
If (sin™ %)%+ (sin™ y)? + (sin”" 2)? = 3’2— , then find the minimum value of x +y + z.

4{5_
3 .
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' Property 3
i. sin ‘(—x)" —sin™ (x), forallxe [-1,1]
ii. cos” (——x) - cos “lx, . forallxe [~1,1]
i, tan”'(-x)=~—tan" x, forallxe R

iv. cosec"(—x)“—r—coscc" x, forallxe (—oo,—1]U[1,00)
v. sec”i(-x)=m-sec”' x, forallx € (=eo,~ 11U [I,0)
vi. cot™l(-x)=rm—cot™ x, forallxe.R

Proof;

i. Clearly,~x€ [-1,1]forallxe [~1,]1]

Let sin™'(-x)= 8 (0
= -—-x=sind
= x=-sind
= x=sin(-6) -
= -0=sin"'x ! [ xel-1,1]and -0 €[-n/2, /2] for all O e[-m/2, n/2)]
= O=-sin"'x (ii)
From Egs. (i) and (ii), we get sin™'(-x) = —sin™' x
Proof:
i, Clearly,-xe [-1, 1]forallxe [-1, 1]
‘ Let cos™ (—x) 2] (@
= =x=cosé@ .
= x=-cos @
= x=cos(n-06) ) : .
= cos'x=n-0 . i " [vxel-1,1]and -8 &[0, 7] for all 8¢ [0, }]
= O@=m-cos'x’ ; : - (i)
From Eqgs. (i) and (ii), we get
cos”! (-x)=m-cos”' x
Similarly, we can prove other results.
Property 4
i. sin™ (1] coscc'_'x, forallxe (- o;,- 1L, ee)
* . .
ii. cos™ [l] =sec” x, forallxe (=00, — ]]‘U[I,oo)
: X
-,(1)- cot™' x, for x>0
iii; tan™' | — |=
' X —m+cot™ x,  forx<O -
Proof: : ,
i. Letcosec' x=86" 9]
where 8€ [- /2, m2] -{0} and x € (—oo,—1] U[1, %)
= x=cosecd = L wiind = g= sin™' 2 (i)
x X

From Egs. (i) and (ii), we get sin™'(1/x) = cosec™ x.
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. Letsec'x=6 | )
where 8¢ [0, 7]~ {2} andx € (—o0,— 1] U[1, 00)
Now, sec™' x=0

= x=secO = l=<:oséi? = 9=cos"l (i)
A X
. ve Al -1
From Eqs.(i) and (ii), we get €08 ; =gec X.
iii. Letcot™' x=86, where O¢ (0, ®)andx e R
. 1 =10 % —_—
= x=cotd = — ~tan@ = lan” |—|=tan” (tan @)
X X
- §
x4 |
2 a
X’ X
n o n T
T2 2
_ x ,
£ I
y|
Graph of y = tan~'(tan x)
' Fig.4.17

From the graph,
- (l) {9, 0<@<m/2 {cot"“x, O<cot™ x<m/2 {cot"1 x; x>0
an -

-T+0, m/2<0<m

X =1

—n‘+cot'1x, ml2<cot ' x<m —m+cot™ x, x<0

| a2, if x>0
RPTITIERIIN Prove that tan~! x + tan™! l = ' .
x -n/2, if x<0

Sol.

=
£ B X0
We know that tan“’(lj {CO o "

X —m+cot™ x, x<0
n , n
a1 tan™ x+cot™ x, x>0 |2’ & 2’ x=d)
2 L 4 s
Z+cot x+tan” x, x<0 m+X, x<0 - xeD
2 2
: +1 ayz+l i+l
BTSSRI 1fx> > 2> 0, then find the value of cot™ 2= 4 cot ' 222 4 cot™! :
x-y y-z Z-Xx
Sol. g
% +1 o +1 -1 = +1
c:cx)t'Jt.y——+cotI-XZ'—Jrcotl P

X-y y-z z-x
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. -1
g X= o y- o Z2=X cot™ x
= i Ak el Il gt I b gy [l): :

=tan™' x — tan™' y+ tan™" y- tan™' z+ m+tan”' z —tan” x

i
Examplcd.12 Find the value of x for which sec” x +sin™ x = % :

Sol.
We know that sec™'x is defined for x € (— oo, — 1] U1, o).
But sin”'x is defined forx € [~ 1, 1]

= s T
Hence, sec™'x +sin x=-§ forx==%1.

for x>0

forx <0

} _

Concept Appliqathn‘Exercise 4.2

1.1f tzin" (-I-J =— g+ cot™ ¥, where y = x* - 3x + 2, then find the value of x.
y ‘ .

2. ifae (-% 0), then find the value of tan™ (cot &) — cot™ (tan @).

Property 5

i. sin™' x+cos™

x=-’2£,foral|xe [-1,1]

o L . n
ii. ‘tan™ x+cot™ =-i—,foralleR

. " i = %
iii. sec™ x+cosec x=5 forallxe (—eo,— 1JU[1,0)

Proof:
i. Letsin”'x=0
where 8¢ [-n/2, m/2]

= - £S—9$£
2 2

= 05%-951:

- -2’5-9 e [0, 7]

Now, sin"" x =8

= x=sind

= x= cos[E-BJ
2

@)
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i n
= cos 'x=5—9 , - [+ xe (=1, 1] and (/2-8) (0, 7}]

— @+cos ' x= % _ (i)

From Eqs. (i) and (ii), we get sin™' x+cos™ x = 72, Similarly, we get the other results.

Example4.13 If sin™ x= n/S, for somex € (—1, 1), thien find the value of cos™ x,

Sol.
Gl g T g T . W OR 3m
sin'x+cosT x=—= = cos" x= ——sin" xm———=x
2 2 2 5 10

tsinsin' 2 405" )= 1, then find the vatueat
Sol.

sin (sin"' -;- +cos™ x] =1=]

- | o n
= SIn —+4Co0s§ x=—
5 p

ey S ——
= SIn —=——C0§ X
5 2
sl d e e
= Sin Emsm X

Example4.158 Solve sin™' x < cos™ x.
Sol.

= o n Gl vl o IT
cos” x2sinx= —Zv?_ZSm-‘x — sm'xsz

= ] -1<€x<sin [%] = x€ {—I,L]

J2
AIINIENI  Find the range of f(x) = sin”! x +_t:aln'1 x+cos” x.

Sol.
Clearly, the domain of the function is [ 1, 1).

T on -
Also,tan”'xe |~—, — | forxe [~ 1, 1].

4’4 |
Now, sin™" x+cos"1x=% forxe (1,1}

Thus, f(x)= tan~" x + 1;— ,wherexe [-1,]].

) T nn n| - |x 3z
Hence, the range is | == 4=, == | = | —, — |,
4 2 4 2 4 4
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Example 4.17 Find the minimum value of (sec"x)2 + (cosec“' x);.

Sol.
Let /= (Sec" x)2 + (cos«;efI 15)2

o (seg_] x + cosec” x)2 ~2sec”! x cosec™ x
2
n . n -
= 26t x| = —sec” x
4 2
-

-1 \? o
=—4—+2(sec x) —wsec X

" 2 )
2
£~+2 (sec" x) —2£sec_1x+ - s
4 4 | 4 8

[

2 2
b b4 n
=2|sec” x-=| +—212—
4] 8 8
Example 4.18 Solve sin"lﬁﬂ-sin“1 55 =f—,
x x| 2
Sol.
1 -] 2'\/5 T
$in ~ — +8i =—
H x| 2

214z 42015

= §in — = ——gin' = =
|x] 2 [ x|

<lorlx 2 2415, we have

| x|

Example 4.19. S sin”! (cos(sin™' x)) and = cos™ (sin (cos‘l x)), then find tan - tan .

14 Y WY |
(—} ::1-{—) = =16 = x=+16 whichsatisfy|x|>215.

Sol.

B= cos™ [sin (% ~gin~" ;\,D = cos™ [cos(sin™' x)] also a = sin™ [cos(sin™' x)]

o+ B=m/2 = tan = cot B= tan & tan f=1

1 R a1
1 - feos T x+cost—.

X g X

Example 4.20 Find the value of sin ™ x +sin™

Sol.

o =] . mll -]
Sin " x +sin " —+cos

a1 ' I i
x+cos”™' — is defined only when x, —e[-1,1]
2 x x
which is possible only when x = £ |

wrh .- 1 . a1
for which sin ' x+sin™! =+ cos™ x +cos =y
X X
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Concept Applicatlon Exercise 4. 3:

AV LD Uithienny oA IMRNTER, o Gmaiitn | stidierget

1. Ifsin' x+sin! y= 23—” then find the value of cos™ x + cos™ y,

2. Solvecot™ x+tan”' 3= —725
3. Solve sec” 'x > coseclx.
4. Solve tan™ 'x > cot™ 'x.
5. Solve 2 cos ' x +sin™ x = H
6
_ 3 2
6. Solve (tan™ x)” + (cot™ x)* = SL
Property 6
i. Forx>0,
2
; — 1
sin"'x=cos Ty1—-x* = tan”! i cot™! e sec”] l = cosec ™! (—)
Vl - xz X 1_ x2 X
Refer the following diagram for the proof.
1 X
2]
J 1 —x2
. Fig. 4.18
il. Forx>0,
2 ' 1
cos x=sin"' y1-x* = tan™! 1=%" | m oot =X | = gag™ I cosec™ 1
X 1—x2 X 1_x2 ]

Refer the following diagram for the proof.

X
Fig. 4.19
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iii. Forx>0,

tan~' x = sin”! [

¥
= sec™ V1 +x? = cosec™ i ]

f o , f
< ] = cos-] J = ] cot_l(
1+ x? \ V14 x? )

X
\

Refer the following diagram for the proof.

= .
Example 4.21 ﬁ
Sol. g

asin@

1
Fig. 4.20

tan™! ————= =tan™
2 2 acos 8

=tan”' (tan @) = 0=sin™ [

Sol.

X

Example4.22 Prove that tan™' (

1/1 +x* ~1
tan™ [-——-———} = tan™!

’)

X

=

tan @
[sec @~ 1
| tan@
1 - cos 6]
sin8

, in terms of sin” ' wherex e (0, a).

1+x2 -1 '
_.r_] =%tan"x.

[putting x = a sin 6]

[putting x = tan 6]
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ST E WAl Simplify sin cot™ tan cos™ x.

Sol.
Letcos™ x=8
= x=cos8

= sec@= &

x -
= tan 8= \/secz 86-1= ’—12- -1 = LJI - x?
X

| x|

] o y _ |
Now, sin cot™' tan 8= sin cot™ (— [ ~ x° ]
x
Again, putting x = sin 6, we get
J1-sin®@

_ = sin cot™" |cot 8= sin B=x
| sin 6|

. _ 1 . "
sin cot™! (——-i 1 - x? | =sin cot™
X

[RETINIX WX M Prove that cosec (tan™ (cos (cot™ (sec(sin™ a))))) = V3-a?, wherea e |0, 1).

Sol.
Here x = cosec(tan™ (cos (cot™ (sec (sin™ @)

[ /
- -1 |
=cosec} tan~ | cos| cot
\ [ \V1-a’ ]D

( \
4 4 ]
=cosec| tan |
[ \V‘Z-ﬂ'z J
= \’3_02 ' (l)

If x <0, then prove that cos™ lv= g —sin”'y1-x2.

Example 4.25

Sol.
Letx=cos 8 = cosf=x
Sincex <0, fe [w/2, 7]

Now, sin”' v1-x* =sin~' V1—cos? @

= sin™ (sin ) # 6 | (v 6el-n/2,n/2])

= sin”! (sin(x-0)) = -6

| 2

= c¢os 'x=m-sin"'Vl-x

- ¥ 1+x ~1
DTN RIS Prove that cos 1{11 = } =005 X, -1<x<I.
, 2

Sol.
Letx=cos 6, where @€ [0, n]

= cos"{J l +x} =cos™' {.J———l £ cose}
. 2 2
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2 cos® E
2

=cos™!

. 1. 4x
Example 4.27 . = Esm —,f<x<a.

Prove that tan™ {

o
a ++a® - x?

Sol.
Letx=asin 6, since—a<x<a
; T n T
=-a<asinf@<a= -1<smb<|=0e i
=, o] X tanL @ sin @
an —————— L = .
a+ya* - x* a++a* —sin’ @
.| siné@ ‘
=tan {————
I1+cos0
ZSEn%cosg
: =
‘:t R - SR, i
an "
2ecos’— |,
2 .
ez]
=fan {tan—
2
y .
, 2
| -1 X
=—8In" —
1. ‘a

: L[Tex+fi-x in!
Example 4.28 Prove that sin 1{ 5 } = %+ sz z ,0<x<1.

Sol.

. | -
Letx=sin 6. Since 0 <x<1=0<sin8< 1= f¢c (05")
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. sin"{‘/l+x+J1_x}_sin"‘{‘/1+cose+‘“-COSB}
> = :

2

J2cos2 2 + J2sin2 2
1 2 2

2

= sin”

cmg+sinE
% 2

2n

Prove that cos™ []—————

Example 429 P
1+x

]zztan" x",0<x <oa,

Sol.
Since 0 <x<eo; 0 <x"< oo
Letx"=tan 0= B¢ (0, m/2)

-1 l—xz" vl l—lanz (7]
COS n = CO0S —2'
14 x ]-tan“ @

=cos™ (cos 26)
=20

=2 tan"'x"

Concept Application Exercise 4.4

\ll+aer2 -1

ax

1. Evaluate tan"[ ], where x # 0.

2. Express sin” as a function of tan ',

\ll-.\'z

X

xX+a

3. 1f x <0, then prove that cos™'

x'= g tan™!

‘ 1 :
4. If tan(cos™ x) = sxn(cot 1_:_2_)’ then find the value of x.
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2

byl —% |
5. Bvaluate sin™ | 27 Y2 "4 , where — —= < x < —=.
V2 V2 AR
. 1 1—x . 2
6. Prove that sin| 2 tan =afl-x°.
I+x
Property 7
mn“[x”},ifxy.cl if xy<1
I=-xy
& f x+ ¥ '
I tan_1x+tan1y= { @+ tan l[lx—y], if x>0, y>0and xy>1
—Xy
—?r+tan"1[lx+y], if x<0,y<0and xy>1
. —Xy,

1+ xy

tan_](x_y), if xy>-1

o =1 -1 T = .
. tan " x-—tan "y = . g4 an7! [uj "if x>0, y<0and xy <~1
| . 1+ xy

-n+tan“(x_y} if x<0, y>0and xy<-1
P+ xy '

Proof: ;
i. Lettan™ x=Aandtan™' y=B, where 4, Be (—n2, m2).
'tanA+tanB_x+y '

Now, tan (4 + B)= =
l-tanAtanB 1-—xy

= tan"][x+yJ =tan_ 'tan(4 + B)
1-xy ]

= tan” 'tan'c;, where ote (- 71, 7)

. Y
| A |
[
X - X
-7 T o = % .
g >
.4
T R
yl

Graph of y = tan~(tan x)
Fig. 4.21
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From the graph,
. a+n, ~-a<a<(-n/2)
tan_l(:+}’)=lan'l(tana)= a, (~mi2)Sa<(n/2)
; s ac-n, (@#lID<a<n

tan™' x+tan”™ y4+7, —m<tan” x+tan”! y< €7/2)

= {tan” x+tan™ ¥y, (—n/?)Stan‘l x+tan™! ye(n/2)

1 |

tan'x+tan” y-7m, (m/2) <tan'x+tan”' y<w

Case

—m<tan” x+tan~ y<(-n/2) = x<0,y<0

Also, tan™' x < (-7r!2)l—-tan_] ¥

= tan".r<-((1rf2)—tan"(—y)) = x<—tan(-Uy) = x<(h) = x>I
~ Casell

(m/2)<tan™ x+tan y< o = x,y>0

Also, tan']x>(7r/2)—lan_'y - = tan” x>tan”! (l/y}) = a>/y) = ay>1.
Caselll _

(~/2) € tan”" x+tan” x < (r12) = xy<l

This property can be proved by replacing y by - y.

Example 4.30 Find the value of tan™ %+tan"1 % .
Sol.

i 4 <5 -
—+tan”~ ~ = tan
2 3

1 1 1 "
Here, = x==—=<1 = tan
T 3 06

(1/2)+(1/3) ] it
1= (112)x (1/3)

If two angles of a triangle are tan™'(2) and tan™'(3), then find the thi.rd angle.
Sol.
Given two angles are tan™ (2) and tan™ (3). Now (2) (3)> 1
2%3
1-2x3

i w3
= tan”'(2) and tan™'(3) = x+tan"( ] = m+tan”' (1) = 7r-§=%. Hence, the third

. In =m
angle is 1 =—=—,
4 4 ;
3 x-1 4 X+l =
Example .32 olve tan™ + tan =—,
Sol.
- x~-1 o X +1 n
tan” ~—— + fan = —
x+2 x+2 4
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X—,l+x+l
. x+2 x+2 T
= tan =—
| x=1\{x+1 4
e x+2 Jt:+2w
2x (x +2) n
= — = tan —
| X4+ 4x =P+ 4
2xlx+ 2 T
= -—-u:tan—:1 = 2 +dx=4x+5
4x +5 4

= xzi\/—g*
2
5 ; : - .3
But forx = - 3 , L.H.S. is negative. Hence x = e

4 I . ¥, { ad T
TN L RS  Find the value of tan™ (Etan ZAJ +tan”' (cotA)+ tan™ (cot® A), for 0< A4 < i

Sol.

ForQ <4 <(m/4),cotA> | = (cot_A)(cotBA) >1

; 1
Then tan [Etan ZAJ + tan™! (cot A) +tan™ (cm.3 A)

o tanA _i[ cotA+cot® A
=tan — + x+ tan e
\l—-tan” A/ J=t¢ot™ A )
4 tanA ) 4 cotA
SRR | e——e || TR L [
\1—tan“ A 1~cot” A
af tan A [ tanA
=tan’ | ——— | taftan | —F—— =7
- \l—-tan” A/ tan”~ A-1

Example 4.34
Sol.

54+ 3cos2a

-1l 3sin 2e . | tan | 6tan « S tane
fan™ | ——— ™ | <= | = R [———— | ol
5 + 3cos 2o 4 8 +2tan” o ) - 4
. 3tan« tan o
7t T
_i| 4+tan“ o 4 . 3un’a <
. 3tan® o ‘ 16 +4 tan® «
16 +4 tan® «

Simplify tan™' {M}Han" [%}, where - % <ag< %

= tan
1

i (12tana+4tana+tan3 a]
= tan :

16 +tan? ¢

=tan” {tana) = &
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Examplc 4.35 Ifa,,a, ay ...,a,is an A.P. with common difference d, then prove that

tan| tan™* E +tan™! . + = +tan™! . - i ;
‘ 1+aa, 1+a,a, 1+a,_,a, 1+a,a,
Sol.
We have

-1 d -t d e d
tan +tan + - +tan e ——e—
1+a,a, 1+a,a, 1+a,,a,

f ay—a A a5-a afa, -a,.
= tan™ | 2—L |4qan™ | 2—2 (4™ | 0L
L +aa, 1+a,a, l+a, ,a,

= (tan™ @y —tan™' a;) + (tan™' @y —tan”" ay) + -+ + (tan”t g, —tan™ a,_,)

r _ | a —a al (=D
=tan"'a,—tan” g, = tan~'| -—L | = tan™ gl
¢ I+anat l-#ala,, d

o d i d ) d _(n=Nd
= tan|fan +tan 4+ +1an -
t+aya, L+ aya, ‘ I+a,.,a, I+ aa,

BT RIM Solve the equation tan™'2x + tan™ 3v = n/d.

i1
Sol. tan”™'2x +tan”' 3x= —

tan~! [Z.r + 3,1'] _x
1 - 6x* 4
Sx
1 - 6x*

= 6x2+5x—1=0 ' . : o)
= (6x—=1)x+1)=0 = x=1/60r—I,butx=-1does not satisfy Eq. (i). Hence, x= 1/6.

=1

Concept Application Exercise 4.5

(3 (]
1. Find the value of sin™ —] +tan™ (—)
¢ \ 5 7

2. Find the value of tan [cos" (-:—) + tan™ (—i—]]

o4 R o | X 3
3. 1fx > y> 0, then find the value oftan™ = +1an '[ . :|
, . x=3l

CiX—Y¥ o] Gy =0 ] a0 -1 1
LR ptan™ SR et T it
aqy+x l+¢50 1+ ¢4, ¢,

5. Ifx + y+z =xyz, and x, y, 2 > 0, then find the value oftan™ x +tan”! y+tan”' z.

6. Find the value of tan™ ,/ﬂ +tan” A +tan”" Jﬂ ,where a, b, ce R*andA=a+b+c.
be g ca ab "

)

4. Find the sum: tan™
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Property 8

sin” (x\fl-—yz +yy1-x? ) x20, y20and X2 +y* <1

n—sin” (x\fl-yz +y\/l—x2). x20,y20and x*+y* >1

i sin” x+sin” y=

Proof: .
Letsin~'x = 4 and sin"y'—-‘- B, wherex20andy20
= A,Be [0, 2] = A+Be[0,n]
Now, sin(4 + B) =sin 4 cos B+ sin Bcos A= xy/1-y* + yy1-x*
= sin”(sin(4 + B))=sin"" (,\-Jl-_ O )
A+ B, 0SA+BL(n/2) .
= in~! xd1- 2 —‘2)‘= x 1
o (”l i {n-(A+B),(Jr!2)<A+BSJr ®
Now, A+ B (n2)=>A<(n2)-8B
= sindscosB = xS fl-y! = xP+)y<]
d -
And A4+ B> 5 +y°>1
Hence from Eq. (i), we get
-1
sin” x+sin "y, x* +v Sl
sin~ (r\/l—y ysfl—r ) ot } P
m=(sin” x+sin” y). X2 +y% >1
sin”™! (x\/]-yz +y\/1-—1't2), x20, y20and x* +y* <1
= sin' x+sin” y=
7 —sin™ (x\/l-yz +y~fl—.r2), x20, y20and x*+y%>1
Note:

For x <0 and y <0, these identities can be used with-the help of property 3, i.e., change x and v to
— X and -y which are powuve

ii. cos™'x+ cos™'y= €OS 1(-‘.}’ vl- \}]‘)’ ) x20,y20

Proof:

Let cos™'x =4 and cos™'y = B, whcrex>0and;=20
= A,Be (0, 2] = A+Be[0,7]

Now, cos(A-l-B) cos A cos B—sin Bsin A= xy—\’l -y Jl—
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= cos” (cos(A4 + B)) = cos™! ():y -1~ \/1-— )'2 )
= A+B=cos'x+cos™'y= cos™ (ry -V1-4? \f.l -y )

cos™ (,(v-i-\/l-.rz \}l—yz), x20,v20and x<y
~cos™" (Jx;_v+\)t--;r2 \/I-—yz), x20,y20and x>y

1 i

iii. cos"x—cos"y=

Proof:

Let cos™'x=A and cos™'y = B, where x> 0 and y > 0

= A Be(0,n2)]

ifx <y, then cos™ x 2 cos™! y (" cos™ is a decreasing function)
= A28 = A-Be [0, n2]

Now, cos(4 -~ B)=cos A cos B+sin Bsin A= xy— \/1— },2 Vi=2?

= cos™'(cos(4 - B)) = cos™' (x\/l -y +y\/1-.r2) _

= A-B=cosx-cosv=cos™ (\\/ I= y? + vl —x? )

If x > y, then cos™' x <cos'1y
= A<B = A-Be[-m2,0)

= ¢os"x—cos”'y = — cos™! (,\'JI IEIN —.1-2)
Note:

Forx <0 and y < 0, these identities can be used with the help of property 3. i.c.. change x and y (o
~x and -y which are positive.

: : Y. ey
Example4.37 Find the value of cot™ = + sin™ T

t")I

4
L2 =sin~' —+sin~ -i

13 5 I3
2 e 2 !
= sin~! i — i i = i ms'n_][££+_5-.3_)_ : —fé_:}_
ek 5\‘1 []3) e b B a E TR T

= o Fig
Solve sin~! x + sin”' 2x = -5-

Sol. cot™! Z +8in~

F.‘;{:_\mpié 4.38

®

Sol. sin”' x+sin”' 2x=

sin™ 2= sin™ %- sin”x =sin™' |§/1 -x? —x ,/1 —-}] .

wisn
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> - |
i. 2sin™' x={ m-sin '(Z.rs}l—xz), XD,
' 1
—1r —sin”" (21\/1—,\'2), X €=

”

sin™' (3.r-—4x3), -
ii. 3sin~! x =« rt—sin'l(3x—4x3), .r>%

r-sin (3r-a).” x2ed

Proof:
Letx=sin 0, f¢ [;MQ, m/2) = O=sin"x
Now, sin™ (Zx\/l_-_xz) = sin™" (2sin Bcosb)
= sin™ (sin26)
= sin™' (sin@) , where e f— 7, 7
Now, consider the graph of y = sin~'(sina) whers e (=7, 7

y

nlf =

I
nfl

’

Fig. 4.22




From the graph,

sin~! (Zx \fl - 3% ) = gin™' (sin a)

= 2sin~

Inverse Trigonometric Functions

(~a -7, =w<a<(-n/2)

=40, (-ni2)sas(n/2)

—a+m, T (ml2)<a<nm

(2sin™! (x=7), - < 2sin~' x < (=7 /2)

=42sin”'x, —(m/2)<2sin”" xS (/2)

“2sin” (x47), (m/2)<2sin" x<n

(—2sin~! (x= 1), (-7 /2) < sin”~! x < (-7 /4)

={2sin"'x, (-m/4)<sinT xS(n/4)

“2sin (x+7), (m/4)<sin™ x< (w/2)

o 1
“25in x=, X€=—

J2

; 1 1
2sin”™! x, ——=<Xx<—=
V2 N

.—2 sin“M(x+m), x> 715—

sin"(Z,\'\/l—xz). T —
42

x={ mw—sin”! (2‘\'\}1 -x? ), ¥ >71—
i N

—m—sin”~! (2x\/l—x2). PP
2

Property 10
tan"[lzxzj, if —lex<l
—X
i. 2tan”! x=¢ ﬂ+tan'1(]2xé). it x>»1
-
. 2x
_n+tan‘1(l “2), if x<=1
-X
| mn'l 3L—X_3 if .__l...()-(_l_
32) B R
) .
i, 3tan”' x={ 7+tan”" ki . ifx>—
[1—3x2 3

L .

429
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4.30
Proof: :
i InProperty 7 (i) replace y by x. :
From this information, we can also draw the graph of y= tan™ [1 2x2 ] as follows (Fig. 4.23).
—-—x .
Y )
z
 of ' > X
74 -7 zi =V 0 Tt n s
-3 ~ig 'y e T
2 2 2 ol
n / .
2
y’
Fig. 4.23
.. : " ; -1 -1 1 =1 1
BEINIERCE  Find the value of 4tan tan” ——+tan" —,
' 70 99
Sol.
2
-1_} =1 1 -1 -1 S 1 l
4tan” ——tan~ — +tan — =2tan  |——|—tan" — +tan —
5 70 99 y= s, 99
25
1.1
= 2tan”" (—'?—] + tan~ |—22_70
12 T gt
99 70
3
-1 6 4 [ =29 ]
= tan t pr—
-] (6931
144
" (120] - [ 1 ]
=tan" | — |- tan~ | —
119 239
120 1
Y=t 110 23R ) s R
tan 120 = tan (1) =3
+— X ——
119 239
Property 11

( 2x .
sin"( '2), if ~1<x<1 .
\1+x

- g 2x .
i, 2tan '_x-—- T —sin '( J, if x>1
1+ x

~rc—sin"[ 2x2), if x<-1
I+ x

B3

.



r 1-.2
coet'l[ )2} if 0<x<oo
14 x

ii. 2tan™ x =4 -

—ccus'l[]_’j'c J if —co<x <0

14+ x°

Proof:
i, Letx=tan8,0¢ (-2, m2) = O=tan"'x

il 2%
Now, sin '[

b x 1+tan’ 0

Now, consider the graph of y = sin”! (sin a)1 where ¢ € (—m, 7).

inverse Trigonometric Functions 4,31

2) = sin™ [ﬂ] = sin™ (sin26) = sin™ (sinx) , where a € (-7, 7).

y
A

n

2 LY

b 4 X
- _r 0 n b4
2 2

L

2
v

Fig. 4.24
From the graph,
sin"( 2"‘2) = sin™ (sin @)
1+ x

(=7, —n<a<(-xn/2)
a, (-m/2)<a<(n/2)
|—a+n, (ml)<o<n

H
A

'—2 tan" (x—7) —zm<2tan” x<—(7/2)

={2wan x, (~/2)<2tan™ x €(n/2)

“2tan " (x+m), (w/2)<2tan”' x<7

(2tan N (x—m), (~m/2)<tan™" x < (-7/4)

=¢2tan"'x, (-m/4)<tan™ x < (#/4)

“2tan”'(x+m),  (w/d)<tan” x<(n/2)

=4 tan"(x—:rj, x<~1

=< 2tan”" x, -15x5)

—21an"(x-+-1r), xo>1
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From this information, we can also draw the graph of y= sin™ ( i ] as'follows (Fig. 4.25).

1+x?
y
A
-
2
\I‘-“"—-‘u.—_
x / - X
= e B © oo 2 3 4 .
\\
.
2]
yl

Fig. 4.25

ii. Letx=tan@,0e (-m2, W2) = 6O=tan 'x

2

. 2 =
Now, cos™ (: "2] = cos™ [:—-—E%] = cos ™' (c0s 20) = cos™' (cos @), where @€ (—m, 7).
+X 1+tan -

Now, consider the graph of y = cos™! (ccsa), where a e (- m, 7).

y
A
i
2
x’_n = T = X
2 y’ 2
Fig. 4.26
From the graph,
. 1-x?
-] ’ i
cos = cos~ (cosa
[l +x2} ( )

-a, -m<a<0
o, O0<a<n
_{—ZIan_'x, —m<2tan”' x <0

2tan”" X, 0<2tan x<nm

=
=

~2tan”" x, (—:IerZ) < tan""x <0
2tan”" x, 0<tan™ x<{(mi2)
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{—2 tan™" x, x<0

2tan”" x, xz20

_ad
From this information, we can also draw the graph of y= cos™ (: xz] as follows (Fig. 4.27).
t+x
y
n \.
R e = el
\\\ 13 //
2
x':m ol o x i 3n ake
“8 2 y 2 re
Fig. 4.27
wl 2x

Examplc4.40 i =tan

5 then find the values of x,

1-x

Sol.

2x

5 ;

and y = sin I 7, weget—I<x<|.
. +x i

By referring to the graphs of y = sin™ e
+ X

] +2 tan™ (_%) is independent of ., find the values of x.

Sol.
2xf- "
sin : 243' +2 [an-! (__) — Sin”l 22 2t =1 12"
£ i) a4
2
=2tan"' = -2 tan™ % =)

. 4
Example4.42 ERIEEH i e +2tan™ 3x, then find the values of x.

1+ 9x 2
Sol.
cos™ i 7 L +2tan”" 3x
14+9x
o £ —sin”! P > = - +2tan”" 3x
2 1 +9x

4.33
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X
sin”™! = -2 tan™ ! 3x
1 +9x
ol A X3x -1
smT ——— = m—2tan " 3x
I+ (3x)
: . 1
It is true when 3x > 1 = x> 5

Examp]é EWRM 1f (x— 1) (27 + 1)> 0, then find the value of sin [_l_ tan™! 2x - —tan™! xJ_
B 2 I -x

Sol
G-DE+NDN>0 = x>1

"o 2 4] [ ; E '
& sin|= tan™ ~ | ~tan™ x | =sin| = (-—Ir + 2tan™ .r) ~ tan” ¥ --'sin(—z] = |
: 2 -x? 2 2
1, [ } &
Solve cos™ [512 +V1-x? I'TJ =cos™ = —cos™'x.
; : 2

. 3 : )2
cos™ —I-:c2+ | - x* l—-'L = cos™! ix-!-\/l-xz ]-(ij
2 4 2 2

i‘l.}.‘a mpled.44 -

Sol.

111 X R 2
Forcos™ | —x2 41—=x* JI-2—|=cos™'=—cos”' x
2 : 4 2

1.H.5.>0, hence R.H.S.> 0 = co:.;"' -';-—cos" x>0

Since cos™ ' is a decreasing function, we get

‘%gx = %20 =x20 = xe[0,1]

- ' e e : n
Example4.45.. BRIBY= (0, E),thcn show that

. .
cos™ (5(1 +€0S2x) + \1 (sin? x —48cos” x)sin x] =x-cos™ (7 cos x).
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Sol.

y=cos™ (%(I +c0s 2x) -!-\/(sin2 x—48cos’ x) sin x]

= cos™ ((? cos £)(c0s x) + V1 —49cos? xv1 - cos® .r)

= cos™ (cos x)—cos ! (7cos x) [ cosx<7cosx]
=x—cos™" (7 cos x}

27 —cos™ (2.):2 -l), if —1$x<I0

IBPTINE IO Prove that 2 cos™ | k= :
cos (2x%-1),  if0<x<1
Sol.

Let cos™!

x= 8, where f¢€ {0, n] = cos@=x
Now, cos™ (2x*= 1) = cos™(2cos?8— 1) = cos™'(cos 26) = cos™(cos @), where o€ [0, 27)
Refer the graph of y = cos™ (cos @), ae [0, 27):

y
A
T
Ltk
2
¥ o b n s
y!
Fig. 4.28
From the graph,
Q, if 0fa<n

o P
os (2x“=1)=
=i ) 2n-a, ifnsa<in

2c08'x, if0<2cos™'x<nm

2mr—cos  x, ifmw< 2cos ' x<2n

2m—cos ' x, if (ml2)<cos ' x<n

2c0s”! x, if 0<x<1

_{ 2cos”' x, if 0<cos” x<(n/2)

2n—cos™' x, if=1<x<0

2x—cos"'(2x2—l). if —1€x<0
= 2cos ' x=-

cos"(2x2-l): if0<x <) '

\ -
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Trigonometry

EXERCISES

Su bjective Type~ N | | Solutions on page 454

10.

11.

12,

13.

14.
1S,

Solve 2 cos™' x = sin™! (2,1' \/l e ) .

. [k
Find the domain for f(x) = sin"[ -;x ]
x

Find the range of f(x) = cot™" (2x - x%).

Find the sum cot™ 2 + cot™ 8 + cot™ 18 + - oo,

Find the sum cosec™ V10 + cosec™ /50 +cosec™ 170 + - + cosec™ \/{"2 +]) (nz +2n +2) .

Find the number of positi\}e integral solutions of the equation

4 _ y sl
tan~! x + cos™! ——=sin™"

\/l -y? Hﬁ .

i
If tan™ y=4 tan™ x (l x| <tan EJ , find y as an algebraic function of x, and hence, prove that tan 7/8

is a root of the equation x* — 6x* + | =0.
If x,, x5, ¥y 2nd x, are the roots of the equation x* — x* sin 28+ x? cos 28— x cos B~ sin f=0,
prove that tan™ x; + tan™ x, + tan™ xy + tan”' x, = nw + (n/2) — B, where n is an integer.

(sin 1) +(cos”! x)? _

7.
(tan”™' x +cot™ x)?

Solve for real values of x:

Find the set of values of parameter a so that the equation (sin™' x)* + (cos™ x)* = a7 has a solution.
 4—F - r=p

1 229 - L +1an '
1+ pg I+ gr L +rp

If p> g > 0and pr<- 1< gr, then find the value of tan™

Solve the equation /| sin™ {cos x|+ |cos™ |sinx|| =sin™ [cosx|— cos™ |sinx|.

-f &¥1 -1 & =1
Solve the equation tan™' ——+lan 1 -

=tan"' (-7).

Solve the equation sin™ 6x +sin™' 643 x =-n/2.

[f0<a, <a, < <a,,then prove that

afax—y 1l ay—a | ay—a ‘ " fa -a, - X
tan '[ - ]-Han I[L-]Han ’(—3—-—2] i (an '("—“Jﬂan '(—)mtan =
, x+ay 1+a,a, 1+ aya, l+a,a,_ da,, y
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Objective Type Solutions on page 4.5 9

Each question has four choices a, b, ¢ and d, out of which only one is correct.
1. The principal value of sin”'(sin 10) is

10.

a 10 h 10-3x e 3n-10 d. none of these

cos™! (cos[i{]) is given by
4
B s h = & = d none of these.
4 4 4 :

. The value of sin™' (sin 12) + cos™ (cos 12) is equal 10

a, zero h 24-2rx c.4r-24 d. none of these

22 . 5 . Sn g :
. The value of the expression sin™’ (sin Tn] +cos™! (cos TKJ + tan™ (tan —7—) +sin™" (cos 2) is

a —-2 h -2 _ ¢, — =2 d. none of these
42 21

T
The value of sin™ {(cos (cos™ (cos x) + sin™ (sin x))), where x € [5 :r), is equal to

T b/

a — h-m c T d ——
2 : 2
cos™ (cos (2 cot™ (\/_ — 1)) is equal to
a \5—1 h o c 3—” d none of these
4 4
The value of sin™' [col [sin" J# +cos™ £+§ o J_J]
a0 h ) ¢ E d none of these
2 3
The value of cos™ \[Z - cos™! V6 +1 is equal to
3 243
n , n /1 ) n
— h — ¢ — d —
"3 4 “ 2 6
The value of cos (—1— cos™! 1] is
2 8 .
3 3 1 i
o b= S — d -
T 4 16 4

Iftan (x +y) =33 and x =tan™' 3, then y will be

a 03 b tan™'(1.3) ¢ tan™(0.3) - d tan™ (—-)
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. The valu'c of tan [—-]l-’—cos“l (-?JJ IS

4.38

11
a 3+2J§ C h3+45 e —;—(3—\5) d none of these
12. tan"'[ ?0":"" ]is equal to
I+sinx
T oXx n 3n R X nn
—— forxe | ——, — ; h —==, forxe |——, —
a‘42°“i(22] 42’.x[22)
. E—ﬁ,for:‘:e -3-£5—H d E—i,forxe —3—’?,-—-7—!-)
4 A2 32 4 2 2 2
13. Iff(.\'*) =x""+ % =x"+x*+1and f(sin™" (sin 8)) = &, «is a constant, then f(tan™" (tan 8)) is equal to
a o : ha-2 Cat+2 : d2-o

"
14, The maximum value of fx) = tan™! -(—?@-—%r— is
, X +2x°+3
a 18 .- h 36°. c. 225° d 15°
15. The valuc of sin"‘[xdl—.v—ﬁx}h.rﬂ is equal to
 Jx =sin'x  d none of thesc

asin'x+sin” J¥  hsin” x-sin”! Wx e sin

16. lan"][—{]—-tan'l[x-y] IS .
A x+y N

a.£ -h.E c.-£ dfor-?’—ﬂ
2 : g 3 4 4 4
17. If tan™! £1'--'-+'—x--!-tz|r1‘1 < P thenx’ =
a . a 6 :
a 23a h 3a ¢ 243 d none of these
18, Ifcot” L> = ,ne N, thenthe maximum valuc of n is
n
a6 h7 (T d none of these
19. sec’(tan™ 2) + cosec’(cot™ 3) is equal to .
a 5 : b 13 : e I5 ' d6
20. If4=tan™ | —= V3 and B=tan™ | 22K | then the value of 4 - Bis
2K - x K3
a. 0° : . b. 45° c. 60° . d. 30°

1 b+ - ;
21. The value ofsec[mn ! 5 = — tan™ a] is
-a

a2 h V2 ¢4 d 1



© 22,

23,

24,

28.

26.

27.

28.

29.

30.

31

32.

33,

34.

Inverse Trigonometric Functions 4.39

Ifasin™ x~bcos™ x=c, then asin™ x + b cos™ x is equal to

wab +clb-a wab + c{a =b
a0 h pra) L E d L)
. a+b 2 a+b
: . 142 | 3 -
The number of solution of the cquation cos™ 3 —cos™ x = r +sin™" x is given by
o

a0 bl c.2 d3
The sum of the solutions of the equation 2 sin™ \/,\ +x+1 +cos” \/.x oy - — ls

al b -1 : ¢l ' d2

; ; : o = T,
The number of solutions of the equation tan™'(1 +x) + tan™'(1 —=x) = z is

a2 h3 el do
The number of solution of the equation sin™' x + sin™ (1 =x) = cps" X is

a l " hO ¢ 2 d none of these

al=x_1. :
If tan 'l—+—-=—mn ! x, then x is equal to
x

a | h Ji c. L d none of these
NG :

~! x +cos™ 2x + =0, the number of real solution is

For the equation cos

el h2 c. 0 . d e
The value of *a’, for which eax? + sin™ (x* = 2x 4 2) + cos™ (x* - 2x + 2) = 0 has a real solution is
a & h - 2 c. E- ' it~ -2—
2 2 n . n
The number of real solutions of the equation tan™ \x* — 3x + 2 +cos™ Jdx - 2® =3 =ris
a one h two €. zero .d infinite
If 3 tan™ — —tan™ e tan™ l, then x is equal to
2+ ﬁ X 3

a l h 2 o3 d.wfi

% . 2 ;
Iftan”' x+2 cot™ x = -—3—-,lhenxisequal to

a.ﬁ-: h3 ' ‘c.\ﬁ' | d V2

+
2y 4 5 ll—xz 2 ‘ < 2x " E .
If3sin” | ; F e T e8 ) 1—x2 | 3, wherex| <, thenxisequal to

I+ x - X

] b.——]- c.'\/g d-l} e.'-\fi
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2

35, Ifsin” (x= 1)+ cos™" (x-3) +tan™ ['2
~X

J = cds'.]. k + m, then the value of £ is

1 1
a 1 b - C. —= . d none of these
: 2 V2

o '
36. Ifcot”' x+cot” y+cot™ z= rie y,z>0andxy < |, thenx +y + z is also equal to

11 1

A —f=—t—- hx);z . xy+yz+zx d none of these
x y 2
37. !fcos x+cos”™ y+cos™ z=m, then
a x +y2+'2+xyz"0 b.x?+32 42+ 2xy2=0
c. x2+y2+z2 Yxyr= ] d.,\l+}'2+22+2xyz=l

E 4
38. Iftan™ x+tan” y+tan™ z= -z-,thcn

a x+y+z—xyz=0 h x+y+z+xyz=0 cxy+yz+zx+1=0 dxy+yz+zx-1=0

& a 3n :
39. If cos™ Jp +cos™! Ji-p+cos™ \fI-¢ ~T,thcnthevalueofq1s

a l - h % ' c % d -;—
‘ 40, Ifsin”™ a+sin™ b+ sin”! ¢ = =, then the value of a\{(l -a%) +bJ(l By +c\/(l ~c?) will be

a 2abc h abc e %abc , d %abe

41. Ifsin”' x+sin”' y+sin” z=x thenx* + " +z +4'¢'2y2 2= K ()P + 22 + 220%), where K is equal to
a | b2 c.4 d none of these

42. ¥fcos™' x ~cos™ —%'- = @ , then 4x” = dxy cos o+ y* Is equal to
a, 4 | h 2sin’ o c. —4sin’ o d 4sin’ o

43. The value of x which satisfies cquation 2 tan™' 2x = sin™’ l +:x2 is valid in the interval

a [l, oo] h (—oo, --'-] e =111 d [—l,i] :
2 2 2’2

44. [fxe [-1,0),thencos™ (21"2— 1)-2 sin”! x is equal to

a - . bz ¢ §£ d -2rn
2 : 2
45, 1f2sin”" x =sin™! (24\'41—}-‘2) then
g | “1 | ¥l
a[=-11] [-——, T] < {-—, —] d none of these
V2 V2 2

‘ -1 l+x ) g 1= .12 ' : ‘

46. Ifx,=2tan™ | — [, x, =sin , where x € (0, 1), then x; + x, is equal to
I-x 1422 _

a0  h2n e d none of these



47,

48.

49,

50.

51.

52.

33.

54.

35,

56. .

- A

Inverse Trigonometric Functions 4.41

The value of sin(2 sin™' (0.8)) is equal to

a sin 1.2° h sin 1.6° c. 048 - d 096
The value of tan (sin™ (cos (sin™' x)))tan (cos™ (sin (cos™ x))), where x € (0, 1), is equal to
al hl c. ~l d none of these

If sin™ (l——z%]ﬂ;in" (l 222 ) =2tan"" x, then x is equal to [a, b € (0, 1)]
' +a +

a—b b b #
a h c. d ey
1+ ab 1+ab 1—ab ' l—ab
If x takes negative permissible value, then sin™ x is equal to
a cos ' y1—x? h —cos™ VI -x? c. cos~ Vx? -1 d m—cos ' Vl-x
af x . o r y
Ifx* +y* +z2=r? thentan™ (-i]-!- tan”~"! [—Z] +tan”! (ﬁ] is equal to
r At yr n
n _
a T h —5 ¢e. 0 d none of these

if £ (x)=sin™ (TX_E 1_)__2]’ —% <x £ 1, then f(x) is equal to

1 e . n
a sin” (E]—sm ") hsinx- % c. sin”' x + = d none of these

1 .l e .\'2 1 .l a Xz .
If x € (0, 1), then the value of tan™ +cos” 7118 equal to

2x I+x
e h 2ero e Z drx
2 2 :
The trigonometric equation sin™ x =2 sin™' a has a solution for
a. all real values h |a| < L] ' ¢ |a|s - d.' s <|al< o
2 T2 2 V2
2 -
If2 tan™" x = 7+ tan™' ( "J,then
1—-x
a x>| ‘ hx<l x> =] d-1<x<l
i .' L Nr=r-1 -
T sin” | —=—| is equal to
r=i r(r+1)

a tan”' (V) — % b tan™ (\/n+1)—% e tan™ (V) d tan”' (Vr+1)

r=|

n r=l
z tan™ (WJ is equal to
+

a tan” (2") b tan”'(2") - 2 c. tan”™'(2™") d an'@") - =
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g& E’lan‘I [—2’"—} is equal to

e m* +m® + 2
n’4n . d —-n o +na2
a tan”! e h tan” - — & | ——r—— | - d none of these
n“+n+2 n“-n+2 no+n
59. The value of £ tan™ [—IEJ is equal to
r=0 1+ r+r
a & b EE | : c. s d none of these
2 4 4
60. Ifsin™' x= 0+ Band sin” y= 60— B, then ] +xy is equal to ‘
a sin’ O+ sin’ h sin® 8+ cos’ B c.cos’@+cos’ @ dcos’ @+sin’ B
— n ’
61. If u=cot™ ,/tan o —tan”' Jtan o, then tan (Z - —;—) is equal to
a 1/tan o ‘ b /cot & ¢ tan o ' & cot
62. oftan £+lr$os"E + tar;[ijr-—lcos"'-‘1 is equal to
4 2 b 4 2 b .
a 2_0' h %), c. 2 d é.
b a . b a
- =] a— 6. .
63. The value 2tan [ — tan m} is equal to
a+b 2
-1 [ acos@+b 1 [a+bcosB zi acos® ) -1 bcos@
A COS | —mmm— h cos | —— ¢ cos” | —— d cos " | —————
a+bcos@ acos@+b ' a +bcos€l acos@+b
64. cot™! Vi-sinx+l+sinx [w‘here A‘E[O, ED is equal to
J1-sinx —+/1+sinx 2
a X " h2m-x - ‘ d n-=
2 2
5 . ;
65. The value of tan ™ [&)—cot '( ,Cos_e )is
l1-xsin@ Xx=sinf
a. 20 h 9 _ c. 02 d. independent of 6
T T i |
66. Ifxe [-——, —), then the value of tan™ [mﬁj +tan™! (M] is
2 2 - 4 S+3cos2x
a x/2 b 2x & 3% d x

67. 1f cot™ (,/cosa) ~ tan™! (,‘ /cosa) = x, then sin x is

a o Y o
a tan’ — h cot® = ¢ tan a d cot —
; 2 ‘ 2 . 2



68.

69.

70.

71.

72.

13,

74‘ "

18,

76.

77.

78.

" Inverse Trigonometric Functions

T | o1 n | i a
dan| —+—cos™ x| +tan| ———cos  x |,x#0, is equal to
4 2 4 2 ‘ :

2 i
a x h 2x ¢ - d none of these
’ x

The least and the greatest values of (sin™ x)3 + (cos™ x)3 are

3 3 3 K

a i.ir— h 1,E— "C. ”—,l d none of these
B2 8§ 8 32 8
Range of f(x) = sin™' x +tan™ x +sec™ x is :
3:: 2 .
a (-:—:— T] h [%, 377::] c {1:- %F} , d none of these

Range of tan™" ( 2"-2) is

I+x : |
h(_z,z) ” (_zf.,z] & fﬂ,z]
2 '\ 274) T La’2

nr
A |m———
[44]-

4.43

If [cot™ x] + [cos™ x] = 0, where [ denotes the greatest integer function, lhcn the complete set of

values of x is

a (cosl,1] b (cos |, cos 1) c.(cotl, 1] d none of these

sin”'(sin 5)> x? ~ 4x holds if

ax=2~-J9-2nx | : hx=2+,f9727r
¢ x>2+ 9-27x _ d xe(2-y9-2m 2+9-2m)

3 3
The value of Z- cosec? tan — [3 lan" -@- is equal to
2 2 ﬂ 2 2 o

a (a-p) (o +phH h (a+p)(?-F) c. (a+ P+ ) d none of these

The value of Iliim cos (tan"'(sin(tnn" x))) is equal to
A=peo

: 1 |
a -1 h 2 . i o il e
- V2 V2

5 ot a n .
sin l(3.1r -2 =x%) +cos '(x2 —-4x+3)= I can have a solution forx €

a [1,2] b [3+2J§, 2+J2-J L [3;2‘[5,2-\/5) d none of these

If 2 ein™ Vx 2(a+2)2A“ * +8a <0 for at least one real x, then

8

a lSa<2 ha<2 c.ae R-{2} ) d.ae[ ;)u(‘z o)

The number of integral values of k for which the equation sin™ x + tan™ x = 2k + 1 has a solution is

al b2 ¢ 3 ' d 4
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79: 1ftan”'(sin® 6—2 sin O+ 3) + cot™ (55“2” + ]) = %, then the value of cos? 6 sin Bis equal to

a.0 " b1 ' ¢l _ d none of these
80. Complete solution set of [cot™" x] + 2 [tan™ x] = 0, where [-] denotes the greatest integer function, is
equal to '

a. (0,cot 1) b. (O,tan1) ~ ¢ (tanl e0) . d (cotl,tan 1)

tan ' x tan”' 2x tan”' 3x

-1 -1 -1 -
81. Let tan"l = | il ! 24 - 0, then the number of values of x satisfying the equation is
tan”" 2x tan” 3x tan” x

a. b.2 . &3 a4
. 22’ -1 |,
2. Whi he following is the soluti t of th ion 2¢os™'x = cot! !
8 | ich of the following is the solution set of the equation 2¢cos™'x = co - \/l_—?
a (0,1) h (~1,1)-{0} c. (-1,0) d [-1,1]
83. The values of x satisfying the equation sin(tan™ x) = cos (cot™ (x + 1)) is
| | ;
a. 5 ' - h 5 "t W3 —1 d no finite value

: 2
84. There exists a positive real number x satisfying cos (tan™'x) = x. Then the value of cos™ [%} is
n /4 2r 4r

a.‘l—o h.? c.? : d.-'s—

85. The range of values of p for which the equation sin cos™ (cos(tan"'x)) = p has a solution is

11 : 1 ‘
a. (-72—7—5) h [0,)) ‘ ¢ (31) d 1,1

86. Sum ofroots of the equation sin™' x — cos™ x = sin™ (3x —2) is

a 32 f % ' ¢ 172 d2
; . o N o 1= o B . %

87. The solution set of the equation gin ! m +cos ' x=cot™ — — sin Ly is

a [-1,1]-{0} h (0,11U {~1} ¢ [-1,00U {1} d [-1,1]
88. The numBer of real solutions of the equation W =2 sin! (sinx), -w<x <, ié.

a 0 ' b1 ¢ 2 d infinite
89. The equation 3 cos™"x — wx -—% =0 has |

a. one negative solution _ " h one positive solution

¢, no solution ._ d more than one solution
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90. If

-1 (l —1'2
COS 2
\]-!-X

" 9 1 1 '
a4 X€E -Eﬁ] hxe [—ﬁ‘—[—g] c.xe(Osﬁ) d none of these .

n 1+ x* 4 y"
91. Ifsin™' x +sin™ y= PY the.n . xgyz 8 y2 is equal to
a1 h2 & -;» d none of these
92. The value of sin”'(x*=4x + 6) + cos™'(x*—4x + 6) forallx € Ris
i % hrw c.0 d none of these

93. The product of all values of x satisfying the equation
z i —
sin~! cos 2x2 il Lk = cot| cot™! Z_leﬂ +£ is
" x° 4+ 5x+ 3 9 2
a9 h -9 ¢ -3 d -l

94. The value of 2 tan™' (cosec tan™ x — tan cot™'x) is equal to
1
a cot™! x h cot™ ¢ tan™ x d none of these

Multiple Correct Answers .Type Solutions on page 4.80

Each question has four choicesa, b, ¢ and d, out of which one or more answers are correct. |
1. If o, B(e< B)are the roots of the equation 6x* + 1 1x + 3 =0, then which of the following are real?

a cos” « b sin™' B c. cosec”’ @ d Bothcot™ aandcot™
2. 2tan” '(— 2) is equal to
a — cos™ :?- b -+ cos“-?: c.-£ +tan"[-2) d~n+ cot“'(-éj
5 5 2 4 4
3. If o, Band yare the roots of tan™'(x — 1) + tan™" x + tan™'(x + 1) =tan™' 3x, then
a a+f+y=0 h af+By+ya=-1/4
¢. apy=1 d 10 Bluy =]
4. Iff(x)=sin"'x + sec”'x is defined, then which of the following value/values is/are in its range?
a —2 h 72 e d 372
N N
e ] i 1 Ay
5. If (sin™ x +sin™ w) (sin™ y+sin” z) = 72, then D= n, (N, N3, N3, Nye N)
. Z wt d
a. has amaximum value of 2 " h hasaminimum value of 0
¢. 16 different D are possible d hasaminimum valuc of -2

6. Indicate the relation which can hold in their respective domain for infinite values of x.
a. tan |tan™! x| = |x] b cot [cot™ x| = x| ¢, tan™' |tan x| = || d& sin [sin™ x]= x|
7. If ais a real number for which f(x) = log, cos™' x is defined, then a possible value of [a] (where [ - ] _

denotes the greatest integer function) is
ao bl ¢ -1 d-2
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10.

11.

12.

13.

14,

15.

l6l
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Trigonometry

Which of the following‘ is a rational number?

' x 3
b cos |~ —sin " —
s[2 ; 4]

5
3

a. sin [tan_l 3+ tan™ —;—]

s o q]

1 N
d tan (— cOs
2

Ifz =sec™ (x + l] + sec”! [y + l] , where xy < 0, then the possibie values of z is (are)
" X y
8 el o1 21n
—_ b — e ~— ! d —
) 10 . 10 20
If £ (x) = (sin”" x)? + (cos™ 'x)?, then. |
2 : 2

a. / (x) has the least value of 7_:8_

: 2
¢. f(x) has the least value of T_G

5
d 1 (x) has the greatest value of —g—

b. 7 (x) has the greatest value of ig—

2.

- g R .
Ifsin”' x +sin™ y= = and sin 2x = cos 2y, then

2
& }l%}_ri hyzzl_'f,‘_ 5 x,__._ni_ ’_____
8 V2 o4 2 64 12 2 64
—10n+21.6

If cot™ ["
T

a3 h2 ¢ 4 '
I£S, =cot™ (3) +cot™' (7) +cot™ (13) + cot™ (21)+ - mterms, then

J> E,neN then n can be

o S,= tan” 2 hs.=2
6 .

. 4
e Sg= sin™' =
4 5

_ fl_zi oz
2 64 8

d 8

d Sy = cot™ 1.1

The value of & (k> 0) such that the length of the longest interval in which the function.

f(x)=sin™" |sin kx| + cos™' (cos kx) is constant is 7/4 is/are
a 8 h 4 - c. 12

Equation | +x* + 2x sin (cos™ y) = 0 is satisfied by
a. exactly one value of x h exactly two values of x
c. exactly one value of y d exactly two values of y

d 16

daz3

To the equation 2 —a” =0 has only one real root, then
a l<a<3 azl & as-3
I 02 03 1 2 /e
Ifsin” |a——+—++|+tcos (Il +b+b"+-)=— then
3 9 ' 2
. B 2a-3 e i Ja-2 5 anly 3
2-3b

3a 2a
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18. If2tan”' x +sin™

2 S
s independent of x, then
+x?
ax>1 hx<-1 ¢.0<x<]| . d-1<x<0
" l :
19. cos™ x + cos™ (% + 51’3 - 3x2J Is equal to

a £for:ce l.l h £f'v:)l‘Jc‘GE 0.-1-
3 2 3 2

' 1
. 2 cos”! x—cos™! iU for xe |-, 1 d 2cos™ x-cos™ 4 forxe |0, X
2 2 2 ., 2

20. Which of the following quantities is/are positive?
a cos(tan”' (tan4))  h sin(cot™ (cot 4)) ¢ tan(cos™ (cos 5))  d cot(sin™' (sin4))

21. Ifcos'x + cos"y+ cos™'z = &, then
24y + 2 4 2xyz = h 2(sin'x + sin~'y + sin”'z) = cos™'x + cos™!y + cos7'z

1 1 |
e xytyrtzx=x+y+z~1| d x+-; " )"”; " z+-z- 26

22. Which one of the following quantities is/are positive?
a cos(tan”' (tan4))  hsin(cot™ (cot4)) ¢ tan(cos™ (cos5))  d cot(sin”' (sin4))

: . _— lar
23. Which of the following is/are the value of cos [ECOS ’(CO{—TD]?

o x 2 ()
a cos{ =77 b sin 10 ¢. cos| 7% d —cos 5
Reasoning Type ' | ” | 7 Solutions on page 4.87"

Each question has four choices a, b, ¢ and d, out of which only one is correct. Each question contains
STATEMENT 1 and STATEMENT 2. :
a. Both the statements are TRUE, and STATEMENT 2 s the correct explanation of STATEMENT |
b Both the statements are TRUE but STATEMENT 2 is NOT the correct explanatlon of STATEMENT |
¢. STATEMENT | is TRUE and STATEMENT 2 is FALSE
d STATEMENT | is FALSE and STATEMENT 2 is TRUE

1. Statement 1: Number ofroots of the equation cot™'x + cos™ 2x + =0 is zero.
Statement 2: Range of cot™'x and cos "x is (0, ) and [0, n1), respectively. |
2. Statement 1: Range of /'(x) =tan"'x + sin"'x + cos™'x is (0, m.

o o n -
Statement 2: £ (x) = tan"'x + sin”'x + cos”'x = - 'y, forxe [, 1].

3. Statement I: cosec™ [-;— -+ LJ >sec”! [% + —l—-)

V2 2

Statement 2: cosec”' x <sec¢”' xif 1 €x < \/5 :

4. Statement 1: sin™" (—\/‘7) >tan™ (71_;)

Statement 2: sin™ x> tan™ pforx>y, V x,ye (0, 1).
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5, Statement I: Principal value of cos™ (cos30) is 30 - 9.

Statement 2:30-9 7 € [0, z].

* Letf(:r)=sin""’( 2,1'0].
1+ x*

Statement 1: /(2)=~

h | b

Statement 2: sin”™' ( 2

=g-2tan”' x, Vx> |
I+ x

. Statement 1: Domain of tan™'x and cot 'x is R,

Statement 2: /' (x) = tan x and g(x) = cot x are unbounded functions.

' ]
. Statement I; tan™' (2]+ tan~! [-)=£
4 7 4

Statement 2: Forx>0,y> 0, tan”™" (ﬁj-i-mn" ('y -—x] "y
o Rl y+x 4

. Statement 1: Principal value of sin™'(sin 3) can be 3 if we restrict the domain of f(x) = sin x to {2, 37:72].-

Statement 2: The restriction that the principal values of sin™'(sin x) is [-/2, —n/2] is a matter of
convention. We could have allowed principal values [7/2, 3z/2] without affecting the condition
required for definition of iriverse functlon

Llnked Comprehension Type | o Solunons on page 4.88

Based upaon each paragraph, three multiple chmce questions havc to be answercd Fach questaon has four
choices a, b, ¢ and d, out of which only one is correct.

For Problems 1-3

Forx,y,z, /€ R, sin”' x+cos™'y+sec™'z27 -2 1 +3m°

. The value of x + y + z is equal to

al h 0 ¢ 2 d-1
2. The principal value of cos™ '(cos 5r2) is
3 .
a. Ll ) h = i [\ £ d E—E
2 2 3 3
3. The value of cos™'(min {x, y,z}) is
ao b2 _ [ 4 ) g
2 3
For Problems 4 -6
ax+ b (sec(tan" x))=canday+b (sec(tan"' )=¢
4. The value of xy is
2ab , i i g% it i £ th
a ¢ none of these
a® -b? a® ~b* a® +b*
"5, The value of x + y is
2 ac " ¢ -b> ¢ - 4 i
i r— : & = none of these
a® —b? a’-b* a’+b°
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: X+y .
6. The value of =—2- is
= xy
2 ab 2ac ct-b?
a h c. d none of these
a® = a’-¢* a’ +b?
For Problems 7 -9
‘ P — I 2 P y g A2 %
Constder the system of equations cos™ x + (sin™ y)* = & and (cos .1') (sm y) = 16’ pPEZ.

7. The value of p for which system has a solution is
a | h 2 c.0 d-1
8. The valuc of x which satisfies the system of equations is
2 2 2
n LT n :
a cos—S— b sm—4- & cos—2~ d none of these

9. Which of the following is not the value of y that satisfies the system of equations?

a l h -1 c —;— d none of these

For Problems 10-12

Let cos “'(4.\-3 -3x)=a+ bcos” 'x.

10. Ifxe ~%,—1),1hcnthcvalueofu+bnis

a, 2n h 37 eI d-2n

-

|
11. Ifxe —%.—Z-J,Ihen the principal valueofsin“'[sin%] is

4 4 T n
! h = e da =
"2 3 ¥ "% 6
1
12, Ifxe (—. l],lhen the value of lim bcos (v) is
2 y=3a
a-1/3 h -3 c. % d3

Matrix-Match Type . | Solutions on page 4.91

Each question contains statements given in two columns which have to be matched. Statements a, i), c,din
column 1 have to be matched with statements p, g, r, s in column I1. If the correct matches are a-p, a-s, li*q, b-
r, ¢-p, ¢-q and d-s, then the correctly bubbled 4 x 4 matrix should be as follows:

P qQ r s

®OOE
®OO®
®OOE
®OO®

a o o o
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Column| Column 1l
a. cos™'(4x? = 3x) =3cos ' x, p.[172,1]
then x can take values
b. sin”'(3x - 4x*) = 3sin"'x, q.[-172,0]
then x can take values
c. cos '(4x" = 3x) = 3sin"x, r. [0, NG 2]
then x can take values
d. sin"(3x—4.\'3) = 3cos'x, s. [0, 1/2]
then x can take values
3.
Column | Column 1]
ot
a. (sin™' x)? + (sin” y)’ = T p.l
= x° +y3 =
b. (cos™! x)* + (cos™'y)? =277 q:—2
= +ys
p
¢. (sin™ x)? (cos™'y)? = 5 [x =y r0
d. [sin” x=sin”' y|= 1 =>x¥ 5.2
3
Column Column 11
a.x€ [x, 27} = |tan”' (1an x)| can be p.|x—2n
b.x€ {7, 2} = |cot™ (cot x) | can be q.|x—n|
¢.x€ [~m ] = {sin”! (sin x) | can be r x|
d.x € [~ ] = |cos™ (cosx)]canbe S. |x + 7|
4.
Columnl Column []
a. sin~" - +2 tan™ - p. /6
5 3
63
b. sin~' L) +cos™ & +tan”! — = q.71/2
13 5 16
o ~1
c. If A4 =tan and B=tan ; r. /4
24 - x
then the value of 4 — B is
1
d. tan™ = +2tan™ i S.

3
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5.
Column |1 Column H
i -1 ol b4 n
a. Range of /{x) = sin~" x +cos™ x+cot™ xis p. [OEJU(_?:E]
-1 -1 o . m 3rm
b. Range of /f{x)= cot ~ x +tan™" x+cosec™ xis q. 22
c. Range of f{x) = cot™ x +tan” x+cos” xis r. {0, n}
d. Range of f{x) = sec™ x +cosec” x+sin”! xis s, [3—:—, STJI]
6.
Column | Columnll
a. sin” x+x>0, for p.x<0
b. cos™' x—x 20, for . q.x€ (0,1
¢.tan” x+x <0, for r.xe [-1,0)
d.cot” x+x>0, for s.x> 0

Integer Type | - Solutions on page 4.94

I

The solution set of inequality (cot™'x) (tan‘_’x) + (2 - %J cot™'x - 3tan"'x - 3 (2 - %J >0 is (a, b),

then the value of cot” 'a + cot™ 'b is

2. If x=sin" (®+ 1) +cos™' (a* + 1) —tan™! (&® + 1), a € R, then the value of sec’y is

3. If the roots of the equation x* — 10x + 11 = 0 are u, v and w. Then the value of 3cosec’(tan™'u

+ tan”'y + tan”'w) is

4 6 48 12 n
Number of values ofx for which sin"l[.vr2 —% + :}é_ ] + cos™! [x“ --’;—+—~— ] = *-2-‘- . where 0

Ski< J3.is :

If the domain of the function f(x) = J3c05'1(4x)— n  is [a, &), then the value of 4a + 645 is

If 0<cos™ x<1 and 1 +sin (cos™ x)+sin®(cos ™! x) + sin® (cos™ x) +--- o =2, then the value of 12x%is

#

3 3y .6 |
If tan™' [-"+ ;] ~tan™ (*";] = tan™! "; , then the value of x*is

If range of the function flx) = sin'x+2tan"'x +x* +4x+1 is [p, g], then the value of (p + q) is

. If n is the number of terms of the series cot™' 3, cot™ 7, cot™ 13, cot™ 21, ..., whose sum is

L st [ lue of n—5 i
Ecos 145 , then the value of n -5 is
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10. if the area enclosed by the curves f(x) = cos™ (cos x) and g(x) = sin‘](cos x) in x€ [97/4, {5n/4] is
amlb (where a and b are coprime), then the value of (a — b) is

11. Absolute value of sum of all integers in the domain of f{x) = cot™ /(x + 3) X + cos™ \/ x*4+3x+1is

12. The least value of (1 + sec™'x) (1 + cos™'x) is

13. Let cos™'(x) + cos™'(2x) + cos™'(3x) be 7. Ifx satisfies the equation ax® + bx? + cx — 1 = 0, then the
valueof (b—a-c) is :

14. Number of integral values of x satisfying the equation tan™' (3x) + tan~!(5x) = tan™'(7x) + tan”'(2x) is

Solutions on page 4.98

Subjective
1. Find the value of cos(2 cos™ x + sin™! x) at x = 1/5, where 0 S cos™' x < wand -a/2 < sin”! x < 7/2.
(IIT-JEE, 1981)
| 1 3'2 +1
2. Prove that costan™ sincot™ x= 5 . (1ITJJEE, 2002)
_ X‘+2
Objective
Fill in the blanks

1. Leta, band c be positive real nhumbers. Let 8= tan™' JM +tan™ b(_a+_b_-l_-c_)
: be ca
+gan™" ,/f(“*%@ . Then tan 8= ___. (IT-JEE, 1981)
a

2. The numerical value of tan(2 tan™! (é)-%] is equal to : (1IT-JEE, 1984)
3. The greater of the two angles 4 = 2tan™" (22 = 1) and B =3sin™ (1/3)+sin™'(3/5) is
(IIT-JEE, 1989)
Multiple choice questions with one correct answer

| L4 38 . | | , |

1. The value of tan| cos 3 + tan 3 is (IITJEE, 1983)
6 7 1
a — . h — C. L . d none of these

17 16 ¥
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2. The principal value of sin™! [sin %”) is (INT-JEE, 1986)
2
3 3 3 3

e. none of these ‘
3. 1f we consider only the principal values of the inverse trigonometric functions, then the value of

il ewm ¥ ) ;
tan| cos™ —=-sin" ——| is NT-JEE, 1994
[ 5V2 N ( R
J29 29 5 3
a — h — c. — d — (IIT-JEE, 1999
3 3 29 29 ( )
4. The number of real solutions of tan™ .,/x(x+l) +sin~! Nl +x+l=m/2 is
a zero h one ¢ two d infinite
- ¥ (IIT-JEE, 2001)
Xz x3 1 2 1'4 Iﬁ . ‘ﬂ: :
5. If sin™' x——2—+T—--- 008" | & —?+—4----- =Efor0<|x|< ﬁ,thenxequals
a IR ’ h 1 c. =172 d -1
6. Domain of the definition of the function f(_x)=Jsin"(2x)+7rl 6 is (IIT-JEE, 2003)
a [-1/4,1/2) b (-1/2,1/9] c [-1/2,1/2) . d [-1/4,1/4)
7. The value of x for which sin(cot™ (1 + x)) = cos(tan™' x) is _ (NITJEE, 2004)
a li2 ) b1 c0 . d -2

Martch the following type

1. The question contains statements given in two columns which have to be matched. Statements a, b, ¢,
d in column | have to be matched with statements p, q, 1, s in column II. The answers to these questions
have to be appropriately bubbled as illustrated in the following example. 1f'the correct matches are a-
p, a-s, b-q, b-r, ¢-p, c-q, and d-s, then the correctly bubbled 4 x 4 matrix should be as follows:

Jejeiele
6 QO QO
e LI
e (IO

Let (x, ¥) be such that sin™'(ax) + cos™' () + cos™ (bxy) = 2/2. Match the statements in column | with
statements in column II and indicate your answer by darkening the appropriate bubbles in the 4 x 4
matrix given in the ORS.
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Column |

Column 1

a. Ifa=1and b= 0, then (x, y))

p. lies on the circle x* + 7 = |

b.Ifa=1and b= 1, then (x,y)

q.lieson (3*~ 1) (3?=1)=0

c.Ifa=1and b=2, then (x,y)

r.liessony=x

d.Ifa=2and b= 2, then (x,y)

s. lieson (4x2= 1) (3P =1)=0

~ Subjectivé Type
1. Letx=cosy, where 0 <y <, x| )

2 cos™ x =sin™ (Zx 1’1—.1'2 )

= 2cos (cos ) =sin! (2 cos yl —cos? y)

=sin"' (2 cos y siny)
=sin™' (sin 2y)
= sin~' (sin 2y) =2y for- w4 <y < 1/4
and 2 cos™ (cosy)=2yfor0<y<m
Thus, Eq. (i) holds only when
ve[o,m4] = xe[1/V2,1]

2

2. f(x)=sin"' [l” ) dutined i1 12E
2K X
= |l +x% <[2x], forallx
= 1+x*<|2x, forallx(as 1 +x*>0)
= x*-2px|+1<0
= -2k + 10 (asx? =)
= (KM-1)’<0

But (|x|— 1)? is always either positive or zero.

Thus, (x| - 1)*=0

= |=1=bx=x]

Hence, domain for f(x) is {~1, I}.

3. Let 8=cot™ (2x-x?), where 6 e (0, )

= cot O=2x-x, where B¢ (0, 7)
= —(1 -2x +x?), where 6 e (0, 7)
=1—(1 —x)? wherec@e (0, Jrj

= cot 8L 1, where Be (0, n) —

&N

ANSWERS AND SOLUTIONS

L+ x

2x

<@<mr = -Rangeoff(x)is [1;— n)

0]
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4. Let 1, denotes the nth term of the series.

Then £, =cot™ 2= tan™" —— = tan"! Q@n+D-Qn-l)

2n? l+(4n -1)
Puttmgn—l 2 3, ...,etc.in(1), we get
f, =tan 3 'l
1= tan” 5 tan k3
fy=tan” '7—tan™' 5

tan™' (2n+ 1)~tan™' 2n-1)

t,=tan"! 2n+1)—tan™' (2n—1)
Adding, we get

S,=tan™' 2n+ 1)—tan™' |
asn— oo, tan"' (2n+1) = w2

. /(4
Hence, the required sum = i

. Let 0= cosec™ J(n2 -H)(n2 +2n +2)
= cosec’@=( + 1) (P +2n+2)=( + 12 +2n (P + )+ + 1 =(P +n+ 12+ 1
= cotf@=(*+n+1)

1 (n +l)—-n

= tang~ 2 on+l 1 +(n +1)n

= 6=tan™ [(H il :' =tan” (n+1)~tan”' n

b+{(n+1)n
Thus, sum of » terms of the given series

—(tan" 2—tan™ 1)+ (tan™' 3 —tan™ 2)+ (tan™ 4 —tan™ 3)+ -+ (tan™ (n+ 1) —tan"'n)
=tan™' (n+ 1)- /4

¥ v olf

3
= S— =S —mw
. Here, tan™ x + cos {] “yz V10

= tan ' x+tan”’ (—l—] =tan”~' (3)
y

afl - ”
= tan”' [-—) =tan”' 3 -tan™' (x)
“l

= tan”' —l— = tan™' =%
y 1+3x

1 +3x

3—-x

As x, y are positive integers, x = 1, 2 and borresponding y=2,1.
Therefore, the solutions are (x, )= (1, 2) and (2, 7), i.e., there are two solutions.

= y=

7. We have tan™' y =4 tan” x

= tan”'y=2tan" xz (asx]<1)
I-x
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4x
[—x?
4x*

= tan™'

‘ 4x(1—x2) 2 |
=tan” — > as 7«1
x° =6x° +1 l—xl
4x (1-2%)
=> I ——
- x* ~6x% 41
Ifx=tan% =5 tan"ly=4tan"lx=% = yoree - = x'-6x'+1=0

T,
Hence, tan 3 isaroot of x* ~6x? +1=0.
8. x,, x5, x;and x, are the roots of the eéquation
x* = x%sin 213+.x2 cos 2f3-x cos f—sin f=0 .
—sin?2 3
Ty =xy+ X5t X+ xy= e sin2f
Tx)x,=c0s 23
Zx)xpx3 = cos B and x xyx;x, = —sin
Now, tan [tan™'x, + tan™'x, + tan™'x, + tan”'x,]
_ Ix-Xgxpxy;  _ sin2f-cosf _ 2sinfcosf-cosf _ cosB(2sin B-1)
|- Zxx, +x%,%x, l-cos2fB-sinp 2sin? B—sin B sin B(2sin 1)

=cotf
5 4 " 2 T
or tan [tan lx|-+-tan 'x2+tan 'x3+1an 'x4]= [an(.i._ﬁJ
-1 -l =l . 3
=> tan”x; +tan"x, +tan” x; +tan"x, = nwt E—B’"E z

r g (4
9. As,tan 'x+cot ! x= 5 VxeR

So, the given equation can be written as

B
(sin™' x)* + (cos™ x)* = 7[?]
Y
= (sin”"x + cos™"x)* — 3(sin”"x) (cos™'x) (sin”'x + cos'x) = 7 (EJ
(ET 3(sin;' x) (cos™ )(5)47[5]3 y -l -1 = ’
= 5] = cos X 5 > = (sin” x) (cos™ x) 2

Now, as the maximum value of cos™ x is 71 (. cos™ xis always 2 0) and the minimum value of sin”! x is
—7/2 and this happens at the same value of x, i.e,, x=-1].



10.

11.
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2

So, the minimum value of (sin™ x) (cos™ x) = (—g-) () = _%—.

2
So, if (sin™ x) (cos™ x) = —%, then x=— | only.

(sin"'x)* + (cos™ x)’ = an®

= (sin” x+cos™ x) ((sin”! x + cos™'x)? = 3 sin”! x cos™' x) = ar’
2
n . u
=5 T- 3sin”! x cos™ x=2an?

2
b b4 ) /4
= sin x|—=—-¢5 =—(I-8
in r(z sin x] 2( a)

2

S (e S (TR i
= (sin"x)'—=sin" x==-—(1-8a
(sin™! )= 2 5 (1-8a)
2 2 ' 2
= [sin" x - 5) =L (a-1)+ X
4 12 16
2
=2 (324 -1)
48 '
Now,sin“]xe —E,E
2 2
—zr-SSin"x-ESE
4 ' 4 4

2 2
- 0821524 1) s 2
16
= 0<32a-1<27
PR TR
32 8

Thus, the required set of values of a is [»1—, Z- )
32 8-

Since p, ¢ > 0, therefore pg> 0,
tan™ P9 —an™ p—tan~' ¢ ' @)
I+ pgq '
Since gr>—1,
tan™ f:q; = tan™" qg- tan”' r _ (i)
Since pr<—1andr <0,
-1 I'=p -1 - :

tan = +tan"" r—tan ‘

Tew r P (iii)
On adding Eqgs. (i). (ii) and (iii), we get

tan™ . 4 +tan™ L.l +tan”! sl
1+ pg 1 +qr 1+rmp
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12,

13,

14,

- x+1 | |
I-—lan[lan 15—} tan[tan £ }
- x -1 x

. Trigonometry

Given \J|sin_l [cosx||+|cos™ |sinx| = sin™'(Jcos x]) — cos™'|sin x|

n n n
Wi 0,~],0€ —=x<—, we have
1enaf'e|i 2] . X 5 €

s'ln" sin E—I‘ +cos™! cos(ﬁ—v] = sin™! qin(zr-— r} ~cos™! ccs(ﬁ—x]
1 3 2 ® h 2 J ; 2 J 2
E _n '

When x € —E.O ,Esg—xsﬁ:,we have
2 2 2

o Tl ) o ol (o)

= NA+2x.=0 — x=—--]2£

Taking the tangents of both sides of the equation, we have

-1 A +1 X =1
tan | tan +tan | tan ——
x =1 X

='tan ((tan™' (=7)) -7

X+l x=1
| 5
a‘-— .T
=5 =-7
1 x+1x I
x—=l x
25 —x +]
= =
l-x
sothatx=2. "

This value makes the lefi-hand side of the given equation positive, so there is no value of x strictly
satisfying the given equation.

1 X

. ) . X+l -1 x =1 o
The value x = 2'is a solution of the equation tan™' —— #+tan™ —— = g+ tan™' (-7).
X

Let us transfer sin™' 6+/3x (o the right-hand side of the equation and calculate the sinc of the both
sides of the resulting equation:

sin(sin™" 6x) = sin(-~sin™ 633x - 7/2)

= 6x =-sin(sin” 6v3x+sin™' 1) [using sin~" (~x) = - sin™' ()] -

= —sin(sin" \/i —108.,1'2) , (i)

Squaring both sides, we get
36x7=1-108x = 144 =1
whose rootsarex = 1/12and x=-1/12.
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Let us verify:
Substituting x = 1/12 in the given equanon we get

sin™ [-..;,)ﬂin—: [_ﬁ] __EA_.%

2
Thus x = 1/12 is the roots of given equation.

Using Eq. (i), we getx = %

LHE

RH.S.= —1-108x? =-112
Thus L.H.S. # R.H.S. of Eq. (i)
Thusx=-1/12isa root of the given equation.

15. Here,
Y ;
a — —
af aqx=y o < o
tan '[-—‘—L]=tan | —= [=1an™ q, - tan 14
x+ay l+a,3 x

a, —a
2L [=tan”" g, —1an™" g,
l-*-aza,

ay—a, |_ -
=tan" a;~tan"! a,
|+a302

1] @y — Q. = -
tan™!| 2—2=L |=tan~'q, —tan a,_,
]+aﬂa,,_|

=1 B —
Lan —|=ch "a,
aﬂ'

; o = 1y =
Adding, we get L.H.S. = tan™'a, + cot™'a, — tan 1--}--=E—tan 'L=RHS.
X X

X
=cor ! L=tan1E

X y

Objective Type . - - | -

1.e. sin”' (sin 10)=sin"" [sin 37— 10)) =37—-10

2.b. cos™’ (coszr— =cos™" cos(Z:rr—s—’r = cos™’ (cosijE ...
4 4 )) 4) 4

3.a. sin”' (sin 12)+cos™ (cos 12)=sin™ (sin (12—4n))+cos™ (cos (4n—12))=12-4nx+4n-12=0
4.a. sin”’ sin (—Q-Z—{EJ =sin™" sin (3n+ E-]
7 7

-1 (575] i ( :r] T
cos Cos|— |=cos” cos |2 - — | =—
3 3 3

e
>
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5.d.

8.d.

10. ¢,

. We have sin™! [cot {sin“1

. Letcos (

* Now, cos™

x=tan"'3 =

Trigonometry

< 5m -1 2r 2

tan "tan |— |=tan tan | A - — |=—- —
7 7 7
sin~! cos (2) = = —cos~ cos 2 = % —2
2 2
Therefore, the required value = - ErE B B o
T 3 7 2
_(-18+435)r  _ _17x

~2

=g8in~ (cosn) sin” (l)——--

. cos™ (cos(2eot™ (VZ = 1)) = cos" l(cm 67.5') )

T S
= sin™' | cot | sin™ ( ]] “1‘/_ m"‘i
sin e

=sin™' [cot (15° + 30° +45°)]
=sin™ (cot (90°)) =sin™" (0)=0

=58

SV N

: 42
sin”! (cos (ms"l (coslx) +sin™ (sin x))) = sin~" (cos (x + n—-x)) lasx e (n/2, n)]

n
2

=_taﬁ“(—J—;]—tan"( li??] = tan™! (-—\/%J [mn 'J3—tan” J—]

= (tan"’ -1—+tan”' ﬁ]—lan" 3

%) 6, where 0 < @<, then % cos™

(l -1 l) 6
= ¢0s|—cos” ~|=cos —
2 8 2

| ‘ '

- M =>cose=—]- = COS 9
8 8 2
tanx =3

tan(x+3)=33
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tan x+tan y
— =33

b

1 =tan xtan y
-+ ¥

3+tan ) -3
] —3tany

3+tany=33-99tany
100 tan y=30

tan y=0.3 = y=tan”’ (0.3)

J5 T

5
11.¢. Letcos™ [TJ =¢. Then cos o= J—;—, where 0 < a< 3

Now, tan 2 = lnCOS“.—.\j""@Q:Jﬂ= G_"‘lgl=l(3_J§)
2 \11+cosa 144573 V3+45 9-5 2

i | sosx <1 sinf(m/ 2)- x]
.a. i
Kath A [l + §in x] o [1 +cos [(7/2) - x]

TRR

- ™) 2 sin [(w/4) = (x/2)] cos [(w/4) = (x/2)]
2 cos” {(m/4) - (x/2)]

I

an~ an{Z-X|=2_2
4 2) 4 2

- T T Xx T
2 4 2 2
3n X 7
= m— -l —
4 2 4
X 3r
= —— - —
4 2 4
T x 3n
= m——e =L —
2 2

13.d. f(x)+f(-=x)=2
Now (sin”'(sin 8)) =3n-8=y
and (tan™'(tan 8)) = (8 - 37)
Hence, f(y) +/(-y)=2
Given f(y)= o, we have f(-y)=2 -
(f12-2)x?
¥ 2x% 43
(

14.d. f(x)= tan”

2(3-1)

3
x2+-—?+2
\ X

= tﬂn-l




462 Trigonometry
g B, -
As X +—222\/§ [using A.M. 2 GM.]
X

- x° +%+222+2J§

[v(f 1)} i

e (ﬂx))max.= ( ;3 +1) E
15.b. Letx=sin @and v/x =sin ¢, wherexe [0,1]= 0, ¢ [0, ©2]
- '
0— . B
= q}e[ > 2]

Now, sin” (x-,/l - X~ \/;\/l - ) =sin” (smB J1—sin? ¢ — sin ¢ /1 — sin? 9)

=gin" (sm 6 cos ¢ sin @ cos 0)

=sin”' sin (9—¢)— B~ ¢ =sin (Jc)—b_sin‘l (ﬁ)

16. c. taﬂ",li—tan-l I—}’ :tah_lﬁ_tan_l l‘""(yIX)
y x+y Sy T UG

= tan~ ~——(tan 1—tan ]-}—’J

y X
=tan' Z4tant 22
y X
1 X T _@®T R T
= tan" —+cot P s i S ke i s
y y 4 2 4 4
-1 = T

. ... atx
17.¢. Given equation is tan” —— + tan e
a a

at+x a-—2x
+

= g a a o
! 1 a+xa-—-x 6
a ' a
2a° n 1
= —T=l31‘l—=—'=x *2\/50
x NE)
n n
18.¢c. cot™ —>—
T 6
A b/ A p :
= —x cotg " [as cot™ x is a decreasing function]
n . 3 i
b —<J§ = n< ﬁn‘ = n<546 =» maximum value of nis 5
n

19.c. Lettan™'2=0 = tano=2
andcot” 3= = cotf=3
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sec? (tan" 2)+ cosecz(cot'"' 3)= sec’ o + cosec? =1+ tan’ @+ i + cot’ B
=2+ +(3)'=15
tan A -tan B

20.d. tan (A -B)= | + tan A tan B

Vx 2-K
2K — x JgK
J3x 2x-K
1+
2K = x- -_Jii{'

_ 3Kx—(2x—lK)(2K - x)
(2K - x) V3 K+J§x(2x-—K}

3Kx — (4Kx — 2x* = 2K? + Kx)

B 2\[371('2 - 3Ky + Zﬁxz -\EK,\'

2% =2Kx +2K*®

1
- = — = tan 30°
232 -2 3Kk +23K? B
s A=-B=30° _
b+a_E
21.b. tan™' —— _tan-'.ﬁ:tan-li:i_i’..
b-a b i b+a a
+ 2
ab
- b? +4::b—ab+a2 - a® + bt - n
=tan = =tan ol
bt - ab + ab + a* a’ + b? 4

Therefore, the required value = sec (%) =2
22.d. asin” x-bcos" x=¢
b - i sal br
We have bsin”'x + bcos™ x= ?:r = (a+b)sin”' x= T+c

= sin”! x = 2
a+b

a nab + c(a —b)-
= Cos x=
a+b

2x

=i [] + «\'2]
= CoSs Ll 4
2%

24.b. 0<x?+x+1<1and0<Sx’>+x<1
snx==1,0
Forx=-I

2
23.b. cos™ [l o ]=% + (sin™ x + cos™ x)

]
= [l;x ]-—'cosrr=—l =xl+]1+2x=0 = x=-]
&,

LH.S.=2sin"' 1 +cos' 0= 3—”
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s x=-1] is asolution.

Forx=0,L.H.S.=2 sin' 1 +cos™ 0= 3?”

Therefore, x = 0 is a solution and sum of the solutions = - 1,

25. c. tan"(l+.\')+!an"(l—x)=-;£

= tan”' (1 +x)= g—lan'l(k—x)

=cot”'(1 —x)

= tan™! (—-—l )
l-x

3 1
=5 jl+,\'=l— =|-¥=1=x=0 e N
-X
1

26.c. Wehavesin™ x+sin™ (1-x)=cos™x = ,
= sin(sin™’ x + sin™" (1 —x)) = sin(cos™'x)

x1=(1=x)2 +v1-x2 (1= x) = 1= 22

= xyl-(1-x)? = xyl-2*

= x=00r2v—x2=1-x° =» x=00rx=-i
_] i_n‘- ] _I W
27.¢c. We have lan =—tan  x
+x 2
S [1-tane | '
1 :
= tan | ———|=—-8 utting x = tan
P |1+ tan 9] 2 | (p & 0)
tan-E—tanG' 9
= tan”’ 4 e
4 7[ 2
l-l-'lanz-taHO

= tan” tan (-7?- - 9) = 9
4 2

= £—9=2
4 2
Ul -1
= 0Oz=z—=tan""x
6 X

= x=tan -
: 6 3
28.¢c. We have cos™ x + cos™ (2x) = - rr, which is not p0351ble as cos”'x and cos™'2x never take negative
. values. .
29.b. The given equat:on is ax® +sin” ((x— 1)+ I)+cos" (Cx- l) +1)=0.
Now,—1<(x— 1)’ +1<1=x=1

So,wehavéa-»%:o:,a:_%
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30. ¢, Since \)xz -3x+2 20=0stan” .,I.tz -3x+2 < %
and \/4,1‘ -x2-320=0<cos™ 1}4.\'-—-,\'2 -3« %

Adding, we have 0 <L H.S. <m
Therefore, the given equation has no solution.
31.b. The given equation can be written as

3ta-n'( J_)“tan [x)ﬂan (%)

.
:+§ 3+ x

= 3(15%)=tan™
]l —

p
o |-

W | =

n
32.¢ tan'x+2cot” x= 8

= tan"'x=2 (% l—cot'lx) 32[%_(%" tan™" xD =2(-% +tan™ x] ;

=5 tan'1x=§ = x=tan%=\f§
33.a. Putx=tan @ .
o 2 tan 6 4 oot l_tanze+2mn“' 2tan 6 n
S 3sinT —— - G m—— —_—
1+tan? @ 1+ tan® @ | -tan%8 3
= 3sin™ (sin2 §)-4 cos™' (cos2 6) +2tan”' (tan2 6) = .
T T n T 1
= 326)-420)+2(26)= — = 20=— = f=— = x=tan — = —
(26)-420)+2(26)= . > x=ton & = =
g 5 ;
34.c. Putsin®” — =4= — =gin4
X X
sin"E-B:E-—smB ] A+B=%

= sind= sm( ]"cosB“\Il-s'mZB

J___:

_ =169 = x= l3 [ x==13 does not satisfy the given equatlon]
35.c. sin” (x—l) = -lsx-1251 = 0sxs2

cos'(x-3) = ~1<x-3<1 = 2<x<4

sox=2 ' i

So, sin™'(2-1)+cos™ (2-3) +tan™ =cos” k+ 7

2 -4
= sin”™' 1 +cos'(=1)+tan"' (~1)=cos k+ 7 .
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T b4 -1
= —+mx-—=c0s kt+nm
2 4 e

] /s 1
= oS k=—Dk=—=
4 J3

. " ¥ n
36.b. cot'x+cot™ y+cot™ z= 5

n n 7 4
= = —tan"'x+ — —tan” y+——la 2= —
2 2 2 2
= tan”' x+tan” y+tanz=7
= tan”' x+tan”' y=7~ tan” z
= tan (tan'l x + tan”! y)=tan (n— tan™' z)
X+
= AP
I=xy
= x+y+v=xyz
37.d. Given that cos'x+cos” y+coslz=x
= cos” (x)+cos ()= —cos™(z)
: 2 2 e
= cos‘l(*‘}’“\/’ -2 l-y ) =cos™' (~z)
= xy—J(l-—xz)(l—yz) ==z

= (xyt+tz)= \/(l - xz)(l - yz)
Squaring both sides, we get X4yt 2z =1

=N

1 : 1
Trick: Putx =y =z= — sothat cos™! = +cos™ J — +cos™ —
2 2 2 2

" " " o n
38.d. Given thattan™ x + tan 'y+tan lzm 3

= tan” {
2

1 =xy— ¥z —~ X
Hence, xy+yz+z2x-1=0.-

-39.d. Let =cos™ J;_a B=cos™! Jl—p and ¥y =cos™ fl-¢
= COSO= J; cos B=/1 - p andcos y= |l -
Therefore, sina= J1— p ,sin § = \/;_) and sin ¥ = \[_

The given equation may be written as

.1'+y+z-—xyz]_7r

. Ir
aA+PB+y=—
p+y e

- a-&ﬁ':?i-r--.}f

= cos(a + B) = cos (3%—_-}') _
= CO0S A COS ﬁ—sinasinb= cos[:r - (% + yD = = COS ( + ?)
= p=r -7 7 == (s Tm7 -5
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= O=Jl— - f;:;l—q=q=>q=%

40.a. Letsin” a=A,sin”' b=Bandsin™' ¢=C

41.b.

42.d.

43.d.

= sind=aga,sinB=5bsinC=¢
andA+B+C=n=sin24 +sin2B+sin2C =4 sin 4 sin Bsin C
= sinAcosA+sinBcosB+sinCcosC=2sindsinBsinC

= SsinA 1}(1 - gin’ A) + sin B ,f(l - sin? B) +8inC \/l —-sin? C =25inA sinBsin C
= a\/(l - az) + ’JJ(] -bz) +c (1 - c)2 = Zabc.

Trick: Leta= L b= i,c= 1.

V2'T 2

Then .m.l(l--m2 +b~/l-bz+¢:*\fl~—-c =— l-~- 1-——~+1-J -1=1,
5V E

Sincesin' x+sin” y+sin'z=x

sosin x+sin” y=r-sin 2

2 . 2
= sin~' (XJI ¥y Ayyl-x ) = r=~sin”! (z) ) :
= 5 ,h - y2 +y ../] —x =i (ﬂ-sin" (2)) =sin (sin"?-')’_“7

= ¥ (1 —))2)=z2 +y2(l -x2) =2z \/l -xt = (xz-yz-zz)2=4y222(] -—xz)
= x4yt w22 - 2% + 2 = 4yP - anyAD
= M+ttt =200 + P 4z x%) = K=2

We have cos™ x — cos“ % =

= X=C0S (cos = §—+ a) = COS. [cos“' -;—) cos & — sin (cos" %) sin o

= 2x=ycos o—sin o \J4 — y*

= 2x—ycosa=-sin \/

Squaring, we get
4x® +1* cos’ @ —4xy cos =4 sin? -2 sin’ o
= 4x®—4xycos a+y* =4 sin’ &

-1 .y 4x
2tan”’ 2x = sin 3
1+4x
= -E-San"i 2x$£
2 2
v n
= —EStan’ZxS—

4 4

(i)
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44. b.

45, ¢.

46. c.

47.d.
48.b.

49.d.

: : i el
.x, =2 tan™ [-I:J-J and x, = sin”™* : x2 vl | 222
= _ 14 x 2x

Trigonometry

cos '(2x? - 1)=2m—2cos™" x (as x <0)
= cos(2x?-1)-2sin" x=2m—-2 cos™ x = 2sin” x

=2/-2(cos™ x+sin"' x)
i
=2R=2d ==1
. 2
2 sin™ x =sin™ (2.1-\!'1 - x?

Range of the right-hand angle is [—% g}

T g T
= —-—<2sin"'xg=
2 2

“ e
= —4—$sm 'x<

S ]

[1 |
= x€|l-—4—,—

V272

e

-

2(1-!—1‘)
1 [-x

1-x

1+ 1-x? | —x?
Now —=>1 = xn=nttan” | ————= | =7+ tan™’ A | =w=tan! | =2~
l=x [1+x -2X 2x

= x;+x,=7

sa;n (2 sin™ (0.8)) = sin(sin”" (2% 0.8,/1 - (0.8)%)) = sin (sin ' 0.96) = 0.96
tan (sin™' (cos (sin™' x))) tan (cos™ (sin (cos™ x)))

= tan(sin™'(cos(cos™! N1-22 ))) tan{cos™'(sin (sin”’ Ji-22 )Y}

= tan(sin™ Y1-x2 ) tan(cos™ V1— 22 )

= tan (cos™'x) tan (sin”'x)

= tan(cos"x) tan(/2 — cos™'x) = tan(cos™'x) cot(cos x) = |

. ol 2%
Since sin '( .
1+x

,_,( 2a J ._]( 21;) P
sin +8in =2tan  x
_ | +a* 1+b% ) .

= 2tan"'a+2tan" b= 2t5n“] X

2) =2tan"' x forxe (-1, 1)
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= tan~'a+tan'b=tan"' x
-1 ( a+b] ]
= tan =tan"" x
1-ab
a+b
= Xx=
l=ab
50.b. 1fx <0, then sin”'x <0 but cos™ v1-x? is always positive.
Sci),sin".vc:—ccws'1 b=2? .
51.b.
We have ﬂl’£=y—2= 3 )’2 5 <]
Irxr r Xyl
A [ ZE)
O '[iy—J+tan"(y—J+mn"[—~] = lan™ | 2L +lan_'[—"-}
r xr T\ __'_)'_Z_ yr
' By
(y(xz‘+z2)
= tan”~ | —X -Han"(—]
ré—y vr
\ rt
(yr(xz+_2)
mgan~ =22 |4 tan™! ["—]
(7 +2) v
“ %
/
= tan”' £)+ tan™’ [iz-) =Z
\ XZ yr 2
; | /4 b4
52.b. Letx=sinfwhere- - £x<1l = -——<0<—
. 2 6 2
: 4
: 1
Thenf(x) = sin™ ﬁx—— fit?
L 2 2
{
= sin™ —Esi'ns—icosﬂ
L2 " 2
, /
= sin”’! sin(G—E)
\ 6 ,
T y o) T ¢ . b -0 K
=@——=sin"" x— — wl-—e ——-)
6 6 [ . 6 ( 3 3 }

2y 2

- Y & .
53.¢ Lety= tan™ ol + cos™! x2
2x _ I+x
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b T
Putx=tan 6. Asxe (0,1),0¢e [0, Z] and 5—29 e(0, /2)

y=tan"' (cot 28) +cos™ (cos 26) = tan™’ (tan [g—— 29]) +cos”' (cos _29)k = %— 20+20 = %

]

54, c. sin™ x =2 sin™
- T ] /3
Now —— <s8ln -~ x £ —
/) 2
= ~Teosniast
2
= ——Ssm]aSE
4
1 1 |
= —=Sas5——= = |a|f-=
Nz Al lal= 7
-1 n w : .
55.a. Lettan™ x= 6, where —E<9<5 = -—-m<20<=x
n
Let —<280<nm =9 £<6<£ => E(tan_]x<£ x>l
2 4 . 2 4 . 2

1-tan’@

sin™! [—J_ — HJ = t.an_1 (——-—-—J‘_ Jr-1 ]
Jrir+1) L+4/r(r-1)

=4 Zsin_’ {@] = i(tan“‘ r—tan"lx}r—l) =tan“'\/f_i

r=|

- i : 2r—| n 1 2;——1 ‘
57.b. Y tan”'| ——|[= Y tan™| ————
o ™ Tl ; S22

_ imn_l 21‘_2?-[
ml A1427 2

= Y [tan”'(2")~tan"' (27" 1)] = tan™! (2" —tan”! (1) =tan”' 27—~ =

= tan” (-—g—t-iaig-—) =tan”' (tan26) = tan™! (tan(29~':1r))= 20-1 =2tan'x— 7

56. c.

4

r=1 :

. . | .
4 ©on
58.a. We have ztan‘] 7&%_ - i 2m
m +m°+2

= ) tan”
=]

m=1 ( 1+(m2 +m—!~1)(mz~m+1)}

(m2 +m+1)-—(mz_—m+l)\

= i tan™!
m=1

l;}-(m2+m+l)(m2—m+1)-)



59. a.

60. b.

61.a.

62.b.

Inverse Trigonometric Functions 4.71

n .
= Z[tan'| (m* +m+1)—tan™ (0 —=m + 1)]

m=]

=(an”' 3~tan"1) + (tan™' 7 -tan ™' 3)+(taﬁ" 13~tan”' 7) 4 +[tan” (7 +n+ 1)—tan™ (R —n+1)]

2
g J ; +
=tan”' (7 +n+1)-tan™ 1 =tan™ ._.."_2"__.
24n°+n

Forn— e, sum=tan"'(1)= —}

_1( 1 ) =1 r+l-r
tan e = tan ——
l+r+r I+r(r+l1)

= tan” (r+1)—tan"'(r)

= i[wn"(rﬂ)— tan"' (r)] =tan”" (n+ 1) —tan™ (0) |

r=0 .
) =tan"'(n+1).
s ] n
i -1 - -1
= tan” | — |=tan” (o) =—
% [1+r+ rZJ 2

Obviously, x = sin(@+ ) and y = sin(68- )
= ] +xy = | +sin (6+ B) sin (6—B) = | +sin® @-sin* B =sin® 8+cos’ B
Let ftan @ =tan x, then u=cot™ (tan x) —tan™' (tan x) = -’-;——x —x='-;—r-2x

Fi4 T u
=) 2x=5—u = ———=

4 2
n 7]
= lanx=tan|———
(4 2)

T u
= tan& =tan| — —-—
[4 2)

T 1 .-| a n 1 -1 a
tan|—+—¢0§  —|+tan |—=-—CO0§ -
4 2 b R 2 b

Let '} cos™ L= 0 = cos2 6=
2 b

o2

) l+tan@ 1—1an @
Thus, tan[%+ 9:|+tan [-745—9}= i o

l-—tan® 1+tan®

_1+tan® @+ 2tan § + 1+ tan® 6 - 2tan §
(]—tanzﬂ)
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63. a.

64.4.

Trigonometry

8

a+ b

2tan”! [ e

b tan 8= cos™
2
= cos™t

=GOS

COs

COS

sin x + Jl +sin x

k=

sinx — /1 +sin x

201+’ 0) 5 5 %
- _ 1~ tan® 0 00529 (alb) T a4
1 — (a —};)lan2 %
— +2 tan"! x =cos™"
a—-b n 6 :
1+ tan® —
a+b 2_
o .6
(a + b) - (a —b) tan >
e]

a[l—tan Q]+b[ + tan g]

a

(
o)

+ tan?
2

8
] —tan® =
. 2

1+tan22

| 2

|

a+b

acos @ +b
L a+bcost

J

-

, 0
1 z ] s it
all+ lan J ( tan 2)

(Jl~éin x £ 41+ sin x] (\ﬁ— sin x + 1+ sin x)

= cot™ {

(JI - sin x — -\ﬁ+'sin x) (\/] - sin x + ,/1 + sin x)

1—sin x) + (1+ sin

x) + 241 —sin? x

= cot™’ I:(

cot ! [—

(1 -sinx) -

2 cos? (x/2)

(1+ sin x)

2 sin (x/2) cos

] =';:ot" [
» /2)] = cot™! (— cot%)

|

2(1 + cos x)
-2 sin x

ol 3

E.__
2

l—x

1+ x

2

2

|
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xcosé ] [x—sinéi}
I—xsin® cos@

_ tan"'[ xcos 8 )—cot_l( cos 6 J_
o 1-xsin@ x—sin@ = tan™

xcos@ _X= sin@

1— xsm@ cos O
xcosB (x—sine)

l xsin@ cos @

c0s 0 — xcosOsin 8+ x° cos8— xcosHsin &

—xsin® @ +sin@+ x*sin @ — xsin’ O
cosB 2xcosOsin 0+ x° cos ©

. ~2xsin” 8 +sin @+ x” sin O
cos 0 —2xcos§sin B+ x* cosd

[ sin8(=2xsin 6+1+x?)
cos 8(1—2xsin 6 + x%)

= tan~

_ [ XCOS 9 x +8in 0+ x> sin @ — xsin 29 J
\

) = tan"' (tan®) = 6

6tan x
1| tanx -1 3sin2x . -1 tanx -1 ]+tan x
66.d, tan~ | ——— |[+tan” | —— | = tan + tan

4 5+3cos2x 4 5. 3(l—tan X)
' 1+tan x

=tan_’.(tanx)+tan“1( 6tan x ]

7 \ 4 8+2tan’ x

ztan_lftanx)+tan_1( Jtan x )

4 4+tan® x

tan x 3tan x
+ 2
-1 4 4 +tan® x [
5 as
N 3tan” x
| 4(4+tan®x)

= tan

tanx 3tanx |
5 <1
4 4+4tan x|

—

= tan~

16 tan x +tan> x
16 +tan® x

=tan™! (tan x) = X

67.a. cot™ (chosa)— tan™" (M);
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= tan” [J_I_J— t‘an'l (,/cos (x) = X
- cos O

1
J(ms_a - JJcos o

- =X
1+ r—-cols = \€Oos & |

= tan'

4 1~cosax
2,/cos o
1~cos o

= tan X = =
s 2,fcosa

2 \Jcosox
= Cotxs—"
‘1=cos a .

=» tan

4 cos a 1+ cos &
= cosec x= |1+ e
(1-cos @)’ l-cosa

1-cos e 2sin® (0f2)
l+cos@ 2 cos” (/2)

tan? o/2

1+ tan lcos_l x) l-—tan(lcns'1 ]
2 _ 2 :

i ] 1 -
68. c. tan E+lcos ‘x) +tan(£-—cos : ) = +
4 2 4 2 S -
- _ 1—tan —2-cos x| l+tan 2c()s X

(e o)« -t e o)
I+tan{ —cos " x +|1=tan| —cos™ x
L 2z 2

T
1—tan? (—.cos ]'x)
2
" |+tan? (lcos’1 xJ
e 1 2
1—tan? (%cns‘1 x) 7

2

cos(cos"l x)

L2
X
69. c. We have (sin”' x)* + (cos™ x)® = (sin”' x +cos™' x)’ =3 sin™" cos' x (sin™ x + cos' x)

~3(sin~! xcos™ x)zrz-
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3 2

-l 3ism x+3—(sm 1)2
8 4 2
3 - ,

= -*’T—+3—H— (sin”" x)2 --£sin" x:l
8 2L 2

' 3 ( P ﬁ]z n’
= —+—||sin” x-=| |-=
8 2 4 32

n i W
So, the least value is — when (sin" x-—) =0,
_ 32 4

' 2 2 2
sk n b n
And the greatest value occurs when (sm 'x—z] = [--—--—-J = -9——-

2 4 16

3
Therefore, the greatest value is g—z + gi ng = l

16 2 8
70.¢c. f(x)=sin"! x+tan”' x + sec”! x, clearly domain of f(x) is x =1,

Thus, the range is {/(1),/ D}, i.e., {j 3:},
2|x|
1+ x

= ~1< szsl =5 lan'l[ 2x2)6[-£,£]
1+ x Al+x 4 4

72, ¢. {cot™ x]+[cos”' x]=0
As cos™ x, cot™ x 20, [cot™ x] = [cos™'x] =0
[cot™ x]=0 = x€ (cotl,e)
[cos™' x] =0 = x€(cosl, ]
~ Hence, from Egs. (i) arid (i), x € (cot 1, 1].

Tha 1+x222K = <1

73.d. 3—R< 5 <5—Jrr
o 2

= sin” (sin$)=5-27

Given sin”' (sin 5) > x? —4x

= x’-4x+4<9-2r7
(x-2)*<9-2n

—

= - ,/9~2:: <x-2<9-2r
= 9-21 <x <2+ o-21
a

3 $ a4
74, ¢. —cosec? ltan'IE +ﬁ—sec ( "5]
2 2" gl g
|
=a3 |

+p°
l.—cos(lan" [%\) l+cos(1an lﬁ)
: y

(i)
@i
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- (x:" l +ﬁ3 . 1
1 —(JOS{(:OS-l [—ﬂ—-]] 1 +cos[cos'| _a_}
/aZ + 52 ’az 4 [32
= o lﬁ +ﬁ3- |

o .
Ny N
= r—-—-—-—-az'-!_pzf a3 . ﬂg '
\\/azwz—ﬁ Jai + B +a
2 /tx2+ﬁ"’- 3(\/05 +ﬂ2 + B) 33 (\/a +f32 a:)]

\

= Jo? + B2 -q(\la%rg? +B)+ﬁ(\ia’ +p? -a)]
= Ja? +ﬁz (a+PBa* +p°

= (o + P)a + B?)

75.d. l)l;m cos(tan™ (sin (tan™" x))) = cos(tan™!(sin (tan~" es)))
= cos (tan™ (sin (7/2)))

= cos(tan™ (1)) = cos(n/d)= —=

V2
76.d. sin” (—(x—1)(x=2)) +cos((x=3) (x= 1)) = =

Forxe (1,2 = sin(-(x=1)(x-2))€ [0, m2)
and cos™ ' ((x-3) (x— 1) € (w2, 7] = no solution in the given range

3+45
2

Also,—183x-2~x*<land-1Sx*-4x+3<1 = 2-42 <x<
77. d. op2m/sin™ x ;2(a+2)2”’8i"_l"+80<0
(zﬂfsiﬂ-'.l‘ _4)(2)‘”5“1“1.\' —23) <0
" |
Now 27/407'x ¢ (0, I} U [4, )

mlsin™ x
Now for €(0,

4] we have (27/""* —4) <0
znlsin"x ~245>0

o=l
= JaelFier 2a<%



= 0<ac< —l-
8
Similarly, for r/sin™lx o [4, o0),a > 2, we get

ae€ [0%) U (2,09)

78.b. Given thatsin™' x +tan' x=2k+1

The range of the function sin™ x + tan™ x is [:%:, 3—5—]

Therefore, the integral values of & are — | and 0.

o ' r 2 ]
79.c. From the given equation sin® #~2sin 8+ 3 = 5°° ¥ +1 we get

(sin 8- 1)2-!-2 = 5500:." +1
L.HS.£6,RH.S.26

Inverse Trigonometric Functions 4.77

[as both functions arc increasing]

Possible solution is sin 8=—1 when L.H.S. = R.H.S. = cos’8=0 =y cos? B—sin 8=

80.d. [cot™ x]+2[tan” ] =0 = [cot™ x]=0, [tan™ x] =0
or [cot™ x] =2, [tan~! x] =—|
Now [cot™ x]=0=>x € (cot 1, o)
[tan~' x]=0=>x€ (O,tan 1)
Therefore, for [cot™ x] =[tan™ x] =0, x € (cot 1, tan 1)
[cot™ x] =2 = x € (cot 3, cot 2] _
‘[tan'x]=~1=>xe€ [-tan1,0) = Nosuchxexists.
Thus, the solution set is (cot 1, tan 1).

81.a. Expanding, we have
(tan~' x)* + (tan™' 2x)* + (tan™' 3x)* =3 tan*' x tan™! 2x tan"' 3x

=x={

| 2X2—1

82.8. 2cos” x=COl" | —prmmmm
2x1}1 i, A

Putx=cos 0: LHS=20,0<8< wrand-1<x < ()

= cos 280 - = ; : .

R.H.8. = cot . =cot /(cot 20) =20 if0<20<n (ii)
2cosB|sin8|) .

From Eqs. (i) and (ii). we get 0 < 8< /2

~xe (0,1)

X x+1
83.d. i -
Jl'i'l’ J(x-i-l) +1
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=7 [(e+ 1)+ 1] = (e + 1) [(+ 1))

=223 (x+ 1R t 3w (x+ 1P+ (x+ 1)

= x?=(x+ 1)) = x+ 1 =x not possible as x — oo

= x+ | =—x = x =-1/2 which is also not possible as for this L.H.S. <0 but R.H.S.> 0

84.c. Lettan™ (x)=0=>x=tanf=bcos f=x =

, : : . 2 _
:x2(1+x2)=]=x2=__l+‘/§,=§x2= 3 =] 3 =l

85.b. sincos™ (cos(tan'x))=p °
Forxe Rtan"'xe€ (-2, W2)
cos (tan™' x) € (0,1] '
cos™'cos(tan-'x) € [0, 7/2)
sin{cos™ (cos(tan'x))) € [0, 1)

86.a. sin™'x—cos™x=sin'(3x-2)

= %-cos'I X = COS x=%-cos"' Bx=2)

= 2cos'x=cos'(3x-2).Alsox ¢ [-], 1]
=» ¢05™'(2¢* - 1) = cos™'(3x~2) and (3;—-2)5 [~1,1],ie.,~] < 3x~2<1

= 2x?=1=3x-2; hence, xe[%,l]

1
=22=-3x+]|=0=x= IorE

o e o " \/I-x e
87.¢. sin”! V1-x2 +cos”! x=cot™ —sin” x

] X
- =t
- ST P s \)l—x
Or-é-+sm1 1-x? =¢ot™!
X

-1 \Il-xz

X

1

+sin~t Y1-x2 =0

tan

= x€ [-1,0)u {1}



.~
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88.c. Here|cosx|=sin" (sinx)

y = sin~1(sin x)

-

e —

1

Frremmcmcer

-————————

lllllll

- -

cemasas=— 2---.--...-_ [—

B R o

1
1
£l
L]
1
]

——— -

- -

- g -

AR | Smm———

From the graph, number of solutions is 2

n
R
6

=
3

n
89.b. 3cos'x-mx—- E =0 =bcos'x =

P ———

-

e

Fig. 4.30

We have
cos™' (

90. b.

2
b=-x )<£
3

:

n =
=5 =— < cOos™ =
3 1+ x
1_1.2
1+ x?

Jo é T
1+ x? 3

s

1

=<

2

j«x* &
7 <3
1+ x 3

=0 <cos™

L
7

1

= 142<2(1-7)$2(14x)  =0Sa< == <x<
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i i = i B i in-! so =1 4f1 2 2
9L.b. sm"x+sm"y=; =>sm"x=-5 -sin” y=sin™ x=sin" J =¥ mmatiyie=)

1+ 4% + 5! o 1--1-(x2-+-y2)2—24\'2)}2 - 4]« 2x8y? =7
xz_xz},2+y2 |- x?y? 1—x2y?

92.d. sin"'(x*~4x +6) + cos™(x? —4x +6) = sin”! ((x = 2)? +2) +cos 7 ((x = 2)* +2)
. (x—2)*+2 22, for which sin"'x and cos™'x are not defined.

2 ; B
93, a. E-cn::s" cos 2 :SI)‘HB) 2 = cot cot™! (—2——2)+£
2 x* +5|x|+3 9| 2

T 2 2 /8

o = -2
2 x*+5|x+3 94 -2
=5 =4 +3=0
=13 =pxmt] 43

94.¢. 2tan”' (cosec tan™ x — tan cot"'x) = 2 tan™' [cosec tan™ x — tan cot™ x]

Ao (1)

‘=2 tan"' | coscc { cosec”
. X

- o

e (1422 -1
= 2 tan™' St =2tan f—————
X . =z x
=2tan"[sctc 9;1} [putting x =tan 6]
an .
6
: 2sin? =
. =2tan"[] -.cosé?} =2tan” | ———2
sin 9 0

2sin—cos~6—
2 2

o 0
=2tan“tan5=2x5=9=tan“'x

[ = e e 4 —

Multiple Correct Answers Type - .

) " b, ¢, d.
6x*+11x+3=0
= @x+3)(3x+1)=0
= x=-3/2,-113 _
Forx=-3/2,cos”’ x is not defined as domain of cos™ x is [-1, 1] and for x = —1/3, cosec™ x is not

defined as domain of cosec™ x is R —(~1, 1). However, cot™ x is defined for both of these values as
domain of cot™ x is R. '
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2. a,b,c
Let tan"'(-2)=0 = tan8=-2= 0=(-xn/2,0)
= 20=(-n,0)
2
—tan“ 6 -3
cos(—2 00329"—=—
e i 1+ tan? e S

= —29=cos"’(~——§J =;fr-cos'12
: 5 _ 5

3

) __|4 | 3 T _|3
§=—x+tan -

= 20=-m+cos -7+ cot”!

3. a,b,d.
tan™'(x - )+ tan"(x) + 1an"(x +1)= tan™' 3x
= ftan'(x-1)+tan"'(x) =tan™' 3x—tan”(x + 1)

]| (I _.I)+x -1 3x_(x+ l)
= tan = tan~ | ——————t
1= (x-1)(x) I+ 3x(x +1)
2x -1 _ 2x =1
l=x* %2 143 +3x

= (1=x}+x)2x=1)=(1+3x* +3x) (2x-1)

= x=0,:|:-!-
2

U

4. h
We know that sin”'x is defined for x € [-1, 1] and sec”'x is defined for x € (oo, 1] u[l oo)
Hence, the given function is defined forx e {~1, I}.
Therefore, /(1) = /2, f(-1)=a/2.

5. a,c,d.
(sin™' x +sin™ w) (sin™" p + sin”! z) = 7
= sin x+sin'w=sinv+sinz=7x
or sin"'x+sin'w=sin"' y+sinTz= -7

- = x=yp=z=w=lorx=y=z=w=-]

MooyMl -

1

y

w

= 2 and minimum value

Hence, the maximum value of i
Z 3

Also, there are 16 different determinants as each place value is either 1 or —1.
6. a,b,c,d.
: -1 tan™ x,if x>0
Since [tan™" x| = ;
—tan" x, if x <0

= |tan”' x|=tan™" [x| Vx€ R
= tan [tan”' x| =tan tan™! |x] = |x|
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Also [cot™ x| =cot™ x; Vx e R
= cotfcot™ x|=x,Vxe R
x, if tanx>0

-1
tan” |tan x|=
| | {—x, if tanx<0

sin|sin™ x|= % eyl

a,c
Domain of f{x) = log, cos'xisxe [-1, 1)
[e]=—lor0

u'agbgc-

5 = | -1 1) -_ T ;
a)sin| tan™ 3+tan™ = | =sin— =]
@ sin| L) =sin

(b) cos [-’21 —éin'l %) =.cos ('cos;l %J =

(c) sin [l sin™! —JG—_J]
4 8

Let sin”' N o
8
. = sin@= —@- = ¢0s5 0= l
J 8 8
We have cos 2 = i = 3
2 2 4
= sin k.
22

9.¢,d.

J5

(d) cos™ % =0 = cos = =

which is irrational.

1 -
xy<0= x+—22,y+—5-2
- y

1
orx+ — <=2, y+ -—l— 22
X y

3
4
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1 ) :
x+—=22= sec” (x+-l~] € [F-, E)
x X 3 2

1 " IJ [fr 21!] St
+ - <2 scc Yo — —_—
y y = ( y 1 €\2 3 I=:» z€ | < 6-)

10. a, d.
Let f(x) = (sin™ x) + (cos™" x)?
=(sin”' x+cos™' x)> -2 sin”  xcos™' x .

2 sin™} L. sin”! x
—Z8n " x 2
—msin”™ x +2(sin™! x)?

\N2oomoL n?
=2 | (sin™ R
(: x) Zsm_x. 8:{

T
Now, —— < sin ' g
Z
~= <sin™ x—ESE
f-; 4
-]
= Os(sin" x—-—-) SQL
16
2 2
= OSQ(Sin ! x——) 5_9_181'_
2 2 2 2
=) ”—s sin”! x—E) +K—$5L
8 4 8 4

11.a,d. J
" Forthe givenequation0<x, y< 1.

= . n
Also, sin 'x+sm'y=5

=5 sin"x=cos‘ly= sin”~! Jl-—y2

= x=Jl-y? = 2ey=l 0)
Again, sin 2x = cos 2y * 3

= COS§ [g - Zx) = C0§ 2y

= %-2x=2nni2y,wherenel
/

= x:l:f{r= -nn S . (“-)

N
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From Eqé. (i) and (ii), we get
2

x=£+ ___.’E_ and vy = l_;_r..z._i
8 V2 & VN2 e B
12.a,¢. '
We have
2
cot"’[" —10n+2l.6)>£
n . 6
n® —=10n+21.6
= < cot—
n
= n=10n+21.6< 13
= P—10n+25+21.6-25< 73
= (n-5P<nJ3+34
= - ﬁn+3.4 <n*5<JJ§fr+3.4
= 5-4 V434 <n<S+JBr+34

Since Jﬁ: = 5.5 nearly, 'Jwﬁn+3.4 ~ Jﬁ ~29

= 21<n<79
n=3,4,5,6,7

13. a,b,d.
" Lett,denote the rth term of the series 3, 7, 13, 21, ... and

S=347+13+2t +-- 41,
-S= 347413441, +1,
0=3+4+6+8+-+2n~-1,

(as cot x is decreasing for 0 <x <n)

- +1 s
LetT, =c0t"(r2+r+l) =tan™' ] = tan”" B . e A =tar|"'(r+l)—tan"r
; r4r+l I+r(r +l)

Thus, the sum of the first # terms of the given series is

i[lan"(rﬂ)—t&n" r] =tan(n+ 1)~ tan”(1)

r=|

-i| #Atl—=n -1 n
= tan~ | ————=| = lan
141 (n+1) n+2

= S.= limtan™
Ne=oo

10

Sy0 =tan” m =cot™" 1.1

0]
{asne N}
' :
= tan™ | ———
el
n



14.b.

15.

16.

17.

Inverse Trigonometric Functions 4.85

7 (x) = sin'|sin kx| + cos™'(cos kx)
Let g(x) =sin~ [sin x| + cos™ (cos x)

2x; os,rsE

2

T 3

x)=1% =@, —<xXs—

gx) g XSS
In

4am—2x, "-2—<IS-27€

. % s |

g(x) is periodic with period 27 and is constant in the continuous interval [2mr+g-, 2nm +§£—j|

(where ne 1)and f(x) = g(kx).

So, flx) is constant in the interval 2"_”+__75_’M+3_7r _
. k 2k k2%
T 3m &n T 7
—=——— 5 —=— k=4
4 2k 2k k4
a,c.

Given equation is x> + 2x sin (cos™ y) +1=0. Since x is real, D=0
4 (sin(cos'y))’ -4 20

= (sin(cos™ )21

= sin(cosy)=x1

-1 b4
= COS y=:t:—2- =y=0

Putting value of y in the original equation, we have x* + 2x+ 1 =0 = x = —|.
Hence, the equation has only one solution.
b,c.
.
<eo = 2K29F <oo

Hence, 2 should lie between or on the roots of 2 — [a + Jz-—) {-a* =0 where = gleos™s

= f2)S0 = &+2a-320 =a€ (~,-3]U[], )

a,c.
at o
The given relation is possible when a — -—5—+?+ = 1+bh+ bt

" az -aJ .
A!so,—lSa—?+? t+Sland-1<1+b+b+- <

= |b<1=|d<3and — =

a
1=
3

B
1-b
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;
=tan"l[£] +tan™! £ =tan'l[£) +tan” |- tan™' = = E'
y {4 y y 4
}!

Now, in Eq. (i), putting e =%, we get
y .

tan”' | = |+tan” [ = [ = =
4 7) 4

Hence, both the statements are correct and statement 2 is the correct explanation of statement |.
9.a. See theory '

Linked Comprehension Type

For Problems 1-3
1.d,2.b,3.¢
Sol. "
i onil I n R‘]
.8in" 'x€ | -—,—
L 2 2
cos™ y & [0, 7]

1 y/4

- z ] - . .
sec”'ze 0,—)u[?zr] = sin"'x+cos™! y+sec!

2
Also, 1> = \2m 1 +3m

- 2
= rz-z\/-;—:+£~£+31r = x—ﬁ e B
2 2 2 2 2 2

The given inequation exists if equality holds, i.e.,

/1 - St
2E—tRER =—
2 2

-

LHS.=RH.S.= §~2£

= x=|,y=—1,z=-land/= ‘/—g = cos”'(cos 51%) = cos“‘[cos(%zn

cos'l(min{x,y ,zPD=cos (- =x
For Problems 4 -6
'4.b,5.2,6.b
Sol.

]
SR

Given ax + b(sec(tan™ x)) = c and ay + b(sec (tan™' y)) = ¢

Let tan™'x = @z and tan™'y = f3, then the given relations are

atan @+ bseca=candatan f+ bsec f=c ;

From these two relations, we can conclude that equation a tan 8+ b sec8= ¢ has roots @ and .
atan @+ bsec 8=c¢

= bsec@ =c—-atanb

=  bPsec’@=c? -2 ac tan O+ a*tan’h

= b+ b tan’0=c*—2actan@+ o’ tan’8
=5 (az‘.— bz) tan’0-2 actan@+ ¢* - h* =0



2ac
Therefore, sum of the roots, tan & +tan f=x+y= — 7
a —
c? - b? ‘
and the product of roots, tan ¢ tan f=xy = — o
a .
2ac
Xty g2 _p? 2ac
g T a7 g3
F--xy c“-b*  a*-c
S
a’~b

For Problems 7-9
7.b,8.d,9. ¢
Sol.
Letcos'x=a=sae {0, n]
andsin™ y=b= be [-n/2, n/2)

2
We have a + b% = B

4
and ab® = 2
16

Since b° € {0, /4], we get a+ b* € [0, m+ 72/4)
2
T

pr’
So, from Eq. (i) we get 0 < e <m+ 5

’ 4
e, 0sps — +1
n

Sincepe Z,sop=0,1o0r2,
Substituting the value of 4 from Eq, (i) in Eq. (i), we get

2 2
L .k
4 16

sincceae R=D20
ie., 16p* n* - 64n" >0
Substituting p =2 in Eq. (ii'i), we get
16 -8 a+n'=0.

= l6d—dpmta+nt=0

I
S

=5 p224=:>p22 = P

.ﬂ:z_ -1
da= — =C08 X
4

2 4

- n 2 ¥
From Eq. (i), we get — b* = —
_ q. (ii), we g 7 T:

= (4a-72)’=0 =

-For Problems 10 - 12
10.¢c,11.a,12.d

Sol.

1

Letcos™ x= 0= x=cos 6 where ¢ [0, ]

= b=% 12:- =sin”' y

Inverse Trigonometric Functions 4.89

M

(i)

(i)

o
= X=C0§——
4

= y=i-ll

cos"(4x_3‘ —3x) = cos”'(4cos’ @- 3cos 0) = cos "'(co_s 30) = cos ~'(cos a)
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a2 —_— , there are infinitely many solutions
a+3 1-b
= 3a-3ab=a+3 = 2a-3ab=3
= 'b= a3 anda= — :
T 3a 2-3b
18.a,b. '
We know that

if Y| < 1, then 2 tan™ I=sin“( 2x2 ]
1+ x

2%
ifx>1,2tan™" x=7-sin” 3
l+x

. y 2%
ifx<-1,2tan”! x=—7—sin™ 3

1+ x
Hence, the required values are x <-1 orx > |.

19.a,d.

Case 1: IfOst%,then

. 1
cos™ (-g- +%\/3—3x2) = cos™’ [x%-k N 12_3—} =cos ™ x—cos™' —

2

Case2: If% <x<1,then

cos~ (ﬁ +l\43— 3x? ) =cos™! 1. cos™ x
2 2 2
20.a,b,c.
* a cos(tan”'(tan(4 ~ 7)) = cos(4 — 1) = cos(mr—4)=—cos 4 > 0

b sin(cot™ (cot(4 — m))) = sin(4 — m) = —sin 4> 0 (as sin 4 < 0)

c. tan(cos™'(cos(2m- 5))) = tan(27— 5)=—tan 5> 0 (as tan 5 <0)

d cot(sin”'(sin(r—4)) =cot(m—4)=-cot4<0
21.a,b.cos™ x+cos™ y+cos z= = sin” +sin”! y+sin 2= a2

= cos™ x+cos” y=cos™ (-z) = xy = 1-x? Jl—y2 ==z X2+ + 22 +2xyz=1
22.a,b. '
a. cos (tan*'(tan (4 - m))) = cos (4 — 1) = cos (T—4) =—-cos 4 > 0
h sin(cot ~'(cot (4 — n))) =sin (4 - A)=-sin4 > 0 (assin4 <0)
¢. tan(cos™'(cos (22— 5))) =tan (2w - 5) =—tan 5S> 0 (as tan 5 <0)
d cot(sin”'(sin(m—4))=cot(n—-4)=—ot4 <0

23.b, ¢, d.
[ 1 rr) l4x an
COS§| —m=—— | = § m— = COS —
5 5
1 = ( ) 2n
Hence, cos—cos™ | cos— | = cos?
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Reasoning Type

I.a. Statement 2 is correct, from which we can say cot™'x 4 cos™ 2x = - 7is not possible. Hence, both the
statements are correct and statement 2 is the correct explanation of statement 1.

2.d. Obviously, statement 2 is correct, but when x € [~1, 1] we have tan™'x € [-7/4, n/4).
It implies that —g- +tan”'x € [n/4, 3n/4).
Hence, statement 2 is true but statement 1 is false.

3.c. cosec” x> sec”'x

1

’ n o
= cosec” x> 5 - cosec”' x

4 m
= cosec 'x> z

1 1
= JE€x< \6 and (E +E)e [l,ﬁ)

But statement 2 is false.

>tan™ x >tan™' y ) o -

4.a. sin”' x=tan™

oo
(5
I
>
(=]

l —x

Therefore, statement 2 is true.

Now,e<nm = >

-
-

By statement 2, we have

sin”™ [%]> tan™’ (:}:} tan ! (_J%)

Therefore, statement 1 is true.

5.d. 30—9me [0, n] is true but it is not principal value of cos™'(cos30) as cos™' (cos30) = cos™'(cos (97
+ (30 =97))) = cos™'(~cos (30 - 97)) = 1~ (30 - 97 ) = 107- 30.
Hence, statement 2 is true but statement 1 is false.

2

=7 -2 tan"'x,x2 |
] +x

6.a. f(x)=sin"[ —

2

= f@=-g =03

Thus statement | is true, statement 2 is true and statement 2 is the correct explanation of statement 1.

7.b. We know that tan™'x and cot™'x have domain R, also tan x and cot x are unbounded functions. On the
other hand; sec x is an unbounded function, but its range is R — (=1, 1), and not R,

8.a. Forx>0,y>0,

tan™! {ﬁ] +lan"[y —x] - )
¥y y +x

1 +x?
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‘?v‘ a=2randb=-3 = sin;'(sin%)=sin'l(sin—

2::)
3.

: Trigonometry

where @=36¢ [0, 3n]
Refer the graph of y = cos™'(cos &), et e [0, 37).

y
A
n
L |
2
a 0 n 2n S| .
yl
' Fig. 4.31
From the graph,
cos "(4x3 ~3x) = cos ~'(cos a)
o, Ofa<n
={2n-0, m<oS2w
la-2r, 2r<a<3m
3cos™ x, 0<3cos™ x<m

={2x-3cos™ x, m<3cos'x<2n

L3cos" x—2m, 2m<3cds™ x<3w

' [3c0s™ X - 0<cos™' x<(m/3)

3cos™ x~2m, (27 /3) <3cos"x£7r

[ 3cos™ x, (1/2)<xs1
={2r-3cos™' x, (~1/2)<x<(1/2)

3cos” ' x-2m, -1€x<-=(1/2)
[3cos™ x-2m, -1€x<(~1/2)

=42 -3cos” x, (~1/2)<x<(1/2)

Jeos™'x,. | (1/2)<x<]

1) 4
Forx e ’:— 1, -EJ , COS "(4x3-3r) =3 cos” 'x 27
= a=-2randb=3=a+bn=nm

11 :
Forxe [—5-2-], cos ~'(4x* - 3x)=27-3 cos™ 'x

=d2m—-3cos x, (m/3) <cos™ x<(27/3)
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.=’-l \B; )
sin —T.-E.

I
Forxe (E’ 1],005"(4x3—3x)=3 cos 'x= a=0andb=3

limbcos (y) = lim3cos(y) =3
y=a y=0

1. a=p;ib=q,s;5¢-ns;d=rs :
a cos™'(4x’—3x)=3 cos”'x
0<cos (4’ -3x)<m
= 0<3cos"'x<m = 0<cos™x<(n/3) = (1/2)€x<])
h sin”'(3x—4x*) =3 sin"'x
(-7/2) < sin”'3x - 4x°) S (72)
= (-n/2)<3sin”'x< (n/2)
= (~1/6) < sin"'x € (1/6)
= (-12)gx2(1/2)
¢ cos”'(@x’ - 3x) =3 sin"'x
0<cos”'Bx~dx)<m
= 0<3sin'x<n
= 0<sin"'x<a/3
= 0<x<(V37)
d sin”'(3x-4x’)=3cos™'x
(~n/2) < sin”' Bx -4x°) S (n2)
= (-n/2)<3cos'x<(n/2)
= (~71/6)<cos 'x < (7/6)
= "0<cos'x <(n/6)
= 0<x<(430)
2. a.-q,nssboqgie—o2ns;d—=p.
2

& (sin”! 2 + (sin”! )= T

2

' = (sin”! y) = 54-

= (sin”

= sin'x=2 E,sin"y=:l:E
2 2

= x=tlandy==I

= x3+y3=—2,0,2

b. (cos™ x)? + (cos™'y)? = 272

= (cos™ x)*= (cos™ y)2 =

= x=y=-|

= x’+y’==2
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?1'4

¢. (sin”x)? (cos™'y)? = 3

2 :
= (sin”' x)*= %— and (cos™'yy’ = n?

= (sinT'x)= :l:% and (cos™'y) =7

= x=zx]landy=-1

= "‘lx"}’|=0,2
d |sin”' x—sin" y|=x

= sinx=-= and sin”' y= L
2 2

n

I T . ol
x= — andsin” y= ——
2 Y=3

orsin”
= x'=1or(=1)'=10r-
3. a=p,q; boaqgiec—>q,ns;d—op,r
Refer the graphs of y = sin™' (sin x), y = cos™'(cos x), y = tan™'(tan x) and y = cot'l(cqt x).
4. aoq;b-osic—=ap;d—or .

. 4 o 4
a sin” —=tan = —
3
2fan”! 1-=tan'[ Z =cot™! i
3 3
and tan™ x +cot™’ x=‘§
- 12 a3 - 63 _ 48+15 -] 63
—_ - —_— = + t —_
b .tan 3 +tan 4-Hr:m 16 7+ tan 30 —36 an 7
-l -1 63
=pg—-tan- — +tan. —=7x
1 i6
= -1 | 2x - A
c. A=1an 2;L_J':am:lﬁ tan (2\5]
ey, tan A —tan B '
oW, a0 —8) 1+ tan Atan B
x3 _2.1‘—2
20-x A3
= x\@ 2x -2
20-x 23
_ 3xA +(2x - A)(x -22)
\E[l(ﬂ.—x) +x(2x—/].)]
I [ 2x2 —2Ax42A% [~ 1 _ .
e 3 5 = — =tan 30
J8 | 2% -24x 404 J3

A-B=30°
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i
y
o 1 &
d tan™ l +2tan 'l =tan”! — + tan"-——:"-— = tan™! l+I,em 'E
3 7 l__1_ 7 4
9
3
_._+_
= tan"! 4 = tan™ = /4
13
74

5. a-sibopic-qidor

a f&x)=sin"! x +cos™ x+cot™' x |

+eot™ x xe [~1,1]

SR

Forxe [-1,1], cot™' xe E.a—n = =+cot™xe 3—7?5—”
4 4 4 4

b. f(x)=cot™' x + tan”' x + cosec”'x

n &
= 5 heosec 'x,wherex € (o0, = 1] U1, o0)

Now cosec™' x € [—g. OJU[O. %] =5 %-i-cosec'ix c [0, E]U[E, 7!':|

c. f(x)=cot™ x+tan" x + cos”'x

r —_ ¥ i n 3n
=—+cos  x,wherexe [-],1] = —+C0§ XE|—,—
2 2 2" 2

d sec” x +cosec” x+sin”! x, wherexe {—1,1)

W ks .
=5 +sin 'x, wherexe{=1,1)

Hence, f(x) e {0, r}.
6. a=q:b>or;c—p,r;d—=q,ns

R —— rwnwmmd -

e . S Y

B et o

— - gl -

rrrrssrde e e at .

3

1
1

T T TSR ey

NN SV T

- [ g S —

- L
i e i,
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Refer graph for solution.

* Trigonometry .

——— - -

-

Fig. 4.33

Integer Type

1.(5) (cot™'x) (tan"'x) + [2 = E) cot™!x - 3tan~'x — 3(2 - £J >0

= cot”'x >0

B e S —

2

= (cot'x=3)(2-cot™'x)>0
= (cot™'x—3) (cot™'x - 2)<0

= 2<cot”'x<3

= cot3 <x < cot2

=> Hence, x € (cot3, cot2)

- L T .

P A o e o b e .

2

=xcot” o+ cot™ b= cot™ '(cot 3)+ cot” '(cot 2)=5

2.(2) Since sin™ is defined for [~ 1, 1]

La=(
o -] -] -1 n
sSx=sin" | +cos” | —tan I=I
= sec’x =2 '
3.(6) Let tan™'w=a=>tan a=u
tan”'v=f=>tan f=v
tan™w = Yy =tany=w: ‘
5 =8 0-(-11 11
tan (@ + B+ p)= —= = s

4.(3)

soatBry=tan”'(1)= 2

1-5, 1-(=10) 11

= 3cosec’(tan™u + tan”'v + tan”'w) = 6

as cot”'x is a decreasing function
g .
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2 a
= x2= xa
X
I+ — |4 —
3
. 2
= 32=3"40rx=0
3+ x 34 x

=9+3x*=9x%+3x* orx=0
= x*=1 = x=0,1 or -1
Therefore, the number of values is equal to 3.

5.(7) fix)= \3cos™ (4x) - & is defined

Poos W2 = =iindn < 2 i
cosTdx2 T =drS 5 =xS g - @
-1 1 S 5

Also, -1 S4x< | =>—Z~SISI s ' (ii)

-1 1
Therefore, from Eqgs. (i) and (ii), we have domain: x € [T’ ‘3‘}

=4da+64b=17

6.(9) 1 +sin(cos™ x)+sin?(cos™ x) + - co=2
1-
= - st S0
1 -sin(cos™ x)

1
=>E=l—sin {cos™ x)

; 1 n
=>sm(cos"x)=5 = cos"x=—6-
V3 = 12} =9

3Y. 3
7.(9) tan™' (I+—J ~ tan™ (X.——) = tan™"
X x

= | o

%)
=
i
+
T TNy
¢
+
= | W
b O
Fo
>
l
= W™
N
=
-
= |

8.(4) f(x)=sin"'x+2tan"'x + (x +2)*-3
Domain of f(x)is [-1, 1].
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Also f{x) is an increasing function in the domain

P fin (X f(-])---+2[4}+1—3——n 2

and g= £, (x)=f(1)= -;£+2 % +9-6 =746

Therefore, the range of / (JE) is [-7—-2, m +6).
Hence, (p +q) = 4.

9.(6) T,= tan™~! (Ll"_.l_) . i %
. 1+ (n+ Dt

= tan-l(n + 1)~ tan—](n)

1 -1
Hence, S =tan (n+1)-tan ]

. _.[ 43

]+(n+l)l] ( n+2]=
n
=02[tan = J-“-‘-O [145)
; 24
= cos™ 22("+l) = cos~ (—]
n“+2n+2 14
o[ 2ntD (Ei}
4 2n+2 145
= 12(n+ 1= 145(n+1) +12=0

= ((n+1)=12)(12(n+ 1)=1)=0

=n+l=12 = n=]l

* of 34
cOs s
145

SR

10. (1) We have g(x)=sin"'(cos x) = %— cos™ (cosx)’

L)
(

0[ NN 2

i
e

_—
- T
k.2

Fig. 4.34
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Both the curves bound the regions of same area

in [T .?.f. ’[Q_xls_rz] and so on
4 4
2

Therefore, the required area = area of shaded square = % =
wa=9%9andb=8=4a-b=1

11.(3) We must havex(x+3)20
=x200r x£-3 G)
Also,—ISx’+3x1+lSl ' | -

=x(x+3)<0 = -3<x<0 S (ii)

aﬂ:z
b

From Egs. (i} and (i1), we get x = {0,— 3}
Hence, required sum is 3. '

12. (1) Given expression is deﬁned- only forx=1and -~ 1
S f)=land i) =(1 +m) (1 +m)= (1 + 7)?
Hence, the least value is 1.

13. (3) cos”'(x) + cos™'(2x) + cos ' (3x) =7
= cos™ (2x) + cos™(3x) = 71— cos™ (x) = cos™ (=x)

= cos™ M [(20)(3%) — |1 - 4x2 |1 -922 ] =cos™(=x)

= 6x° — \/l——tkc2 J] —Ox? =—x

= (6x° +x)* = (1 —-4xH)(1 - 9x%)
=y x? 4 12x7 =1 — 1352

= 120+ 14x* = 1=0
=a=12; b=14;¢c=0
=b-a-c=14-12+1=3

14. (1) tan™'(3x) + tan™' (5x) = tan™' (7x) + tan"(Zx)
= tan”'(3x) — tan"'(2x) = tan™' (7x) — tan™' (5x)

= tan™[ 3X =20 | _ 1 Tx=5x
1+ 6x* I'+ 3522

X 2x
= 146x7 T 143522

=x=0 or 1 +35x* =2+ 125
I

1
=x=00r X= ——= 0or— ——
) J23 J23
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Archives ‘ '. A

Subjective

= S Y
1. cos (2 cos™ x + 5in : x) = cos (cos ’ x+5)

=~ sin (cos"' x)= -sin(sin‘.' }_,\»2) = ..J -x2

Atx—--— value—-—"]——— /_4 _.._

2. LHS. = cos(tan (sin (cot™ x)))
» )
=cos [tan"[sin[sin" l ] ifx>0
\h+x2 J

1)
and cos [tan'l [sin [:r-sin". 1 J ifx <0

\“+X2 J)

2

In each case, L.H.S. = cos{lan_l : ] - c:os[cos'1 Jll +x2‘] = sz -
Y1+ x* 2+4x x*+2

Objective

S

Fill in the blanks

i. @=tn ’a(a+b+c) ’b(a+b+c) ! ’c(a+b+c)
ab

Ja(a+b+c) bla+b+c) _ a*_l-b+c b, a

=l+—+—>1
bc ca c ¢ ¢

\/a(a+b+c) ,b(a+b+c)
+
| be + tan™! cla+b+c)

e \/a(a+b+J [b(a’+b+c) . ab
’a+b+c[\/7 J—}
= ke ’c(a +z+c)

a+b+c
¢

= O=xm+tan”

2. tan(Etan_'l—E)= tan| tan™ ﬂ—;— —tan”' (1)
5 4 1=(1/5)

ﬂ+|an_] g M -+ tanhl M =T = tanﬂzo
d ab ab :



Inverse Trigonometric Functions 4.99

= tan (ta‘n“ (%) ~tan™! (]))
= tan| tan™’ ﬂl-?—);]
1+(5/12)

= tan(tan™' (=7/17)) = =7/17
3. We have,

A=2tan"(2V2-1)
=2tan"'(2x1.414 ~1)
=2tan"' (1.828)>2 tan"' 3=27/3 = A>(2n/3) _ (i)

© Also, B=3sin™'(1/3) +sin™ (3/5) = sin™ [3:-:%-—4)@2%] +sin”" (3/5)

= sin™! [%)+sin" (0.6) = sin”'(0.852) +sin~' (0.6) <sin™ (V3/2)+sin”'(f3/2)=27/3

= B<(Q2n/3) ' (i)
From Egs. (i) and (ii), we conclude 4 > B.

Multiple choice questions with one correct answer

A 3) -t 2)] = A AT L Gray+(213)
1.d. tan(cos (S]Han [3D tan[tan 4+lan 3) lan(?an []_(314))((2,3))]

17 12 17
]=1r/3

] 4 ' ‘ 3 3
3.d. tan|cos™ —=—sin™ -—) =1an ftan™' 7 —tan™' 4] = lan(lan“' (—D=—
( 5V2 17 [ ] 29/)7 29

. ' r_"'z' __ i
4.c. tan” JIx(x+D)] =(w/2)— sin™' J(x* +x+1) = cos™ Va? +x+1 =tan™! J~—2_x_-i
x“+x+l

[__ . - )

= x(x+1) = ——==== = x=0,~] are the only real solutions.

\fx2+x+l,

- 4 .6

b > . £ n

5.b sin”'| x——t—+ |+cosT| A% = m b —m e ==
i 3 2 4

"’l&l

2
2.e. The principal value of sin™ [sin -—3’5] = principal value of sin"(
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5 )‘.4 x6 x2 xS
= X' —t— = f————
2 4 2 4
We have G. P, of infinite terms on both sides.
X x° ) 2x 2x2

- =) —— — 3 2x+x3‘=2r2+x3
- (_i -t 24x  24x%
2) "\ /

o x(@-1)=0 = x=0,1but0<|x|<v2 = x=1

6.a.. For f(x) =\[sin " (2x) + % to be defined and real sin™ 2x + (n/6)20

= sin“1 2x 2 - -g- (i)

But we know that - 71/2 < sin” 2x 712 . (i)
Combining Eqgs. (i) and (ii), we get -

~ /6 <sin”! 2x < 72 .

= sin(-m/6) < <sin (0/2) = -1/2€2x<]

= -1/4<x<12

1 1
Dy =|=—=.=|
J [4'2]

7. d. s'in]:c:ot'l (x + 1)] = sin[sin"

[—

N+ 2x 42

sz + 2x +

L N |

cos (tan" x)=cos {cos'

1 1 1
\/l+x2 ] 4

1 -
Thus, —pees = 1 = .1:?+2Jvr-i~2=l+x2::»x=—l
\/;2+2x+2 Jl+x2 2,
Match the following type
. a=p;b=q;c—p;d—os
sin”!(ax) + cos™ y+ cos™ (bxy) = % ‘ \

= cos” y+ cos"'(b,\j:) = -;i —sin™!(ax) = cos™ (ax)

Let cos™ y = @, cos™ (bxy) = B, cos™(ax) =¥

= y=cos a, bxy=cos f3, ax = cos ¥

Therefore, we get a+ =y . = cos(y-.a) = bxy = COS ycos o+ sin ysin @ = bxy
= (a-b)xy=-sinasiny = (a-b’xH*= sin® asin® y=(1 -cos’ a) (1 - cos’ )
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= (a-bxH = (1= (1~ - - )
. Fora=1,b=0, Eq. (i)reduces to : :
PR=01=-D( )=+ =1

. Fora=l1,b=1,Eq. (i) becomes (| -2 —yz) =0

= (=10 -1)=0

. Fora=1,b=2, Eq. (i) reduces to

=1 =x) (1 -y

= x2+_v2=

. Fora=2,b=2, Eq. (i) reduces to 0 = (1 - 4x?) (1 —3?)
= @x’-1)¢p?-1)=0



