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mportant in the study of waves is the combined effect of two or more waves
traveling in the same medium. For instance, what happens to a string when a
wave traveling along it hits a fixed end and is reflected back on itself ? What is

the air pressure variation at a particular seat in a theater when the instruments of
an orchestra sound together?

When analyzing a linear medium—that is, one in which the restoring force
acting on the particles of the medium is proportional to the displacement of the
particles—we can apply the principle of superposition to determine the resultant
disturbance. In Chapter 16 we discussed this principle as it applies to wave pulses.
In this chapter we study the superposition principle as it applies to sinusoidal
waves. If the sinusoidal waves that combine in a linear medium have the same fre-
quency and wavelength, a stationary pattern—called a standing wave—can be pro-
duced at certain frequencies under certain circumstances. For example, a taut
string fixed at both ends has a discrete set of oscillation patterns, called modes of vi-
bration, that are related to the tension and linear mass density of the string. These
modes of vibration are found in stringed musical instruments. Other musical in-
struments, such as the organ and the flute, make use of the natural frequencies of
sound waves in hollow pipes. Such frequencies are related to the length and shape
of the pipe and depend on whether the pipe is open at both ends or open at one
end and closed at the other.

We also consider the superposition and interference of waves having different
frequencies and wavelengths. When two sound waves having nearly the same fre-
quency interfere, we hear variations in the loudness called beats. The beat fre-
quency corresponds to the rate of alternation between constructive and destruc-
tive interference. Finally, we discuss how any non-sinusoidal periodic wave can be
described as a sum of sine and cosine functions.

SUPERPOSITION AND INTERFERENCE OF
SINUSOIDAL WAVES

Imagine that you are standing in a swimming pool and that a beach ball is floating
a couple of meters away. You use your right hand to send a series of waves toward
the beach ball, causing it to repeatedly move upward by 5 cm, return to its original
position, and then move downward by 5 cm. After the water becomes still, you use
your left hand to send an identical set of waves toward the beach ball and observe
the same behavior. What happens if you use both hands at the same time to send
two waves toward the beach ball? How the beach ball responds to the waves de-
pends on whether the waves work together (that is, both waves make the beach
ball go up at the same time and then down at the same time) or work against each
other (that is, one wave tries to make the beach ball go up, while the other wave
tries to make it go down). Because it is possible to have two or more waves in the
same location at the same time, we have to consider how waves interact with each
other and with their surroundings.

The superposition principle states that when two or more waves move in the
same linear medium, the net displacement of the medium (that is, the resultant
wave) at any point equals the algebraic sum of all the displacements caused by the
individual waves. Let us apply this principle to two sinusoidal waves traveling in the
same direction in a linear medium. If the two waves are traveling to the right and
have the same frequency, wavelength, and amplitude but differ in phase, we can
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18.1 Superposition and Interference of Sinusoidal Waves 547

express their individual wave functions as

where, as usual, and � is the phase constant, which we intro-
duced in the context of simple harmonic motion in Chapter 13. Hence, the resul-
tant wave function y is

To simplify this expression, we use the trigonometric identity

If we let and we find that the resultant wave func-
tion y reduces to

This result has several important features. The resultant wave function y also is sinus-
oidal and has the same frequency and wavelength as the individual waves, since the
sine function incorporates the same values of k and � that appear in the original
wave functions. The amplitude of the resultant wave is 2A cos(�/2), and its phase is
�/2. If the phase constant � equals 0, then cos(�/2) � cos 0 � 1, and the ampli-
tude of the resultant wave is 2A—twice the amplitude of either individual wave. In
this case, in which � � 0, the waves are said to be everywhere in phase and thus in-
terfere constructively. That is, the crests and troughs of the individual waves y1 and
y2 occur at the same positions and combine to form the red curve y of amplitude 2A
shown in Figure 18.1a. Because the individual waves are in phase, they are indistin-
guishable in Figure 18.1a, in which they appear as a single blue curve. In general,
constructive interference occurs when cos This is true, for example,
when 2�, 4�, . . . rad—that is, when � is an even multiple of �.

When � is equal to � rad or to any odd multiple of �, then cos(�/2) �
cos(�/2) � 0, and the crests of one wave occur at the same positions as the
troughs of the second wave (Fig. 18.1b). Thus, the resultant wave has zero ampli-
tude everywhere, as a consequence of destructive interference. Finally, when the
phase constant has an arbitrary value other than 0 or other than an integer multi-
ple of � rad (Fig. 18.1c), the resultant wave has an amplitude whose value is some-
where between 0 and 2A.

Interference of Sound Waves

One simple device for demonstrating interference of sound waves is illustrated in
Figure 18.2. Sound from a loudspeaker S is sent into a tube at point P, where there
is a T-shaped junction. Half of the sound power travels in one direction, and half
travels in the opposite direction. Thus, the sound waves that reach the receiver R
can travel along either of the two paths. The distance along any path from speaker
to receiver is called the path length r. The lower path length r1 is fixed, but the
upper path length r2 can be varied by sliding the U-shaped tube, which is similar to
that on a slide trombone. When the difference in the path lengths 
is either zero or some integer multiple of the wavelength � (that is, where

1, 2, 3, . . .), the two waves reaching the receiver at any instant are in
phase and interfere constructively, as shown in Figure 18.1a. For this case, a maxi-
mum in the sound intensity is detected at the receiver. If the path length r2 is ad-

n � 0,
r � n�,
�r � � r2 � r1 �

� � 0,
(�/2) � 	1.

y � 2A cos� �

2 � sin�kx � �t �
�

2 �

b � kx � �t � �,a � kx � �t

sin a � sin b � 2 cos� a � b
2 � sin� a � b

2 �

y � y1 � y2 � A[sin(kx � �t) � sin(kx � �t � �)]

k � 2�/�, � � 2�f,

y1 � A sin(kx � �t)  y2 � A sin(kx � �t � �)

Destructive interference

Constructive interference

Resultant of two traveling
sinusoidal waves
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justed such that the path difference 3�/2, . . . , n�/2(for n odd), the
two waves are exactly � rad, or 180°, out of phase at the receiver and hence cancel
each other. In this case of destructive interference, no sound is detected at the 
receiver. This simple experiment demonstrates that a phase difference may arise
between two waves generated by the same source when they travel along paths of
unequal lengths. This important phenomenon will be indispensable in our investi-
gation of the interference of light waves in Chapter 37.
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Figure 18.1 The superposition of two identical waves y1 and y2 (blue) to yield a resultant wave
(red). (a) When y1 and y2 are in phase, the result is constructive interference. (b) When y1 and
y2 are � rad out of phase, the result is destructive interference. (c) When the phase angle has a
value other than 0 or � rad, the resultant wave y falls somewhere between the extremes shown in
(a) and (b).
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R
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Figure 18.2 An acoustical system for demon-
strating interference of sound waves. A sound
wave from the speaker (S) propagates into the
tube and splits into two parts at point P. The two
waves, which superimpose at the opposite side,
are detected at the receiver (R). The upper path
length r2 can be varied by sliding the upper sec-
tion.
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It is often useful to express the path difference in terms of the phase angle �
between the two waves. Because a path difference of one wavelength corresponds
to a phase angle of 2� rad, we obtain the ratio or

(18.1)

Using the notion of path difference, we can express our conditions for construc-
tive and destructive interference in a different way. If the path difference is any
even multiple of �/2, then the phase angle where 1, 2, 3, . . . ,
and the interference is constructive. For path differences of odd multiples of �/2,
� � (2n � 1)�, where 1, 2, 3 . . . , and the interference is destructive.
Thus, we have the conditions

and (18.2)

�r � (2n � 1) 
�

2
  for destructive interference 

�r � (2n) 
�

2
   for constructive interference

n � 0,

n � 0,� � 2n�,

�r �
�

2�
 �

�/2� � �r/�,

Two Speakers Driven by the Same SourceEXAMPLE 18.1
these triangles, we find that the path lengths are

and

Hence, the path difference is Because we
require that this path difference be equal to �/2 for the first
minimum, we find that � � 0.26 m.

To obtain the oscillator frequency, we use Equation 16.14,
where v is the speed of sound in air, 343 m/s:

Exercise If the oscillator frequency is adjusted such that
the first location at which a listener hears no sound is at a dis-
tance of 0.75 m from O, what is the new frequency?

Answer 0.63 kHz.

1.3 kHzf �
v
�

�
343 m/s
0.26 m

�

v � �f,

r2 � r1 � 0.13 m.

r2 � √(8.00 m)2 � (1.85 m)2 � 8.21 m

r1 � √(8.00 m)2 � (1.15 m)2 � 8.08 m

A pair of speakers placed 3.00 m apart are driven by the same
oscillator (Fig. 18.3). A listener is originally at point O, which
is located 8.00 m from the center of the line connecting the
two speakers. The listener then walks to point P, which is a
perpendicular distance 0.350 m from O, before reaching the
first minimum in sound intensity. What is the frequency of the
oscillator?

Solution To find the frequency, we need to know the
wavelength of the sound coming from the speakers. With this
information, combined with our knowledge of the speed of
sound, we can calculate the frequency. We can determine the
wavelength from the interference information given. The
first minimum occurs when the two waves reaching the lis-
tener at point P are 180° out of phase—in other words, when
their path difference �r equals �/2. To calculate the path dif-
ference, we must first find the path lengths r1 and r2 . 

Figure 18.3 shows the physical arrangement of the speak-
ers, along with two shaded right triangles that can be drawn
on the basis of the lengths described in the problem. From

8.00 m

r 1

r 2

8.00 m

1.15 m

3.00 m

0.350 m

1.85 m

P

O

Figure 18.3

Relationship between path
difference and phase angle
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You can now understand why the speaker wires in a stereo system should be
connected properly. When connected the wrong way—that is, when the positive
(or red) wire is connected to the negative (or black) terminal—the speakers are
said to be “out of phase” because the sound wave coming from one speaker de-
structively interferes with the wave coming from the other. In this situation, one
speaker cone moves outward while the other moves inward. Along a line midway
between the two, a rarefaction region from one speaker is superposed on a con-
densation region from the other speaker. Although the two sounds probably do
not completely cancel each other (because the left and right stereo signals are
usually not identical), a substantial loss of sound quality still occurs at points along
this line.

STANDING WAVES
The sound waves from the speakers in Example 18.1 left the speakers in the for-
ward direction, and we considered interference at a point in space in front of the
speakers. Suppose that we turn the speakers so that they face each other and then
have them emit sound of the same frequency and amplitude. We now have a situa-
tion in which two identical waves travel in opposite directions in the same
medium. These waves combine in accordance with the superposition principle.

We can analyze such a situation by considering wave functions for two trans-
verse sinusoidal waves having the same amplitude, frequency, and wavelength but
traveling in opposite directions in the same medium:

where y1 represents a wave traveling to the right and y2 represents one traveling to
the left. Adding these two functions gives the resultant wave function y:

When we use the trigonometric identity sin cos sin b, this
expression reduces to

(18.3)

which is the wave function of a standing wave. A standing wave, such as the one
shown in Figure 18.4, is an oscillation pattern with a stationary outline that results
from the superposition of two identical waves traveling in opposite directions.

Notice that Equation 18.3 does not contain a function of Thus, it is
not an expression for a traveling wave. If we observe a standing wave, we have no
sense of motion in the direction of propagation of either of the original waves. If
we compare this equation with Equation 13.3, we see that Equation 18.3 describes
a special kind of simple harmonic motion. Every particle of the medium oscillates
in simple harmonic motion with the same frequency � (according to the cos �t
factor in the equation). However, the amplitude of the simple harmonic motion of
a given particle (given by the factor 2A sin kx, the coefficient of the cosine func-
tion) depends on the location x of the particle in the medium. We need to distin-
guish carefully between the amplitude A of the individual waves and the amplitude
2A sin kx of the simple harmonic motion of the particles of the medium. A given
particle in a standing wave vibrates within the constraints of the envelope function
2A sin kx, where x is the particle’s position in the medium. This is in contrast to
the situation in a traveling sinusoidal wave, in which all particles oscillate with the

kx 	 �t.

y � (2A sin kx) cos �t

b 	 cos a(a 	 b) � sin a

y � y1 � y2 � A sin(kx � �t) � A sin(kx � �t)

y1 � A sin(kx � �t)  y2 � A sin(kx � �t)

18.2

Wave function for a standing wave
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same amplitude and the same frequency and in which the amplitude of the wave is
the same as the amplitude of the simple harmonic motion of the particles.

The maximum displacement of a particle of the medium has a minimum
value of zero when x satisfies the condition sin that is, when

Because these values for kx give

1, 2, 3, . . . (18.4)

These points of zero displacement are called nodes.
The particle with the greatest possible displacement from equilibrium has an

amplitude of 2A, and we define this as the amplitude of the standing wave. The
positions in the medium at which this maximum displacement occurs are called
antinodes. The antinodes are located at positions for which the coordinate x satis-
fies the condition sin that is, when

Thus, the positions of the antinodes are given by

3, 5, . . . (18.5)

In examining Equations 18.4 and 18.5, we note the following important fea-
tures of the locations of nodes and antinodes:

x �
�

4
, 

3�

4
, 

5�

4
, . . . �

n�

4
  n � 1,

kx �
�

2
, 

3�

2
, 

5�

2
, . . .

kx � 	1,

x �
�

2
, �, 

3�

2
, . . . �

n�

2
  n � 0,

k � 2�/� ,

kx � �, 2�, 3�, . . .

kx � 0,

Antinode Antinode

Node

2A sin kx

Node

Figure 18.4 Multiflash photograph of a standing wave on a string. The time behavior of the ver-
tical displacement from equilibrium of an individual particle of the string is given by cos �t. That
is, each particle vibrates at an angular frequency �. The amplitude of the vertical oscillation of any
particle on the string depends on the horizontal position of the particle. Each particle vibrates
within the confines of the envelope function 2A sin kx.

The distance between adjacent antinodes is equal to �/2.
The distance between adjacent nodes is equal to �/2.
The distance between a node and an adjacent antinode is �/4.

Displacement patterns of the particles of the medium produced at various
times by two waves traveling in opposite directions are shown in Figure 18.5. The
blue and green curves are the individual traveling waves, and the red curves are

Position of antinodes

Position of nodes
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the displacement patterns. At (Fig. 18.5a), the two traveling waves are in
phase, giving a displacement pattern in which each particle of the medium is expe-
riencing its maximum displacement from equilibrium. One quarter of a period
later, at (Fig. 18.5b), the traveling waves have moved one quarter of a
wavelength (one to the right and the other to the left). At this time, the traveling
waves are out of phase, and each particle of the medium is passing through the
equilibrium position in its simple harmonic motion. The result is zero displace-
ment for particles at all values of x—that is, the displacement pattern is a straight
line. At (Fig. 18.5c), the traveling waves are again in phase, producing a
displacement pattern that is inverted relative to the pattern. In the standing
wave, the particles of the medium alternate in time between the extremes shown
in Figure 18.5a and c.

Energy in a Standing Wave

It is instructive to describe the energy associated with the particles of a medium in
which a standing wave exists. Consider a standing wave formed on a taut string
fixed at both ends, as shown in Figure 18.6. Except for the nodes, which are always
stationary, all points on the string oscillate vertically with the same frequency but
with different amplitudes of simple harmonic motion. Figure 18.6 represents snap-
shots of the standing wave at various times over one half of a period.

In a traveling wave, energy is transferred along with the wave, as we discussed
in Chapter 16. We can imagine this transfer to be due to work done by one seg-
ment of the string on the next segment. As one segment moves upward, it exerts a
force on the next segment, moving it through a displacement—that is, work is
done. A particle of the string at a node, however, experiences no displacement.
Thus, it cannot do work on the neighboring segment. As a result, no energy is
transmitted along the string across a node, and energy does not propagate in a
standing wave. For this reason, standing waves are often called stationary waves.

The energy of the oscillating string continuously alternates between elastic po-
tential energy, when the string is momentarily stationary (see Fig. 18.6a), and ki-
netic energy, when the string is horizontal and the particles have their maximum
speed (see Fig. 18.6c). At intermediate times (see Fig. 18.6b and d), the string par-
ticles have both potential energy and kinetic energy.

t � 0
t � T/2

t � T/4

t � 0

(a) t = 0

y1

y2

y
N N N N N

AA

(b) t = T/4

y2

y1

y

(c) t = T/2

y1

A A

y2

y
N N N N N

A A

Figure 18.5 Standing-wave patterns produced at various times by two waves of equal amplitude
traveling in opposite directions. For the resultant wave y, the nodes (N) are points of zero dis-
placement, and the antinodes (A) are points of maximum displacement.

Figure 18.6 A standing-wave pat-
tern in a taut string. The five “snap-
shots” were taken at half-cycle in-
tervals. (a) At the string is
momentarily at rest; thus, 
and all the energy is potential en-
ergy U associated with the vertical
displacements of the string parti-
cles. (b) At the string is in
motion, as indicated by the brown
arrows, and the energy is half ki-
netic and half potential. (c) At

the string is moving but
horizontal (undeformed); thus,

and all the energy is kinetic.
(d) The motion continues as indi-
cated. (e) At the string is
again momentarily at rest, but the
crests and troughs of (a) are re-
versed. The cycle continues until
ultimately, when a time interval
equal to T has passed, the configu-
ration shown in (a) is repeated.

t � T/2,

U � 0,

t � T/4,

t � T/8,

K � 0,
t � 0,

NN N
t = 0

(a)

(b) t = T/ 8

t = T/4(c)

t = 3T/ 8(d)

(e) t = T/ 2
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STANDING WAVES IN A STRING
FIXED AT BOTH ENDS

Consider a string of length L fixed at both ends, as shown in Figure 18.7. Standing
waves are set up in the string by a continuous superposition of waves incident on
and reflected from the ends. Note that the ends of the string, because they are
fixed and must necessarily have zero displacement, are nodes by definition. The
string has a number of natural patterns of oscillation, called normal modes, each
of which has a characteristic frequency that is easily calculated.

18.3

A standing wave described by Equation 18.3 is set up on a string. At what points on the
string do the particles move the fastest?

Quick Quiz 18.1

Formation of a Standing WaveEXAMPLE 18.2
and from Equation 18.5 we find that the antinodes are lo-
cated at

3, 5, . . .

(c) What is the amplitude of the simple harmonic motion
of a particle located at an antinode?

Solution According to Equation 18.3, the maximum dis-
placement of a particle at an antinode is the amplitude of the
standing wave, which is twice the amplitude of the individual
traveling waves:

Let us check this result by evaluating the coefficient of our
standing-wave function at the positions we found for the an-
tinodes:

In evaluating this expression, we have used the fact that n is
an odd integer; thus, the sine function is equal to unity.

 � (8.0 cm) sin�n � �

2 � rad� � 8.0 cm

 � (8.0 cm) sin�3.0n � �

6 � rad� 

ymax � (8.0 cm) sin 3.0x �x �n(�/6) 

8.0 cmymax � 2A � 2(4.0 cm) �

n � 1,n � �

6 � cmx � n 
�

4
�

Two waves traveling in opposite directions produce a stand-
ing wave. The individual wave functions 
are

and

where x and y are measured in centimeters. (a) Find the am-
plitude of the simple harmonic motion of the particle of the
medium located at cm.

Solution The standing wave is described by Equation 18.3;
in this problem, we have cm, rad/cm, and 
� � 2.0 rad/s. Thus,

Thus, we obtain the amplitude of the simple harmonic mo-
tion of the particle at the position cm by evaluating
the coefficient of the cosine function at this position:

(b) Find the positions of the nodes and antinodes.

Solution With rad/cm, we see that 
cm. Therefore, from Equation 18.4 we find that the

nodes are located at

1, 2, 3 . . .n � 0,n � �

3 � cmx � n 
�

2
�

2�/3
� �k � 2�/� � 3.0

4.6 cm � (8.0 cm) sin(6.9 rad) �

ymax � (8.0 cm) sin 3.0x �x �2.3 

x � 2.3

y � (2A sin kx) cos �t � [(8.0 cm) sin 3.0x] cos 2.0t

k � 3.0A � 4.0

x � 2.3

y2 � (4.0 cm) sin(3.0x � 2.0t)

y1 � (4.0 cm) sin(3.0x � 2.0t)

y � A sin(kx � �t)

9.9
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In general, the motion of an oscillating string fixed at both ends is described
by the superposition of several normal modes. Exactly which normal modes are
present depends on how the oscillation is started. For example, when a guitar
string is plucked near its middle, the modes shown in Figure 18.7b and d, as well
as other modes not shown, are excited.

In general, we can describe the normal modes of oscillation for the string by im-
posing the requirements that the ends be nodes and that the nodes and antinodes
be separated by one fourth of a wavelength. The first normal mode, shown in Figure
18.7b, has nodes at its ends and one antinode in the middle. This is the longest-
wavelength mode, and this is consistent with our requirements. This first normal
mode occurs when the wavelength �1 is twice the length of the string, that is,

The next normal mode, of wavelength �2 (see Fig. 18.7c), occurs when the
wavelength equals the length of the string, that is, The third normal mode
(see Fig. 18.7d) corresponds to the case in which In general, the wave-
lengths of the various normal modes for a string of length L fixed at both ends are

2, 3, . . . (18.6)

where the index n refers to the nth normal mode of oscillation. These are the pos-
sible modes of oscillation for the string. The actual modes that are excited by a
given pluck of the string are discussed below.

The natural frequencies associated with these modes are obtained from the re-
lationship where the wave speed v is the same for all frequencies. Using
Equation 18.6, we find that the natural frequencies fn of the normal modes are

(18.7)

Because (see Eq. 16.4), where T is the tension in the string and 
 is its
linear mass density, we can also express the natural frequencies of a taut string as

(18.8)fn �
n

2L
 √ T



  n � 1, 2, 3, . . .

v � √T/


fn �
v
�n

� n 
v

2L
  n � 1, 2, 3, . . .

f � v/�,

�n �
2L
n

  n � 1,

�3 � 2L/3.
�2 � L.

�1 � 2L.

Frequencies of normal modes as
functions of wave speed and
length of string

Wavelengths of normal modes

Frequencies of normal modes as
functions of string tension and
linear mass density

L

(a) (c)

(b) (d)

n = 2

n = 3

L = λ2

L = – λ3
3
2

n = 1 L = – λ1
1
2

f1 f3

f2

N

A

N

λ

λλ

Figure 18.7 (a) A string of length L fixed at both ends. The normal modes of vibration form a
harmonic series: (b) the fundamental, or first harmonic; (c) the second harmonic; 
(d) the third harmonic.
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The lowest frequency f1 , which corresponds to is called either the funda-
mental or the fundamental frequency and is given by

(18.9)

The frequencies of the remaining normal modes are integer multiples of the
fundamental frequency. Frequencies of normal modes that exhibit an integer-
multiple relationship such as this form a harmonic series, and the normal modes
are called harmonics. The fundamental frequency f 1 is the frequency of the first
harmonic; the frequency is the frequency of the second harmonic; and
the frequency is the frequency of the nth harmonic. Other oscillating sys-
tems, such as a drumhead, exhibit normal modes, but the frequencies are not re-
lated as integer multiples of a fundamental. Thus, we do not use the term harmonic
in association with these types of systems.

In obtaining Equation 18.6, we used a technique based on the separation dis-
tance between nodes and antinodes. We can obtain this equation in an alternative
manner. Because we require that the string be fixed at and the wave
function y(x, t) given by Equation 18.3 must be zero at these points for all times.
That is, the boundary conditions require that and that for all
values of t. Because the standing wave is described by the
first boundary condition, is automatically satisfied because sin 
at To meet the second boundary condition, we require that 
sin This condition is satisfied when the angle kL equals an integer multiple
of � rad. Therefore, the allowed values of k are given by1

2, 3, . . . (18.10)

Because we find that

which is identical to Equation 18.6.
Let us now examine how these various harmonics are created in a string. If we

wish to excite just a single harmonic, we need to distort the string in such a way
that its distorted shape corresponded to that of the desired harmonic. After being
released, the string vibrates at the frequency of that harmonic. This maneuver is
difficult to perform, however, and it is not how we excite a string of a musical in-

� 2�

�n
�L � n�  or  �n �

2L
n

kn � 2�/�n ,

knL � n�  n � 1,

kL � 0.
y(L, t) � 0,x � 0.

kx � 0y(0, t) � 0,
y � (2A sin kx) cos �t,

y(L, t) � 0y(0, t) � 0

x � L,x � 0

fn � nf1

f2 � 2f1

f1 �
1

2L
 √ T




n � 1,

Fundamental frequency of a taut
string

Multiflash photographs of standing-wave patterns in a cord driven by a vibrator at its left end.
The single-loop pattern represents the first normal mode The double-loop pattern rep-
resents the second normal mode and the triple-loop pattern represents the third nor-
mal mode (n � 3).

(n � 2),
(n � 1).

1 We exclude because this value corresponds to the trivial case in which no wave exists (k � 0).n � 0

QuickLab
Compare the sounds of a guitar string
plucked first near its center and then
near one of its ends. More of the
higher harmonics are present in the
second situation. Can you hear the
difference?
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strument. If the string is distorted such that its distorted shape is not that of just
one harmonic, the resulting vibration includes various harmonics. Such a distor-
tion occurs in musical instruments when the string is plucked (as in a guitar),
bowed (as in a cello), or struck (as in a piano). When the string is distorted into a
non-sinusoidal shape, only waves that satisfy the boundary conditions can persist
on the string. These are the harmonics.

The frequency of a stringed instrument can be varied by changing either the
tension or the string’s length. For example, the tension in guitar and violin strings
is varied by a screw adjustment mechanism or by tuning pegs located on the neck
of the instrument. As the tension is increased, the frequency of the normal modes
increases in accordance with Equation 18.8. Once the instrument is “tuned,” play-
ers vary the frequency by moving their fingers along the neck, thereby changing
the length of the oscillating portion of the string. As the length is shortened, the
frequency increases because, as Equation 18.8 specifies, the normal-mode frequen-
cies are inversely proportional to string length.

Give Me a C Note!EXAMPLE 18.3
Setting up the ratio of these frequencies, we find that

(c) With respect to a real piano, the assumption we made
in (b) is only partially true. The string densities are equal, but
the length of the A string is only 64 percent of the length of
the C string. What is the ratio of their tensions?

Solution Using Equation 18.8 again, we set up the ratio of
frequencies:

1.16 
TA

TC
� (0.64)2� 440

262 �
2

�

f1A

f1C
�

LC

LA
 √ TA

TC
� � 100

64 � √ TA

TC

2.82
TA

TC
� � f1A

f1C
�

2
� � 440

262 �
2

�

f1A

f1C
� √ TA

TC
 

Middle C on a piano has a fundamental frequency of 262 Hz,
and the first A above middle C has a fundamental frequency
of 440 Hz. (a) Calculate the frequencies of the next two har-
monics of the C string.

Solution Knowing that the frequencies of higher harmon-
ics are integer multiples of the fundamental frequency

Hz, we find that

(b) If the A and C strings have the same linear mass den-
sity 
 and length L, determine the ratio of tensions in the two
strings.

Solution Using Equation 18.8 for the two strings vibrating
at their fundamental frequencies gives

f1A �
1

2L
 √ TA



  and  f1C �

1
2L

 √ TC




786 Hzf3 � 3f1 �

524 Hzf2 � 2f1 �

f1 � 262

Guitar BasicsEXAMPLE 18.4
speed of the wave on the string,

Because we have not adjusted the tuning peg, the tension in
the string, and hence the wave speed, remain constant. We
can again use Equation 18.7, this time solving for L and sub-

v �
2L
n

 fn �
2(0.640 m)

1
 (330 Hz) � 422 m/s

The high E string on a guitar measures 64.0 cm in length and
has a fundamental frequency of 330 Hz. By pressing down on
it at the first fret (Fig. 18.8), the string is shortened so that it
plays an F note that has a frequency of 350 Hz. How far is the
fret from the neck end of the string?

Solution Equation 18.7 relates the string’s length to the
fundamental frequency. With we can solve for then � 1,
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Figure 18.8 Playing an F note on a guitar. (Charles D. Winters)

Figure 18.9 Graph of the ampli-
tude (response) versus driving fre-
quency for an oscillating system.
The amplitude is a maximum at
the resonance frequency f0 . Note
that the curve is not symmetric.

stituting the new frequency to find the shortened string
length:

The difference between this length and the measured length
of 64.0 cm is the distance from the fret to the neck end of the 

string, or 3.70 cm.

L � n 
v

2fn
� (1)

422 m/s
2(350 Hz)

� 0.603 m

RESONANCE
We have seen that a system such as a taut string is capable of oscillating in one or
more normal modes of oscillation. If a periodic force is applied to such a sys-
tem, the amplitude of the resulting motion is greater than normal when the
frequency of the applied force is equal to or nearly equal to one of the nat-
ural frequencies of the system. We discussed this phenomenon, known as reso-
nance, briefly in Section 13.7. Although a block–spring system or a simple pendu-
lum has only one natural frequency, standing-wave systems can have a whole set of
natural frequencies. Because an oscillating system exhibits a large amplitude when
driven at any of its natural frequencies, these frequencies are often referred to as
resonance frequencies.

Figure 18.9 shows the response of an oscillating system to various driving fre-
quencies, where one of the resonance frequencies of the system is denoted by f0 .
Note that the amplitude of oscillation of the system is greatest when the frequency
of the driving force equals the resonance frequency. The maximum amplitude is
limited by friction in the system. If a driving force begins to work on an oscillating
system initially at rest, the input energy is used both to increase the amplitude of
the oscillation and to overcome the frictional force. Once maximum amplitude is
reached, the work done by the driving force is used only to overcome friction.

A system is said to be weakly damped when the amount of friction to be over-
come is small. Such a system has a large amplitude of motion when driven at one
of its resonance frequencies, and the oscillations persist for a long time after the
driving force is removed. A system in which considerable friction must be over-
come is said to be strongly damped. For a given driving force applied at a resonance
frequency, the maximum amplitude attained by a strongly damped oscillator is
smaller than that attained by a comparable weakly damped oscillator. Once the
driving force in a strongly damped oscillator is removed, the amplitude decreases
rapidly with time.

Examples of Resonance

A playground swing is a pendulum having a natural frequency that depends on its
length. Whenever we use a series of regular impulses to push a child in a swing,
the swing goes higher if the frequency of the periodic force equals the natural fre-

18.4

A
m

pl
it

ud
e

f0
Frequency of driving force

9.9
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quency of the swing. We can demonstrate a similar effect by suspending pendu-
lums of different lengths from a horizontal support, as shown in Figure 18.10. If
pendulum A is set into oscillation, the other pendulums begin to oscillate as a re-
sult of the longitudinal waves transmitted along the beam. However, pendulum C,
the length of which is close to the length of A, oscillates with a much greater am-
plitude than pendulums B and D, the lengths of which are much different from
that of pendulum A. Pendulum C moves the way it does because its natural fre-
quency is nearly the same as the driving frequency associated with pendulum A.

Next, consider a taut string fixed at one end and connected at the opposite
end to an oscillating blade, as illustrated in Figure 18.11. The fixed end is a node,
and the end connected to the blade is very nearly a node because the amplitude of
the blade’s motion is small compared with that of the string. As the blade oscil-
lates, transverse waves sent down the string are reflected from the fixed end. As we
learned in Section 18.3, the string has natural frequencies that are determined by
its length, tension, and linear mass density (see Eq. 18.8). When the frequency of
the blade equals one of the natural frequencies of the string, standing waves are
produced and the string oscillates with a large amplitude. In this resonance case,
the wave generated by the oscillating blade is in phase with the reflected wave, and
the string absorbs energy from the blade. If the string is driven at a frequency that
is not one of its natural frequencies, then the oscillations are of low amplitude and
exhibit no stable pattern.

Once the amplitude of the standing-wave oscillations is a maximum, the me-
chanical energy delivered by the blade and absorbed by the system is lost because
of the damping forces caused by friction in the system. If the applied frequency
differs from one of the natural frequencies, energy is transferred to the string at
first, but later the phase of the wave becomes such that it forces the blade to re-
ceive energy from the string, thereby reducing the energy in the string.

Some singers can shatter a wine glass by maintaining a certain frequency of their voice for
several seconds. Figure 18.12a shows a side view of a wine glass vibrating because of a sound
wave. Sketch the standing-wave pattern in the rim of the glass as seen from above. If an inte-

Quick Quiz 18.2

Figure 18.10 An example of res-
onance. If pendulum A is set into
oscillation, only pendulum C,
whose length matches that of A,
eventually oscillates with large am-
plitude, or resonates. The arrows
indicate motion perpendicular to
the page.

A

B

C

D

Vibrating
blade

Figure 18.11 Standing waves are
set up in a string when one end is
connected to a vibrating blade.
When the blade vibrates at one of
the natural frequencies of the
string, large-amplitude standing
waves are created.

Figure 18.12 (a) Standing-wave pattern in a vibrating wine glass. The glass shatters if the ampli-
tude of vibration becomes too great.
(b) A wine glass shattered by the amplified sound of a human voice.

(a) (b)
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gral number of waves “fit” around the circumference of the vibrating rim, how many wave-
lengths fit around the rim in Figure 18.12a?

“Rumble strips” (Fig. 18.13) are sometimes placed across a road to warn drivers that they
are approaching a stop sign, or laid along the sides of the road to alert drivers when they
are drifting out of their lane. Why are these sets of small bumps so effective at getting a dri-
ver’s attention?

Quick Quiz 18.3

QuickLab
Snip off pieces at one end of a drink-
ing straw so that the end tapers to a
point. Chew on this end to flatten it,
and you’ll have created a double-reed
instrument! Put your lips around the
tapered end, press them tightly to-
gether, and blow through the straw.
When you hear a steady tone, slowly
snip off pieces of the straw from the
other end. Be careful to maintain a
constant pressure with your lips. How
does the frequency change as the
straw is shortened?

9.9

STANDING WAVES IN AIR COLUMNS
Standing waves can be set up in a tube of air, such as that in an organ pipe, as the
result of interference between longitudinal sound waves traveling in opposite di-
rections. The phase relationship between the incident wave and the wave reflected
from one end of the pipe depends on whether that end is open or closed. This re-
lationship is analogous to the phase relationships between incident and reflected
transverse waves at the end of a string when the end is either fixed or free to move
(see Figs. 16.13 and 16.14).

In a pipe closed at one end, the closed end is a displacement node be-
cause the wall at this end does not allow longitudinal motion of the air mol-
ecules. As a result, at a closed end of a pipe, the reflected sound wave is 180° out
of phase with the incident wave. Furthermore, because the pressure wave is 90° out
of phase with the displacement wave (see Section 17.2), the closed end of an air
column corresponds to a pressure antinode (that is, a point of maximum pres-
sure variation).

The open end of an air column is approximately a displacement anti-
node2 and a pressure node. We can understand why no pressure variation occurs
at an open end by noting that the end of the air column is open to the atmos-
phere; thus, the pressure at this end must remain constant at atmospheric pres-
sure.

18.5

Figure 18.13 Rumble strips along the side of a highway.

2 Strictly speaking, the open end of an air column is not exactly a displacement antinode. A condensa-
tion reaching an open end does not reflect until it passes beyond the end. For a thin-walled tube of 
circular cross section, this end correction is approximately 0.6R , where R is the tube’s radius. Hence,
the effective length of the tube is longer than the true length L. We ignore this end correction in this
discussion.
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You may wonder how a sound wave can reflect from an open end, since there
may not appear to be a change in the medium at this point. It is indeed true that
the medium through which the sound wave moves is air both inside and outside
the pipe. Remember that sound is a pressure wave, however, and a compression re-
gion of the sound wave is constrained by the sides of the pipe as long as 
the region is inside the pipe. As the compression region exits at the open end 
of the pipe, the constraint is removed and the compressed air is free to expand
into the atmosphere. Thus, there is a change in the character of the medium be-
tween the inside of the pipe and the outside even though there is no change in
the material of the medium. This change in character is sufficient to allow some re-
flection.

The first three normal modes of oscillation of a pipe open at both ends are
shown in Figure 18.14a. When air is directed against an edge at the left, longitudi-
nal standing waves are formed, and the pipe resonates at its natural frequencies.
All normal modes are excited simultaneously (although not with the same ampli-
tude). Note that both ends are displacement antinodes (approximately). In the
first normal mode, the standing wave extends between two adjacent antinodes,

L

λ1 = 2L

f1 = — = —v
λ1

v
2L

λ2 = L

f2 = — = 2f1
v
L

λ3 = — L

f3 = — = 3f1
3v
2L

2
3

(a) Open at both ends

λ1 = 4L

f1 = — = —v
λ1

v
4L

λ3 = — L

f3 = — = 3f1
3v
4L

λ5 = — L

f5 = — = 5f1
5v
4L

4
5

4
3

First harmonic

Second harmonic

Third harmonic

First harmonic

Third harmonic

Fifth harmonic

(b) Closed at one end, open at the other
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Figure 18.14 Motion of air molecules in standing longitudinal waves in a pipe, along with
schematic representations of the waves. The graphs represent the displacement amplitudes, not
the pressure amplitudes. (a) In a pipe open at both ends, the harmonic series created consists of
all integer multiples of the fundamental frequency: f1 , 2f1 , 3f1 , . . . . (b) In a pipe closed at
one end and open at the other, the harmonic series created consists of only odd-integer multi-
ples of the fundamental frequency: f1 , 3f1 , 5f1 , . . . .



Because all harmonics are present, and because the fundamental frequency is
given by the same expression as that for a string (see Eq. 18.7), we can express the
natural frequencies of oscillation as

2, 3 . . . (18.11)

Despite the similarity between Equations 18.7 and 18.11, we must remember that v
in Equation 18.7 is the speed of waves on the string, whereas v in Equation 18.11 is
the speed of sound in air.

If a pipe is closed at one end and open at the other, the closed end is a dis-
placement node (see Fig. 18.14b). In this case, the standing wave for the funda-
mental mode extends from an antinode to the adjacent node, which is one fourth
of a wavelength. Hence, the wavelength for the first normal mode is 4L, and the
fundamental frequency is As Figure 18.14b shows, the higher-frequency
waves that satisfy our conditions are those that have a node at the closed end and
an antinode at the open end; this means that the higher harmonics have frequen-
cies  3f1 , 5f1 , . . . :

f1 � v/4L.

  n � 1,fn � n 
v

2L
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We express this result mathematically as

3, 5, . . . (18.12)

It is interesting to investigate what happens to the frequencies of instruments
based on air columns and strings during a concert as the temperature rises. The
sound emitted by a flute, for example, becomes sharp (increases in frequency) as
it warms up because the speed of sound increases in the increasingly warmer air
inside the flute (consider Eq. 18.11). The sound produced by a violin becomes flat
(decreases in frequency) as the strings expand thermally because the expansion
causes their tension to decrease (see Eq. 18.8).

A pipe open at both ends resonates at a fundamental frequency fopen . When one end is cov-
ered and the pipe is again made to resonate, the fundamental frequency is fclosed . Which 
of the following expressions describes how these two resonant frequencies compare? 
(a) (b) (c) (d) fclosed � 3

2 fopenfclosed � 2fopenfclosed � 1
2 fopenfclosed � fopen

Quick Quiz 18.4

  n � 1,fn � n 
v

4L

in a pipe open at both ends, the natural frequencies of oscillation form a har-
monic series that includes all integral multiples of the fundamental frequency.

In a pipe closed at one end and open at the other, the natural frequencies of os-
cillation form a harmonic series that includes only odd integer multiples of the
fundamental frequency.

Natural frequencies of a pipe
closed at one end and open at the
other

Natural frequencies of a pipe open
at both ends

QuickLab
Blow across the top of an empty soda-
pop bottle. From a measurement of
the height of the bottle, estimate the
frequency of the sound you hear.
Note that the cross-sectional area of
the bottle is not constant; thus, this is
not a perfect model of a cylindrical
air column.

which is a distance of half a wavelength. Thus, the wavelength is twice the length
of the pipe, and the fundamental frequency is As Figure 18.14a shows,
the frequencies of the higher harmonics are 2f1 , 3f1 , . . . . Thus, we can say that

f1 � v/2L.
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Measuring the Frequency of a Tuning ForkEXAMPLE 18.6
of the tuning fork is constant, the next two normal modes 
(see Fig. 18.15b) correspond to lengths of 

and 0.450 m.L � 5�/4 �0.270 m

L � 3�/4 �
A simple apparatus for demonstrating resonance in an air
column is depicted in Figure 18.15. A vertical pipe open at
both ends is partially submerged in water, and a tuning fork
vibrating at an unknown frequency is placed near the top of
the pipe. The length L of the air column can be adjusted by
moving the pipe vertically. The sound waves generated by the
fork are reinforced when L corresponds to one of the reso-
nance frequencies of the pipe.

For a certain tube, the smallest value of L for which a peak
occurs in the sound intensity is 9.00 cm. What are (a) the fre-
quency of the tuning fork and (b) the value of L for the next
two resonance frequencies?

Solution (a) Although the pipe is open at its lower end to
allow the water to enter, the water’s surface acts like a wall at
one end. Therefore, this setup represents a pipe closed at
one end, and so the fundamental frequency is 
Taking m/s for the speed of sound in air and

we obtain

Because the tuning fork causes the air column to resonate at
this frequency, this must be the frequency of the tuning fork.

(b) Because the pipe is closed at one end, we know from
Figure 18.14b that the wavelength of the fundamental mode
is Because the frequency� � 4L � 4(0.090 0 m) � 0.360 m.

953 Hzf1 �
v

4L
�

343 m/s
4(0.090 0 m)

�

L � 0.090 0 m,
v � 343

f1 � v/4L.

Wind in a CulvertEXAMPLE 18.5
In this case, only odd harmonics are present; hence, the next 

two harmonics have frequencies and 

(c) For the culvert open at both ends, how many of the
harmonics present fall within the normal human hearing
range (20 to 17 000 Hz)?

Solution Because all harmonics are present, we can ex-
press the frequency of the highest harmonic heard as 

where n is the number of harmonics that we can hear.
For Hz, we find that the number of harmonics
present in the audible range is

Only the first few harmonics are of sufficient amplitude to be
heard.

122n �
17 000 Hz

139 Hz
�

fn � 17 000
nf1 ,

fn �

349 Hz.f5 � 5f1 �

209 Hzf3 � 3f1 �

A section of drainage culvert 1.23 m in length makes a howl-
ing noise when the wind blows. (a) Determine the frequen-
cies of the first three harmonics of the culvert if it is open at
both ends. Take m/s as the speed of sound in air.

Solution The frequency of the first harmonic of a pipe
open at both ends is

Because both ends are open, all harmonics are present; thus, 

and 

(b) What are the three lowest natural frequencies of the
culvert if it is blocked at one end?

Solution The fundamental frequency of a pipe closed at
one end is

69.7 Hzf1 �
v

4L
�

343 m/s
4(1.23 m)

�

417 Hz.f3 � 3f1 �278 Hzf2 � 2f1 �

139 Hzf1 �
v

2L
�

343 m/s
2(1.23 m)

�

v � 343

L

Water

f = ?

First
resonance

Second
resonance

(third
harmonic) Third

resonance
(fifth

harmonic)

(b)

(a)

λ/4 3λ/4

5λ/4

λ λ

λ

Figure 18.15 (a) Apparatus for demonstrating the resonance of
sound waves in a tube closed at one end. The length L of the air col-
umn is varied by moving the tube vertically while it is partially sub-
merged in water. (b) The first three normal modes of the system
shown in part (a).
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Optional Section

STANDING WAVES IN RODS AND PLATES
Standing waves can also be set up in rods and plates. A rod clamped in the middle
and stroked at one end oscillates, as depicted in Figure 18.16a. The oscillations of
the particles of the rod are longitudinal, and so the broken lines in Figure 18.16
represent longitudinal displacements of various parts of the rod. For clarity, we have
drawn them in the transverse direction, just as we did for air columns. The mid-
point is a displacement node because it is fixed by the clamp, whereas the ends are
displacement antinodes because they are free to oscillate. The oscillations in this
setup are analogous to those in a pipe open at both ends. The broken lines in Fig-
ure 18.16a represent the first normal mode, for which the wavelength is 2L and
the frequency is where v is the speed of longitudinal waves in the rod.
Other normal modes may be excited by clamping the rod at different points. For
example, the second normal mode (Fig. 18.16b) is excited by clamping the rod a
distance L/4 away from one end.

Two-dimensional oscillations can be set up in a flexible membrane stretched
over a circular hoop, such as that in a drumhead. As the membrane is struck at
some point, wave pulses that arrive at the fixed boundary are reflected many times.
The resulting sound is not harmonic because the oscillating drumhead and the
drum’s hollow interior together produce a set of standing waves having frequen-
cies that are not related by integer multiples. Without this relationship, the sound
may be more correctly described as noise than as music. This is in contrast to the
situation in wind and stringed instruments, which produce sounds that we de-
scribe as musical.

Some possible normal modes of oscillation for a two-dimensional circular
membrane are shown in Figure 18.17. The lowest normal mode, which has a fre-
quency f1, contains only one nodal curve; this curve runs around the outer edge of
the membrane. The other possible normal modes show additional nodal curves
that are circles and straight lines across the diameter of the membrane.

f � v/2L,

18.6

NA N A

λ1 = 2L

(a)

L

A A

(b)

L
4
–

A N

λ2 = L

f2 = – = 2f1
v
L

f1 = – = –v
λ1

v
2L

λ

λ

λ

Figure 18.16 Normal-mode longitudinal vibrations of a rod of length L (a) clamped at the
middle to produce the first normal mode and (b) clamped at a distance L/4 from one end to
produce the second normal mode. Note that the dashed lines represent amplitudes parallel to
the rod (longitudinal waves).

The sound from a tuning fork is
produced by the vibrations of each
of its prongs.

Wind chimes are usually de-
signed so that the waves emanat-
ing from the vibrating rods
blend into a harmonious sound.



564 C H A P T E R  1 8 Superposition and Standing Waves

BEATS: INTERFERENCE IN TIME
The interference phenomena with which we have been dealing so far involve the
superposition of two or more waves having the same frequency. Because the resul-
tant wave depends on the coordinates of the disturbed medium, we refer to the
phenomenon as spatial interference. Standing waves in strings and pipes are com-
mon examples of spatial interference.

We now consider another type of interference, one that results from the su-
perposition of two waves having slightly different frequencies. In this case, when the
two waves are observed at the point of superposition, they are periodically in and
out of phase. That is, there is a temporal (time) alternation between constructive
and destructive interference. Thus, we refer to this phenomenon as interference in
time or temporal interference. For example, if two tuning forks of slightly different fre-
quencies are struck, one hears a sound of periodically varying intensity. This phe-
nomenon is called beating:

18.7

Beating is the periodic variation in intensity at a given point due to the superpo-
sition of two waves having slightly different frequencies.

Definition of beating

f1

2.295 f1

3.599 f1 4.230 f1

2.917 f1

1.593 f1

Figure 18.17 Representation of some of the normal modes possible in a circular membrane
fixed at its perimeter. The frequencies of oscillation do not form a harmonic series.
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The number of intensity maxima one hears per second, or the beat frequency, equals
the difference in frequency between the two sources, as we shall show below. The
maximum beat frequency that the human ear can detect is about 20 beats/s.
When the beat frequency exceeds this value, the beats blend indistinguishably with
the compound sounds producing them.

A piano tuner can use beats to tune a stringed instrument by “beating” a note
against a reference tone of known frequency. The tuner can then adjust the string
tension until the frequency of the sound it emits equals the frequency of the refer-
ence tone. The tuner does this by tightening or loosening the string until the beats
produced by it and the reference source become too infrequent to notice.

Consider two sound waves of equal amplitude traveling through a medium
with slightly different frequencies f1 and f2 . We use equations similar to Equation
16.11 to represent the wave functions for these two waves at a point that we choose
as 

Using the superposition principle, we find that the resultant wave function at this
point is

The trigonometric identity

allows us to write this expression in the form

(18.13)

Graphs of the individual waves and the resultant wave are shown in Figure 18.18.
From the factors in Equation 18.13, we see that the resultant sound for a listener
standing at any given point has an effective frequency equal to the average
frequency and an amplitude given by the expression in the square( f1 � f2)/2

y � �2 A cos 2�� f1 � f2

2 �t� cos 2�� f1 � f2

2 �t

cos a � cos b � 2 cos� a � b
2 � cos� a � b

2 �

y � y1 � y2 � A(cos 2�f1t � cos 2�f2t)

y2 � A cos �2t � A cos 2�f2t

y1 � A cos �1t � A cos 2�f1t

x � 0:

Resultant of two waves of different
frequencies but equal amplitude

y

(a)

(b)

y

t

t

Figure 18.18 Beats are formed by the combination of two waves of slightly different frequen-
cies. (a) The individual waves. (b) The combined wave has an amplitude (broken line) that oscil-
lates in time.



566 C H A P T E R  1 8 Superposition and Standing Waves

brackets:

(18.14)

That is, the amplitude and therefore the intensity of the resultant sound vary
in time. The broken blue line in Figure 18.18b is a graphical representation of
Equation 18.14 and is a sine wave varying with frequency 

Note that a maximum in the amplitude of the resultant sound wave is detected
whenever

This means there are two maxima in each period of the resultant wave. Because
the amplitude varies with frequency as the number of beats per sec-
ond, or the beat frequency fb , is twice this value. That is,

(18.15)

For instance, if one tuning fork vibrates at 438 Hz and a second one vibrates at
442 Hz, the resultant sound wave of the combination has a frequency of 440 Hz
(the musical note A) and a beat frequency of 4 Hz. A listener would hear a
440-Hz sound wave go through an intensity maximum four times every second.

Optional Section

NON-SINUSOIDAL WAVE PATTERNS
The sound-wave patterns produced by the majority of musical instruments are
non-sinusoidal. Characteristic patterns produced by a tuning fork, a flute, and a
clarinet, each playing the same note, are shown in Figure 18.19. Each instrument
has its own characteristic pattern. Note, however, that despite the differences in
the patterns, each pattern is periodic. This point is important for our analysis of
these waves, which we now discuss.

We can distinguish the sounds coming from a trumpet and a saxophone even
when they are both playing the same note. On the other hand, we may have diffi-
culty distinguishing a note played on a clarinet from the same note played on an
oboe. We can use the pattern of the sound waves from various sources to explain
these effects.

The wave patterns produced by a musical instrument are the result of the su-
perposition of various harmonics. This superposition results in the corresponding
richness of musical tones. The human perceptive response associated with various
mixtures of harmonics is the quality or timbre of the sound. For instance, the sound
of the trumpet is perceived to have a “brassy” quality (that is, we have learned to
associate the adjective brassy with that sound); this quality enables us to distinguish
the sound of the trumpet from that of the saxophone, whose quality is perceived
as “reedy.” The clarinet and oboe, however, are both straight air columns excited
by reeds; because of this similarity, it is more difficult for the ear to distinguish
them on the basis of their sound quality.

The problem of analyzing non-sinusoidal wave patterns appears at first sight to
be a formidable task. However, if the wave pattern is periodic, it can be repre-
sented as closely as desired by the combination of a sufficiently large number of si-

18.8

fb � � f1 � f2 �

( f1 � f2)/2,

cos 2�� f1 � f2

2 �t � 	1

( f1 � f2)/2.

Aresultant � 2A cos 2�� f1 � f2

2 �t

9.6

Beat frequency

Tuning fork

Flute

Clarinet

(a)

(b)

(c)

t

t

t

Figure 18.19 Sound wave pat-
terns produced by (a) a tuning fork,
(b) a flute, and (c) a clarinet, each
at approximately the same fre-
quency.
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nusoidal waves that form a harmonic series. In fact, we can represent any periodic
function as a series of sine and cosine terms by using a mathematical technique
based on Fourier’s theorem.3 The corresponding sum of terms that represents
the periodic wave pattern is called a Fourier series.

Let y(t) be any function that is periodic in time with period T, such that 
y(t � T ) � y(t). Fourier’s theorem states that this function can be written as

(18.16)

where the lowest frequency is The higher frequencies are integer multi-
ples of the fundamental, and the coefficients An and Bn represent the
amplitudes of the various waves. Figure 18.20 represents a harmonic analysis of the
wave patterns shown in Figure 18.19. Note that a struck tuning fork produces only
one harmonic (the first), whereas the flute and clarinet produce the first and
many higher ones.

Note the variation in relative intensity of the various harmonics for the flute
and the clarinet. In general, any musical sound consists of a fundamental fre-
quency f plus other frequencies that are integer multiples of f , all having different
intensities.

We have discussed the analysis of a wave pattern using Fourier’s theorem. The
analysis involves determining the coefficients of the harmonics in Equation 18.16
from a knowledge of the wave pattern. The reverse process, called Fourier synthesis,
can also be performed. In this process, the various harmonics are added together
to form a resultant wave pattern. As an example of Fourier synthesis, consider the
building of a square wave, as shown in Figure 18.21. The symmetry of the square
wave results in only odd multiples of the fundamental frequency combining in its
synthesis. In Figure 18.21a, the orange curve shows the combination of f and 3f. In
Figure 18.21b, we have added 5f to the combination and obtained the green
curve. Notice how the general shape of the square wave is approximated, even
though the upper and lower portions are not flat as they should be.

fn � nf1 ,
f1 � 1/T.

y(t) � �
n

(An sin 2�fnt � Bn cos 2�fnt)

3 Developed by Jean Baptiste Joseph Fourier (1786–1830).

Fourier’s theorem
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Figure 18.20 Harmonics of the wave patterns shown in Figure 18.19. Note the variations in in-
tensity of the various harmonics.
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Figure 18.21c shows the result of adding odd frequencies up to 9f. This approx-
imation to the square wave (purple curve) is better than the approximations in
parts a and b. To approximate the square wave as closely as possible, we would need
to add all odd multiples of the fundamental frequency, up to infinite frequency.

Using modern technology, we can generate musical sounds electronically by
mixing different amplitudes of any number of harmonics. These widely used elec-
tronic music synthesizers are capable of producing an infinite variety of musical
tones.

SUMMARY

When two traveling waves having equal amplitudes and frequencies superimpose,
the resultant wave has an amplitude that depends on the phase angle � between

(c)

f + 3f + 5f + 7f + 9f

Square wave
f + 3f + 5f + 7f + 9f + ...

(b)

f + 3f + 5f

5f

f

3f

(a)

f
f + 3f

3f

Figure 18.21 Fourier synthesis of a square wave, which is represented by the sum of odd multi-
ples of the first harmonic, which has frequency f. (a) Waves of frequency f and 3f are added. 
(b) One more odd harmonic of frequency 5f is added. (c) The synthesis curve approaches the
square wave when odd frequencies up to 9f are added.

This synthesizer can produce the
characteristic sounds of different
instruments by properly combining
frequencies from electronic oscilla-
tors.
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the two waves. Constructive interference occurs when the two waves are in
phase, corresponding to � � 0, 2�, 4�, . . . rad. Destructive interference
occurs when the two waves are 180° out of phase, corresponding to 
� � �, 3�, 5�, . . . rad. Given two wave functions, you should be able to deter-
mine which if either of these two situations applies.

Standing waves are formed from the superposition of two sinusoidal waves
having the same frequency, amplitude, and wavelength but traveling in opposite
directions. The resultant standing wave is described by the wave function

(18.3)

Hence, the amplitude of the standing wave is 2A, and the amplitude of the simple
harmonic motion of any particle of the medium varies according to its position as
2A sin kx. The points of zero amplitude (called nodes) occur at 
1, 2, 3, . . . ). The maximum amplitude points (called antinodes) occur at

(n � 1, 3, 5, . . . ). Adjacent antinodes are separated by a distance �/2.
Adjacent nodes also are separated by a distance �/2. You should be able to sketch
the standing-wave pattern resulting from the superposition of two traveling waves.

The natural frequencies of vibration of a taut string of length L and fixed at
both ends are

2, 3, . . . (18.8)

where T is the tension in the string and 
 is its linear mass density. The natural fre-
quencies of vibration f1 , 2f1 , 3f1 , . . . form a harmonic series.

An oscillating system is in resonance with some driving force whenever the
frequency of the driving force matches one of the natural frequencies of the sys-
tem. When the system is resonating, it responds by oscillating with a relatively large
amplitude.

Standing waves can be produced in a column of air inside a pipe. If the pipe is
open at both ends, all harmonics are present and the natural frequencies of oscil-
lation are

2, 3, . . . (18.11)

If the pipe is open at one end and closed at the other, only the odd harmonics are
present, and the natural frequencies of oscillation are

3, 5, . . . (18.12)

The phenomenon of beating is the periodic variation in intensity at a given
point due to the superposition of two waves having slightly different frequencies.

fn � n 
v

4L
  n � 1,

fn � n 
v

2L
  n � 1,

fn �
n

2L
 √ T



  n � 1,

x � n�/4

x � n�/2 (n � 0,

y � (2A sin kx) cos �t

QUESTIONS

4. A standing wave is set up on a string, as shown in Figure
18.6. Explain why no energy is transmitted along the
string.

5. What is common to all points (other than the nodes) on
a string supporting a standing wave?

6. What limits the amplitude of motion of a real vibrating
system that is driven at one of its resonant frequencies?

7. In Balboa Park in San Diego, CA, there is a huge outdoor
organ. Does the fundamental frequency of a particular

1. For certain positions of the movable section shown in Fig-
ure 18.2, no sound is detected at the receiver—a situa-
tion corresponding to destructive interference. This sug-
gests that perhaps energy is somehow lost! What happens
to the energy transmitted by the speaker?

2. Does the phenomenon of wave interference apply only to
sinusoidal waves?

3. When two waves interfere constructively or destructively,
is there any gain or loss in energy? Explain.
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PROBLEMS

point as the first, but at a later time. Determine the
minimum possible time interval between the starting
moments of the two waves if the amplitude of the resul-
tant wave is the same as that of each of the two initial
waves.

5. A tuning fork generates sound waves with a frequency
of 246 Hz. The waves travel in opposite directions along
a hallway, are reflected by walls, and return. The hallway
is 47.0 m in length, and the tuning fork is located 
14.0 m from one end. What is the phase difference be-
tween the reflected waves when they meet? The speed
of sound in air is 343 m/s.

6. Two identical speakers 10.0 m apart are driven by the
same oscillator with a frequency of Hz (Fig.
P18.6). (a) Explain why a receiver at point A records a
minimum in sound intensity from the two speakers. 
(b) If the receiver is moved in the plane of the speak-
ers, what path should it take so that the intensity re-
mains at a minimum? That is, determine the relation-
ship between x and y (the coordinates of the receiver)
that causes the receiver to record a minimum in sound
intensity. Take the speed of sound to be 343 m/s.

7. Two speakers are driven by the same oscillator with fre-
quency of 200 Hz. They are located 4.00 m apart on a

f � 21.5

Section 18.1 Superposition and Interference of 
Sinusoidal Waves

1. Two sinusoidal waves are described by the equations

and

where x, y1 , and y2 are in meters and t is in seconds. 
(a) What is the amplitude of the resultant wave? 
(b) What is the frequency of the resultant wave?

2. A sinusoidal wave is described by the equation

where y1 and x are in meters and t is in seconds. Write
an expression for a wave that has the same frequency,
amplitude, and wavelength as y1 but which, when added
to y1 , gives a resultant with an amplitude of cm.

3. Two waves are traveling in the same direction along a
stretched string. The waves are 90.0° out of phase. Each
wave has an amplitude of 4.00 cm. Find the amplitude
of the resultant wave.

4. Two identical sinusoidal waves with wavelengths of 
3.00 m travel in the same direction at a speed of 
2.00 m/s. The second wave originates from the same

8√3

y1 � (0.080 0 m) sin[2�(0.100x � 80.0t)]

y2 � (5.00 m) sin[�(4.00x � 1 200t � 0.250)]

y1 � (5.00 m) sin[�(4.00x � 1 200t)] 

1, 2, 3 = straightforward, intermediate, challenging = full solution available in the Student Solutions Manual and Study Guide
WEB = solution posted at http://www.saunderscollege.com/physics/ = Computer useful in solving problem = Interactive Physics

= paired numerical/symbolic problems

WEB

pipe of this organ change on hot and cold days? How
about on days with high and low atmospheric pressure?

8. Explain why your voice seems to sound better than usual
when you sing in the shower.

9. What is the purpose of the slide on a trombone or of the
valves on a trumpet?

10. Explain why all harmonics are present in an organ pipe
open at both ends, but only the odd harmonics are
present in a pipe closed at one end.

11. Explain how a musical instrument such as a piano may be
tuned by using the phenomenon of beats.

12. An airplane mechanic notices that the sound from a twin-
engine aircraft rapidly varies in loudness when both en-
gines are running. What could be causing this variation
from loudness to softness?

13. Why does a vibrating guitar string sound louder when
placed on the instrument than it would if it were allowed
to vibrate in the air while off the instrument?

14. When the base of a vibrating tuning fork is placed against
a chalkboard, the sound that it emits becomes louder.
This is due to the fact that the vibrations of the tuning
fork are transmitted to the chalkboard. Because it has a
larger area than that of the tuning fork, the vibrating

chalkboard sets a larger number of air molecules into vi-
bration. Thus, the chalkboard is a better radiator of
sound than the tuning fork. How does this affect the
length of time during which the fork vibrates? Does this
agree with the principle of conservation of energy?

15. To keep animals away from their cars, some people
mount short thin pipes on the front bumpers. The pipes
produce a high-frequency wail when the cars are moving.
How do they create this sound?

16. Guitarists sometimes play a “harmonic” by lightly touch-
ing a string at the exact center and plucking the string.
The result is a clear note one octave higher than the fun-
damental frequency of the string, even though the string
is not pressed to the fingerboard. Why does this happen?

17. If you wet your fingers and lightly run them around the
rim of a fine wine glass, a high-frequency sound is heard.
Why? How could you produce various musical notes with
a set of wine glasses, each of which contains a different
amount of water?

18. Despite a reasonably steady hand, one often spills coffee
when carrying a cup of it from one place to another. Dis-
cuss resonance as a possible cause of this difficulty, and
devise a means for solving the problem.
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WEB

9.00 m

10.0 m

y

(x,y)

A
x

vertical pole. A man walks straight toward the lower
speaker in a direction perpendicular to the pole, as
shown in Figure P18.7. (a) How many times will he hear
a minimum in sound intensity, and (b) how far is he
from the pole at these moments? Take the speed of
sound to be 330 m/s, and ignore any sound reflections
coming off the ground.

8. Two speakers are driven by the same oscillator of fre-
quency f. They are located a distance d from each other
on a vertical pole. A man walks straight toward the
lower speaker in a direction perpendicular to the pole,
as shown in Figure P18.7. (a) How many times will he
hear a minimum in sound intensity, and (b) how far is
he from the pole at these moments? Take the speed of
sound to be v, and ignore any sound reflections coming
off the ground.

Figure P18.6

equation

where x is in meters and t is in seconds. Determine the
wavelength, frequency, and speed of the interfering
waves.

10. Two waves in a long string are described by the equa-
tions

and

where y1 , y2 , and x are in meters and t is in seconds. 
(a) Determine the positions of the nodes of the result-
ing standing wave. (b) What is the maximum displace-
ment at the position 

11. Two speakers are driven by a common oscillator at 
800 Hz and face each other at a distance of 1.25 m. Lo-
cate the points along a line joining the two speakers
where relative minima of sound pressure would be ex-
pected. (Use 

12. Two waves that set up a standing wave in a long string
are given by the expressions

and

Show (a) that the addition of the arbitrary phase angle
changes only the position of the nodes, and (b) that the
distance between the nodes remains constant in time.

13. Two sinusoidal waves combining in a medium are de-
scribed by the equations

and

where x is in centimeters and t is in seconds. Determine
the maximum displacement of the medium at 
(a) (b) and 
(c) (d) Find the three smallest values of 
x corresponding to antinodes.

14. A standing wave is formed by the interference of two
traveling waves, each of which has an amplitude 

cm, angular wave number cm�1, and
angular frequency rad/s. (a) Calculate the dis-
tance between the first two antinodes. (b) What is the
amplitude of the standing wave at cm?

15. Verify by direct substitution that the wave function for a
standing wave given in Equation 18.3,

is a solution of the general lineary � 2A sin kx cos �t,

x � 0.250

� � 10�
k � (�/2)A � �

x � 1.50 cm.
x � 0.500 cm,x � 0.250 cm,

y2 � (3.0 cm) sin �(x � 0.60t)

y1 � (3.0 cm) sin �(x � 0.60t)

y2 � A sin(kx � �t) 

y1 � A sin(kx � �t � �)

v � 343 m/s.)

x � 0.400 m?

y2 � (0.015 0 m) cos� x
2

� 40t�

y1 � (0.015 0 m) cos� x
2

� 40t�

y � (1.50 m) sin(0.400x) cos(200t)

Section 18.2 Standing Waves

9. Two sinusoidal waves traveling in opposite directions in-
terfere to produce a standing wave described by the

dL

Figure P18.7 Problems 7 and 8.



572 C H A P T E R  1 8 Superposition and Standing Waves

wave equation, Equation 16.26:

Section 18.3 Standing Waves in a 
String Fixed at Both Ends

16. A 2.00-m-long wire having a mass of 0.100 kg is fixed at
both ends. The tension in the wire is maintained at 
20.0 N. What are the frequencies of the first three al-
lowed modes of vibration? If a node is observed at a
point 0.400 m from one end, in what mode and with
what frequency is it vibrating?

17. Find the fundamental frequency and the next three fre-
quencies that could cause a standing-wave pattern on a
string that is 30.0 m long, has a mass per length of 
9.00 � 10�3 kg/m, and is stretched to a tension of 
20.0 N.

18. A standing wave is established in a 120-cm-long string
fixed at both ends. The string vibrates in four segments
when driven at 120 Hz. (a) Determine the wavelength.
(b) What is the fundamental frequency of the string?

19. A cello A-string vibrates in its first normal mode with a
frequency of 220 vibrations/s. The vibrating segment is
70.0 cm long and has a mass of 1.20 g. (a) Find the ten-
sion in the string. (b) Determine the frequency of vibra-
tion when the string vibrates in three segments.

20. A string of length L, mass per unit length 
, and ten-
sion T is vibrating at its fundamental frequency. De-
scribe the effect that each of the following conditions
has on the fundamental frequency: (a) The length of
the string is doubled, but all other factors are held con-
stant. (b) The mass per unit length is doubled, but all
other factors are held constant. (c) The tension is dou-
bled, but all other factors are held constant.

21. A 60.0-cm guitar string under a tension of 50.0 N has a
mass per unit length of 0.100 g/cm. What is the highest
resonance frequency of the string that can be heard by
a person able to hear frequencies of up to 20 000 Hz?

22. A stretched wire vibrates in its first normal mode at a
frequency of 400 Hz. What would be the fundamental
frequency if the wire were half as long, its diameter
were doubled, and its tension were increased four-fold?

23. A violin string has a length of 0.350 m and is tuned to
concert G, with Where must the violinist
place her finger to play concert A, with If
this position is to remain correct to one-half the width
of a finger (that is, to within 0.600 cm), what is the max-
imum allowable percentage change in the string’s ten-
sion?

24. Review Problem. A sphere of mass M is supported by a
string that passes over a light horizontal rod of length L
(Fig. P18.24). Given that the angle is 
 and that the fun-
damental frequency of standing waves in the section of
the string above the horizontal rod is f , determine the
mass of this section of the string.

fA � 440 Hz?
fG � 392 Hz.

�2y
�x2 �

1
v2  

�2y
�t2

25. In the arrangement shown in Figure P18.25, a mass can
be hung from a string (with a linear mass density of

kg/m) that passes over a light pulley. The
string is connected to a vibrator (of constant frequency
f ), and the length of the string between point P and the
pulley is m. When the mass m is either 16.0 kg
or 25.0 kg, standing waves are observed; however, no
standing waves are observed with any mass between
these values. (a) What is the frequency of the vibrator?
(Hint: The greater the tension in the string, the smaller
the number of nodes in the standing wave.) (b) What is
the largest mass for which standing waves could be ob-
served?

L � 2.00


 � 0.002 00

26. On a guitar, the fret closest to the bridge is a distance of
21.4 cm from it. The top string, pressed down at this last
fret, produces the highest frequency that can be played
on the guitar, 2 349 Hz. The next lower note has a fre-
quency of 2 217 Hz. How far away from the last fret
should the next fret be?

Section 18.4 Resonance
27. The chains suspending a child’s swing are 2.00 m long.

At what frequency should a big brother push to make
the child swing with greatest amplitude?

28. Standing-wave vibrations are set up in a crystal goblet
with four nodes and four antinodes equally spaced

L

M

θ

Figure P18.24

Figure P18.25

µ

L

P

Vibrator

Pulley

m
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around the 20.0-cm circumference of its rim. If trans-
verse waves move around the glass at 900 m/s, an opera
singer would have to produce a high harmonic with
what frequency to shatter the glass with a resonant vi-
bration?

29. An earthquake can produce a seiche (pronounced “saysh”)
in a lake, in which the water sloshes back and forth from
end to end with a remarkably large amplitude and long
period. Consider a seiche produced in a rectangular farm
pond, as diagrammed in the cross-sectional view of Figure
P18.29 (figure not drawn to scale). Suppose that the
pond is 9.15 m long and of uniform depth. You measure
that a wave pulse produced at one end reaches the other
end in 2.50 s. (a) What is the wave speed? (b) To produce
the seiche, you suggest that several people stand on the
bank at one end and paddle together with snow shovels,
moving them in simple harmonic motion. What must be
the frequency of this motion?

31. Calculate the length of a pipe that has a fundamental
frequency of 240 Hz if the pipe is (a) closed at one end
and (b) open at both ends.

32. A glass tube (open at both ends) of length L is positioned
near an audio speaker of frequency kHz. For
what values of L will the tube resonate with the speaker?

33. The overall length of a piccolo is 32.0 cm. The resonat-
ing air column vibrates as a pipe open at both ends. 
(a) Find the frequency of the lowest note that a piccolo
can play, assuming that the speed of sound in air is 
340 m/s. (b) Opening holes in the side effectively
shortens the length of the resonant column. If the high-
est note that a piccolo can sound is 4 000 Hz, find the
distance between adjacent antinodes for this mode of 
vibration.

34. The fundamental frequency of an open organ pipe cor-
responds to middle C (261.6 Hz on the chromatic musi-
cal scale). The third resonance of a closed organ pipe
has the same frequency. What are the lengths of the two
pipes?

35. Estimate the length of your ear canal, from its opening
at the external ear to the eardrum. (Do not stick any-
thing into your ear!) If you regard the canal as a tube
that is open at one end and closed at the other, at ap-
proximately what fundamental frequency would you ex-
pect your hearing to be most sensitive? Explain why you
can hear especially soft sounds just around this fre-
quency.

36. An open pipe 0.400 m in length is placed vertically in a
cylindrical bucket and nearly touches the bottom of the
bucket, which has an area of 0.100 m2. Water is slowly
poured into the bucket until a sounding tuning fork of
frequency 440 Hz, held over the pipe, produces reso-
nance. Find the mass of water in the bucket at this mo-
ment.

37. A shower stall measures 86.0 cm � 86.0 cm � 210 cm.
If you were singing in this shower, which frequencies
would sound the richest (because of resonance)? As-
sume that the stall acts as a pipe closed at both ends,
with nodes at opposite sides. Assume that the voices of
various singers range from 130 Hz to 2 000 Hz. Let the
speed of sound in the hot shower stall be 355 m/s.

38. When a metal pipe is cut into two pieces, the lowest res-
onance frequency in one piece is 256 Hz and that for
the other is 440 Hz. (a) What resonant frequency would
have been produced by the original length of pipe? 
(b) How long was the original pipe?

39. As shown in Figure P18.39, water is pumped into a long
vertical cylinder at a rate of 18.0 cm3/s. The radius of
the cylinder is 4.00 cm, and at the open top of the cylin-
der is a tuning fork vibrating with a frequency of 
200 Hz. As the water rises, how much time elapses be-
tween successive resonances?

40. As shown in Figure P18.39, water is pumped into a long
vertical cylinder at a volume flow rate R. The radius of

f � 0.680

30. The Bay of Fundy, Nova Scotia, has the highest tides in
the world. Assume that in mid-ocean and at the mouth
of the bay, the Moon’s gravity gradient and the Earth’s
rotation make the water surface oscillate with an ampli-
tude of a few centimeters and a period of 12 h 24 min.
At the head of the bay, the amplitude is several meters.
Argue for or against the proposition that the tide is am-
plified by standing-wave resonance. Suppose that the
bay has a length of 210 km and a depth everywhere of
36.1 m. The speed of long-wavelength water waves is
given by where d is the water’s depth.

Section 18.5 Standing Waves in Air Columns
Note: In this section, assume that the speed of sound in air is 
343 m/s at 20°C and is described by the equation

at any Celsius temperature TC .

v � (331 m/s)√1 �
TC

273�

√gd,

Figure P18.29 WEB
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the cylinder is r , and at the open top of the cylinder is a
tuning fork vibrating with a frequency f. As the water
rises, how much time elapses between successive reso-
nances?

41. A tuning fork with a frequency of 512 Hz is placed near
the top of the tube shown in Figure 18.15a. The water
level is lowered so that the length L slowly increases
from an initial value of 20.0 cm. Determine the next
two values of L that correspond to resonant modes.

42. A student uses an audio oscillator of adjustable fre-
quency to measure the depth of a water well. Two suc-
cessive resonances are heard at 51.5 Hz and 60.0 Hz.
How deep is the well?

43. A glass tube is open at one end and closed at the other
by a movable piston. The tube is filled with air warmer
than that at room temperature, and a 384-Hz tuning
fork is held at the open end. Resonance is heard when
the piston is 22.8 cm from the open end and again
when it is 68.3 cm from the open end. (a) What speed
of sound is implied by these data? (b) How far from the
open end will the piston be when the next resonance is
heard?

44. The longest pipe on an organ that has pedal stops is
often 4.88 m. What is the fundamental frequency 
(at 0.00°C) if the nondriven end of the pipe is 
(a) closed and (b) open? (c) What are the frequencies
at 20.0°C?

45. With a particular fingering, a flute sounds a note with a
frequency of 880 Hz at 20.0°C. The flute is open at both
ends. (a) Find the length of the air column. (b) Find
the frequency it produces during the half-time perfor-
mance at a late-season football game, when the ambient
temperature is � 5.00°C.

(Optional)
Section 18.6 Standing Waves in Rods and Plates

46. An aluminum rod is clamped one quarter of the way
along its length and set into longitudinal vibration by a
variable-frequency driving source. The lowest frequency
that produces resonance is 4 400 Hz. The speed of
sound in aluminum is 5 100 m/s. Determine the length
of the rod.

47. An aluminum rod 1.60 m in length is held at its center.
It is stroked with a rosin-coated cloth to set up a longitu-
dinal vibration. (a) What is the fundamental frequency
of the waves established in the rod? (b) What harmon-
ics are set up in the rod held in this manner? (c) What
would be the fundamental frequency if the rod were
made of copper?

48. A 60.0-cm metal bar that is clamped at one end is struck
with a hammer. If the speed of longitudinal (compres-
sional) waves in the bar is 4 500 m/s, what is the lowest
frequency with which the struck bar resonates?

Section 18.7 Beats: Interference in Time
49. In certain ranges of a piano keyboard, more than one

string is tuned to the same note to provide extra loud-
ness. For example, the note at 110 Hz has two strings
that vibrate at this frequency. If one string slips from its
normal tension of 600 N to 540 N, what beat frequency
is heard when the hammer strikes the two strings simul-
taneously?

50. While attempting to tune the note C at 523 Hz, a piano
tuner hears 2 beats/s between a reference oscillator and
the string. (a) What are the possible frequencies of the
string? (b) When she tightens the string slightly, she
hears 3 beats/s. What is the frequency of the string now?
(c) By what percentage should the piano tuner now
change the tension in the string to bring it into tune?

51. A student holds a tuning fork oscillating at 256 Hz. He
walks toward a wall at a constant speed of 1.33 m/s. 
(a) What beat frequency does he observe between the
tuning fork and its echo? (b) How fast must he walk
away from the wall to observe a beat frequency of 
5.00 Hz?

(Optional)
Section 18.8 Non-Sinusoidal Wave Patterns

52. Suppose that a flutist plays a 523-Hz C note with first
harmonic displacement amplitude nm. From
Figure 18.20b, read, by proportion, the displacement
amplitudes of harmonics 2 through 7. Take these as the
values A2 through A7 in the Fourier analysis of the
sound, and assume that Con-
struct a graph of the waveform of the sound. Your wave-
form will not look exactly like the flute waveform in Fig-
ure 18.19b because you simplify by ignoring cosine
terms; nevertheless, it produces the same sensation to
human hearing.

B1 � B2 � . . . � B7 � 0.

A1 � 100

WEB

18.0 cm3/s

200 Hz

Figure P18.39 Problems 39 and 40.



Problems 575

53. An A-major chord consists of the notes called A, C�,
and E. It can be played on a piano by simultaneously
striking strings that have fundamental frequencies of 
440.00 Hz, 554.37 Hz, and 659.26 Hz. The rich conso-
nance of the chord is associated with the near equality
of the frequencies of some of the higher harmonics of
the three tones. Consider the first five harmonics of
each string and determine which harmonics show near
equality.

ADDITIONAL PROBLEMS

54. Review Problem. For the arrangement shown in Fig-
ure P18.54, the inclined plane and the small
pulley are frictionless, the string supports the mass M at
the bottom of the plane, and the string has a mass m
that is small compared with M. The system is in equilib-
rium, and the vertical part of the string has a length h.
Standing waves are set up in the vertical section of the
string. Find (a) the tension in the string, (b) the whole
length of the string (ignoring the radius of curvature of
the pulley), (c) the mass per unit length of the string,
(d) the speed of waves on the string, (e) the lowest-fre-
quency standing wave, (f) the period of the standing
wave having three nodes, (g) the wavelength of the
standing wave having three nodes, and (h) the fre-
quency of the beats resulting from the interference of
the sound wave of lowest frequency generated by the
string with another sound wave having a frequency that
is 2.00% greater.


 � 30.0�,

56. On a marimba (Fig. P18.56), the wooden bar that
sounds a tone when it is struck vibrates in a transverse
standing wave having three antinodes and two nodes.
The lowest-frequency note is 87.0 Hz; this note is pro-
duced by a bar 40.0 cm long. (a) Find the speed of
transverse waves on the bar. (b) The loudness of the
emitted sound is enhanced by a resonant pipe sus-
pended vertically below the center of the bar. If the
pipe is open at the top end only and the speed of sound
in air is 340 m/s, what is the length of the pipe required
to resonate with the bar in part (a)?

57. Two train whistles have identical frequencies of 180 Hz.
When one train is at rest in the station and is sounding
its whistle, a beat frequency of 2.00 Hz is heard from a
train moving nearby. What are the two possible speeds
and directions that the moving train can have?

58. A speaker at the front of a room and an identical
speaker at the rear of the room are being driven by the
same oscillator at 456 Hz. A student walks at a uniform
rate of 1.50 m/s along the length of the room. How
many beats does the student hear per second?

59. While Jane waits on a railroad platform, she observes
two trains approaching from the same direction at
equal speeds of 8.00 m/s. Both trains are blowing their
whistles (which have the same frequency), and one
train is some distance behind the other. After the first
train passes Jane, but before the second train passes her,
she hears beats having a frequency of 4.00 Hz. What is
the frequency of the trains’ whistles?

60. A string fixed at both ends and having a mass of 4.80 g,
a length of 2.00 m, and a tension of 48.0 N vibrates in
its second (n � 2) natural mode. What is the wave-
length in air of the sound emitted by this vibrating
string?

55. Two loudspeakers are placed on a wall 2.00 m apart. A
listener stands 3.00 m from the wall directly in front of
one of the speakers. The speakers are being driven by a
single oscillator at a frequency of 300 Hz. (a) What is
the phase difference between the two waves when they
reach the observer? (b) What is the frequency closest to
300 Hz to which the oscillator may be adjusted such
that the observer hears minimal sound?

M
θ

h

Figure P18.54

Figure P18.56 Marimba players in Mexico City. (Murray Greenberg)
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ANSWERS TO QUICK QUIZZES

18.2 For each natural frequency of the glass, the standing
wave must “fit” exactly around the rim. In Figure 18.12a
we see three antinodes on the near side of the glass, and
thus there must be another three on the far side. This

18.1 At the antinodes. All particles have the same period
but a particle at an antinode must travel

through the greatest vertical distance in this amount of
time and therefore must travel fastest.

T � 2�/�,

61. A string 0.400 m in length has a mass per unit length of
9.00 � 10�3 kg/m. What must be the tension in the
string if its second harmonic is to have the same fre-
quency as the second resonance mode of a 1.75-m-long
pipe open at one end?

62. In a major chord on the physical pitch musical scale,
the frequencies are in the ratios 4:5:6:8. A set of pipes,
closed at one end, must be cut so that, when they are
sounded in their first normal mode, they produce a ma-
jor chord. (a) What is the ratio of the lengths of the
pipes? (b) What are the lengths of the pipes needed if
the lowest frequency of the chord is 256 Hz? (c) What
are the frequencies of this chord?

63. Two wires are welded together. The wires are made of
the same material, but the diameter of one wire is twice
that of the other. They are subjected to a tension of 
4.60 N. The thin wire has a length of 40.0 cm and a lin-
ear mass density of 2.00 g/m. The combination is fixed
at both ends and vibrated in such a way that two anti-
nodes are present, with the node between them being
right at the weld. (a) What is the frequency of vibration? 
(b) How long is the thick wire?

64. Two identical strings, each fixed at both ends, are
arranged near each other. If string A starts oscillating in
its first normal mode, string B begins vibrating in its
third (n � 3) natural mode. Determine the ratio of the
tension of string B to the tension of string A.

65. A standing wave is set up in a string of variable length
and tension by a vibrator of variable frequency. When
the vibrator has a frequency f, in a string of length L
and under a tension T, n antinodes are set up in the
string. (a) If the length of the string is doubled, by what
factor should the frequency be changed so that the
same number of antinodes is produced? (b) If the fre-
quency and length are held constant, what tension pro-
duces antinodes? (c) If the frequency is tripled
and the length of the string is halved, by what factor
should the tension be changed so that twice as many an-
tinodes are produced?

66. A 0.010 0-kg, 2.00-m-long wire is fixed at both ends and
vibrates in its simplest mode under a tension of 200 N.
When a tuning fork is placed near the wire, a beat fre-
quency of 5.00 Hz is heard. (a) What could the fre-
quency of the tuning fork be? (b) What should the ten-
sion in the wire be if the beats are to disappear?

67. If two adjacent natural frequencies of an organ pipe are
determined to be 0.550 kHz and 0.650 kHz, calculate

n � 1

the fundamental frequency and length of the pipe.
(Use m/s.)

68. Two waves are described by the equations

and

where x is in meters and t is in seconds. Show that the
resulting wave is sinusoidal, and determine the ampli-
tude and phase of this sinusoidal wave.

69. The wave function for a standing wave is given in Equa-
tion 18.3 as cos �t. (a) Rewrite this wave
function in terms of the wavelength � and the wave
speed v of the wave. (b) Write the wave function of the
simplest standing-wave vibration of a stretched string of
length L. (c) Write the wave function for the second
harmonic. (d) Generalize these results, and write the
wave function for the nth resonance vibration.

70. Review Problem. A 12.0-kg mass hangs in equilibrium
from a string with a total length of m and a
linear mass density of kg/m. The string is
wrapped around two light, frictionless pulleys that are
separated by a distance of m (Fig. P18.70a).
(a) Determine the tension in the string. (b) At what fre-
quency must the string between the pulleys vibrate to
form the standing-wave pattern shown in Figure
P18.70b?

d � 2.00


 � 0.001 00
L � 5.00

y � (2A sin kx)

y2(x, t) � 10 cos(2.0x � 10t)

y1(x, t) � 5.0 sin(2.0x � 10t)

v � 340

m

d

(b)

m

d

(a)

g

Figure P18.70
WEB
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corresponds to three complete waves. In a top view, the
wave pattern looks like this (although we have greatly
exaggerated the amplitude):

18.3 At highway speeds, a car crosses the ridges on the rum-
ble strip at a rate that matches one of the car’s natural
frequencies of oscillation. This causes the car to oscillate
substantially more than when it is traveling over the ran-
domly spaced bumps of regular pavement. This sudden
resonance oscillation alerts the driver that he or she
must pay attention.

18.4 (b). With both ends open, the pipe has a fundamental
frequency given by Equation 18.11: With
one end closed, the pipe has a fundamental frequency
given by Equation 18.12: 

fclosed �
v

4L
�

1
2

 
v

2L
�

1
2

 fopen 

fopen � v/2L.


