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6.2 Calculus

MONOTONOCITY: INTRODUCTION

“The most useful element taken into consideration among the total )

post mortem activities of functions is their monotonic behaviour.
Functions are said to be monotonic if they are either
increasing or decreasing in their entire domain, e.g., f (x) = e fx)

=log,x and f(x)=2x+3 are some of the examples of functions which

are increasing, whereas f (x) = - f)=¢"andf(x)= cotlx
are some of the examples of the functions which are decreasing.

Functions which are increasing as well as decreasing in their
domain are said to be non-monotonic,-¢.g., '

f)=sinx; f(x)=ad+bx +cand f(x)=|x; however, in.

the interval | 0, %] . £(:) = sin x will bé said to be increasing.
Monotonocity of a Function at a Point -
PSR

It should be noted that we can talk of rﬁonotonocity of f (x) at
x=aonly if x= a lies in the domain of f, without any consideration
of continuity or differentiability of f(x)atx=a. '
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Fig. 6.2

IR LR For each of the following graph, comment whether
- f(x) is increasing or decreasing or neither
increasing nor decreasing at x = a.

Fig. 6.3
Sel. _
- a Neither. monotonically increasing nor decreasing as
fla-h)<f(@)andf(a+h)<f(a)
h Monotonically decreasing as f(a— k) > f(a) > f(a + h)
c. Monotonically increasing asf(a—h) <f(a)<f(a+h)
d Neithermonotonically increasing nor decreasing as f(a—h) -
<fla)butf(a+h)=f(a) -
Find the complete set of values of A, for which
a ' x+Lx<l1
Ax=1
x?—x+ 3,x>1
is strictly-increasing atx = 1.

the function f(x) =

Sol. Letg(x)=x+1,wherex<1,theng(x) is strictly increasing.
Let h(x) = x* — x + 3, where x > 1, h(x) is also strictly
increasing, (- A/(x)=2x—-1>0Vx>1).

Since f(x) is an increasing function
o lm (x+1)<A< lim (P -x+3) =2<A<3
xot : x—1*
Monotonocity in-an Interval
Let I be an open interval contained in the domain of a real-valued
function f- Then f'is said to be :
(i) increasing on [ if x; <x, in 1= f(x,) < f(x,) for.all x,,
X € L
(i) strictly increasing on/ifx; <x, inJ= f{(x;) <flx,) forallx,,
x, €l ‘ :
(i) decreasing on /ifx; <x,inI= f(x;) =f(x,) forall x;, x,
el

(iv) strictly decreasing on [ ifx; <x, inf= f(x,)> f(x,) forall

xpxe L
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. d _
It should however be noted that —d—}; at some point may be

equal to zero but f(x) may still be increasing at x = a.
Consider f{(x) = which is increasing at x.=0 although
f®=0." ' o '

Fig. 6.5

This is because f(0 + k) > f(0) and f(0 — ) < f(0). At all
- such points' where Y~ 0 but y is still increasing or
decreasing are known as point of inflection, which indicate
the change of concavity of the curve. e ’
Ex'ar_liple"6.3,_‘i}-' Prove that the following functions are increasing
for the given intervals '
a.f(x)“—_'e'+sinx,xeR+ _
b f(x)=sinx+tanx—2x,x€ (0, w2)
c. f(x)=secx—cosecx,x € (0, w2)
Sol. a. f(x)=¢" +sinx,x€ R
= f'(x)=¢ +cosx ’
Clearly, f'(x) >0V xe R (as e > 1, x € R and
—1<cosx<1,xe RY) . '
Hence, f(x) is strictly increasing.
b. f(x)=sinx+tanx—2x,X € (0, @/2)

ey =cose+ secix—2

‘Monotonocity and Maxima—Minima of Functions 6.3

as cos x> cos>x, x € (0, 7/2)
= f'(x)>cos2x+ sectx—2
. =(cosx—sec x)*>0,x € (0, W2)
Hence, f(x) is strictly increasing in(0, /2).
o F(xy=secx -cosec v, x = (0, 7/2) S
= f'(x)=secxtanx+cosecxcotx>0Vxe (0, W2)
Thus, f(x) is increasing in (0, 7/2). o
Find the least value of k for which the function
T ¥+ Jor + 1 is an increasing function in the
interval 1 <x<2.
Sol. f(x)=x*+hx+1 '
For f(x) to be increasing ,f"(x) > 0

= "—‘iix—(xz +hx +1) >0

o wHk>0 = E>-2x
Forx e (1,2), the lcastvalue ofkis—2.

Example 6.5 If f:[0, <[ > R is the function defined by

x? —x2 .
ef —e . .
fx)= g then check whether f (x) 1s
: e +e e ' :
injective or not.
2 2 e
& —e” SRR N
e +e”
N .
i 2
=L =1-—3
S R R

Now forx € [0, =), x? is increasing.
= 2x*isincreasing .

I e
‘= ¢ isincreasing
= ez’r2 +1is increasing
= is decreasin,

2. &

e’ +1
= 3 is increasing

e’ +1
= 1- is increasing

erZ +1

= fx)is monotonous.
Hence, f(x) is one-one (injective)
Alternative method
, e
S )=

2 g @@ 4D Ax(@ =)

(e2ch +1)2

2
4 2x .
= %€ >0Vxe[0,)

( e2).'2 + 1)2
Hence, f(x) is increasing.
Example 6.6 g £(x) and g(x) be two continuous functions
defined from R — R, such that /(x)) > f (x,) and
g(x) < g(x,), V x; > X,, then find the solution set
off(g(e? ~20)) > f(g(Ba—4).
Sol. Obviously, fis increasing and g is decreasing in R.

Hence, f(g(0? -20)) > f(g(30—4))

= gd@-20)>g(3a—4) (- fisincreasing)
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o -20<30— 4 as g is decreasing
P-5a+4<0 -

(a-1)(a-4)<0

ae 1,4

yieed Prove that the function f{x)=log,(x" + 1)—e "+

=
=
=
=

7 is strictly increasing V x € R.
Sol. f{x)=log,(*+1)~e*+1

+e*

o )= 2x
L =S 1+x?

= )=+
x+=
X

forx<0,-1< <0 ande™>1

x+—
X

T 2x
hence, e + >0
? 1+x2

= f(3c) is a strictly increasing function V x e R.

IBEIIE] Prove that f (x) = x — sinx is an increasing.

function.
" Sol. f(x)=x—sinx
=" f/(x)=1-cosx
Now, f”(x)> 0 everywhere exceptatx =0, + 27, + 4, etc.,

but all these points are discrete and do not form an

interval. Hence, we can conclude that f{x) is monotonically
* increasing forx € R. In fact, we can also see it graphically.

S Flg 6.6
LIRS Find the values of p if f(x) = cos x — 2px is

invertible.
Sol. Forf(x)=cosx~2px to be invertible, it must be monotonic,
i.e., either always increasing or always decreasing.
S (x) will be monotonically decreasing if /*(x) < 0
= f(x)=-sinx—2p<0forallx

= p2- lsinxforallx
2 ‘

= pE% ' [~ -1<sinx<1] 1))

J/(x) will be monotonically increasing if f(x) > 0.
= f/(x)=-sinx-2p>0forallx

= p<- —l—sinxforallx
2

1
= p<--— . [

5 —1<sinx<1] _ (2)_

From equatlons (1) and (2), |p| > > -

E\ampleb {0 Find the values of 4 1f J(x) = 2&° — ae™*
+(2a+1)x -3 is increasing for all values of x.

Sol. f/(x)=2e"+ae*+2a+1
=e"(2e*+Qat1)e +a)

=2¢* (er +(a +-l)e" +£J
-2 -2
' —x. x x 1
= 2e (e +a)(e +5J
For f(x) tobe increasing, f*(x)>0Vxe R.

= +a>0Vxe R=>420.
IR RN Is every invertible function monotonic ?

I
2
b

Sol. Consider the following function which is invertible but

not monotonic.
\
1
1
]
[}

Fig. 6.7

If fogoh(x) is an increasing function, then which
- of the following is not possible?

- () f(x), g(x) and k() are increasing
(i) f(x) and g(x) are decreasing and h(x) is
increasing
(i) f{x), g(x) and A(x) are decreasing
- Sol. fogoh(x) is increasing, then obviously S(x), g(x) and h(x) _
can be increasing functions.
Also, f(x) and g(x) are decreasmg and h(x) is increasing.
= forx,>x,
h(x2)> h(x))
= goh(x,) < goh(x,)
= fogoh(x,) > fogoh(x,)
= fogoh(x) is increasing.
Ifall f{(x), g(x) and A(x) are decreasing,
then for x, > x,, fogoh(xz) < ﬁpgoh(x,), hence fogoh(x) is
decreasing.

Let f:[0,%9) > [0, =) andg: [0, =) - [0, )

be non-increasing ‘and non-decreasing
functions and A(x) = g(f(x)). If f and” g are
differentiable functions, A(x) = g(/ (x)). If fand
g are differentiable for all points in their
respective domains and 4(0) = 0. Then, show
h(x) is.always identically zero.
Sol. Here, h(x)=g(f(x)), since g(x) € [0, =)

h(x)=0,V x € domain .

Also, A’ (x)=g'(f(x)) ./ (x) < Oas g’(x) 2 0

and ~(x) <0 V x € domain as h(0) = 0.

Hernce, A(x)=0V x € domain.




m £00)=[x]isastep-up function. Is ita moﬁotoni@ﬂy

increasing function forx € R?
Sol. No, f(x) =[x] is not monotonically increasing for x € R
rather, it is a non-decreasing function as illustrated in

Fig. 8.8.
' y
ol
—5 |
b
1 L X
._23 _1'= i} 2 3
f 1 :
|
—0
Graph of y = [X]
Fig. 6.8 -

Separating the Intervals of Monotonocity .

Separate the intervals of monotonocity of the
following functions: '
a.f(x)=3x4—8x3—6x2+24x+7 »
b f()=-sin’x+3 sin?x+5,x € [-m2, ©2]
' e fO)=-)@-2y
Sol.
a. f(x) =3x8 —6F +24x+7
) = 1200 - 24x" — 12x + 24
=12(3-2x*-x+2)
=12(x-1)(x-2)(x+1)
Now, f(x)=0whenx=-1, land2. -
Hence, critical points are -1, 1 and 2.
The sign scheme of the derivative is given in Fig. 6.9.
- + - +-

-1 -1 2
Fig. 6.9

Hence, the function increases in the interval (-1, 1) U
(2, ) and decreases in the interval (—oo, 1) U (1, 2). . -
h fx)=-sin’x+3 sin?x+5,x € (-2, w2)
=+f’(x)=-3 sin*x cos x + 6sinx cosx
=3 sin x cos x (2 — sin x)
Ascosx>0and2-sinx>0Vxe (~m2, n2)
and sin x>0V x € (0, /2),sinx <0 Vxe (-n2,0)
f(x)>0,x€ (0,72) andf’(x)<0,x € (-7/2,0)
= f(x)isincreasingin (0, 2) and decreasing in (—7/2, 0).
e [@=@E-DE-D
= f(x)=2log2 (2"~ 22 +2(25 - Dlog 2(* - 1)
=2log2 (- (2*-2)+ 2(2*-1)]
=2 log2 (2~ 2)[3 x2*-4]
7-2=0=>x=1
3% 2¥ -4 = x=log,(4/3) -
The sign scheme of /(x) i given in Fig. 6.10.
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+ | - L+
log, I(4I3) : |1
, | Fig. 6.10
Thus, £(x) is increasing in (- ==, log,(4/3)) U (1, =) and
decreasing in (1og,(4/3), 1). SRR

W Find the interval of monotonocity of the

function f{x) = be— 12

- X iclx20
Sol. f(x)=t——= *
X ___x—l x>1
= -
Clearly f(x) is continuous for allx € R exceptatx= 0.
_ x—_3—2-,x<1,xi0
r@=1,
-x
3 ,x>1
x

F)>0=>x<0orl<x<2
F()<0=>0<x<lorx>2
Hence, f(x) is increasing in (—, 0)L (1,2) and decreasing
il‘l(O, l)u (2’ oo)' ’

m Find the intervals of decrease and increase for -

the function f(x) = cos (Ej .
CA\x

Sol. f(x) = cos (—E) . The function is defined for all x, where
' .x =0 ' .
, T 1 T AR
"x)= —sin| — | T | —— |=—sin| — 1
fe) (x) ( xz)- x? (x) M
s fis differentiable for all x, (x=0).

Here, sign of /(x) is same as that of sin (—75) .
x

Thus, f”(x) is positive if sin (” ) >0 andf’(x) is negative if

x
sin(ﬁ)<0
x
. . T
or sin (-—)>0 Lif2kn< =< (2k+Drm, ke Z
x X -

and sin (E)<o, if(2k+ 1) m< Z < 2k +2)m, ke Z
X X

Hence, the function f is increasing in the interval

1 1 . . 1 1
——, — | and decreas theinterval | ———
(2k+1 Zk) mg el al(2k+2’ 2k+l)
(k being a non-negative integer).

Example [REW A function y = flx) is represented parametri-

cally as follows:
x=¢(H)=£—-50-20t+7
y=y(f)=42-30-18:+3
—2<t<2

Find the intervals of monotonocity.
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ok ;Nf lu?:)e=x4=t3ﬁ(2; _ts 1_815 f 3 T ~ Also,f(0)=-2and f(E) >0
=@ (t)=51'- 157 -20=5(-4) (P + 1) ?(; zy lntermedlate value theorem, f(c) = 2 for some ¢ in

%= W)= 12— 61— 18=6(t+ 1) (2t-3)

Hence, f(x) = 0 has only one root

dy _dyldt ___ 6(t+1)(2t-3)
dx  dxldt 5(e—2)(e+2)2 +1)

. dy . . . . 6 - '
The sign scheme of S givenin Fig. 6.11. 1. Prove that the followmg functlons are strictly
, . increasing:
| = | *} | ' : a f(x)=cot’' x+x
Lol L b £(x)=log(1 +x)— 2—2+"—
. ) P
Fig. 6.11 2. Separate the intervals of monotonoc1ty for the
. .o dy ~ following functions: -
y=f(x.) increases if E>0 | 8 f(x) =255 — 92 - 12x+1
= te(1,32) . | b f(x)=xe>
. ¢ f(x)=sinx+cosx,xe (0,27)
y =f(x) decreases if d_y,<0 ' d f(x)=3 cos*x +10 cos* x + 6 cos® x— 3,x¢€ [0 7:]
o dx : : x
= te(2,-1)UE2,2) I 3._Dlscuss monotonoc1ty of f(x)= pr and
 EEERTXETH Lot 50) =/ (@) +f (1 - x) andf () 30, g0)=
) : ) tanx
V :eiriagg’:g;;;ld the intervals of increase and 4. Discuss monotonocity of y = f (x) which is given by
Sol. We have g(x)=f(x) +/(1 —x), then x= andy=
’ f ; : 1+ t(l t ) .

g@)=rx)-(1-x ) S

We are given that/”(x) > 0, Vx € (0, 1). . S. Find the value of a for which the function (a + 2)x

It means that £“(x) would be i mcreasmg on (0 1) which —3a + 9ax — 1 decreases monotonically for all real x.

leads to two cases. 6. Find the value of a in order that £ (x) = 3 sinx - cos x

CaseI: Let g(x) is increasing, : v _ . —2ax + b decreases for all real values of x.

= fx)-f(1-x>0 ' 7. Discuss the monotonoc1ty of function f{(x) = 2 log x— 1|

= f@)>f(-x) - ~ P xe3. |

= x>1-x (as f” is increasing) 8. Letg(x)= f(log x)+f2-logx)and f”(x) <0, V x €

1 - ’ (0, 3). Then find the interval in which g(x) increases.
= Y <x<l

POINT OF INFLECTION

. {1 :
= g(x)is increasing in (—, 1) .
2 For continuous function f(x), if f “(xp)=0orf ”(xo) does not exist

Case I1: Let g(x) is decreasing, , at points where f ’(xo) exists and if f”(x) changes sign when

= f)-f(1-x<0 passing through x = = X, then x, is called the point of inflection. At

= fe)<fd x) : - the point oginﬂectlon, the curve changes its concavity, i.e.,

= x< 1 -x (as f” is increasing) a. If f"(x) <0, x € (q, b), then the curve y = £ (x) is concave
y . downward in (g, b).

= 0<x< 2

. 1
= g(x) is decreasing in (O, 5)

Example 6,20" § Find the number of solution of thefé_:q_xiation

Ty

[o o) P

o .
WDp————

3tanx+x°=2in (0,%).

Sol. Letf(x)=3tanx+x’ -2. Fig. 6.12
Then f'(x)= 3secx + 3x > 0, hence f(x) increases.




h Iff "(x)‘> 0, x € (a, b), then the curve y = f(x) is concave
upward in (a, b).

T

Fig. 6.13

Consider ﬁmctlon f(x)=x>: Atx=0, f'(x)=0.Also,f” (x)=0at

x = 0. Such a point is called the point of inflection. Here the 2nd
dertvative is zero.
Con51der the function £ (x) whose graph is glven in F1g 6.14.

1
- 1 —
X » X
o

Fig. 6.14
Here f(x) is non-dlfferentlable at x = ¢, but curve changes its
concav1ty Hence, x = c is the point of mﬂectxon

Example (AW Find the points of inflection for

a f(x)=sinx
b. f(x) =3x*—4x°
e f)=x1"
Sol. a. f(x)=sinx
= f'(x)=cosx
= f’(x)=-sinx
f’x)=0=>x=nm,neZ

Fig. 6.15

b. fx)= 3xt—ax’
= f(x) 12— 12
”(x)=36x% — 24x

Now f”'(x)= 0=>x=0and % are the poiﬁts of inflection.

Monotonocity and Maxima-Minima of Functions 6.7.

c. f)=x"=fm=

3x2/3

Fig. 6.17

f(x) is non-differentiable at x = 0, but curve changes its
" concavity, hence x = 0 is the point of inflection.

- Inequalities Using Monotonocity

Example 6.22 Prove thatIn (1+x)<xforx> 0.

Sol. Letus assume f(x)=In(l +x)—x.
Investigating the behaviour of f(x), i.e.,

e
In the domain of f(x), /’(x) > O forx & (-1, 0) and f'(x) <0V x
€ (0, ).

Hence, forx>0 f(x) is decreasing. :
Moreover, f(0)=0. Hence, ﬁn‘therf(x)<0=>ln(1 +x)—'
= In(1+x)<x o

| RET N EHWX] Show that 0 < x sin x — %sm x < (”2 D)

Vxe (o, EJ.
>3

Sol. Letf(x)=xsinx— %sinz x

= f'(x)=xcosx+sinx—sinxcosx
=sinx(l —cosx)+xcosx

Forxe (0, g), sinx>0,1—-cosx>0, césx> 0
, /4
= f'(x)>0Vxe (O, E)
=  f(x)is strictly increasing in (o, g)
= The range of f (x) is (lim f(x), lim f (x))
: . B x—0 x—-)(r/2

5(0’7_1:—_1) ] h . :,
. 2

1 -1
= 0<xsinx—— sinfx< =—
2 2

BECVANIRIF] 1f o, b > 0 and 0 < p < 1, then prove that
(a+byf <a’ +bP.
Sol. Letf(x)=(1+xf—1-2%,x>0

= [@=p+xy ! —p ! =p{(lrayT = ()

Now, 1 +x>x
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= (1 +x)l-p>xlf-p (... 1;p>0)

.__l__.>_!_ = (1+x)1"1<x1"l
A+x)? 2P
= ( +;c)!"1 xP <0 ®
F¥cetsit y\.l\...u.;uuo Y and (2), we oy g <y
= f(x) is a decreasing function.
Now, f(0)=0
x>0 - f()<f(0)

= (1+x)” 1-xP<0 = (1+x)P<1l+x? -

Putx= 3 , hence (a + b)? <aP + b”.

Prove that [cos —cos B|< la—BI.

Example 6.25

Sol Here, first we have to select an appropnate function.
Letf(x)=x+cosx
= fi(x)=1-sinx20 (- -1<sinx<1)
Hence, f (%) is 2 monotonically increasing functlon
Fora2f = f(0)2f(B)

or @+ cos a2 B+ cos Bor cos f—cos S a— B

= —(cos a—cos B)<(a- ﬂ) Q)
and for a<

= f(@)Sf(B) or a+cos o< B+cos B

or cos ot—cos B< (—a+ p) (9))
Combining equations (1) and (2), we get |cos &t—cos Bl
<la-pBl.

li.\anplc XY For0<x< % , prove that cos (sin.x) > sin (coSﬁc).

. .
Sol. Letf(x)=x—sinx=f"(x)=1-cosx> 0('."0 <x <~2—) 5

: .. T
. Hence, f(x) is an increasing functlon inx € (O, E) .

x>0 thenf(x)>f(0)orx sinx>0
= x>sinx -

Again, 0 <x< —2— , therefore 0 <cosx < 1.
[From(1)] @
Now, in (0, %) , cos x is monotonically decreasing.

(From (1)] &)

cos x > sin (cos x)

= cosx <cos (sin x)

From equations (2) and (3), we get
"~ sin (cos x) < cos x < cos (sin x)
~ Hence, sin (cos x) < cos (sin x).

1. Show that —>
1+

<In (1 +x)forx>0.
x)

3
/4 X .
2. For0<x< E,Showthatx— €<smx<x.

3. Show that-tan™ x >

—,ifxe (0,e).

1+
-3

4. Prove that )= snx is monotonically decreasing in
x
[0, 2] '

15 Wanee, nrave that
| i

EXTREMUM

Introduction

The notion of optlmlzmg functions is one of the most useful
applications of calculus used in almost every sphere of life including
geometry, business; trade, industries, economics, medicines and
even at home. In this section, we shall see how calculus defines the
notion of maxima and minima and distinguishes it from the greatest
and least value, or global maxima and global minima of a function.

St S 2 D, I

Critical points of a function

Critical point of a function of a real variable is any value in
the domain where either the function is not differentiable or
its derivative is 0.

Basic Theorem of Maxima and Minima

N

a-haa+h
Local maxima

Fig. 6.18 _

A function f (x) is said to have a maximum at x = a if f (a) is
greater than every other value assumed by f(x) in the immediate
neighbourhood of x = a.
f(@> f(a+h)
f(@>f(a—h)
sufficiently small positive A. ,

Similarly, a function f (x) is said to have a minimum value at-
x=biff(b) attains the least value than every other value assumed
by f(x) in the immediate neighbourhood at x = .

f@®)<f(b+h)
F@)y<f(b-h)

sufficiently small positive

b-hbb+h -
Local maxima

Symbolically, ] = x = a gives maxima for a

Symbolically, if ] —x=b gives minima for a

maximum value: . - i




-

L

ul
1g
d

st

’ , assumes a local minimum value atx 2 then
* find the possible values of 7.

Sol. f()=(F—4)" (P-x+1)

=0,
No_w,xz—x+ 1>0forVx.

f@H= lm G -4)" (" =x+D)

= 3 lim((h +2)* —4)"
h—0

3 lim(4h + h%)"
h—0
>0

) —4)" (x? ;x+1)

lim (x*
x—2" .

A (22 — )"
3 lim((h=2)" ~4)

3 1im(h2 —4h)"

= 3x (very small negative value)”
For x = 0to be a point of minima, we must have f(27) > 0 for
which »n must be an even integer. '

TESTS FOR LOCAL MAXIMUM/MINIMUM
When f(x) is Differentiable atx = a

~ First-order Derivative Test in Ascertaining the Maxima.

or Minima

Fig. 6.19 -

Consider the interval (a — h, a). For this interval, we find f{x),

ie., increasing Z >o. Similarly, for the interval (a, a + h), we

find f(x) is decreasing, i.e.,

LN
(maxuna),dx .

& < 0. Hence, at the point x = a
dx

dy
Similarly, = = 0atx= b which is the point of minima. Hence,
Ey =0is the necessary condition for maxima or minima.

. d . .
These points, where i—’vamshes, are known as stationary

points as instantaneous rate of change of function morentarily
ceases at these points.

Monotonocity and Maxima—Minima of Functions 6.9

fila-m>0
fia+h)<0
where f” (a) = 0. It means that f~ (x) should change its sign ﬁom
positive to negative. h
L. Fb-h<0
Similarly, ~ ,
f'b+h)>0
where f7(b) = 0. It means that f(x) should change its sign from
negative to positive. '
However, if /(x) does not change sign, i.e. , has the same 51gn in
a certain complete neighbourhood of ¢, then f1 (x) is either increasing
or decreasing throughout this neighbourhood implying that f(c) is -
not an extreme value of f; e.g., f(x) =xatx=0. -

Second-Order Derivative Test in Ascertaining the

Maxima or Minima
y R

AN

4

Hence, if - ] = x = a is a point of local maxima,

:| = x=b is a point of local minima,

|
1
1
1
I

X Ol ach x=a a+h b-h x=b b¥h

Fig. 6.20
As shown in the Fig. 6.20, it is clear that as x increases from a— A

to a + h, the function %contmuously decreases, 1.e‘., positive for

' dy
x<a, zero at x = g and negatlve forx > a. Hence, Eynself isa

decreasing functlon

d*y . N
Therefore, —5- < Oin(a—h,a +h).
dzy ‘

Hence, at local maxima, Zx =0and —-

: 2
Similarly, at local minima, 2 =0 and d— >0.
dx e
2

However, if —;) =), then the test fails. In this case, fcan still

have a maxima or minima or point of inflection (neither maxima nor
minima). In this case, revert back to the first-order derivative
check for ascertaning the maxima or minima.

nth Derivative Test

It is nothing but the general version of the second-order
derivative test. It says that if f(@) =" (@) =f"(@) = --- f (@) =0 and
/™!(a) #0 (all derivatives of the function up to order 7 vanish and
(n+ 1th order derivative does not vanish at x = a), then f(x) would
have a local maximum or minimum at x = a iff z is an odd natural
number and that x = a would be a point of local maxima if /™ (a) <
0, and would be apomt of local minima if "'(a) > 0. However, if n

_is even, then f has neither a maxima nor a minima at x = a.



6.10 Calculus

oLy 4R The functiony = —Eb—— has turning point
: ; (x—D(x-4)

at P(2,-1): Then find the value of a and b.

Sal, y= ax+b = ax+b StLLY"J it tF(Z,

T (x=DH(x—-4) x2—5x+4 ,
= P(2,-1liesonthecurve =>2a+b=2 (1)
Also, 2 =0atP2,-1)

dx .

2_ _ _ :

Now, 511 _ a(x* —5x +24) (2x 25)(wc+b)

dx (x*-5x+4)
AtP(2,-1), @’. = M =0

dx 4 . .

= b=0 = a=1 [from equation )]

Letf:[a, b] > Rbea function such that for c €
(a,b).(©)=1"()=f"(©) f M=) =0,
then

a. fhasalocal extrerum atx=c

b. fhas rieither local maximum nor minimum at
x=c

c. fis necessarily a constant functlon

d itis difficult to say whether (@) or (b).

Sol._d For/f(x)=xSand f(x)=x1(0)=F"(0)=/"(0)=1"(0)=
=0
x=0is pomt of minima for f(x) = x5
But x =0 is not point of maxima/minima for, f(x)=x"
Hence, it is difficult to say anythmg

‘Example 6.30 Discuss the extremum of

FO)=40/(3x" +8x* ~ 18x2+60)
' 40
Sol. f(x)=
, /& 3x* +8x3 —18x* +60

, 40(12x° +24x* —36x)
= X)=— -
S (3x* +8%> —18x% +60)*
_ 12x(x®+2x-3)
(3x” +8x> —18x% +60)°

_ —12x(x—-1)(x+3)
(3x* +8x% —18x? +60)*
The sign scheme of f*(x) is given in Fig. 6.21
+ - + -
-3 0 1
Fig. 6.21

Hence, x=-3 and x = 1 are the points of maximaand x=01is
the point of minima.

Discuss the extremum of /(x) = sinx (1 + cos x),
xe (0, 2). '
Sol. Letf(x)=sinx (1 +cosx)
= f/(x)=cos2x+cosx
and f”'(x) = - 2 sin 2x — sin x =— (2 sin 2x + sin x)
For maximum or minimum value of (x), f"(x) =0.
= cos2x+cosx=0

= C€0SX=-—C0S2x
= cosx=cos (7t2x)

x=gt2xorx= —

Y-

Now, f ”(g) = —2sin L;
V3 3. 3B

e

2 2 2

. 4
.Hence, f(x) has maxima atx= —

Ekample [(%yR Discuss the maxima/miﬂima of the function

4$in x—2x—XxCOSX
@)=

LW
—Sm-—

,O<x<27l:.

2+cosx

4sinx—2x—xcosx

- Sel. y =f(x)=
4sinx —x 1
2+cosx ' M
0 = (2+cosx)4cosx-;4sin2x_1'
(2+cosx)
_ cos x(4—-cosx)
(2+cosx)2 '
() =0atcosx=0,ie.,atx=n/2,3m2

+ - +

,0<x<2r1

2+cosx

w2 32
Fig. 6.22

Hence, f(x) is an increasing function in (0, /2) L (372, 27:) _
and decreasing function in (%2, 37/2). Also x=(7/2) is the .
point of maxima and x = (377/2) is the point of minima

jpe N RKR Discuss the extremum of )= x>+ -1—2- .
: x
Sol. f(x)=

1
x2+-—2
x°

Soy=Rx

, 2
f@=2x-—
x
Let f(x)=0=>x*=1=x=2%1
{4 ‘ 6
Also, f"(x)= 2+— >0forallx#0
x :

= Both the points x = 1 and x = — 1 are the points of
minima.
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w e 3% .. x y
Find the @aximmnvalueof f{x)=(§) . | Fig. 6.25
1.' x i 1 X ’ 1 . ’ Cl lfl( ___0 .
L (1) & =[=] {10 ——1) - Clearlyf(0)=0
ol. f(x): (x) f(x) (x) ( 8 . and f(x)>0Vxe (0,x)

1 1 1 F(x)<0Vxe (xp, W2).
f)=0= Iog— =l= X =e= = Thus, x = x, is the only point of maxima for y = f(x).
Also, forx < 1/e,f (x)is posmve and for x> 1/e, f” (x) is b. f(x)=asecx+bcosecx,0<a<h. '
negative. f’(x) =asec xtanx— b cosec x cot x

Hence, x = 1/e is point of maxima. . .
7 sin x cosXx

Therefore, the maximum value of function is e Letf’'(x)=0=a —= b— >
‘ X im x ) (1) COos™ X sm-x -
. O] -
Also, im LA e’ll’n"x ) =e ayloex =e"=1 = tan’x="bla
? x—>0. x :

p\/3
. 1Y - - = x= tan_l(—) a,b>0
hm(— = . a
X—oo\ X . )
. o . 53
o - S x=tan-1(_) 50
a

= xlies in either the first or third quadrant for extremum.

0 1.I_e 1 2 3 4% Casel: 0<x<n/2
y I o lim(a secx+b.coseé x) — oo
Fig. 6.24
him (asecx +bcosec) oo
_ : a 2 . . x-orl2
= - . =_"3’
Exaple (KA Letf(x) . +x“ . Ifit has a maximum atx Also f(x) is +ve for this value of x.
then find the value of a. . _ Hence, only one point of extremum is the point of minima.
) a 1/3
Sol. f{x)=—-—+2x and tan x = (_)
P ’ a .
d —_— - a . . )
Forf'(x)=0,%"= B SR Vi Py
Forx=_3’a;_54 » . = C0sx= _—W’ SInx = .._...__.___m
Now, /()= 23 +2" = f'(-3)=—5+2=0
x 3 . aa?P 1573 a2 123
Hence, f(x) cannot have maxima at x =-3. = Minimumvalue of /=

+
1/3 1/3
x a’’ . b’

a. Discuss the extremaof f(x)= 7 o7 = (¥ + b2/3)3/2

Examplé 6.36

‘ CaseII T<x<372

T
* E(.O’ 5) : lim(asecx +bcosec x) —> —o
X

b. Discuss the extremum of f(x) =asecx+ b .
‘ lim (asecx+bcosec x) = —oo -
cosecx, 0<a<b. _ 32

{52 sec? 5 ( -+ 2)(cos X X) . Also f(x) is —ve for this values of x
Sol. a. f'(x)= — X Sec X _ 5e¢ xioo8% Hence, only one point of extremum is the point of maxima.

2 2 : )
(I+xtanx) (+xtanx)”. = Maximum valuef,  =—(a?>+ b73)*?




6.12 Calculus’
Find the range of the function
_ x.4 +x*+5
e
et
o xt+x? 45 _(x4 +2x* +1)+4-x? 1t 4-x*
/&)= x* +;'x2+1— G +252+) (2% +))
Letg()= 7
(x“+1
gx)=0

= gx)=0"+1) (20— (4-x%)- 202+ 1) - 2x= 0
=+ 1)2x [P+ 1)-2(4-xH]=0

= x=0 or =9 = x=3o0r2
' gB)=—"—= g(—3) (- g(x)iseven)
1 19
fG)= 1—%—2—0

Also, lim f(x)=1 andf(0)=5
x—>too : .

11
Hence, range is [—9, 5] ‘
v 20

When F(x) is not Differentiable at x = a

Case 1: When f (x) is continuous at x = ¢ and f "(a.— %) and
Jf’(a+ h)exist, and are non-zero, then f(x) has a local maximum or
minimum at x = a if f’(a — ) and f’(a + k) are of opposite signs.

If f"(a—h)>0andf"(a+ h)<O0, thenx=a will be the point of local

—4

Fig. 6.26

If (a h)< Oandf (a+ h) >0, then x = g-will be the point of
local minimum.

. 2 o
r'A

\ y-x25 /

3 2 ?

Fig. 6.27

Case 2: When f(x) is continuous and /"(a — k) and f*(a + k) exist
but one of them 1is zero, then we can infer the information about
the existence of local maxima/minima from the basic definition of
local maxima/minima.
Case 3: Iff(x) is not continuous at x = z, then compare the values
of f(x) at the neighbouring points of x = a.

It is advisable to draw the graph of the function in the vicinity
of the point x = a, because the graph would give us the clear
picture abeut the existence of local maxima/minima atx = a.

Consider the following cases:

Fig. 6.28

Example 6.38 Iff(x) h 0,

2sm x, x>0
atx=0f0rmax1ma/minima. :
Sol. Analysing the graph of f(x), we get x = 0 as the point of

investigate the function

Fig. 6.29
Also, derivative changes sign from —ve to +ve and f(x)/ is
continuous at x=0, hence x=0i 1 the pomt of rmmma

Note' -

We cannot say that the chanoe of 51gn of denvatlve helps
to determme mlmma because if the ﬁmctxon was glven as

f@=1 2 x,=o

12sink; x>0




3,.2 : :
< .
x°+x°+10x, x<0 Investigate
—3sin x, x20

Example 6.39 BECiitaks

x=0for locél maxima/minima.
Sol.” Clearly f(x) is continuous at x=0as f(0) =f(07) =f 0")=0.

WO | ) S A (V)
f(0): }'ﬂ—__h .
B eh?_10h—
_ o PR 1080
N —~h
f( ) SO _ —3Siﬂh
- =-3
B tf 0H= 1 h_)o P
Since 1 (0‘)>Oand f (0+)<0,x=015 the point of local

maxima.
| RCTIN Y  Testf(x)={x} for the existence ofa local maximum
and minimum at x = 1, where {-} rcpresents

fractional part function.

Sol.
Y

S ————
XY
W=
Y
x

Graph ofy= {x}
Fig. 6.31

Clearly x = 1 is the point of discontinuity of f (x) {x}
asf(1)=0,/(1-0)=1andf(1+0)=0.

Now f(1 —h)>0andf(1 + h) > 0, i.e., the value of the
function at x = 1 is less than the values of the function at
the neighbouring points. Thus, x = 1 is the point of
Jasitiestiing

Monotonocity and Maxira—Minima of Functions 6.13

O Findthe values of aif

‘Example 6.41 g6k
x+a,x<0

x=01sanoint of maxima,

Sol. Clearly; f (x) increases before x = 0 and decreases after
x=0.

fO)=a.

Forx =0 to be the point of local maxima,
> lim
FO)= lim /()
X

2 lim —
= f(O). Jr_mcos( 2’)
= a21
Graphical method

. Sy
a):a=0 4 (b)a=1

Y {c):a >1
_ ~ Fig.6.32
For a =0, x =0 is not the point of extrema.

The graph of y = x + a must shift at least 1 unit upward for
x=01to be the point of maxima.
Hence,a 2> 1.

E\ample (X:yW The function f(x)=]ax— b|+c|x|Vxe (o0, e0),
where a > 0, b > 0, ¢ > 0. Find the condition if
f(x) attains the minimum value only at one point.

{

b—(a+c)x, x<0
Sol. f(x)={b+(c—a)x, 0<x<?
! a

) b

(@+o)x+b, x2—

c>a \ c=a c<a

(0]

L0t
9
QO+

.a

0o - . . - c . .

x =0 gives minima Infinite points of minima x="gives minima
a

Fig. 6.33

Figure 6.33 clearly 1ndlcates that for exactly one point of
minima, a #c.
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E\ample 6. 43 Dlscuss the extremum of f(x)= 2x + 3xy 3

Sol. f(x) 2x+3xZB

F)=2+3x% -3—x =2(1+x"")
Letf'(x)=0
= xP+1=0 = x=-1

4
= f”(x)=——§-x—5
. andf”(_l)=~_'

= x=-1isthe point of maxima.
~ Also, f(x) is non-differentiable at x = 0.

2 a3 2
2 =—2<0
3( ) 3

 Fig. 634
From the graph, x = 0 is the point of local minima.

CONCEPT OF GLOBAL MAXIMUM/MINIMUM

Let y = f (x) be a given function with domain D. Let [a, b] C D.
Global maximum/minimum of f(x) in [a, b] is basically the greatest/
least value of /(x) in 1a, b]. v

Global maximum and minimum in {a, b] would occur at the
critical point of (x) within [a, b] or at the endpoints of the interval.
Global Maximum/Minimum.in [a, b]
_ In order to find the global maximum and minimum of f (x) in
[a, b], find all the critical points of f(x) in (a, b). Let ¢, ¢, ..., ¢, be
the different critical points. Find the value of the function at these
critical points.

Letf(cy), f(cy), ---» £(c,) be the values of the function at critical
points.

Say, My=max{ £(@), £(c1), S(€h-- 1), S(B)}

and M, =min{f(a), f(c)), f(¢c); ---. f(c,), f(b)};
then M, is the greatest value of f(x) in [a, b] and M, is the least

value of f(x) in [a, b}.
Global Maximum/Minimum in (a, b)
The method for obtaining the greatest and least values of f(x) in
(a, b) is almost same as the method used for obtaining the
greatest and least values in [a, b], however with a caution.

Let y = f (x) be a function and ¢, ¢y, ..., ¢, be the different
critical points of the function in (a, b).

LetMl =max. {f(cl)s f(CZ)> f(c':‘;): s f(cn)}

and My =min.{f(c,), f(¢s), f(¢5), -2 e}
Now,if Hm f(x)> M, or<M,, f(x)will nothave global
x—a+0
(or x—bh-0)

maximum (or global minimum ) in (g, &).

This means that if the limiting values at the endpoints are =

greater than M, or less than M,, then f (x) will not have global
maximum/minimum in (@, b).

Catheotrerhand, ifd; > lim
. x—a+0
(and x—>b-0)

J(x)yanddb<  lHm  f{x),
x—a+0

(and x—b-0)

then M, and M, will, respectively, be the global maximum and

global minimum of /(x) in (a, b).

Consider the following cases:

: Fig. 6.35
Example 6 EVW Letf(x)=2x"—9x + 12x +6. Discuss the global

maxima and minima of f(x) in [0,2] and (1, 3) and
hence, find the range of fx) for corresponding
intervals. .

Sol. f(x)=2x"—9¢+12x+6

= f0)=6—18x+12=6(F-3x+2)= 6(x (-2
.Clearly, the critical point of / (x) in [0, 2] isx= 1.

Now, f(0)=6, f(1)=11, f(2)=10

Thus, x = 0 is the point of minimum of f(x) in [0, 2] and
x=1is the point of global maximum. ’
Hence, range is [6, 11]. '

- Forxe (1, 3), clearly x=2 is the only critical point in (1, 3).

f@)=10. lim f(x)=11 and lim_ f(x)=15

Thus,x= 2 is the point of global minimum in (1 3) and the
global maximum in (1, 3) does not exist.
Hence, range is [10, 15).

EX: mple645 Discuss the global maxima and global minima of
i
fo= tan! x— logex n [ ) ﬁ:l
B

Sol. f(x)=tan"' x~1lnx
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: 2 . ‘ 5
= f09=7 1 2—1=—————(x(+21 1;) <0Vxe [—\%\/3] |¥*-2], -1<x<+3
. A+ X x(x™ + : . .
, . ‘ 11. Discuss the extremum off(x)= i, \/§Sx<2«/§.
Hence.f .= f(«ﬁ) —tan B3 ==-1n NE] 3
_ 3 1 , 31v g 3-x, 23<x<4
T o : :
= f|l ={=tan!—=-InVy3 ==-ln—= - 1 5
Fmax f(ﬁ) mh ‘/_ 6 - 3 12. Findthe minimum value of jd + ¥+ +|x—3|+x—5‘,

1+sinx, x<0

Ipehiny (X Find the range of the function
¥ <x+1,x20

2x~2+4- ' i
f®= T : 14. DlSCl]SS the maxima and minima of the function f(x) =
. Sol. Clearly, domain of the funct10n isf2, 4] ‘ x2/3

13. Discuss the extremurin off(x)= { atx=0.

3. Draw the graph ofy = f(x) and find the range
Now, f'(x)= offd). :
ow, f'(x ‘
\/ -2 \/ ' X +ax+6
f’ x)=0 22 4 * ' 15. The curvef(x) = Tro10 has a stationary point at

= Jx-2=24-x

= x—2=16-4x

(4, 1). Find the values of @ and b. Also show that f(x)
" has point of maxima at this point.

e 1’§ S NATURE OF ROOTS OF CUBIC POLYNOMIALS
: ' Let f(x) = x> + ax* + bx + ¢ be the gi bic pol ial, and
Now, fi2)= J2, f 18 JB— 2 +,f4 -— =40, f(x) = 0 be the corresponding cubic ec;f:ticc:)llll, 1\:/5;2] 2:)2:121 ea;.

f@= 23

Hence range of the function is [\/— \/'_ 0]
Also, here x=(1 8/5) is the point of global max1ma

1. Discuss the extremum of f(x) =2x" —3x*—~12x+5 forx
€ [-2, 4] and find the range of / (x) for the given interval.

2. Discuss the extremum of f(x)=1+2sinx+3 cos’ x,
0<x<2m3.

. . 1.
3. Discuss the extremum of f (x) = sm x + Esm 2x

+ lsin?ax,OSxSn. :
4. Dizcuss the extremum of /() =sin” 8cos? 6, p, >0,
0<0<n/2. :

5. Find the maxxmum and minimum values of the function
- y=log (3r 2%~ 6 +6x+1),Vxe (0,2). Giventhat
NS 00— 6 +6x+1)>0Vxe(0 2). :
6. Letf(x)= _sin® x+ 3 sin® x + 5 on [0, 2]. Find the local

maximum and local minimum of / (x).

' 1 1Y) -
7. Discuss the extremum of f(x) = g(x + —) .
x

8. Discuss the extremﬁm of f(x) =x(x2-— 4)_‘”3

© —x*+10x=5, x<I
9. Letf(x)= 5
2x+log,(b"-2), x>1

Find the values of b for which f (x) has the greatest

valueatx=1. .

tan~ o —5x%, 0 < x <1 .If
—-6x, x21 -

10. Let/(x) bedefinedas f(x)= {
£(x) has a maximum atx =1, then find the values of o

Now, f(x)= 3x*+2ax+b
LetD =4d® - 12b = 4(a — 3b) be the discriminant of the

equation f"(x)=0.

o fD<0=f'(x)>0VxeR. Thatmeansf(x)wouldbean
increasing function of x. Also, lim f(x)=-o and
. x—y—o0

lim f(x)=eo. Thus, the graph of f(x) would look like

X—3o0.

. Fig. 6.36. It is clear that graph of y = f(x) would cut the x-
axis only once. That means we would have just one real
root, (say xg). Clearly x> 0if ¢ <0, and x, < 0if c>0.

y
- (0,70)1‘/y= f(x)ifc>0
y=f(x)ifc < 0
X" IXD ) %o X
—1(0, ¢)
Graph of f(x)
Fig. 6.36

e IfD>0,f'(x)=0 would have two real roots (séy x,andx,,
let x; <xp)
= f(x)=3—x) (x—x)
Clearly, £(x)<0,x€ (x;,x,)andf (x)>0,x€ (~o0,x)) U (¥, )
That means f(x) would increase in (e, x;) and (x,, =), and

would decrease in (x,, x,). Hence, x = x; would be a point
of local maxima and x = x, would be a point of local minima.

Thus, the graph of y = f(x) could have these five
possibilities [Figs. 6. 37 (a—e)]
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v , fx3)>0, (x>0 .
A : }J,x
|
“F(x1) >0, f(x2) <0 ! /
™ / ! I
[ o
[N/ ., Vi
X" T i / : .~
VeV A

Y (b): F(x) =0 with

y
(a): f(x)=0witt§
one reat root

Three distinct re:‘i roots

y 1 £ >0,7(x) =0
| Fxn) <0,706) <0 N

1
N X1 X2 [ |
X o T i X i

. A o

‘ X /O X4 X2
A (c) : F(x)=0with . (d):f(x)=0with

y one real root Yhree real roots (x, being repeated)

y .
A .f(X1) =0, f(Xz) <0

x" :
. /X1

’ / (e) : f(x) =0 with
' )l/rlmree real roots (x; being repeated)
Fig. 6.37
Clearly, in Fig. 6.37(a), we have three real and distinct
roots. In Figs. 6.37 (b) and (c), we have just one real root
and in Figs. 6.37 (d) and’ (e), we have three real roots but
one of them would be repeated.
a Iff(x)f(x)>0,/(x)= 0 would have just-one real root.
b Iff(x)f(x)<0,f(x)=0 would have three real and
" distinct roots. .
c. Iff(x)f(x,)=0,/(x)=0 would have three real roots but
one of the roots would be repeated.
o IfD=0,f"(x)= 3 (x—x;)* where x, is the root of f'(x) = 0
= f0)=(—x)’+k
. Now, if k=0, then f(x) = 0 has three equal real roots and if
k# 0, then f (x) =0 has one real root.

Examples Pl Find the value of a if X’ — 3x + a = 0 has three
distinct real roots.
Sol. Letf(x)—x -3x+a
Letf'(x)=0 :
o 32-3=0 = x=%l
For three distinct real roots, f (1) f(-1) <0
= (1-3+a)(-1+3+a)<0
= (a+2)}a-2)<0
= -2<a<2

X

Example 6. 13 Prove that there exist exactly two non- -similar
isosceles triangles ABC such that tan 4 + tan B
+tan C = 100.

Sol LetA B, then24+C= 180°and2tanA+tanC 100

Now24+C=180°=tan24=—tanC )
Also2tan 4 +tan C=100 o
> 2tand - 100=—tan C @)
. . - 2tan 4
From equations (1) and (2), 2 tan 4 - 100 = ————
1—-tan” 4

Let tan A = x, then

> =2x-100
—x?

= r- 50x2+50 0 . '
Let f(x) = x* — 50x* + 50. Then f* (x) 3x2-100x Thus,

()= OhasrootsO —@ . Also f(O) f( )<0.Thus,

f(x) = 0 has exactly three dlstmct real roots. Therefore,
tan 4 and hence 4 has three distinct values but one of
them will be obtuse angle. Hence, there exist exactly two
non-similar isosceles triangles.

Example 6.49 B be areal number satisfying the equatlon 28
~ 97+ 30 — a =0, then find the values of the

1
parameter a for which the equation x+— =1¢

x .
gives six real and dlstmct values of x.

Sol. We have 21> — 92 +30-a=0

Any real root ¢, of this equation glves two real and distinct
values of x if |t > 2. :
Thus, we need to find the condition for the equation intto

“have three real and distinct roots, none of which lies in
[-2,2]. '

Letf (=29 +30~a

F(H)=6:2-18t=0=1=0,3.

L™
SN

So, the equation f(¢) = 0 has three real and distinct roots if
J0) f(3)<0.

= (30-a2)(54-81+30-0)<0=>030-a)3-a)<0
= (@a-3)(@-30)<0=ac (3,30) )
Also, none of the roots lies in [-2, 2] if f(-2) > 0 and /(2) >0
-16-36+30-a>0and 16-36+30-a>0
—22-a>0and10-a¢>0=>a+22<0anda-10<0

= a<-22anda<10 :
= a<-22 . @
From equations (1) and (2), no real value of a exists.

APPLICATION OF EXTREMUM
Drawing the Graph of the Rational Functions

Following tips are useful for drawing the graphs of the rational
functions:
1. Examine the point of intersection of y = f{(x) with x-axis and
y-axis. '
2. Examine whether denominator has a root or not. If no, then
araph is continuous and 11s non-monotonic.




X x“+x-=-2 .

eg., fX)=—5—"7 = )
T X2+x+l
If denominator has roots, then;f(x) is discontinuous. Such
fanctions can be monotonic/non-monotonic.
e.g. ' )=

g, f0="7_3

3. If pumerator and denominator have a common factor ( say
x = a), then y = f(x) has removable discontinuity atx = a,

2 x(x-H _ x

B xT-x
8.0~ 2 500 G-DE-2) x-2

x#1

Functions of type linear/linear represent rectangular |

hyperbola excluding the point of discontinuity and will
always be monotonic. :

4. Compute % and find the intervals where f(x) is

increasing or decreasing and also where it has horizontal
. tangent. . i .
" 5. Atthe point of discontinuity (say x = a) check the limiting
“values  lim f(x) and lim f(x) to find whether
x—a x—a

f approaches to oo Or —eo.

Iltustrations :
. v 2
Example 6.50  EReiy the graph of f(x) = _x_z__x_-!-_l_ .
‘ s x“+x+l
Sol. The given function is continuous for allx € R.
2(x* -1)

X = ————
7 (x? +x+1)°

Fx)=0 = x=x1 v
The sign scheme of /'(x) is given in Fig. 6.39.
. + - + '
; —
|

1
Fig. 6.39
From the sign scheme, x = 1 is the point of minima and
x=-1 is the point of maxima.

Also, f(1)= % andf(-1)=3,/0)=1

2
—-x+1
x —xtl

Further lim —
© xodee x” +x +1

From the above information, graph of y=f(x)is

a

TN
1\_’///_
sa P2 3 4
Fig. 6.40
¥ -5x+6

A A M Draw the graph of fl) =3
X

- X

X -5x+6  (x=2)(x—3)
Sol. f) — 2 . 77 ux-1

Monotonocity and Maxima—Minima of Functions 6.17

i. The function is discontinuous when x2—x=0orat
x=0andx=1

ii. Also,y=/(x)intersects the x-axis when x* -5x+6=0

" oratx=2andx=3 ' :

e g X =35x+6
. lim —=
xoxe x{x—1)
. -2)(x—- - _
lim _(i_)(_x_?,)_:.{.oo and lim G=2GE-3)
-t x(x=1) - x(x-1)

lim —————-(x ~2)(x—3) —ieo

and Tim &= _
x=0"  x(x-1)

x—0" _x(x—l)
(2x—5) —x)—(2x—1)(x* ~5x+6
R
_ 2x —6x+3
(x2__x)2

“+co

3443

2

f(x)=0 =>2’-6x+3=0o0rx=

3-\3
2

is the point of minima and x =

Clearly x= 3 +2\/§

isthe point of maxima. :
From the above information, graph of y =f(x) is:

2
IR L Draw the graph of f(x) = d . ? l 5
x -_—
: . Xt -2
Sol. Consider the function g(x) = 5 1
x -_—

i g is even function, hence graphis symmetrical about
the y-axis.
ii. g(x) is discontinuous at x = £1.

iil. y=g(x) intersects the x-axis at x =% J2.

x2 X
v. lm—; =—coand im ———=-
x- x° — x- x° =1
2
X )
lim =ocoand lim =—00
x> x° — ot x2 -1

Hence, the graph of y = g(x) is as foliows:
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2 MO &

-
P
N
(5}

PN A

Fig. 6.42

Then the graph of y = f(x) = |g(x)| or y = f(x) = is as follows:

LI
Ll
N %
4 3 2 2 3 3

4

Fig. 6.43
Optimization '

Find two positive numbers x and y such that
x+ y=60 andx3y is maximum.
Sol. x+y=60 i
= y=60—x
= XPy=(60-—x)3
Let f(x)= (60-x)x%;xe (0, 60)
F®)=32060-x)—x*=0
= x=450Cx#0)
F/(45*)<0andf'(45)>0
Hence, local maxima is at x=45.
So,x=45andy=15.

' Two towns 4 and B are 60 km apart. A school is

, to be built to serve 150 students in town 4 and

50 students in town B. If the total distance to

be travelled by 200 students is to be as small as
possible, then the school should be built at

a. town B h. 45 km from town 4
- c.townd d. 45 km from town B
Sol. Given that 4B =60
A X = 60 - x B
150 - S . 50
"Fig. 6.44

Let the school be at a distance x from A4 (with 150
students), then the distance travelled by 200 students is
D =150x + 50 (60 — x) = 100x + 3000 -

D will be least and equal to 3000 if x =0, i.e., school is

built at 4.

Example 6.55 . JEI0TRINs petrol bumnt (per hour) in driving
O a motor boat varies as the cube of its velocity,
show that the most economical speed when
going against the current of ¢ miles per hour is

(3c/2) miles per hour.

Sol. Let the speed of the motor boat be v mph.
= Velocity of the boat relative to the current = (v-o0) mph. -
If s miles is the distance covered, then the time taken to
cover this distance is ¢ = s/(v —.¢) hours.
-Since, the petrol burnt = 4v* per hour.
where £ is a constant
= z = total amount of petrol bumnt for a distance of s
miles = kv* s/i(v=c)

dz 2ksv? (v—3¢/2)

dv (v— c) :
For maximum or minimum of z, dz/dv =0 = y= 3c/2
If v is little less or little greater than 3c¢/2, then the sign of
dz/dy changes from —ve to + ve, Hence, z is minimum when
v=3¢/2 mph.

Since, minima is the only extreme \}alue z is least at v
=3c/2, i.e., the most econom1cal speed is 3¢/2 mph.

Plane Geometry
ERCIul LW  Rectarigles are inscribed inside a semi-circle of

radius r. Find the rectangle with maximum area.

Sol. Let us choose coordinate system with origin as the centre

of circle.
Area, 4 =xy
(—rcos 6, rsin ) . (rcos 6, rsin 6)
(0,0
e—— X ————
Fig. 6.45

= A=2(rcos 6) (rsin 6), Oe (o, %)

= A=r*sin20
Ais maximum when sin26=1= 2= 72
= 0=n/4

= Sxdes of the rectangle are 2r cos (Wd) = \/5 ¥ and
rsin (7174) =r/ \/_

ISR A rumning track of 440 ft is to be laid out

enclosing a football field, the shape of which is
arectangle with a semi-circle at each end. If the
area of the rectangular portion is to be maximum,
then find the lengths of its sides.

Sol.
D X C
\r !
e ®
i i
A B .

X

Fig. 6.46
Perimeter =440 fi.

= XX+ mr+mr=4400r 2x + 271y = 440




A= Areaofthe rectangulér portion =x 27

4
= A=x M (440x 2x%)
T fﬁ__(mo 4x)=0
_ax yrs

2
= x=110forwhich —é—f <0
dx

= A ismaximum whenx=110
440 - 2x _ 440220 _

r 2217
" = r=35ftandx=110ft

= 2r=

Exampfe XL If the sum of the lengths of the hypotenuse and

another side of a right-angled triangle is given,
show that the area of the triangle is maximum
when the angle between these sides is /3.

Sol.
A

9
B s c

: _ Fig. 6.47
Let ABC be aright-angled triangle in which side BC=x (say)

~and hypotenuse 4C =y (say). Given x +y = k (const.)

= y=k-x
Now, the area of the triangle ABC 1s gwen by

A—lBCAB——x\[(y —x ) ——x [k —x)* -x*]

Letu=4= x 2(k? - 2kx)

‘= duldx= 5k(lcx—3x ) and dulds® = —;—k(k—6x)
'For maximum or minimum of u, du/dx=0 = x=k3
(- x#0)
) y 1
When x = k/3, d2u/dx* = %k(k—- 6 X % k= —-2—k2(—ve)

= u,ie.,Aismaximumwhenx=4/3 and wheny=k—x=2//3.
. Now, cos §=BCIAC=xly=1/2= 6=m/3.
Hence, the required angle is /3. '
Coordinate Geometry

' Example ¢ (%] The tangent to the parabola y = x* has been
drawn so that the abscissa x, of the point of
tangency belong to the interval [1, 2]. Find x,
for which the triangle is to be bounded by the
tangent, the axis of ordinates, and the straight
line y = x, 2 has the greatest area.

\7/<>
R//

Fio. 6.48

Sol.

Monotonccity and Maxima—Minima of Functions. 6.19

y=x* = dyldx=2x

"= Equationofthe tangent at (xp, xg ) is Sy~ X2 =2xp(-xp). -
It meets y-axis in R(0, —x; %). Qs (0,x50)
= Z= area of the triangle POR

2 1<x,£2

1,2
=—2-2x0x0=x o

dZ
= =3x>0in1<x,<2

0
= Zisanincreasing functlon inf1,2].

Hence, Z, i.e., the area of APQR is greatest at x, = 2.

ROV XM Find the point (¢, f) on the ellipse 4x + 3P=12,

in the first quadrant, so that the area enclosed
- bythelinesy=x,y= B, x= e and the x-axis is
Sol. Equation of the ellipse is 23+ yH4=1.
Let point P be (/3 cos 6, 2sin 6), € (0, 7/2)

Q P(c, B

, Fig. 6.49
Clearly, line PQisy=2sin 0,

line PR is x = /3 cos Hand 0Qisy=x,and
Qs (2sin 6, 2sin 0).
Z=area of the region POORP (trapezium)

- %(OR +BO)PR’

- %(\/—3_0050+(\/§cos 0-2sin 6)2sin 0 '_
- %(2\/5005 Osin 62 sin? 6)

= %(\/5 sin 26+ cos20- 1)

= COS$ (29~£)—l
3) 2

which is maximum when cos| 26 — z
T 3
0 - g
Hence, point Pbe (3/2, 1).
‘Example6:61 -

=lor 26—£ =0or
3

LL’ is the latus rectum of the parabola y* = 4ax
and PP’ is a double ordinate drawn between -
the vertex and the latus rectum. Show that the
area of the trapezium PP’ LL’ is maximum when
the distance PP’ from the vertex is a/9.
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‘Sol. Let LL" = 4a be the latus rectum of the parabola y* = 4ax Solid Geometry '
and let (a?, 2at) be the coordinates of the pomt P

- ,29)
2a

Useful Formulae of Mensuratmn

XY

Fig. 6.50

Here PP’ is the double ordinate of the parabola.

= OM=at = MN=0ON-OM=a-af and
PP’ =2PM=A4at.

Now, area of the trapezium PP’ L’L

= %(PP’+LL’) X MN
_1 (4at +4a)a—at®) =2dL -2 +1+1) PRI XXM A sheet of area 40 m? is used to make an open
2 , . , _ tank with square base. Find the dimensions of
= dA/dt=2a"(-3F -2t +1) and d°4/ds’ = 2a*(-6t-2) the base such that the volume of this tank is
For maximum or minimum of 4, dA/dt=0 . maxinmm. - _
= 24°(3t-1)(+1)=0 : Sol. Let the length of base be x m and height be y m.
= t=-1,1/3 whent=-1,d’4/d* = 84" (+ve) :
= Aisminimum when =-1
And when ¢ = 1/3, d?A/dt* = -84 (——ve)
= Aismaximumwhenz=1/3 (only point of maxima)
= For the area of the trapezium PP’LL’ to be maximum, y
distance of PP’ from vertex O= OM = a* = a(1/3)* = a/9. v -
: _ _ . _ . pes
B E NI XYA  Find the points on the curve 5x*—8xy+5y2=4 ' X
' ' whose distance from the origin is maximumor = - : Fig 6.51
: i Volume ¥=x
. ) . olume V'=x"y
Sol. Let (r, 6) be the polar coordinates of any point P on the -
curve where r is the distance of the point from the origin. ~ Again x and y are related to the surface area of thls tank
= r?[5(cos® @+sin’ 6) -8 sin Hcos 6] =4 which is equal to 40 m”.
: : ' = x*+ 4xy =40
4
2 : 40— '
= T TS5 asm20 . =T xe (0, VA0)
r* is maximum when 5 — 4 sin 28is minimum=5-4=1 5 3
(when Sin 29: 1) - . . = V(x)-:xZ 40“x — 40x*x
= 20=90°=0=45°=r=42, 6=45° : o ' - 4x 4
_Again 2 is minimum when 5 — 4 sin 26 is maximum; Maximizing v oium e,
=7’5+4=9whensin26=—l=:>26=3—7‘7=:>6=E % 40-3x" 3x? _ _ . |40
. 2 -4 : @)= — - 0=>x=,—m
2 3z .
+— = —

:> r= 3 9 4 ‘ ] (2) . and V/r(x)z __:%x_ N 5 ’ﬂg <0
Hence, the points are (r cos 6, r sin §) where r and @ are 3
given by equations (1) and (2). | ) ) 40 -
. = volume is maximum atx = "— m
Thus, we get four points (\/5, V2), (—V2,-2), 3

The lateral edge of a regular hexagonal pyramid
is 1 cr. If the volume is maximum, then find its
height.

and | —, —

3° 3 3°°3

o 4.8)




Sol.

Fig. 6.52

L+ =1; ,
Volume,V=lx6x£x2h=£h(1_—h2)-
3 4 2 )
For V(N =0=>h=—= = Vyu=1/3 :
) Ng max

/Lo

R I Findtheheightofthe cyhnderofmaxxmumvolume -
' " that can be inscribed in a sphere of radius a .

Sol.
) e r—>

D, T C

. o] I
a

Kg_ ; |

A M B

Flg 6.53

If a be the radius of sphere and h the helght of cylmder
then from Fig. 6 53,
2+ =d= W=4 (@-r)

; 1
Now, V=.ﬂJ'2h=7r(a2 ~3 hzj h=7c(a2h -3 h3)
av _

= (az - E hz] = for maximum or minimum
dh ‘4

This gives & = (2/~/3 ) a for which d*V/dh* =

Hence ¥V is maximum when 2 =2a/ «/—

: Example (XL A nght—01rcular cylinder is mscnbed ina given
cone. Find the dimensions of the cylinder such

that its volume is maximum. :
Sol. Let x be the radius of cylinder and y be its height.

J

6hi4 <‘0
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Volume V= 7Dczy .
x, y can be related by using similar triangles

y h

r—x r

|

y= = (-
r

> Y- m s G-Dxe 07)

nh o L

= Mx)= - (rx*—x%)
= V@)= ”—rh X2r—3x)
Vx)=0=x= %r_

Also, V"(x)= zh (2r—6x)
- r

7
<
e
:
g
.
| g
£
=3
3
=
I
I
B
=%
<
If
w >

1A private telephone company serving a small

3

BB

community makes a profit of ¥12.00 per subscriber, if it

has 725 subscribers. It decides to reduce the rate by a | .
_fixed sum for each subscriber over 725, thereby |

reducing the profit by 1 paise: per subscriber. Thus;
there will be profit of ¥11.99 on each of the 726
subscribers. ¥11.98 on each 727 subscribers, etc. What
is the number of subscribers which will give the

company the maximum profit? : ‘v

2. The lateral edge of a regular rectangular pyramld isacm
long. The lateral edge makes an angle a with the plane
of the base. Find the value of o for which the volume of
the pyramid is greatest.

3. A figure is bounded by the curves y = Z+1,y=0,x= 0
and x = 1. At what point (a, b), a tangent should be

drawn to the curve y=x>+ 1 for it to cut offa trapezium' s

of the greatest area from the figure.

4. Prove that the cone of the greatest volume which can
be inscribed in a given sphere has an altitude equal to
2/3rd the diameter of the sphere.

¢

function f(x)=¢" cosx attains minima, whenx € [0,27].

6. An electric light is placed directly over the centre of a
circular plot of lawn 100 m in diameter. Assuming that
the intensity of light varies directly as the sine of the
angle at which it strikes an illuminated surface and
~ inversely as the square of its distance from its surface.,
How should the light be hung in order that the intensity
may be as great as possible at the circumference of the

T

Find the point at which the slope of the tangent of the |-~

plot?
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Find the values of x where f (x) = sin (ln x)—cos (Inx) is
strictly increasing.

Letf(x)= = + ax* + bx + 5 sin’ x be an increasing function
on the set R. Then find the condition on a and b.

Find the possible values of a such that f (x) = &F—(@+)e
+2xis monotonically increasing forx € R.

. Prove that for any two numbers x; and x,,

ele +ex‘l M
7% S 3 -
(% x +x
. If0<x; <x,<x;< 7, then prove that sm(—‘——x;——i)

>sinx1 + sin x, -+ sin x,
' 3
that if 4, B, C are angles of a triangle, then the maximum

33
value of sin 4 + sin B +sin Cis —2— )

. Hence or otherwise prove

"Discuss the monotonocity of Q(x), where

- (2 : ‘ '
ox)= ZfL%] /6 -AY xeR. Ttis given that 7 (x)>

OV xe R. Find aisb the points of maxima and minima

of O (x).

. Prove that

<(tan Yeyp 2

()J(e_f \/(77

. Prove that sin® < sin (sin 9) for0<0< —2-

9. Letf(x)=r-32+6VxeR

12,

13.

max: f(t);x+1<t<x+2,-35x<0 ‘
and g (x)= 1-xfor x=20

Test continuity of g (x) forx € [-3, 1.

. Iffis areal function such that f(x) >0, f(x) is continuous

for all real x and ax f'(x) 2 2 f () —2af(x), (ax#2),

f(X)>\/?(— x21.

show that

. The lower corner ofa leaf 1n a book is folded over so as to

reach the inner edge of the page. Show that the fraction of
the width folded over when the area of the folded part is
minimum s 2/3. '
From a fixed point 4 on the circumference of a circle of
radius 7, the perpendicular AY fails on the tangent at P.
Find the maximum area of the triangle APY.

For what values of a, the function

)= [ e

- ] - 3x+log(5)decreases for all real x.

EXERCISES

>

14. Find the greatest value of )= .

|
16. Kf(x)= ﬁmn (———\B

1
—x%—54°

‘in[-3,5]
depending upon the parameter a.

15. Pand Q are two points on a circle of centre C and radius a.

The angle PCQ being 26, find the value of sin 8 when the

_radius of the circle inscribed in the triangle CPQ is

22 % 1} —log (@ +x+1)+(A*~5A+3)x

+ 10 is a decreasing function for all x € R, find the permi-
ssible values of A. :

17. Discuss-the number of roots of the equation e(k —x log x)

= 1, for different values of k.

18. Prove thatsin 1> cos (sin 1). Also show that the equation |

sin (cos (sinx)) = cos (sm (cos x)) has only one solutlon in

[o_

19. Letf: R — R be a twice differentiable function such that

flx+m)=f(x)and f7(x) +f(x)=0 for allxe R. Show that
fx)=0forallxe R. :

20. Showthat5x<85inx—sin2x£6xfor0$x$% .

\ 21. Let f(x), x = 0, be a non-negative continuous function, If

f (%) cos x <f(x) sinx, V x 20, then find f( )

“Objective Type

Each question has four choices a, b, ¢ and d, out of which only one
is correct.

1. Iff (x) o — 92+ 9x +3is monotomcally increasing in R,
then
a k<3 h k<2
c. k23 d None of these
) K sinx+2cosx . ) .
. If the function f (x) = ———————— is strictly incre-
-sinx +cosx '
asing for all values of x, then
a K<1 hK>1 c.-K<2 d K>2

. Letf:R—)Rbeéfuncﬁon’suchthatf(x)=ax+3 sin x -

+4 cos x. Then f(x) is invertible if
a ae (-5,5) b ae (—,5)
¢. a€ (-5,+0) d None of these

. Let g(x)=2f(§) +f(2—x)andf” (x) <0V x € (0,2). Then

g (x) increases in
a (12,2)
e 0,2)

b (4/3,2)
d (0,43)

. On which of the following intervals is the function

x'%® + sin x —1 decreasing?
a (0,n/2).
¢ (n/2,m)

b. (0,1)
d None of these



<r' wr'

-L[lo.

U 11.

L\ 13.

6. A function is matched below against an interval whereitis

supposed to be increasing. Which of the following parts

. is incorrectly matched?
Interval Function
2 12) 133217 +6
b (—oo,00) B-3x2+3x+3
c. (—oo,—4] B+éxt+6
d (—co, %] 32-2x+1

The function f(x) = tan”! (sin x + cos x) is an increasing

function in
b _(0, E)
2 -

T T

al———

=[5

N (_z_,z a (z,z) .
22 4" 2

. The function x* decreases in the interval

a: (0, )
c. (0, l)
e

5
The function f(x) = 2 (x-K )’ assumes the minimum

b. (0, 1)

d None of these

K= :
value of x.given by '
5 .
a5 h 5 ) c.3 -d2

Which of the followiﬁg statements is always true?-
a. If f(x) is increasing, then f(x) is decreasing.

. 1 C
b Iff(x) is increasing, then — is also increasing.
f)

c. If fand g are positive function and fis increasing and
g is decreasing, then f/ g is a decreasing function.

d. Iffand g are positive function and fis decreasing and .

g is increasing, then f/g is a decreasing function.
Let f: R — R bea differentiable function for all values of x

and has the property that f (x) and f’(x) have opposite

signs for all values of x. Then,
a. f(x) is an increasing function
_b. f(x) is a decreasing function
c. f2(x) is a decreasing function
d |f(x)|is an increasing function

. Letf(x)= x4ax—x* ,(a>0). Thenf(x) s

a. increasing in (0, 3a), decreasing in (32, 4a)
h. increasing in (a, 4a), decreasing in (54, o)
c. increasing in (0, 4a)
d. None of these
Let f: R — R be a differentiable function V x € R. Ifthe

tangent drawn to the curve at any point x € (a, b) always ’

lies below the curve, then
a f()>0,/"(x)<0Vxe (a,b)
h f()<0,f"(x)<0Vxe (a,b)
e f()>0.f"(x)>0Vxe (a,b)
4 None of these

14.

15.

Lol 6.

L, 17.

18.

19.

Lo
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IEF70)=x] — {x} where {x} denotes the fractional part ofx, :
then f(x) is decreasing in
(4
2

(4
() el

Function f (x) = |x| — [x — 1] is monotonically increasing
when: )

a x<0

¢ x<l1
Let fbe continuous and differentiable function such that
£ () and f"(x) have opposite signs everywhere. Then

a. fis increasing

h fis decreasing

¢. | f]is non-monotonic

d |f| is decreasing
If the function f (x) increases in the iriterval (a, b), and ¢ (x)
=[f®)T, then '

a. ¢(x) increases in (a, b)

b ¢(x) decreases in (a, b)

¢. We cannot say that ¢(x) increases or decreases in

(a,b) " ‘

d None of these ‘
If ¢ (x) is a polynomial function and ¢'(x)> ¢(x), Vx2 1 and
¢(1)=0, then

a p(x)=0,Vx21

e §(x)=0,Vx2=1
Which of the following statements is true for the function

b. ¢$(x)<0,Vx21 g

.

- x, x21
f)=|x, 0<x<1
3
1-—4x, x<0
3

20.

21.

22.

-

a. It is monotonic increasing Vx € R.
h f(x) fails to exist for three distinct real values of x.”
¢. f”(x) changes its sign twice as x varies from — oo to oo,
"d The function attains its extreme values at x, and x,,

such that x, x,> 0. v :
Kf76)>0,VxeR, F/(3)=0and g(x)=f(tan’ x—2 tanx+4),

0<x< —g— ,then g (x) is increasing in
&@q hgﬂ
"4 6 3
c (O, E) d E, kil
3 : 4’2

Let f(x) be a function such that f “(x) =log, ; {log; (sinx +a)].
Iff(x) is decreasing for all real values ofx, then

a ae(1,4) b ae (4,)

¢ ae(2,3) d ae (2,%0) 0

Iff(x)=x+sinx; g(x)=e™u= v+l - Je;
v= \/— ~AJc—=1;(c>1),then

a. fog (1) < fog (v) b gof (1) < gof (¥)
c. gof (4)> gof (¥) & fog(n)<fog(v)

box>1 } o

» .

d 0<x<l1 . L

d None of these
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'23. The length of the largest continuous interval in which the 34. Iff(x)=x"—5x*+5%* — 10 has local maximum and minimum
function f(x)= 4x — tan 2x is monotonic is ~ atx=pandx= g, respectively, then (p, g) =
a 7w/2 b /4 c.mw/8 d 7c/16- ' a. (0,1) b (1,3)
24. f(x)=(x—1)| (x—2)(x=3)|, then /f* decreases in c. (1,0) - d None of these

)
‘N

1 ‘ 1 : . The maximum vatee of (logx) /x is
a (2———, 2) b (2,2+'——) al b 2/e
\/5_ ‘/5 c.e - d e

_ 1 36. . If a function £ (x) has f’(a) = 0 and f “(a) - 0, then
(2 + -;/——- 4)

o a. x=ais amaximum for f(x)
x}+2x2+5 h. x =ais aminimum for f(x)
\9 25. T};e numbgr o[i(') sggt:;ms of the equatlon X Ceitis difficult to say a and b
T a.ccc))snz - b two c. three d zero d f(x) is necessarily a constant function
26. f(x)=(x—2)x—3|is monotonically increasing in i 37. The minimum value of 2(?—3)’+27 is
a. (—eo,5/2)U(3,) b.-(5/2,0) ' ”
c. (2,%9) . " d (—e9,3) a 2 _ h 2
27 f)=(x— 8)* (x—9)°, 0 <x < 10, monotonically decreases el d None of these
in 38. The number ofreal roots of the equation Fl4+x-2=0is
76 76 : \2 al- h2 ¢33 . d4 s
* [—_ 10] - ° (8 ?) ' ' ' ' sin 2x ‘
9 39. The greatest value of the function f (x) = ————< on
g (16_ 10:| o i (x+Z)
c. [0,8) . 9 the interval (0, E) is
28 ()= +4° + Ax + 1 is-a monotonically decreasing 2 |
functioni of x in the largest possible interval (2,-2/3),then ' a 1 ‘ b \/5
a A=4 h A=2 _ _ , 2 :
c. A=-1 d A has no real value ~
O29. £(x) = xlog, x| monotonically decreases in 4 ; I!‘un . — (4 sin? dl' . ;/25 N
Vs 0le) b (e, 1) 0. The functionf(x)=(4sin“x—1)"(x"—x+1),n€ N, hasa
. a. _ s _ _ ‘
e (o) d (e, ) , local minimum at= I then o
30. Given thatf’(x)> g ’(x) for all real x, and f(0) = g (0), thet: : "
f(x) < g (x) for all x belongs to a. n-is any even number
a. (0,00) ' b (—,0) , T b 7 is an odd number
c. (_’oo, oo)j' d. None of these s ¢. nis odd prime number
‘ ' ' 1 d n is any natural number .
31. A function g(x) is defined as g(x) = —f (2x2 -1) © 41. All possible values f’f x fc'>r. wh_ich the function
: . g x)=xInx—x+1is positive is
)2 4 fG)=xInx—x+1isposit
+— 1—x%) and f’(x) is an increasing function, then -~ ¢ [e,00) ) d (0,1)U(1,c0) )
-2 0= _ By
g (x) is increasing in the interval g \'>42. The greatest value of f(x) = (x + DB _(x—1)!B on[0, 1is
/ . . .
L | 5 B a1 b2 .3 al
a L) L I A POl B ' NPy 3
3 3 43. Ifthe function f(x) =2x> —9ax® + 12a’c + 1, where a > 0,
‘ ~ attainsits maxnnum and minimum atp and g, respectlvely
rd
( \/7 \jk ] “d None of these ’ such that p* = =9, then a equals to » )
' 1
32. Letf (x) be a function deﬁned as beigw a l ~h2 c. > - d3
< + >0
{[-(;:) im(xzo f3(§)) *<0;and b+ 37, ¥ 44. The real number x when added to its inverse gives the
: r;zsz localmaximum b, hasalocal minimum minimum value of the sum at x equalsto
c. is discontinuous d None of these | z: 12 : 2 ;1 . g
O33. The greatest value of fix) = cos (xe™ + 7x? — 3x), ‘ )
x € [~1, o) is (where [-] represents the greatest integer 45. The function f(x)= = + 2 hasalocal mmlmum at
function) ;,, x
a -1 ‘hi ' . ' a-x=2 b x=-2

c. 0 ~d None of these _ ‘ c.x=0 . dx=1



46.

47.
\ .

48.

49,

N/

‘The maximum value of )=

50.

54.

The maximum value of the function f )= sin (x + %)

+ cos(x + %) in the interval (0, -1;) occurs at

a h

Bla
win ol

(¢
1R
(-9

x+2,
Letf(x)=4 1, x=0
X 0<xs<l
2 _
Then on [-1, 1], this function has
a. aminimum '
b amaximum
¢. either a maximum ora minimum
d neither a maximum nor a minimum

is
1+4x+x2

h . -

1 d l

6 5
The maximum slope of the curve y——x 34 3x2 +9x—271s

a0 h 12 -

. 16 a3
Letf(x) cos7rx+10x+3)c2+x3 —2<x<3 Theabsolute
minimum value of f(x) is
a0

¢. 3-27 d None of these

(212 —2x+1) sin x .

. The mlmmum valueof e is

ae h l/e c 1 do

. 4 —x* .
. The maximum valueof X ¢ = 15

a e b e? c. 12¢? d 4e?

. I+ byt = ¢5, then the maximum value of xy is

3
2 3 c i

2 == b= == d
> ab ¢ pm | 2ab

The global maximum value of £ (x) = log)o (4x* - 12¢%
+11x-3),x€ [2,3]1s .
a —%logm?a b 1+log)y3
3
c. log,3 d EIOglo 3

J1<x<0 €.

4 » 3

b -15 S
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\55. The ieast natural number a for which x + ax?>2,Ve (0,)
al "h 2 ' )
c.5 d. None of these
N 56. A function fis defined by f(x)=x{" [x— 1", Vx € R. The
> local maximum value of the function is (m,ne N) '
al ‘b m"'n"
. m"n" (mn)™
c. ——— —_—
(m + n)m+n (m + n)m+n

4x-x +]11(a -3a+3),0<x<3

\57 f®= { —18, x23

Complete set of values of a such that f(x)asalocal minima-’

2,

atx=3is -
a [-1,2] b (0, YU (2,)
¢ [1,21 d (—oo,—1)U(2,)

58. Let the function f(x) be defined as follows

- x +x*—10x, =1<x<0 .
f(x)=4cosx, 0<x<m/2
1+sinx, w/2<x8®

Then f(x) has. : . P

~ a. alocal minimum atx=7/2
b a global maximum atx = 77/2
¢. an absolute minimum at x =-1
, d. an absolute maximum atx=7%

. 59. A differentiable function f(x) has a relative minimum at
x = 0, then the function y = f (x) + ax +bhasa relatlve
minimum at x =0 for

a allaandalld
c. allb>0
60. Iff(x)=4x*—x*~2x+1and

| [m1n{f(t)0<t<x} 0<x<1
gx)=

3-x 1<x<2

1 3 5
then g[z) +g (Z) +g (2) has the value equal to

74 h 9/4 c. 13/4 d 52
6} The set of value(s) of a for which the function

ol . .
f)= "3— +(a+ 2)5_3 + (a—1) x + 2 possesses a negative

h allbifa=0
d alla>0

point of inflection is .
a (—oo, —2)u(0 00) h {—4/5}
¢ (2,0 d empty set

62. Suppose that fis a polynomial of degree 3 and thatf” (x) #0
U at any of the stationary point. Then
a. fhas exactly one stationary point
b. f must have no stationary point
¢. fmust have exactly two stationary points
"d fhas either zero or two stationary point
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: 06 - &
O 63. The maximum value of the function f(x) = (—1+—Y)— inthe
V ’ : : 1+x%
interval [0, 1]is _

a, 204 h 204
c 1 d 208

64. f:R—R,f (x) is differentiable such that

&)=k (3 +x), (k+# 0), then f(x) is always

a. increasing
h decreasing
¢. either increasing or decreasing
d non-monotonic 0

065 Consider the function f: (—es, ) = (e, oo) defined By

2 -
= 3
x“+a

a. Maximum value of f isnot attained even though f is
bounded.
b. f(x) is increasing on (0, o) and has minimum at
x=0.
¢. fx) is decreasing on (—oo, 0) and has minimum atx=0.
d f(x) is increasing on (—oo, o) and has neither a local
maximum nor a local minimum at x=0.
' \> 66. If f: R — Rand g: R — R are two functions such that
’ f(x)+f”(x)=—xg(x)f(x)andg(x)>0VxeR thenthe
functions f> (x) +(f'(x))* has
a. amaximaatx=0
~ b aminimaatx=0
¢. apoint of inflexion atx=0
d. None of these
Qe67. Leth (x) =x"" for x € R, where m and n are odd numbers
~and 0 <m <n, theny =k (x) has
a; no local extremums b one local maximum
¢. one local minimum d None of these

T
\}‘/f(x) 4 tan x — tan® x+tanxx¢n7r+—2—

a. is monotonically increasing
b. is monotonically decreasing
¢. has a point of maxima
_ d. has a point of minima
69. If for a function f (x), f (a) 0,f"(a)=0,f "(a) >0,
then at x = g, f (x) is : v
a. minimum b maxirmum
¢. not an extreme point  d. extreme point

70. The functionf(x)=x (x +4) e*? has its local maxima at x

, a>0. Which of the followmg is not true?

—

=g, then
a a=2+2 b a=1-+/3
c.a=-1+3 da=-4 ;

71.

73.

J4.

sin”!(sinx), x>0

. V(4
Iff(x)= > x=0then

cos™! (cosx), x<0

a. x =0 is a point of maxima

b. x =0 is a point of minima

¢. x =01is a point of intersection
d. None of these

x#-=2

2- | x® +5x + 6 | . '
&2 S (x) , then the range of @,
1, x=-2
so that f (x) has maxima at x =2, is I
a. gl 21 b. |aj <1
c.a>1 d.a<1
IfA>0,B>0and A +B= g , then the maximum value of
tan 4 tan B is |
1
a — h 1
NE) 3
&3 d. Ji
t+3x—x?
If the function f(xX) = ——————, where ¢ is a parameter

<

" that has a minimum and maximum, then the range of

75.

76.

77.

78.

values of ¢ is

a. (0, 4) b. (0, )

c. (—oo,4) . d. (4, )
The value of a for which the function fx)=asnzx
+ (1/3)sin 3x has an extremum at x = 7z/3 is '

a. 1 b. -1
c0 d. 2
The least value of a, for which the equation
4 1 .
—+ —— =a has at least one solution in the
sinx l-sinx
interval (0, 7/2), is 8] J
a. 9 b. 4 ’
c. 8 d. 1
‘ > :
The largest term in the sequence a, = 3 is given by
n +260 o
a. 29 b. ﬁ
49 89
c il d. N f th
3 . None of these

The number of values of k for which the equation x> — 3x
+ k= 0 has two distinct roots lying in the interval (0, 1) is
a. three b two -
c. infinitely many d zero




\79.
A

80.

81.

'83.

84.

86.

Consider the function f(x) = x cos x —sin x, then identify
the statement which is correct. ' -
a. f is neither odd nor even
b f is monotonic decreasing atx =0
© ¢. fhasamaximaatx=7
d fhasaminimaatx=—7
Letf(x)=ax’+ bx® + ex + 1 have extrema at x = ¢, fsuch

that <0 and f (@) f(B) <0. Then the equation f{(x)=0

has »
a. three equal real roots
h. one negative root if f(¢) <0 and f(5)>0
¢. one positive root if /(@) > 0 and /() <0
d None of these ' _
A factory D is to be connected by a road with a straight

- railway line on which a town 4 is situated. The distance

DB of the factory to the railway line is 53 km. Length AB
of the railway line is 20 km. Freight charges on the road
are twice the charges on the railway. The point P (4P <
AB) on the railway line should the road DP be connected
so as to ensure minimum freight charges from the factory
to the town is '
a. BP=5km
¢c. BP=75km

b AP=5km
d None of these -

@%/[ The volume of the greatést cylinder which can be

inscribed in a cone of height 30 cm and semi-vertical angle
30°is : :

a. 4000 /3 cubiccm b. 400 7z/3 cubic cm

c. 4000 7z/~/3 cubiccm  d None of these
A rectangle of the greatest area is inscribed in a trapezium
ABCD. One of whose non-parallel sides 4B is perpen-
dicular to the base, so that one of the rectangle’s side lies
on the larger base of the trapezium. The base of trapezium
are 6 and 10 cm and 4B is 8 cm long. Then the' maximum
area of the rectangle is

a. 24sq.cm b 48sq.cm

c. 36sq.cm d. None of these
A bell tent consists of a conical portion above a
cylindrical portion near the ground. For a given volume
and a circular base of a given radius, the amount of the
canvas used is 2 minimum when the semi-vertical angle of
the cone is AL

a. cos™'2/3. i

¢. cos'1/3

.

~l,

b sin12/3
d None of these

\55./ A rectangle is inscribed in an equilateral triangle of side

length 2a units. The maximum area of this rectangle can be

—

a \/'gaz ‘\/3a2
4
3 2

c. a? d '«/;a

Tangents are drawn to x* +y* =16 from the point P (0, 7).
These tangents meet the x—axis at 4 and B. If the area of
triangle PAB is minimum, then . i

a h=122 b h=6v2

c. h=82 d h=42

\87.

88.

89.

90.

91.

. ¢. 48kmph
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The largest area of a trapezium inscribed in a semi-circle

of radius R, if the lower base is on the diameter, is

3

a.—\/ERz hﬁ.}@
4 2
33 -

c.-%—Rz d R?

InaAABC, ZB=90° and b+ a=4. The area of the triangle
is maximum when ZCis .

a 7w/h b /6 -

c. /3 d: None of these
The three sides of a trapezium are equal, ‘each being
8 cm. The area of the trapezium, when it is maximum, is

a 243 5q. cm b. 48\/3_»_ sg.cm
c. 743 $q. cm d None of these
The fuel charges for running a train are proportional to the

square of the speed generated in km per hour, and the cost
is T48 at 16 km per hour. If the fixed charges amount to

2300 per hour, the most economical speed is

a. 60kmph b 40kmph .
436 kmph

A cylindrical gas container is closed at the top and open

* at the bottom, if the iron plate of the top is 5/4 times as

\>92.

93.

9.

@S'

96.

thick as the plate forming the cylindrical sides, the ratio of
the radius to the height of the cylinder using minimum
material for the same capacity is .

a 3:4 h5:6

c 4:5 d None of these
The least perimeter of an isosceles triangle in which a
circle of radius » can be inscribed is

d 8\/§r

a 43 b2 T e

A given right cone has a volume p, and the largest right

circular cylinder that can be inscribed in the cone has a
volume g. Thenp: gis '
a. 9:4
e 7:2

b 8:3 .
d. None of these

.A wire of length a is cut into two parts which are bent,

respectively, in the form of a square and a circle. The least
value of the sum of the areas so formed is
2

a - . b a
n+4 w+4
a ' a*
c. d
4w +4) 4z +4)

A box, constructed from a rectangular metal sheet, is
21 cm by 16 cm by cutting equal squares of sides x from
the corners of the sheet and then turning up the projected
portions. The value of x so that volume of the box' is
maximum is

al b 2 c.3 d4
The vertices of a triangle are (0, 0), (x, cos x) and (sin3x, 0) -

i . . .
where 0 <x < 3" The maximum area for such a triangle in

Q. units is
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Multiple Correct
Answers Type

Each question has four choxces a, b c and d out of whlch oneor
more answers are correct.

x?2 +3x,-1<x<0

—si < )
1. Letf(x)= sin x,0 <x<xm/2 then

T
—l—cosx,—Z—SxSn'

a. f(x) has global minimum value -2

b. global maximum value occurs atx =0
c. global maximum value occurs atx =7
d x = m/2 is point of local minima

2. Letf(x)=x"—4x>+6x*~4x+ 1, then

a. fincreases on[1, <)
b. f'decreases on [1, )

_c. fhasaminimumatx=1"

‘d. fhas neither maximum nor minimum

3. Letf()=2x—sinxand g (x) = 3/x ,then -
a. range of gofis R _
b. gof'is one-one
c. both fand g are one-one A
d. both fand g are onto 7

4. Hf ()= 2x+cot” 1 x +log(W1+ 32 — %), thenf(x) '

a. increases in [0, o)

b decreasesin[0,e0) Zr

¢. neither increases nor decreases in [0, )
d increases in (- o0, %)
N\ 5 Letf(x)=|*~3x—4|,~1<x<4, then
a. f(x) is monotonically increasing in [-1, 3/2]
b. f(x) is monotonically decreasing in (3/2, 4]

- . 25
c. the maximum value of f{x) is e

d. the minimum value of f(x)is 0

6. Iff(x)= j—dt x>0, then

a. f(x) has alocal maxima atx=nn(n= 2k ke I’
b. f(x) has a local minima at x =nz(n=2k, ke I)
* ¢. f(x) has neither maxima nor minima atx = nzn(n € ok
& f(x) has local maxima at x = nz (n =2k - Lkel)
7. The values of parameter a for which the point of minimum
hY of the function f(x) = 1 + a’x — x° satisfies the inequality

X +x+2
————— <0 are

x> +5x+6

a. (243,33) b (=343, -24/3)
e (-243,33) ¢ (32, 243)

X-8.
v <

7

9.

10.

<

1.

16.

9?\]‘7.

Letf(x)= ax®— b | x|, where g and b are constants. Then/at,
x=0,f(x) has :
a. amaxima whenever @ > 0 b>0
b. amaxima whenevera>0,5<0
¢. minima whenevera>0,b<0
d neithera maxima nor a minima whenevera2>0,5<0

2%
The functiony = -

(x¢2)

a. is its own inverse

b. decreases at all values of x in the domain
- ¢. has a graph entirely above the x-axis

d is unbounded
Letg’(x)>0andf"(x)<0,Vxe R, then

a (fx+t1)>g(fx-1)

b f(gG-1)>f(gx+1))

c. g(f(x+1)<g(f(x-1))

d g(gx+1))<g(gkx-1)
If () = x> —x* + 100x + 2002, then

a. £(1000)>/(1001) b f (2000) >f (5)151)

c. fx=1)>f(x-2) d f(2x-3)>/(2x) -

) =g (x) (x— a) where g (a) # 0 and g is contlmigqs

atx =a, then
a. fis increasing in the nelghbourhood ofa 1f g (a) > 0
h. fis increasing in the neighbourhood of 2 if g (a) <0
-¢. fis decreasing in the neighbourhood of a if g (@) > 0
d fis decreasing in the neighbourhood of @ if g (@) <0

. The value ofa for whlch the funiction f(x) = (4a—3) (x+ log,5)

+ 2(a 7 cot = 5 sin? -2— does not possess critical pomts is

© A (—o0,—4/3) : h (—o0,-1)
¢ [Le) d (2;) :
Letf(x)=(x—1)* (x—2)",ne N. Thenf(x) has
a. amaximum atx=1ifnisodd
b amaximumatx=1ifzniseven
¢. aminimumatx=1if»nis even
d aminimaatx=2ifniseven

. Letf(x)=sinx+ax+b, then which of the following is/are

true.
af(x)=0 has only one real root which is positive if
- a>1,b< 0
b f(x) = 0 has only one real root which is negatwe if
a>1,b> 0
¢. f(x) =0 has only one real root which is negative if

a<-1,b<0
d. None of these
.. sin (x+a) . ..
The function ————= has no maxima or minima if -
sin (x+b)
a b-a=nnm,nel b b-a=Q2n+1)w,nel
c.b-a=2nm,nel d. None of these

If composite function f, (/5 (f5 (-..(f, (x)))) n times is an
increasing function and if 7 of f; s are decreasing function
while rest are increasing, then maximum value of
r(n—r)is




-1

a. , when 7 is an even number

h % , when n is an odd number

n -1

c. , when # is an odd number

2
n . :
d —4— , when # is an even number

(x-1)(6x-1) ifx ;!:l-
2x-1 2
18. Let f(x)=
1
0, ifx=—
T
1 TN &
then at x = 2’ which of the following is/are not true?
a. f has alocal maxima
. b f has alocal minima
c. f has an inflection point

\O

d f has a removable discontinuity

19. In which of the following graphs is x = c the point of
" inflection?
a. yA b. yA : e
S | P
0 X=¢ X 0 X=¢c x
,'
c. 74 d. ¥4
1
0 X=C X

21. Iff()= (sin? x—1)", thenx =

Fig. 6.55

20. Let f (x) be an mcreasmg function defined on (0, «). If

\0

f Qd®+a+1)>fi (3a® — 4a + 1), then the possible integers
in the range of a is/are
al = h2 = ¢3 d4

. .
5 is a point of

a. local maximum, if n is odd
b. local minimum, if# is odd
¢. local maximum, if  is even
d local minimum, if  is even

22. For the cubic function f(x)=2x"+ 9x* + 12x+ 1, which one

of the following statement/statements hold good?
a. f(x) is non-monotonic |
b f(x) increases in (— ee, —2) U (-1, o) and decreases in
2-1)
¢. /- R— Risbijective
d Inflection point occurs atx =—3/2

23.

<

25.

26.

27.

28.

b

29.

Let f1 (x)‘ =
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Letf(x)= as)rs + a4x4 + a3x3 + azxz +a,x, where a/’s are real
and f (x) = 0 has a positive root of. Then

a. f’(x)=0has aroot o, such'that 0 < ¢, < ¢,

b. f(x)= 0 has at least two real roots
“-¢. f”(x)=0 has at least one real root

d None of these

. Iff(x) and g (x) are two positive and increasing functlon;

then which of the following is not always true? "
a. [f(x)]e® is always increasing -
h if [ f(x)]s® is decreasing, then f(x) <1
¢. if [ f(x)}® is increasing, then f(x) > 1
d if f(x)> 1, then [ f(x)]#® is increasing

An extremum of the function f (x) = 27X s (x +3)
n

1
+— sin 7 (x+3), 0<x<4occurs at
/4 .

a x=1 - hx=2

¢ x=3 dx=n
For the function f(x) x (lZlogex 7

a. the point (1,—7) is the point of inflection

b. x=¢'? is the point of minima

c. the graph is concave downwards in (0, 1)

d the graph is concave upwards-in (1, o)

log (2x— x%) + sin 7t_2x Then which of the

following is/are true?
a. graph of fis symmetrical about the line x =1
b maximum value offis 1
¢. absolute minimum value of f'does not exist
d. None of these »
Which of the following hold(s) good for the function

f)=2x-3x"?2
a. f(x) has two points of éxtremum
b. f(x) is concave upward for V x € R
¢. f{(x) is non-differentiable function

d f(x) is continuous function
X

For the function f(x) = —
co l+e

— , which of the following

" hold good?

30.

31.

a. fis monotonic in its entire domain
c¢. maximum offis not attained even though fis bounded
¢. fhas a point of inflection.
d fhas one asymptote
Which of the following is true about point of extremum
x = a of function y = f(x)?
a. atx=a, function y = f(x) may be dlscontmuous
b. at x =a, function y = f(x) may be continuous but non-
differentiable :
¢. atx =g, function y = f(x) may have point of mﬂectlon
d None of these
Which of the following function has point of extremum at
x=0? : .
a f(x)=eM v
b. f(x)=sin x|
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2
x“+4x+3,x<0
¢ fix)= ,
@) {_x’xzo
(i )= |x], x<0
TV, 0<x<1

(where {x} represents fractional part function).
32. Which of the following ﬁmctlon/ﬁmctlons has/have pomt
\> -of inflection? T
a. fx)=x%7 b.'f(x)=x6
c. f(x)=cosxb2x Codofx)=x x|

33. The function f(x) =x*+ & hasa
X

a. minimumatx=2ifA=16
" maximumatx=2ifA=16
¢. maximum for no real value of 1
_ d. point of inflectionatx=1if A=-1
34. The function f(x)=x" (x— 1)
a. has two inflection points
b. has one point of extremum
c. is non-differentiable
d, Range of f(x) is [-3 X 2787, 00) .

<

Reasomng Type

Each question has four chmces a, b, ¢, and d, out of which onlv
one is correct. Each question contams STATEMENT 1 ahd
STATEMENT 2.
a. if both the statements are TRUE and STATEMENT 2
is the correct explanation of STATEMENT 1.
b. if both the statements are TRUE but STATEMENT 2 is
NOT the correct explanation of STATEMENT 1. -
c. if STATEMENT 1 is TRUE and STATEMENT 2 is
FALSE.

d if STATEMENT 1 is FALSE and STATEMENT 2 is

TRUE.
1. Statement 1: Both sin x and cos x are decreasmg

. . /3
functions in (5 R 77:) .

Statement 2: If a differentiable function decreases in an
_interval (a, b), then its derivative also decreases in (a, b).
- 2. Statement 1: o> % for2.91 <a<p.

log, x
x

Statement 2: f(x) =

x>e.

3. Statement 1: f(x) =

 minimaatx=3.

- Statement 2: f (x) is non-differentiable at x = 3.
Statement 1: The function f(x) =x Inx is mcreasmg in
(1/e, o0).

Statement 2: If both f (x) and g (x) are increasing in
(a, b) then f(x) g (x) must be increasing in (a, b). .
5. Let f: R — R is differentiable and strictly increasing
function throughout its domain.
Statement 1: If | f(x)| is also strictly increasing function,
then £ (x) = 0 has no real roots. '

\>4.

Ly

is a decreasing function for -

|x—1|+|x—2|+|x—3|}gaspointof '

Statement 2: When x — oo or — — o9, f(x) — 0, but cannot
be equal to zero.
Q6. Statement 1: Let f(x)=5—4 (x— 2)%3 then atx =2 the
Y function f (x) attains nelther the least value nor the
greatest value.
tatement 2: Atx =2, first denvatlve does not exist.

7/ Statement 1: f{x) =x+ cos x is increasing for Vx € R.
Statement 2: If f{x) is increasing, then f”(x) may vanish at
some finite number of points.

U 8. Statement 1: Both flx) = 2cosx + 3 sinx and g(x)

x 13
= sin l—\/ﬁ—tan ) are increasing for x e (0, 7t/ 2).
Statement 2: If £ (x) is increasing then its inverse is also

. increasing.

3 2

9 9. Statement1:f(x)= %— + axT +x+5 has positive point of

maxima fora <-2.

Statement 2: x> + ax + 1 = 0 has both roots positive for
a<-2.

Statement 1: Foralla, b € R the functxon F0)=3x"~4x3
+ 6x% + ax + b has exactly one extremum.

Statement 2: If a cubic function is monotonic, then 1ts
graph cuts the x-axis only once. 1

sinxtanx i
\ 11 Statement 1: The value of [ lim %—x} is 1, where
x>0+ x

L) 1o

'[.] denotes the greatest integer function.

Statement 2: For (O, %) ,sinx <x<tan x.
12. Statement 1: Let f(x) = sin (cosx) in [0, 12‘-] , then £ (x) is
decreasing in [0, %}

Statement 2: cos x is a decreasing function Vx € [0, —7;—]

13. Letf(x)=(x’ - 6x*+12x - 8) &".
‘Statement 1: £ (x) is neither maximum nor minimum at
x=2. '
Statement2: If a function x = 2 is a point of inflection,
then it is not a point of extremum.

14. Statement 1: The function f(x)=x* - 8>+ 2252 24x +"’1
is decreasing forevery x € (— o0, 1) U (2, 3). '
Statement 2: f(x) is increasing forx € (1, 2)U (3, =) and
has no point of inflection.

" 15. Statement 1: If/(0)=0,/"(x)=In(x+ \/1+x ), thenf(r)
- ispositive for all x € R,

Statements 2: f(x) is increasing for x > 0 and decreasing
forx<0.

Lmked Comprehensmn :
Type
Based upon each paragraph, three multlple chonce questions

have to be answered. Each question has four choices a, b, c and d,
out of which only eneis correct.

: Solutions onibaye 6. 60 :
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. For Problems 1-2

3
fey=sinx+22=3x+ T xe [0,1]

1. Which of the following is true about fx)?
a. f(x) has a point of maxima
b. f(x)has a point of minima
¢. f(x)is increasing
: d f(x) is decreasing ‘
2. Which of the following is true for x € [0, 1]‘7

.o x(9—x
a s 1Jc+x2—L-——)—S

2
b sin_1x+x2—i9—;x—)2
c. sin'x+x? ____x(9;x )‘Sl
v 2 ’
d sin_lx+x2—————x(9;x )_21

For Problems 3—4

Letf’(sinx) <Oand f”(sinx)>0Vxe (0, —75) and ‘-)/
) g ) =f(sinx)+f(cos x).
3. Which of the following is true?
a. g’isincreasing - h g’ is decreasing
c. g’ hasapoint of minima d g”hasapoint of maxima
4. Which of the following is true?

N

T
a. is decreasing in
sy [7. )

h g(x) increas_ing in (O, %J

¢. g (x) is monotonically increasing
d None of these

For Problems5-8
\,.\ ' -x*+4x+a, x<3
Consider function f(x) = {ax+b, 3<x<4
b x+6, x24
4

(For questions 6 to 8 consider f (x) as a continuous function).
5.. Which of the following is true?
a. f(x) is discontinuous function for any value of a and b
b. f{(x) is continuous for finite number of values of a and b
¢. f{x) cannot be differentiable for any value of @ and b
d f(x) is continuous for infinite values of a and b
6. If x =3 is the only point of minima in its neighbourhood

and x =4 is neither a point of maxima nor a point of minima,.

then which of the following can be true?
a.a>0,b<0 b. a<0,b<0
c.a>0,be R d None of these
7. If x =4 is the only point of maxima in its neighbourhood
. butx =3 is neither a point of maxima nor a point of minima,
then which of the following can be true?’
a2 a<0,b>0 b a>0,6<0
c.a>0,b>0 d Not possible

Monotonocity and Maxima—Minima of Functions 6.31

8. Ifx=3isapointof minimaandx=4isa point of maxima,
then which of the following is true?

a a<0,b>0 b a>0,b<0
c.a>0,b>0 d Not possible
For Problems 9-10 '

If ¢ (x) is a differentiable real-valued functlon satlsfymg %(x)
+ 2¢(x) <1, then it can be adjusted as e ¢ "(x) + 2¢” ¢ (x) < e™ or

4 ez"zp(x)—i <0 or iezx[¢(x)—-~ <0
dx 2" a 2)"

Here ¢ is called integrating factor which helps in creating single
differential coefficient as shown above. Answer the following
questions:

\9- P (1)=0and

a PX)>0Vx>1
c. P(x)<0Vx>1

> P(x) forallx2>1, then

b. P(x)isaconstant functlon
d. None of these

dP(x)
dx

9&0 If H (x9) =0 for some x = x and % H(x)>2cxH(x) forall

X 2 xp, where ¢ > 0, then
a. H(x)=0 has root for x > x,
b H (x) = 0 has no roots for x >x,
¢. H (x) is a constant function
d. None of these

For Problems 11-13
Leth(x)=f(x)—a(f W)Y +a(f (x))3 for every real number x.
11. h (x) increases as f (x) increases for all real values of x if
a ae(0,3) b ae (-2,2)
c. [3 ) d None of these
12. h (x) increases as f(x) decreases for all real values of x if
a. ae(0,3) b ae (-2,2)
¢ (3.0 . -d. None of these
13. If f(x) is strictly increasing function, then h(x) is non-'
monotonic function given

e

a ae (0,3) b. ae (-2,2)
¢ (3. d ae (=, 0)U3,)
For Problems 14-16

FO)=x -9 +2Ax+c= Ohasthreer&landdlstmctmotsogﬂandy

Al 14. Possible values of ¢ are
P a. (-20,-16) b (-20,-18)
c. (-18,-16) d None of these
15. If [a] + [B] + [y] = 8, then the values of ¢, where []
represents the greatest integer function, are
a (-20,-16) b. (-20,-18)
c. (-18,-16) d. None of these
16. If [@] + [B] +[A = 7, then the values of ¢, where [-]
represents the greatest integer function, are
a. (-20,-16) h (-20,-18)
c. (-18,-16) d None of these
For Problems 17-21 )
Consider the graph of y = g (x) =f(x), given that /' (c) = 0, where
y=f(x) is a polynomial function. .
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y g(X) (x)-
a
Fig. 6.56
17. The graph of y=f (x) will intersect the x-axis
a. twice b once
. €. never ) ‘d None of these
18. The equation f(x) =0, a <x < b has

a. four real roots -
b. no real roots
¢. two distinct real roots.
d. at least three repeated roots ‘
The graph of y=f(x), a < x < b, has
a. two points of inflection
h. one point of inflection
¢. no point of inflection
‘d none of these"
The function y=f(x),a<x<b, has
a. exactly one local maxima
b. one local minima and one maxima
¢. exactly one local minima
d. none of these
The equation f “(x) =0
a. has no real roots
b. has at least one real root
c. has at least two distinct real roots
d None of these

For Problems 22-24
Letf(x)= 4x* — 4ax+a*—2a+2 and the global minimum value-of
f(x)forx e [0, 2] is equal to 3.
22. The number of values of  for which the global minimum value
equal to 3 forx e [0, 2] occurs at the end pomt of interval [0 2]
is

19.
20.

21

a l h 2 c.3 d0
23. The number of values of a for which the global minimum.
value equal to 3 for x € [0, 2] occurs for the value of x lying
in(0,2)1s
a |l h 2 -f
c. 3 a0 -
24. The values of a for which f (x) is monotonic for x € {0, 2]
are
a a<0ora24 h 0<a<4
_ c.a>0 d None of these
For Problems 25-27

Letf(x)=x-3(7T-a) ¥ =3(9-a) x+2.
25. The values of parameter a if /' (x) has a negative point of
local minimum are

a ¢
C. —OO —_—
14

26. The values of parameter a if /'(x) has a positive pomt of
local maxima are

b (—3,3)

d. None of these-

H

L 37. f(0)is

a ¢

58
C [—oo,— 1|
(=)
27. The values of parameter a if f (x) has points of extrema
which are opposite in sign are

b (_m,_3)u(§,w)-

d None-of these

a ¢ h (-3, 3)
c. (—oo, 28—) d None of these
14 )

For Problems 28-30

3 x
Consider the function f(x)= (1 + l) .
x

'28. The domain of f(x) is
a. (-1,0)u(0, )
. (—o0,—1) (0, )
29. The function f(x)
a. has a maxima but no minima
. b. has a minima but no maxima
_¢._has exactly one maxima and one minima
d. is monotonic _ '
30. The range of the function f'(x) is
a (O, °°) b (_ o, e)
(€ (1,00) d (1,e)U(e, )
~ For Problems 31-33

b R-{0}
d (0,°0)

’ \> Consider the function f{x) =x +cosx —a

31. Which of the following is not trie about y f(x)"
a. it is an increasing function
b. it is a monotonic function
c. it has infinite points of inflectioris
d None of these :
32. Values of a for which f(x) = 0 has exactly one posmve root.

a. (0,1) b (—o0, 1) c(-1,1) d(,o)
- 33. Values ofa for which f{x) = 0 has exactly one negatlve root.
a (0,D b(-01) (11 d( oo)
For Problems 34-36 '
Consider the function f(x) = 3x* + 4x> — 1252

34. y=f(x) increases in the interval
a (-1,0)u(2,) b (—e0,0)L(1,2)
¢ (2,00u(l,e0) d None of these
35. The range of the function y = f(x) is

. & (—o0,00) h [-32,c0)
¢. [0,00) d. None of these
36. The range of values of a for which f(x) = g has no real
roots is
2 (4,) b (10,20)
c. (20,00) -

d. none of these
For Problems 37-39 '

x“—6x+4

Consider the function f: R — R, f(x)= S————
' x°+2x+4

a. unbounded function
¢. onto function

b. one-one function
d. None of these




1a

38. Which of the following is not true about f(x)?
a. f(x) has two points of extremum '
b f(x) has only one asymptote
c f(x)is differentiable forallxe R
d None of these o
39. Range off(x)is

% (—oo, —%} uf2,=) B [—% 5]
i (—oo,Z]u[%,oo)

Al For Problems 4042 o
Consider a polynomial y = P(x) of the least degree passing
5 ough A(-1, 1) and whose graph has two points of inflection
B(1,2) and Cwith abscissa 0 at which the curve is inclined to the

- d None of thesé

pdsitive axis of abscissa at an angle of sec™! \/5 )
40. The value of P(-1) is

c. 1 d2
41. The value of P(0) is
: a l : b0 )
e 3 al
4

42. The equation P’(x) = 0 has
a three distinct real roots
b. one real roots.
¢. three real roots such that one root is repeated
d none of these - ' a

For Problems 4345
Let f(x)bea real-valued continuous function on R defined as f{x)
=2 g Xt ‘ ‘ S .
L 43. The values of k for which the equa'tionx2 ¢ ¥ =l has four
. real ToOtS : ' ' '
SA

. 8
a 0<k<e h 0<k< -3
e

4 :
c. 0<k<—7 d None of these
&

44. Which of the following is not true? ) .
a. y=f(x) has two points of maxima -
b y =f(x) has only one asymptote .
c. f'(x) = 0 has three real roots
d none of these

45. Number of points of inflection fory=f(x) is

a l b 2 c.3 d4

- .. solutions on page 6.64
Each question contains statements given in two columns which
have to be matched. Statements a, b, ¢ and din column have to be
matched with statements p, g,r and s in column IL If the correct
‘match are a-p, a-s, b-q, b-r, ¢-p, ¢-q and d-s, then the correctly
bubbled 4 x 4 matrix should be as follows:

A\
K

Monotonocity and Maxima-Minima of Functions 6.33

[e0®
orYIc
ArYYere
@O

1. Consider function f(x)=x*—14x>+24x-3.

T

uationfG)

3. Letf(x)=(x-1)"(2~-x);mne Nandm,n>2

| andx=2are th
oinits of inflectionif

L\. 4.__ The function f(x) = \/(;3 +bx? +cx +d) hasits non-zero

local minimum and maximum values at x = -2 and x =2,
respectively. If ais aroot of x*—x—6=0, then match the
foliowing: '

. Columnl

-?_"él.fThe value/values of a
L b The value/values of b
- ¢, The value/values of ¢
d The value/values of d
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Colhumn1 Column I1

a fx)=sinx—x"+1

b f(x)=xlogx—x+e™

c. f(x)=—x3+2x2—3x+1

d f(x)=cosmx+ 10x+33+%

p has point of minima,

-| g has point of maxima’

r. is always increasing

s. is always decreasing

a f)=[x—1]+]2x=3]
b fe=2sinr-x
e f0) =l 1]+2x-3]

p has n(jv'pt‘)viht's of extrema

¢ has one point of maxima -

- Ia f=p|-12x=3| |- has infinite points of
- ColumnI Columnll

Ea;: f(x)="(}c—lr)3'(x-—f_’2)5? e p.'has';;)'oints'ﬁf‘maXima" ‘

b f(x)=3sinx+4cosx~5x " |g has point of minima.

S sinﬂ‘,0<x£1', :
& f=y 2o
S A4 lex<2|

r. has point of inflection

_.f(x):A(?:ff’_l)ﬁSff’{ ‘

s. has no point of extrema

3-[ Coamar

- ColumnHl
ST I - ) l\og/x,‘x<.‘1./ SR ;
a Atx=1,f(x)= CoL U ipUisancreasing oo
b Atx=2,fx)=10, x=2 - lgis decreasing
o |sinxx>2 | |
o [2xe3,x<0|
c Atx=0,f(x)=15, ‘x=0 | r. has point of maxima
: sz +7, x>0
‘ (% x<0 _
d Atx=0,f{x)=10, 5;=_0 s. has point of minima
: —cosx,x>0 ' _
W | 5
Column: Column II:
Graphofy=£x) Graphofy=f'(x)
a. PP — _—

r. has one point of minima

“Integer Type

\> 1. If s an integer satisfying |a| <4 —|[x] |, where x is a real

number for which 2x tan™ x is greater than or equal to .
In(1 +x%), then the number of maximum possible values of

- a (where [-] represents the greatest integer function)

07.

. From a given solid cone of height H, another inverted

cone is carved whose height is 4 such that its volume is
maximupx Then the ratio H/A'is

: ) 1 .
|)c3 +x2 +3x+sinx]} 3+sin— |, x#0,

’ . x) then
0 , x=0 »
number of points where f(x) attains its minimum value is

) =

. Let f(x) be acubic polynomial which has local maximum at

x=-1 and f'(x) hasalocal minimumat x= 1.If {-1)=10
and f(3) =—22, then one fourth of the distance between
its two horizontal tangents is :

. Consider P(x) be a polynomial of degree 5 having

extremum atx =-1, 1 and },E,‘},(P—(;‘l 42) =4 . Then the
X . St :
value of [P(1)] is (where [-] represents greatest integer
function) . . ‘
If m is the minimum value of f(x, y) =x*—4x +*+ 6y when _
x and y are subjected to the restrictions 0 <x <1 and
0 <y < 1, then the value of [m] is
For a cubic function y = f(x), f"(x) = 4x at each point gx, y
on it and it crosses the x-axis at (-2, 0) at an angle ot 45
with positive direction of the x-axis. Then the value of

FAU)
5

is

3
Number of integral values of & for which the equation 53—

—x = b has 3 distinct solutions is

x+2,x<-1

. Let f(x)={x*,~1<x<1, then number of times f”(x)

(x-2)",x21
changes 1its sign in (oo, o) is




010.

1

12.
\> 1_3.

14,

\915.

-'ng.

. Let flx)= {

The mi_inber of non-zero integral values of ‘a’ for which

the function f(x) = X+ ad+ % +1 is concave upward

along the entire real line is

P if x<1 .
, then the number of critical

—(x-2)* if x>1

points on the graph of the function is

- A right triangle is drawn ina semicircle of radius % with
one of its legs along the diameter. If the maximum area of
the triaﬁgle is M, then the valyc of 32 \/gM is

A rectangle with one side lying along the x-axis is to be

scribed in the closed region of the xy plane bounded by
thalinesy=0,y=3xandy=30-2x. If M is the largest area

. 2 . 22
of such a rectangle, then the value of —EA—;I— is o
The least integral value of x where f(x) =log, ,(" — 2x—3)
is monotonically decreasing'is o
The least area of a circle circumscribing any right triangle

9 .
ofarea-— 1S
T

|x2—3xl+a, 0Sx<E

Let f(x) = 2 I f(0) has a local

—2x+3, J&ZE
' 2

: . 3 : : . .
maxima at x = 5 then greatest value of |4a|1s i

Archives §
Subjective
_ (a+x)(b+x)
\>1. Prove that the minimum value of ~———— a,b>c,
(c+ x)
. 2
x>—cis (Ja—c+ b—c) - (UT-JEE, 1979)
2. Letxandy be two real variable such that x> 0 and xy = 1.
Find the minimum value of x+y. " (IIT-JEE,1981)
3. Use the function f(x) =x'*, x>0, to determine the bigger
of the two numbers ¢” and 7°. (IT-JEE, 1981)
4. Find the shortest distance of the point (0, ¢) from the

parabola y=x*, where 0S¢ <5. (IT-JEE, 1982)

. o+ b > ¢ forall positivex where a> 0and b> 0, show

X
that 27ab® 2 4¢”. (IT-JEE, 1982)

. Showthatl+xin (x+w/x2'+l)2 1+ x2 forallx2>0.

(IT-JEE, 1983)

. A swimmer S is in the sea at a distance d km from the

closest point 4 on a straight shore. The house of the
swimmer is on the shore at distance L km from 4. He can
swim.at a speed of u kin per hour and walk at a speed of
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v km per hour, » <. Atwhat point on the shore should be

- land so that he reaches his house in the shortest possible

10.

11.”

12.

13.

\14.
hY

. 15.

W

16.

17.

time? L (OT-JEE, 1983)
Find the co-ordinates of the point on the curve y .

X s
= X where the tangent to the curve has the greatest
+ X

slope. (UT-JEE, 1994)

. . i4
Letf(x)=sm3x+)us1n2x,— ) <x< % .Find the intervals

in which A should lie in order that f (x) has exactly one
minimum and exactly one maximum. ,
7 (IIT-JEE, 1985)
Let A(p% - p), B (4%, 9), C (%, — 1) be the vertices of the
triangle ABC. A parallelogram AFDE is drawn with D, E
and F on the line segments BC, C4 and 4B, respectively.
Using calculus show that the maximum area of such a

1 .
parallelogramis 3 (p+a)g+r)p- r). (UT-JEE,1986)

Find the point on the curve 4x” + AP =4d",4<d’<8that |
is farthest from the point (0, — 2). (I'T-JEE, 1987)
Investigate for the maxima and minima of the function

o= [T26-1e-2’+ (-1 (e-2) et

' (IT-JEE, 1988)
Find the maxima and minima of the functiony =x (x— 1)?%,
0<x<2. (IT-JEE, 1989)

Show that 2 sin'x + tan x = 3x, where 0 <x < g .

| (WT-JEE, 1990)

Apoint P is given on the circumference of acircle of radius
r. Chords QR are parallel to the tangent at P. Determine the

maximum possible area of the triangle POR.

) (IIT-JEE, 1990)

A window of perimeter P (including the base of the arch)
is in the form of a rectangle surrounded by a semi-circle.
The semi-circular portion is fitted with the coloured glass
while the rectangular part is fitted with the clear glass that
transmits three times as much light per square meter as the
coloured glass does. What is the ratio for the sides of the
rectangle so that the window transmits the maximum light?.
_ (UT-JEE, 1991)

A cubic function f(x) vanishes at x = -2 and has

relative minimuin/maximum atx=-1and x = l if
3

1 14 .
L f(x) dx == - Find the cubic function f(x).

(IT-JEE, 1992)
3 2
i (b -b +b—1) |
X ", 05x<1 |
Letf(x) = (62 +30+2) Find all
2x-3, qexg3 T

the possible real values of b such that f(x) has the smallest
valueatx=1. (IUT-JEE, 1993)



6.36 Calculus
-

\J19. The circle x* + y* = 1 cuts the x-axis at P and. Q. Another
circle with centre at O and variable radius intersects the

first circle at R above the x-axis and the line segment PQ at

S. Find the maximum area of the triangle OSR.

(OT-JEE, 1994)
20. Let(, k) be a fixed point, where >0, k> 0. A straight line
passing through this point cuts the positive direction of
the co-ordinates axes at the points P and Q. Find the

minimum area of the triangle OPQ, O being the origid.
' ' (IT-JEE, 1995)
21. De_termine the points of maxima and minima of the function

fx)= % log, x — bx +x%, x>0, where 5> 0 is a constant. -

(IXT-JEE, 1996)

Let /() x®,x<0
etf(x)=
xrax® —x,x>0
constant. Find the interval in which f ’(x) is increasing,
- (ITJEE,1993)

22 where a is a positive

23

.

conditions:

a f(0)=2/(1)=1"

~ h fhasaminimumvalue atx=5/2,

2ax 2ax — 1 2ax + b +1
c. Forallx,f'(x)=| b Cb+1 -1
- |2ax+b) 2ax+2b+1  2ax+b

where a, b are some constants. Determine the constants a,
b, and the function 1 (x).
YZ‘4. Let—1<p<1. Show that the equation 4% -3x—p=0 has
% a unique root in the interval [1/2, 1] and identify it. |
: (T-JEE, 2001)
25. Using the relation 2(1 — cos x) < x%, x # 0 or otherwise,

prove that sin (tan x) 2 x, Vx [O, —i—:—] . (IIT-JEE, 2003)

: ' dP -
\J'26. IfP(1)=0and % > P (x) for all x> 1, then prove P (x)

>0 forallx>1. (IIT-JEE, 2004)
' | . 3x (x + 1) .
~27. Provethatforxe |0, = |,sinx+2x> ———= . Explain
V) : 2
"~ -the identity, if any, used in the proof.
' (IIT-JEE, 2004)

28. If P (x) be a polynomial of degree 3 satisfying p (-1) =10,
p(1)=—62and p(x) has maxima at x=— 1and p’(x) has minima
at x = 1. Find the distance between the local maxima and

local minima of the curve. ‘
(IT-JEE, 2005)

Objective
Fill in the blanks

N

1. The larger of cos (In6) and In(cos 8) if e~

(OT-JEE, 1983)
2. Thefunctiony= 2x? — Inlx| is monotonically increasing for
values of x (# 0) satisfying the inequalities

.
2 <9< = is

Suppose f (x) is a function satlsfymg the following

and

monotonically decreasing for values of x satisfying the

, inequalities . (IT-JEE, 1983y
3. Thesetofall for which log (1 +x) <xis equal to ’
(IT- JEE 1987)

\>4, The maximum value of the function f (x) 2x3-15x2
+36x—48 onthesetd= {xlx +20<9x}is______.
(IIT-JEE, 2009)
5. Iff(x)= =x? (3x 10), x > 0, then f{(x) is increasing in
—_— (’IIT-JEE 2011)

True or false : _
1. Ifx—risafactor of the polynomial f(x) = apx" + a,;x" ! + ---
+a, repeated m times (1 <m <n), then r is aroot of f'(x) =

0 repeated m times. (IIT-JEE, 1984)
2. For 0 <a <x, the minimum value of the function log, x
+log, ais2. (IIT-JEE, 1934)‘

- Multiple choice question with one correct answer

. AB is a diameter of a circle and C is any pomt on the
circumference of the circle. Then
~ a. the area of AABC is maximum when it is isosceles
b. the area of A ABC is minimum when it is isosceles
c. the perimeter of A ABC is minimum when it is isosceles
d none of these - (IT-JEE, 1§83)
2. Iff(x) = a log |x| + bx” + x has its extremum values at
x=-1and x=2, then

2. a=2,b=-1 b a=2,b=-1/2 _
c.a=-2,b=1/2 d None of these /,
(IT-JEE, 1983)
3. The function £ (x) In (7 + x)
. xX)=———%is
M e neton In (e + %)

a. increasing in (0, )

b decreasing in (0, o)

¢. increasing in (0, 7z/e), decreasing in (7/e, o) -
d. decreasing in 0, 7/e), increasing in (7 /e, o)

. (UIT-JEE, 1995)
4. In the interval [0, 1], the function x® (1 — x)"° takes its
maximum value at the point (IT-JEE, 1995)
a0 bl et al
4 2 3

. Iff(x)= —— and g(x)= —% _ where0<x< 1, thenin
: sin x tan x ’

<

this interval
a. both f(x) and g (x) are increasing function
‘h. both f (x) and g (x) are decreasing function
¢. f(x) is an increasing function -
- d g(x)isan mcreasmg ﬁmctlon ({IT-JEE, 1997)
6. The function /' (x) = sin® x + cos* x increases if Y-
a 0<x<m/8 b 7m/4<x<37m8 '
¢ 3n/8<x<5m/8 d Sm8<x<3m/4
(IIT-JEE, 1999)
: Q7 Consider the followmg statements in S and R
N/ S: Both sin x and cos x are decreasing functions in the

. T
interval (—, n) .
2

v




R: If a differentiable function decreases in an interval
(a, b), then its derivative also decreases in (a, b), which of
the following is true? -

a. Both S and R are wrong

b Both S and R are correct, but R is not the correct’

. explanation of §
¢. Sis correct and R is the correct explanation for S
d S is correct and R is wrong ©  (IT-JEE,2000)

8 Let f(x)= J.e" (x-1) (x- 2) dx .‘Then f decreases in

the interval
/‘

a (—o0,—2) h (-2,-1) T

c. (1,2) d (2 +oo) T- JEE 2000)

o. Let f(x) _ {lxl,-,for 0<|x|<
: 1, for x=0

b no local maximum

d. no extremum
(IIT—JEE 2000)

then atx =0, f has

a. alocal maximum
¢. alocal minimum

10. Forallxe (0,1)
\/() a e<l+x
' ¢ sinx>x
11. Iff(x)=x¢" "D, thenf(x)is
a. increasingon[-1/2,1] b decreasing on R
c. increasing on R d decreasing on [-1/2, 1]
12. Letf(x)=(0+ b2)x2+2bx+ 1 and let m (b) be the minimum
value of £(x). As b varies, the range of m (b) is
a. [0,1] T ho(0,1/2]
c. [1/2,1] d (0,1] (UT-JEE,2001)
13. The length of the longest interval in which the function
3 sin x — 4 sin® x is increasing is
oz T ©3g

b log (1 +x)<x.
d logx>x

a — b — ¢ — dn
2 2 .
(IIT-JEE, 2002)
_ 2
14. Tangent is drawn to . ellipse %7— + y2 =1at

(3J§ cos 8, sin 6) (where @€ (0, 7/2)). Then the value of

6, such that sum of intercepts on axes made by this
tangent is minimum, is
a /3 b /6
“c. /8 d n/4 (IIT-JEE, 2003)
15. Iff(x)==x +bx2+0t+dand0<b2<c then in (—ee, o)
a. f(x) is a strictly increasing function
‘b f(x)haslocal maxima
c. f(x) is a strictly decreasing function
d f(x) is bounded
16. The function defined by f(x)=(x +2) e
.. decreasing for all x
b. decreasing in (~ oo, —1) and increasing in (—1, )
¢. increasing forall x
d decreasing in (—1, *9) and increasing in(—eo,-1)
(IT-JEE, 1994)

Multiple choice question with one or more than one correct
answer
1. LetP(x)=ay+ apt+axtt et a,x”" be a polynomial in

+ O areal variablex with0<gp<a;<a, < .- < a,. The function
.- MT_TER. 1088)

(IIT—JEE, 2004)

(IIT-JEE, 2001)

2
: x° -1
_ 6. Iff(x)=

/@) x* +1

\/\ X=C,

Monotonocity and Maxima-Minima of Functions 6.37

'a. neither a maximum nor a minimum
h. only one maximum
c. only one minimum
-d. only one maximum and only one minimum
e none of these
2. The smallest positive root of the equation tanx—x=0 hes in_,

SR M) 3) o (0

e. None of these

(IIT-JEE, 1987)

Let f and g be increasing and decreasing. functions,

3.
W respectively from [0, o] to [0, ]. Let & (x)=£(g (x)). If £ (0)

=0,thenk (x)— A (I)is -
a. always zero
c. always positive
e. none of these -

32 +12x-1, -1<x<2

4. Iff(x)={ »1SxS2 yen

" b always negative
d. strictly increasing -
(OT-JEE, 1987)

37-x,2<x<3
a. f(x)isincreasing in [-1, 2]
b. f(x) is continuous on [-1, 3]
c. f7(2) does not exist
d f(x) has the maximum valueatx=2 (T -JEE 1998)
5 Leth (x)=f(x)—(f Y+ (f (x)) for every real number x, then

vV a. h is increasing whenever fis increasing

b h is increasing whenever fis decreasing
¢. h is decreasing whenever fis decreasing
d nothing can be said in general (IIT-JEE, 1998)

, for every real number x, then the minimum

value of /-
‘a. does not exist because f'is unbounded
b is not attained even through f'is bounded
¢. isequal to 1 '

d isequalto—1 (IIT-JEE, 1998)
7. The number of values of x where the function f(x)

\/\ =¢osx + €OS (J— 2x) attains its maximumis

a0 h1 '
S 2 : ~ d infinite (IT-JEE,1998)
8. The function f(x) = 'J:t(e" - 1) (t=1) (t—2)3 (t- 3)5dt
has a local minimum atx = (IIT-JEE, 1993)
a0 b1 c.2 S d3

8. f(x) is cubic polynomial with f(2) = 18 and f(1)=-1. Also .
f(x) has local maxima atx =— land f "(x) has local minima at
x =0, then
a. the distance between (-1, 2) and (a f| (a)) wherex=a

is the point of local minima is 25

b. f(x)is increasing forx € [1,2 NG ]
¢. f(x)haslocal minima atx=1

d the value of f(0)=15 (IIT-JEE, 2006)
_ c*, 0<x<1
10. f0)=12-c"", 1<x<2 andg®= j:f(t)dt,xe [1,3]

2<x<3

then g (x) Has
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a. local maxima atx=1+In2 and local mimima atx=¢

h local maxima atx =1 and local minimaatx=2
¢. nolocal maxima
d. no local minima
Match the column type .
\> 1. Match the statements/expressions in Column I with the
: open intervals in Column II. " (OT-JEE,2009)
Column I Column I

(1 E)

P-v 25{_,’2:_
T

'q.|0,—

1 ( 2)

(IT-JEE, 2006)

a. Interval contained in the domain of
definition of non-zero solutions of the
differential equation (x -3)2y"+y=0

b. Interval containing the valu'g of the
integral '

_Subjective Type j‘

1. Since f(x)=sin (Inx)—cos (Inx), x>0

= 2sin(1nx—£) , -

s )= Qcos(lnx—z) _
. x 4 -
= ﬁ-sin(£+lhx—%)= —\/—Esin(%:-+lnx)>0('.' x>0)
or sin (E+Inx)>0
4
or2nm< %+Inx<(2n+l)n:,ne1

or 2nm— —Ev< lnx<2'n7r+37ﬂ:, nel

;T 2nn-Z i 2n7r+3—”
= e “*<x<e "% nel
- Therefore, f(x) is strictly increasing when .
. xe ( ezm—n(4,. eZmr+37r/4) nel
2. f(x)=x>+ax?*+bx+ 5 sin’ xis increasing on R
" f'(x)>0forallxe R
3x*+2ax+b+5sin2x>0forallxe R
3x2+2ax+(b—5)>0forallxe R
(2a)—4x3x(b—5)<0
a’-3b+15<0
3. fx)=e"—(a+1)e' +2x
= f(0)=25-(a+1)+2
" Now,2e”—(a+1)e"+220

= 2(ex + i)—(a-‘r‘l)ZO forallxe R

L

| A

forallxe R

ex

= (a—l—l)SZ[eI +l‘)
e

forallxe R

ANSWERS AND SOLUTIONS

5
Joe=1)(-2) (r=3) (x—4) (x-5) s
1 : _
¢. Interval in which at least one of the s (—TE R éﬁ)
points locus maximum of cos?x + sin x lies \8 4

d. Interval in which tan! (sinx +cos x)is s. (0, E)

increasing ' ten 8”) _

Integer type )

\>1. Let fbe a function defined on R (the set of all real numbers)
such that f'(x) = 2010 (x—2009) (x —2010)? (x— 2011)* (x~
2012)*, for all x € R. If g is a function defined on R with
values in the interval (0, <) such that f{x) = In (g(x)), for all
x € R, then the number of points in R at which g has a local
maximumis ~ (IITJEE 2010)

atl <4 ( e+ L has minimum valﬁé"Z'J
2 . ex '
4. Assurne f(x) = ¢" and let x) and x, be two points on the
curvey =¢".
Let R be another point which dzivides P and Q in the ratio
| X + exz

1:2. y-coordinate of point R is — and y-co-ordinate

2x +x

ofpoint Sis e 3

R

[l
'
]
]
]
]
i
H
X

%
X
P
&

Fig. 6.57

Since f(x) = ¢" is always concave upward, hence point R
will always be above point S.
e 21'%
>
5. Letpoint 4, B, C form a triangle. y-co-ordinate of centroid ‘
sin x, + sin x, + sin x,
3

+x, +

ssinf 22T
3

From Fig. 6.58, FD> GD.

X+ x, + x

Gis and y-co-ordinate of point F

sin x; +sin x, + sin x;
3

Hence, sin(

If A+B+C=m,then

. (A+B+C) sind +sinB + sin C
sin 3 >

-

3




‘x sin(x,+x:§+x3
(x2, Sin Xp) F sin X, +Sinx, +sin X
:B G . 3
(xifsinxy) 27 i Yoo wC (X3, Sin X3)
7O :
A P i
: : : '
: i : !
: H H ! e x
Xl x X2 D X3
y . .
P X +Xp+ X3
X 3.
-Fig. 6.58
. T _ sinA+sinB+sinC
= Sm ; > 3

3—\2/-—3— >sinAd+sinB+sin C

\/_

= maximum value of (sin4 +sinB+sinC)= ——
2 .
6. GivenQ ()= 2f(1‘2—) +f(6-x2)

Q’(x)=2xf’(§J—2xf’(6—x2)

5o

But given that /”'(x) > 0 = f"(x) is increasing forallxe R. :

% 2
Casel: Let Z>(6- xz) =x“>4
X € (—oq, —2)u(2 o)

= f[ ]>f(6 )

= f[-’;}—f(6—x2)>0

Ifx>0,then Q(x)>0=>x€ (2,)
andif x>0, then () <0 = x & (—,-2).

: 2
CaseIl: Let x—-<(6—x2) s <d=xe (-2,2)

’ 2
= f(2]<f(6 x)=>f[ ] f'(6-x*)<0

Ifx>0,then ' (x)<0=x€(0,2)
andif x<0,thenQ'(x) > 0=>xe (-2,0)

Combmmg both cdses, O (x) is increasing in x € (-2, 0)'

W (2, ), and 0 (x) is decreasing in'x € (= oo, -2)
w(0,2). ,
7. We have to prove

2
(tan" 1) —t <(tan” e)* +
e

2
J(ez +1) J(E+1)

2
41 2 _ 2
or (tan '—) t— 'ey’
e (& +1)
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Now, let f(x)=(tan_] x)?+ N ) -
\/(x2+l)
. 2tan”! x 2x
S= (1+x%)  (x* +1)*?

-2 -1

x
=2 Janly-—2 @)
(1+x2){ \/(x2+1)}
To find sign of /*(x) we consider '

: x

g =tan" x— -——
' \/(xz +1)

1
‘)= - >0
TR ){ \/(x2+1)}>

= g'(x)>0
. og (x) is an increasing function = f” (x) >0 {From(2)}
= f(x) is an increasing function

1., ’.-.f(l) < fle)
e , e 3
- (m-ll) +———2———<(tan e)* + ==
e (%H) w/(e +1)
2
{From equation (1)}

2
: al 2e 2
Hence, (tan 1—) +—<(tan €)Y +———.
e) J&+1 @ +1)
8. In this problem, first we have to select an approprlate
function.
Now by observatlon given inequality can be set as
' 0
%(_S%—)- >——. This clearly gives. 1nd1cat10n that one
sin

has to study the function f (x) = sinx

= fx)= (xcosx;-sxgx) = cosx(;z—tanx) <0 (as in
x Xt

- first quadrant x < tanx)
= f(x) is a decreasing function

Now, sin 8< 0for 0 < 9< g

e im0 @ = 60 —99-

sin@
Hence, sin 8< O sin(sin 6) for 0 < < % .

9. f(x)=x>-3x"+6
If/(x)=3x*— 6x=0rthen x=0, 2 are the critical points of /()
x=01s a point of local maxima and x = 2 is a point of local
Clearly, f (x) is increasing in (— oo, 0) and (2, ) and
decreasing in (0, 2).

{From (1)}

Ria £ RQ
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10.

11.

Casel:x+2<0=>x<-2

=  g@=fx+2),-3<xs-2
Case2:x+1<0and0<x+2<2
x<—land-2<x<0
ie.,—2<x<-1

g®)=f(©0)
Case3:0<x+1,x+2<2

= -1<x<20,g(x)=f(x+1)"

f(x+2), 3<x<-2

_ ) f(0), —2<x<-1
= 80 4, -12x<0
1-x, x=20

Hence, g () is continuous in the interval [-3, 1].

Jr®
X

,x 21 or

We have to prove that\[ f(x)=

T 2O -

This suggests that we have to

xJf () -
Now, given that ax f/(x)z2 \/7@ —2af (x),
d1v1d1ng both sides by 2\/}_7)5 we have
iGN '
2 f)

d

-~ (ax S (x) x) 20 -

Hence, ax./f(x)—x isan increasing function.
x> 1thenf(x)=f(1) '

anff)-x 2 aJf()-
“axJf() 2 aff Q) '+x—12a\/7(_1)_ (asx21)
= «/f()>‘[f_(—) | |

Let the corner 4 of the leaf ABCD be folded over to A’
which is on the inner edge BC of the page.

consider function

+a f(x)—-120

llllllllll

LetAP=xand AB=a, .. BP=a-x
c—— P
F 2. E

/
a cosec 8 /

A K')o0° //
/
x / 90°
/

L 8\ A
AP >
a-xP X

Fig. 6.60

If AA’PB =, then ZEA’F = 0. EF is parallel to AB, then EF

a/«/(l —cos’> 8

- =a.

InAA4’BP, cos 8= BP/PA’ (a—x)x
In A4’ FE, AE = EF cosec 6 =

Y A (1 f~ v\lv121

12.

e ) e

The triangle APE is folded to APE

‘= Area of folded part = Area of APAE = % APAE

' . 2_4
= _l_x _L:A (Say) or A2 = _a_x__
2 1}(ch'—az) 4(2ax —az)
2., 2 '
= a’/4 e a— /4 where y=(2a/x3)—a2/x4
(2a/x3—a2/x ) y N
0<x<a
Obviously, 42 (i.e., 4) is minimum when y is maximum.
. 2
Now, y = 2a/x> - a*/x* = & '—2‘1+—4a— and
. dx x4 x5
d*y  24a 20d°
PR |
. ‘Y
For maximum or minimum ofy, & =— 5% +3%_ ¢
dx XX

=x= 2a/3 :

g .
When x =2a/3, y ﬂl— (6 - éf-)
dx2 x° x

AV 5
=4a —3—) (6¥5a i)=—4a'i E<(_).
2a 2a 2a) 2
= yismaximum, ie., 4 isminimum whenx= 2a/3 whichis

the only critical point (least). Hence, the folded area is
minimum when 2/3 of the width of the page is folded -Over.

Fig. 6.61

FromFig.6.61,AP=2rsin 8
PY=2rsin Ocos 8=rsin 20
= AY=2rsinOsin @

= A=areaof AAPY= %PY-AY
or A=r?sin’ Osin 29,0<0<7r/2 )]

,dA/dO f[sm 29+2c05293m 6}

=r [4 sm O cos? 9+ 2 sin® B cos 26]

=2r2sin® 04 cos® 8- 1]

dA /d08=0=sin 8=0,cos 0==x1/2.

Therefore, the only critical point within (0, 7/2) is 7/3.

(
|



13.

Clearl (dA) >0 d(dA] <0
early an
do (z/3-h) de w/3+h)

= Aismaximumat 6= 7t/3. Being the only extrema, area
is also greatest at /3.
=> The greatest area of such triangle = (3V37)/8. .

[a+4
fo)= ( =

—1)x5—3x+10g5.

rex= S(J_

as f(x) decreases for real x.

1] -3<0forallxe R.

1-a

',/ +4 4 - o
[ b fl)x4<3/5forallxeR

”u-'li

14.

15.

,/a +4

R ' : ' 1
l—a 0 o W
For a>1, (1)issatisfied.
For4<a<1l,: )

_J(a +4)<1-a

a+4£a2—2a+1

|
ot
A -

a@-3a-320
<3- J_ s 3+421
z2— -
But— 4< a<1 . g
-4Sa53_‘/_
2
Hence,—4<a< or a>1.
1 1
ﬂ)2ax x? -5a* az—'(x—av)2

Clearly f{(x) is continuous V x € R.

' Fig. 6.62

The graph is symmetrical about the line x = a.
If a=1 (mid point of x=~—3 and x = 5), greatest value is f(5)

=f3)

Ifa<1, fnu) =f1 (5) = m

-1
d'fa>1, x)=f(-3)= —————
et SIS s

We know thatr = A where A= Area of triangle CPQ and
s .

s = semiperimeter of ACPQ.‘ :
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o siﬁ29 _o sin 26
2s 2a+2asm6 2 1+sm9

a? sin 20

* Fig. 6.63

sin20

Now, for f{6) = —
7 1+4sin@.
(0= (1+sin8) 2cos 20 —sin26-cosb '=0
. (1+sin6)?

= 2(1 +sin 6)(1 —2sin® @) — 2sin O (1 —sin’6) =0
= 2(1- 2sm )= 2sm0(l—sm9)
= 1-2sin® =sin 6—sin* 6
= sin’0 +sinH-1=0
= sin 6= Q
2 1 2. 2x+l
16. fO)=—F————F——5—— +(A*-51+3)<0
- V3 (2 1)2 B Pl & *3)
I+ —1| -
V3,
' —4-_—2)c—+(12 5A+3)<0
x% +x+1 _ 3= -
2 2x ’ ’
= (X 52.+3)< 8))
+x+l 7
Now, lety = 22x = .2 )
x*+x+l 942
x
. 2
puttmgx=1andx=—1;y=§,y=_27
) .
Sorangeof y e [—2, 5]
From(1) = A’-54+3<-2
= A*-51+5<0
= [1—5“/5)(,1—5“/3]30
2 2
S de 5—\/5’5+'\/_§
2 2
17. e(k—xlogx)=1 ' »

1
= k- - =xInx
. e
Then equation (1) has solution where graphs of y=xIn x

1.
and y =k — — intersect. .
e
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Now, consider the function f{x)= x logx
f(x)=1+logx
f)=0 = x=lle
@)=1x = f/(lle)=e>0
= x= l/eis the point of minima.

1
. log,x .. x _ .«
Also, limxlog, x = hm =Hm =—limx=0
x—0 _1_ x—0 _L x—>0
x . x*

Hence, the graph of f(x) = x log, x is as follows:

/

Fig. 6.64
f(l/e)=—-Ve '
Hence, equation k — L x logx has two distincf roots.
, e o
- larlco o o<kl

e . e e

Equationhasnoroo’tsifk——1—<—l = k<0
e e

1

: : 1 1
Equation has one root if k— ~ =—= ork—— 2 0=k=0 -
- e

e e
1

ork= —
e

18. sin 1>cos (sin 1)
A T ;. E
if cos (E-l) > cos (sin 1)

i E J1<sinl
M

ifsinl> (%—2) - a

or 1
andsin 1 >sin —>—
4" 2

Hence 1)is true = sin 1> cos (sin 1)
Now, let f(x) =sin (cos (sm x)) — cos (sin (cos x))

= f’(x)=cos (cos (sin x)) sin (sin x) (—cos x) — sin (sin x (cos
x)) cos (cos x) sin x

= f()<0 Vxe [o,-’zf]

= f(x)is decreasing in [O, g—]

Objective Type

and f(0) = sin 1 - cos sin 1) >0

f(%] = sin (cos (1)) =1 <0
Since, f{0) is positive and f (12[-) is negative.

f(x) = 0 has one solution in [0, g] .

19. For areal number a € R we define a function g:R—>Rby
" g(x)=f(x+a)sinx~—f(x+a)cos x, then V x € [0, 7], we
have :
g'(x)=sinx(fx+a)+f” (x+a))20
and therefore g is a non-decreasing function. Hence, for

everya€ R
0<g(m)—£(0)=fr+a)+fa)=2fa)
= fla)=0

20. Letf(x)=8sinx—sin2x
f'(x)=8cosx—2cos 2x
£7(x)=-8 sinx + 4 sin 2x =8 sin x(1 —cos x)
for these we see that f(0) =6,

f(§)= 5,/10)=0./"()<0in [9, g]

Therefore 5 <f’(x)<6in [0, g] ,

Integrating from 0 to x, gives

= Sx<f()<6xin [o, g]

21. G1venf(x)>0Vx>O S )
2 andf(x)cosx—f(x)sxnx<0 ‘
= (f(x)cosx)’'<0 )
"~ Letg(x)=f(x)cosx
g0
= g(x) is a decreasing functlon

- o(5l3)
- 53 )s0

(from (2))

e e

From equations (1) and (3),

A5)

Le f/()=3k*-18x+9=3 [k’ - 6x+3]>0 Vxe R
= D=b-4ac<0,k>0,ie.,36-12k<0
= k=3.




Ksinx+2
2.d. Since f (x) = Asinx+2cosx
S Xx+Ccosx

therefore f/(x) > 0 for all x -

K-2
- — 250 forallx
(sinx+cosx)

= K-2>0=K>2
3.4 f/(x)= a+3cosx 4sinx
'3
=g+5cos (x+ 00, where cos a= 3

. Forinvertible, f(x) must be monotonic
= fE)20Vxorf (x)<0Vx
= a+5cos(x+a)>00ra+5cos(x+a)<0
= a2-5cos(x+ta)oras— Scos(x+a)
= a25o0ras-5

4.d. Wehaveg'(x)= f ’(%)— f ’(2-- x)
Givenf”(x)<0Vxe (0,2)
So, f’(x) is decreasing on (0, 2)
Let2 >2: x:>f( )<f(2 x)
Thus, Vx> %,,g'(x)<o

= g () decreasing in (g, 2)

and increasing in (0, g) .

5.d. f()=x""+sinx-1
= f(X)=100x°+cosx

L Ifo<x< —725 , then f”(x) > 0, therefore f(x) is increasing on
0, m/2).
Ifo<x<1,then
100 x>0 and cos x > 0 [ -~ x lies between 0 and 1 radian]
= f(x)=100x"+cosx>0
= f(x)isincreasing on (0, 1).

1
If —<x<x,then

100x°°> 100 [-x>1=x°>1]
= 1002°° + cos x>0 [+ cosx 2—1 = 100 x> +cos x>99]
s f(x)>0=f(x)is increasing in (7/2, 7).

6.d. Whenf(x)=3x>-2x+1
L fx)=6x-2

fisincreasing = f" (x) 20
1
= 6x—220=>x2—3—
7.a. Heref(x)= tan”' (sinx + cos x)

L fe)=

(cosx—sinx)

1+ (sin x + cosx)

_ €oSx—SsinXx
2 +sin 2x

is increasing for all x,

Monotonocity and Maxima—Minima of Functions 6.43

/9 T .
For—5<x<z,cosx>smx

Hence,y=/f(x) is increasing in -(— % N %) .

“8.c. v f(®= x‘[1+logx] =x*log (ex)
f)<0
= log(ex)<0
=0<ex<1
=0<x<lle

9.¢c. F()=0(—1)P+x—-2)+x-3)+(x— 4)2+(x 5)2
F)=2[x-1+x-2+x-3+x—4+ x—5]=2[5x—15] .
f(x)=0givesx=3 and f”(x) >0 forall x

f(x)is minimum for x=3.

10.d. If "f(x) increases then £~ (x) increases. Refer Fig. 6.65.

y=f(x)
_ y=Fx)
]
Fig. 6.65

If f(x) increases, then f”(x) > 0 .
4 1) _S® 1
| d}c(f(x)) = 20 < 0= —— ) deCfeases
d(f\_fe- &
ax\g g .
If fand g are + ve functions and f” < 0 and g > 0, then
—d— (-f—] <0.
de\ g .
1.c f(x) f(x)<0Vxe R
14d 0
5 % (fF(x)<0
= U<
= f 2(x) is a decreasing function.

12.5. f(x)= x4ax— x> (domain is [0, 4a]
= )= Vdax—x* +M,

2V4ax—-x
_ 2x(3a—x)
: 4ax - x*
Now if f'(x)>0

= 2x(3a-x)>0

= Zx(x-3a)<0

= x€(0,3a)

Thus, f(x) increases in (0, 3a) and decreases in (34, 4a).
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13.c. £ ()<0,"(x) < 0

1k

— -« i —_—
> e >

 pe———
oy e m——————

fOL 0 a b
S Y .
(@):F(x)>0,f (<0 " (b): F()<0, (<0
[ A |
1 1
1 3
1 1
1 :
E E ! |
| | ! | .
o0 a b 0 a b
l o \

14.a.

(©): F(x)>0,f (x)>0 (d) :If'(x)<0, ' (x)>0

Fig. 6.66
Clearly forf’(x)>0, f”(x) > 0 [in Fig. (6.66(c)] tangent
always lies below the graph. ’
Orf’(x)<0,f”(x)>0[inFig. 6.66 (d)) tangenLalways lies
below the graph.
)=~} =pl-E-[D=K-x+[]
"Forxe (-1/2,0),
f’(x)=—x x—1=2x-1

Also for -——;—<x<0 =>0<—2x<1=>—1 <-2x-1<0

= f (x) <0=>f(x) decreases in (—1/2 0).
‘Similarly, we can check for other given options say for
x e (-1/2,2),

1
(—x)—x— -1, —E<x<0
fx)= x—x+0, _/OISxY<1
x—-x+1 ' 1$x<2

Here f (x) decreases only in (-1/2, 0) otherw1se f (x) in

other intervals is constant.

15.d. f() =l -l 1]
—x=(1-x),
x—(1-x),
x—(x—i),
-1,
2x—1,

I

x<0
0<x<l
x=20

x<0
0<x«l

1, x21

A

Y

]

. 1

!

- 0 /1/2 1
-]

[f@, )20
16.. ¥eI= {—f(x) £ <0
£, £6)>0
~ _'f()k{f(x), 7(x)<0

17.¢c.

-18.a.

19.c.

20.d.
" Since f”'(x)> 0= f'(x) is increasing

Now as f (x) and f “(x) keep opposite sign, then

2| feko.

Hence | f| is decreasing.
9'0)=2®) f'®)
We do not know the sign of f(x) in (a, b), so we cannot say
about the sign of ¢’(x)..
Given ¢’(x)— ¢(x)>0 Vx>1
{9’ () - 9(x)} >0 Vx21

d _x
= — >0 Vx=1
dxe '¢(x)r x

. € ¢(x) is an increasing function Vx> 1
Since ¢ (x) is-a polynomial
= ePp()>e
= ¢ x)>0.
Function is increasing in (— o0, — 2) W (0, o), functlon is
decreasing in (-2, 0).

elp()=>e " 9(x)>0 [~ o(1)=0]

......................... \ad i e
....................... oL y=\x
x-'4[-'3 2 —f1/o Ty
y’
Fig. 6.68

x=—2is local maxima, x =0 — local minima
Derivable Vxe R—{0, 1}

Continuous V xe R.

&’(r) = (f"((tan x— 1)*+ 3)) 2 (tan x — 1) sec’ x

* So,f((tanx—1) + 3)'> f'(3)=0Vxe (0, %)u(—’i, f) ,

21.b.

4’2

Also, (tanx—1)> Oxe (E, E) .

42

So, g (x) is increasing in (E, E) .

4" 2
We must have log,; (logs(sinx +a)) <0 Vxe R
logs(sinx+a)>1Vxe R
sinx+a>3VxeR

Fig. 6.67
Graph of the function is that f(x) clearly increases in (0,1).

Ll il

a>3-sinxVxeR

a>4 -



22.¢. u= \/c+ _Je
andv= !
\/ c+l+ \/— \/c -1+ \/—c-
Clearlyu<v )
Also, fis increasing whereas g is decreasmg
Thusu<v

= fW<f)
= gof (u)>g0f ™
23v.b.f(x) 4-2sec’ 2x=2(1— tan 2x)

‘ Forthe continuous domain (—_4_, _) ’f’(x)'zoin [_%’ %]

and ()< 0in (-%,f%] U [’8’ ’:)

So the required largest continuous interval is [—%, Z;—] s
v i _
length= —.
gt” .4

24.a.

1.0 '\(20) \ (3.0)
(2-113, 0) (2+1/4/3,0)
Fig. 6.69

FE=G-DIE-2E-3) -
letg(x)=(x—Dx-2)(x-3)

=x —6F+11x-6
= g'(®)=37-12x+11
, nximo2 12442 1
g(x)=0 = x= = =2+—=
o 6 6 B
' o 1 1
Hence, f (x) decreasesin | 2——=;,2 | U 2+—,31.
s a1 52} (25

25.d. Letf(x)=x +2¢+5x+2c0sx
= f()=3F+4x+5-2sinx
Now the least value of 32 +4x+5is

D_ @-435 _ U
4a 43) 3
and the greatest value of 2 sinx =2
= 3 +4x+5>2sinxVxeR
= ffx)= 3P +4x+5-2sinx>0Vxe R
= f(x)is strictly an increasing function
alsof(0)=2and f(27)> 0.
Thus, for the given interval, f (x) never becomes zero.
Hence, the number of roots is.zero.
26.a. f(x)=(x—2)x-3| .
For, f(x)=(x-2) (x-3)= *- 5x +6
f(x)=2x-5=0=>x=5/2
Now, the graph of f(x) = (x — 2) x—3|is

Monotonocity and Maxima-Minima of Functions 6.45 -

O] /2 52 3

Fig. 6.70

Clearly fromthe glaph, S (x) increases in (— ) 5/2) v, oo)
27.b. f(x)= (x 8)* (x-9)°, 0<x<10 .
= fix)=4x- 8)° (x—9)° +5(x~ 9)* (x—8)*
= (x—8)’ (x—9)* [4(x—9) +5(x—8)]

4

=9(x- 8)° (x— 9)* (x - —792) .

Sign scheme of f'(x)
T .

T T T
8 76/9 - 9

" Fig. 6.71 -

76
fx< 0 ifxe (8 3-) =>f(x) decreases ifx € (8 36)
28.a. Heref(x)<0
' = 32 +8x+A<0Vxe (—2, —%)
Then situations for f (%) is as follow:
AR N/
\_/ XA
Fig. 6.72 '
Given that f (x) decreases in the largest pos51b1e interval

2). .
(—2, —g) , then f/(x) = 0 must have roots —2 and —2/3.

=> Product of roots is (—2)(- 2) = % = A=4.

3
29.b. f(x)=|xlog. x|
For g (x)=x log,x,

: 1
g’(x)=x —+log,x =1+log,x
x
S :
-=> g(x)increases for (—, oo) and decreases for (O, l) .
_ e e

Graph of y = g(x) = xlogex

(a)
1le /
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30.b.

31.b.

32.b.

33.b.
34.b.

Graphof y=f(x)=
A

Ix logex]

)

Y
Fig. 6.73
. - ) : . 1
From the graph, f(x) = [x log, x| decreases in (;, 1) .

Let h(x)=f(x)-g () ,
K@) =f(x)-g’'(x)>0Vxe R
= h (x) is an increasing function and

h(©0)=f(0)-g(0)=0
Therefore, 7 (x) >0 V x € (0, ) and / (x) <0 Vx € (=<0, 0).

=1~ 1)~xf1-F)=x(f (28 - 1)-f(1-x%)
gx)>0 .
if x>0, 2x2 — 1 >1—x* (as f’is an increasing function)

= 3*>2=xe [——oo,—,f%]u(%,oo)
[2 ] R
= xe€ f—,oo
3

fx<0,2x*-1<1-x*

o secrmee (D)

f(O) sin0=0

- ()

)= hm sm(i -3x) = hm sm(h2 +3h) 0"
Thus, f (0+) > (0) and f(07) > f ()

Hence, x =0.is a point of minima.
Since cos 8< 1 for all 6. Therefore, f(x) < 1 for all x.

Z =52 (x-1)(x—3)=0
T (x-1)(x-3)
x=0,1,3
+ '| + | — +
1 1
0 o1 3
Fig. 6.74

Clearly x = 0 is neither a point of maxima nor a point of
minima as derivative does not change sign atx=0.

. x=1isapoint of maximaandx=31i 1s a pomt of minima.

o
35.d. y= i"
dy 1 11
—=-—logx+— —
= dx 2 0 x x
=i2(1—1'ogx)=o
X
Qﬁ—'O:}ologx=lorx=e
dx

Forx<e=logx<1
andx>e=logx>1

36.c.

3. ¢

-38. a.

39 c. f(x)=

dy

Atx=e, _d_x changes sign from + tve to —ive and henceé y

1s maximum at x = ¢ and its value is
log e_ 1
When f (a) 0, thenf”” () mustalso be zero and sign of
S (a) will decide about maximum or minimum.

Then given expression is minimum when
y=(x*-3)>+27 is minimum, which is so whenx =0
Hencey,;, =0.

= Min. value of 2&3"#27 jg 20— 1

Letf(x)=& ' +x-2 =2/ x)=¢+1>0Vxe R

Also when x — eo, f(x) — eo anid when x — —oo 5 f(x) = —o0
Further f(x) is continuous, hence its graph cuts x-axis only
at one point.

Hence, equation f(x) = 0 has only one root.

Alternative method:

Alsoe! =2—x i

As shown in the figure, graphs of y=¢* ' and y =2 — x
cuts at only one point. Hence, there is only one root.

/|

N\

2.
=3

14

”
r4

Flg 6.75
(smx+cosx)—1 J_t -1

J— (sin x + cosx)

orf ()= ()= V2 [t _ ;)

where t=g (x)=sinx+cosx,x € [0, /2]
g'@)=cosx—sinx=0=tanx=1
= x=m/4andg” (x)=~ive

Atx=0,¢=1.1e[1, 2]

Now¢(t) f( —-—) wherete [1, \/_]

o’(H)=2 (1 + -2-) =+ive

. t

Therefore, ¢(#)is increasing.

Hence ¢ (2) is greatest at the endpoint of interval [1, v/2 ]

le.t= \/5

F@=4()= 2 [\/_—%]=1

Alternative method :
sin2x - 2sinxcosx 1
f&x) N1 N /L
sin ( x+_) — (sin x+c0s x) SeC X +COSec X
V4 V2

-For x € (0, 7/2), maximum value of sec x + cosec X occurs

when secx=cosecxorx = /4




242 22

Hence, f,,, = — =1
sec Z +cosec 2‘/—.

40.a. f(x)=(4sin®x—1)" (*- x+1)
X —x+1>0Vx

+
f(f = lim (4sin® x—1)"(x* ~x+1)

J . x—)E .
6
=07
| . - 2 npl2
f(—— = lim (4sin” x-1)"(x" —x+1)
\8 )

p :
- =(—07)" (a positive value)

6
41.d. fx)=xnx—-x+1
o f()=0
f’(x)=1+1nx—l=lnx
S (x)<0if0<x<1
andf(x)>01fx>1
42.b. Wehave f(x)= (x+1)”3 (-1

f’(x)——(x+1)3 ——( 1)—

-
f (—' } >0 if » is an-even number .

(k- -z
3(x* - 1)2/3
Clearly f”(x) does not exist atx +1

Now, f*(x)= 0 :
= (- 1) —(x+1)2’3
= (x- 1)?=(x+1)*"
= 2= =>4x=0=>x=0.
Clearly, *(x) # 0 for any other values of x & [0 11.
The value of f(x) atx=01is 2.
" Hence, the greatest value of f (x) = 2.
43.b. f(x) 23 9@l +12a%+ 1

F/0)=62— 18ax + 124 andf"(x) = 12x~18a

Formammum/mxmmum 62— 18ax+124°=0
= P-3ax+2d*=0
= (x—a)(x—2a)=0
= x=aorx=2a
Now, f"(a)=12a— 18a——6a<0
'andf"(2a) 24a—18a=6a>0
. f(x)is maximum at x = a and minimum at x =2a
= p= aandq 2a '
leenthatp =gq=4a 2=2a=3a(a-2)=0=>a=2.

44. a. Letf(x)=x+_;1;
5
f@=1- Lzand fx)==
; x x

; 1
For maximuny/minimum, f'(x)=0=> 1 - — =0
x

= ¥=1=x+l

45. a.

46. a.

47.4d.

48. c. f()

49.b.

51.c.

Monotonocity and Maxima-Minima of Functions 6.47

— N

f(x)isminimum atx=1 [ f7(x)= = =2>0] -

2
“We have f(x) = = + =
2 x

1 2 ’ 4
s fe=z-zadf (x)=x—3
Nowf(x)=0=>x*=4=x=42
S (x)>0forx=2
Therefore, fhas local minima atx=2.

f(i)=s;in (x + %J +cos(x + %) :
2 sin (x +Z4 E)
6 4

2 sin x+§7—r)
12
/4

Its maximum value = «/E when x + % =E

T St 6m-5m T
ie,whenx=—-—=——"—7=—

2 12 12 12° o ‘
£(0)>£(0") and £ (0) < f(07), hence x = 0 is neither a

maximum nor a minimum.
1+4x+x%)1- x(4+2x) 1-x?
(1+4x+x2)? _(1+‘4x+x2)_2

For maximum or minimum f"(x) =0 => x==+1

For x= 1, f’(x) changes sign from positive to negatlve asx
passes through 1.

Therefore, f(x) is maximum for x = 1, and maximum value

1 _1
T 14441 6
y==x+3x>+9x-27
dy

= =3¢ +6x+9
dx

Let the slope of tangent to the curve at any point be m
(say)

= m=—3x2+6x+9 = %’1=—6x+-6

d2
—d?——6<0forallx

' ) ) ' dm .
Therefore, m is maximum when Zx— =0,1.e.,whenx=1

Therefore, maximum slope=-3+6+9=12.

50.b. f’(x)=-msin mx+ 10+ 6x+3x”

=3(x+ 1)?+7 — zsin 7> 0 for all x.
Sflx) is increasing in -2 <x < 3.
So, the absolute minimum =f(-2)=1-20+12-8.

2
2 x——l- +l sin® x
. (2 -2x+1)sin’ x 2) s
Giveny=¢€ =e

Clearly, the minimum value occurs when sin’x = 0 as

[EEe
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52.4. fER=x €™ =)= 40T +x'e (2x) o Alsof"(@)=6ax*= f*((20)"%) >0
_x2
: =2’ e*(z -%) T : = x=(2a)'” is the point of minima.
Signscheme of /'(x) . _ s
+ . - k- Forx+ax?—2> 0 Vx we must have f((Za) ) >0
2 o ' 13 213
Hence, f{x) is maximum atx= 2 = Maximum value =4¢ = (20) ta (.2a) ~2>0
53.c. dx*+hyt=ct L = 2"‘_"“.“2(2“)2/3 >0
X S -a?x? a = 3a>2(2a)2/3
= YT - | - = 27a*>324
v = a>32127
(.6 4 : >
e —-d*x Hence, the least value of ais 2.
= f)=x=x Yz | : _
_ : D)™ x"(x-1)",  if x<0
c6x4 —a2x8 o : n.m n :
= fe)= _ 56.c. Wehavef(x)=1 (-1)"x"(x-1)", if0<x<l
o b ' X (x=1)", if x>1
Differentiate f(x) w.r.tx, o
6.4 2.3\, 36 o712 " Letg(x)=x"(x—1)", then
= )= 1(0 2= ) (4xf 2L ) g /() =m™ (x— 1)+ " (x— 1)
4 b b b =" (x= 1) {mx—m+ nx}
36 7 : : ‘
Putf’(x)=0, %——-8"[)—2";0 ' Nowf'(1)=0=>g (1) =0=>x=0,1 or ——
. A2 ' ' - f(0)=0,f(1)=0and '
= X 2 SEEEA, ‘ ' o o f( m ) ~ 1y m"n" (-1)"
c3/2 . . o m+n h (m+n)m+n
Atx= ——F> f(x) will be maximum, : , . »
V4 Ja : mn"
. = >
L A2 22 W A W (m+n)™"
so fI = - =|— : _ _ .
! [2"'&/2 ) 280 4dH 4P _ '
. ~.- themaximum value= ————.
_° ' : (m+n)™""
J2ab o 57.b. 'Clearly, f(x) indecreasing just before x = 3 and increasing
lternative method: : : after x = 3. For x = 3 to be the point of local minima,
‘Since AM. 2 GM. : f3)<f3). . : ‘
- 2.4 .12 4 =-15<12-27+In(a"-3a+3)..
i-f.—;—b—})—Z\/azx“bzy" ' » ‘ >d-3a+321
6 ' = ge (o0, 1)U (2, ).
: c
= abx’y* < 5 : ' 58.c.
. ) c}
:? = J2ab -
A

54.b.

- = g'(x)>0forxe [2,3]

55.b.

" Hence, maximum value of xy is - Nk

Letg(x)=42 - 12 +11x-3
= g'(x)=12%-24x+11.
=12(x-1)*-1

= g(x)isincreasingin(2,3]

g =fB)=10g,p(4.27-129+11.3-3) ,
=log,,(30) ’ Fig. 6.76
=1+log, 3.

Letf(x) =x+ax2-2

= f0)=1-2ax>=0=x=(a)"”

59.b. Sincef(x)hasarelative minimumatx=0, therefore £7(0)=0
andf"(0)>0.




If the function y =fGx)+tax+ bhas arelatlve minimum atx

=0, then
D _0 atx= )+ g0 forx =
o atx=0 = f'(x)+a=0forx=0
= f(0)+a=0=>0+a=0
T a2
Now,%= f(x)= [Tix—%] =f" (0)>o
=0
[~ f'(0)>0]

Hence, y has a relative minimum atx=0ifa=0and bcan

-attain any real value.
60.d. f/()=12F-2x~2=2[6x"~x~1]= 2(3x+1)(2.x 1)

z

™

1 1
| :
. Fig.6.77

f), if - 0$x<%

- Henceg(x)= f(—), if %Sx'Sl

- A

6l.a. f'W)=a’+2(@+2)x+(a-1),
-f"(x) 2ax+2(a+2) 0

= x=- ar whlch is the point of inflection

a N

GiVen that we must have —

= (—o0,—2)u(0,). .
62.d. Thederivative of a degree 3 polynomial is quadratic. This

- must have either 0, 1 or 2 roots. If this has precisely one
root, then this must be repeated. Hence, we have f'(x)=m
(x- a) where ¢ is the repeated root and m € R. So, our
original function fhas a critical point at x = &
Also, f” (x)=2m (x— 0)), inwhich case, f (0)=0.Butweare
told that the 2nd derivative is non-zero at critical point.
Hence, there must be either 0 or 2 critical points.

0.6(14+ )04 (1+x°%)-0.6x 1+ 0)°¢

a+2<0
a -

63‘ c. f'(x) = (1+x0.6)2
(1-_i-xo‘G)—x‘.o"'(l+x)l (1+x°‘6)x0'4—(1+x) »
(1+x0'6)2(l+x)°'4 (1+x°6) (1+Jc)04 04
04 :
=0.6 -1 <0 Vxe (0,1)

(I+x06) (l+x)04 0.4

Hence, f(x) is decreasing.
— vy =flh=1

["f'(0)=0]=>a=0.

Monotonocity and' Maxima-Minima of Functions .6.49

64.c. fF@)=kG +) =1 (NS = kX +1)

= f(x)is always increasing or decreasing ask(5x*+1)
is elther always negative or positive.

N _
65.d. Wehavef(x)— 2-1- 22a '
2ta x‘+a
Clearly rangc of f is [-1,1)
Now, f'(x)= _dax
( (P +ay
andf"(x)= da (a-3x%)
: (x2+a)3 :
Sign scheme of /*(x)
- , .
x=0
- .
/ &
\ X
. ©,-1)

Fig. 6.78

= f(x)is deéreasing on (—eo, 0) and increasing on (0, =)
 Therefore, f(x) has a local minimum atx=0." '

. 66 a fO+f” (x)——xg (x)f (x)

Leth (0)=f2()+(f )’

= KE=2f@)f ®+2 @f ()
=2f" (0) [-x1g () /' (%)
=2 (f" )’ g

= x=0isapointof maxima forh ).

m-n even)

6T.a. h’(x)— no=2 o
--n

Ash (x) is undefined at x = 0 and #'(x) does not change its
sign in the nenghbourhood So, no ‘extremums.
68.a. Here,f(x)=4tanx— tan® x+tanx
= fix)= 4sec2x 2tanx sec? x+ 3 tan’ x sec’x
=sec’x (4~ 2 tan x + 3 tan® x)

=33¢c2x{tan2x—gtanx+i
- 3 3
' ' 2
= 3sec’ x (tanx—l) +(i—l
3 39
- 2
=3sec2x{(tanx——l-) +1—1}>O, Vx

Therefore, f(x) is increasing for all x € domain.
69. c. It is a fundamental property.

70.2. f(x)= —%e_E(xé -8).

Clearly,x=2 J2 isthe point of local maxima.
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T.a. f(0)=m2, f(0")=0, £(07)=0.

Hence x = 0 is the point of maxima. .. -

 T.a. f(x)w1llhavemax1maatx——20nly1fa +1>2=>|a|>1

73.b.

.74. ¢ f(x)=——m

y=2__

Fig. 6.79
Given4+B=60°=B=60°~-4
V3 —tan 4

1++3tan 4

= tanB=tan(60°—A)=

Now z=tan 4 tan B
s _t(B-n
1+ 3¢

\/§t—bt2
1+t

where ¢ =tan A
dz (t+f)(ft—1)
- (1+31)?

= =1/
= t=tan4 =tan30° - :
The other value is rejected asboth4 and B are +ive acute
angles
Ny 1 4 .
Ift< 1 , ﬁIE = positive and if > E , Ej— =—ive.

NE)
Hence maximum when = —= and maximum value= — .
3 : 3
(x=4)(B-2x)—(t+3x=x?)
(x—4)*

t+3x— x>

f()

for max;mum or mlmmum, S x)= 0

2P+ 11x—12-¢=3x+22=0

Lx?+8x~(12+H=0
for one maxima and minima,

. D>0 ~

75.d.

76. a.

= 64-4(12+H>0
= 16—-12-t>0=>4>tort<4.

_Iff(x) has an extremum at x = 7z/3, then f(x) = O at x = x/3

1.
Now, f(x)=asinx+ Ssm3x B

= f’(x)=acosx+cos 3x

f(#@3)=0 ,
= acos(W3)+cosw=0
= a=2
. 4 o
Since a = + - ,ais least.
(sin x l-—sin xJ ‘
da 4 7 _
= —=|- + — | cosx=0
dx sin? x (1 —sin x)

77. c.

78.d.

We have to find the values of x in the interval (0, 7 /2).
= cos x # 0 and the other factor when equated to zero -
gives sinx =2/3.

d’a 4 1
Now, — =|-——+
dx sin” x . (1 - sin x)?

} (—sinx)

8_,_ 2 .
T lsin® x (1 —sinx)? | 5%

Putsinx= %_an'dcoszx=l

4
9
d’a 8 5 5
. ——0+[—+2x27]§—81x—9-=45>0

Vo 8/27
= ais minimum and its value is
Al 6430
2/3  1-2/3)
: 2
Consider the function / (¥)= e )
e _ (+*+200)
, (4oo—x3)
f(x)=x"—-2==0
_ (x3 +200) '
‘When x = (400)'3, (~w x=0)

x=(400)P-h=f" (x)> 0

Cx= (400)"3+h=>f(x)<0

f(x) has maxima at x = (400)'®

Smce 7<(400)'° <8, either a; or ag is the greatest term of
the sequence.

49 8 49 8
va; =——and gg =—and — > —
543 - 89 543 89

——4—9-1s the eatest term.
G =gt e

Let there be a value of k for which X -3x+ k 0 has two .
distinct roots between 0 and 1. o

Let a, b be two distinct roots of x> — 3x + k = 0 lymg
between 0 and 1 such thata <b. Let f(x)=x-3x+k.
Then f(a) =f(b) = 0. Since between any two roots of a
polynomial f (x), there exists at least one root of its

. derivative f”(x). Therefore, f"(x) = 3%* — 3 has at least one .

S0 = (<0

root between a and b. But f7(x) = 0 has two roots equal to-
1 which do not lie between a and b. Hence f1 (x)=0hasno
real roots lying between 0 and 1 for any value of k.

79.b. f (x)=—xsinx=0 ‘whenx= Oorm

SO)=C)E) <0

} no sign c_h'ange'b




This also implies that f is decreasing at x = 0
. = (b) is correct:
f7(x)=—(xcosx+ sin x)
" fY(m)=—(-m)>O0minimaatx=7x
- f”(-m)=—(m)<0maximaatx=-7
80. d From the given data, graph of f (x) can be shown as

i ./ e L
/ (a)] - \"/1@) A
/Ao ™

/o N N N\

Thus from graph, nothing can be said about roots when

the sign of f() and f(B) is given.

81.a.
(Town)
A x P

[34]
&

ey

"N D (Factory)
Fig. 6. sz :
Let the charges for railway line be k ?/km

Now the total freight charges, T=kx + 2k ,/(207 x)’ +75
220 _,

Lot L oo ktok ——2
dx 2,/(x 20)2+75 '
= 4(x- 20) =T75+(x— 202 -
o (2-20=25=>x=25,15=>x=15(asAP<4B).
= PB=AB—-AP=20-15=5km
82.a. o
A .
30° . ° 3

30

< < B -
Ll Bl et

r 30 tan 30°
Fig. 6.83

; N
(S we hav =
rom geometry, 30Ln30° 30

= h=30-+3r _
Now, the volume of cylinder, V= rPh=nr(30- «./gr)

Monotonocity and Maxima—Minima of Functions 6.51

Nowlet%—— 0 = m(60r— 33r?) = 0mr=2

NE)
20 20 400
Hence, V., = 7| == | [30-V3%=|=mn —x10
wen{) (053] 5
=40()07r '
3
<—;—6—>
A D
P F
8 16 ¥
B
~ H E ¥C
~ 10 >
~Fig. 6.84
Let rectangle BEFG is inscribed.
Itsarea,A=xy
Now AFEC and ADHC areé similar, i.e.,
0- .
- f—l—lzy 10—-—=>A =x 10——)i where
8 4 2 2
x€ (0,8] : '

Now %;10—x.Nowforxe ©,8) -

dA

2250 = A increases. Hence A, occurs when x = 8.
dx ) max

Hence, max area =4, = 8(10— §)=48 cm?.

Fig. 6.85

Given volume andr
Now, V= volume of cone + volume of cylinder

=I el
3 .
l_h
V= —r 2(h+3H) =>H= ’"3
Now, sui‘face area, S= 7rl +2rH=nr VR +7% +2nr

L1
> h
wr’

3
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5
o 2 spiap T g
12 42 3 h 2
2 2
| = c058=§§6=cos“1§
85.d.
o A,
_l Fad
B =D 8 ©
Fig. 6.86
LetBDl x=BC,=(a-x)

=>BC—(a—x)tan §=\/§(a—x).
Now, area of rectangle ABCD,’
A=(4B)(BC)= 2\3x(a—x).

’ 2. - 2
- 3
A< 23 (x+a x) =v\/;a

2
86. d.

Fig. 6.87
Let ZCOA= 0= 0A=0C sec 6=4sec 0

* Also ZOPC=0= OP=0C cosec 0=4cosec 6

32
NOW APAB_OA OP= —29'

For Ap,p to be minimum sin 20 = 1 = 0 =

=P=(0, 42)
87.a. ’
1
|
D/\ : C
\\{;\\\
0 N B.
A E 0 F
Fig. 6.88

(using AM.>GM.)

z
4

"AD=AB cos 0=2R cos 6, AE=AD cos 0=2R cos 0

= EF=AB-24E=2R—-4Rcos’ 6
- DE=ADsin 6=2Rsin 6cos 0
= Area of trapezium,

= E(AB+CD)><DE>

88.c.

89.b.

=1 (2R+2R—4Rcos* B)XQR sin @ cos @

= 4R? sin® B cos 0
i*;_ = 12R? sin® Ocos® O—4R?sin® 0

=4R?sin® 0 (3 cos® O sin® 6)

N

For maximum area, %:0 = tan’ =3 = tan 0= 3

(Ois acute)=> = —4—R2.
-A -
B
Fig. 6.89
bcosB=a=bcosO+b=4orb= :
: 1+cos@
_ Acos ‘
14+cos@
=>area=A'=%basin9 _
_1_ 4 4cosd _ 4sin20
2 1+cos@ 1+cosf (1+cos@)®
L dA _ 42cos29(1+cos9) +251n29(1+cos€)sm9
do _ ~ (1+cos6)*
. dA . .
= 715=0 =>c0s 260 (1+cos 0)+sin20sin 6=0

or cos 20+ cos 8= 0 or cos 20=—cos 8= cos (m—-6)

b1
orf=— -

Therefore Ais maximum when 8= g
A . 8 B -
8 8
(4
D E 8 F C
Fig. 6.90

A=(ABxAE)+2 GDExAE’)
=(8x8sin 8)+ 8sin Bx 8 cos 8= 64 sin 6+ 32 sin 26
dA

Let 75 = 0= 64cos 8+ 64 cos20=0

= 2cos’ @+cos O—1= 0=>(20059 1) (cos 0+ 1)=0
= cosf=12=6=nx/3 :



91.c.

NEPPYE]

La =64 Y23 =32 3416/3=48V3.

3
2 2

90.b.- Fuel charges o< 2. Let F represents fuel charges

= FeV' = F=b M

" Given that F= 348 per hour, v= 16 km per hour

= 48 =k (16)* =>k=i

16
3y
F 1),F="—
rom (1) 16
Let the train covers Akm in thours
. 1 _
= A=wvtort=—
. > '
—» Fuel charges in time 3 v2><qu 3vA
0 = — _——= —
- B 6 v 16
— Total cost for running the train,
o= 300x2
16 v
dC 34 3001 . d°C _ 6004
— = and —=—3
av 16 +? dv v
: Fdr the maximum or minimum value of C, 7 =0
. v
' . d*c 607
= vy=40km/hr. Also, — =—7=>0 (- A>0)
' v =40 (40) : .
— Cis minimum when v=40 km/hr.

Closed -

Open

Fig. 6.91

Letxbe the radius and y the height of the cylindrical gas

~ container. Also let k be the thickness of the plates forming

the cylindrical sides. Therefore, the thickness of the plate
forming the top will be 5k/4. B
Capacity of the vessel = vol. of cylinder

— oy =V (Given) =y = VI(mx’) )
Now, the volume ¥; of the ifon plate used for construction
of the container is given by

v, =m(x+E O+ 5k/4) — oy

= iV—‘=2Vk(x+k)x(i7£—l—)
dx

v ¥

For maximum or minimum of ¥;,dV/dx=0

=1

x=[4Vi;5m}"

. For this value of x, &* y Jdx* is +ve
Hence, V; is minimum whenx={4V/(5m)] .

173

92.¢c.

Monotonocity and Maxima—Minima of Functions 6.53

Now x=[4V/(5m)]"
- Smi=4V=4mx’y = xly=4/5
Hence, the required ratiois 4 : 5.

Fig. 6.92

Let ABC be an isosceles triangle in which a circle of radius
r is inscribed. : :

Let £/BAD = 6(semi-vertical angle)

TIn AOAE, OA = OE cosec 0=r cosec 6, AE=r cot 6.

" = AD=0A+0D=r(cosec 0+1)

‘S=2r(coseé 0+ 1) (sec 6+tan 6) or S=

_93. a.

Tn AABD, BD = AD tan 8= r(cosec 6+ 1) tan 6.
AB=AD sec 0=r (cosec 6+ 1) sgc 6 .
Now, the perimeter of the AdBC is S =4B+AC+BC

' =24B+2BD

(. AC=4B)

4r(1+sin0)
_ sin20 -
A

= :15=4r [2(1+sin@)cos O sin20

. .  —(1+sin6)? 2cos26]/(sin 26)’
=8r(1+ sin 6) [sin 20cos 8—cos 28sin H—cos 26)/(sin 207
=87 (1 +sin ) (sin 6= 1 +2 sin” 8)/(sin 207
= 16r (L+sin 6)’ (sin §-1/2)/(sin 26" ‘

For maximum or minimum of S, dS/df=0=> sin 6=1/2
s 0=m6 - (- sin @# -1 as @is an acute angle)
Now if 0is little less and little greater than 7/6, then sign of
dS/d0changes from -ve to +ve. Hence S is minimum when
6= 7/6, which is the point of minima.
Hence, the least perimeter of the

A=4r[1+sin(m6)/sin (3)= 63r.

Fig. 6.93

Let H be the height of the cone and a be its semi-vertical
angle. Suppose that x is the radius of the inscribed
cylinder and s be its height h = OL=0L-0Q=H-xcotq,
¥ = volumie of the cylinder = nx?(H —x cot 0).
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Also, p= %74_:(17 tana)> H N 1))

v T(2Hx—3x* cot)
dx

.
So, %=O =x=0orx= EHtana;

a*v

P =2nH <0

x=§H tanex

So, ¥is maximum when x= %H tan

-q=Vm=7rf'—H2tan2alH
9 3
4 Optan’a 4 .
2P T Cp [fom)

27 mtan’a 9
Hence,p:9=9: 4.
94.d. Given4dx+2mr=a
where x is side length of the square and r is radius of the circle

A=x2+'7zr2=E (@—2mP+m?*

2

a“_ 0 gives r = —2 for which a4 is +ve and
dr 2(z+4) dr :
hence minimum.

. an 4a
= dx=d-2mr=qg-—— =
. T+4 mw+4

A=Pilg= &
4(m+4)

95. c. The dimensions of the box after cutting €qual squares of
side x on the corner will be
21 -2x, 16 - 2x and height x. .
V=x(21-2x)(16-2x)
=x (336 74x +4x%)

or V=472+336x—74 = ig =122+ 336 148x

— 2

= v 0 gives x =3 for which a is—ve and hence

L de T dr’
-

sin® xcosx

2

3sm xcoszx sin x-
S )= 2
f(x)=0 = 3sin’xcos
= 3cos?x—sin’x=0
= 4cos’x—1=0

 96.a: )~

2 —sin*x=0

= CoSx=

SN

4 L . .
= x= 3 which is the point of maxima.

S = (5/2; 1/2) .33

32

" Multiple Correct

Answers Type
1. a,b,c,d.

Fig. 6.94

From the graph global minimum value is f-hH= 22 and
global maximum value is f(0) = () =0.

2. a,c
S ®)=406-3+3x-1)=4 (x~1)*>0forx>1.
Hence, fincreases in [1, o). Moreover ./ (x) <0 forx< 1.
Hence, fhas a minimum atx=1.

3. a,b,c,d. '
S(x)=2x—sinx= f’ (x) 2-c0s x>0 Vx. Hence, f(x) is
strictly i mcreasmg, hence one-one and onto g (x) = x'?,

= g (x)—
_and hence one-one and onto.
Also, gof is one-one.

20f(x)=(2x—sin x)1 has range R as the range of 2x— sinx |
isR.

4. ad.
We have ,
FO)=2x+cot " x+ log(V1+x* —x)

; 1 1 x
S =2~ + [ —1
I+ 1422~y Vi+x?
122 1 1422 (+4P)
1+x? Vitx? - 1+x? 1+x?
_x 2 py1452 (\/1+x -1

142
Hence, f (x) is an mcreasmg function in (- o, o) and n
particular in (0, o).

3> 0V, hence g(x) is strictly increasing

>0 forallx

5. a,b,c,d.
1/
A /
i
7 v

Fig. 6.95
Refer the graph for the answers.



6. b,d.
, sinx
fx)=—
x

Forf"(x)=0, X 9= x=nr(ne L,n#0)
x

Xcosx—sinx

,f‘(X)= 2

cosnit

f(nm)= <0ifn=2k—1 and>0ifn=2k ke I"

Hence, f(x) has local maxima at x = n, where n= 2k—-1and
local minima at x = n7, n =2k, where ke I'. -
7.. a,b. .

X +x+2

2 +5x+6

Weé have to find the extrema for the function
fx=1 +atx-x°

For maximum or minimum, f"(x)=0

Given that <0=xe (-3,-2)

a .

= g?—3x*=0o0rx= +— andf”(x)=—6xis+ve when
3

x is negative.

. ... a
If a is positive, then the point of minima 1s ——7_5

ie, 3<% <2or23<a<33.

V3

- . ... a
And if a is negative, then the point of minima is E

e, 3<-——<20r-33 <a<-23

- 3
Then, ae (=343, —243) U (243, 33).
8. a,c ‘
y=ax2—bx(a>0,b >0)

S W S

~ y=ax’-bjx|(a>0,b>0)
y

, (0]
X 0 X
| | 4
. ¥
(@ - . b
y = ax*-bx(a>0, b <0) y=ax—bl|q(a>0,b<0) °
y
X
o),
(d)
<0Vx#2

10.

11.

12.

Monotonocity and Maxima—Minima of Functions 6.55

Therefore, y is decreasing in (— o, 2) as well as in (2, )

-1 2y-1

= =X
7 x-2 y=2
. 1 2x_ . S -
~ = 5 -~ f(x) is its own inverse.
x_.
b,c.

-+ g (x) is'increasing and f'(x) is decreasing
= g+1)>gh-Dandfx+1)<flx-1)
= fl{g+i<f{gkx-D}and

i2){f G+ D} <g{fx=D}.

5 Ca

FO)=x> =2 +100x+2002
F()=3-2x+100>0Vxe R

s f(x)isincreasing (strictly)

] 1
4 (m)” (m)

Also, f(x—1)>f(x—2)asx—1>x—2 for Vx.
a,d.

- Since g (a) £ 0, therefore either g (@) >0 or g (a) <0.

Let g (@) > 0. Since g (¥) is continuous at x = a, therefore
there exists a neighbourhood of @ in which g (x) > 0.

= f’(x)>0 =>f(x)isincreasing in the neighbourhood of a.
Let g (@) <0. Since g (x) is continuous at x = a, therefore

" there exists a neighbourhood of & in which g (x) <0.

13.

14.

= f’(x)<0 =>f(x) is decreasing in the neighbourhood
ofa. : .
a,d.

We have f(x) = (4a - 3) (x +log 5) + 2(a—7) cot -;isinz %

=(4a-3) (x+log5)+(a—7)sinx

= f(x)=@a-3)+(a-T)cosx

If £ (x) does not have critical points, then /'(x) = 0 does not
have any solution in R.

4a—
Now, f’(x)=0=cosx= a-3
T-a
4a-3 o
- =< : [ |cosx|<1]
T1—-a ' o

= -1< ESI =a-7<4a-3<7-a

T—-a
= a2-4/3anda<2
Thus, f”(x) = 0 has solutions in R if —4/3<a<2
So, f’(x)=0is not solvable in R ifa<—4/3 ora>2, i,
ae (—o0,—4/3) U (2, ).
a,¢,d.
Graph of f(x)

when n is even
y ¥ when n is odd

X + X X '/}x
Wa
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15. a,b,c
f(x)=cosx+a
y
b b>0,a>1 Y bp<0,a>1

Fig. 6.98

If a> 1, thenf’(x)> 0 or f(x) is an increasing functlon, then
f)= Ohas +ve root if b <0 and —ve root ifb>0
fi(x)=cosx+a

Ifa<-1,thenf'(x)<0orf(x)isa decreasing function,
then f (x) 0 has negative root if b < 0.

1 6. a,b,c.
sin(x+a)
/@)= sin(x +b)
by “sin(x +b) cos(x +a)—sin(x + a) cos(x +b)
f (x), sin(x +b)
_ sinb-a)
sin® (x +b)

- If sin(b—a) =0, then f'(x) =0 = f(x) will be a constant,
ie,b—a=nmorb—a=(2n+1)wor b—a=2nm,
then f(x) has no minima.
17. ¢d.

r must be an even integer because two decreasmg :

functions are required to make it increasing function .
Lety=r(n-r)
n-1

Whennisodd, = —— or _n_2+_ for maximum values ofy

2

. n .
whenniseven,r= 2 for maximum value of y.

2 2
when n is odd and 3—

. n
Therefore, maximum (y) =

when n is even.

18. a,b,d.
2—
m= 12x 12xz+5 S0VxeR
. 2x-1)

x
< O
N
i Y N
<

19.

20.

21.

Hence, fis increasing Vx € R.
= 1/2 is the point of inflection as concavity changes at
x=12.
abd ,
At the point of inflection, concavity of the curve changes
irrespective of any other factor. '
b,c,d
‘Sincefis deﬁned on (0, o).
Therefore, 22+ a+ 1 > 0 which is true asD<0
also3a*—4a+1>0
Ba-1)(a- 1)>0:a<1/30ra>1 Q)
as fis increasing hence
QP +a+1)>f(3a’—4a+1)
= 2d%+a+1>3a*-4a+1
= 0>d’*-5a .
= a(@-5)<0=(0,5) , ()]
From (1) and (2), we get .
hence,a e (0, 1/3) U (1, 5).
Therefore, possible integers are {2, 3, 4}.
a,d.
f)=(sin’x-1)"

IR

f(%) =(>0Yand f g_] =0

+
i1 : T
Ifniseven f|— | and f|— >0,thenx'=-7E is the
2 2 2
_ pointof minima.
+ n T,
_ Ifnlsoddf andf 3 <0,thenx=-—2-15the
pomtofmaxlma.
a,b,d.

22.

23.

FO)=23+92+12x+1

= f)=6>+3x+2)

=6(x+2)(x+1)

f(x)<0forxe (-2,-1), where f(x) decreases.
J i (x) >0forx € (- o0,—2) U (-1, o), where f(x) increases.
fx)=2x+3=0
= x=-3/2is the point of inflection.

-/(0,1)

» X

y

-2 -1

o

Fig. 6.100

From the graph, fis many-one, hence it is not bijective.
a,b,c.

fx= a5x5 + a‘;x4 + a_,,x3 + a2x2 +ax

= f(x)=0hasonerootx=0

Also, given that f(x) = 0 has positive root a,.




at

s

Thus, the equation must have at least three real roots (as
complex root occurs in conjugate pair). Thus f’(x)=0has
atleast two real roots as between two roots of f(x) =0,
" there lies at least one root of f'(x) = 0.
Similarly, we can say that f”(x) =0 has at least one real root.
‘Further, f’(x) = 0 has one root between roots x = 0 and
- x=ayoff(x)=0.
24. a,b,c.
Lety=f(xy¥

= % =fF® [g(x)’}—'(%)+g'(x)’ log f(x)] |
f (x)g("), g(x), f(x), f'(x)and g ’(x) are positive, but
log f(x) canbe negaﬁve, which can cause % <0, hence

statement (a) is false.
fx)< 1 = log f(x) <0, which does not necessarily make

dy < 0, hence statement (b) is false.

f(x)<0canalso cause % >0, hence statement (c) is false.

But reverse of (c) is true.
25. a,c.

J& =

% cos 7 (x +3) +—1—sm 7 (x +3)
n?
f’(x)=; % cos 7 {x +3) — (2 —x) sin 7 (x +3)

+‘—1— coS 7t(x + 3) =(x—2)sinm(x+3)=0
.4

x=2,1,3
o= smn(x+3)+7t(x 2)cos w(x+3)
f/()=-%<0,1"(2)=0, " (3)=7>0

Therefore, x=1 is amaximum and x=3is a minimum, hence

x =2 is the point of inflection.
26. a,b,c,d.
- fx)=x'(12log,x~7); x>0

dy d’
= i =16 (3 log,x— 1) and Zx%=x2‘(9 log,x)

dy 0=>xe”3
dx

. d?
atx= em, £y
dx

> >0, hencex = ¢'” is point of minima.

%y o &y
Also, for0<x<1, —5- <Qandforx>1, — >0
dx” dx
Hence x =1 point of inflection and for 0 <x <1, graph is
concave downward and for x > 1, graph is concave
upward.
27. a,b,c.

Sx) =log (Zx—xz) +sin 71:_2x

= log(l'— (x—- 1)) +sin % -
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e

f(1-x) =log(1-(1-(x— 1)) +sin

- =log(1 ~x%)+ cos 7r_2x

(1)
2

Also, f(1 +x) = log(1-(1+(x~1) ))+sm (l+x)

>

=log(1 —x )+cosx %

Hence, function is symmetncal about linex=1
Also,f{1)=1" .

" Also, for domain of the function is 2x— Z>0orxe (0,2)
For x> 1, f(x) decreases hence x = 1 is point of maxima.
Also, maximum value of the function is 1.

Also, f(x) — oo, when x — 2, hence absolute minimum
value of f does not exists.
28. a,b,¢,d.

. Vi
f(x)=2—gx“”=2 (1—;11/?}2()‘—1/—3—1)

X

Sign scheme of derivative is
N _ +
—t f
0 1
Fig. 6.101
() has point of maxima at x = 0 and pomt of minima at
x=1.

Also f(x) is non-dlﬁerentlable at x= 0

4 yd
/
2 i \ 3 4
i
Fig. 6.102
29. a,b,c.
x
f&)= 1+¢*
e(l+e’)=ée” e*
= fi(x)= = >0VxeR
> 1 G+ arey o E
= f(x) is an increasing function.
X - X
Also, lim —5— =0 and lim —— = lim ——=1
x—=]+e” sl et Xy '
e

€
Hence, the graph of f(x) = . is as shown
e

Y

7 y=1

_/ (0, 172)

Fig. 6.103
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1+ 21+ ey
Also, f7(x)= 112 =0

(1+&H-2€=0

=1

x = 0 which is point of inflection

x =0 is the inflection point and fis bounded in (0, 1).
" No maxima and fhas two asymptotes.

L4

30. a,b,c.
The following function is discontinuous atx= 2, but has
point of maxima.
Ay
X
2 4, > 3 4
Fig. 6.104
f(x) = |x| has point of minima at x = 0, though it is non-

differentiable atx=0
y

U /

3 2 H 2 3
'Fig. 6.105

)= = x* has point of inflection at x = 0, as curve changes

E-3

/

N

-

its concavity at x=0, however x =0 is point of minima for .

the function.

4 y
\\\ ‘; g _
~L
- x
4 32 4, 2 3 4
Fig. 6.106
31. a.b,d.
Grapl'{ of Y= ™
__, 4 Graph of y = sin ||
4
"I{ = X
2 . 2 | m %
Fig. 6.107

Graphof- Graph of
2
x°+4x+3,x<0 {x], x<0
X)= =
/e {—x,xZO /) {{x},xzo
A ot
\-2 Z e i i *
2 s S T A
Fig. 6.108
32. c,d.
Jxy=x"

4 13 o .
= fx)= —;/-7x 7, here f(x) does not change sign, hence

has no point of inflection.
Graph of fix) = X677
y

/

N

2

-2 =1

Fig. 6.109

For f(x)=x5,"(x)= 30x*, but f”(x) does not change sign in |

the neighbourhood of x =0.
f0)= cosx+2x
= f'(x)=-cosx, _
= f(0)=0forx=2n+1)w2,ne Z.
Also, sign of f”'(x) changes sign in the nelghbourhood of
(2n+ 1)7/2, hence function has infinite points of inflection.

,x<0
f@)= x|x|= {
x2,x20
2,x<0 '
= ’ — > h ’ . . - _
' { 2,250 ere f(x) changes sign in the neigh
bourhood of x = 0, hence has point of inflection.
33. a.¢,d.
1 1/3
f(x)=2x~- = ~f)=0 = x= (%)
IfA=16,x=2

Now, f”(x)= 2+2
- ifA= 16f(x)>0 1ef(x)hasam1mmumatx 2

173
Also,f"{(g) } 2+% —2+4> 0

Hence, f(x) has maximum for no real value of 1.
When A =-1, f“(x) =0if x = 1. So, f{(x) has a point of
inflectionatx=1.

34. a.b.c.d.

f=x"Px-1)

N




w

T

df(x) 435 1 1
o 3t T3 el

=> f”(x) changes sign from —ve to +ve; atx =4, which is point
of minima. ’

Also, f’(x) does not exist at x = 0 as f(x) has vertical
tangent at x = 0.

41 12 1 2 1]
s <x>=§'ﬁ+§‘§'ﬁ=5ﬁ[“"}

2 2x+1
‘9x2/3 x

» ffx)=0atx= —% which is the point of inflection

atx =0, f”(x) does not exists but f”(x) changes sign, hence
x=0is also the point of inflection.
From the above information the graph of y = f(x) is as

shown.
. e °W<1..0)
' Fig. 6.110

Also, minimum value of f{x) is atx = 1/4 which is -3 X
Hence, range is [-3 X 2733 0a).

2—8/3

Reasomng Typ

1.c. Statement 1is true, but statement 2 is false as consxder the
. n
functions in statement 1 in (O, 5)

2. f)= L )= e
fi(x)>0 for 1 —logx >0 orx <e = f(x) is increasing.
f(x) is decreasing for x > e.

e<291<a<p
= f(&>f(B)
log & log f
a . B
= PBlog,a> ocloge B
= P |
3.d. Statement 2 is true as f(x) is non-differentiable at x= 1, 2, 3.
But f(x) has a point of minima at x =1 and not at x=3.

JO\ /

4

a

2,
2

-+ > 3 4 X

Fig. 6.111
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4.c. Bothf(x)=xandg(x)= x> are increasing in (-1, 0) but A(x)
~=x.x is decreasing. ‘ v
5.a. Suppose f(x)=0has real root say x = a, then f(x) <0 for all
x<a.
Thus | (x)] becomes strictly decreasing in (— o, @) which is
_ a contradiction. '
6.d. Staternent 1 is false as £ (x) = 5 — 4 (x — 2)*? attains the
greatest value at x = 2, though it is not differentiable at
x = 2, and for extreme value it is not necessary that f”(x)
exists at that point.
Statement 2 is obviously true.
7.b. f(x)=x+cosx
f(x)=1-sinx>0Vxe R,
Jf(x) is increasing.
Statement 2 is true but does not explain statement 1.
Therefore, according to statement 2, f“(x) may vanish at
finite number of points but in statement 1 f*(x) vamshes at
infinite number of points.
8.a. Statement 2 is obviously true.

' 2
Also, for f(x)=2cos x+3sinx = J13sin (x +tan™! 5)

L X 12 SO
= g(x)= sifi I—J;_g—tan 1—?:.Hence, statement 1 is true.

3 2
X . ax

9.a. =fF—+x+5
a. f(x) 37

= fE)=x+ax+1

* Iff(x) has positive point of maxima, then point of m1n1ma is
also positive. Hence, both the roots of equatlon X2+ ax +
1 = 0 must be positive. .
= sum or roots — a > 0, product of roots 1 > 0 and
discriminant D=a>—4>0
= a<-2

o , :
10, a. @ 12x(x2—x+ 1)+aand —q—y= 12(3x‘2—2x+ D>0
Cdx : dx’* -
= & is an increasing function. ~
e -

dy . . .
But ?d%:- is a polynomial of degree 3 = it has exactly one

real root. - ‘
11.b. Letf(x)=sinxtanx—x2 =>f’(x)=sinxseczx+sinx—2x
= f”(x)=2sinxseczxtanx+secx+cosx—2
=2 sin x tan x sec” x + (cos x + sec x — 2)

>0 Vxe (O,E)
2

f’(x) is an increasing function.

£(x)>f"(0) = sinx sec’x +sinx—2x>0

f(x) is an increasing function

f(x)>/0)

sinxtanx—x>>0

sin x tan x > x*

Thus, statement 1 is true, also statement 2 is true but it
does not explain statement 1.

| U
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12.b. f(x)=sin(cosx)

Linked Comprehension |

= f’(x)=-sinx cos (cos x) <0 for Vxe [0’ g] .

Statement 2 is also true, but it is not the only reason for For Problems 1-2

statement 1 to be correct. 1b, 2.a.
13.c. fO=("-6>+12x-8)¢ %
= [0 =€ -62 + 12r-8)+ & (7 - 12x+12)  Sol. Letf()=sin’ Lxba - 3’“’_3"
®) ~§g :22 ij;+e’(3x2—6x) - ‘ = f®= \[1—2 203 +x"
=& —6x +4) : 1-x

= () =G — 6x +4)+ £ 6) = S@=0forsomex=x ¢ (0,1)

=& (> +H3x2—6x—2)
Clearly, f(2)=f"(2)=0and f” #0, hence x =2 is the point
of inflection and hence not a point of extrema. Thus,
statement 1 is true.
But statement 2 is false, as it is not necessary that at point
of inflection, extrema does not occur. Consider the
following graph (Fig. 6.112).

; X

'S-2 o . - 0
Fig. 6.112 . ' : \\
14.a. f()=x*—8x>+22x"—24x+21 _ .
F)=43-24x* +44x-24 Fig. 6.114
= 4(x— 1)(x-2)(x-3) : ' ( )
Sign scheme of /'(x) = x=xis the point of minimum

f(x) is continuous Vx e [0, 1].
Hence, the global maxima existatx=0orx= 1

-yt T T F(0)=0,7(1)=m2-5/3<0
1 2 3 - , f(0)is global maxima Vx e [0, 1]
- = fx)<f(0),xe [0,1]=sin x+x*— 3x+x3/3<0
Fig. 6.113
g S st xts 205D e [0,1]
From the sign scheme of f “(x), f (x) increases for
xe (1,2)U(3,). For Problems 34
Since f(x) is a polynomial function, which is continuous, 3.a, 4.d.
and has no point of ini"lection, intervals of increase and Sol. g’(x)=/"(sinx) cos x— f’(cos x) sin x
decrease occur alternatively. = g ”(x) = — f(sin x) sin x + cos® x f ”(sin x)
s +f"(cos x) sin® x—f"(cos x) cos x > 0 Vx € (0, 71/2)
15.a. =tn(x+ VI+x2 ) =—In(v1+x* - s : >
a. f'(x) & ) ( X -x) (as itis given f”(sinx) =f"(cos x (/2 —x)) < 0 and f”'(sin x)
= f(x)>0forx>0andf’(x)<0forx<0 : =f"(cos x(7/2 —x))>0)

= f(x)is increasing when x > 0 and decreasing for x <0 = g ’(x) is increasing in (0, 7 /2). Also g (7 /4) =0
Hence, forx> 0, £ (x) > £(0) = f(x)>O0. = g'®)>0 Vxe (% %J andg’(x) <0 Vxe (0, n/4).
Again f(x) is decreasing in (— <, 0) Thus g (x) is decreasing in (0, 7/4).
Then forx <0, f(x)> f(0) = f(x)>0. For Problems 5-8
= f(x)ispositiveforallxe R, 5.d, 6.a,7.d,8.c

Sol. If f(x) is continuous then f(3)=f(3)=>-9+12+a

Thus, Statement | is true and follows from Statement 2. ,
: =3a+b=2a+b=3 .



N A

Alsof(47)=f(@")=>4a+b=—b+6=2a+b=3 (2
=» f(x)is continuous for infinite values of a and b.

2x+4, x<3

Also, f '(x) = a, 3<x<4. For f (x) to be
4

differentiable, f’(3)=f(3") =>a=-2and- % =g=-2

= b=8.
Hence, f(x) can be differentiable.

a>0,b>0

e

a<0,b>0

a<0,b<0

Wi ---
F R R

K

Fig. 6.115
For Problems 9-10
9.2, 10.b.
Sol. ’
9.2. LD pxy
e* aPE) _ e*P(x)>0
dx .

%(P(x)e"‘) >0

P(x)e*isan mcreasmg function.
P(x)e™>P()e Tyx>1

. P(x)e” F>0Vx>1 =>P(x)>0Vx>l

RN

10. b. Given that a—;H(x)>2cxH (x)
2 d . 2
= e ZH(x)—e = 2exH(x)>0
d e
= —(H >0
dx( (x)e™)

2 .
—CX . . . .
= Hx)e is an increasing function.

2
But H (x;) =0 and e isalways positive.
- = Hx)>0forallx>x,
= H(x) cannot be zero for any x > x;.

For Problems 11-13

Wa. h()=f)-a(fEY+a(f@)
= FE@)=f0)-2af(x)f"®)+3a(f/(x) i ()
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= K®=F@B3a(f@)-2a(x)+1]
Now h (x) increases if f (x) increases and 3a ( f (x))2
—2af(x)+1>0forallxe R
= 3a>0and4a’-12a<0
= g>0andae [0,3]
= ae{0,3].
12.d. k (x) increases as f (x) decreases for all real values of x if
3a (f(x)) 2af(x)+ 1<0forallxe R
= 3g<0and44’-12a<0
= a<O0andae [0,3]
= no such a is possible.
13.d. h (x) is non-monotonic functlons if 3a(f(x)*-2af(x)
+ 1 changes sign
for which D> 0 or 42— 12a>0
= ae (—,0)u3,—).
For Problems 14-16
14.a, 15.c,16.b.

. Sol. Letg(x) =x° =92 +24x=x (x* - 9x +24)
=g'(x)=3(x-2)x-4)

Sign scheme of g(x)
+ - +
2 4
Fig. 6.116
(2,20)
20 1- (5,20)
BT G18) /=g
16 T
_ (1.16) (4,16)
x } } t } X
01 2 3 4 5

Fig. 6.117

For three real roots of
f(r)=x"—9x%+24x+¢=0,cmust lie in the interval (20, ~16)
f0)=c<0

f(1)=1-9+24+c=c+16<0for Vce (-20,-16)
f(2)=8-36+48+c=c+20>0

ae (1,2)=[a]=1

f(3)=27-81+T2+c=18+¢

= f(3)<0ifce (-20,-18)orf(3)>0ifce (—18 —16)
or Be (2,3)ifce (-20,-18) Y
and Be (3,4)ifce (-18,-16) i
Now f(4)=64—144+96+c=16+c<0Vce (-20, 16).-:
f(5)=125-225+120+c=c+20>0Vce (-20,~16)
= ye 4,5 =>[y]=4

Thus, [06]+[ﬂ]+[7]={

Now ifce (-20,-18),
ae (1,2), Be (2,3), v (4,5)

= [a+[B1+[v]I=7

ifce (-18,-16), ae (1,2), Be (3,4), ye (4,5)
= [d+[B1+[7]=8.

1+2+4, —20<c<-18
14344, -18<c<-16
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For Problems 17-21

17.b, 18d 19.b, 20.d., 21.b.
Sol.

17.b. f’(x) £0Vx e [a, b], so f(x) is a decreasing function

and f(c) = 0 = f(x) cuts x-axis once when x =c.

F(x)=4x*—49x + a* = 24 + 2 is monotonic in [0,2].
Hence, the point of minima of function should not lie in [0, 2]
Now f/(x)=0=> 8x—4a= 0= x=a/2. If% e [0,2]

= ae[0,4].
For f(x) to be monotonic in [0,2],a ¢ [0,4] =>a<0ora>4.

18.4.

19.b.

20.d.

We note that f(c) =0, f’(c) = 0. Also tangent to f”(x) at x =
cisy=0. Sof”(c)=0.

s x = c is the repeated root of third order. That is, the
equation f(x) = 0 has at least three repeated roots.

We have f”(c) = 0. So the graph of y = f (x) has one point of
inflection atx=c.

As f(x) is a decreasing functicns for allx € (a b), so f(x)
has no local maxima or minima.

For Problems 25-27

25.a, 26.b,27.b
Sol. flx)=x>-3(7—-a)*- 3(9 a)x+2
= f(x)=3x"-6(T—a)x—3(9-d%)
‘Forrealroot D=0,

= 49+a%-14a+9-a*>0 = cz<§§

14

0

2L.b. f"(c)=0=x=cisarootoff”(x)=0.
For Problems 2224 '
22.b, 23.d,24.a

When point of minima is negative, point of maxima is also
negative.

Hence, equation f"(x) = 3x* — 6(7 — a)x — 3(9 — a*) = 0 has
both roots negative. '

"~ Sol.

f(x) =4x*— 4ax + a® — 2a + 2. Vertex of this parabola is

(3, 2—24).
2’7

Casel:0< g <2

[NSRE

In this case, f(x) will attain the minimum value at x

Thus, f (%) =

Fig. 6.118

= 3=-2a+2=a= —% (Rejected). -

Case 2: 222-
2

In this, f(x) attains the global minimum value at x=2.
Thus f(2)=3

= 3=16-8a+d’—2a+2=2a=5%/10.
Thusa=5+ +/10.

Case 3: e <0
2

In this case, f (x) attains the global minimum value at
x=0.Thusf(0)=3
Convert the following graph

Fig. 6.119 Fig. 6.120

= 3=4’-2a+2=a=1%+2.Thus,a=1-+/2.
Hence, the permissible values of g are 1 — \/5 and 5+ \/ﬁ

For which sum of roots = 2(7~a) <0 or >0, which is not

possible as from (1),a < % .

When point of maxima is posmve point of minima is also

positive.

Hence, equation /" (x) = 3x? —6(7 ax-3(9-a%)= Ohas

‘both roots positive.
For which sum of roots =2(7-a)>0 = a<7

ora € (—oo,—-3) U (3, o).
“From (1), (2) and (3); a € (—=2,-3) U (3, 58/14)

For points of extrema of opposite sign, equation (1) has

roots of opposite sign.
= ae (3,3)

For Problems 28-30
28.¢, 29.4,30.d

1Y '
Sol. f(x)= [1 + —) F()is defined if 1 + ~ >0
X X

1
I >0 (oo 1) U(0,%9)
x o .
Nowf’(x)=[l+l) ln(1+l)+il_—21
* S T
L X
=(1+l) [n(]__,__!.)_L:'
x) | x x +1

1Y . :
Now (1 + —) is always positive, hence the sign of /'(x) -
X

1

depends on sign of In (1 + l) -
x

1+x
1 1
Letgx)=In |1+ - |- —
_ x x +1
g')= b
[ 1 x2 (x +1)2 x(x +1)2

e

Also product of roots is positive = —(9 —a®) >0 or a*>>9 .

®




) forxe (0,),g°(x)<0
= g (x) is monotonically decreasing forx € (0, o)
= g(> limg(x)
X-00
= gx)>0
and since g (x)> 0= f"(x)>0
@ forxe (—eo,—1),g'(x)>0
= g (x)is monotonically i increasing forx € (—oo,—1)
= g(> lim g(x)
= g(x)>0=>f x>0
~ Hence from (1) and (2) we getf'(x)>0 forallxe (~o0, DU
(0,°0)

= f(x) is monotonically increasing in its domain

x—>too

lim (1+l) =1and lim (1+l) =00
x—0" X x—-1 x _
The graph of f(x) is shown in Fig. 6.121.

y

Also lim (1+l) =e
x

_________ R S et

1 o
Fig. 6.121
Range is y €(1, ) — {e}.

For Problems 31-33

- 31.4,32.4,33.b

Sol. f(x)=x+cosx—a = fx)=1 _sinx>0 VxeR.
Thus f(x) is increasing in (o, ¢), as for f(x)=0, xisnot
forming an interval.
Also f’(x)=-—cosx=0

= x= (2n+1)§,neZ

Hence infinite points of infletion
Now f(0)=1-a.
" For positive root 1 —a <0 =>a > 1. For negatlve root
1-a>0=a<l.

For Problems 34-36
34.¢,35.b,36.d.
Sol. f(x)= 3t +4x—1247
= f)=12(+x-2x)=12x(x—1) (x+2)
The sign scheme of f'(x) is as follows.
- + +

v

_2 o
Fig. 6.122

The graph of the function is as follows.

A/
N
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Thus, we have,

f(-=2)=-32andf(1)=-5
Hence, range of the function is [—32 o0),
Also, f(x) = ahas no real roots if a <-32.

For Problems 37-39

Sol.
37.4,38.4,39.b
2
x°-6x+4
X2 +2x+4
T . 2
x2 +2x+4
. 2 y—
i) =-3 (x +21;+4) x(22x+2)
(x"+2x+4)"
~ g -x*+4 _ 8(x* —4)
(2 +2x+4)% | (P +2x+4)?
fx)=0 = x=2o0r-2
4-1244 -4 -1
N = =
f) 4+4+4 12 3
4+12+4
_2 = —
S =4 ,
the graph of y = f{x) is as shown
y .
5
(0. 1) y=1
e 2 -
2 b1 X y=0
Fig. 6.124

hence —% <f(x)<5

For Problems 4042
40.c,41.d,42.c

Sol. Since two points of inflection occuratx=1andx=0
= P"(1)=P"(0)=0

s P’ =a(x*-x)
< 3 2
= P(x)=a ("——i‘—)w
13 2
Also, Given (d—y) =sec™! \/5 = tan”}
dx x=0 -
Hence, P(0)=1,s0b=1

3 2
= P(x)= a[%—%}+l

-]
. Px)=a|——-—|+x+c¢
12 6
As P(-1)=1
1 1 a
= a(12+6) l+c 1=>4+c 2 6]
P(1)=2

(1 1 '
= gl —-=|+14+c=1
12 6
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= _-a_+c=0 . » (2)
Solving (1) and (2),
) 1
Wehavea=6 andc= ~2~
x' x

4 3 1
6 ———[+x+—
= P(x)= (12 5 x >

1

1 1
= P(-1) 6(12+6] +2 and P(0)

3 2

= P@H)= 6(% —%—-J+1 =(x—1)X2x+1)

N[ =

For Problems 4345
43.¢,44.d,45.d.

Sol.
x20

x<0

e,

2
x° e,

Wchavef(x) 22 _"‘l—{

Fo)= é‘x(Zx—xz), x20
T 420, x<0

- f(x) increases in (—o0, ~2) U (0, 2)
and f(x) decreasesin (-2,0) U (2, oo)» ’

. e*(xt-4x+2), x20
= fx)= '
. x<0

(+5)

e (X2 +4x+2),

()’

-2

Y

_ Fig. 6.125
f’ ’(x)=0 has four roots. Hence, four points of inflection.

Matrix-Match Type
1. a—»rbos;c—oq;d—p
f(x)=4x>-28x+24
=4(x’-7x+6)
=4 - +x*-x—6x+6)
=4 (x—1)(x*+x-6)
=4 (x—1) (x+3) (x-2)
Graph of y = f(x)
Yy

|
w

e mmm e a - 4

(-.3, -120)
Fig. 6.126

Now, nature of roots of f(x) + p = 0 can be obtained by
shifting the graph of y = f (x) by p units upward or

downward depending on whether p is positive or negative. .

2. a-p,s;b—p,s;c—oq,r;d—q

a f(x)=x"logx

forf'(x)=x(2logx+1)=0,=x= L which is the point

_ Je
of minima as derivative changes sign from negative to
positive.

Also, the function decreases in (0,

)

h y=xlogx
- dy 1 dy 1
= = =xx—+logxx1l=1+logxand —% =—
Cdx X g & dxz x
orﬂ=0=:‘logx=—l=:»x=1
dx : , e
2
Q=l =e>0atx= 1
e e
.. 1
= yisminforx= —
e
logx '
e foy=22
-1
For f() = o8~ =0, x= e. Also, derivative changes

sign from positive to negative at x = e, hence it is the point
of maxima. -

d f(x)=xfx

I (x)——x (Q+logx)=0=x=1le, whlchlsclearlypomt
of maxima.
3. a-p,r;b—p,s;c>q,r;d—>q,s

a : b

mis evel i
Both m and n are even . nand nis odd

=y

ey T IS U,

]

d
mis odd nis even
Both m and n are odd
(17 A
Fig. 6.127




4. a—s;b—opjec—qdoT

Since f(x) is minimum at x =— 2 and maximum atx=2, let -

g()=ar +b’ +ex+d
s g(x)isalsominimum at x=—2 and maximum atx =2
a<0
aisarootofxz—x—_6=0,i.e.,x=3,—2 _
soa=-2
Then, g () =-2¢ + b’ +cx +d.
s gl()=—62+2bx+c=—6(x+2)(x~2)
' ('.'g(x)isminimumatx=—2andmaximumatx=2)
On comparing, we get
p=0andc=24

Fig. 6.128
Since minimum and maximum values are positive
o g=2)>0 =16-48+d>0 =d>32
andg (2)>0 =>-16+48+d>0 =>d>-32
Itis clear d>32
Hence,a_=—2,b=(_),c=24,'d>32.
5. a—>q,bop,cos,d>L ‘
f(x)=sinx;f+1
f(x)=cosx—2x

y =|COS X

7

Fig. 6.129

= f(x)<0forx>x,
f(x)>0forx<xy
Hence x =x,is point of maxima.
b.p. f(x)=xlogex—x+e"‘ _
fx)=logx+1-1 —e* =logx—€"

; —
¥= o // =fogeX
A %o J
Fig. 6.130

From the graph for x <xp, €™ >log,x, = f(x)<0
Forx > X, ¢~ <logx, = (x)>0 :
Hence, x = x, is point of minima.

c.s f(x)=—x3 w26 -3x+1
F)= -3 +4x-3

Monotonocity and Maxima—Minima of Functions 6.65

Now D= 16-4(-3)(-3)=-20<0
Hence f’(x) <0, for all real x
= f{x)is always decreasing.
d.r. f(x)=cosmx+10x+ 3¢ +x
= f() =—msin m+10+6x+3x"
=3(x*+2x+10/3)— 7sin 7x
=3((x+ 1)*+7/3)— wsin mx
Now min. value of 3((x+ 1)?+7/3) is 7 but maximum vajue
of 7sin 7x is 7. "
Hence, f’(x)> 0 forall real x.
Hence, f(x) is always increasing.
6.as;b—s;cor;d—>q
a.s. Graphoff(x)={2x—1|+[2x-3]

N

2
=)

N/

Py
r'S

Fig. 6.131

From the graph f(x) has infinite points of minima.
b.s. f(x) =2sinx—x = for f'(x) = 2cos x ~ 1 = 0 we have
cosx = ¥ which has infinite points of extrema.

cr. Graphoff(x)=|x—1|T\2x—3l /

I

EY
r's

N

Fig. 6.132

. From the graph f(x) has one point of minima.
d.q. Graph off(x)=|x|~[2x-3]| :

AN

N

(M

/ —4
Fig. 6.133
From the graph f(x) has one point of maxima.
7. a—)q,r;b—)r,s;c—)p,r;d—)r,s
a.qr f09=0-1E+2)"
= fx)=3-12x+2)’ +5(~ D3 +2)*
= () =0-D)+2)PBE+)+5x-1)]
C=(-12x+2) [8x+ 1]
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b.

=

d

Sign of derivative does not change atx =1 and x =-2.
Sign of derivative changes sign at x = —1/8 from —ve to
+ve.

Hence, function has point of minima.

Also, f’(x)=0forx=1andx=-2

Hence, function has two points of inflection.

L S. »

f(x)=3sinx +4cosx—5x :
fxy =3cos x — 4sin x — 5 <0, hence f(x) is decreasing
function

Also, f7(x)=—3sinx— dcos x = 0 for infinite values of x,

hence function has infinite points of inflection.
c.p, r

y=x2—4x+

S

/'y = sin(md/2)

Fig. 6.134

From the graph x = 1 point of maxima as well as point of
inflection.
LER

2
fo)=(x— 1)3/-" = fx)= —(x 1) "5 >0 forall real x

Also, f7(x)= —%%(x - 1)_g which changes sign atx = 1

Hence, x = 1 is point of inflection.

. a—>r;bos;c—op;d—q
. From the graph x = 1 is point of maxima

¥ 2x—x{

y=|gax' \

\

N
=

Fig. 6.135
x-1, x<2
b.s. flx)=4 0, x=2
sinx, x>2

f)= 0, f(2")=sin (2> 0andf(2") >0, hence x=2 is point
of minima.

2x+3 x<0
cp =1 5 x=0
x? +7, x>0

f(07)=3,1(0)=5,f(07) =7, hence f(07) </(0) <f(0+)

Thus f(x) is increasing atx =0

e’ - x<0
d.q. fix)= 0, x=0
=cosx, x>0

f(0)=0,/10)=-1,/10)=1

Thus, f{07)>£(0)>f(0")

Hence, f(x) is decreases at x =0
9. @->s,(b)—>r(c)>q,(d)—>p.

Integer Type

1.(9) Lety=2xtan™ x—In(1 +x%)

2x 2x

14 x2

= y>0Vxe R,y <0VxeR

= y>0,VxeR : '
4 —|[x]| takes the values 0, 1,2, 3,4 {~|o4<4-|[x]}}
|| £4—|[x]]is satisfied by a=0, £1,+2, +3,+4,
Therefore, number of values of ais 9.

4

y =2tan" x +

2.3) Y
H
Fig. 6.136
r_H-h
R H
- R(H - h)
H
R2
Volume V= 1 Mh
H2
2
V—ﬂ- (H R h
3H?
dv _ R’y ..
= 222 NH-n? - -
" [ -h) 2h(H »]
nR?
—3—(H R)(H — h —2h)
Cld 01fh—£
dh 3
H
and h=—3-isapointofmaximum:>%=3
|x3+x2+3x+sinx| 3+sin(l ,x%O
3.() fx)= x

0, x=0
Let g(x).=x3 + x2 +3x+sinx
f'(x)=3x2+2x+3-!-cosx
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2 2x ) 3.
=3| x +—3—+1 +cos x 8.1 f)= ——x b; .
) : o )= x2 1=0
=3 x+l '+§ +cos x>0 < ox=1or -l
3 9 ‘ for three distinct roots f(x;) - f(x,) < 0 where x, and x, are
i : the roots of f’(x) =0
and2<3+sin(—)<4' y
x _ - -
Hence, minimum value of f(x)isOatx=0. . : x / R
" Hence, number of points =1. : /'l N\ LS
4.(8) Let f’(x)=6alx—1) (a>0) : Fig. 6.137
2 : 1 |
::f(x)=_6a(f——x)+b=3a(x2—2x)+b. - = (g—l—b)(—§+l—b)<0
- 2 7) T . s
 Givenf'(-1)=0 | | R (b+_)(b-_)<o
= 9a+b=0 = b=-9a. : : 3 3
= f(x)=3a(>-2x-3)=0 o be |22
= x=-1and3. 3’3
So, y =f(~1) and y =f(3) are two horizontal tangents. Lx<—1
. = Distance between these tangents = [f(3) - f(-1)| = [-22 ’ o
-10|. ' : : 9.(4) f(x)=12x,-1<x<1 f'(x) changes signatx=-1,0, 1,2
2(x-2),x>1
5.(2) Given EL‘},’( ) 2) =4 ,
- :
i leP(x) -6 Lol 1 2
. x—0 .
. Fig. 6.138
Con51derP(x) a® + bxt + 6x° 7 10.(4)f"(x)=12x2+6ax+320VxeR'
= P(x)=5ax*+4bx>+ 1827 26t 144<0
Now, P'(-1)=0 = 5a-4b=-18 ' = e [-2.2]
and P()=0 = Sa+ 4b=-18 : : = Number of non-zero integral values of ‘a’ is 4.
. On solving, we geta= _;E b=0 1L.G) 4.5, Care the 3 cnyncal Eomts of y=1(x)

-18
Hence, P(x)= —5—x5 +6x°.

= P(1)= 12 ' Fig. 6.139
5
. . B 5 At B, it has vertical tangent, hence non-differentiable
6.(3) Wehave f(x,y)= ‘2 ty —4x+6y At 4, it is non-differentiable
Let (x, y) = (cos 6, sin 6), then 6 € [0, 7/2)] and 7
15, ) = (6) = cos? O+ sin6— 4 cos 6+ 6 5in 8 e, 2=

/"(6) =6 cos B+4 sin 6> 0V 9 [0, /2] 120) 5

o f(6)is strictly incr’easing in [0 2] |

. SO =[O)=1-4 +0= Ai

7. (3) fi(x)=4x : A D
F)=2¢+C v

f(2)=1=C=-1
. Fe5ta g

T Fig. 6.140
f(x)=—‘x3—7x+C,f(—2)=0 BCx CE=ACXCD

16 2% - = (BCYCE)=x(1-x)
0=—?+14+C = C———3— _ but BC=CE
_ .. BC= x(1-
. f(x)=%x3—7x——5§=5(2x3_21x—26) ‘ : %)

2
s f()y==15 . : = Areap= 17X
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4
x -x
A*=
= 5
dA?  3x% - 4%
dx 2
5
£ o
) dx
= x=23/4 which is the point of maxima.
: .33
Hence, maximum area is —:—,’-2— .
13.(5) y _ '
y=3x y=30-2x
y Y
o] > X2 x
Fig. 6.141
A= (r—x)y

y=3x; and y=30-2x,.
30-y y)
Ap)={ ———-=
) ( 7 3 y ’
64(y)=(90—3y—2y)y =90y -5y~
64" (»)=90-10y=0
= y=9; A"()=-10<0
21

x1=3;x2=_—2—'

21 159 135
= Am—(z.—3)9-— 2 "%
14.(4) ¥’ ~2x-3>0
= (x-3)(x+1)>0
= x<-1 or x>3
Now, f(x)=log,, (¥ —2x—3)
_log, (x> —2x-3)
log,(1/2)

_ 2x-2
f®= (log, (1/2))(x* —2x—3)

For f(x)to be decreasing f'(x) <0

x-1
= : <0
' (log, (1/2))(x—3)(x+1)
= x>1 ‘
From (1) and (2);x>3
15.(9) . - Y
AY
A
\ 1
\ 7
\\_x_,"
Fig. 6.142
-9— =8= ¥ constant
T 2 N

2,2
, +
Area of the circles A(x) = r* = E(x_4y_) s+ =41

2
AR)= Z—\:xz +(%) ]

2
4=
X

= x*=4¢
= x*=2§

2 2 2

> gL 2
= y?=2S

Therefore, least area of circle = 777 = —Lf(x2 + y2) =xnS =9sq.
units. ’

16.(9) f(%)=0=>lin%|x2—3x|+a_s0 = és‘-%

X
2

Hence, greatest value of |4a| is 9.

Archives

Subjective

(a+x)(b+x)
(c+x)
Letx+c=t

1 y=

(a—c +t) (b —c'+t)
t

=  y=

_ P +@=0+B-9+(@-c)(b—a)]
t

=t+gf-ﬁ:l);d+(q—c)+(b—c) 7 \
M | . |
_ (J;_ f(i:c)(b_‘c)]
t
+(Ja=a) +{Je-o)
Hence, the minimum value ofy is (,/a —-c+ b—c)2
when F= I(i-_c)(b_-c)_
® ‘ \
2. We know that A.M. > G.M.
Y )
> 2(x}")
= x+ty22

Hence, the minimum value x + y is 2.
3. Letf(x)=x"*

= logf(x)=(1/x)logx

Differentiating w.r.t. x, we get

f(x) 11 1 1

o =;;—x—zlogx=x—2(1—10g.x)
PN

= fx= 2 (l —logx)

Obviousiy, forx>e,logx>1s0f'(x)<0



f(x)isa monotonically decreasing fimction of x forx = e
Also, T>e=f(m) <f(e)

77:[/7F<e]/e___>(ﬂ.\/ﬂ,)It<(el/e)7l.'___> n.<(eﬂ.)l/e =>7re<e .
. (0 c)y=x,0<c<5
. Any point on the parabola is (x, x2)

Distance between (x, %) and (0, ¢) is
D= ,}x +(x2 - 0)2
= D?=x'-(2c- 1)x2+c

=(X2 _ 202— 1) +C'—‘:1"‘

.2 -1

which is minimum when x2 - =0

= Dpn=4+l€— >

. leena.x +b>c . 0))

Vx>0,a>0, b>0
To show that 27ab? = 4c>.

b
Let us consider the function f(x) = a + = c,

then f'(x)=2ax—’b§=0 =>x3=b72“:,>x=(b/2a)l/3
.ox

' 1/3Y.
b
Also, f’_"(x) 2a + 22 =f" [(za) ] =6a>0
13
e e i b

Therefore, fis minimum atx = (5;)
‘ b V3

As (1) is true Vx .. is so forx= (——)

2a
| a(b)m b .
= — —7 2
2a (b/2 )1/3

a(b)+b ‘ y |
= 3
_____2a 2c 2(2—:-) 2c

=

(b/Za)U3 - ‘ 2
" Asa, bare+ve, cublﬁg both sides, we get ——gli 2—;— >c
= 27ab*24c.
.Toshow1+xln(x+ 1) + 22 forx20

considerf(x)=l+xln(x'+,/ x? 1) \/1+x
Here, f'(x (x+ o2+l ——
x+\/x +1
x |1+ * |- =
BN R N

_from his house to be reached.
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~ =h (x + \/xz + 1) '
As x+2 +121forx21 '
ln(x'+ J7 +1) >0
. f(0)20,Vx20

Hence, f(x) is an increasing function.
‘Now forx>0=1(x) >f(0)

= 1+x1n(x+\/; +1) Ji+ 220

= 1+x'ln(x+,/x "‘_’1)?4,1‘”‘ .

. Let the swimmer lands at the point P, x km. from 4 and then

walks from P to the point B to be reached.

X P L-x B
> re

Q

P . 23

Fig. 6.143

Giventhat 4B=Lkm. .. PB= (L—x)km.
¢t = total time from S'to B

= (time taken from S'to P) + (tlme taken from Pto B)
=SPlu+ PB/v '

= ,/(d2 +x2)u +(L-x)v

"dt x 1

d u (d2+x) v

dzt 1 ‘x2
u\[(d2 +x%) u(d2 +x )3/2

and

‘ d2 ‘
- u(d2+x2)3’2
For maximum or minimum ofz, dt/dx=0
= V= u(d2+x)
ud

2 _ 2

which is +ve.

= x=

2, \
is +ve .

J
Hence, the swimmer will reach his house in the shortes:
ud

v2 ——uz

Therefore, ¢ is minimum for this value ofx ( %

possible time if he lands at a distance L —x = L-

x . .
5 1s an odd function.
1+x

Also, x>0=:>y>0andx<0=>y< 0
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" Whenx —>+e0,y—>0
y

y=#x)

— = X
2 1 2

Fig. 6.144
1+x* -x(2x -x* : '
ﬁdZ= i x )= 1-x which has greatest

dx 2\ 2\
(-1+x ) (1+x )

value at x 0.

9. f(x)=sin’ x+lsm x

)= 3 sin® x (cos x) + A 25mx(cosx)
=sinx cos x (3 sinx+22)

~ For extremum, let f'(x)=0

10.

. - . 2
sinx=0,cosx=0,sinx= ——g—

Since — /2 <x<_7t/2

~. cosx#0
= sim_c_=0=>x=0
and sin x= _—i'l = x=sin! (%) m»

| From (1), one of these will give maximum and one

minimum, provided—1 <sinx= —%& <L

21

= —3<—2/‘{<3
= -3<2A<3

ie, —3/2<A<32
But if A= 0, then sin x = 0 has only one . solution.

Ae (-3/2,3/2)- {0}
=  Ae (=3/2,0)0(0,3/2).
For this value of A, there are two distinct solutlons
Since, f(x) is continuous, these solutlons give one
maximum and one minimum because for a continuous

function, between two maxima there must lie one minima

and vice versa.

Fig. 6.145

From similar As FBD and ABC, ~—= = %
4

ory=(b/c)(c—x)

. bsind N
— Z= Area of AFDE=xysin A= 2= (cx-) (1)
C

11.

= ¢=§ and sin ¢=

0<x<c .
" dZ _bsind, -
= T = 25 (c-2x)=0=>x=c/2

d’z -~
('—2‘} i =_—2'bSil'1A <0
. dx c
x=c/2 ) .

. __c :
= Z has maxima at x = 5 so the greatest area of

parallelogram AFDE -

— (ble) sin A (PHA) = = G be sin A)

[ 5]

AABC

N =

P -p 1
a+p
-p° -r+p 0

-2 @+ @G-

Given curve is 4 + a’y* = 4q*
2 2 :
= Lal= W
& 4
Let point P (a cos ¢, 2 sin ¢ ) be on (1), also given a point
0(0,-2).
Letu=(PQ)*=(acos ¢) +(2sin p+2)°
Differéntiating both sides w.r.t. ¢, we have

Z—; = cosd [(8- 2q2)sih¢ +8]

For the extremum value of , Z—: =0

2
a -4
4<a’<8 =0<d*-4<4

2
-4
a <l=

> >1
a -4 -
= sin ¢ > 1 (not possible)
o=n/2
. _{u__ 282 2 2o
Again, d¢2 =(8—2a")cos” ¢ +(2a” —8)sin” ¢ —8sing

u

=0+ (2
2
d¢ ¢=7r/2

—8)-8=2(*-8)<0
(- 4<ad?<8)
u is maximum at ¢ = 71/2.
So, \[PQ is also maximum at ¢= /2. _
Hence, co-ordinates of required point P are (0, 2).




12.

13.

14.

15.

‘We have

7 =[ [2-1) (-2 +(@-173¢ 2P lar
= fE=20-1)(x-2P+3x-D @-2)
C == 1) (x—2)* (@x—4+3x-3)

=(x-1)(x—=2*(5x-7)
Critical pointsarex=1,2,7/5

 Sign scheme of f'(x) is

+ | - { e | +
1 715 2
Fig. 6.146

Clearly x =1 is the point of maxima

x=17/5 is the point of minima

x=2 is the point of inflection (derivative does not change
signatx=2).

Wehavey x(x 1)%,0<x<2

; = (x—1) +2x(x =)= (x~DBx-1)

Sign scheme of f(x) is
+ - +
13 1
Fig. 6.147

Clearly x = 1 is the point of minima(local) and x = 1/3 is the
point of maxima (local). - :

Fig. 6.148
Letf(x)=2sinx+tanx—3x
= fix)= 2cosx+sec2x 3
= sec x(2cos x—3cos’x+1)
" =sgec?x (1 — cosx)® (1 +2 cosx)
= f(x)20,V0<x<m2
= f(x)is an increasing function ofx,V0<x<m/2

. [0 (- x>0)
= f(x)=0
= 2sinx+tanx=>3x, V0 Sx<m/2.
P
612)
2
O
I IER

16.
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- Let O be the centre and fthe radius of the circle.

Let OR be the chord parallel to the tangent at the point P
on the circle.

Let ZQPR=0, .. ZQOD=/ROD=0

Areaof APOR

=A4= %(QR)(PD) =QD(OP+0D)
=Fsin 6(+r cos 6)

E (25m9+sm26) 0<0<a2

= ﬁ=r2(cose+005295,
do

.2
and u=—-r (s1n9+25m29)

de*

For maximum or minimum of 4, d4/d0=0

= cos20+cos 8=0

= 2cos’@+cosf—1=0

= (2cos8-1)(cos 8+1)=0

= cosB8=1/2 orcos 6=-1

= 06=7r3 (- 0<0<m/2)
n d_zé 33 (v -

30408 2 °

= Aismax., when 6= /3, the only critical pomt

- Thus, max. (greatest) arca 4 = e sm(zd3)+s1n(_27r/3)]

—(3f 3.

Letx and y metres be the lengths of the sides of rectangle
ABCD ahd let there be a semi-circle on side CD of length x. -

y Clear glass y
A % B
Fig. 6.150

Therefore, perimeter of the window (including the base of
the arch) = perimeter of the rectangle + perimeter of the
semi-circle

=2x+2p+ %(2“/2)

1
=2x+2y + —2—7rx = ¢ (constant)

L. ,
y.—z(c 2x 27tx) 0}
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Let & be the light per square metre transmitted by coloured -

glass so that transmitted by clear glass will be 3k per square
metre. .

Hence the total hoht transmltted by the window is given |

by

A= (Area of coloured glass) k+ (Area of clear glass) 3k

ey k+xy (3k)

foc? + 3k = (c 2x—l7rx)

i

ool»—- _OOI-— MI

[substituting for
yfrom (1)]

k(—5mx® —24x2 +12cx)

a = —k(—lOﬂ:x 48x+ 12¢) -
dx 8
2,
and d— = —1(57r+24)k = -V
ax? "

7 Formaxlmumorm]mmumofA dAldx= 0

17.

= x=6c/(5n+24).
From (1),y=(7+6) c/(57t+ 24)
o

Since —- is—ve, therefore 4 has maxima

de
Hence, ratio x/y = 6(n+ 6).

Letf(x)=ax’ +bx’>+cx+d

" f(x) vanishes atx=—2

18.

= —8a+4b-2c+d=0 . : )
andf'(x)=3a-2b+c=0 '

Alse, J(x) has relative max./min at x=— 1 and x =

= fD=0=£'(1/3)

W | =

.= a+2b+3c=0 ) : ©

and3a-2b+c=0 &)

= 5 +d= 7
3 3
= b+3d=7 : @
From (1), (2), (3), (4) on solving, we get
a=1,b=1,c=-1,d=2 -
The required cubic is x* + x> —x + 2.

(v -0 +b- 1)
(b2 +3b+2)

2x—-3,1<x<3

-3 ,0<x<1
We have f(x) = ,

(bj — 5" +b-1)

(b2 e 2) =a (eonstant)

Let

19.

R .

Ifa> 0, then the graph of — x> + a shifts upward.

- Forpoint of minima atx=1,4> 0

" P=(-1,0)and 0=(1, 0).

2x-3,1<x<3
The graphlsasfollows

:'; -
Leta=0,thenf(x)= {——‘f, 0<x<1 .

y=-x3+a,a>,0

Fig. 6.151
If a < 0, then the graph of — x> + a shifts downward.

b —b* +b- 1,
B +3b+2 o
&% +1) (-1
(b+2) (b +1)

=2 G-DE+HG+2)=0
Sign Scheme is

= : : . -

Fig. 6.144
= be(-2,-1)u(l, o).

24

) - R
(1,0) .
A=

 Fig. 6.152

Circle x* + y* = 1 cuts x-axis at P and 0, then

Equation of circle with centre atQ(1, 0) and havmg
variable radius r is (x — 1)2 + (y 0) = r or (x—1)

Solving two curves .
= @-112+1-2=4
= x-D=1-/
2
= x= I-L—andy + (1 x*

[P+ =1

( R is above the x-axis)




4
4 6 5
dz 6r
p2=r_r _ - 2o
= 2 z (say) p» r 6
For maximum or minimum ofz, - 0
. . Y
8 &2z, 30t
= r (3)an 2 » ¥ 16
2| _
p= IR H i
L s

o 8
—  zismaximum => A is also maximum whenr=- (— .

= Maximum area of AQSR =% ( 2——-)

20.

o) | a

| Let the line in intercepts form be i +% =1
-a

L h ok
It passes through (k, k) = - +_l; =

k_y h_azh_,_ ok
_b— a a a—-h
1 1. ak 1 k
2 2aa—h 2a-h
a2
. a-h 1 h .
Ais minimum wheny = ——=—=— ISmax.
. a a a
= Q:—-l—+2—h-=0=>a=2h
. da a® a ‘
dy 2 6h_2 3
2L 2055 )
i & o 8D
2 :
= —d—{—=—_—3—=—-1ve -, max.
da a

L k.
Now, puta=2hin (1), A= % 4n* - =2hk.

Fig. 6.153 .

)

@

22,

Monq_ton_ocity aﬁd Maxima-Minima of Function's 6.73

© 21. Here f(x)= % log x— bx+x? is defined and continuous for

allx>0. - ’
Then ()= ——b+2x
: 8x -

. 2 o
o ()= 1.6x 8bx+1
for extrema, let f*(x)=0
= 162 -8bx+1=0

2 2

sox= BEVSHE D BENE L

2x16 - 4
Obviously, the roots are real if »-120
= b>1. [asx>0]
Sign scheme of f'(x) as shown in Fig. 6.1 54.

+ ! — . -l +

b—Jb2—1 b+yb2—1

4 4

Fig. 6.154 .
f7(x) changes sign from + ve to - ve at x = L%_i

b—b? -1
4

f(x)max atx= ——————

'b+\/b2—1 |

and f"(x) changes sign from — ve to+ve atx = 2

'\ 2 —
s f®)minatx= b—+—‘l:——1
alsoifb=1

o 16x —8x+1 _ (4x-1)°
re= - &)
X X

neither maximum or minimum ifb=1

Thus,f(x)
| b—\b* -1
4

b+\/b2‘—‘
4

! and b>1

no changes in sign.

* f(*¥)pax,, When x = and b>1

=1 f(x)mi;," when x =

f(x) neither maximum nor minimum, when b =1

L

xe™,x<0

x +ax? —x°

Given thatf(x) = { '

, x>0

Differentiating both sides, we have
, axe™ +e%, x<0

F6)= )

1+2ax-3x",x>0

Again differentiatin’g'both sides, we have :

ax 2 ax,
f,,(x)___-{2ae +a‘xe ,x_<0

2a-6x;x>0



6.74

23.

24,

Caiculus

For critical puints, we put /' (x)=0

= x=—2ifx<0 andx= 2 if x>0
a : 3
LoTve tve TV .
—o0 —-2/a al3 oo
Fig. 6.155
. . s e 2 a
It is clear from number line that f“(x) is +ivein | — —, 3)
. a
= f’(x)increases in (——-, ﬁ) .
a3

12ax 2ax —a 2ax +b +1
weget f'(x)=|b b+l -1
- ' 0 0 1

b b+l
= f'(x)=2ax+b
‘Integrating, we get f (x) = ax® + bx + ¢ where c is an
arbitrary constant. ,
Since, fhas a maximum atx=5/2
f(5/2)=0=5a+b=0 . , 6))
Alsof(0)=2=>c=2

' Andf(1)= 1 =>a+b+c=.1 .
atb= ' )
Solving (1) and (2) for a, b we get,a=1/4, b=~ 5/4

_ |2ax 2ax — 1

2ax
l ' [Using C, = G, - Cy]

Thusf(x)— —x - %x + 2.

Given—1 Sp < 1 and equation 453 ~3x=-p=0
Also, cos 36= 4cos® @ —3 cos 9 .

Then let x = cos 6

Then 4x> - 3x—p=0 = 4cos> & —3 cos 6—p=0
= cos30=p

Since,x=cos O¢ [1/2,1]

= 0e[0,7/3]

.= - 36¢€ [0, n] for which cos 36= pe [—1 1}
- Hence proved.
~ Alsocos30=p

= 30=cos”p
= Giécos_l (r)

‘ 1
= x=cos §=cos (gcos ! (p))
25.

Given that 2 (1 —cosx)<x’,x#0
To prove sin (tan x) 2 x, x € [0, /4]
Let us consider f(x) = sin (tan x) — x

= f’(x)=cos (tanx) sec?x—1

cos(tan x) —cos’x-

0052 X

As given2(1 —cos x) <x%, x#0
,x2
= cosx>1—-—
: 2

Similarly, cos (tanx) > 1 — ‘2

1— —tan® x —cos® x

ey —2 .

Cos™ x

1 .
sin? x |1~ 3
_ 2cos“ x

cos? x

_ sin” x(cos 2x) 50 Vre [0.2/4
2cos* x »vxe [0,m/4]
*. - f’(x)> 0= f(x) is an increasing function
Forxe [0, m/4]

- wehavex>0=>f(x) 2£(0)

26.

27. Let f(x)=sinx+2x—

= P(X)>0,Vx>1.

= sin (tan x)—x > sin (tan 0) — 0

= sin(tanx)—-x2>0
= sin (tanx)>5c

Given that ()>P() Vx>1andP(1) 0

dZix) P>

Multiplying by e, we get
e &— e P(x) >0
= i[é_”P(x)] >0

= €7 P(x)is an increasing function.
~ Vx>1,e"P(x)>e ' P(1)=0

- [Using P (1)=0]
= €'P()>0,Vx>1 » -

[ e*>0]
3x(x+1)
b4

= f’(x)=cosx+2— 3(2x+1)
_ i3

=(6/a)x+3In-2

Fig. 6.156




28.

= f"(x)——sinx—%(2) <0

= _f’(x) is a decreasing function.

Also, forx e [O, E] if f(x)=0, then cos x= Ex+2—2
2 o T 7

As graph of y=cosx and y = EX+§-—2 intersect only
‘ T = _

once.

£7(x)=0 has one root in (0, g) )

Also f”(x) changes its sign from + ve to — ve.
Hence, graph of f(x) is as follows.

o) Xo

’
Fig. 6.157

= f(x)20 = sinx+2x— gf(x+l) 20
T

Alsof(x) has a point of maxima.

Letp (Jc)=a.x3 +bl+ex+d , :
pE1)=10=>—a+b-c+d=10 o))
p()=—6=a+b+ctd=-6 @
p(x)hasmax. atx=—1=p’(-1)=0 '

= 3a-2b+c=0 ' (&)

. p’(x)hasmin. atx=1=>p"(1)=0

= 6a+2b=0 - o )]
Solving (1), (2), (3) and (4), we get
From (4), b=-3a
from(3),3a+6a+c=0=c=-9a
from(2)a—-3a-9a+d=-6=>d= lla 6
from (1), —a—-3a+9a+11a-6=10
= 16a=16=>a=1
= b=-3,c=-9,d=5.
= p(x)=x3—3x2—9x+5
PE)==0= 3x"-6x-9=0
= 3Ex+DE-3)=0
= x=-1isapoint of maxima (given)
and x =3 is a point of minima
[ maxima and minima occur alternatively]
. point of local maxima is (-1, 10) and local minima is
(3,-22).
And the distance between them is

=B - DF +(22-107

= ,/16 + 1024
= J1040 = 465 .

Monotonocity and Maxima—-Minima of Functions 6.75

Objective
Fill in the blanks 7
1. Wehave e ™ <0< w2

= —-72£<1n9<1nﬂ:/2

= cos(—7r/2)<cos(ln6)<cos(1n7r/2)

g [+ cos x is increasing in 4th quadrant]
= cos(ln 6H>0 0y
Also,—1<cos@<1V Oe R

—oo<In(cos 6) <0, V0<cos6<l
=. In(cos )50 ' @)
From (1) and (2) we get ¢os (In 6) > In (cos 6) '
cos (In ) is larger.
y=22"~In}|

Fig. 6.158 SN

:4x ——— = w
dx .ox x
Critical pts are 0, 1/2,-1/2

&y 1

. dy .
Sign scheme of —1
& &

e . S N S .
] T K]

12 0 1/2

Fig. 6.159

~ Clearly f (x) increases in (-1/2, 0) LU (1/2, oq) and f (x)

decreases in (— e0,— 1/2) U (0, 1/2).

. Letf(x)=log(l +x)-xforx>-1

- -X
.____1____

= /e 1+x +x

= f'(x)>0for- 1<x<0andf(x)<0forx>0

Therefore, fincreases in (-1, 0) and decreases in (0, =)

" Also,f(0)=log1-0=0

x20=f(x)<f(0)
= log(l+x)-x<0
= log(l+x)<x
Thus, we get log, (1 +x)<x,VxZO.

4, f(x)=6(x-2)(x-3)

So, f(x) is increasing in (—eo, 2) U (3 o0)

-Also,A={4<x<5}

C S =)=
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5. f(xj= % "2 (3x—10)+(x)*?x3

=2 Ve

o fx) is increasing, when x > 2.

True or false

1. If (x—r)isafactor of f(x) repeated m times then f”(x) is a
polynomial with (x — r) as factor repeated (m — 1) times.
" Therefore, statement is false.
2. Giventhat0<a<x

Letf(x) =log,x+log, a=log,x+
. “log, x

Considerg ())=y + L where log, x=y
R ¥y

1

y+i:(ﬁ_ﬁ]2 +2 22

But equality holds wheny=1"
- = x = a which is not possible

: 1
Therefore, y + — >2 = g . cannot be 2.
y

Therefore, £,;, cannot be 2.
Therefore, statement is false.

Multiple choic'e:que_stions with one correct answer

1.a

B

Fig. 6.160

Areaof AABC, A= %ACXBC

% (dsin 6) (dcos 6), where O¢< (0, 72)
2
= i sin 20

4

which is maximum when sin20= 1 or = n/4
Hence, AC = BC, then the triangle is isosceles.
2.b Wehave f(x)=alog x| + bx*+x

= f)=2+bx+1
X

Since, f(x) attains its extremum values atx=-1, 2
= f(-1)=0andf(2)=0

= —a-2b+1=0and %+4b+1 =0 =a=2andb=—172.

b fi(x)=

4.b.

6.b.

D ha<x<u2.

7.4

L .. dy
Sign scheme of —=
} ‘gn dx

. Thus,x= 1./4 is the point of maxima.

. ‘Wehave f(x) = ﬁ 0O<x<I

= f(x)=—sin4x

xln(;:’;) +(eln(e+x)~ Li(r-+1))

(1n(e +x))* (m +x)(e +x)

Now z+x>e+x=In (ﬂ)w =f(x)<0
T+x
andalsoeln(e+x) <zln(zm+x) = f'(x) <0

Thus, f(x) is decreasing,.
Lety=x® (1-x)"

= % =255 (1-x)" - 75%% (1 - x)™

=252 (1-x)* (1-x~-3x)
=252 (1-x)"(1-4x)
Clearly, critical points are 0, 1/4 and 1.

+ 1 + ] i ]
1 ) i
0 1/4 1

Fig. 6.161

o , sin x — x cos x
= f (_x)= )
_ _ sin” x
_ cosx(tanx — x)
 sin? x
‘We know that tan x > x for 0 <x < 7/2
= f/x)>0for0<x<<1

Hence, f(x) is an increasing 'ﬁmcfion.

x=
g() tan x

N 2 .

;o tanx—xsec” x sinxcosx —x.
= g)= X = 2
tan® x sm” x
_ sin2x —2x
2sin? x
sing - @

= m , where 8¢ (0, 2)

We know that'sin 0< 0forV 6>0
= g’(x)<0= g(x)is a decreasing function:

We have f(x) = sin* x + cos* x = %+%cos4x
Now,f'(x)>0=>—sin4x>0=>sin4x<0=>7r<4x<27r

From the graph, it is clear that both sin x and cos x in the.
internal (7 /2, ) are the decreasing functions.




O )
. : 4
11_ ‘ y='sin xr _ 1 y=cosx )
; \ : X
" Fig. 6.162

xl Z\jc
" Therefore, S is correct.

To disprove R let us consider the counter example,
f(x)=sinxin (0, 7/2) '
so that f’(x)=cos x

_w at

. again from the graph, it is clear that f (x) is increasing in '

(0, /2), but f’(x) is decreasing in (0, 77/2)
Therefore Ris wrong Therefore, d. is the correct option.
8.c. f0)= [e* (x-1)(x—2)dx
_ orvdecreasmg functron, Vil (_x) <0
= &@x-D)ExE-2)<0 - -
= (k- E-2)<0=>1<x<2. (- €>0VxeR)

9.a.

Fig. 6 163
From the graph f(0") < f (0) and f (0') <0 = x=0isthe point
fmaxrma
d .
10.b. y=€r.=> Z =¢
Then, equation of the tangent at x = Oisy—-1= l(xe 0)or
y ‘\_/=ex . y=x+'v1.
—X

Fig. 6.164

" Graph of y = &" always lies above the graphof y=1+x,
Hence, &> 1 +x = x> log,(1 +x). Hence, b. is true.
c.iswrongassinx <xforxe (0,1)
and d. is wrong as x > logx for V x>0.

1l.a f(x)= =xet!
' = )=+ (1-2x)xe*!” -2

Monotonocity and Maxima—Minima of Functions 6.77

=D -x-1)
=—* I 2x+1)(x-1)
. Sign scheme of /*(x)

—_ + —_
]

Il
T T T

~1/2 1
‘ Fig. 6.165
: g (x) is increasing in [~ 1/2, 1]’.
12.d. f()=(1+b)x*+2bx+1

The graph of f x)is upward parabola as coefﬁc1ent of x2 is
1+5*>0.

= The rarige of f (x) is [EIQ’ }, where D is
, a

discriminant of /(x).

ab? — 4(1+ 1)

a(1+5?)

= mb)=17 <0l
3

'13.a. 3 sin x-4 sin® x = sin 3x which increases for

3xe (——725, —725) =>xe€ (—%, _765) whose length is 7—;— .
2.

14.b. Equation of the tangent to the. ellipse —;—7— +y* =lat

(3J§ cos 8, sin ), 6 (0, w2)

isig—x;is-g+y sin 8=1

Sum of the intercepts = §= 3.3 sec O+ cosec 8
For mlmmum values of S, % =0
= 3 \/5 sec Otan 9’—— cosec Bcot 8=0

'3\/§sin9 _ cosf
cos’ 8 sin? 8

= 3.3sin® 8- cos’ 6=0

1 1y
= tan’ @=—4=|—=
33 (ﬁJ
= tan6=—1—=tann:/6 = 0= /6.

V3

15.a. f(x)=x +b*+cx+d,0<b <c

@)= 3P +2bx+e
Discriminant= 45> 12¢ = 4(b*—3¢) <0
' x)>0VxeRrR
= f(x)isstrictly increasing V x € R.
16.4. f/(x)=—(x+2) e +e =—(x+1)e*=0
= x=-1
Forxe (—oo ~1), f/(x)>0andforx € (-1, ), f(x)<0
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L)

Multiple choice question with one or more than one correct

answer

l.c.

The given polynomial is p (x) = gy + a,x2 + a2x
+.-+a,x", xe Rand0<agy<a <a,<-<a,

Here we observe that all coefficients of dlfferent powers
ofx,i.e., ay, a;, a,, ..., a, are positive.

Also, only even powers of x are involved.

Therefore, P(x) cannot have any maximum value.
Moreover, P (x) is minimum, whenx=0, i.e., a,
Therefore, P(x) has only one minimum.

Alternative method
- We have
P'(x)=2apx+ da + -+ 2r_la,,x2"_
=x(a, +4ay® + - +2na x*""?)

)

Clearly P’(x)> 0 forx>0and P’(x) <0 forx<0
= P (x) increases for all x > 0 and decreases for all x <0

. Therefore, P’(x) has x = 0 as the point of maxima.

Fig. 6.166
It is clear from the graph that the curves y =
y=xintersect at P in (7, 37/2).
Thus, the smallest + ve root of tan x ~ x = 0 is (7, 34/2).

. Since g is decreasing in {0, eo) B ‘
Forx>2y>0,g(x)<g(y) " : : -

Also g (x), g(¥) € [0, ) and fis mcreasmg from [0, =) to

For g (x), g (%) € [0, =)

such that g (x) < g (»)

= f(gx)<f(g()) wherex2y

= hX)<h(y)

= h is a decreasing function from [0, =) to [0, c)

- h(x)< h(0), Vx>0
But 4(0) =0 (given)
h(x)<0,Vx>0 ' Q)

- Also h(x)20,Vx20 _ 3)

[as h(x) € [0, )]
From (2) and (3) we get A(x)=0,V x>0
Hence, A (x)-A(1)=0-0=0,Vx2>0.

4.a,b,c,d.

3x° +12x-1,-1<x<2

We are given that
f( ) {37 x,2<x<3

S (x) is increasing in (- e, —1) and decreasing in

tan x and

5.a,

6.d.

7.b.

8.b,d.

= {6x +12,

Thenin[-1,2], /' (x)=6x+12

fx)=0=>x=-2

"= f(x) decreases in (—eo, —2) and increases in (-2, o)

Alsof(2)= 3(2)2 +12(2)-1=35

and f(27)=37-2=33

Hence f (x) is continuous.

-l<x<2
~-1,2<x<3

= f(2)=24andf’'2)=-1

Hence, f (x) is non-differentiable at x=2.

Also, f(2)<f(2)and /(2 <f(2)

Hence, x =2 is the point of maxima.

¢. Wehave #'(x)=f"() [1-21(x) +3f(x)}]

0|6 -3r00 5]

=31(x) [(f(x)-1/3)%+2/9]
Note that 2’(x) < 0 whenever f’(x) < 0 and h'(x) >0
whenever f*(x) >0,
thus A(x) increases (decreases) whenever S (x) increases
(decreases) ,
.. (a) and (c) are the correct options.
21 (P+1)-2 ’

x)= = =]-
f() x* +1 2+l X +1

o2
For f(x) to be min — " should be max, which is so if x*
X
+lisminandx’+1isminatx=0,
0-1
Join =57 =1

The maximum value of f (x) = cos x + cos («/Ex) occurs

. when cos x = 1 and cos (x/fx) =,1

= x'=_2n7r,ne Zand \/Ex=_2m7r,m'e zZ

Comparing the value of x, 2nr= 2mz =Sm=n=0=>x=0 .
V2

only.

ﬂﬂ=r(é—0t—0@4f(—fm

= f=xE@-1D)E-1)(x-2) x- 3)5
The critical points are 0, 1, 2, 3 s

Sign scheme of f”(x)

9.b,c.

- = 1 + 1 _ +
T T 1

0 1 2 3
Fig. 6.167

Clearly x =1 and x = 3 are the points of minima.
Letf(x)=ax’ +bx’+cx+d
f@)=18=8a+4b+2c+d=18 0y
f(MW=—1=a+b+tc+d=-1 ‘ @
f(xyhaslocal maxatx=—1 ’

- =2 f1-1D=0=3a-2b+c=0 o ©)

f7(x)has local min. at x=0
= [(0)=0=b=0 » @
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f (%) is increasing in (- e, 1) and decreasing in_

&—.1, o0).

Multiple choice questt"on with one or more than one correct

answer

1.c.

The given polynomial is p x) = aq + alx2 + axt
4. +g, X", xe Rand0<gy<a; <a,<--<a,

Here we observe that all coefficients of dlfferent powers
of x, i.e., @y, ay» Gy, ..., d, aT€ OSitive.

Also, only even powers of x are involved.

Therefore, P(x) cannot have any maximum value.
Moreover, P (x) is minimum, whenx =0, i.e., a9

Therefore, P(x) has only one minimum. 5
. . a,C.

Alternative method
. 'We have

P'(x)= 2a1x+4a2x +-

-+ 2na X" !
=x(2a, +4ay’+ -+ 2na,rx2" %
Clearly P’(x)> 0 forx>0and P’(x) <0 forx< 0

= P (x)increases for all x> 0 and decreases. forallx<0

. Therefore, P’(x) has x = 0 as the point of maxima.

Fig. 6.166
Tt is clear from the graph that the curves y =
y=x intersect at Pin (7, 37m/2).
Thus, the smallest + ve root of tan x —x = 0 is (7, 37:/2)

tan x and

. Since g is decreasing in [0, o)

s Forx2y=20,g(x)<g) : ) -
Also g (x), g (¥) € [0, %) andfis 1ncreasmg from [0, ) to
[0, 22)
Forg(x),g () € [0,)
such thatg () < g (»)
= f(g®)s/(gy) wherex2y
= h(@)<h()
= h is a decreasing function from [0, ) to [0, <)
o h(x) <h(0),Vx20
But h(0)=0(given)
s h(x)<0,Vx20
Also (x)20,Vx20
[as A(x) € [0, )]
From (2) and (3) we get A(x) =0,V x20
Hence, & (x)-h(1)=0-0=0,Vx20.

@
©)

4.a,b,c,d.

) 3x” +12x—-1,-1<x<
We are given that f(x)= {3; 2x <3 x<2
~x,2<x<

onf

6.d.

71.b.

8.b,d.

9.b,c.

Thenin[-1,2], /' (x)=6x+12
fx)=0=>x=-2

"= f(x) decreases in (—e, —2) and increases in (-2, oo)

Alsof(2)=3@) +12(2)~1=35
andf(2h)=37-2=35

Hence f(x) is continuous.

6x +12,—-1<x<?2
-1,2<x<3

= f(2)=24andf(2")=-1 ,
Hence, f (x) is non-differentiable at x =2.
Also, f(2)<f(2)and f(2)<f(2)

Hence, x =2 is the point of maxima.
Wehave A'(x)=f"(x)[1-2f(x) + 3f(x)? 1
=316 [(f(x)) - ;f(x) + %]
=3 () [(F(x)—1/3)* +2/9]
Note that h’(x) < 0 whenever f (x) < 0 and h’(x) >0
whenever f’(x) >0,
thus A(x) increases (decreases) whenever f (x) increases

(decreases)
- (a) and (c) are the correct options.

2 _ 2 +1)-2
f(X)=:2+11=(x )

=1 —

x2+1 2 +1

Forf(x) to bemin ——— should be max, which is s0 if x*
X
+1isminandx*+1isminatx=0,

__0—1
f"’i“—0+1

The maximum value of f (x) = cos x + cos (x/ix) occurs

~ when cos x = 1 and cos («/Ex) =1

= x‘=_2n7t,ne Zand \/§x=_2m7t,me Z

2me
— =>m=n=0=>x=0

V2

Comparing the value of x, 2n7=
only. '

f@= [T ele =1) (- 1) (e=2) (¢ - 3)’a
= ff@=xE-DNE-1)x- 2)‘ (x- 3)

The critical points are 0, 1,2,3.

Sign scheme of f* (vc)

- + - +
} t ; i

0 1 2 3
Fig. 6.167

Clearly x = 1 and x = 3 are the points of minima.
Letf(x)=ax’ +b’+cx+d

f(_2)=18=>8a+4b+2c+d=18 48]
f(Mh==1=a+b+c +d=-1 )]
f(x) has local max atx=~1

=. f[(-1)=0=3a-2b+c=0 3

f(x) has local min. at x=0

= f10)=0=>b=0 @
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Monotonocity and Maxima-Minima of Functions 6.79

Solviﬁg (1) (2), (3) and (4), we get

| | f & Jiz
flx)= (19x —57x+34)=>f( )= K (x-3)° y
: ' ' ' 1
Also,f'(x)z §4z(x2 — 1)>0,_ Vx>1 : » => —-—x_3 -—In|y|+c
Also,f()=0=x=1,-1 | o, domainis R— {3}.
D <0,/7(1)>0 ' ' - b. Putx=1+3
=. x=—llsapomtofloca.lmax andx=1isapointof 2 " '
local minimum distance between (- 1,2) and (1,/(1)), i.e., _f(t+2)(t+1)t(t—1)(t—2)dt
(1, -1)is =13 2245 7 | |
10.3,b. ) Lo ) . = jt(tZ ,__l)(tz _4)dt=0 (bemg odd ﬁn’iCtiOIl)

c*, ,IOSx'Sl . -2

(x)—f(x)= 21, 1<x<2 c.f(x)=%—(sinx—-l—)2

x—c, 2<x<3 . 2
g'x= 0, whenx=1+In2andx=c Maximum value occurs when sinx= %
” cx—l 1<x<2 o - . d. f/(x)>0ifcosx>sinx
g"®)= - _ _
1 2<x<3 Integer type
. g”(1+ln2)— —c™? <Ohenceatx=1+1In2,g(x) hasa 1M :
local maximum. g “(c)=1>0Qhence atx=c, g (x) has local foy=In{g(x)}
minimum. g(x) =%
Therefore, f(x) is dlscontmuous atx=1, then we get local . 2= f(x)
max1ma atx= 1 and local minima atx=2. 2()=0 = f(x)=0as d® 20 v
. Match the column type . ' ) = 2010(x—2009)(x—2010)? (x—2011)* (x— 2012) =0
1. 2D, @,5b—>pECOP,GLE dos : . | so there is only one point of local maxima.

a. (x—3)2%+y=0 :



