Exercise 6.2

Answer 1E.

(a)
Let x be avariable, a be abasewith g>( and y= f(x) be an equation which consists of
the exponential function f(x)=a".

L]

Therefore, |y =g4*| represents an equation which defines an exponential function.

(b)
To find the domain of the function f(x)=a":

For all real numbers, the exponential function g~ is well defined. Therefore, the domain of the
function f(x)=a" would be [R]or |(—e0,)|-

(¢)
Here. g>( in the exponential function f(x)=a". then for any real values x. the value of

f(x) does not equal to negative.

So it is always positive.
Also, ,* approaches to infinity when the value x approaches to infinity.
Suppose if g=1].then f(x)=1"=1 for all x. but at the same time

f(0)=1 for any value of a

Therefore, the range of the function f(x)=a"is [ﬂ,an]l or all positive integers if g #1.




(d)

To sketch a general shape of the graphs for the exponential function in below case:

(i)
Here, g>1
To draw a graph, letting g =2 which satisfies g~ 1.

Graph of the function f(x)=2"is as shown below’
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This represents some general form of the exponential function f(x)=a" T g>1.

To sketch a general shape of the graphs for the exponential function in below case:
(ii
Here, g=1

Graph of the function f(x)=1" is as shown below:
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To skeich a general shape of the graphs for the exponential function in below case:
(iii)

Here. 0<a<l

To draw a graph, letting g =1.5 which satisfies < g<1-

Graph of the function f{_t) = {uj)’ is as shown below:
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This represents some general form of the exponential function f(x)=a" if 0<a<]1-

Answer 2E.

(@

The objective to define the number e.

The number e is a constant number that is the base of natural logarithmic function-
I {_r) =Inx.

In other words, the number e is a number such that Ine=1.

(b)

The value of the number e is approximately equal to 2 7183.

(©)

The natural exponential function is an exponential function of the form: f {r] =¢*, where, e is
the constant number which is approximately equal to 2. 7183.

The inverse function of this exponential function is the natural logarithmic function or the

logarithmic function to the base e g(x)=Inx.

Graph the function f (r} =¢" by hand. If x = (. the function is

f(0)=¢
=1
Thus, the graph crosses the y-axis at the point (0,1).



Use the definition of fto find other points on the graph.

=

f(x) . y)

2| f(-2)=€?=0.135 | (-2,0.135)

1| f(-1)=¢"'=0368 | (-1,0.368)

0| f(0)=¢"=1 (0.1)

1| f()=€=2718 (1,2.718)

2| f(2)=€=7389 | (2,7.389)

Sketch the graph of the function.

Answer 3E.

Consider the following functions:
J.‘ == 2“}.‘ =€,J’ = Sx‘J.‘ = 2[]‘

The object is to graph the function on the same screen and how they related.

The graphs of the funclion y =2* y=¢", y =5, y = 20" are as shown below

=y



Observe that all approach o as x —» -, all pass through (0,1), and all are increasing.

The larger the base, the faster the rate of increase.

Answer 4E.

Consider the given functions;

y=¢€

y=e’

y=¥

y=8"
The objective is to make the graph of these four functions and to explain how these graphs are
related to each other.

Given below are the graphs of the given function.
Graph of;

y=e

y=e”
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It can be seen easily from the graph that y = ¢~*is the refiection of y = ¢* about y-axis.

From the graph see that y = ¢*is an increasing function where as p =¢™* is a decreasing
function.

Graph of;
y=¥
y=8"

10




Again, from the graph it can be seen easily that y =8is an increasing function whereas
y=8*is a decreasing function.

Also, y= 8~ Fis the reflection of y= 8" about the y-axis

And one more relation between graphs is that y = 8*is increasing more rapidly than y =¢*
because g<§.

Answer 5E.

Consider the functions,

1Y 1Y
=3, y=10",y=|=| ,v=|—1|
y=3=10=(1] =[5t

The object is to graph the function on the same screen and how they related.

The graphs of the function y=3.y =[1] ,y=10"y= [l] are shown below:
3 10
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Observe that the graph = [l] is the reflection of the graph of y = 3* about the y—axis; also
3

the graph y :(L] is the reflection of the graph of y =10* about the y—axis.
10

Answer 9E.

Consider the function,
y = —2_‘ -
The object is to draw a rough skeich of the function y = 2%

Plug x=-2,-1,0,1,2in y=-2"*then the values of yare calculated below:

y=—2
=-2?
=4
y__2—|-||
——2|
==-2
y=-2"
=-1
y=-2"
-1
2
y=-27
-1
2:
_ 1
4

So the points on the graph are (—14),{-1, -2),(0‘4}{],%‘]'[2‘%)_



-1
lL,—

2
graph of the function y =-2"* is shown below:

Graph the points (-2,-4),(-1, —2),(0+—I],( ],[2,%‘)0n the coordinate system and the

-5
Figurel
Observe the figure 1; it indicates that the exponential function y = —27"is the reflection of the

graph of y =-2"about the y—axis.

The graph of y =-2"*is the reflection of the graph of y =2""about the x—axs.

Answer 10E.

Consider the function” y =

To draw the graph of the function 5 — 2. consider the table having the values of y for

different values of x as shown below.

x | y=e" (x¥)

0 y=e"| (0.1)
1| y=¢€ | (Le)
-1| y=€' |(-Le)

2 | y=€ |(2.¢)

-2 | y=e" {2,8”)

Plot the above points on the graph sheet, and then join those points with smooth curve as
shown below to get the graph of v =M.

(2.
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Answer 11E.

Consider the function y =1 —%e"-

To sketch the graph of the function, begin by sketch the graph of y=¢*.

The graph of y =¢™*is obtained by multiplying the exponent by _1 which reflects the curve
horizontally about the y-axis.

The graph of y= —%e"- is obtained by multiplying the function y=g¢"*by _% which
compresses the graph vertically.

Finally the graph of the function y =] _%e"is obtained by shifting y = —%e" 1 unit upward.

The graph of the function and its transformations is as follows:

4 F LJ. N

. S

Answer 12E.

Consider the following function:

y=2(]—e’)

The objective is to sketch the given function.

To sketch the graph of the function, begin by sketch the graph of y=¢*.
The graph of y = —¢"is obtained by reflecting the function y =¢*about the x-axis.
The graph of the function y =]-¢"is obtained by shifting y = —¢* to 1 unit upward.

Finally the graph of y= 2{] -e‘)is obtained by stretching y =1-g"vertically by a factor of 2.

The graph of the function and its transformations is as follows:
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Answer 13E.

(A)

(B)

(<)

(D)

(E)

The equation of given graph is y=¢"

Ifthe graph of y=¢" is sifted 2 units downward then equation of the resulting
araph will be in the form of y= f[x) -

Here e=2 andf[x):ex

Therefore the equation of resulting graph 1s

Ifthe graph 1z shifted 2 units to the right then the equation of resulting graph 1s
obtained by replacing xby [x— 2:1 in the original equation of the curve therefore

the equation of resulting graph is

Ifthe graph iz reflected about x- axis then the equation of resulting graph will be
in the form of y=—7(x)

Here I:x:l ="
Therefore, the equation of resulting graph is y=—&*

Ifthe graph iz reflected about the v- axis then the equation of resulting graph is
obtained by substituting —afor x

Therefore, the equation of resulting graph 15

Ifthe graph 1z reflected about the z- axis then the equation of resulting graph 1=

4

y=—g"
Mow if the graph is further reflected about the ¥- axis then the equation of
resulting graph is obtained by substituting —x for x

Therefore the equation of resulting graph is

Answer 14E.



(a)
Reflecting about the line y=4:

This reflection consists of first reflecting the graph about the x-axis. That is the graph with
y=—¢" and then shifting this graph 2.4 =8 units upward.

So, the equation becomes after reflecting is

The skeich of the function y=¢" and y=8-¢" is shown below:

1 oi 5
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(b)
Reflecting about the line y=2-

This reflection consists of first reflecting the graph about the y-axis. That is the graph with
equation y=—g¢" and then shifting this graph 2.2 =4 units to the right.

So, the equation becomes after reflecting is

The sketch of the function y=¢* and j = "% is shown below:

r
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ARSWer 18E:

1_ X
{a) Given f(x)z ¢ n
l_el—x
o, the function 15 not defined when 1—21'”? =0
= 1-x'=0D
= x=1l1
Domain of f=HR-{-11
Therefore { }
=[{—o, -1 U(-1,11J{1 o)
) Given F{x)= ot
2
Since 2" " is not equal to zero for any x,
Dotain of F=&
- (0.

Answer 16E.

(A)  Wehave to find the domain of g(2)=sin (e") .
The domain of g [:j 1z the set of those values of t for which g [:j 1z finite or
exists.

Since e iz always defined. And the value of sin (e") will oscillate between
—lto+1.50 sinlie'*) 1s defined for all .
Therefore the domain of g [E) is [—oo,co)
B We have to find the domain of g[.ﬁ) =1-2".
The domain of g [z) iz the set of thosze walues of t for which g [z) 1z finite or
EXi5tE.
How g (z) existz if 1-2" =0
= 1= 2
= 2 =1
= £=log,l
= £=0 since log, 1=10
Therefore, the domain of g[.ﬁ) 18 [—GD,O]
Answer 17E.

y A (3.24)

>
%

Given f(x) =Ca"
From the graph it is clear that (3,240 lies on the graph So it will satisfy the
equation of graph [x:l =Ca".
Dutting = =3 and {{z) = 24, we get,
24 = —_
Alzo from the graph the point {1, &) lies on the graph.
Therefore, putting x=1 and Hx) =6

We get §=C4a" —

Dividing equation (1) by equation (2), we have
24 O
6 Ca

= @ =4

= a=2,—-2

Since, ‘a’ can not be negative, as “a’ 1s positive n the exponential function

Thus, a=2.



Dutting walue of a in equation (27 we have

E=0x2
= C":§:3
2

Therefore, the exponential function is
f[ix)zC"a”zBQx
Hence

flx=32"

Answer 18E.
Consider the graph:
J.'
A

0

Need to find the exponential function in the form of f {:} = Ca* which satisfies the given graph
shown above.

From the graph it is clear that the y — intercept of the curve is 2, therefore, the point (0, 2) will
lie on the curve.

So this point will satisfy the equation of the curve f(x)=Ca"
Therefore, putx=0and y= f(0)=2in f(x)=Ca" we get,

2=Cd"
Cc=2
Also the graph passes through the point (2, 2/9).

Therefore, putx=2and f(x) =% in f(x)=Ca".

f(r] =Ca”

E=C'a2
9

%: 24" [From equation (1), C =2]

1
a=—
3

Since, a > 0 therefore, we take g = %
Substitute g = %and C =2 in the exponential function f(x)=Ca". get
Thus, f(x)=Ca"

()

-2(s7)

Hence the required exponential function is | f(x)=2 (3")



Answer 19E.

Suppose the graphs of f(x)=x" and g(x)=2" are drawn on a coordinate grid where the

unit of measurement is 1 inch.

Need to prove, at a distance 2 fi. to the right of the origin. the height of the graph of f Is48 1L
but the height of the graph of g is about 265 mi.

Sketch the graph of f(x)=x":

Sketch the graph of g(x)=2":

10 -8 i -4 2 0 2 4




Given distance is 2 ft to the right of the origin.

11 =12 inches
So, 2 fii. = 24 inches

Substitute x=24 in f(x)= x.
£(24)=(24)" inches
= 576 inches

L
12
f(24)=48 1t

fi

Therefore, the height of the graph of £ is [48 fi]-

Now substitute y=24 in g(x)=2".
g{x)=2’
2(24)=2" inches
234
=—fi
g{.\‘} 12

23‘

=—— miles [1 mile = 5280 fi]
{leSZEﬂ}

g(x)=265miles

Therefore, the height of the graph of g is

265miles|.




Answer 20E.

The graphs of f [x) =x" and g(x) =5"in various viewing rectangles are as follows:

Y
.,
C

1 1 1 1 1 1 —r 1 1 1 1 1 1 1 1 1 [
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Tlx'=x"h

From the above figures, we follow that the given functions have two points of

intersection (1.772, 17.1) and (5,3265). Also from the graphs we follow that the rate of
growth of 5% is more than that of x°

From the abowe figures, we follow that the given functions have two points of

intersection (1.772, 17.1) and (5,22635). Also from the graphs we follow that the rate of
growth of 5%is more than that of x°



Answer 23E.

lim(1.001)" ==

E—FE

(11

Ci B0 ed 5,
L cequirea =

lim(1.001)" =<0

Answer 24E.
Consider the limit lim (1.001)°

Recollect the definitio

fa=1.then lima" =0and lima" =«

Since 1,001 > 1. so by definition lim (1.001)" =0

lim (1.001)" =[0]

Answer 25E.

We have to find the limit

1. 23:&' _€—3x
11m
P QEx +€—3x

Dividing both numerater and denominator by &

. g3x _€—3x ; [63:: _6—33')/@33'
i1mn =lim
e 93x+e_3x v [£3x +€—3xj/€3x
1_3—6?{
"l-*né1+é'_6”
MNow let w=—6x
Then & ——-ooas x—ow
1= 14t
Sa, lim = =1
e el EF)
) x _ _Ex ) l_é‘.u
Therefore, lim ———=11 m
L 4o 1 4g
litn 1- lim &*
=2 [Using limit laws]
lim 14+ lim &
u— I )
1-0
= —_—= 1
1+0

[Bw the properties of natural exponential function we have tlim g =0]
—r—

[4nd since lrim k=& lkis aconstant |

3% 3K
. et —e
Thus, |im—s——7F-=1

Ko g g




Answer 26E.

Consider the following limit:

lime™
E—sE
Find the limit.
Since there is a negative exponent value, rewrite the limit as follows:

limL. Since g™ —L
::-itep" Eﬂ'
Let f be afunction defined on some interval (a,). Then lim f(x)=L means that the
=T

values of f(x) can be made arbitrarily close to [ by taking x sufficiently large.

The exponential function f(x)=e" is an increasing continuous function with domain R and
range (0,20). Thus ¢* > g for all x.

In this case, the denominator is getting larger as x approaches infinity.
As the denominator gets larger, the value of the fraction gets closer to 0.

Iimi.=ﬂ

T=bx e"

Thus, the limit Iim% is @

Answer 27E.

Consider the following limit:
3

lim e**.

2"

3
As_t_}z‘, —_— =3 —0,
-X

As x tends to 2 from the right side, ¢ tends to negative infinity.

The following graph confirms this resuli:



N N O e QO

Oy=

3
Thus, |ime?= =¢™
=2
=0
3

Therefore, |jm e = @_

="

Answer 28E.

Consider the following limit:
3
lim &

x=p2"

The objective is to find the given limit.

If x is close to 2 and smaller than 2, then the denominator 2 — x is positive small number, so

the quotient is large positive number.

- X
Thus, e:" approaches to oo.
3

Hence, the IMitis Jjy ¢+ :.

=2



3
Observe the sketch of the function f { ,t) = g3 15 @5 Tollows:

ll]L'-F

8

6 3
flx)=e=

2

2 OO0 2 4 6 8 10 12 14

Answer 29E.
Consider the following limit-

lim (e'z' 'DOSI)_
X =

Rewrite the imit as follows:

. 3 . [ cos: : _
lim(e ™ cosx) = hm( ,’r] Since ¢ ™ =
] T—eT e‘

The exponential function is an increasing continuous function with domain g and range
(0.).

Let £ be afunction defined on some interval (a,«0). Then lim f(x)= L means that the
values of f (x] can be made arbitrarily close to j by taking x sufiiciently large.

lim f(x)=0 i i lim =0

if lim f (x)=0.and i g(x)is bounded. then lim f(x)g(x)=0

.1 1
Here. lim —=—
X = e" E;qi'l

And —1<cosx<1
So, the funciion cos xis bounded.
lim (e'z' cos .1') =0

Therefore, the limit !l_t._l: (e"'msx} is @

Answer 30E.
Consider the following limit:

lim (")

~{3)

Evaluate, lim ™~
x=o x/2)

Let. y=tanx.
S0 y—»-—m, as x—(x/2).

Since lim tanx=-ow,5q lim €™ = lim e".
s x/2) x—s{z2) yer=

=0

Therefore, | lim ™" =0]
=+ /2]




Method 2:

Consider the following limit:

|iT__(e""}

T

3

As _r_,[f] . h—}ﬂ,.r=£+h.
2 2

Substitute these values in the limit.

"T-{em)ﬂi;no[em-;'& J

T —in
3

_1: ~coth
=lim(e™)
:e_!
_ 1
e
-1
aD
=0
Therefore, _Em"_ e =0
Answer 31E.
Given  f [x) = es, a constant function
. d
7@)=2(7 ()
_ds
=—(<)
=10
Therefore m
Answer 32E.
Given ﬁ:(rj =g +r°
S (k) =)
d * -
= EI[Q + ¥ )
d oy dor,
= g(é‘ )+g(’" )
=g +art?

Therefore  |&' |:r:1 =g +ar®!

Answer 33E.
Consider the function
f{r) = {f +2_\’}E‘ :
Use the product rule to differentiate the above function.

Product Rule: if g and h are both differentiable, then
d d d
E[g{x}h(.\‘]]=g{x]z[h(x)]+I:(.r)E[g(.t]] ------ (1)
Now differentiate f(x)= (_r‘ +2_r}e‘ with respect to x,
r _ d 3 X
f'(x) -E[{r +2.‘r}e J

Let g{I):(_t3+2_l') and h(x)=e’



Now substitute g(x)and h(x) into the equation (1), get

f(x)=(x +2x]£{e”]+e‘ %(r‘ +2x)
=(x +21)%{e‘)+e‘(%(f]+%(2:]]

i[e‘}:e’ and
=¥ +2x)e" +e" (37 +2) Use dx
—{.r")=n-x""
=e’{x3 +2x+3x° +2)

:ef'{xj +3x07 +#2x+ 2)

Therefore,

flx)=¢€ (1’3+3J\r2 +2x+2) :

Answer 34E.

Consider the function y= €
1-¢
Mote that, i
u
y==
v
du dv
then ‘t"’ B ¥ dx -l dx
dx Vv

d
And E(e‘)_g‘

Therefore,

-2
(1-¢) )= 50-¢)

(1=

Hence, the derivative of y is y'=




Answer 35E.

y=e"
b _d a
dx  dx
) )
=% ~[ai Chain rule
dx[ ) ( )
= Zx’
d_y = Zaxte™
adx
Answer 36E.

Given y=e cosdt

On differentiating p, ¥ = 5 (e_m cos 45)
i

o %(cos 4 +[%I[e_m:l}cos 4
= [—4 sif 44‘,) +[—2)e_2! cosds
= [—4sin 4t —2ros 4:)3_2!

o dy
Therefore = dt
=(—4sindr—2cos 45)9'2’

Answer 37E.
Given y=rxg ™™

On differentiating,

. d _
=2 )

= x(—@'h) +27%
=l 4™

=(1-kx)e™

Answer 38E.
1

5 +ie’
Differentiating v with respect to s,

¥'(s) : [S+k§’:l_1

o)

Given y=

-1 d .
S
7l (ke
) (s+@’)2[ )

~(1+&")

Therefore |y'= .
[s +k25:l

Answer 39E.
f [:IJ) — le

Differentiating with respect to u

£ =)

15w d[lj
=g | —| —
e\ 1




Answer 40E.

Consider the function,
f(r) =sin[e’]+e""'

Differentiate the func vih respect to f, get

f{:}-—(sm Ve )

. , e d . d 'l
=cose' -—(e )+ e™ - —(sinr) Use —(e")=¢"—(u)
dt dt dx dx
: dg, : d .
=cosé -& +&™ -cost SINCE —(¢' )=¢' and —(sins) = coss
dt dt

=¢' cose' +cost [e”" ]

Answer 41E.
F (f,) — ersinzr
Differentiating with respectto t.
¢ d 318
i l:f:l — (;T(e:s 2:)
remar & ¢, .
=¢ —(: sin 23) [Chain rule]
it
; d d
=g [:. —cin 2 +sin 2¢ —£:| [Product rule]
ot dt
= [!, cos 282 +sin Z]
= |:2i cos2f+sn Qi)

‘F’[:) = gind [?ﬁ cos 2+ sin 25) |

Answer 42E.

Given y=xlg ¥
On differentiation,

r_i 2_ -
y =4 ()

o
= i[:Jr:*:lee'l"‘” +2 [e'l"‘*)
dx adx
a4 (-1
=2xe 45 W —[—]
dx\ x
= Dxe ¥ 4 P Lﬁ
x
= 2xe ¥4
= |:1+2x)e'1"‘”
Therefore |y'=(1+ 2x)e']"'“
Answer 43E.
y=a1+2
@ _ i(1+2e3*)1”
dx  dx
1
=TT (1+27) [Chain rule]

1+ 293* a’x
= 2e3".3]
2 f[1+2e3*)

33x

dxm

[Chain rule]




Answer 44E.

y= é‘.i;tm.,n'r?
@ _ i[é.mﬁ]
drx  dx
= ghomefi i[J'(?tan -.,,l";:l [Chain rule]
dx
= M e Jx L [Chain rule]

ox
s T 1,.";

3;" =
2%

Answer 45E.

Consider the following function:

y=e

The objective is to differentiate the function, use the chain rule formula.

dv _dv du
de  du dx

Differentiate « with respecito x.

du

— EIF
dx
And differentiate y with respectio u,
dv
=¢
d
Find ﬂ
dx
Substitute the values of ﬂ and dy in chain rule formula.
dx dn
dy _dy du
dr  du dx
=¢" -&"

=¢" -¢" (u = e')

r i

=€ €

Therefore, the differentiate function is, E'"'Er; :




Answer 46E.

Consider the following function:

e —e"
e +e™
Wirite the function as follows:

et
€

y=

y= 1
e+ —
e

The objective is to differentiate the function y.

Use the chain rule,

dy _dy dr
du dt du

Let ;= ¢* then the function be.

Differentiate y with respect to 1"

4 =4[
PrA A

Use the dividing rule formula,

dr( g(r) [2(n)]

Use dividing formula with h(r)=r"—1and g(r)=r"+1.

dy _ (7 +1)-(20)—( ~1)-(2r)

dt (lz-l'l):
=2t’+21—2:’+2.'
(£3+|}2
4

i[h(r)}g(r)-b'(s}—h(rrg'(-)

And let ;= ¢ then the function be,

Differentiate with respect to u,
dr_
du

e

By chain rule formula substitute the values ﬁ and

Therefore, the differentiate of y is

dr

— in

du

v
du



Answer 47E.
_ag" +b
I ce" +d
Differentiating with respect to x by quotient rule
dy d |:|:Ié'x +E:':|

dx  dx|ce'+d

(cex +cx’) i(cxex +E:') - (aex +E:') i(cex +cx’)

_ dx dx
]
(ce” +a")
(ce" +d)(cxe”)— (cxe" +b)(ce")
= z
[ce" +d)
3 M+dﬂé‘x—gﬂﬁfﬁ{—b¢é‘x
- 2
(cex +a!’)
Or dy _ dae” — bcix
dx (ch +a")
X
Or a!’l: (et E:'c]ez
dx (cex +a!’)
Answer 48E.
Consider the following function:
y=vl+xe™-
Rewrite the function as follows:
1
V= [I +xe™ )3
Find the derivative of the function.
Let us assume =14+ xe >*-
Then :
y=u-
Now differentiate _ _ H; with respect to x
dl}
y=—|u?
dx
1 4 du
2" & i y
- Y use Lyt = 2
1 = du dx dx
=— " —
2 dx

| NIRRT I, | I _ ‘
= —{I+.w } -—{l+.te ] Back substitute 5 =] 4 xe™*
2 dx '

1 aon-vz| d d 4 d d
= — n —_— S o LJ e — - ol ¥ - -
> {l + x€ } |: _[I )+ drl:xe' )} 5 f.'f'.'['ﬂﬂ T E }] o f(x)+

=%{| s xe ™) ”[m%[m-“}} 1)

d (x)
(ité -



Now find the derivative of i(m-“)_

Use product rule: %@-v}:n’-‘ﬂ-n-v’

In this case #=Xand p— g

So their respeciive derivatives are sf=1 and p* = 2.

Substitute these values into %@-v}:n’-‘ﬂ-n-v’ :

i(m"’ )=1-e* +x(-2¢)

%(Iﬂ'-h) - e—z':r _ 2‘“3—2:
=e " (1-2x)

Now simplify equation (1) further as follows:

%(l +xe " )-H |:{I'+%(Jm3'zt )] =%{l +xe " )-H [e'z‘ {I —lt}]

2y

_ (1-2x)e™

W1+ xe™

Therefore, the simplified derivative is |y

Answer 49E.

Consider the function,

The objective is to find the differentiate the given function.
Differentiate the function, with respect to x as follows:

(1= d1-€*
“5‘“[|+gr]'z[1+f=) -~

Use E{msa} =—(sinu)u’



Simplify the equation (1)as follows:

y.z_m(l-&'] {“f;‘)'%('—ez')—('—f')-i(lﬂh)

1+e” {1+e")1
we 25) 5
e (5 [ £ 4 (@)|-0-) [ L)+ ()]
Z'W{HEJ (1+e7)

1+e* ()

_ —sin( 1—e™ ] :{l-l-e::)(—z,g:'}_{l _e;,){zez,}]

Use i{mnstant] - {J,i(e") =é'u’
dx dx

) (I_eh] —Ze;'—zez'-ez’—Ze'q’+ze=‘ve=']
—5in

1+e” (1+7)
__Sin(l—e”]_ —4e”
= I+Eh {l+£3r)1

4> (e -1
== . 2!ill'l( 1:]
{I+.e } l+e

Therefore, the derivative of the given function is,
yr - 4811 Sin[ e!x _ I]
= 2 = |-
(lre) \ive

Answer 50E.

Consider the function,
f(r)=sin’(=").
Need to find the derivative of the function.

Use chain rule: %{f{g [_x])}:f'{g{x))g’{x] .
Let e’-’.r =3
Differentiate on both sides, we have

du _d
dr dr

d
=" " —(sin’t
< sin*1)
=¢&*""(2sint cost)
=sin(2.')e“""
Use the substitution s«

S (r)=sin’ (u)

=u then, the function can be reduced as,



73]
[=1
44
[
[15]
[+
(44

1]
4]

(14

%)
n

()= isin:{u]
dhi

2sinu iF:f.in{ u)l du
dv ™ = dr

) e
=2sinucosu—
dt

; fu
=sin 25—
dr

- du . sinlr
Plug — =sin(2r)e™
ar

. X du

f(1)=sin2u—
dt

) . <in?y - du

= sin 2usin(2r)e™ Use :

ar

= :‘»in{zr]c““'r
= sinl: y anls }sin{ Er]e““;' Use u = &

Hence, the derivative of the function f(r) =sin’ [t»"“'_’} S

f'(¢)=|sin(2¢™" )sin(2¢)e™"

Answer 51E.
The equation of given curve is
y=e""cos Tx
Differentiating with respect to =, we get,

d_y = i[eh cos ;Tx:I

dx  ox

d o
= = cosmadcosmx d—ezx [product rule]

ax x
=g (—sin 7Tx)- T+ cos Ax. IZQQK:I- 2 [chain rule]

=g [—J’Tsin Tx+2coos ;?Tx]

Slope of tangent = d_y
dx
=lope of tangent at point {0,1)

_ [ff_y]
ﬂi‘x 0o

= g0 [—;Tsin [;?TXO) +2 cos(;-‘rx U)]
=" [—.ﬂ'sin 0+ Z2cos CI]

= 1[—;?r><0+2><1]

=2

The equation of tangent to the given curve at point [xl,yl:l 1z

y=n =[di](x—xl)

dx
Therefore, the equation of tangent to the given curve at point (0,1} 15

y—1= 2[;:—0)
= y=1=2x
= 2x—y+1=0 ory=2xz+1
Hence,

Equation of tangent i3
y=2x+1




Answer 52E.

The equation of curve 1s

eﬂ’

Fy¥=—
x

Differentiating with respect to x,
dy d &

By “Ouotient rule”
dx  dxox

The slope of the tangent = di
dx

Therefore, the slope of the tangent at point  {1,8)

=[le _2-n
(Le)

dx 1

The equation of tangent at point (xl,yl) to the curve y= j(x) 18

dy
y-n= —(-T_?ﬁ)
ax
Therefore, the equation of tangent to the given curve at point {1,8) iz
y—eg=0 (x— l)
= y—e=0 or y=¢g
Hence,

The equation of the tangent line 1z y =&

Answer 53E.
Consider the following function:

e =x—y

Differentiate the equation with respectio x.

d (e )=il:.t—_l'}

3 M
e’ i(iJ =1 —:; Use Chain Rule for left hand side.

dx\ ) X
(J'I' A
yel-x-— dy
e’ —d"' =1-—= Use Quotient Rule for differentiation.
¥ dx
% o
\
3 dv 2 dv ) ) .
e’ (_r—_\'éJ: 1.[ _;] Multiply each side by *
\ dx dx "

x'y x' ‘ﬂ 2 :(i_\'
ely—ex=—=y -y =
dx dx
dy oy Ay 2 3
— - x—=y —e""y
dx de
{'n -te":lirz -
dx




Answer 54E.

The equation of the given curve is

¥+’ =1
Differentiating with respect to =, we get,
y,od L d
—xe’ +— et = —1
x dx dx
d . .d
= i—e'+e —xt+y—e"+e" —y=10 [Froduct rule]
x x dx dx
= x-{e" d_y:| +& +y-e" +2” {dl} =0 [Chain rule]
dx dx
dy
= |z’ " |=—| & +y"
Bl ][ ]

d_y_ —|[e'v +yex:l
dr [xe'v +e”)

The slope of tangent line = di
dx

The slope oftangent line to the given curve at point (0, 13 13

:(d_y] :_(el+l-90): (+1)
0.5

dx (U-el+euj - 1

We know that the equation of tangent line at point [:xl,ylj 15

dy
Y¥-—-n= E(‘T_’ﬁ)
Therefore, the equation of tangent to the given curve at point (0, 1) 15
y—1= —(e+1)[x— 0)
= »-1 =—[e -H)x
= ¥ :—(e+1)x+1

Hence,

The equation of tangent 1s
ryHe+ix=1

Answer 55E.
y=ga" o

Left hand side

2y~_yr_y=2gf+§;7%—;f+zlﬁ7f{_?ﬂ_9%

0 =TFEight hand side
Hence proved

Answer 56E.
y=Ae" + Bxe™
d
=" | de™ + Bxe™
y=-] ]
= Aie_” + 5 i[xe_”]
dx dx

= Ao (~1)+B(xeT (-1) +e7 )
=—Ade" — Bre™F + Be™"

# d - —% -x
¥ = E[_ﬂé —Bxe™ + Be :|
= —Aie_x -F il{m"r ) + 5 ie'*
dx dx dx

== Ae (=)= B[z (= 1)+ |+ Be7 (-1
=T +Be T x—Be —Be™



Left hand side

Y2y y = Ae + BeT - B - e - 24T - 2Be™x + 2807 + Ae™ + Bre™

=0
= FEight hand side
Hence proved

Answer 57E.
Given y=g"
Differentiating with respect to =,

bed
y'=—¢
adx

= y'=a".r
A gain differentiating with respect to x, we get,

d
yll - . rénr
dx
=r.g.r
=rie™
If v 15 & solution of the equation
y'"+6y By =0 then puthing values of ¥, »' andy" we get
rie™ 4 Ere™ 3™ =0
= e”[r2+6r+8:|=0

Since &7 # 0 therefore, #2 +6r+8=10
= F4dr4+2r4+8=0

= rlr+d)+2(r+4)=0

= (r+4)(r+2)=0
Ifr+d=0=r=-4
Ifr+2=0=r=-2

Hence,
Possible values of rare —4 and — 2.
Answer 58E.
If p=o™
Then differentiating both sides with respect to x, we get,
1 Ax Ax
y'=—2"=2 oA
dx
y|= Ae.lx
Again differentiating with respect to =,
n d Ax
y'=—I1e
ax
= Aig.ﬂx
dx
- ,a‘eﬂxlﬂ
— ,?12:3“

Mow putting v, »' andy" inthe given equation y"= y+3' we get,
/-12243' =EJN+/1€AK
= AEQAX—AEAK—EJXZO
= [ -a-1]=0

Since ™ = 0 therefore,

A_a-1=0
2
_ ey ()
2x1
14144
=
JRENG
Tz

Hence




Answer 59E.

Grven f I:x) =g

Differentiating with respect to %, we get,

1 d d 2%
Filx=—flx)=—e
=gz
— 2€2x
Again differentiating with respect to x,
n d 1 d ax
I [ix:l— dxf [le- dx2e
— 2&{327{
ax
=2, Gﬁx
— 22€2x
Agam differentiating with respect to =,
n d n d 2 M
I (x)—dxf (x)—dx2 g
— 22 igzx
dx
=2 g¥.a
— 2332?{

Proceeding in the same way, differentiating n times, we get by inspection
7 [Cx) = 2"
Hence
Fi(x)= o
Answer 60E.
We have to find the thousandth derivative of f [x) =xa
We hawve f(x) =xe "

Differentiating with respect to %,

(0= 5 ()= L)

d .
i—e "+ " —x using product rule
elx elx

xe " ;;x[—x)+e_x.l
=zxg " [—1) +e"

= e_x[l—x)

We hawe f'(x) =27 1:1— x)
Differentiating with respect to x,

£ =L s ()= Lo (1-x)

= g‘”di(l—x:l+[1—x)die'x using productrule
X %

=e*(0—U+{l—x)a*§%(—ﬁ

= —ea_x+|il—x)»é'_Jr [—lj
=g "[-1-14x)
=—g" (2—le
~(-) e (2-%)

=(-1)"e (2-x)



1 -¥

We have f"=|:—1) (ej [E—xj.

Dhfferentiating with respect to =,

=L (1= () (2-x)
- (-1 Lo (2x)
= [—ljl[e'x i(?— x) +[2— x) ;ixe_x] using product rule.
=(—1)1[e (0-1)+(2-x)e i[—x)]
=[—1)1[—2 +[2—xjé" (—1):]
= (-1 ¥ [-1-2+7]
= (-1 (-3+7)
= (-)'e™ (-1)(3-x)
=(-1)" e (3-2)
=(-1) ™ (3-2)

Now, we have f"'(x)= [—lj2 e (3-x).

Differentiating with respect to =z, we get,

£R)= L) = L e (3-5)
- (-1 Lo (3-2)
:(—1)3[2 L (3-n)+ (-0 e }
()| 0= D= e (o)
= (-1 [~ (3-x)e ™ (-1)]
= (-1 e [~1-3+1]
=(-1)' e (~1)[4- 2]
= (-1 (4= 1)
- (-)e (4=

Proceeding in the same way we find 1000™ derivative of i f:x) by inspection as
A ()= (-0 e (1000 - )
= (-1 27 (1000 - x)
=—¢ " (1000 -x)
= |g7" (x—1000)




Answer 61E.

(a)
Consider the function,
r { x] =e +x.
Recall the Intermediate Value Theorem:
If f is continuous on the closed interval [a, b] and N is any number between f(a) and
f(b). where f (a)# f(b). then there exists a number ¢ in (a, b) such that f(c)=N.
The function f(x)= " +x Is continuous because ex and x are both continuous on R .

For our convenience, consider the interval [-1,1]

So the functional value is,

f(-1)=e'-1
=-0.63212
And,

f()=e"+1
=3.7183
Moreover, since f(-1)<0< f(1). there is a number ¢in (-1,1) such that o* 4 y = (-

Hence by the Intermediate Value Theorem, the equation g 4 y = g has root.

(b)
Now find the root of the equation g* 4 y = g correct to six decimal places using Newton's
method.

Recall the nth approximation x_, of Newiton's method,
X
_x.*l = I' -_— ﬂ—'l B
f(x)

Differentiate the function f(x)=e" + x with respectto x.

d d
Ef{x]=z(£" +I)
f(x)=e"+1
Starting with x, =—1. find x,using Newton's method for the function f(.r): e+

f(x)
f(x)

e -1

e +1
=—1-(-0.46211)
=-0.53789

X, =X, —




Now find next iteration as,

f(x)
(%)

X=X -

[OSITES 53789
- _0‘53739_¢

~-BA3TED _:-]

=—0.53789—(0.029097)

=—-0.566987
Now find next iteration as,
X, =x,— f.{_r}
f(x)
e _0.566987
= —).566987 —

e-u_}{-ﬂw\“ +]

=—0.566987—(0.0001562)

=-0.567143
Find next iteration as,
—"'5 =x,— ’f'( -'l':]
Sf(x)
05T _0.56714
- —0.567]43—%
e T+
=—0.567143—(0.00000629)
=-0.567143
Observe that, the Iast two iterations both 4th and 5th are same for six decimal places.
Hence, the root of the equation _,-"(.r}:e= +xis
lx =-0.567143|-
Answer 65E.
The given function is
i (x) =x-a"

Differentiating with respect to =,

Six)= %(x—ex:l

Fer critical points /' (x) =0
= 1-2"=10

= g =1

= x=0

Here 7'(x) will be increasing if #*(x) =0
= 1-2" =0 = 1=¢"

= a" <1

= x<lnl e, x =0

And f'(x) willbe decreasing if /() <0
= 1-&* <0
= 1<e”
= " =1
= xxlnl = x>0
We see that f{x) 15 mncreasing for x < 0 and decreasing for x> 0. Therefore, by
first derivative test for absolute extreme values, () has an absolute mazimum
value at x =0
And absolute maximum value of fix) 12
i (x) =0-¢"

=0-1

=-1
Hence,

Absolute mazimum value of

Fl0)=-1




Answer 66E.

Consider the function,
el’
x)=—,x>0-
glx)==
Need to find the absolute minimum of the above function.

Differentiate the function g( x)=ion both sides, we have
X

' xe' —e"-1 du) vu'=w
e O
e

For critical points set g'(x] =0, it follows that

x=1=0 Sincee” #0
Again differentiate the function g'( x) =Lz_')on both sides, we have
X

g'(x)= %[M]

x°

=x2;(e’(x—l)]—e'(.t—1)%(f)

X
_f[e'=|+{x-l)e’]-e‘(x-])2x
xl
(et 1+(x-1)e"]-e" (x-1)2
- x
:Ie" +x'e" —xe* —2xe" +2e"
x3
ef(xF-2x+2)
=—
At x=1.then
e(rr-2(1)+2)
- l —— M7
=g
>0

Here. g"(x)>0when x=1.
So the function has absolute minimum at y=1.
= - e’
ug y=1in g(_\-).=__wehave
X
g(l)=

=e

Hence, the absolute minimum of the function is El

g
I



Answer 67E.

Consider the following function and the interval

f(x)= xe'r.-"‘,[- 1.4]-
To find the absolute maximum and absolute minimum values of the function f .

Find the derivative of the function and then equate it fo zero.

; d
First find E{f(_x)}.
()= (x)
di a5y, d -
=I'E(e )+|:E(I):|e Use %(uv]=uv"+ v

R ( —2x ) g

Now equate %( f(x)]to zZero.

That is,
e.,:_.-s[—x=+4]=o
4
-x*+4=0
X =4
x=%2

Butonly +2&[-1,4].

Hence, the function f(x) has either maximum or minimum at x =2.

Now again differentiate the function with respect to x,

£(x) =5 (x)

)
= e-f”-"‘(%J +ek [%]-[—%n) Use i{w) =+’

X en X[ X ea
2 4 4
x(, ¥

Substitute x =2 in the function f"(x)= '?J‘g-“--'3 _E[I _T)e—f.-'t_

- _2 3F & 2 22 37 &
=L ANE_Z] = |
r@)=7e 4( 3 )E

=—e"?- [%(1 -1 )]e'"*
=_g W _%{0)8—1:2

=—" <0

The function f(x) has absolute maximum at x =2in [-1,4]-



The absolute maximum value of f(x) in the interval [-1,4] is as follows:
fl(x)= xe =/
f(2)=2¢7"
1(2)=2¢"
The absolute minimum value of f(x) in the interval [-1,4] is as follows:
1) =xe
()=
i

=—p8

!
e

Therefore, the absolute maximum and minimum values of f {x) in the interval [—1,4] is

F@)=2e"] |f(-)=7|

Answer 68E.

Consider the following function:

The objective is to find the absolute maximum and absolute minimum of the function f {x) on
the interval [—I,ﬁ]_

Differentiate the function f(x) with respect to x.
F(x)=xe> (-%]H‘E (2%)

i)

To find the critical number, f’(x)=0

Al
2
Here, e—; is always positive, and {Ix—(%)fJ =0

Take x is common on both sides,

x=0o0rx=4



- 20
Evaluate f(x) at each critical number in the interval and at the endpoints. 7(0)=(0)"e
=0
4
f{4}=42 'E'-[I]
=16-¢~
=16-(0.135)
=2.165

7=y e

=1-e*

=1.648

g
=36-¢"
=36(0.0498)
=1.7928

The largest value obtained in the interval [—I,ﬁ] is absolute maximum of the function.

Absolute maximum value of the function f(x) is [2.165] on [—1,6]_
The smallest value obtained in the interval [—I,ﬁ] is absolute minimum of the function.
Absolute minimum value of the function f(x) is @ on [—I,ﬁ]_
Answer 69E.
Consider the following function:
f(x)=(1-x)e”
(@)
Find the first derivative of the function.

Differentiate the function f(x) with respect to x.
f(x)= %{1 -x)e”*
Use product rule to differentiate the function.
i(uv} = u%{ v)+ v%{u)
r(x)=(1 —x}i{e“ }+e"i{1 — x)) Use product rule
dx dx
=(1 —J:](—e")-l-e"{—l} Since %{e"“ ] =_g= %[m)

=—(1 -x}(e“ ) —-eF

= —{e" }{l —x+1) Simplify
f'(x)==(e7)(2-x)
f(x)=(e7)(x-2)



Find the intervals of increase.

A function is said to be increasing, it f '(1} > on an interval.
f'(x)>0
{e"}(_t -2)>0
(x-2)>0

x>2

By the increasing Test, the curve is increasing, when x>2.

Therefore, the function is increasing on the intervals |(2,0)

Find the intervals of decrease.

A function is said to be decreasing, if f '(x} < () on an interval.
f'(x)<0
(e7)(x-2)<0
(x-2)<0

x<2

By the decreasing Test, the curve is decreasing, when y < 2.

Therefore, the function is decreasing in the interval

(b)
Find the intervals of concavity.

The concavity test

The graph of the function is concave upward, f f '[x] >0 on some interval /.
The graph of the function is concave downward, i f"(x) <0 on some interval /.

Use the Concavity Test
Use the product Rule to find the second derivative of f.

£(x)=(e7)x-2)
£ =(e")(x-2)]

Use product rule to differentiate the function.
=) S (x-2)+(x-2) () Snce L () =u(v) +v5(u)
=(e™)-(1)+(x-2)-(-e)
e —e"(x-2)
=e " (1-x+2)
=e"(3-x)
Therefore. f*(x)=e*(3-x).
The graph of the function is concave upward, it f '[1] >0 on some interval .
f(x)>0
e (3-x)>0
(3-x)>0
3>x

Therefore, the curve is concave upward in the interval



The graph of the function is concave downward, if f '(1) < (0 on some interval .
f(x)<0

e*(3-x)<0

(3-x)<0

3<x

Therefore, the curve is concave downward in the interval (S,w)

(c)
Find the point of inflection.
Equate f*(x)to zero.
f'(x)=0
e*(3-x)=0
3-x=0
x=3
Hence, the curve changes its position at y=3.
f(x)=(1-x)e"
£(3)=(1-3)¢”
=—2¢>

Therefore, the inflection point is [3,-2.9"]

Answer 70E.
Consider the function

f@)=%

(a)
Find the first derivative of the function. To do so, differentiate the function f(x) with respect
to x.

Use quotient rule to differentiate the function. State the product rule

a [f(x)]: ¢(0) 5 [/ (9)]-1(x) % [e(+)]
| g(x) ((x))

d d
(o) e (o) i
I (I] __ dx i dx Use quotient rule

X

_x'e +e"(2x)
=
x(x-2)e’
= _x_a - -
Simplify
(x-2)e
G

Increasing/Decreasing Test:

A function is said to be increasing if f’(x] >0 on an interval and is decreasing if f’(x} <0on

an interval
To apply /D test first check for the sign of the terms of the expression.

When x < (. the numerator and denominator are both negative; when 0 < x < 2. the
numerator is negative and the denominator is positive; and when x > 2, the numerator and
denominator are both positive. Thus, the first derivative is positive when y < or x>2 and
negative when 0 <x <2



By the Increasing/Decreasing Test, the curve is increasing when x < or x>2 and
decreasing when g <x<2.

Therefore, the function is increasing on the intervals [—m,ﬂ'),{l,w} and decreasing in the
interval |(0,2)|-

(b)
The concavity test

The graph of the function is concave upward if f*(x)> 0 on some interval /.
The graph of the function is concave down ward if f*(x)<0 on some interval /.

Use the Concavity Test. Use the Quotient Rule to find the second derivative of f.

f(x):i[ﬂ]

dx x

) f-%[{x-ﬂe‘]—(f—}!}e‘ .dir(f)

(¥)

_ 13[{x—2]e‘ +a;"]-.'.’tx1 (x-2)e

L]
X

_ x(x=1)e" =3x" (x-2)e

x-i

Continue evaluating the second derivative.

f'(_t]={x* —Xj)el +£:3XJ +ﬁ.¥2}€'

(x* —4x +6x7 e’
= —
.rz{x: —4x +6)e‘
x°
{Jr2 -dx +6)e‘

4
X

The function y=x* —4x+6 is always positive.

Therefore, the curve is concave upward for all real numbers.

©

The curve has no points of inflection since f™(x) 0 for any values of x.

Answer 71E.
Consider

y=e (1)
A
Domain:
Domain is set of all values that x take so that the function f(x) is defined.

The function is an exponential function defined for all real numbers.
Domain of the function is the set of all real numbers.



B.
Intercepts:
The x-intercepts are values obtained by substituting y=0.
Substitute y =0 in (1)
e =90

i I
x+1

So there are no x- intercepts.

The y-intercepts are values obtained by substituting x=0-
Substitute x =0 in (1)

—1{0=1)

]

y:

="

Therefore, the y intercept is [o,l]_
e

C.
The function is neither an even function nor an odd function.
And also it is not periodic.

The symmetry is none

D.
Vertical Asymptote is the x-value at which the function is undefined.

The given curve has a veriical asympiote at y = —] because the function not defined for this
value.

Horizontal Asymptote is the value the function cannot take.
Asx—8or8 —1f(x+1) approaches 0, so .-+ approaches 1.
Therefore, the curve has a horizontal asymptote at y=1.

E

The intervals of increase and decrease are determined by the critical points of the function.
The critical points of the function occur when the derivative of the function equals Zero.

Find the derivative of the function (1)

F(3)=¢" y=1()

=1
f(x)=e" %[x:'lx] Use chain rule ..____ (2)

)
(I+|}=

The numerator and denominator of the derivative are positive when the function is defined (ie.
when x 2 —]1), 50 the curve is increasing when y = —].

Use increasing/decreasing test of first derivative:

2 1
[=1)z=—=——==< ()
70 & e

f(0)=2e"-¢"=2-1>0

Therefore, the function is increasing on the interval [(—oo,—1)u(-1,00)|-

F.

The value of f* does not change its sign. So, the function has no local minimum or minimum.



G

The intervals of concavity and the inflection points are determined by the second derivative of
the function. The inflection poinis occur where the second derivative of the function equals
Zero.

Find the second derivative of the function (1)
Differentiate (2) with respect to x on both sides.

i d e'ﬂ«'".'!
f (I}=E|:(1+ l)z:l

(x+1)’
e _2(x+1)e
(x+ 1}‘
(et
(x+1)"

Equate y"(x)to zero:

fT(x)=0

(—2.1:—])2"' ) o
{x+l)

(-2x-1)=0
2x+1=0

The second derivative test,

The curve changes is concave upward if f(x)>0 and concave downward if f"(x)<0

And the inflection poinis are the points at which the curve changes its direction of concavity.
Concavity: To check concavity, apply the second derivative test

For < —l
2

(_2(_2)_” e-lf"u-zwl
((=2)+1)

For —l{x{—l
2

r(-2)=

(-2(-0.75)-1) ")

17(-0.75)= L
For x> _l

2
(0)= (-2(0)- l)e-'fu-u..,

((0)+1)°



; -1 -1 1
The curve is concave downward for x> — and concave upward for y <« —and—-1<x<——-
2 2

The curve changes its position at x = _?]

Therefore, the inflection point is [—%,L] .

H.

Graphing:

Use the information from A to G to sketch curve of the function.

* 3t =e

LA

.

5 4 -3 =
Veritcal asymptote ,
x=-1 E— -2
Answer 72E.

Consider the following curve:
yv=e sinx, 0<xy<27

(a)

Domain:

The function g~ gjp x €Xists because the functions ¢™ and sinx are defined at every point in
Real numbers system.

So,domainis p=R domainof thefuncation y=e"sinx



(b)
Intercepts:
The x- intercept is a point in the equation where the y-value is zero.
¥ =0 for the x-intercept,
e “sinx=10
x=0
x=(2n+1)x, forneZ
Therefore. the x-interceptis (2n+1)x, for neZ-
The y- intercept is a point in the equation where the x-value is zero.
x =0 for the y-intercept,
y=¢"sin(0)
=0
y=0
Therefore, the y- intercept is 0.

(c)
Symmetry-
When the function f(—x)=e"""sin(-x)
==—¢"sinx
= f(x)

So, the function is neither even nor odd.

It f(x+p)=f(x)forall xinD.where pis a positive constant. then fis called a periodic
function.

Here, f(x+a)= f(x) forall x and so fis periodic and has period x.

Therefore, the intervalis < y<2x.

(€)

Interval of increase or decrease:
f(x)=e"cosx—e "sinx
=e "“(cosx—sinx)
Since the function is increasing when f*(x)>0
e *(cosx—sinx)>0
) . . ) 3 1
Here, g*is always positive, %~ and cops.x—sinx > 00nly on the interval -253"
f(x)=e"cosx—e "sinx
=¢e “(cosx—sinx)
Since the function is decreasing when f*(x)<0
e *(cosx—sinx)<0

Here, the function is ¢gsx —sinx < 0 on the interval [% Jr,%x]

Therefore, f {x] is decreasing on the interval (i n’,%f].



U

Local maximum and minimum values:
f(x)=0
e {msx-sinx)= 0

f7(x)=-2¢"cosx x=z

S7(x)=€"(-sinx—cosx)—e " (cosx—sinx)
=-2¢ "cosx

Substitute for x=%x n f7(x)-
i)l

>0

Therefore, x:%x is a local minimum and f(%] = 03223

(9)
Concavity and inflection point:

f(x)=-2e"cosx

=-2¢ "cosx<0
(337)
=|—m,—x
2 2
3737
Concave downon | —x,—x |-
2 2

£7(x)=—2¢" cosx

=-2¢ "cosx>0
(3%37)
=|—m,—x
2 2

z=27)
Concaveupon |—x,=—x |
2 2



Sketch for the given curve is

Answer 73E.

Consider the following curve:

o
) (l+e'")

(a)

Domain:

1 1
The function ¥

) T ise)

S+l

The exponential function exists because p* is always positive and p* is defined at point in the
Real number system.

So, domain is )= R domain of the function ¥ =

} _(l+e")'



(b)
Intercepts:

The x- intercept is a point in the equation where the y- value is zero.

y=0 for the x- intercept,

1
{l +e” } =0
1=0
Therefore, there is no x- intercept.
The y- intercept is a point in the equation where the x- value is zero.
x=0 for the y- intercept,
1

T l+e”
I
2
=05
y=05
Therefore, the y- intercept is 0.5.
(©
Symmetry:
. 1
When the functi —X)=———
" on f(=x) 1+
1
1+¢&
* f(x)

So, the function is neither even nor odd.
It f(x+p)=f(x) forall xinD.where p is a positive constant, then fis called a periodic
function.

Here, f(x+2ix)= f(x) forallx and fis periodic in x with period 2ir -

(d)

Asymptote:

The function is either lim f(x)=L or lim f(x)=L _thenthe line y=L is a horizontal
asymptote of the curve y = f(x).

1 1

lim —= —
e b 1+lime
E s
_ 1
1+0

use f=—x,/——0 a8 X - w0

. 1
lim —=0
el B

Therefore, y=0,y=1 is a horizontal asymptote.



(€)

Interval of increase or decrease:

1+¢7)(0)-1(-e™)

f'(x}=(

{1+e" )3

=X

]
2
(I +e”

Since the function is increasing when f*(x)>0

=1

€

(1+e"}!

>0

Exponential function is always positive and the funciion

(]
Local maximum and minimum values:
f(x)=0
e—:
7= 0
(1 +e" }
e =0

Therefore, there is no local maximum and local minimum.

(@)

Concavity and inflection point

e {e" —l)
{l+£")3
|
{1+e")3
=(~=.0)

£7(x)=

Concave up on (—ao,ﬂ) .
e"{e"—l)
{l+e")JL
=w{ﬂ
{1+er")JL
=(0,)

Fixl=

Concave down on (0,).

=1

€

(1+e7)

7 Isincreasingon R.



(h)

Sketch the curve is

5..;

4..

34+

2..

1..

| —

=‘_-'—_// X
¥ + + + + +- + + + + + +- -+ + + +- + i
I-.u -4-35-3-25-2-15-1-059 05 1 15 2 25 3 35 4 45 5

--lil'

' _

Answer 74E.

Consider the following functions:
g[_r)z e” +f{x} and h{x} = ehf{:c]
The objective is to find the functions g’(0) and g”(0) in terms of ¢.
(a)
Differentiate the function g(x) with respect to x.
&(x)=ce + £'(x)
Substitute 0 for x and
¢(0)=c"+1(0)
=c+5
Differentiate the function g’(x) with respect to x.
g (x)=c’e"+f"(x)
Substitute 0 for x and
g7(0)=c%"" + 17(0)
=c*-2

Therefore, g'(0) and g'(ﬂ] are in terms of ¢



(b)
The following function:
h(x)=¢"f(x)-
The objeciive is o find the tangent line equation at the point x =
Find slope:
Differentiate the function with respect to x.
I (x)=€"f"(x)+ f(x)-ke™
Substitute 0 for x
H(0)=e1"(0)+ £(0)-ke*®
=1-5+3-k-1
=543k
H(0)=5+3k
Therefore, Slope m=k'(x)
Find slope pointat y=0.
m=h'(0)
=543k
m=35+3k

Find the point (x,,y,) at x=0in h(x).
h(0)=¢"7(0)
=1-3
=3
Therefore. the pointis (0.3)
Therefore, the pointis (0,3)
General equation of the tangent line passing through the point (x,,y,) and slope intercept
formis y-y, =m(1-_rl} :
The tangent line is passing through the point (0,3) and slope m=5+3k
(¥=3)=(5+3k)(x-0)
¥y=3=5x+3kx
y=(5+3k)x+3

Hence the equation is in terms of K

Therefore, the equation of the tangent line to the pointat y=0Is |y= (5 + Bk}x +3

Answer 75E.
Consider the function defined for the surge function
S(t)=Arre™
For a particular drug. 4=0.01, p=4,k=0.07
For that particular drug, surge function is
S(1)=0.01'"""
The inflection of this curve is the points at which the drug level changes.
Inflection points are obtained by the differentiating the equation twice with respect o £



Find the first derivative of the function by the use of constant multiple rule and product rule and
then use power rule.

State them as follows.
Constant multiple rule is
If 7 is differentiable function of x and ¢ is a real number then

%[q‘{x}] =¢f’(x). cisa constant
Product rule:

AL/ x) ()] £ x) () S ()¢ ()
Power rule:

d =) m=1
—(I )—.III

d 4 _=00Tr
S'{f}=E(“ﬂlf e )

d ds _om
=001| —(*)e ™™ +¢* —(e™™ )
[dr( ) dr{ }
Apply constant multiple rule and product rule

=0.01(4r¢*™ +1* (-0.07)e ™" ) Use power rule and di{e“‘ )=ae”
»

- {u.m.v’ —0.0007¢* )e*“""

Find the second derivative of the function.

5°(1) =%({u.u4ﬁ ~0.0007r*)e ™)

= (—u.um?:‘ +0.047° }%e‘”" +%{—u.mm:‘ +0.047° }'e*‘*"*
Use product rule
= {-u.mm:‘ + u.n#](-nmﬁ”" ) + (-n.mzsﬁ +0.12¢° )ew‘

d
Use —|e* } = ae™
dx

= {ﬂ,mmw.v* —-0.0028¢ )e*”““ + (-u,tms:’ +0.12¢ )e“"'
=(0.000049¢* —0.0056¢" +0.12¢* )" Simplify .. (1)

Thus, there are inflection points when

0.000049¢* - 0.0056¢° +0.12¢* =0

0.000049¢* —0.0056¢ +0.12=0
This is a quadratic eguation in {. solve this equation by the use of quadratic formula.

From the Quadratic Formula, there are inflections points (besides r= () at

,_ 0.0056+1/0.00003136 - 0.00002352
0.000098

= 28.57, 85.71



Substitute the value y=2857 in(1).

§°(1)=(0.000049 —0.0056¢° +0.12¢* ) e "™
= (0.000049(28.57)" - 0.0056(28.57)" +0.12(28.57)" ) ")

=0.000441925
§°(r)=(0.000049* —0.0056¢* +0.12¢* ) "

= (0.000049(85.71)° - 0.0056(85.71)’ +0.12(85.71)" ) ***™
=—0.000218563

For the first inflection point, ¢ = 28 57 . the function is increasing, so after about 28 57 minutes,
the rate of increase of the drug level in the bloodstream is greatest.

For the second inflection point, ¢ = §5.71. the function is decreasing, so after about 85 71
minutes, the rate of decrease of the drug level in the bloodstream is greatest.

This can be shown by means of a graph as follows.
Sketch the graph of this function using graphing utility.

First enter the function in

Flotl Flotz Flots
w1 EE. Bl g4
B, B7*x

“Ve=

“Yr=

~Yy=

wNWe=

~YE=

Adjust the window so as to view the graph clearly.

To enter click on [WINDOW/|button

[l THOOL
amin=-14
“max=1H
mscl=1
Ymin=-1A4
Ymax=18
Yacl=1
Bres=l1

Hit the [GRAPH] button to view the graph.

The graph of the function is as follows.

S(r)=0.01"e™""

10

-10



Answer 76E.

Consider the function

f{_r}:e‘"“ U i

Draw a graph of f by use of graphing utility.

First enter the function in the in Y screen. To do click on [y=]

Enter the function as Y= e* (cos(x))

Flakl Flokz Flok:
SY1EetCcosCEI D
~NYz=N
Y=
~Y Yy =
LY E=
Y E=
=

Adjust the scale by clicking on | WINDOW |-
[TTHDOW

Amin=A
Amax=10
wscl=1
Ymin=-5
Ymax=5
Yacl=1
Hres=1

Hit the |GRAPH| bution to view the graph.

Find the local minimum and maximum.

For this, hit [2nd|+[TRACE] @and then select. 3: minimum 1o caiculate local minimum,

4 - maximum to calculate local maximum.

Maximum and minimum are shown in graph as follows.

ini Haaxcirnur
n=14159z28 Y=.Z67B/94Y4 w=8.£B8%1B4a 'Y=z.71BzEiB




More visually, the graph of the function,

flx)=e :‘5

Maximumvalues of

10

- \l_\ﬁnjmum values of f

The minimum exists for the same value of y for different values of x.
From the graph, the local maximum seems to be about x = 2zn-
The local minimum seems to be about x = 7+ 2an -
To find the local minimum and maximum numerically, find f*(x) and equate it to zero.
f'(x)=e""(-sinx)

= —sin xe™"
Solve the equation f*(x)=0

—sinxe™" =0
The term p*== never be zero, S0 sinx =0-

The set of all values of x satisfying sinx =0 are nr.

Therefore, the local maximum or minimum of (1) are

The minimum exists for the same value of y for different values of x.
From the graph, the local maximum seems to be about x = 2xn.
The local minimum seems to be about x = 74 270 -

To find the local minimum and maximum numerically, find f*(x) and equate it to zero.
f'(x)=e""(-sinx)
= —sin xe™"

Solve the equation f*(x)=0

—sinxe™ =0
The term g#== never be zero, SO sinx =0-

The set of all values of x safisfying sjpx =0 are nr.

Therefore, the local maximum or minimum of (1) are
The derivative is 0 when x=an .
When x=2xn. f{t] =e.
So, this value of f (x] i5 @ maximum.
When x=7+2zn. f(x)=e.
So, this value of f (x] is @ minimum.
Use the Product Rule to find the second derivative.

[(x)=-e"" -%{sin_r)— %(e““)-sin_t

= —¢™  cosx + e sin’ x



Graph this funciion.

=

f(x)=—e""cosx+e ™ sin"x

| L%

10

-
|

The zeros of the graph of the function are

inflection points.

Hit |3mj| +|TRJqCE| and select 2: zeros to find zeros of the function.

One of the zero by graphing calculator is as follows.

COSX 2

- COEX - -
flx)=—e""cosx+e Tsin"x _

n=S04EEgET IY=0

-
-2

Similarly, the remaining zeros are obtained.

Noting down the zeros, the graph is clearly as follows.

S.

44
3
24
LY

F

[V

f7(x)=—-€e""*cosx+e " sin” x

In the graph, the inflection point seems to

be about |x ==7.2, =5.5, =1, 1, 5.5, and 7.2|.




Answer 77E.

Consider the function  (x) =" .. (1)
Estimate the local minimum and local maximum of (1)

Find the derivative of (1)
f(x)=e
f(x)=€""(3x-1)
If f has a local maximum or local minimum at ¢, and it f’(c) exists, then f*(c)=0
f(x)=€"7(3x 1)
3’ -1=0 (Since e” 20
3’ =1

e
3

.t=iJI
3

Thus, use the following intervals to test local extremes.
—m‘—JI = _JI,JI al'ld JI‘W
3 33 3
To test the interval [—m—Jg ] choose a number belonging to that interval

Let y=—] in [—m—g] plugin f*(x)

f()=e"(3(-1) )
=€e"(3-1)
=2
Therefore in that interval for every value of x . value of f’ (_r)ls positive.

Therefore the function is increasing in this interval.

To test the interval [—Jg, Jg ] choose a number belonging to that interval.

Let x=0in [_‘E,Jg],plug in f'(x)

£'(0)=¢"(3(0) 1)
=-1

Therefore in that interval for every value of x , value of f’(x)is negative.

Therefore the function is decreasing in this interval

To test the interval [ E,m], choose a number belonging to that interval.

Let y=]in [J;n],plug in f'(x)

£(1)=e" (30
- (3-1)
=2
Therefore in that interval for every value of x . value of f"(x)is positive.

Therefore the function is increasing in this interval.



It f*(x) changes from negative to positive at ¢ . then J has a relative minimum at

(e.f(€))

Sign of f(x) changes negative to positive at 71;

There local minimum would be at [%, f(%)]

Local minimum is
f(x)=e
I(L)H[:‘a]‘{él

NE]
~[0.635]

If f (x) changes from positive to negative at ¢ . then f has a relative maximum at

(e.1 (<))
Sign of f”(x) changes positive to negative at -715

There local maximum would be at [—i - (L])

NERR ]
Local maximum is
fx)=e"
1))
1(-5)-
=[1.402]

The graph of the function _f( x] = ¢~ ~* is shown below:



1wty

—0.38.1.402) 27

[
Lh
=]
=
=)
s
Lh
A\ s

To estimate inflection points, sketch the graph of f*(x).
f(x)=e""(3x-1)
f(x) =" (6x)+(3x —1) e (357 -1)
=’ 6w+ (3¢ 1)),

A point x=c is said to be inflection point of the function, if it is continues and the concavity of
the graph changes at the point.



b4

48

3.2

186

{—0.15,1.15}

Y=

2 15
(~1.09,0.82)

From the graph, inflection points are |(_ﬂ_]5,]‘]5),(-1_0'9«(]‘82]'

Answer 78E.

Consider the normal density function , = e 2
ovlx

(a)

As x 8 or 8, the exponent -f/(z.—f) goes to 8, so the expression 2<°) goes to 0. Thus,

il
the function has horizontal asymptotes at y =0.

To find the maximum value, find the first derivative of 7 using %(g"): e"ﬂ.
X

dx
f(x) =%[e": |3ﬂ:p]

- lltr'—b d .'l':
=g e
del| 2o

X - 1117“'
e

The derivative is 0 when x=0.

Since the derivative goes from positive to negative at this value, yx=( is a maximum of the
function.

The maximum value is

1(0)=6)

o
=€



To find the inflection points of 1, find the second derivative.

£7(x)= _i:.i[,_, F”"l]_i[i] &7/6)

o dx de\ g’
. _;[_;e--= (:d-‘}j|_ el

o’

The second derivative is 0 when x = +¢ - Therefore, has inflection points at x =+ -

(b)

Since x =+¢ are inflection points, the positive constant /s the point at which the curvature
changes.

1C)

Graph the function with o =1, 2, 3, and 4-

_xZ
sty y=—L e 8

Answer 79E.

Consider _i-[x" +e*:ldx

)

= —+e|-1

1+e

=L+e—1
g+1

1
4o\ e
Therefore !(x +a )dx— 1+e+é’ 1




Answer 80E.

5 5
Consider Iedxzeldx
=5 =5
5
=e(x)
=e(5+5)
=10e

5
Therefore Iedx:lﬂe
5

Answer 81E.
Consider the following integral

t dx
[=

[}

Evaluate the above integral

Rewrite the above integral as shown below:

2

fewax (1)

[}

Use the U-substitution to evaluate the integral

Let u=—xax, then gy=—gdx O —ldu=d&r.
T

Thus, the above integral becomes Ie'"dx =- lIe"dn.
L] T ]

Change the limit of the integration.
When x=0, then u= —n‘(ﬂ)(zﬂ].
When x=2, then u= —n‘(l}(: —2:!‘}.

Substitute the values in the integral and simplify as shown below:

=0.3177
Answer 82E.

Consider ]x’g"dx

Put 1 =fthen 3xrdr=df

Therefore Ix’e'idxz Ie’ £
3

Therefore Ix:e'ldxz %+c




Answer 83E.

The given integral is le'\,ﬁ +etdx
Put 1+e"=¢
Differentiating both sides, we get,

%(1+e') =dt
= e dx=dt

Hence,

Answer 84E.

1679-6.2-B4E AID: 760 | 11/09/2013

Consider the integral J‘(""E) T (1
Find the integral of (1)

g ),
=J.]+2e +(e )

X
e

i + ((a+b}3=a“‘+1ab+b:)

[ 1 2 (€ }: }‘ Distribute the denominator
= I —+ ¥

et e e to each term in the in the numerator

= Ie' “dx +I2dr+[e’cir

=—¢ " +2x+e" +C

l .l
Therefﬂrej "'e) ie=[e" e +2x+C]




Answer 85E.

1679-6.2-85E AID: 760 | 11/09/2013

Consider the integral J-{g‘ e )"dr )

Find the integral of (1)

[(er+eyax= ][{e ) +2e%e +(e )] dc  (Since(a+b) =a®+2ab+b?)

= _ﬂ:eh +2e'e " + e':‘] dx

- I[e" +2+ e':‘] dr {Sincee‘e" = ])
=[e*dx+ [2dv+[e dx
-£+2.\’— h+C [Sinceje“'cfx:i]
? 2 ) Therefore
e_l e—]r

[(e+e~ )= e ';_h +2x+C

Answer 86E.
1679-6.2-86E RID: 760 | 11/09/2013
Consider the integral J'g* {4+g" )s‘ﬁ- e (1)
Find the integral of (1)
Lel 44e' =u
e"dx = du
ey
u du
P

[er(4+eVar=[(4+e7) edr

Therefore Ie’(4+e')jdr= (4+:)S+C

Answer 87E.

Consider Iet'" sec? xdx

Put tan x=¢ then ¢n differentiation
sec’ x dx=dt

Therefore le"" sec’ xdx= Ie'df,
=& +c
=& 4¢

Therefore |.|-&3""5|3(:2 x dr =™ +c|

Answer 88E.

Consider Ie' (cos e') dx
Put &" =¢ then on differentiation
e"dx =dt



Therefore Ie' (cos (e'))dx= lcostdf.

=smi+c
=sin (e') +c
Therefore Ie' (cose') dx=sin (e') +c|
Answer 89E.

o ST
Consider the definite integral .{1 L dx
X

Let l:f

X
Differentiating both sides, obtain that

1
——dx = di
= it

1
or. —dy=—dr
x
Sowhen y=1thenr=1

And when _t=2[||enf=%

Therefore,
I:i_’;ﬂ_="-lme'(_d')
= —_I'I]"ze’d:
2
=-(),
S

Answer 90E.

There are various technigues to evaluate the integral.
One of the techniques is the method of substitution.

In the method of substitution, an expression is substituted for one variable in order to simplify
the integrand so that it is brought into a form that is easy to evaluate.

Consider the integral:

dx
e

L]
Make the substitution as shown below:

e’ =t
—e "dy=dr
e “dr=-dt
Determine the limits of the integral
Take the value of y=():

r=e”
1

Take the value of y=1:

i -1

-



Evaluate the integral as shown below:

| =

j‘“:_' do= [ 51 (~dt)

=j(]+f}lzdf

()"
T 32 i

Substitute the limits to determine the value:

L1

j- l+e"dr=(l+r)n|
e 32 L.

4

_(1+1)” (‘ ')

+
32 32

Eeac)

=0.81907
Hence, the final value of the integral is [ 81907].

Answer 91E.

Consider the curves y=¢*, y=¢™*, andx=1

The region bounded by the curves y= s V= eh, and x =1 as shown below.

andr

15

o|\




From the graph, limits of the bounded region are 0 to 1.

Since the graphs y=¢*, y=¢’" intersects at y=(.sotake y=( asalowerlimitand x=]
as a upper limit.

The graph ofthe y = &* is above the graph of v=e".
1

Therefore area of the bounded region is I{e" - ):ir N
i

Now find the integral of (1)

Je e o= J e =] i

=4.643

Therefore j{ e —e )dt =4.643
L]

Therefore area of the bounded region is [4.643 square units ]

Answer 92E.

Given f"(x)=3"+5smnx
= %f’(x):&e'+55inx
=  d f(x)=(3e"+5sinx)dx
Integrating both sides, we get,
[ 7(x)=[ (3" +5sin x) dx

= j'(x): 32" —Scosx+c [where c is a constant.]

Given when x=0 , f'{0)=2

Therefore, putting x=0 and 7*(0)= 2, we get,
2=3¢"5cos0+c

2=3x1-5x1+¢

2=-2+4¢

c=4

Ll

Thus f'(x)=3¢"—5cosx+4
d
= — =3"-5 +4
f(x) Cosx

=  df(x)=3"-5cosx+4)dx
Integrating both sides, we get,
Ja 7(x)=](3¢"~5cos+4)dx
= F(x)=3"—5sin x+4x+¢,
Where ¢, is a constant.



Given, whenz=0 , f0)=1
So,putting x=0 and f[0)=1
We get,

1=3°5sm 0+4x04+¢,

= 1=3x1-5x04+0+¢,
= o =1-3=-2
Therefore,
f(x) =32" —Ssinx+4x-2
Hence,
|7 (x)=3¢"—5sin x+4x-2

Answer 93E.

First we sketch the region bounded by the curves y=e", y=0,x=0,and x=1

x=1

Now we consider a vertical strip with thickness Axin this region If we rotate this
region about z-axis, then we get a typical disk of radius y=2"

Then the area of the cross sectionis A(x)= J'r(e')2 =t
And so the volume of approxzimating disk is A(x) Ax=me" Ax

4

__. Typical disk

/

-1 L

; x=1

Fig.2

The solid lies between x=0andx=1
Then the volume of the resulting solid obtained by rotating the region about =-
axis 18
1
7 =[ A(x)dx
= _l'::rez'dx

= J'r_[:ehdx



Let 2x=u— 2dx=du
When x=0,u=0andwhen x=1u=2

Therefore 2
Vzg_!e‘du
2L
=g[g’ ~¢°]
Or V:%(g*—l)
Answer 94E.

First we skeich the region bounded by the curves
y=e_'i,y=0,x=0a.udx=1

207

o0 X

05,

gL

Fig.1

HNow in this region, we consider vertical strip with thickness Ax at a distance x
from the origin. If we rotate this region about y- axis, then we get a cylindrical

shell of radius = the height of the cyhndrical shell = & the circumference of the
shell is = 27rx

20

15

.ns. N

A0
Fig2

The region lies between x=0andx=1
Then the volume of the resulting solid obtained by rotating the region about y-

axis 15
V= Ll([:ircumft:rmce of the sht:]l)(ht:ight of the she]l)d.'x
! -
= | 2xe " dx

= Jr_[]le_" Oxdx



Let " =u=> —2zdx=du
When x=0u=0 and when x=1u=-1
Therefore

V=l " (~du)
= J'I'J-:e‘dl:t
=],
-l o]

o
Answer 95E.
Given error function erf (x) = %Ee"zdt
Hence ]’e—'zd.t = —er_f(x)
1]
Consider ie-”at: = ie*’dz - ig-”a&
-} 1] 1]

=Yt () e o)

Therefore _i:a!"'t £(€P_'f (B)—erf (a))

Answer 96E.
Given ¥= e',e.'_',f (x) and
2 F e
erf (x) =¥t
=

On differentiation,
_dy
= dx

d 2
:E[e erf(x)]
= Lo () le) (] (o)
2d| 27 2
= gl
:%+2xy

2
Therefore |y'=2mp+—
T

Answer 97E.

Given that an o1l storage tank ruptures at ime f£= Oand oil leaks from the tank at a raie
r(t): 10027 ™1t per minute.
Amount of oil leaks out during the first hour

=Tr(t)d§

j 10027°% g

001
=1002
—001
=-10, 000[&'“ —1]

310,000[1—9“)

= W5127]



Answer 98E.
Initially bacteria population is 400 bacteria.
Population grows at a rate of r(r)=(450.268)e"'"**™ bacteria per hour.

Now find the number of bacteria after three hours.

Population function is a constant multiple of the exponential function.
Here r(r)=ae” with g=450.268 and b=1.12567
Let n(r) is a total population after ¢ hours. Since r(r)=n"(r)

3
Ir(r)df =n(3)-n(0). is the total change in the population after three hours.
(1]

n{3)=n(0)+:[r(r)d:_

Here n(3)indicates total population after three years, n(0)indicates the initial population of
the bacteria. thatis n(0) =400

Here n(3)indicates total population after three years, n(0)indicates the initial population of
the bacteria, thatis n(0) =400

n(3) = n{0]+ir(r)d!
=4ﬂﬂ+ir(r]di

=40|]+jae"d.t

3
:4M+[£]
b (]

= 400+%(e5° —e‘"”]

=400+~ ( -1)

—400+ 450163[ X1.12567) |) (Substitute the values of a,b)

1.12567
=400+400(e™™7 1)
=400(1+ 1)

= 40064127
=11,713

Therefore the total population of bacteria after 3 hours is (11,713

Answer 99E.

The given functionis f{x)=3+x+e"
Dnifferentiating with respect to =, we get

i (x)——f(x)— (3+x+e )

d d d .
=—3+—zx+—=
dr dx dx
=0+1+2"
=1+£"

Since £ is always positive.

So 1+#" 1e. f'(x) is always positive

= F(x) is increasing,

Since f(x) is increasing so it will be one — to — one.



Now we need to ﬁnd_f_l(4).Forthiswe have f{x)=3+x+e"
Therefore 7{0)=3+0+¢’

=  f(0)=3+0+1

=  F(0)=4

= fl(4)=0 Since fis one —to — one.

‘We know that if £ 15 one —to — one differentiable function with inverse function
f_l
and _f'[_f_l (a)]# 0 Then the inverse function is differentiable at a and
' 1
(@)= ==
[ ) (a) fl[f_l (ﬂ)]
Now, we have 7 '(4)=0
Alzo f '(x) =1+
So £ [ #)]=71(0)=1+¢" =1+1=2
Therefore
' 1 1
@)= ——m=o
Hence

Answer 100E.

‘We have to evaluate lim sl
T3z x—7T
Multiply both the numerator and denominator by (sin =)

SBT_1 (es_'" —1)-sinx

Then L =
. '—E(x—ﬂ) > (x—ﬂ')-sinx
= yi‘i;:;}[‘iﬁin;l]'l]}ﬂ(:f;)] ——— (1) [ By limit laws]
First we evaluate ]1'1:[19“_l -1
3= SN X
Let sinx=4%
Then # =0 as x—=3T
nr _ B _
So, lirnes._l 1: 'me !
T4E ooin x =0 5
=1 [By the definition of the number €]
Now we evaluate l.i1:|:|£
:—pz(x—;q’)
sin x sin X
hm——=lim ———
S(z-m) mor —(7-x)
=—ljmw [Since sin(r—8) =sin8]
w22 (m—x

Nowlet u=m—x

Then u —0asx —
. sInx . siny

Then him =—lim

TSE g x =30 g

=-1 [Since tim 2% 1]

-0



Therefore, from equation (1) we have

e |
h =1-{-1)=-1
m ——=1(-1)
Thus,
lim & 11
T x—7T
Answer 101E.

Consider the function £ (x)= ]'e: e (1)

l+e
Sketch the graph of the function (1)

-

If the function f(x) is said fo be an odd function, satisfy the condition f(-x)=-7(x)

Consider f(-x)

]_ei-_xl
f(=x)=—+
1+
i
_l-e-
B [
l+e *
1
1—3
pe
B 1
1+ T
ex
1
e’ —1
I
e
T
e’ +1
i
el’
l
_er—1
1
e* +1
1
_ | 1=
T T
1+e*
=—/f(x)

Therefore f(-x)=-f(x)

Hence given function is an jodd functio

"



Answer 102E.

Consider the following function

|
1+ ae

f(x)= a>0

bx ?

Consider the different functions with fixed value g =1 and different values of

f{r} - 1 +Ieh

For different values of h=-2,—1 and fixed value g =1 the graphs of functions is as shown
below

154"

109-8-7-6-5-432-10123 15

—— 01 (2]
—— ] (1)

[= W ]
]
[ sl ]
k=
[
=)

From the graphs of functions,
as x—»—= f(x)—>0
as x> = f(x)—>1

In case of p=-2 approaches zero or one for large values of x compare with p= -]



Consider the diferent functions with fixed value p =] and different values of a

1
f{r) - 1+e™

For different values of g=1,2 and fixed value 4 =] the graphs of functions is as shown
below

154"

109 -8-76-5-4-3-2-100 123 456 78910

From the above graphs of functions
as x —»—= f(x)—>1
as x> = f(x)—>0

In case of g =72 approaches zero or one for large values of x compare with g=1



Consider the different functions with fixed value = —] and different values of a

fO)=

For different values of a=1,2 and fixed value g4 =1 the graphs of functions is as shown
below

1 S.H.Y
a=2
a=1
1
0.5

»
-10-9-8-7-6-5-4-3-2-100 123 456 789 10

From the above graphs of functions

as x—»—= f(x)—>0

as x> o f(x)—>1

In case of g =72 approaches zero or one for large values of x compare with g=1

Answer 103E.

(@)
Consider the inequalty &* >+ x ifx=0 - (1)

Prove that the inequality (1)

Let f{_r}:e’ —{l + _r}

It is enough to show that f(x) is increasing function.
Thatis show that f(x)>0 forall x>0

Nowfind f'(x)=e"-1

Since ¢ =1 forx=0

e —1=z0forx=0

Therefore f(x) is increasing for x>0

Hence ¢ >14+xifx=0



(b)
Consider x* <1 forall x £ [0,1]

© <

Oy~
N,

1
dy < J'ai'x Taking integration on both sides.
o

Find j'mtx =e(x),

=e(1-0)

=€

Therefore J'e”;ir::e (2
o

Now define g(x)=e" _(] +.r’)
g'(x)=2xe" —2x
- Zx(e‘: —I]
Therefore g'(x)20ifx20
So g(x)is increasing function.

Hence e 2(1+x%)

j & drizj{l +.'l'z)til' Taking integration on both sides
o °

Consider i’{lu’)dx
j;(nf]c&:(né];

(1+3] [ (o) ]

J'e’!dng e (3)

[ ]
From (2) and (3), deduce that ; < Ie’: de<e




Answer 104E.

(@)

Consider the inequality ¢~ >

Prove that the inequality (1)

l+x+—

7

Let f(x)=e —(

l+.r+'%- ifx>0 . (1)

It is enough to show that f(x) is increasing function.

That is show that f(x)=0 forall x>0

Now find f'(x)=e -[

=g -{l+x} ceeeee (2)

Now ket g(x)=f"(x)
g(x)=¢ ~(1+x) From (2)
Now find g'(x)=e" -1
Since ¢ >1 forx>0

e —1z0forx=0

I+2—Jr

:)

Therefore g{x) is increasing for x>0

Therefore f(x) is increasing for x>0

Hence

E’E]+x+§ ifx=

0

(b)

From part (a) ¢* Zl+x+%' ifx>0

Consider x* <1 forall x<[0,1]

e <¢é

j e dx< _i'aix
Find j' edv=e(x),

=¢(1-0)

=£

1
Therefore J'e”dr:ie |
L]

Taking integration on both sides.

3)



Let

: > -r: B - T :-
& zl+x'+{ 2} if x>0 Substitite x_ 2 in (1)

3 3
s

2 ]+1+L)
.\ 3 10

g
30

\ 10 10

. 4
Therefore |e"dv2— (4)

From (3) and (4) deduce that e“di<e

&
1A
12 My

Answer 105E.

{A) Wehave to prove &° 21+x+§+§+———+£| by mathematical induction.
1 31 nl

For,n=1, we have " 21
Which is true as for x=0

Let us suppose that the given inequaliiy 15 true for n=k So we have
© b o

e 21+x+£+—+—+———+—
21 31 41 (&)1

. 2 7 = M
Now, let f(x)=e —(H“g’fﬁ*--""ﬁ"(kﬂ)!]

Differentiating with respect to =, we get,

j'(x):i g — 1+x+£+£+£+ +£+£
dx 20 31 41kl (E+1)

d . d[ < © % = ™ ]
= o+
217 31 41 B (k+1)

. l 2x 37 47 o [k+1)x‘]
= —| 0+ 1+—4+—F+—+ A ———
20 31 4l Bl (k41

. 2 % ~! &
=’ —|l+x+—+—+ _+ +—
21" 31 (k=11 (&)

=

=0 Since, 9'21+x+§+ _____ +

So, f(z) 15 increasing for all x> 0.

E+l
Also, j(ﬂ):e“—ll+0+£+g+ _____ + 0 ]

1-1
0



And f(x) 1s increasing for x>0
So, f(:.r)zﬂ forall x=0

. £ x = =™
= & —|l+x+—+—+ +—+ =0
21 31 kU (k+1)!
. Pl & F
= g 2l+x+—+—+ +—
21 3l (£+1)!
Thus, the inequality 1s true for #=k+1

Therefore, the inequality
x

= .
+. +—|151111t:fora]11:|_
#l

(B) Wehave to showthat >27
From part {(a) we have,

. £ © @ % x
e e l+x+ —+ T+ T+ +

21 31 41 Sl #l
Where x=20
Putting x=1, we get,
? 7 Iy
e214+14+—+—+—+—+_  +—

21 31 41 5l zl

1 1 1 1
Sttt —

>24—4=
6 24 7l
> 2+40.5+0.16666+0.041666 +.....+—

> 2708332+..... +l

nl
=27
Hence,
{C)  From part (a) we have,
g Zl+x+—+—+ +£ Where n is any positive integer.
21 3l =l
Since k 1s any given positive integer so we have,
x =
I+x4+—+—+ +—
3 zl
3
x
—1+I+x2+13+ +Ik+xm++Jrl
I TR TR 2r Al T aldt
SRLINE SO U SIS S S +—IH
P s e TR e TR Eoo(k+1) 7l



So,

Since &° 21+x+£+—+
21 3l

=

Hence,

x x"

1+x+ +_|+ ..... +_|

lim = 4
T x

111 1 1 x &+
=lim| —+ g+ 5+ - bt

Sl ko (k+1)1 7l

1 1 1 1 lmx lim z**

_]1 _____ M Iow E—a
e Gmro lm o2 Z (k+1)! 7l
=0+04+0 +—+co+w+ _+0o
=

b

<

&

21 3l

* = x
?2[1+x+—+—+ _____ +— Aswe are finding lim So == 1.




