28. The Plane

Exercise 28A

1. Question

Find the equation of the plane passing through each group of points:
(i) A2, 2, -1), B(3, 4, 2) and C(7, 0, 6)

(ii) A(O, -1, -1), B(4, 5, 1) and C(3, 9, 4)

(iii) A(-2, 6, -6), B(-3, 10, 9) and

Answer

(i) A(2, 2, -1), B(3, 4, 2) and C(7, 0, 6)

Given Points :

A=(2,2-1)
B=(3,42)
C=(7,0,6)

To Find : Equation of plane passing through points A, B & C
Formulae :
1) Position vectors :

If A'is a point having co-ordinates (a;, a, a3), then its position vector is given by,

a=ait+a,j+tagk

2) Vector :

If A and B be two points with position vectors 7 & b respectively, where
a=a,i+ a,j+ask

b = byi+ byj+ bk

then,

AB=b-a

= (by —ay)i+ (b, — ay)j + (s — ay)k

3) Cross Product :

If 7 & b are two vectors

a=a,i+ a,j+azk

b = byi+ b,j+ bk

then,
|tk
axb=|a, a, ag
b, by by

4) Dot Product :

If 7 & p are two vectors

a=ai+a,j+agk

b=b,i+b,j+ bk

then,

@.b=(a, x b))+ (a, x b))+ (az Xby)

5) Equation of Plane :

If A = (ay, ay, a3), B = (by, by, b3), C = (¢, ¢y, c3) are three non-collinear points,
Then, the vector equation of the plane passing through these points is
7.(AB x AC) = a. (AB x AC)

Where,

F=xi+yj+zk

For given points,



A=(2,2-1)
B=(3,4,2)
C=(7,0,6)

Position vectors are given by,

a=2i+2j—k
b=3i+4j+2k
¢=7i+6k

Now, vectors AR & AC are

AB =

(=]

—-a
=(3-2i+4-2)j++Dk

~AB =i+2j+3k

Al
]

=i—-a
=(7-2i+0-2)j+(6+ Dk

~AC =5i—2j + 7k

Therefore,
|t Kk
BxAC=|1 2 3
5 =2 7

=12x7—(-2)x3)—j(1x7-5x3)+k(1x(=2)—5x2)
—20i + 8j— 12k

Now,

@ (AB X AC) = (2% 20) + (2x8) + ((—1) x (—12))

40 + 16 + 12

F.(AB x AC) = (x x 20) + (v x 8) + (z x (—12))

= 20x + 8y - 12z

~T.(AB X AC) = 20X + 8y — 122 -+oo- . eq(2)

Vector equation of the plane passing through points A, B & C is
7.(AB x AC) = @.(AB x AC)

From eq(1) and eq(2)

20x + 8y - 12z = 68

This is 5x + 2y - 3z = 17 vector equation of required plane.

(ii) Given Points :

A=(0,-1,-1)
B=1(4,51)
C=(3,94)

To Find : Equation of plane passing through points A, B & C
Formulae :
1) Position vectors :

If A'is a point having co-ordinates (a;, a;, a3), then its position vector is given by,

a=a,i+ a,j+azk
2) Vector :

If A and B be two points with position vectors 7 & b respectively, where

a=a,i+ ayj+ask



b= byi+ b,j+ bk

then,

AB=b—a

=(b; —a)i+ (b, — ay)j + (bs — @)k
3) Cross Product :

If 7 & b are two vectors

a=a,i+a,j+azk

b =b,i+ b,j+ bk

then,
I A
axb=|a, a, a
by by, by

4) Dot Product :

If 7 & b are two vectors

= a,i+ a,j+azk

b = byi+ byj+ bk

then,

@b=(a,x b))+ (a,xby)+(as xby)

5) Equation of Plane :

If A = (a1, ay, a3), B = (by, by, b3), C = (cy, ¢y, c3) are three non-collinear points,
Then, vector equation of the plane passing through these points is
7.(AB x AC) = a. (AB x AC)

Where,

F=xi+yj+zk

For given points,

A=(0,-1,-1)
B=1(4,51)
C=(3,914)

Position vectors are given by,

a=-j—k
b=4i+5/+k
¢=30+9j+4k

Now, vectors Ag & AC are
AB=b-a
=(4-0)i+ 5+ 1Dj+(1+ Dk
~AB =4i + 6§ + 2k

C=c—a
=(B-0i+(9+1Dj+ 4+ Dk

~AC = 3i+ 10j + 5k

Therefore,

N A B

BExAC=14 6 2
3 10 5

=f(6x5—-10x2)—j(4x5—2x3)+k(4x10—3 x 6)
—10f — 14f + 22k

Now,



@ (AB X AC) = (0% 10) + ((—1) x (—14)) + ((—1) x 22)

=0+14-22
=-8

T.(AB X AC) = —8 ---vvenn- eq(1)
And

F.(AB X AC) = (x x 10) + (v x (—14)) + (z x 22)

= 10x - 14y + 22z

~T.(AB X AC) = 10x — 14y + 222 oot eq(2)

Vector equation of plane passing through points A, B & C is
7.(AB x AC) = @.(AB x AC)

From eq(1) and eq(2)

10x - 14y + 22z =-8

This is 5x - 7y + 11z = - 4 vector equation of required plane

(iii) Given Points :

A=(-2,6,-6)
B = (-3, 10, 9)
C=(5,0,-6)

To Find : Equation of plane passing through points A, B & C
Formulae :
1) Position vectors :

If A'is a point having co-ordinates (a;, a, a3), then its position vector is given by,

= a,i+ a,j+azk
2) Vector :

If A and B be two points with position vectors 7 & b respectively, where

a=a,i+ aj+ask

b= byi+ b,j+ bk

then,

AB=b-a

=(b; —a)i+ (b — a)j + (b; — ax)k
3) Cross Product :

If 7 & b are two vectors

a=a,i+aj+azk

b=b,i+ b,j+ bk

then,
I A
axb=|a, a, a
by by b

4) Dot Product :

If 7 & b are two vectors

a=a,i+ a,j+azk

b = byi+ b,j+ bk

then,

@b=(a, x b))+ (a, xby)+(as xby)

5) Equation of Plane :

If A = (ay, ay, @3), B = (by, by, b3), C = (cy, ¢y, €3) are three non-collinear points,

Then, vector equation of the plane passing through these points is



7.(AB x AC) = a. (AB x AC)
Where,
F=xi+yj+zk

For given points,

A =(-2,6,-6)
B =(-3,10,9)
C=(5,0,-6)

Position vectors are given by,

a=—2i+6j— 6k

=}

= —31+10j + 9%k

—5i— 6k

L]
Il

Now, vectors AR & AC are

&
=]
L=}

—a

(—3+2)i+(10-6)j+ (9+ 6)k

~AB = —i+4j+ 15k

&
]

=f-a
=(-5+2)i+(0—6)j+ (-6 +6)k

~AC = —3i —6j + Ok

Therefore,
|t Kk
BxAC=|-1 4 15
-3 -6 0

=i(4x0—(—6)x 15) —j((=1) x 0 — (=3) x 15)
+ k(1) x (—6) = (=3) x 4)

—90i — 45f + 18k

Now,

@ (AB X AC) = ((—2) x 90) + (6 x (—45)) + ((—6) x 18)
=-180-270-108

=-558

~ @.(AB X AC) = —558 --orou. eq(1)

And

7.(AB x AC) = (x x 90) + (v x (—45))+ (zx 18)

= 90x - 45y + 18z

~T.(AB X AC) = 90x — 45y + 18z -+ eq(2)

Vector equation of plane passing through points A, B & C is
7.(AB x AC) = @.(AB x AC)

From eq(1) and eq(2)

90x - 45y + 18z = - 558

This is 10x - 5y + 2z = - 62 vector equation of required plane
2. Question

Show that the four points A(3, 2, -5),B(-1, 4, -3), C(-3, 8, -5) and D(-3, 2, 1) are coplanar. Find the equation of the plane containing them.
Answer

Given Points :

A=(3,2,-5)
B =(-1,4,-3)
C=(-3,8,-5)

D=(321)



To Prove : Points A, B, C & D are coplanar.

To Find : Equation of plane passing through points A, B, C & D.
Formulae :

1) Position vectors :

If A'is a point having co-ordinates (aj, a, a3), then its position vector is given by,

a=a,i+ ayj+ask

2) Equation of line

If A and B are two points having position vectors g & b then equation of line passing through two points is given by,
F=a+Mb-a)

3) Cross Product :

If 7 & b are two vectors

a=a,i+a,j+agk

b = byi+ byj+ bk

then,
I A
axb=|a, a, a,
by by b

4) Dot Product :

If 7 & b are two vectors

a=a,i+ aj+ask

b= b,i+ b,j+ bok

then,

@b = (a; x b))+ (a, x by) + (az x by)

5) Coplanarity of two lines :

If two lines n=a+ b & L=+ ﬁ& are coplanar then
a(bxd)=e(bxd)

6) Equation of plane :

If two lines 7} =@, + ;{b_l &G =T + ;{E are coplanar then equation of the plane containing them is
7.(5, xb;) =@ (b, x By)

Where,

F=xi+yj+zk

For given points,

A =(3,2,-5)
B = (-1, 4, -3)
C=(-3,8,-5)
D=(321)

Position vectors are given by,

a=3i+2j—5k

b=—-1i+4j—3k

¢=-3i+8j—5k

d=-3i+2j+k

Equation of line passing through points A & B is
rn=a+Ab-a)
b—a=(-1-3)i+(4—-2)j+ (-3+5)k

= —4i+2j +2k

~ 7 = (3t +2f — 5k) + A(—41 + 2f + 2k)



Let, 7 = @; + Ab,

Where,

@ =3i+2j—5k &b, = —4i+ 2j + 2k

And the equation of the line passing through points C & D is
rp=c+p(d-0)

d—c=(-3+3)i+(2-8)j+(1L+5k

— —6j + 6k

7 = (=31 + 8] — 5k) + A(—6j + 6k)

Let, , =@, + 4b,

Where,

@ = —31+8j— 5k &b, = —6j + 6k

Now,

_ |t J Kk

byxb,=|-4 2 2
0 -6 6

= (12 +12) — j(—24—0) + k(24 + 0)
« (by x by ) = 24i +24j + 24k
Therefore,

@y (b, X by) = (3% 24) +(2x 24) + ((—5) x 24)

=72 +48-120

=0

2T (byxDy) =0 oo eq(1)
And

@;.(by x b,) = ((—3) x 24) + (8 x 24) + ((—5) x 24)
=-72+192-120

=0

wty(byxby)=0 . eq(2)

From eq(1) and eq(2)

@;.(by x b,) = @.(by x b,)

Hence lines 7] & 75 are coplanar

Therefore, points A, B, C & D are also coplanar.

As lines 17 & 1; are coplanar therefore equation of the plane passing through two lines containing four given points is
7.(by xb,) =a;. (b, x b,)

Now,

7.(by x by ) = (x x 24) + (y x 24) + (7 x 24)

= 24X + 24y + 24z

From eq(1)

@;.(b; xb;) =0

Therefore, equation of required plane is

24x + 24y + 24z =0

x+y+z=0

3. Question

Show that the four points A(O, -1, 0),B(2, 1, -1), C(1, 1, 1) and D(3, 3, 0) are coplanar. Find the equation of the plane containing them.
Answer

Given Points :

A=(0,-1,0)



B=(21,-1)

C=(1,1,1)

D=(3,3,0)

To Prove : Points A, B, C & D are coplanar.

To Find : Equation of plane passing through points A, B, C & D.
Formulae :

1) Position vectors :

If A'is a point having co-ordinates (a;, a;, a3), then its position vector is given by,

a=a,i+ a,j+azk

2) Equation of line

If A and B are two points having position vectors g & b then equation of line passing through two points is given by,
F=a+Mb-a)

3) Cross Product :

If 7 & b are two vectors

then
I A
axb=|a, a, a
by by b

4) Dot Product :

If 7 & b are two vectors

a=a,i+ aj+ask

b= byi+ b,j+ bk

then,

@b = (a, x b))+ (a, xb,)+ (az xby)

5) Coplanarity of two lines :

If two lines m=a+ b & =+ ﬂ& are coplanar then
a(bxd)=e(bxd)

6) Equation of plane :

If two lines =0+ ;{b_l & =1, + ;{E are coplanar then equation of the plane containing them is
7.(5, xB;) = ;. (5, x By)

Where,

F=xi+yj+zk

For given points,

A=(0,-1,0)
B=(21,-1)
C=(1,1,1)
D=(3,3,0)

Position vectors are given by,

=
b=z2i+j—k
c=i+j+k
d =30+ 3j

Equation of line passing through points A & D is

n=a+Md-a)



d—-a=(3-0)i+B3+1)j+0-0)k

=30+ 4j

~ 1 = (=) + 4B+ 4))

Let, i, =@, + Ab,

Where,

a=—j&b, =30+4

And equation of line passing through points B & C is

i =b+p(c-b)

L]

-b=(1-2)i+1-Dj+(1+ Dk

Now,

|tk

byxb,=|3 4 0
-1 0 2

=1(8—0)—j(6—0)+k(0+4)

«(by x by ) =81 —6f + 4k

Therefore,

@;.(by x b;) = (0x 8) + ((—1) X (—6)) + (0 x 4)
=0+6+0

=6

2 q.(Dy XDy) =6 e eq(1)

And

@.(by X b;) = (2% 8) + (1 x (=6)) + ((—1) x 4)

-16-6-4
=6
G.(bxd)=6.co... eq(2)

From eq(1) and eq(2)

a@;.(by x b;) = @ (by x by)

Hence lines 7; & 15 are coplanar

Therefore, points A, B, C & D are also coplanar.
As lines 7 &i; are coplanar therefore equation of the plane passing through two lines containing four given points is
7.(5, xB;) =@ (b, x B;)

Now,

F.(byxby)=(xx8)+ (yx (—6))+(zx4)
=8x -6y + 4z

From eq(1)

a;.(by xb,) =6

Therefore, equation of required plane is

8x -6y +4z=6

4x -3y +2z2=3

4. Question

Write the equation of the plane whose intercepts on the coordinate axes are 2, -4 and 5 respectively.



Answer

Given :

X - intercept, a = 2

Y - intercept, b = -4

Z - intercept,c =5

To Find : Equation of plane
Formula :

If a, b & c are the intercepts made by plane on X, Y & Z axes respectively, then equation of the plane is given by,

¥y z

X

E+E+E=1

X y z
-'-§+_—4+g=1

Multiplying above equation throughout by 40,
40x . 40y . 40z 40
2 -4 5

20x - 10y + 8z = 40

10x - 5y + 4z = 20
This the equation of the required plane.
5. Question

Reduce the equation of the plane 4x - 3y + 2z = 12 to the intercept form, and hence find the intercepts made by the plane with the
coordinate axes.

Answer

Given :

Equation of plane : 4x - 3y + 2z = 12

To Find :

1) Equation of plane in intercept form

2) Intercepts made by the plane with the co-ordinate axes.
Formula :

y
b

is the equation of a plane in intercept form then intercept made by it with co-ordinate axes are

il i
a ¢
X-intercept = a
Y-intercept = b
Z-intercept = ¢
Given the equation of plane:
4x -3y + 2z =12

Dividing the above equation throughout by 12

] 4x -3y 2z _

T12 0 12 12
X y z

S+ =1
3 —4 a6

This is the equation of a plane in intercept form.
Comparing the above equation with
X y z

—+o4+-=1
a b ¢

We get,

a=

b=-4

c=6

Therefore, intercepts made by plane with co-ordinate axes are

X-intercept = 3



Y-intercept = -4

Z-intercept = 6

6. Question

Find the equation of the plane which passes through the point (2, -3,7) and makes equal intercepts on the coordinate axes.
Answer

Equation of the plane making a, b & c intercepts with X, Y & Z axes respectively is

X y z

—t+-+-=1
a b ¢

But, the plane makes equal intercepts on the co-ordinate axes
Therefore,a=b =c

Therefore the equation of the plane is

X ¥V zZ

X+y+z=a

As plane passes through the point (2, -3, 7),
Substitutingx =2,y =-3&z=7
2-3+7=a

Therefore, a = 6

Hence, required equation of plane is
X+y+z=6

7. Question

A plane meets the coordinate axes at A, B and C respectively such that the centroid of AABC is (1, -2, 3). Find the equation of the plane.
Answer

Given :

X-intercept = A

Y-intercept = B

Z-intercept = C

Centroid of AABC = (1, -2, 3)

To Find : Equation of a plane

Formulae :

1) Centroid Formula :

For AABC if co-ordinates of A, B & C are
A = (X1, X2, X3)

B = (y1 ¥2, ¥3)

C = (z1, 25, z3)

Then co-ordinates of the centroid of AABC are

G (x1+x2+x3 Vit Vst v, zl+zz+zg)

T 3 ’ 3 ’ 3

2) Equation of plane :

Equation of the plane making a, b & c intercepts with X, Y & Z axes respectively is
X y Z

—+T+-=1

a b ¢

As the plane makes intercepts at points A, B & C on X, Y & Z axes respectively, let co-ordinates of A, B, C be

A=(a, 0,0)
B = (0, b, 0)
C=(0,0,0)

By centroid formula,

The centroid of AABC is given by

c (a+0+00+b+00+0+0)
T 3 ° 3 ' 3



(a b 0)
"~ \3'3"3

But, Centroid of AABC = (1, -2, 3) ...... given

Therefore,a=3,b=-6,c=9
Therefore,

3

X-intercept = a
Y-intercept =b =-6
Z-intercept=c=9

Therefore, equation of required plane is

Y Yy

a b -
X y z
—+—+-=1
3 —6 9

8. Question

Find the Cartesian and vector equations of a plane passing through the point (1, 2, 3) and perpendicular to a line with direction ratios 2, 3, -
4.

Answer

Given :

A=(1,2,3)

Direction ratios of perpendicular vector = (2, 3, -4)
To Find : Equation of a plane

Formulae :

1) Position vectors :

If A'is a point having co-ordinates (a3, a, a3), then its position vector is given by,

= a,i+ a,j+azk

2) Dot Product :

If 7 & b are two vectors

a=a,i+ a,j+ask

b= byi+ b,j+ bk

then,

@b = (a, x b))+ (a, x b,)+ (az xby)

3) Equation of plane :

If a plane is passing through point A, then the equation of a plane is
rn=an

Where, @ = position vector of A

n = vector perpendicular to the plane

F=xi+yj+zk

For point A = (1, 2, 3), position vector is

a=1i+2j+3k

Vector perpendicular to the plane with direction ratios (2, 3, -4) is
l=2i+3j—4k

Now, &7 = (1 x 2) + (2% 3) + (3 x (—4))

=2+6-12

=-4

Equation of the plane passing through point A and perpendicular to vector g is

rn=ar



27 (204 3] — 4k) = —4

AsF = xi+ yj +zk

~ 7. (28 +3f —4k) = (xi + yj+ zk). (20 + 37 — 4k)
=2x+3y-4z

Therefore, equation of the plane is

2x +3y-4z=-4

Or

2Xx+3y-4z+4=0

9. Question

If O is the origin and P(1, 2, -3) be a given point, then find the equation of the plane passing through P and perpendicular to OP.
Answer

Given :

P=(1,2,-3)

0=1(0,0,0)

in=0P

To Find : Equation of a plane

Formulae :

1) Position vectors :

If A'is a point having co-ordinates (a3, a,, a3), then its position vector is given by,

a=a,i+a,j+agk

2) Vector :

If A and B be two points with position vectors g & p respectively, where
a=a,i+ a,j+azk

b = byi+ b,j+ bk

then,

AB=b-a

= (by —a,)i+ (b, — a,)f + (b5 — a5)k

3) Dot Product :

If & b are two vectors

a=a,i+ a,j+azk

b=b,i+ b,j+ bk

then,

@b = (a; x b))+ (a, x by) + (az x by)

4) Equation of plane :

If a plane is passing through point A, then the equation of a plane is
rn=an

Where, @ = position vector of A

n = vector perpendicular to the plane

F=xi+yj+zk

For points,
P=(1,2,-3)
0 =(0,0,0)

Position vectors are
p=i+2j+3k
6 =0i+0j+ 0k

Vector



P=p—0

=]

=(1—-0)i+(2-0)j+(3-0)k

~OP =i+2j+3k

o

Now,

P.OP=(1x1)+(2x2)+(3x3)
=1+4+9

And
FOP=(xx1)+(yx2)+(z2x3)
=X+2y + 3z

Equation of the plane passing through point A and perpendicular to the vectorj is

Ty

(%]

But,7 = 0P

Therefore, the equation of the plane is
7.0P = p.OP

X+2y+3z=14
X+2y+3z-14=0

Exercise 28B

1. Question

Find the vector and Cartesian equations of a plane which is at a distance of 5 units from the origin and which has ; as the unit vector
normal to it.

Answer

Given :

d=5

i=k

To Find : Equation of a plane
Formulae :

1) Dot Product :

If 7 & b are two vectors

a=a,i+aj+azk

b=b,i+ b,j+ bk

then,

@b = (a, x b))+ (ay x by) + (az X by)
2) Equation of plane :

Equation of plane which is at a distance of 5 units from the origin and having 77 as a unit vector normal to it is
r.i=d

Where, 7 — xi+ yj + zk
Forgivend=5andf = [ ,

Equation of plane is

r.i=d

n7k=5

This is a vector equation of the plane
Now,

k= (xt+yj+ zk).k
=(xx0)+(yx0) +(zx1)

=z



~T.k=z

Therefore, the equation of the plane is

This is - the Cartesian z = 5 equation of the plane.
2. Question

Find the vector and Cartesian equations of a plane which is at a distance of 7 units from the origin and whose normal vector from the origin
is (37 =57 —6k|.

Answer

Given :

d=7

fl=3i+5j—6k

To Find : Equation of plane

Formulae :

1) Unit Vector :

Let 7 = a,i+ a,j + a, k be any vector

Then unit vector of g is

| =

i =

T

Where, |g| = [a,Z+ a,2 + a;?
2) Dot Product :

If 7 & b are two vectors

a=a,i+ a,j+azk

b = byi+ b,j+ bk

then,

@b=(a, x b))+ (a, xby)+(as xby)

3) Equation of plane :

Equation of plane which is at a distance of 5 units from the origin and having ; as a unit vector normal to it is
r.i=d

Where, 7 = xi + yj + zk

For given normal vector

fl=3i+5j—6k

Unit vector normal to the plane is

3{+5]j—6k
;
V32 +52+(—6)2
3i +5f — 6k

V9 + 25+ 36

A=

3i+5j— 6k

V70

A=

Equation of the plane is

r.i=d

~
-

5 7.(31+ 5] — 6k) = 7470
This is a vector equation of the plane.

Now,

7.(3i+ 5] — 6k) = (xi +yj+ zk).(31 + 5§ — 6k)



=(xx 3)+ (y x5) + (z x (-6))

=3X + 5y - 62

Therefore equation of the plane is

3x + 5y- 6z=7/70

This is the Cartesian equation of the plane.

3. Question

Find the vector and Cartesian equations of a plane which is at a distance of % from the origin and whose normal vector from the origin is
27 -3j -4k,
Answer

Given :

To Find : Equation of a plane
Formulae :

1) Unit Vector :

Let @ = a,i+ a,j + a, k be any vector

Then the unit vector of g is

. a
a= =
lal
Where, |g| = fa,2+ a,? + a,2

2) Dot Product :
If 7 & b are two vectors
a=a,i+a,j+ask
b =b,i+ b,j+ bk
then,
@.b=(a, x b))+ (a, xb,)+ (az Xby)
3) Equation of plane :
Equation of plane which is at a distance of 5 units from the origin and having 77 as a unit vector normal to it is
r.i=d
Where, 7 = xi+ yj + zk
For given normal vector
fl=2f—3j+4k
Unit vector normal to the plane is

n

n=
]
20 —3j + 4k

V22 +(=3)2+42

—

—3j+ 4k

T VE¥9+16

—
=

20— 3j+ 4k

V29

a1

Equation of the plane is

20— 3j + 4k 4k
V29

4k)

n=

Lo

/"_“'-\

f'"‘\



This is a vector equation of the plane.

Now,

7. (20— 3] + 4k) = (xi + yj + zk). (21 — 3] + 4k)
=(xx2)+(yx(-3)+(zx4)

=2Xx-3y + 4z

Therefore equation of the plane is
2x-3y+4z=06

This is the Cartesian equation of the plane.

4. Question

Find the vector and Cartesian equations of a plane which is at a distance of 6 units from the origin and which has a normal with direction
ratios 2, -1, -2.

Answer

Given :

d=6

direction ratios of 7 are (2, -1, -2)
~RA=20—j—2k

To Find : Equation of plane

Formulae :

1) Unit Vector :

Let @ = q,i+ a,j+ azk be any vector

Then the unit vector of g is

. a
a=-—
lal
Where, |g| = [a,2+ a,2 + a,2

2) Dot Product :

If 7 & b are two vectors
a=a,i+a,j+azk

b =b,i+ b,j+ bk

then,

@b = (a, x b))+ (ay x by) + (az x by)
3) Equation of plane :

Equation of plane which is at a distance of 5 units from the origin and having j; as a unit vector normal to it is

r.i=d
Where, 7 — xi+ yj + zk
For given normal vector
n=20—j—2k
Unit vector normal to the plane is
. n
fl = Tl
2i—f—2k
V22 + (-2 + (-2)2

=
Il

Equation of the plane is



This is vector equation of the plane.

Now,

7.(20—j—2k) = (xi+yj+ zk).(21 — f — 2k)
=(xx2)+ (y x (-1)) + (z x (-2))
=2Xx-y-2z

Therefore equation of the plane is
2x—y-2z=18

This is Cartesian equation of the plane.

5. Question

Find the vector, and Cartesian equations of a plane which passes through the point (1, 4, 6) and the normal vector to the plane is|/-2j ~k].

Answer

Given :

A=(1,4,6)

n=i—-2j+k

To Find : Equation of plane.
Formulae :

1) Position Vector :

If A'is a point having co-ordinates (aj, a, a3), then its position vector is given by,

a=a,i+ a,j+azk
2) Dot Product :

If 7 & D are two vectors

a=ai+a,j+azk

b =hi+bj+ bk

then,

@.b=(a, x b))+ (a, x b))+ (az xby)
3) Equation of plane :

Equation of plane passing through point A and having f; as a unit vector normal to it is

r.=dart
Where, 7 = xi+ yj + zk
Position vector of point A = (1, 4, 6) is

=1i+4f +6k

2|

Now,
an=(i+4j+6k).(i—2j+k)
= (1x1) + (4%(-2)) + (6x1)
=1-8+6

=-1

Equation of plane is

ar(i-2j+k)=—1
This is vector equation of the plane.

AsF = xi+ yj +zk



Therefore
ri-2j+k)=(xt+yj+zk).(i—2j+k)
=(xx1)+(yx(-2)+(zx1)
=X-2y+z

Therefore equation of the plane is

x—2y tz=-1

This is Cartesian equation of the plane.

6. Question

Find the length of the perpendicular from the origin to the plane r-|37-12j-4k|- 20 =0. Also write the unit normal vector from the origin to the
plane.

Answer

Given :

Equation of plane : 7. (31— 12 —4k) + 39 =0
To Find :

i) Length of perpendicular = d

ii) Unit normal vector = 5

Formulae :

1) Unit Vector :

Let ¢ = a,i+ a,j + a, k be any vector

Then unit vector of g is

_a
a= =
lal
Where, |g| = fa,2+ a,? + a,?

2) Length of perpendicular :
The length of the perpendicular from the origin to the plane
Fi=p is given by,

P
|7

Given the equation of the plane is

d =

7.(3i—12j—4k)+39=0
~ 7. (3 —12f — 4k) = -39
~ 7. (=30 + 12f + 4k) = 39
Comparing the above equation with

“f=p

—

We get,

n=—30+12f+ 4k &p =39
Therefore,

7l = (3T I &

— V9 + 144+ 16

= 169
=13
The length of the perpendicular from the origin to the given plane is

_r
7l

39
13

wd=3

~d



Vector normal to the plane is
fl=—30+12f+ 4k

Therefore, the unit vector normal to the plane is

—31+ 12f + 4k
a 13
—31‘+12;f+41’£
13 13 13

7. Question

Sf=

Find the Cartesian equation of the plane whose vector equation is r |37 ~5j-9k| =8.

Answer

Given :

Vector equation of the plane is
7.(3i+5]—9k) =8

To Find : Cartesian equation of the given plane.
Formulae :

1) Dot Product :

If 7 & D are two vectors

a=a,i+a,j+agk

b = byi+ byj+ bk

then,

@.b=(a,x b))+ (a, xb,)+ (az Xby)
Given the equation of the plane is
7.(3i+5j—9k) =8

Here,

T =xi+yj +zk

~ 7. (3t + 5§ —9k) = (xi + yj+ zk).(3i + 5§ — 9k)
=(xX3)+ (y x5+ (zx(-9))

=3x+ 5y -9z

Therefore equation of the plane is
3x+5y-9z2=8

This is the Cartesian equation of the given plane.
8. Question

Find the vector equation of a plane whose Cartesian equation is 5x - 7y + 2z + 4 = 0.
Answer

Given :

Cartesian equation of the plane is
5x-7y+2z+4=0

To Find : Vector equation of the given plane.
Formulae :

1) Dot Product :

If 7& b are two vectors

a=a,i+ a,j+ask
b= byi+ b,j+ bk
then,

@b = (a, x b))+ (a, x b,) + (az x by)



Given the equation of the plane is

5x -7y +2z+4=0
=5x-7y+2z2=-4

The term (5x - 7y + 2z) can be written as
(5x- 7y + 2z) = (xf+ vj+ zfc\). (53 —7j+ 2.@)
But ¥ = xi+ yj + zk

~ (5x- 7y + 2z) = T.(5(— 7] + 2k)
Therefore the equation of the plane is

7. (5i—7j +2k) =—4

or

7. (—5i+7j—2k)=4

This is Vector equation of the given plane.
9. Question

Find a unit vector normal to the planex - 2y + 2z = 6.
Answer

Given :

Equation of plane : x -2y + 2z =6

To Find : unit normal vector = #

Formula :

Unit Vector :

Let @ = q,i+ a,j+ a,k be any vector

Then the unit vector of g is

_a
a= =
lal
Where, |g| = fa,Z+ a,? + a;?

From the given equation of a plane

X-2y+2z=6

direction ratios of vector normal to the plane are (1, -2, 2).
Therefore, the equation of normal vector is
n=1i—2j+2k

Therefore unit normal vector is given by

i—2j+2k
J12+(-2)2 +22

-

o i—2j+2k

B 1 e ——

Jita+4

o i—2j+2k

R e
NE)

. - 2j+2k
~ = 3

1 2j 2k

"T37373
10. Question

Find the direction cosines of the normal to the plane 3x - 6y + 2z = 7.
Answer
Given :

Equation of plane : 3x -6y + 2z =7



To Find : Direction cosines of the normal, i.e. [ m & n
Formula :
1) Direction cosines :

If a, b & c are direction ratios of the vector, then its direction cosines are given by

a
va? + b? +c?

b

m=-———
va? + b? +c?

c
n=——
va?+b? +c?

For the given equation of a plane
3Xx-6y +2z=7

Direction ratios of normal vector are (3, -6, 2)

Ja2 + b2 +c2 = 32+ (—6)2+ 22
=V9+36+4

V49

+7
Therefore, direction cosines are

a 3
Va2 +bZ+c?

b _6
N ———o =F—
va? + b? +c? 7

c 2
n=——=1—
va? + b2 + c? 7

-

11. Question

For each of the following planes, find the direction cosines of the normal to the plane and the distance of the plane from the origin:
(i)2x+3y-z=5

(i)z=3

(iii)3y+5=0

Answer

(i)2x +3y-z=5

Given :

Equation of plane : 2x + 3y -z =5

To Find :

Direction cosines of the normali.e. [ m &n
Distance of the plane from the origin = d
Formulae :

1) Direction cosines :

If a, b & c are direction ratios of the vector then its direction cosines are given by

a
vaz+b? +c?

b

m= =
vaz +b? +c?

c
Va2 + b2+ 2

2) The distance of the plane from the origin :
Distance of the plane from the origin is given by,

_r
|



For the given equation of plane
2x+3y-z=5
Direction ratios of normal vector are (2, 3, -1)

Therefore, equation of normal vector is

n=20+3f—k

Ja2 + b2 +c2 = 22432+ (—1)2
=Va+9+1
=14

Therefore, direction cosines are

a 2
_\.a2+b2+02_\@
b 3
M= ===
vaz + b2 +c2 \-@
c -1
T JaZ+ b+ 14
(2 3 -1

(lLmmn) =

-‘\"ﬂ'ﬁ' V14,
Now, the distance of the plane from the origin is

_r
|7

(ii) Given :

Equation of plane : z =3

To Find :

Direction cosines of the normal, i.e. [, m&n
The distance of the plane from the origin = d
Formulae :

3) Direction cosines :

If a, b & ¢ are direction ratios of the vector, then its direction cosines are given by

a
vaz+b? +c?

b

]’R:ll,:
vaz + b? +c?

c
~VaZ+ D%+ 2
4) The distance of the plane from the origin :
Distance of the plane from the origin is given by,

_r
7l

For the given equation of a plane
z=3
Direction ratios of normal vector are (0, 0, 1)

Therefore, equation of normal vector is

n="h

Jaz +b2 +c2 = Joz + 02+ 12
=41

=1

Therefore, direction cosines are



a
Va2 +b2+c%

b 0 0
Ve +bhP+cz 1
c 1
ne————=—-=1
vaz+Db2+c2 1
(1, mmn) =(0,0,1}
Now, the distance of the plane from the origin is
_P
Il
wd=7
HNd=3
(iii) Given :

Equation of plane : 3y + 5 =0
To Find :

Direction cosines of the normal, i.e. [ m&n

The distance of the plane from the origin = d
Formulae :
1) Direction cosines :

If a, b & ¢ are direction ratios of the vector, then its direction cosines are given by

a
vaz+b? +c?

b
vaz + b? +c?

c
va? + b? + c?

2) Distance of the plane from the origin :
Distance of the plane from the origin is given by,

_r
7l

For the given equation of a plane

d

3y+5=0

=3y =5

Direction ratios of normal vector are (0, -3, 0)
Therefore, equation of normal vector is

i = —3j

Ja2 + b2 +c2 = J02+ (—3)2+ 02

el

3

Therefore, direction cosines are
a 0
|l=————  —— =0
vaz+b2+cz2 3

b -3
m=—-———=——=—1
vaz+b2+cz 3

c 0
N=—mo-arr=—=1
Va2 +b2+c2 3

(l,mm) = (0,71,0‘,
Now, distance of the plane from the origin is

_r
7|



d ==
3

12. Question

Find the vector and Cartesian equations of the plane passing through the point (2, -1, 1) and perpendicular to the line having direction ratios
4,2,-3.

Answer

Given :

A=(2,-1,1)

Direction ratios of perpendicular vector = (4, 2, -3)
To Find : Equation of a plane

Formulae :

1) Position vectors :

If A'is a point having co-ordinates (a;, a;, a3), then its position vector is given by,

= a,i+ a,j+azk

2) Dot Product :

If 7 & b are two vectors

a=a,i+ aj+ask

b= byi+ b,j+ bk

then,

@b = (a, x b))+ (a, xb,)+ (az xby)

3) Equation of plane:

If a plane is passing through point A, then the equation of a plane is
rn=an

Where, @ = position vector of A

n = vector perpendicular to the plane

F=xi+yj+zk

For point A = (2, -1, 1), position vector is

a=2i-j+k

Vector perpendicular to the plane with direction ratios (4, 2, -3) is
1=4i+2j—3k

Now, Z.71 = (2 x 4) + ((—1) x 2) + (1 x (=3))

=8-2-3

=3

Equation of the plane passing through point A and perpendicular to vector g is

=at

—-
=l

f.
7. (414 2j—3k)=3

AsF = xi+ yj +zk

~ 7. (4t +2f —3k) = (xi+yj+zk).(4i + 2j — 3k)

=4x + 2y - 3z

Therefore, the equation of the plane is

4x +2y-3z=3

Or

4x +2y-3z-3=0

13. Question

Find the coordinates of the foot of the perpendicular drawn from the origin to the plane
()2x+3y+4z-12=0

(ii)5y +8=0



Answer

()2x + 3y +4z-12=0

Given :

Equation of plane : 2x + 3y + 4z + 12 =0

To Find :

coordinates of the foot of the perpendicular

Note :

If two vectors with direction ratios (a1, a3, a3) & (by, by, b3) are parallel then
a; G, G

by b, b,

From the given equation of the plane

2x+3y+4z-12=0

22X+ 3y +4z=12

Direction ratios of the vector normal to the plane are (2, 3, 4)

Let, P = (x, y, z) be the foot of perpendicular perpendicular drawn from origin to the plane.
Therefore perpendicular drawn is P,

~OP = xi+ yj + zk

Let direction ratios of gp are (X, y, 2)

As normal vector and gp are parallel

oY 7 say)
2 3 4
=x = 2K,y = 3k, z = 4k
As point P lies on the plane, we can write
2(2k) + 3(3k) + 4(4k) =12
=4k + 9k + 16k = 12

=29 =12

Therefore co-ordinates of the foot of perpendicular are

24 36 48
P(x z) = (-— = ——)
(Y, 2) 29”29’ 29
_ (24 36 48
P= (_-_-_)
29"29" 29

(ii) Given :

Equation of plane : 5y + 8 =0

To Find :

coordinates of the foot of the perpendicular

Note :

If two vectors with direction ratios (aj, a,, a3) & (by, by, b3) are parallel then

a; 4 4ag

by b, b

From the given equation of the plane
5y +8=0

=5y =-8

Direction ratios of the vector normal to the plane are (0, 5, 0)



Let, P = (x, y, z) be the foot of perpendicular perpendicular drawn from origin to the plane.
Therefore perpendicular drawn is gp.

~ 0P = xi+ yj + zk

Let direction ratios of gp are (x, y, z)

As normal vector and OF are parallel

0 5 0 1
"x_y_z_k(say)
=2x=0,y=5k,z=0

As point P lies on the plane, we can write

5(5k) = -8
=25k =-8
8
T
~x=0
—sk—5x_o__3
Y=ok =oX5e =

z=10

Therefore co-ordinates of the foot of perpendicular are

P(X, Yy, 2) = (0,‘?8,0)

=(05%0)
14. Question

Find the length and the foot of perpendicular drawn from the point (2, 3, 7) to the plane 3x -y -z =7.
Answer

Given :

Equation of plane : 3x -y -z=7

A=(2,3,7)

To Find :

i) Length of perpendicular =d

ii) coordinates of the foot of the perpendicular

Formulae :

1) Unit Vector :

Let @ = q,i+ a,j+ a,k be any vector

Then unit vector of g is

| =

=

A

Where, |g] = fa,2+ a,2 + a,2
2) Length of perpendicular :

The length of the perpendicular from point A with position vector g to the plane is given by,

la.n—pl
d= fp
|7]
Note :
If two vectors with direction ratios (aj, a,, a3) & (by, by, b3) are parallel then

a; ap 4ag

by b, by
Given equation of the plane is
3X-y-2=7 ccivennn. eq(l)

Therefore direction ratios of normal vector of the plane are

(3,-1,-1)



Therefore normal vector of the plane is

A=3i—j—k

=il =32+ (-1)2+ (-1)2
—VoFi+1

=411

Fromeq(l), p=7

Given point A = (2, 3, 7)
Position vector of A is
a=2i+3j+7k

Now,
an=(20+37+7k).(3t—j-k)
= (2x3) + (3x(-1)) + (7x(-1))
=6-3-7

=-4

Length of the perpendicular from point A to the plane is

a.n—
d:I - pl
7

|-4-7|
Ry
_u

V1L

ad =411

Let P be the foot of perpendicular drawn from point A to the given plane,
LetP = (x,y, 2)

AP =(x—2)i+(y—-3)j+(z— Dk

As normal vector and Ap are parallel

x—2 y—-3 z-7 k
g =TIy = o - (say)

=x =3k+2,y =-k+3,z=-k+7

As point P lies on the plane, we can write
3(3k+2) - (- k+3) - (-k+7) =7
=29k+6+k-3+k-7=7

=1lk =11
~k=1
~x=3k+2=5

y=-k+3=2

z=-k+7=6

Therefore co-ordinates of the foot of perpendicular are
P(x,y,2) =(5,2,6)

P = (5, 2, 6)

15. Question

Find the length and the foot of the perpendicular drawn from the point (1, 1, 2) to the planer- |27 -2j-4k|<5=0.

Answer

Given :

Equation of plane : 7. (2f — 2j + 4k) +5 =0
A=(1,1,2)

To Find :



i) Length of perpendicular = d

ii) coordinates of the foot of the perpendicular
Formulae :

1) Unit Vector :

Let @ — a,i+ a,j + a, k be any vector

Then unit vector of g is

| =

a=

T

Where, |a| = [a,2+ a,2 + a;?
2) Length of perpendicular :

The length of the perpendicular from point A with position vector g to the plane is given by,

la.n—pl|
7]

d=
Note :
If two vectors with direction ratios (a1, a,, a3) & (by, by, b3) are parallel then
GH_bH_ %4
b, b, b
Given equation of the plane is
(20— 2f+4k)+5=0 s eq(1)
7. (20— 2j+4k)=-5
AsF = xi+ yj +zk
Therefore equation of plane is
2x -2y +4z=-5 ... eq(2)
From eq(1) normal vector of the plane is
n=2i—2j+4k
sl =22+ (27 + &
—ViTa+16

=24
From eq(l), p =-5
Given point A= (1,1, 2)

Position vector of A is

2
=

=i+j+2
Now,
an=(i+j+2k).(2t—2j+4k)
= (1x2) + (1x(-2)) + (2x4)
=2-2+8

=8

Length of the perpendicular from point A to the plane is




d o 136
12

Let P be the foot of perpendicular drawn from point A to the given plane,
LetP =(x,y, 2)

AP=(x—-Di+y-1j+(z—- 2k

As normal vector and Ap are parallel

x—1 y—-1 z-2 k
PR R Ed G

=x = 2k+1,y = -2k+1, z = 4k+2

As point P lies on the plane, we can write
2(2k+1) - 2(-2k+1) + 4(4k+2) = -5

=4k + 2 +4k-2+ 16k +8=-5

=24k = -13

-3
k=
.-.x=2("2—f)+1=‘—1,

~ 2(—13)+1_25
Y= 24 12

4(_13)+2 -t
Y =%

Therefore co-ordinates of the foot of perpendicular are

-1 25 -1
P=|—=22 =
(12’12’ 5)
16. Question

From the point P(1, 2, 4), a perpendicular is drawn on the plane 2x + y - 2z + 3 = 0. Find the equation, the length and the coordinates of the
foot of the perpendicular.

Answer

Given :

Equation of plane : 2x +y-2z+3 =0
P=(1,2,4)

To Find :

i) Equation of perpendicular

ii) Length of perpendicular =d

iii) coordinates of the foot of the perpendicular
Formulae :

1) Unit Vector :

Let @ = q,i+ a,j+ a,k be any vector

Then unit vector of g is

| =

=

T

Where, |g| = fa,?+ a,? + a,?
2) Length of perpendicular :

The length of the perpendicular from point A with position vector g to the plane is given by,

am—
d:I B pl
7

Note :
If two vectors with direction ratios (aj, a,, a3) & (by, by, b3) are parallel then

a; 4z a4
by by bg



Given equation of the plane is

2x+y-2z2+3=0

22X +Yy-22=-3 ........... eq(l)

From eq(1) direction ratios of normal vector of the plane are
(2,1,-2)

Therefore, equation of normal vector is

=20+j—2k

Al = 22+ 12+ (—2)2

=Va+1+4

=9

3
From eq(1), p = -3
Given point P = (1, 2, 4)

Position vector of A is

p=1+2]+4k

Here,a=p

Now,

~adf=(i+2j+4k).(2i +j— 2k)
= (1x2) + (2x1) + (4%(-2))
=2+2-8

=-4

Length of the perpendicular from point A to the plane is

|@.n—pl
d:T
[—4+3|
R
1
.-.d=§

Let Q be the foot of perpendicular drawn from point P to the given plane,
LetQ=(x,v,2)
PO=0Gx—-1Di+(y—2)j+(z— 4k

As normal vector and W are parallel, we can write,

2 1 0 =2

x=-1 y-2 z-4

This is the equation of perpendicular.
x—1 y—-2 z-—4 k

T T T g k)

=x = 2k+1,y = k+2, z = -2k+4

As point Q lies on the plane, we can write
2(2k+1) + (k+2) - 2(-2k+4) = -3
=4k +2+k+2+4k-8=-3

=29% =1
“k=5
1 11
r=2(3)+1=2,
1 19
y=—+2=—



Therefore co-ordinates of the foot of perpendicular are

Qx,y,2) = (E L ﬁ)

3’9’9
_ {11 19 34
Q_(g’g’g)
17. Question

Find the coordinates of the foot of the perpendicular and the perpendicular distance from the point P( 3, 2, 1) to the plane 2x -y +z+ 1 =
0.

Find also the image of the point P in the plane.
Answer

Given :

Equation of plane : 2x-y+z+1=0
P=(3,21)

To Find :

i) Length of perpendicular = d

ii) coordinates of the foot of the perpendicular
iii) Image of point P in the plane.

Formulae :

1) Unit Vector :

Let @ = q,i+ a,j+ a,k be any vector

Then unit vector of g is

| =

=

A

Where, |g| = fa,?+ a,? + a;?
2) Length of perpendicular :

The length of the perpendicular from point A with position vector g to the plane is given by,

a.n—
g - pl
Note :
If two vectors with direction ratios (aj, a3, a3) & (by, by, b3) are parallel then
a; ap 0ag
by by by
Given equation of the plane is
2x-y+z+1=0
=22X-y+z=-1...... eq(l)
From eq(1) direction ratios of normal vector of the plane are
(2,-1,1)
Therefore, equation of normal vector is
An=2i-j+k
sl =22+ (-1)2 + 12
—VATI+1

=6
Fromeq(l),p =-1
Given point P = (3, 2, 1)

Position vector of A is



= (3%x2) + (2x(-1)) + (1x1)
=6-2+1
=5

Length of the perpendicular from point A to the plane is

ai—
g _pl
7
|5+ 1]
wd=——
V6
=
d=+6

Let Q be the foot of perpendicular drawn from point P to the given plane,
LetQ = (x,Y, 2)

PQ=(x—3)i+(y—2)j+(z— 1k

As normal vector and P4 are parallel, we can write,

x—3 y—-2 z-1 k
3 T o1 1 ke

=X = 2k+3,y =-k+2,z=k+1

As point A lies on the plane, we can write

2(2k+3) - (-k+2) + (k+1) = -1

=24k +6+k-2+k+1=-1

=6k = -6

~k=-1

~x=2(-D+3=1

y=—(-1)+2=3

z=(-1)+1=0

Therefore, co-ordinates of the foot of perpendicular are
Q(x, y, 2) =(1,3,0)

Q=(130

Let, R(a, b, c) be image of point P in the given plane.
Therefore, the power of points P and R in the given plane will be equal and opposite.
2a-b+c+1=-(2(3)-2+1+1)
=2a-b+c+1=-6

=22a-b+c=-7..... eq(2)

Now, PR = (a—3)i+ (b—2)j+ (c — 1)k

As PR & 71 are parallel

_a—3_b—2_c—1
o=
=a = 2k+3, b =-k+2, c = k+1

= k(say)

substituting a, b, c in eq(2)
2(2k+3) - (-k+2) + (k+1) = -7
=>4k +6+k-2+k+1=-7
= 6k = -12

~k=-2
ca=2(-2)+3=-1,
b=—(-2)+2=4
c=(-2)+1=-1

Therefore, co-ordinates of the image of P are



R(@, b, c) =(-1,4,-1)

R=(-1,4-1)

18. Question

Find the coordinates of the image of the point P(1, 3, 4) in the plane 2x-y +z+ 3 = 0.
Answer

Given :

Equation of plane : 2x -y +z+ 3 =0

P=(1, 3, 4)

To Find : Image of point P in the plane.

Note :

If two vectors with direction ratios (a1, a,, a3) & (by, by, b3) are parallel then

a; 4 Qg

by b, b

Given equation of the plane is

2x-y+z+3=0

22X -y +z2=-3 .iennns eq(l)

From eq(1) direction ratios of normal vector of the plane are
(2,-1,1)

Therefore, equation of normal vector is

n=20i—-j+k

Given pointis P = (1, 3, 4)

Let, R(a, b, ¢) be image of point P in the given plane.
Therefore, the power of points P and R in the given plane will be equal and opposite.
=2a-b+c+3=-(2(1)-3+4+3)

=2a-b+c+3=-6

=22a-b+c=-9...... eq(2)

Now, PR = (a—1)i+ (b—3)j + (c — 4k

As PR & 71 are parallel

a—1 b—-3 c—
T2 T -1 1
=a = 2k+1, b = k+3, c = k+4

4
= k(say)

substituting a, b, cin eq(2)

2(2k+1) - (-k+3) + (k+4) =-9

=24k +2+k-3+k+4=-9

= 6k =-12

~k=-2

ca=2(-2)+1=-3,

b=—-(-2)+3=5

c=(-2)+4=2

Therefore, co-ordinates of the image of P are

R(a, b, ¢) =(-3,5,2)

19. Question
Find the point where the line 2% - X2 - 222 meets the plane 2x + 4y -z = 1.
Answer
Given :

Equation of plane : 2x + 4y -z =1

Equation of line :



x—1 y—-2 z+3

2~ -3 4

To Find : Point of intersection of line and plane.
Let P(a, b, c) be point of intersection of plane and line.
As point P lies on the line, we can write,

a—l_b—2_0+3
2 0 -3 4
=a =2k+1,b=-3k+2, c = 4k-3 ......... (1)

= k(say)

Also point P lies on the plane

2a+4b-c=1

=2(2k+1) + 4(-3k+2) - (4k-3) =1 .....from (1)

=4k +2-12k+8-4k+3=1

=-12k = -12

=k=1

~a=2(1)+1=3,

b=-3()+2=-1

c=4(1)-3=1

Therefore, co-ordinates of point of intersection of given line and plane are
P=(3-11)

20. Question

Find the coordinates of the point where the line through (3, -4, -5) and (2, -3, 1) crosses the plane 2x +y +z = 7.
Answer

Given :

Equation of plane: 2x +y +z =7

Points :
A=(3,-4,-5)
B=(2-3,1)

To Find : Point of intersection of line and plane.
Formula :

Equation of line passing through A = (x31, y1, 21) &
B = (X3, ¥2, 23) is

X=X V=N 22y

X1=X2 Vi—V2 Z17Z3
Equation of line passing through A = (3, -4, -5) & B = (2, -3, 1) is

x—3 y++4 z+5
3-2 —4+3 -5-1

x—3 y+4 z+5
1 -1 -6

Let P(a, b, c) be point of intersection of plane and line.

As point P lies on the line, we can write,

a—-3 b+4 c+5
1 -1 -6

=a=k+3,b=-k-4,c=-6k-5......... (1)

= k(say)

Also point P lies on the plane
2a+b+c=7

=2(k+3) + (-k-4) + (-6k-5) = 7 .....from (1)
=22k +6-k-4-6k-5=7

=-5k =10

=k =-2



na=(-2)+3=1
b=—(-2)—4=-2
c=-6(-2)-5=7

Therefore, co-ordinates of point of intersection of given line and plane are

P=(1,-27)

21. Question

Find the distance of the point (2, 3, 4) from the plane 3x + 2y + 2z +5 =0, measured parallel to the line %3=y6;2=§.
Answer

Given :

Equation of plane : 3x + 2y + 2z + 5 =0

Equation of line :

x+3 y—-2 =z
3 6 2
Point : P = (2, 3, 4)

To Find : Distance of point P from the given plane parallel to the given line.
Formula :

1) Equation of line :

Equation of line passing through A = (x3, y1, z;) & having direction ratios (a, b, ¢) is

X=Xy V=V 272
a b ¢

2) Distance formula :

The distance between two points A = (a3, a3, a3) & B = (b, by, b3) is

d= \f‘r(al_ by)?2+ (a, — by)?+ (ag — by)?
For the given line,

x+3_y—2_z

3 6 2

Direction ratios are (a, b, c) = (3, 6, 2)

Let Q be the point on the plane such thatpg is parallel to the given line.

Therefore direction ratios of given line and line PQ will be same.

Therefore equation of line PQ with point P = (2, 3, 4) and with direction ratios (3, 6, 2) is

x—2 y—-3 z-—4
3 6 2

Let co-ordinates of Q be (u, v, w)

As point Q lies on the line PQ, we can write,
u—2 U= 3 W 4
3 6 2
=u = 3k+2, v = 6k+3, w = 2k+4 ......... (1)

= k(say)

Also point Q lies on the plane

3u+2v+2w=-5

=3(3k+2) + 2(6k+3) + 2(2k+4) = -5 .....from (1)
=9k + 6 + 12k + 6 + 4k + 8 = -5

=25k = -25

=k =-1

cu=3(-1)+2=-1,

v==6(-1)+3=-3

w=2(-1)+4=2

Therefore, co-ordinates of point Q are

Q=(-1,-3,2)



Now distance between points P and Q by distance formula is

d=2+ 12+ (B3+3)2+ (4—2)2

V(3)2+(6)2+(2)?

=V9+36+4

V49

7

Therefore distance of point P from the given plane measured parallel to the given line is
d = 7 units

22. Question

Find the distance of the point (0, -3, 2) from the plane x + 2y -z = 1, measured parallel to the lineX-t-¥-*_2

3

Answer
Given :
Equation of plane : x + 2y -z =1
Equation of line :
x+1_y+1_5

3 2 3
Point : P = (0, -3, 2)

To Find : Distance of point P from the given plane parallel to the given line.
Formula :

1) Equation of line :

Equation of line passing through A = (X7, y1, 1) & having direction ratios (a, b, c) is

X=Xy V=W Z2—Z

a b c

2) Distance formula :

The distance between two points A = (aj, a, a3) & B = (b, by, b3) is

d= \f(al— b)2+(a; —by)2+ (a; — by)?
For the given line,

x+1 y+1 =z

3~ 2 73

Direction ratios are (a, b, c) = (3, 2, 3)

Let Q be the point on the plane such thatpg is parallel to the given line.

Therefore direction ratios of given line and line PQ will be same.

Therefore equation of line PQ with point P = (0, -3, 2) and with direction ratios (3, 2, 3) is

x-0 y+3 z-2
3 2 3

Let co-ordinates of Q be (u, v, w)

As point Q lies on the line PQ, we can write,

u v+3 w-—2 I
3= "2 ~ 3~ Ka)
=u = 3k, v=2k-3, w = 3k+2 ......... (1)

Also point Q lies on the plane
u+2v-w=1

=(3k) + 2(2k-3) - (3k+2) =1 ..... from (1)
=3k +4k-6-3k-2=1

=4k =9

2 3



2(9) 3-8
V=) T,
3

3 (9) 4222
A VY
Therefore, co-ordinates of point Q are
_ {27 6 35
Q=(7.2%)

Now distance between points P and Q by distance formula is

d=j(o_;j)1(_3_g)1(2_%
ERERE)

= V45,5625 + 20.25 + 45.5625

2

=V111.375

= 10.55
Therefore distance of point P from the given plane measured parallel to the given line is
d = 10.55 units

23. Question

Find the equation of the line passing through the point P(4, 6, 2) and the point of intersection of the Iine"T‘l = ’2L = %‘1 and the planex +y -Z
= 8.

Answer

Given :

Equation of plane: x +y-z =8

Equation of line :

x—=1 y z+1

3 2 7
Point: P = (4, 6, 2)

To Find : Equation of line.

Formula :

Equation of line passing through A = (x, y1, z1) &
B = (X3, y2, 23) is

X=Xy V=W Z—Z

X1=X2 Vi—V2 Z17Z3
let Q (a, b, c) be point of intersection of plane and line.
As point Q lies on the line, we can write,

a—libic+1

3 2 7
=a =3k+1, b= 2k, c= 7k-1

= k(say)

Also point Q lies on the plane,

a+b-c=8

=(3k+1) + (2k) - (7k-1) = 8

=3k+1+2k-7k+1=38

=2k =6

=k =-3

~a=3(-3)+1=-8

b=-2(-3)=-6

c=7(-3)—1=-22

Therefore, co-ordinates of point of intersection of given line and plane are Q = (-8, -6, -22)

Now, equation of line passing through P(4,6,2) and



Q(-8, -6, -22) is

x—4 y—-6 z-—2
448 6+6 2+22

X—4 y-6 z-2
T12 T 12 T 24

This is the equation of required line
24. Question

2 _y-1

Show that the distance of the point of intersection of the line 2-2-¥-1 _2-2 and the plane x -y + z = 5 from the point (-1, -5 -10) is 13

3 4 12
units.

Answer
Given :
Equation of plane : x -y +z=5
Equation of line :
x—2 oyt 1 _Z- 2
3 4 12
Point : P = (-1, -5, -10)

To Prove : Distance of point P from the given plane parallel to the given line is 13 units.
Formula :

1) Equation of line :

Equation of line passing through A = (X3, y1, z1) & having direction ratios (a, b, c) is

X=Xy V=V Z—Z

a b c

2) Distance formula :

The distance between two points A = (a3, a, a3) & B = (b, by, b3) is

d=(a,—b)2+(a, — b,)2+ (a; — by)?
For the given line,

x—2 y+1 z-2
3 4 12

Direction ratios are (a, b, ¢) = (3, 4, 12)

Let Q be the point on the plane such that P is parallel to the given line.

Therefore direction ratios of given line and line PQ will be same.

Therefore equation of line PQ with point P = (-1, -5, -10) and with direction ratios (3, 4, 12) is

x+1 y+5 z+10
3 4 12

Let co-ordinates of Q be (u, v, w)
As point Q lies on the line PQ, we can write,

u+1 v+5 w+10 i
3 -1 1 Kay

=u = 3k-1, v = 4k-5, w = 12k-10 ......... (1)

Also point Q lies on the plane
u-v+w=>5

=(3k-1) - (4k-5) + (12k-10) = 5 .....from (1)
=3k-1-4k+5+12k-10=5

=11k =11

=k=1

~u=3(1-1=2

v=4(1)-5=-1

w=12(1)—10=2



Therefore, co-ordinates of point Q are
Q=(2,-12)

Now distance between points P and Q by distance formula is

d=(-1-2)2+(-5+1)2 + (-10 — 2)2

=J(=3)2+ (—4)2+ (-12)2

VI+ 16+ 144

/169

Il
2

I
=

3

Therefore distance of point P from the given plane measured parallel to the given line is
d = 13 units

Hence proved.

25. Question
Find the distance of the point A(-1, -5, -10) from the point of intersection of the line r =(27 - j=2k|~ #(37 =4j -2k and the plane r-[/ - j<k|=5.

HINT: Convert the equations of the line and the plane to Cartesian form.
Answer

Given :

Equation of plane : . (E —-j+ ,I'{) =5

Equation of line :

F=(20—j+2k)+ (31 + 4f + 2k)

Point : P = (-1, -5, -10)

To Find : Distance of point P from the given plane parallel to the given line.
Formula :

1) Equation of line :

Equation of line passing through A = (xq, y1, z;) & having direction ratios (a, b, c) is

X=Xy V—=Vi Z— 2

a b c
2) Distance formula :

The distance between two points A = (aj, a3, a3) & B = (b, by, b3) is

d= \f(al— b)2+(a, —by)2+ (ag— by)?
for the given plane,

r(i—j+k)=5

Here, 7 = xi+ yj + zk

(xi+yj+zk).(i—j+k)=5

For the given line,

7=(20—j+2k) + A(31 + 4] + 2k)

Here, 7 = xi+ yj + zk

~ (3T + 47+ 2k) = (xi + yj +zk) — (21— j + 2k)

234+ 22k = (x —2)i+ (y+ Dj+ (z— Dk

Comparing coefficients of § j & k
23l=(x—-2),4l=(y+1)&21=(z—-2)

:,1:%‘2:%:2;—2 ......... eq(2)

Direction ratios for above line are (a, b, c) = (3, 4, 2)

Let Q be the point on the plane such thatpg is parallel to the given line.

Therefore direction ratios of given line and line PQ will be same.



Therefore equation of line PQ with point P = (-1, -5, -10) and with direction ratios (3, 4, 2) is

x+1 y+5 z+10
3 7 4 2

Let co-ordinates of Q be (u, v, w)

As point Q lies on the line PQ, we can write,
u+l v+5 w+10
3 1 2
=u = 3k-1, v = 4k-5, w = 2k-10 ......... (3)

= k(say)

Also point Q lies on the given plane
Therefore from eq(1), we can write,
u-v+w=5

=(3k-1) - (4k-5) + (2k-10) =5 ..... from (3)
=3k-1-4k+5+2k-10=5

=k =11

=k =11

~u=3(11)—-1=32
v=4(11)—-5=39
w=2(11)—-10=12

Therefore, co-ordinates of point Q are
Q=(32,39,12)

Now the distance between points P and Q by distance formula is

d=(-1-32)2+(-5-39)2 + (—10 — 12)?

=/(—33)2+ (—44)2 + (—22)2

=+/1089 + 1936 + 484
=+/3509

=59.24

Therefore distance of point P from the given plane measured parallel to the given line is
d = 59.24 units

26. Question

Prove that the normals to the planes 4x + 11y + 2z + 3 = 0 and 3x - 2y + 5z = 8 are perpendicular to each other.
Answer

Given :

Equations of plane are :

4x + 11y +2z+3 =0

3x-2y+5z=38

To Prove : 77 & 71; are perpendicular.

Formula :

1) Dot Product :

If 7 & b are two vectors

a=a,i+a,j+azk

b= byi+ bj+ bk

then,

@b = (a, x b))+ (ay x by) + (az x by)

Note :

Direction ratios of the plane given by

ax+by+cz=d

are (a, b, ¢).



For plane

4x + 11y + 22+ 3 =0

direction ratios of normal vector are (4, 11, 2)
therefore, equation of normal vector is

T —4i+ 11j+ 2k

And for plane

3x-2y+5z=28

direction ratios of the normal vector are (3, -2, 5)
therefore, the equation of normal vector is
M, = 31— 2j + 5k

Now,

AL, = (40 + 117 + 2k).(31 — 2j + 5k)

=(4x3)+(11x(-2))+(2x5)

=12-22 + 10
=0
AT =0

Therefore, normals to the given planes are perpendicular.
27. Question

Show that the line =2/ 273k~ |/ - j -4k is parallel to the plane r i =5j-k|=7.
Answer

Given :

Equation of plane : : 7. (E +5f+ f{) =7

Equation of a line :

7=(20—2j+3k)+ A(i—j+ 4k)

To Prove : Given line is parallel to the given plane.
Comparing given plane i.e.

r(i+5]+k)=7

with ¥ 1 = @. 71 , we get,

n=1+5j+k

This is the vector perpendicular to the given plane.

Now, comparing the given the equation of line i.e.
7=(21—2j+3k)+ Ai—j+ 4k)

with ¥ = @ + 1h , We get,

b=1—j+4k

Now,

b= (i+5f+k).(1—j+4k)

=(1xD+GBx(-1)+(1x4)

=1-5+4
=0
~.b=0

Therefore, a vector normal to the plane is perpendicular to the vector parallel to the line.
Hence, the given line is parallel to the given plane.
28. Question

Find the equation of a plane which is at a distance of 3v3 units from the origin and the normal to which is equally inclined to the coordinate
axes.

Answer



Given :

d=3V3

a=p=y

To Find : Equation of plane

Formulae :

1) Distance of plane from the origin :

IfR=ai+bj+ ck is the vector normal to the plane, then distance of the plane from the origin is

a2
Il
Where, |71| = Va2 ¥ 52 7 2
2) 2+t mP4+n?i=1
Where | = cosa, m = cosff,n = cosy

3) Equation of plane :

Ifg =ai+ bj + ¢k is the vector normal to the plane, then equation of the plane is

r.n=p

—

ASa:ﬁ:'y
. COS@ = COSf = cosy
=|l=m=n

PP+m?+n?=1

Therefore equation of normal vector of the plane having direction cosines I, m, n is
f=1i+mj+nk
1

Lot
I+ 5

aR=—=il+— k
V33

Now,
distance of the plane from the origin is

P

=T

~3V3 =

=

@

Therefore equation of required plane is

rn=p

—

~ (xi+ yj + zk) (i£+i“+if£)— 3V3

- yi . \‘l,vg \‘@J] V3 v
X v Z

=+ -—=+-—==33

3 V3 V3 v

-

.-.x+y+z=3\."§.\."§
~X+y+z=9

This is the required equation of the plane.



29. Question

A vector ; of magnitude 8 units is inclined to the x-axis at 45°, y-axis at 60° and an acute angle with the z-axis, if a plane passes through a
point (v2, -1, 1) and is normal to find its equation in vector form.

Answer
Given :

|l =8

a = 45°

B = 60°
P=(v2,-1,1)

To Find : Equation of plane
Formulae :

Di2+m?+nt=1

Where | = cosa,m = cosff,n =cosy
2) Equation of plane :

If 7 = @i+ bj + ck is the vector normal to the plane, then equation of the plane is

r.n=p
As g = 45° & = 60°

1
~ | =cosa =cos45" = 5 and
7

1
m = cosf§ = cos60° =3

But, Z+m?+n?=1

1y /1y?
= +(—) +n?=1
@)
l+1+ Z=1
a—+—4nc =
2 4
3
n?=1--
4
1
n?=-
4
1
n=-
2

Therefore direction cosines of the normal vector of the plane are (I, m, n)
Hence direction ratios are (kl, km, kn)

Therefore the equation of normal vector is

n = ki + kmj + knk

~ il = (kD2 + (km)2 + (kn)?

2

- )= j(%)sz (g) * G)

2

k2 k2 k2
BT tT Y
-'-8:\.'@
k=8

8

o= 420 +4f + 4k

Now, equation of the plane is

T.n

P
AT (42l + 4 +4k) =p e eq(1)



But 7 = (xi+ yj + zk)

o (xi+yf+zk).(aV2i+ 47+ 4k) = p

=24V2x + 4y + 4z =p

As point P (v2, -1, 1) lies on the plane by substituting it in above equation,

4V2(V2) + 4(-1) + 4(1) =p

=28-4+4=p
=P =8
From eq(1)

~ 7 (420 + 4] +4k) =8

Dividing throughout by 4

A (V2+j+k)=2

This is the equation of required plane.

30. Question

Find the vector equation of a line passing through the point (27 -3j-5&) and perpendicular to the plane 7|67 -3 ~5k|~2=0.
Also, find the point of intersection of this line and the plane.

Answer

Given :

a=2i-3j—5k

Equation of plane : 7. (63— 3j + 5,?{) —_—

To Find :

Equation of line

Point of intersection

Formula :

Equation of line passing through point A with position vector g and parallel to vector p is
F=a+2b

Where, 7 = (xi + yj + zk)

From the given equation of the plane

F(6f— 3] +5k)=—2 et eq(1)

The normal vector of the plane is

fl = 6i —3j +5k

As the given line is perpendicular to the plane therefore 7 will be parallel to the line.
~fi=h

Now, the equation of the line passing through g = (23 —3j— 5,?{) and parallel to j = (63— 3j+ 5;’3) is

This is the required equation line.

Substituting 7 = (xi+ yj + zk) in eq(1)
(xi+yj+zk).(6f —3j + 5k) = -2
=6x-3y+5z=-2..... eq(3)

Also substituting 7 = (xE+ yj+ zf{) in eq(2)

(xi +yj+ zk) = (21 — 3j — 5k) + A(61 — 3 + 5k)

~ (61— 3j+5k)1 = (xi + yj +zk) — (21 — 3j — 5k)

SbM =34+ 5k =(x—2)i+(y+3)j+ (z+ 5k



Comparing coefficients of j j & k&

=261 =(x—-2),-31=(y+3)&51=(z2+5)

1= XT‘Z = V_L; = % ......... eq(4)

Let Q(a, b, ¢) be the point of intersection of given line and plane
As point Q lies on the given line.

Therefore from eq(4)

a—2 b+3 c+5 i
e = 3 — ¢ —kGay)

=a = 6k+2, b = -3k-3, ¢ = 5k-5

Also point Q lies on the plane.
Therefore from eq(3)

6a-3b+ 5¢c=-2

=6(6k+2) - 3(-3k-3) + 5(5k-5) = -2
=36k + 12 + 9k + 9 + 25k - 25 = -2
=70k = 2

1
3

1 76
--a=6( )+2

=2k =

w

35 35
b 3(1) _ —108
- 35 35

5(1) o170 -3¢
€=°\3)7°" 35 " 7

Therefore co-ordinates of the point of intersection of line and plane are

0x (52 2)

35" 35 ' 7

Exercise 28C

1. Question
Find the distance of the point (21 737 4k) from the plane 1_(31 74j +121;) =0,

Answer

. ldx, + By, +Cz, +D|
Formula : Distance = ————
JAZ+ B2 +C2

where (x4,y,,2,) is point from which distance is to be calculated
Therefore ,

Plane r.(3i— 4j + 12k) = 9 can be written in cartesian form as
3x-4y +12z=9

3x-4y +122-9=0

Point = (2i - j - 4k)

Which can be also written as

Point=(2,-1,-4)

[(2%3) + (—1x—4) + (—4x12) + (—9)|

Distance = JGE t (R 122
[6 +4—48—9
V9 F 16 + 144
[—47|
169
47
= —Z units
13

2. Question

Find the distance of the point (1 +2j +51;) from the plane 1_( i +]+k) +17=0.



Answer

. ldx, + By, +Cz, +D|
Formula : Distance = ———x—
JAZ+ B2 +C2

where (x4,y,,2,) is point from which distance is to be calculated
Therefore ,

Planer.(i + j + k) + 17 = 0 can be written in cartesian form as
X+y+z+17=0

Point = (i + 2j + 5k)

Which can be also written as

Point=(1,2,5)

[(1x1) + (2x1) + (5x1) + (17)|
VAP + )P+ 12

Distance =

|1 +2+ 5+ 17|

VI+F1+1

[s%]

5

Wi

v

25v3

units
3. Question

Find the distance of the point (3, 4, 5) from the plane 1_(2 - S:i +31;

[¥¥)

):1.

Answer

. ldx, + By, +Cz, +D|
Formula : Distance = ———=—-2—
VAZ+ B2 +C2

where (x4,y,,2,) is point from which distance is to be calculated
Therefore ,

Plane r.(2i — 5j + 3k) = 13 can be written in cartesian form as
2x -5y +3z2=13

2x-5y+3z-13=0

Point=(3,4,5)

[(2%2) + (4x—5) + (3x3)—(13)|
V(@) + (-5 +3?

Distance =

[6—20 + 15—13|

V& + 25 + 9

[-12|

V38

_ 12438 6V38 .
= 38 = 19 unics

4. Question
Find the distance of the point (1, 1, 2) from the plane 1_(21 - Zj +41;) +5=0.

Answer

) |Ax, + By, +Cz, +D|
Formula : Distance = —————"2—
JAZ+B® +C®

where (x4,y,,2) is point from which distance is to be calculated
Therefore ,

Plane r.(2i — 2j + 4k) + 5 = 0 can be written in cartesian form as
2x-2y+4z+5=0

Point=(1,1,2)

[(1x2) + (1%—2) + (2%4) + (35)]

Distance = JOP s (22 + @7




|2—2 + 8 + 5]

V& + 4 + 16
[13]
22
13 13v6 .
= —0 = unics
2\.”6

5. Question
Find the distance of the point (2, 1, 0) from the plane 2x +y + 2z + 5 = 0.
Answer

) |Ax, + By, +Cz, +D|
Formula : Distance = ————2—
JAZ+ B2 +C?

where (x,,y,,2,) is point from which distance is to be calculated
Therefore ,

2X+y+2z2+5=0

Point=(2,1,0)

[(2x2) + (1x1) + (0x2) + (5)]

Distance = J@r+E+@e

[4+1+0+5|

Vitita

[10

v

ol

1 it

3 units

6. Question

Find the distance of the point (2, 1, - 1) from the plane x - 2y + 4z = 9.

Answer

. |dx, + By, +Cz, +D|
Formula : Distance = ———=—2—
JAZ+ B2 +C2

where (x,,y,,2,) is point from which distance is to be calculated
Therefore ,

X-2y+4z=9

X-2y+4z-9=0

Point=(2,1,-1)

[(2x1) + (1%—2) + (—1x4)—(9)]

Distance = JORt (22t @2
[2—2-4-9
N T
[—13]|
T2t
13 1321 it
= = units
V21 21

7. Question
Show that the point (1, 2, 1) is equidistant from the planes 1_(1 +2j — 21{] =5 and 1_(21 — 2J+1{) +3=0.

Answer

. |Ax, + By, + €z, +D|
Formula : Distance = —————2—
JAZ+ B2 +C2

where (x4,y,,2,) is point from which distance is to be calculated
Therefore ,
First Plane r.(i + 2j —2k) = 5 can be written in cartesian form as

X+2y-2z=5



X+2y-2z-5=0
Point=(1,2,1)

[(1x1) + (2x2) + (1x-2)—(5)|
VAP + (2P + (2P

Distance for first plane =

1+ 4-2-5]
I+ 4a+4
-2

v

e

2 it
= 7 units
3

Second Plane r.(2i — 2j + k) + 3 = 0 can be written in cartesian form as
2x-2y+z+3=0
Point=(1,2,1)

[(1x2) + (2x=2) + (1x1) + ()]
VZE+ (=22 +(1)?

Distance for second plane =

_|2—4+1+3|

Vita+1

|2

&

Wi

units

Hence proved.

8. Question

Show that the points (- 3, 0, 1) and (1, 1, 1) are equidistant from the plane 3x + 4y - 12z + 13 = 0.
Answer

. |dx, + By, +Cz, +D|
Formula : Distance = ———=—2—
VAZ+ B2 +C2

where (x4,y,,2,) is point from which distance is to be calculated
Therefore ,
Plane = 3x + 4y - 122+ 13 =0

First Point=(-3,0,1)

[(—3x%3) + (0x4) + (1x-12) + (13)]
VEP+ (@) +(-12)?

Distance for first point =

[-9 + 0—12 + 13|

VO F 16 + 144

-8l
16

3

8 it
= — units
13

Plane =3x + 4y -12z2+13=0
Second Point=(1,1,1)

[(1%3) + (1x4) + (A1x—12) + (13)]
VEP+ ()2 +(-12)7

Distance for first point =

[3 +4—12 + 13|

VO + 16 + 144

I8l
V169

T

p— 8 't
= 13 unics

Hence proved.
9. Question

Find the distance between the parallel planes 2x + 3y + 4 = 4 and 4x + 6y + 8z = 12.



Answer

Formula : The distance between two parallel planes, say

Plane l:ax + by + cz+d1 =0&

Plane 2:ax + by + cz + d2 = Ois given by the formula
|d2 - dll

vaz + b? + ¢2

Distance =

where (d,,d,) are constants of the planes

Therefore ,

First Plane 2x + 3y + 4 = 4
2Xx+3y+4-4=0..... (1)
Second plane 4x + 6y + 8z = 12
4x + 6y +8z-12=0
22x+3y+4z-6)=0
2X+3y+4z-6=0...... (2)
Using equation (1) and (2)

|—6—(—4)I

Distance between both planes = NORIORI0E

|—6 + 4|

VET+ 9+ 16

-2

=
Lﬂ
SO 2=

2 229

NoT 29 units

10. Question

Find the distance between the parallel planes x + 2y -2z+4 =0and x + 2y -2z-8 = 0.
Answer

Formula : The distance between two parallel planes, say

Plane l:ax + by + cz+dl1 =0&

Palne 2:ax + by + cz + d2 = Ois given by the formula

|d2_d1|

Distance = T
vaz + b? + 2

where (d,,d,) are costants of the planes

Therefore ,

First Plane x + 2y -2z +4 =0 ...... (1)
Second planex +2y-2z-8=0...... (2)
Using equation (1) and (2)

|-8—(4)l

Distance between both planes = T+ @8

[-12|

N

12

Sl

[y

= —2 = 4units
3
11. Question
Find the equation of the planes parallel to the plane x - 2y + 2z - 3 = 0, each one of which is at a unit distance from the point (1, 1, 1).
Answer

Formula : Plane=r.(n) =d

Where r = any random point



n = normal vector of plane

d = distance of plane from origin

If two planes are parallel , then their normal vectors are same
Therefore ,

Parallel Plane x -2y +2z-3 =0

Normal vector = (i - 2j + 2k)

. Normal vector of required plane = (i - 2j + 2k)

Equation of required planes r. (i - 2j + 2k) = d

In cartesian form x - 2y + 2y =d

It should be at unit distance from point (1,1,1)

[(13x1) + (1x-2) + (1x2)—(d)]

Distance = Tt 22+ 27
[1—2 + 2—d|
T Jyi¥i+a
[1—d|
-5
+(1—d)
=5
3 =+4(1—-d)

For+sign=>3=1-d=>d=-2
For-sign=>3=-1+d=>d=4
Therefore equations of planes are : -
Ford=-2Ford =4
X-2y+2y=dx-2y+2y=d
X-2y+2y=-2x-2y+2y=4
X-2y+2y+2=0x-2y+2y-4=0
Required planes =x -2y + 2y +2 =0
X-2y+2y-4=0

12. Question

Find the equation of the plane parallel to the plane 2x - 3y + 5z + 7 = 0 and passing through the point (3, 4, - 1). Also, find the distance
between the two planes.

Answer
Formula : Plane=r.(n)=d
Where r = any random point

n = normal vector of plane

d

distance of plane from origin

The distance between two parallel planes, say

Plane l:ax + by + cz+d1 =0&

Palne 2:ax + by + cz + d2 = Ois given by the formula

|d2_d1|

Distance = —————
va? + b? + c?

If two planes are parallel , then their normal vectors are same
Therefore ,

Parallel Plane 2x -3y + 52+ 7 =0

Normal vector = (2i - 3j + 5k)

. Normal vector of required plane = (2i - 3j + 5k)

Equation of required planer. (2i-3j + 5k) =d

In cartesian form 2x - 3y + 5y =d

Plane passes through point (3,4, - 1) therefore it will satisfy it.



2(3)-3(4)+5(-1)=d

6-12-5=d

d=-11

Equation of required plane 2x - 3y + 5z =-11
2x-3y+5z+11=0

Therefore ,

First Plane 2x -3y + 52+ 7 =0 ...... (1)
Second plane 2x -3y + 52+ 11 =0...... (2)
Using equation (1) and (2)

|11-(7)]

Distance between both planes = Toria 108

4]
V& +9+25

4

V38

\.’% 2\.@

= 38 = 19 units

s

13. Question

Find the equation of the plane mid - parallel to the planes 2x -3y + 6z + 21 = 0and 2x -3y + 6z-14 =0
Answer

Formula : The equation of mid parallel plane is , say

Plane l:ax + by + cz + d1 = 0&

Plane 2:ax + by + cz + d2 = 0is given by the formula

(4 +d) _

Mid parallel plane = ax + by + ¢y + 5

where (d,,d,) are constants of the planes

Therefore ,
First Plane 2x -3y + 6z + 21 =0 ...... (1)
Second plane 2x -3y + 6z-14 =0 ...... (2)

Using equation (1) and (2)

21-14

Mid parallel plane= 2x — 3y + 6z + — = 0

4x -6y + 122+ 7 =0

Exercise 28D

1. Question

Show that the planes 2x -y + 6z = 5 and 5x - 2.5y + 15z = 12 are parallel.
Answer

Formula : Plane=r.(n) =d

Where r = any random point

n = normal vector of plane

d = distance of plane from origin

If two planes are parallel , then their normal vectors are either same or proportional to each other
Therefore ,

Planel:-2x-y+6z=5

Normal vector (Plane 1) = (2i - j + 6k) ..... (1)

Plane 2 : - 5x - 2.5y + 15z = 12

Normal vector (Plane 2) = (5i - 2.5j + 15k) ..... (2)

Multiply equation(1) by 5 and equation(2) by 2

Normal vector (Plane 1) = 5(2i - j + 6k)



= 10i - 5j + 30k

Normal vector (Plane 2) = 2(5i - 2.5j + 15k)

= 10i - 5] + 30k

Since, both normal vectors are same .Therefore both planes are parallel

2. Question

Answer

Formula : Plane=r.(n) =d

Where r = any random point

n = normal vector of plane

d = distance of plane from origin

If two planes are parallel , then their normal vectors are same.
Therefore ,

Parallel Planer. (2i-3j+5k) +5=0

Normal vector = (2i - 3j + 5k)

- Normal vector of required plane = (2i - 3j + 5k)

Equation of required planer. (2i-3j + 5k) =d

In cartesian form 2x - 3y + 5z =d

Plane passes through point (3,4, - 1) therefore it will satisfy it.
2(3)-3(4)+5(-1)=d

6-12-5=d

d=-11

Equation of required plane r. (2i - 3j + 5k) = - 11
r.(2i-3j+5k)+11=0

3. Question

Find the vector equation of the plane passing through the point (a, b, b) and parallel to the pIanef.(I 1 +j +k) =2

There is a error in question ...... the point should be (a,b,c) instead of (a,b,b) to get the required answer.
Answer

Formula : Plane=r.(n) =d

Where r = any random point

n = normal vector of plane

d = distance of plane from origin

If two planes are parallel , then their normal vectors are same.
Therefore ,

Parallel Planer.(i+j+ k) =2

Normal vector = (i +j + k)

. Normal vector of required plane = (i + j + k)

Equation of required planer.(i+j+ k) =d

In cartesianformx +y +z=d

Plane passes through point (a,b,c) therefore it will satisfy it.
(@) + (b) + (c) =d

d=a+b+c

Equation of required planer.(i+j+ k)=a+b+c

4. Question
Find the vector equation of the plane passing through the point (1, 1, 1) and parallel to the planef.(jiﬂ —:i+ Zk) = 5.

Answer



Formula : Plane =r.(n) =d
Where r = any random point

n

normal vector of plane

d = distance of plane from origin

If two planes are parallel , then their normal vectors are same.
Therefore ,

Parallel Plane r. (2i-j + 2k) =5

Normal vector = (2i - j + 2k)

. Normal vector of required plane = (2i - j + 2k)

Equation of required planer. (2i-j + 2k) =d

In cartesian form 2x -y + 2z =d

Plane passes through point (1,1,1) therefore it will satisfy it.
2(1)- (1) +2(1) =d

d=2-1+2=3

Equation of required plane r. (2i -j + 2k) =3

5. Question

Find the equation of the plane passing through the point (1, 4, - 2) and parallel to the plane 2x -y + 3z + 7 = 0.
Answer

Formula : Plane=r.(n) =d

Where r = any random point

n = normal vector of plane

d = distance of plane from origin

If two planes are parallel , then their normal vectors are same.
Therefore ,

Parallel Plane 2x -y +3z+ 7 =0

Normal vector = (2i - j + 3k)

.. Normal vector of required plane = (2i - j + 3k)

Equation of required planer. (2i-j + 3k) =d

In cartesian form 2x -y + 3z=d

Plane passes through point (1,4, - 2) therefore it will satisfy it.
2(1)-(4)+3(-2)=d

d=2-4-6=-8

Equation of required plane 2x -y + 3z =-8
2Xx-y+3z+8=0

6. Question

Find the equations of the plane passing through the origin and parallel to the plane 2x - 3y + 7z + 13 = 0.
Answer

Formula : Plane=r.(n) =d

Where r = any random point

n = normal vector of plane

d = distance of plane from origin

If two planes are parallel , then their normal vectors are same.
Therefore ,

Parallel Plane 2x -3y + 72+ 13 =0

Normal vector = (2i - 3j + 7k)

.. Normal vector of required plane = (2i - 3j + 7k)

Equation of required plane r. (2i - 3j + 7k) = d

In cartesian form 2x -3y + 7z =d



Plane passes through point (0,0,0) therefore it will satisfy it.
2(0) - (0) + 3(0) =d

d=0

Equation of required plane 2x -3y + 7z =0

7. Question

Find the equations of the plane passing through the point ( - 1, 0, 7) and parallel to the plane 3x - 5y + 4z = 11.
Answer

Formula : Plane=r.(n) =d

Where r = any random point

n = normal vector of plane

d = distance of plane from origin

If two planes are parallel , then their normal vectors are same.
Therefore ,

Parallel Plane 3x - 5y + 4z =11

Normal vector = (3i - 5] + 4k)

.. Normal vector of required plane = (3i - 5] + 4k)

Equation of required planer. (3i - 5j + 4k) = d

In cartesian form 3x - 5y + 4z =d

Plane passes through point ( - 1,0,7) therefore it will satisfy it.
3(-1)-5(0) + 4(7) =d

d=-3+4+28=25

Equation of required plane 3x - 5y + 4z = 25

8. Question

Find the equations of planes parallel to the plane x - 2y + 2z = 3 which are at a unit distance from the point (1, 2, 3).
Answer

Formula : Plane=r.(n) =d

Where r = any random point

n = normal vector of plane

d = distance of plane from origin

If two planes are parallel , then their normal vectors are same
Therefore ,

Parallel Plane x -2y + 2z-3 =0

Normal vector = (i - 2j + 2k)

- Normal vector of required plane = (i - 2j + 2k)

Equation of required planes r. (i - 2j + 2k) = d

In cartesian form x - 2y + 2y =d

It should be at unit distance from point (1,2,3)

[(1x1) + (2x-2) + (3x2)—(d)]

Distance = Tt 22+ 27
[1—4 + 6—d|
T Jyi¥i+a
[3—d|
-5
+(3—d)
- 3
3=4+(3-d

For+sign=>3=3-d=>d=0
For-sign=>3=-3+d=>d=6

Therefore equations of planes are : -



Ford=0Ford =6

X-2y+2y=dx-2y+2y=d
X-2y+2y=0x-2y+2y=6

Required planes = x -2y + 2y =0

X-2y+2y-6=0

9. Question

Find the distance between the planes x + 2y + 3z+ 7=0and 2x + 4y + 6z + 7 = 0.
Answer

Formula : The distance between two parallel planes, say
Plane l:ax + by + cz + d1 = 0&

Plane 2:ax + by + cz + d2 = 0is given by the formula
Id, —d,|

vaz + b? + ¢?

Distance =

where (d,,d,) are constants of the planes

Therefore ,

First Planex + 2y +3z+ 7 =0
2(x+2y+3z+7)=0

2x+4y +62+14=0...... (1)

Second plane2x + 4y + 6z + 7 =0 ...... (2)
Using equation (1) and (2)

|7-(24)|

Distance between both planes = NEEICEICE

R
VE ¥ 16 + 36

-7

v

i
(=2}

= — units
V56

Exercise 28E
1. Question

Find the equation of the plane through the line of intersection of the planes x + y + z =6 and 2x + 2y + 4z + 5 = 0, and passing through the
point (1, 1, 1).

Answer

Equation of plane through the line of intersection of planes in Cartesian form is
Ax+By+Cz+D; +2(A,x+B,y+Cyz+D, )=0 (1)

For the standard equation of planes,

Ax+B;y+Ciz+Djand Ax+B,yy +Cyz+D,

So, putting in equation (1), we have

X+Yy+2z-6 +A(2x + 2y + 4z + 5)=0

(1 + 2A)x + (1 + 2A)y + (1 + 4A)z-6 + 5A=0 (2)

Now plane passes through (1,1,1) then it must satisfy the plane equation,
(1 4+2A).1+ (1 4+ 2A).1+ (1 + 4A).1-6 + 5A=0
1+2A+1+4+2A+ 1+ 4A-6 +5A=0

3 4+ 8A-6 + 5A=0

13A=3

Putting in equation (2)



3 3 3
1—2.—J}-‘—[ 1—4.—JZ—6—5.— =0
13 13

[13—6 [13—6 [13—12‘ —78+15
X+ v+ z+ =0
13 J 13 J 13 J 13

19x + 19y + 25z-63=0
So, the required equation of plane is 19x + 19y + 25z=63.
2. Question

Find the equation of the plane through the line of intersection of the planes x -3y + z+ 6 = 0 and x + 2y + 3z + 5 = 0, and passing through
the origin.

Answer

Equation of plane through the line of intersection of planes in Cartesian form is
Ax+By+Ciz+D; +2(A;x+B,y+Cyz+D, )= 0 (1)

For the standard equation of planes,

Ax+By+Ciz+Djand A,x+Byy+Cyz+D,

So, putting in equation (1), we have

X-3y +z+ 6 +A(x + 2y + 3z + 5)=0

(L+A)X+(-3+2N)y + (1 4+ 3N\)z+ 6+ 5A=0(2)

Now plane passes through (0,0,0) then it must satisfy the plane equation,

(L1 4+A).0+(-3+2A).0+ (1 + 3A).0+ 6+ 5A=0
5A=-6

Putting in equation (2)

[1—_—6}(—[ —3—2.?}}-‘—[ 1—3._?6JZ—6—5._—6 =0

—(—18)]230—(—30)

5

|
e
»| 7
s
J
—
l.(_:
|
—
Lh

-X-27y-13z=0

X + 27y + 13z=0

So, required equation of plane is x + 27y + 13z=0.
3. Question

Find the equation of the plane passing through the intersection of the planes 2x + 3y -z+ 1 =0and x + y - 2z + 3 = 0, and perpendicular
to the plane 3x -y -2z -4 = 0.

Answer

Equation of plane through the line of intersection of planes in Cartesian form is
Ax+By+Cz+D; +A(A;x+B,y+C,z+D, )=0(1)

For the standard equation of planes,

Ax+By+Ciz+Djand A,x+By+Cyz+D,

So, putting in equation (1), we have

2X + 3y-z+ 1 + A(x + y-2z + 3)=0

(2+Ax+ 3+ ANy +(-1-2N)z+ 1 + 3A=0(2)

Now as the plane 3x-y-2z-4=0 is perpendicular the given plane,
For 8=90°, c0s90°=0

AA,+B{B,+C,C, =0 (3)

On comparing with standard equations in Cartesian form,

A;=2+2.B; =3+.C; =-1-2%andA, =3.B, =—1.C, =2



Putting values in equation (3), we have
(24+A).3+ 3+ A).(-1) + (-1-2A).(-2)=0
6 + 3A-3-A + 2 + 4A=0

5 4+ 6A=0

Putting in equation(2)

-5 -5 -5
3——J\.-‘—[ —1—2.—JZ—1—3.— =0
6

o2

[12—5 [18—5 [—6—10 6-15
X+ v+ Z+ =0
S i e

7x + 13y + 4z-9=0

7x + 13y + 4z=9

So, required equation of plane is 7x + 13y + 4z=9.
4. Question

Find the equation of the plane passing through the line of intersection of the planes 2x -y = 0 and 3z - y = 0, and perpendicular to the plane
4x + 5y -3z =09.

Answer

Equation of plane through the line of intersection of planes in Cartesian form is
Ax+By+Ciz+D; +2(A;x+B,y+Cyz+D, )=0 (1)
For the standard equation of planes,
Ax+By+Ciz+Djand A,x+Byy+Cyz+D,

So, putting in equation (1), we have

2x-y + A(3z-y)=0

2x + (-1-A)y + 3Az=0 (2)

Now as the plane is perpendicular the given plane,

For 8=90°, c0s90°=0

A4A,+B{B, +C,C, =0 (3)

On comparing with standard equations in Cartesian form,
A;=2B;=-1-2.C;=3%and A, =4.B, =5.C, =-3
Putting values in equation(3),

2.4 + (-1-A).5 + 3A.-3=0

8-5-5A-9A=0

-14A=-3

3
14

Putting in equation(2)

3 3
717—Jy73[ —Jz =0
14 14

-14-3 9
2x—[—Jy——z:0

2x+

14 14
28x-17y + 9z=0
So, required equation of plane is 28x-17y + 9z=0.
5. Question

Find the equation of the plane passing through the intersection of the planes x - 2y + z =1 and 2x + y + z = 8, and parallel to the line with
direction ratios 1, 2, 1. Also, find the perpendicular distance of (1, 1, 1) from the plane.

Answer



Equation of plane through the line of intersection of planes in Cartesian form is
Ax+By+Ciz+D; +2(A;x+B,y+Cyz+D, )= 0 (1)

For the standard equation of planes,

Ax+By+Ciz+Djand A,x+Byy+Cyz+D,

So, putting in equation (1), we have

x-2y + z-1 + A(2x + y + z-8)=0

(1 4+ 2Mx + (-2 + Ay + (1 + A)z-1-8A=0 (2)

For plane the normal is perpendicular to line given parallel to this i.e.
AJA,+BB,+CC, =0

Where A;, By, C; are direction ratios of plane and Ay, By, C; are of line.
(1+2A).1 + (-2 +A).2 + (1 +A).1=0

1+2M4+20+ 1+ A=0

-2 + 5A=0

}\ =

AN

Putting the value of A in equation (2)

SN

—2—%}.}-—[ 1—§J.z—1—8.[

5+4 -10+2° 5427 —5-16
[ Jx—[ J}-‘—[ Jz— =0
5 5 5 5

hl|

S
Il
[a=]

9x-8y + 72-21=0
9x-8y + 7z=21

For the equation of plane Ax + By + Cz=D and point (x1,y1,z1), a distance of a point from a plane can be calculated as

Ax,+By,;+Cz, —D‘
.\,lAl _B2 _CZ
9.1-8.1+7.1-21 ‘:|9—8—?—21|_| 13
N(9)? +(=8)* +(7)7)|  |\B1+64+49| | 194
So, the required equation of the plane is 9x-8y + 7z=21, and distance of the plane from (1,1,1) is
3
d=_12
194

6. Question

Find the equation of the plane passing through the line of intersection of the planes x + 2y + 3z-5 = 0 and 3x - 2y -z + 1 = 0 and cutting
off equal intercepts on the x-axis and z-axis.

Answer

Equation of plane through the line of intersection of planes in Cartesian form is
Ax+By+Ciz+D; +2(A;x+B,y+C,z+D, )=0 (1)

For the standard equation of planes in Cartesian form
Ax+By+Ciz+Djand A,x+By+Cyz+D,

So, putting in equation 1 we have

X+ 2y +32z5+A3x-2y-z+ 1)=0

(1 + 3\)x + (2-2\)y + (3-M)z-5 + A=0

Now equation of plane in intercept form

X ¥V Z
=1
d C

b

As given equal intercept means a=c



First, we transform equation of a plane in intercept form

v
L S S
1

M=2=0=1
2

Putting in equation (2), we have

[I—SéJx— 2—2.%J}f—[3—iJz—5—é:0

-

3 3

4-2° 6-1) -10+1
5 22

5x + 2y + 5z-9=0

5x + 2y + 5z=9

So, required equation of plane is 5x + 2y + 5z=9.
7. Question

Find the equation of the plane through the intersection of the planes 3x - 4y + 5z =10 and 2x + 2y - 3z = 4 and parallel to the line x = 2y =
3z.

Answer

Equation of plane through the line of intersection of planes in Cartesian form is
Ax+By+Ciz+D; +2(A;x+B,y+C,yz+D, )=0 (1)

For the standard equation of planes in Cartesian form
Ax+By+Ciz+Djand A,x+B,y+Cyz+D,

So, putting in equation (1), we have

3x -4y + 5z-10 + A(2x + 2y - 3z-4)=0

(3 4+ 2M)x + (-4 + 2A)y + (5-3A)z-10-4A=0

Given line is parallel to plane then the normal of plane is perpendicular to line,
AJA,+BB,+CC, =0

Where A3, By, C; are direction ratios of plane and Ay, B, C; are of line.

(3 + 2A).6 + (-4 + 2A).3 + (5-3A).2=0

18 + 12A-12 4+ 6A + 10-6A=0

16 + 12A=0
-16 -4

A= S
12 3

Putting the value of A in equation (2)

ol el F o e




[9—8J —12—8] [15—12J ~30+16
3 )57 T - -

3 3 3
x-20y + 27z-14=0

So, required equation of plane is x-20y + 27z-14=0.

8. Question

Find the vector equation of the plane through the intersection of the planes ;(1 +3j —k) =( and ;(J + 21() = (). and passing through the
point (2, 1, -1).
Answer

Equation of plane through the line of intersection of two planes in vector form is
I.(D, +24, )=d; +Ad, whereT = Xi+yj+zk (1)

Where the standard equation of planes are

rn; =dyandrn, =d,

Putting values in equation(1)

T(i+3j-k+2(J+2k)=0+2.0

T(1+(3+2)j+(-1+2)k) =0 @

Now as the plane passes through (2,1,-1)
r=2i+j-k

Putting in equation (2)

(2+5-K)((i+(3+1)j+(-1+20)k) = 0

21+ 1.3+ A) + (-1)(-1 + 2A)=0
2+3+A+1-2A=0
A=6

Putting the value of A in equation (2)

f(’i+(3+6)j+(g1+2(6))1&):o
T(i+9]+11k)=0

So.required equation of planeisf('i“+9j+1 11%'] =0.

9. Question

Find the vector equation of the plane through the point (1, 1, 1), and passing through the intersection of the planes 1_(1 -] +31;:) +1=0
and ;(21 +:i—1;:)—5 =0.

Answer

Equation of plane through the line of intersection of two planes in vector form is

I.(D, 4211, )=d, +Ad, whereT = Xi+yj+27k (1)

Where the standard equation of planes are

ra; =dyandrn, =d,

Putting values in equation(1)
T -j+3k+2(2i+]-k)=-1+25
F((1+20)i+(-142)j+(3- k) = -1+5% @)

Now as the plane passes through (1,1,1)

Foivjek



Putting in equation (2)

(1+]+K)(((1+22)i+(=1+2)j+(3 - 1) k) = -1+ 57

1.(1+2A) + 1.(-1 + A) + 1.(3-A\)=-1 + 5A
1+2A-1+A+3-A+ 1-5A=0

-3A + 4=0
)\ = i
3

Putting the value of A in equation (2)

{fer o224 s
(ERCSAEIIE

T(11i+j+5k) =17

So.required equation of planeisf(lli +j+5k) =17.

10. Question

Find the vector equation of the plane passing through the intersection of the planes I(Zi — 7] + 41“() =3 and ;(3; —Sj + 41;) +11=0. and
passing through the point (-2, 1, 3).

Answer

Equation of plane through the line of intersection of two planes in vector form is

I.(D, +21, )=d, +Ad, whereT =xi+yj+zk (1)

Where the standard equation of planes are

f.ﬁl = dl and fﬁz = d2

Putting values in equation(1)

F(21 - 7j+4k+ (31 -5j+4k) =3 -2 11

T((2+30)1+(=7-5%)j+(4+41)k) =3-11%. @)

Now as the plane passes through (-2,1,3)

T=-2i+j+3k

Putting in equation (2)
(—21+]+3k)((2+31)i+(=7=52)+(4+42)k) =3-112

-2.(2 + 3A) + 1.(-7-5A) + 3.(4 + 4A\)=3-11A
-4-6A-7-5A + 12 + 12A-3 + 11A=0
-14 + 12 + 12A=0

}\:l
6

Putting the value of A in equation (2)

(oo refe oo

()

T(151-47)+28k) =7




So.required equation of planeist ( 151 — 4?j +281;) =7.

11. Question

Find the equation of the plane through the line of intersection of the planes 5(21 — 3] +41;:) =1 and ;(1 —j)+ 4 = () and perpendicular to
the plane f.(ﬁi —j +1;) +8=0.

Answer

Equation of plane through the line of intersection of two planes in vector form is

I.(0, +21, )=d; +Ad, whereT = Xi+yj+zk (1)

Where the standard equation of planes are

rn; =dyandra, =d,

Putting values in equation (1), we have

T(2i-3j+dk+2(i-j)=1-2.4

F((2+2)i+(-3-2)j+4k)=1-4n @

Given a plane perpendicular to this plane, So if n1 and n2 are normal

vectors of planes

nyn, =0
(2i - j+K).((2+2)i+(-3-2)j+4k) =0

2.2 + A) + (-1).(-3-A) + 1.4=0
4420+ 3 +A+4=0

11 + 3A=0
-11
}\:_
3

Putting the value of A in equation (2)

O e IR

[ S 2 25

T(-51-2j+12k)=47

Sorequired equation of planeis f('—Si - Zj - IZR) =47.

12. Question

Find the Cartesian and vector equations of the planes through the line of intersection of the planes f(l —J] +6=10 and
f(S 1 +3j — 41{] = (). which are at a unit distance from the origin.

Answer

Equation of plane through the line of intersection of two planes in vector form is

I.(0, 4241, )=d; +2d, whereT = Xi+yj+zk (1)

Where the standard equation of planes are

rn;=djandra, =d,

Putting values in equation (1)

T(i-j+21(31+3] - 4k) =6+2.0



T((1432)1+(~1+30) j+(~41)k) = 6 2

For the equation of plane Ax + By + Cz=D and point (x1,y1,z1), a distance of a point from a plane can be calculated as

Axl—Byl—Czl—D‘
.\IIAI _B2 _CZ
(1+3%)0+(-1+3%).0+(—4%).0-6

pl pl

V(1+30) +(=1+30) +(—4n))

-6
N+922 462414927 —62+161°

-
|

WP=1=a=1-1
Putting value of A in equation (2)

A=1

T((1+3.1)i+(-1+3.1)j+(-4.1)k) =6

F(41+2j-4Kk) =6 = T(2{ ] 2K) =3
A=-1

F((1+3.(-1))i+(-1+3(-1))j+(-4(-1) )k) = 6

T(-21-4j+4k) =6 =T (i+2]-2k)=-3
For equations in Cartesian form put

r :xi—}-':i—zf{

For A=1

(.Xi“+}{i+21;’).(2;+:i—21;—3) =0

x.2 +y.1+ z.(-2)-3=0

2xX + y-2z-3=0
For A=-1

(.Xi“+}{i+21;).(-i+2_“i—21;+3.) =0
x.1+vy.2+2z(-2)+3=0
X + 2y-2z + 3=0

So.required equation of plane
in vector form aref.(ﬁiﬂ +i- 212] =3for)=1
£.(i+2j-2k)=-3fora=-1

In Cartesian form are 2x + y-2z-3=0 & x + 2y-2z + 3=0

Exercise 28F
1. Question

Find the acute angle between the following planes :



() 1-(i+]-2k) =Sandr-(2i+2j-k)=9

(i) 1-(i+2j-k) =6 and 1-(2i— j-k)+3=0

(i) 1-(2i-3j+4k)=1and 1-(-i+])=4

(v) T-(21-3j+6Kk)=8 and T (31 + 4j-12k) +7=0

Answer

To find the angle between two planes, we simply find the angle between the normal vectors of planes. So if n1 and n2 are normal vectors
and 6 is the angle between both then,

nyn,
cosh = 12

[y | 1]
(i)On comparing with the standard equation of planes in vector form
f.I_ll = dl and 1_1_12 = d:

i, =i+j-2kandii, =2i+2j-k

Then

VI+1+4J4 441

cose—‘(l_J_zk)Pl_zj_l\”:‘ 2 12+12+(-2)(-) .
‘ ‘ 2"*2]"1"‘ ‘ ‘(_xfl'—12—(—2)2].['\’22—22—(—1)3]

| o I TR ) |

itj- 2k

J6
3

Izl

V6
3

(ii) On comparing with the standard equation of planes in vector form

0 =cos !

f.I_ll = dl ?llld 1_1_12 = d:
i, =i+2j-kandil, =2i—j-k
Then

cosf = [1,2j1\](21j1\') = |- 1.2+2.(-1)+(-1).(-1)

2K | e P (V2 (1P < (17

1|
:> _— ==
b

g

(iii) On comparing with the standard equation of planes in vector form

6 =cos

f.ﬁl = dl and 1_1_12 = d:

;= 2i —3j—41;'andﬁ3 = —i—]

Then

cosh = (21_3J_41\)(_1_J) :‘ 2.(-1)+(-3).1+4.0 :‘ -2+(-3)
‘ 2i_3j_4kH_i_j‘ ‘ ‘(\E:*(*3)2*42)\('\4(71)2712) ‘(\/1—9—16)(\/1—1)
-5 _5

- V2042 V38




0 =cos .

5
)

(iv)On comparing with the standard equation of planes in vector for

f.I_ll = dl and 1_1_12 = d:

i, =2i—3j+6kandfi, =3i+4j-12k

Then
21-3j+6k).(31+4j-12k (—3) 426 (—

COSE):( 1T J". ")(11 :J "):> _ 2"1( 3).4+6.(-12) ﬂ
‘ 21—3]—61{“31—4]—121\' (\/E'_(_s)'_ﬁj)l( 32 1424 (-12)

_‘ 6+(—12)+(-72)

‘(\/1—9—36)(\/5—16—144)

:>| -78 |:|—?8

IN49.160| |7.13

6 =cos !

3

2. Question

Show that the following planes are at right angles:

() 1-(41-7j-8k) =5 and (31 -4j+5k) +10=0

(i) T (21 +6j+6Kk) =13 and 1 (31 +4j-5k)+7=0

Answer

To show the right angle between two planes, we simply find the angle between the normal vectors of planes. So if n1 and n2 are normal
vectors and 0 is the angle between both then

fijn,
cosh = |1 _2 .for right angle 8=90°
EAEY
Co0s90°=0
1_1.1_2 = 0 (1)

(i)On comparing with standard equation
1, =417—?j—81;'andﬁ2 :31—4j_51"\-
LHS =il fi, = (41 7j -8k ).(3i - 4j+5k) =43+ (-7).(-4) + (-8)5

=12+28-40=40-40=0=RHS
Hence proved planes at right angles.

(ii) On comparing with the standard equation of a plane
i, =2i+6j+6kandii, =31+ 4j- 5k
LHS =i i, = (2i+6j+6k ) (3i+4]-5k)=2.3 + 6.4 + 6,(-5)

=6+24-30=30-30=0=RHS
Hence proved planes at right angles.
3. Question

Find the value of A for which the given planes are perpendicular to each other:

() £-(20-j-2k)=7 and T-(3i+2]+2k) =9

(i) - (7i+2j+3k) =5 and 1-(i+2j-7k)+11=0



Answer

For planes perpendicular Cos90°=0

ﬁ].ﬁ: :0 (1)

(i)On comparing with the standard equation of a plane
;= 21— —x-_1\a11d11~. =31+2j+2k

iy di, = (21§ 2k).(31+2)+2k) =0

2.3 +(-1).2 + (-A).2=0

6-2-2A=0

2A\=4

A=2

(ii) On comparing with the standard equation of a plane
fi,=Ai+2j+3kandii, =i+2j— 7k

41, =(2i+2j+3k) (1+2j-7k)=

Al + 2.2+ 3.(-7)=0 A + 4-21=0 A=17

4. Question

Find the acute angle between the following planes:
()2X-y+z=5andx+y+2z=7

(i) x+2y+2z=3and2x-3y +6z=38

(i) x+y-z=4andx+2y+z=9
(iv)yx+y-2z=6and2x-2y +z=11

Answer

To find angle in Cartesian form, for standard equation of planes

Ax+By+Ciz+D; =0and Ax+B,y+C,z+D, =0

AA+BB,+ GGy ‘
.\;(Alz B <C] ]'\’(_Af ‘B, _sz)

cosh =

(i)On comparing with the standard equation of planes

A1:2.B1 —1. Cl—lanqu—qu—ICq—Q

6 ‘ 2.14(-1).1+1.2 ‘ | 2+(-1)+2 | | 3
cost =
NSIEENEOY s I N SR SR I
3.1
= —
6 2
6 =cos | —J:E
2) 3

(ii)On comparing with the standard equation of planes

Al_lBl "Cl—"allqu—lB: :—3.C2:6

st = 1.2+2.(-3)+2.6 \ 2 (45) 12 || s
‘12—23—22 2% +(-3)’ +6° |\f +4J4+9+36] [VoV49
8
=
3.7 2
6 =cos™! EJ
21

(iii) On comparing with standard equation of planes



Al :l.Bl :l.Cl —lﬂlldA"p =1 B“v = C: =1

o ‘ 1.1+1.2+(-1).1 ‘:\ 1+2+(-1) ‘ | 2 ‘
Coso = =
‘13—13—(—1)2\/1_2—:2—12‘ V1+1+1W1+4+1] N3
_'\J2

3

6 =cos

(iv)On comparing with the standard equation of planes

Al :1.B1 :l.Cl _alldA Dy = —2.C: =1

| 1.:—1(—")—(—:)1 \ | 2+(=2) | - ‘
‘1- P (22 < (- N 4J_ 4+1) e
2
~ V6.3
8 =cos " 2}
36
5. Question

Show that each of the following pairs of planes are at right angles:
(i)3x+4y-5z=7and 2x+ 6y +62+7=0

(ii) x -2y + 4z =10 and 18x + 17y + 4z = 49

Answer

To find angle in Cartesian form, for standard equation of planes

‘ AJA,+BB, +C,C,

Ax+B;y+C;z+D; =0and A;x+B,y+C,z+D, =0 cosB = = ,, — ~ ~ =
‘-\J(Al-—Bl-—Cl-]\F(AZ-—Bz-—cz-]

For 6=90°, c0os90°=0

AJA,+BB,+CC, =0

(i)On comparing with the standard equation of a plane
A;=3B;=4.C;=-5andA,=2B,=6,C, =6
LHS=A,A,+B;B,+C,C, =>32+4.6+(-5).6=6+24-30
=0=RHS

Hence proved that the angle between planes is 90°.

(ii) On comparing with the standard equation of a plane
A;=1B;=-2.C; =4andA, =18.B, =17.C, =4
LHS=A;A,+BB,+C,C, =1.18+(-2).17+4.4=18+(-34)+16
=0=RHS

Hence proved that angle between planes is 90°.

6. Question

Prove that the plane 2x + 2y + 4z = 9 is perpendicular to each of the planes x + 2y + 2z-7 = 0 and 5x + 6y + 7z = 23.
Answer

To show that planes are perpendicular

AJA,+BB,+CC, =0

Where A;, By, C; are direction ratios of plane and Ay, By, C; are of other

plane.



21+22+4.2=2+ 4 + 8=14=%0

Hence, planes are not perpendicular.

Similarly for the other plane

25+ 2.6+ 2.7=10 + 12 + 14=36=0

Hence, planes are not perpendicular.

7. Question

Show that the planes 2x - 2y + 4z + 5 =0and 3x -3y + 6z - 1 = 0 are parallel.
Answer

To show that planes are parallel

A B G

Ay By G

On comparing with the standard equation of a plane

Al = 2Bl = —2.C1 = 4andA2 = 3.B2 = —3.C2 =0

Al _2B_2_2C _4 2
A, 3B, -3 3C, 6 3
So,

A_B_G 2

A, B, C, 3

Hence proved that planes are parallel.

8. Question

Find the value of A for which the planes x - 4y + Az + 3 = 0 and 2x + 2y + 3z = 5 are perpendicular to each other.
Answer

To find an angle in Cartesian form, for the standard equation of planes

Ax+By+Ciz+D; =0and Ax+B,y+C,yz+D, =0

AA,+BB,+ GGy ‘
.\;[Alz SBR+C) I]'\J(_Azz ‘B, _ng-]‘

cosh =

For 6=90°, c0os90°=0

AJA,+BB,+CC, =0

On comparing with the standard equation of the plane,
A;=1LB;=+4.C;=)andA,=2B,=2.C, =3

AA,+B B, +CCy = 1.2+4(-4).2+23=0

[¥%)

2+ (-8) + 3A=0

-6 + 3A=0

A=2

9. Question

Write the equation of the plane passing through the origin and parallel to the plane 5x - 3y + 7z + 11 = 0.
Answer

Let the equation of plane be
AIX —Bl}’ + CIZ _Dl =0
Direction ratios of parallel planes are related to each other as

Ay B G

= —=—=k(constant)
Ay By G

Putting the values from the equation of a given parallel plane,



:Clzk

=

NS
Y

Ay =5k.B; =-3k.C; =7k

Putting in equation plane

Skx -3ky+7kz+D; =0

As the plane is passing through (0,0,0), it must satisfy the plane,
5k.0-3k.0+7k.0+D; =0

D;=0

5kx-3ky + 7kz=0

5x-3y + 7z=0

So, required equation of plane is 5x-3y + 7z=0.

10. Question
Find the equation of the plane passing through the point (a, b, ¢) and parallel to the planef-(i +j' +k) =2.

Answer

Let the equation of a plane
L(xji+yj+zk)=d@)
Direction ratios of parallel planes are related to each other as

A B, C
1L - ~1 — 5 (constant)

Putting the values from the equation of a given parallel plane,

A _A A,

Xy=V1=1=n

Putting values in equation (1), we have

I(M+4+2k)=d@

A plane passes through (a,b,c) then it must satisfy the equation of a plane

(al+bj+ck)(/1+/]+/_k) =d

}-.['ai"+b:i+c1%')(i"+:i +k) =d
A@.1 +b.1 +c.1)=d

AMa+ b+ c)=d

Putting value in equation (2)

f.('i“+j+1%).?-.:h(a+ b+ ¢)
f.('i“+j+1;'):a+ b+c

So.required equtaion of planeis f(1+J+k) =a+ b+c

11. Question
Find the equation of the plane passing through the point (1, -2, 7) and parallel to the plane 5x + 4y - 11z = 6.
Answer

Let the equation of plane be
AIX —Bl}" + C'lz _Dl =0

Direction ratios of parallel planes are related to each other as



A B C
1 __L_ 1 _k(constant)
Ay By &

Putting the values from the equation of a given parallel plane,

ALB_G

5 4 -11
Ay =5k.B; =4k.C;=-11k
Putting in the equation of a plane
Skx+4ky —11kz+D; =0
As the plane is passing through (1,-2,7), it must satisfy the plane,
Sk.1+4k.(-2)-11k.7+D; =0(1)
5k -8k -77k+D; =0
D; =80k
Putting value in equation (1), we have
Skx+4ky—11kz+80k =0
5x + 4y-11z + 80=0
So, the required equation of the plane is 5x + 4y-11z + 80=0.

12. Question

Find the equation of the plane passing through the point A(-1, -1, 2) and perpendicular to each of the planes 3x + 2y - 3z = 1 and 5x - 4y +
z=>5.

Answer

Applying the condition of perpendicularity between planes
AA,+BB;+CC;=0

Where A, B, C are direction ratios of plane and A;, B;, C; are of another plane.
3.A;+2B;-3C; =0 (1)

5A,-4B;+C; =0 (2)

And plane passes through (-1,-1,2),

A(x + 1) + B(y + 1) + C(z-2)=0 (3)

On solving equation (1) and (2)

q
A:EaHdC:E
9 9

Putting values in equation (3)

2B (x+1)+B(y+1)+ 2 (z-2) =0
9 9
B(5x + 5+ 9y + 9 + 11z-22)=0
5x + 9y + 11z-8=0
So, required equation of plane is 5x + 9y + 11z=8.
13. Question
Find the equation of the plane passing through the origin and perpendicular to each of the planes x + 2y -z =1 and 3x - 4y + z = 5.

Answer

Applying condition of perpendicularity between planes,
AA{+BB{+CC;=0

Where A, B, C are direction ratios of plane and A, B, C; are of other
plane.

lA+2B-1.C=0

A+2B-C=01(1)



3A-4B+C=0
3A-4B+C=0(2)

And plane passes through (0, 0, 0),
A(x-0) + B(y-0) + C(z-0)=0

Ax + By + Cz=0 (3)

On solving equation (1) and (2)

q
A :EandC :E
i ] i ]

Putting values in equation(3)

5
E.X—B}-‘—E‘Z: 0
< <

B(x + 2y + 52)=0

X + 2y + 5z=0

So, required equation of plane is x + 2y + 5z=0.
14. Question

Find the equation of the plane that contains the point A(1, -1, 2) and is perpendicular to both the planes 3x + 3y -2z=5and x + 2y - 3z =
8. Hence, find the distance of the point P(-2, 5, 5) from the plane obtained above.

Answer

Applying condition of perpendicularity between planes,
AA,+BB;+CC;=0

Where A, B, C are direction ratios of plane and A;, By, C; are of other
plane.

3A+3B-2.C=0

3A+3B-2C=0(1)

1TA+2B-3C=0

A+2B-3C=0 (2)

And plane contains the point (1,-1,2),

A(x-1) + B(y + 1) + C(z-2)=0 (3)

On solving equation (1) and (2)

=5 3
A :TBandC:—B

Putting values in equation (3)

—5B 3B

—(x=1)+B(y+1)+—.(2-2)=0
B(-5(x-1)+7(y+1)+3(z-2))=0

S5Xx+5+4+ 7y + 7 + 3z-6=0

-5x + 7y + 3z + 6=0

5x-7y-3z-6=0

For equation of plane Ax + By + Cz=D and point (x1,y1,z1), distance of a

point from a plane can be calculated as

5(-2)-75-35-6 :>|—10—35—15—6 | 66| _ 66

P | mewre | [T Vs

15. Question

Find the equation of the plane passing through the points A(1, 1, 2) and B(2, -2, 2) and perpendicular to the plane 6x - 2y + 2z = 9.



Answer

Plane passes through (1,1,2) and (2,-2,2),
A(x-1) + B(y-1) + C(z-2)=0 (1)

A(x-2) + B(y + 2) + C(z-2)=0 (2)
Subtracting (1) from (2),

A(x-2-x + 1) + B(y + 2-y-1)=0

A-3B=0 (3)

Now plane is perpendicular to 6x-2y + 2z=9
6A-2B + 2C=0 (4)

Using (3) in (4)

18A-2B + 2C=0

16B + 2C=0

C=-8B

Putting values in equation (1)

3B(x-1) + B(y + 2)-8B(z-2)=0

B(3x-3 +y + 2-8z + 16)=0

3x + y-8z + 15=0

16. Question

Find the equation of the plane passing through the points A(-1, 1, 1) and B(1, -1, 1) and perpendicular to the plane x + 2y + 2z = 5.
Answer

Plane passes through (-1,1,1) and (1,-1,1),
A(x + 1) + B(y-1) + C(z-1)=0 (1)

A(x-1) + B(y + 1) + C(z-1)=0 (2)
Subtracting (1) from (2),

A(x-1-x-1) + B(y + 1-y + 1)=0

-2A + 2B=0

A=B (3)

Now plane is perpendicular to x + 2y + 2z=5
A + 2B + 2C=0 (4)

Using (3) in (4)

B + 2B + 2C=0

3B + 2C=0

C= TB

Putting values in equation (1)

-3
+—B(z-1)=0

B(x+1)+B(y—-1)

B(2(x + 1) + 2(y-1)-3(z-1)=0

2X + 2y-3z + 2-2-3=0

2x + 2y-3z-3=0

17. Question

Find the equation of the plane through the points A( 3, 4, 2) and B(7, 0, 6) and perpendicular to the plane 2x - 5y = 15.
HINT: The given planeis 2x - 5y + 0z = 15

Answer

Plane passes through (3,4,2) and (7,0,6),

A(x-3) + B(y-4) + C(z-2)=0 (1)

A(x-7) + B(y-0) + C(z-6)=0 (2)

Subtracting (1) from (2),



A(x-7-x + 3) + B(y-y + 4) + C(z-6-z + 2)=0
-4A + 4B-4C=0

A-B + C=0

B=A + C(3)

Now plane is perpendicular to 2x-5y=15
2A-5B=0 (4)

Using (3) in (4)

2A-5(A + C)=0

2A-5A-5C=0

-3A-5C=0

-3
C=—A
5

-3 2
B=A+—A=-A
5 5

Putting values in equation (1)
a]

A(x—S)—iA(}-‘—Jr)—_TSA(z—n:0

A(5(x-3) + 2(y-4)-3(z-2)=0

5x + 2y-3z-15-8 + 6=0

5x + 2y-3z-17=0

So, required equation of plane is 5x + 2y-3z-17=0.

18. Question

Find the equation of the plane through the points A(2, 1, -1) and B(-1, 3, 4) and perpendicular to the plane x - 2y + 4z = 10. Also, show that
the plane thus obtained contains the line = (—1 +3:i +41;) + ,ﬂ(31 - Ej' - 51{)
Answer

Plane passes through (2,1,-1) and (-1,3,4),

A(x-2) + B(y-1) + C(z + 1)=0 (1)

A(x + 1) + B(y-3) + C(z-4)=0 (2)

Subtracting (1) from (2),

A(x + 1-x + 2) + B(y-3-y + 1) + C(z-4-z-1)=0

3A-2B-5C=0 (3)

Now plane is perpendicular to x-2y + 4z=10

A-2B + 4C=0 (4)

Using (3) in (4)

2A-9C=0
al
C=ZA
9
2 9+8) 17
2B=A+4.-A :[—JA = A
9 9 9
B=1'A
18

Putting values in equation (1)

A(X—E)—%A(y—l)—gA(z—l) ~0

A(18(x-2) + 17(y-1) + 4(z + 1)=0
18x + 17y + 4z-36-17 + 4=0
18x + 17y + 4z-49=0

So, the required equation of plane is 18x + 17y + 4z-49=0



If plane containsT = i+ %J + 4k +(3iﬂ ~2j-s5k ]then (—1.3.4)satisfies plane and normal vector of planeisperpendicular tovector of line

LHS=18(-1) + 17.3 + 4.4-49

=-18 + 51 + 16-49

=-2 4+ 2=0=RHS

In vector form normal of plane
i=18i+17j+4k

LHS=18.3 + 17(-2) + 4.(-5)=54-34-20=0=RHS
Hence line is contained in plane.

Exercise 28G

1. Question
Find the angle between the line f: (1 +2j —k) +,f(1 —J+k) and the plane 1_(21 _:i +k) =4,

Answer

Given-t = (i + 2j—k) + A(i—j + k) and . (21— + k) = 4

To find - The angle between the line and the plane

Direction ratios of the line = (1, - 1, 1)

Direction ratios of the normal of the plane = (2, -1, 1)

Formula to be used - If (a, b, ¢) be the direction ratios of a line and (a’, b’, ¢’) be the direction ratios of the normal to the plane, then, the

r r r
angle between the two is given by gin~1 axa +bxb +cxc

T
=z = a2 z, 2
\;a2+b2+c2\||a’ +b" + ¢

The angle between the line and the plane

, _1(1><2+ (- x(-1) + 1><1)
= SII
V12 + 12 + 12422 + 12 + 12

) 272
= sl -
3

2. Question
Find the angle between the line f: (21 —j+31;) +}-_(.31 —j+21;) and the plane 1_( 1+]+k) =3.

Answer

Given -7 = (21— + 3k) + A(31—§ + 2k)and £ (1 + J+ k) = 3

To find - The angle between the line and the plane

Direction ratios of the line = (3, - 1, 2)

Direction ratios of the normal of the plane = (1, 1, 1)

Formula to be used - If (a, b, ¢) be the direction ratios of a line and (a’, b’, ¢’) be the direction ratios of the normal to the plane, then, the

r r r
angle between the two is given by gin~1 axa +bxb +cxc

T
JaZ+b%+ cz\lla’2+ B2 e
The angle between the line and the plane

. _1( 3x1+ (—1)x1+2x1 )
51n
V32 + 12 + 22412 + 12 + 12

, _1(3— 1+ 2)
sin T
Vi4y3

()
sin ——
Vaz

3. Question



Find the angle between the line 1 = ('3i +k)+!(]+k) and the plane f.(ji -] +3k) =1.

Answer

Given -7 = (31 + k) + A(j + k)and i (21— + 2k) = 1

To find - The angle between the line and the plane

Direction ratios of the line = (0, 1, 1)

Direction ratios of the normal of the plane = (2, - 1, 2)

Formula to be used - If (a, b, c) be the direction ratios of a line and (a’, b’, c’) be the direction ratios of the normal to the plane, then, the

r r r
angle between the two is given by sipn—1 axa +bxb +cxc

T
YaZ+b%+ cz\:a’z+ b+
The angle between the line and the plane

g 0x2+1x(-1) + 1x2
sin
V02 + 12 + 12422 4+ 12 4 22

-1+ 2
= sin‘l(—)

3\."5

sin‘l( 1 )
3\-@

4. Question

. o oxXx—=2 y+1 z-3
Find the angle between the line == = and the plane3x + 4y +z+ 5 =0.
3 -1 2
Answer
jven - X2 _ ¥*1 _ =2 _
Given - — = — = — and3x + 4y +z +5 =0

To find - The angle between the line and the plane

Direction ratios of the line = (3, - 1, 2)

Direction ratios of the normal of the plane = (3, 4, 1)

Formula to be used - If (a, b, c) be the direction ratios of a line and (a’, b’, c’) be the direction ratios of the normal to the plane, then, the

r r r
angle between the two is given by gin—1! axa +bxb +cxe

T
i 2 2 2
\'a2+b2+c2\||a’ +b'" +c

The angle between the line and the plane

, _1( 3x3+ (-1)x4+2x1 )
sin
V32 + 12 + 22432 + 42 + 12

, 71(9—4 - 2)
= sl a—

V1426
7
= SiIl_l (—)
\.E\.ﬁ X \.’E X \.@
= sin™! ( 7 )
2\.@

5. Question

Find the angle between the line X +1 = ¥ = 23 and the plane 10x + 2y - 11z = 3.
2 3 6
Answer
. _ x+1 _ X _ 2;3 _ _
Given - — = - = —and 10x + 2y — 11z = 3

To find - The angle between the line and the plane

Direction ratios of the line = (2, 3, 6)

Direction ratios of the normal of the plane = (10, 2, - 11)

Formula to be used - If (a, b, ¢) be the direction ratios of a line and (a’, b’, c’) be the direction ratios of the normal to the plane, then, the

r r r
angle between the two is given by gin~1 axa +bxb +cxc

T
=z = a2 z, 2
\'a2+b2+c2\||a’ +b" + ¢

The angle between the line and the plane



,_1( 2x10+ 3x2 + 6x(—11) )
= S5In
V22 + 32 + 624102 + 22 + 112

o 1(20+6 66)
= sin” TX1E
=sinl(_40)
7 %15
8
I
s ( 21)

6. Question

Find the angle between the line joining the points A(3, - 4, - 2) and B(12, 2, 0) and the plane 3x -y + z = 1.
Answer

Given-A=(3,-4,-2),B=(12,2,0)and3x-y+z=1

To find - The angle between the line joining the points A and B and the plane

Tip-IfP=(a, b, c)and Q = (a’, b’, ¢’), then the direction ratios of the line PQ is given by ((a’ - a), (b’ - b), (¢’ - ¢))
The direction ratios of the line AB can be given by

((12-3),(2+4),(0+2))

=(9,6,2)

Direction ratios of the normal of the plane = (3, -1, 1)

Formula to be used - If (a, b, ¢) be the direction ratios of a line and (a’, b’, c’) be the direction ratios of the normal to the plane, then, the

axa’ +bxb’ +exe’

angle between the two is given by gip~?

T
YaZ+b%+ cqua’2+ b7 +c?
The angle between the line and the plane

, _1( 9x3 +6x(—-1)+2x1 )
= 5in
V92 + 62 + 2232 4+ 12 4 12

, _1(277 6 + 2)
= 5In I ——
11 x 11

. _1( 23 )
sin —
11v11

7. Question

If the plane 2x - 3y - 6z = 13 makes an angle sin~ 1 (A) with the x - axis, then find the value of A.

Answer

Given-y = z = pand 2x —3y — 6z = 13

To find - The angle between the line and the plane

Direction ratios of the line = (1, 0, 0)

Direction ratios of the normal of the plane = (2, - 3, - 6)

Formula to be used - If (a, b, c) be the direction ratios of a line and (a’, b’, c’) be the direction ratios of the normal to the plane, then, the

r r r
angle between the two is given by gin~—1 axa +bxb +cxc

T
YaZ+b%+ cz\:a’z+ b+
The angle between the line and the plane

Sm_l(lxz +0x(=3) + 0><(—6))

V12 + 02 + 0222 4+ 32 4 92

2
P et
sin (7)

8. Question

Show that the line f: (21 +5j +71;] + A (1 +3j +41;) is parallel to the plane 1_(1 +j' —k) = 7. Also, find the distance between them.

Answer
Given -7 = (21 + 5 + 7k) + A(1 + 3§ + 4k)and (i + j—k) = 7
To prove - The line and the plane are parallel &

To find - The distance between them



Direction ratios of the line = (1, 3, 4)
Direction ratios of the normal of the plane = (1, 1, - 1)
Formula to be used - If (a, b, c) be the direction ratios of a line and (a’, b’, c’) be the direction ratios of the normal to the plane, then, the

r r r
angle between the two is given by gin~1 axa +bxb +cxc

T
YaZ+b%+ cqua’2+ b7 +c?
The angle between the line and the plane

,_1( 1x1+3x1+4x(-1) )
= 5in
V12 + 32 + 42412 4+ 12 4 12

, _1(1 + 3—4)
= 5in e

V26v3

sin™(0)

=0

Hence, the line and the plane are parallel.

Now, the equation of the plane may be writtenas x +y-z = 7.

Tip - Ifax + by + ¢ + d = 0 be a plane and? = (a’j‘ + bj + .;’f() + l(a”T + b+ .;”R) be a line vector, then the distance between them is
given by axa' +bxb +cxd +d

va?+hb2+e?
The distance between the plane and the line

[1X2 + 1x5—1x7-7]
oy rrezrz |
24+5-7-7

V3

= ;units
V3
9. Question
Find the value of m for which the line f: (1 +21;) +}._('2i“ —1113—31;) is parallel to the plane f.(mi +3j +k) =4,

Answer

Given - ¥ = (i + 2k) + A(2i —mj—3k) and &.(mi + 3j + k) = 4 and they are parallel

To find - The value of m

Direction ratios of the line = (2, - m, - 3)

Direction ratios of the normal of the plane = (m, 3, 1)

Formula to be used - If (a, b, ¢) be the direction ratios of a line and (a’, b’, ¢’) be the direction ratios of the normal to the plane, then, the

r r r
angle between the two is given by gin~1 axa +bxb +cxe

T
=z = a2 z, 2
\;a2+b2+c2\||a’ +b" + ¢

. 71(2><m + (-m)x3 + [—3)><1)
. SiI
V22 + m? + 32Ym? + 3% + 12

) —1( 2m—3m-—3 )
= sin =

V13 + m2y10 + m2
-m-—3
=

V13 + m2v10 + m?

= m = —3

10. Question
Find the vector equation of a line passing through the origin and perpendicular to the plane I(l +Zj +31;) =3.

Answer

Given-T.(i + 2j + 3k) = 3

To find - The vector equation of the line passing through the origin and perpendicular to the given plane

Tip - The equation of a plane can be given by # fi = d where f is the normal of the plane

A line parallel to the given plane will be in the direction of the normal and will have the direction ratios same as that of the normal.

Formula to be used - If a line passes through the point (a, b, ¢) and has the direction ratios as (a’, b’, ¢’), then its vector equation is given



byt = (ai + bj + ck) + A(a'f + b'j + c'’k) where A is any scalar constant
The required equation willbe ¥ = (0.1 + 0.7 + 0.k) + A(i + 2j + 3k)
=A[+ 2§+ 3&) for some scalar A

11. Question

Find the vector equation of the line passing through the point with position vector (.i — Zj +5f{) and perpendicular to the plane

r-(2i-3j-k)=0.

Answer

Given - (gi —3j— I‘{) — 0 and the vector has position vector (T —2j + 5ﬁ)

To find - The vector equation of the line passing through (1, - 2, 5) and perpendicular to the given plane

Tip - The equation of a plane can be given by # fi = d where { is the normal of the plane

A line parallel to the given plane will be in the direction of the normal and will have the direction ratios same as that of the normal.

Formula to be used - If a line passes through the point (a, b, ¢) and has the direction ratios as (a’, b’, ¢’), then its vector equation is given
by 7 = (af + bj + .;R) + 1(3’f + b+ .;’R) where A is any scalar constant

The required equation will be § = (’1‘— 2j + 5%) T ?L(Zf— 3j— f{) for some scalar A
12. Question

Show that the equation ax + by + d = 0 represents a plane parallel to the z - axis. Hence, find the equation of a plane which is parallel to
the z - axis and passes through the points A(2, - 3, 1) and B(- 4, 7, 6).

Answer
Given - The equation of the plane is given by ax + by + d =0

To prove - The plane is parallel to z - axis

Tip - If ax + by + cz + d is the equation of the plane then its angle with the z - axis will be given bygin—1 (;)

Ja? + b2 + 2
Considering the equation, the direction ratios of its normal is given by (a, b, 0)
The angle the plane makes with the z - axis = sin~ 1[0/V(a2 + b%)] = 0
Hence, the plane is parallel to the z - axis
To find - Equation of the plane parallel to z - axis and passing through points A =(2,-3,1)and B = (-4, 7, 6)
The given equation ax + by + d = 0 passes through (2,-3,1) & (- 4, 7, 6)
~2a—3b+d = 0eeees (i)
~w—4a+ 7b + d = 0.....(i0)

Solving (i) and (ii),

a b
m =1z | = 0 [a = arbitrary constant]
7 1 1 —4

~a = —10a

~b = —6a

Substituting the values of a and b in egn (i), we get,

- 2X10a + 3X6a + d =0i.e. d = - 2«

Putting the value of a, b and d in the equation ax + by + d =0,
(- 100)x + (- 6a)y + (- 2a) = 0

iie.5x+3y+1=0

13. Question

— [y |
Find the equation of the plane passing through the points (1, 2, 3) and (0, - 1, 0) and parallel to the IineX [ = y+< = i
2 3 -3
Answer
Given - A plane passes through points (1, 2, 3) and (0, - 1, 0) and is parallel to the Iine? = }';'2 = _—23

To find - Equation of the plane
Tip - If a plane passes through points (a’, b’, ¢’), then its equation may be given as a(x-a’) + b(y-b’) + c(z-c') =0

Taking points (1, 2, 3):



a(x-1)+b(y-2)+c(z-3) =0............ (i)
The plane passes through (0, - 1, 0):
a(0-1)+b(-1-2)+¢c(0-3)=0
i,e.a+3b+3c=0....cccciiiiis (ii)

The plane is parallel to the Iine% =7 "= =

Tip - The normal of the plane will be normal to the given line since both the line and plane are parallel.
Direction ratios of the line is (2, 3, - 3)

Direction ratios of the normal of the plane is (a, b, c)

S0,2a+3b-3C=0.errrriiiiiiiniiiiiinine (iii)

Solving equations (ii) and (iii),

ﬁ = _ﬁ = ﬁ = O [a - arbitrary constant]
~a = —18a

~b = 9a

~C = —3a

Putting these values in equation (i) we get,
—18a(x—1) + 9a(y—2) —3a(z—3) = 0
= 18(x—1)—-9(y—2) + 3(z—-3) =0
= 6(x—1)-3(y—-2)+(z-3)=0

= 6x—3y+z—-3 =10

= 6x—3y+z=3

14. Question

Find the equation of a plane passing through the point (2, - 1, 5), perpendicular to the plane x + 2y - 3z = 7 and parallel to the line
x+3 y+1 _z-2
3 -1 1

Answer

Given - A plane passes through (2, - 1, 5), perpendicular to the plane x + 2y - 3z = 7 and parallel to the Iine? = &11 = %
To find - The equation of the plane

Let the equation of the required plane be ax + by + cz+d =0...... (a)

The plane passes through (2, - 1, 5)

So,2a-b+5¢c+d=0.....ccccceuiinnnnn. (i)

The direction ratios of the normal of the plane is given by (a, b, c)

Now, this plane is perpendicular to the plane x + 2y - 3z = 7 having direction ratios (1, 2, - 3)
So,a+2b-3c=0.ccccennnnn. (ii)

This plane is also parallel to the line having direction ratios (3, - 1, 1)

So, the direction of the normal of the required plane is also at right angles to the given line.

So,3a-b+c=0...cccciiiins (iii)

Solving equations (ii) and (iii),

|—21a_13| == |a1 b_13| = |; c_21| = O [a - arbitrary constant]
~a = —a

~b = —10a

~C= -7

Putting these values in equation (i) we get,
2X(-a) - (-10a) + 5(- 7a) + d = 0i.e. d = 27«
Substituting all the values of a, b, c and d in equation (a) we get,

—ox — 10ay — 70z + 270 = 0



=2x+10y + 7z + 27 =0
15. Question

Find the equation of the plane passing through the intersection of the planes5x -y + z =10 and x + y - z = 4 and parallel to the line with
direction ratios2, 1, 1. Find also the perpendicular distance of (1, 1, 1) from this plane.

Answer
Given - A plane passes through the intersection of 5x -y + z =10 and x + y - z = 4 and parallel to the line with direction ratios (2, 1, 1)
To find - Equation of the plane

Tip-Ifax+by+cz+d=0anda'x+ b’y + c'z+ d’" = 0 be two planes, then the equation of the plane passing through their intersection
will be given by

(ax + by + cz+d) + AM(@'x + b’y + ¢’z + d’) = 0, where A is any scalar constant
So, the equation of the plane maybe written as
(5x-y+2z-10)+Ax+y-2z-4)=0

>G5 +Ax+(-1+ANy+(1-ANz+(-10-4A) =0

This is plane parallel to a line with direction ratios (2, 1, 1)

So, the normal of this line with direction ratios ((5 + A), (- 1 + A), (1 - A)) will be perpendicular to the given line.
Hence,

26+AN) +(-1+AN+(1-A)=0

=>A=-5

The equation of the plane will be
(5+¢5)x+(-1+(-5)y+(1-X(-5))z+(-10-4X(-5))=0
=2-6y+6z2+10=0

=23y-3z=5

To find - Perpendicular distance of point (1, 1, 1) from the plane

Formula to be used - If ax + by + ¢ + d = 0 be a plane and (a’, b’, ¢’) be the point, then the distance between them is given by
axa’ +bxb’ +exc’ +d

JaZ+ b2+ c?
The distance between the plane and the line
_[0x2 +3x1-3x1-5|
T Ve re e |
3—3-5
-2

= iﬁ units
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Exercise 28H
1. Question

Find the vector and Cartesian equations of the plane passing through the origin and parallel to the vectors (1 +j —k) and [31 —k)

Answer
Given -7 — | + j— k &? — 3j— [y are two lines to which a plane is parallel and it passes through the origin.

To find - The equation of the plane

Tip - A plane parallel to two vectors will have its normal in a direction perpendicular to both the vectors, which can be evaluated by taking
their cross product

CEXT

ij k
=111 -1
3 0 -1

i(-1-0) +j(-3 + 1) + k(0—3)

= —-1-2]-3k
The plane passes through origin (0, 0, 0).

Formula to be used - If a line passes through the point (a, b, c) and has the direction ratios as (a’, b’, ¢’), then its vector equation is given
byt = (ai + bj + ck) + A(a't + b'j + c'k) where A is any scalar constant

The required plane will be



F=(0xi+0xj+0xk)+ A(—i—2]-3k)

=7 =i+ 2+ 3k)

The vector equation : £.(i + 2j + 3”1{) =0

The Cartesian equation: x + 2y + 3z =0

3. Question

Find the vector and Cartesian equations of the plane passing through the point(3, - 1, 2) and parallel to the lines
r=(-j+3Kk)+2(21-5j-k) and 1 =(i-3]+K)+p(-51+4]j).

Answer

Given -} = (_J“ 1 3ﬁ) 4 )L(ZT— 5f— R) &T = (T— 3f + R) + u(=5i + 4j)- A plane is parallel to both these lines and passes through (3, -
1, 2).

To find - The equation of the plane

Tip - A plane parallel to two vectors will have its normal in a direction perpendicular to both the vectors, which can be evaluated by taking
their cross product

R = 2i— 5] — k& ﬁ = —5i + 4j- where the two vectors represent the directions

i ]k
=l2 -5 -1
-5 4 0

=10 + 4) + j(5—0) + k(8- 25)

= 4i + 5j—17k

The equation of the plane maybe represented as 4x + 5y -17z+d =0
Now, this plane passes through the point (3, - 1, 2)

Hence,

4x3+5x%x(-1)-17x2+d=0

=d =27

The Cartesian equation of the plane : 4x + 5y - 17z + 27 =0

The vector equation : £.(4i + 5j— 17k) + 27 = 0

3. Question

Find the vector equation of a plane passing through the point (1, 2, 3) and parallel to the lines whose direction ratiosare 1,-1,-2,and -1,
0, 2.

Answer
Given - The lines have direction ratios of (1, - 1, - 2) and (- 1, 0, 2). The plane parallel to these lines passes through (1, 2, 3)
To find - The vector equation of the plane

Tip - A plane parallel to two vectors will have its normal in a direction perpendicular to both the vectors, which can be evaluated by taking
their cross product

R=i- j—2k & R = —1 + 2k, where the two vectors represent the directions
~RxR
i j k
=11 -1 =2
-1 0 2

i(-2-0) +j(2—2) + k(0—-1)

= -2i-k

The equation of the plane maybe represented as-2x-z+d =0
Now, this plane passes through the point (1, 2, 3)

Hence,

(-2)x1-34+d=0

=>d=5

The Cartesian equation of the plane : -2x-z+5=0ie.2x+z=5

The vector equation : F.(Zf + f() -5



4. Question

_ | +
Find the Cartesian and vector equations of a plane passing through the point (1, 2, - 4) and parallel to the Iinesx 1 = y—- = z 1and
2 3 6
x-1 y+3 z
1 1 -1
Answer
Given - %1 = J’T’z = %1 &% = }':3 - il A plane is parallel to both these lines and passes through (1, 2, - 4).

To find - The equation of the plane

Tip - A plane parallel to two vectors will have its normal in a direction perpendicular to both the vectors, which can be evaluated by taking
their cross product

The direction ratios of the given lines are (2, 3, 6) and (1, 1, - 1)

“R=2i+3 +6k&R =1+ j—Fk

~RxR
i i k
=12 3 &
11 -1

= -9 + 8-k

The equation of the plane maybe represented as-9x + 8y-z+d =0

Now, this plane passes through the point (1, 2, - 4)

Hence,

(-9)x1+8x2-(-4)+d=0

=>d=-11

The Cartesian equation of the plane: -9x + 8y -z-11=0i.e.9x-8y +z+ 11 =0
The vector equation : f’_(gf— 8j + 'k) +11 =0

5. Question
Find the vector equation of the plane passing through the point (31 +4:i+ Zk) and parallel to the vectors (1 + Zj +31:;) and (1 — J +k)

Answer
Given - = { + 2j + 3R &Y = i—f+ k are two lines to which a plane is parallel and it passes through the point 37 + 4j + 2k
To find - The equation of the plane

Tip - A plane parallel to two vectors will have its normal in a direction perpendicular to both the vectors, which can be evaluated by taking
their cross product

AExT

i j Kk
=1 2 3
1 -1 1

(243 +j3-1) + k(-1-2)

=5 + 2j—3k

The equation of the plane maybe represented as 5x + 2y -3z +d =0

Now, this plane passes through the point (3, 4, 2)

Hence,

5x3+2x%x4-3%x2+d=0

=>d=-17

The Cartesian equation of the plane : 5x + 2y - 3z-17 = 0i.e. 5x + 2y - 3z = 17

The vector equation : f’_(sf + 2§ — 3f<) - 17

Exercise 28I

1. Question



Show that the lines r = :2_?—3&:—.{ :f—Ej—Skﬂ: and f_'=:2fﬂ—6j—3n"(ﬂ: + 1 :2?—3;—4&: are coplanar.

Also find the equation of the plane containing these lines.
Answer

Given : Equations of lines -

77 = (27— 3k) + A(i + 27 + 3k)

73 = (20 + 6§ + 3k) + pu(2i + 37 + 4k)

To Prove : 7 & 75 are coplanar.

To Find : Equation of plane.

Formulae :

1) Cross Product :

If 7 & b are two vectors

a=a,i+a,j+agk

b = byi+ byj+ bk

then,
|tk
axb=|a, a, a,
by by b

2) Dot Product :

If 7 & b are two vectors

a=a,i+ a,j+azk

b=b,i+ b,j+ bk

then,

@b = (a; x b))+ (ay x by) + (az xby)

3) Coplanarity of two lines :

If two linesr; = @ + b & B=Cc+ ﬁ& are coplanar then
a(bxd)=e(bxd)

4) Equation of plane :

If two lines 7} = @; + ;{b_l &G =T + ;{E are coplanar then equation of the plane containing them is
7.(5, xb;) =@ (b, x By)

Where,

F=xi+yj+zk

Answer :

Given equations of lines are

77 = (27— 3k) + A(i + 27 + 3k)

73 = (20 + 6§ + 3k) + pu(2i + 37 + 4k)

Let, 7 =@ + b, &, = @ + b,

Where,

T =2j—3k

2

[~

L =i+2j+3k
@ =2+ 6§+ 3k

b, = 2i+ 3j + 4k

Now,

|tk

byxb,=11 2 3
2 3 4

=i(8—9)—j(4—6)+k(3—4)



e

w(byx by) =~ +2j -
Therefore,
@;.(by x b;) = (0 x (=1)) + (2 x 2) + ((—3) x (-1))
=0+4+3

=7

a_l'(b_le)=7 ......... eq(1)

And

@.(by x b)) = 2x (1)) + (6x2) +(3x (~1))
=-2+12-3

=7

wty.(byxby) =7 oo eq(2)

From eq(1) and eq(2)

a@.(by x b;) = @ (by x by)

Hence lines 7 &7, are coplanar.

Equation of plane containing lines i & 73 is

7.(5, xb;) =@ (b, x By)

Now,

byxb,=—i+2j—k

From eq(1)

a;.(by xby) =7

Therefore, equation of required plane is
F(-i+2j—k)=7

nF(i—2j+k)=-7

~r(i-2j+k)+7=0

F(i—2j+k)+7=0

2. Question

Find the vector and Cartesian forms of the equations of the plane containing the two lines r = :fﬂ + E}H'— 4&: +4 :2?— 3}ﬂ'— 5] kﬂ: and .
r=(9f+5j—k|+ul-27+3]+8k|..

Answer

Given : Equations of lines -

7= (i +2j —4k) + A(2i + 3j + 6k)

73 = (91 +5f — k) +p(—2i + 37 + 8k)

To Find : Equation of plane.

Formulae :

1) Cross Product :

If 7 & b are two vectors

= a,i+ a,j+azk

b = byi+ byj+ bk

then,
|tk
axb=|a, a, a;
b, b, by

2) Dot Product :

If 7 & b are two vectors

a=ait+a,j+tagk



b= byi+ b,j+ bk

then,

@b = (a, x b))+ (a, x b,) + (az x by)
3) Equation of plane :

If two Iinesr1 =a;+ ,:u;_l &G =T, + AE are coplanar then equation of the plane containing them is
7.(b; x B;) = 7. (5, < By)

Where,

Given equations of lines are

7= (i +2f —4k) + A(2i + 3j + 6k)

73 = (9i+5f — k) +p(—2i + 37 + 8k)
Let, 7 = @ + b, &7, = @, + Ab,

Where,

by x b, =

—2
=1(24—-18)— j(16+ 12) + k(6 + 6)
« (by x by ) = 61 — 28] + 12k
Therefore,
@ (b, x by) = (1x 6) + (2 x(—28)) + ((—4)x 12)
=6-56-48
=-98
2@y (by xby) = =98 oo eq(1)
Equation of plane containing lines 7 & 7; is
7.(5, xB) =@ (b,  By)
Now,
by x b, = 61 — 28f + 12k
From eq(1)
a@;.(b; x b,) = —98
Therefore, equation of required plane is
7.(6i— 28j + 12k) = —98
7. (6 —28f+12k) +98 =0
This vector equation of plane.
AsF = xi+ yj +zk
aF(byxby)=(xx6)+ (y x (—28))+ (zx 12)
= 6Xx - 28y + 12z
Therefore, equation of plane is
6Xx - 28y + 12z = -98
6x - 28y + 122+ 98 =0
This Cartesian equation of plane.

3. Question



Find the vector and Cartesian equations of a plane containing the two lines r =27 +j-3k|+ (i +2j +5k) and r={3i +3j +2k|+ u[37 -2 +5k]. Also
show that the lines r =2/ +57+2k|+p [37-2j+5k| lies in the plane.
Answer

Given : Equations of lines -

7= (2i+j—3k) +A(i + 2j + 5k)

73 = (3i+3f +2k) +u(3i — 2j + 5k)

To Prove ‘1 &7 are coplanar.

To Find : Equation of plane.

Formulae :

1) Cross Product :

If 7 & b are two vectors

a=a,i+a,j+ask

b = byi+ byj+ bk

then,
|t o5k
axb=|a, a, a
b, b, by

2) Dot Product :

If 7 & b are two vectors

a=a,i+a,j+azk

b =b,i+ b,j+ bk

then,

@b = (a, x b))+ (ay x by) + (az x by)

3) Coplanarity of two lines :

If two lines; = @+ Ab & 1, = ¢ + pud are coplanar then
a(bxd)=e(bxd)

4) Equation of plane:

If two lines 7} = @; + ,:u;_l &Tp =T, + ;{E are coplanar then equation of the plane containing them is
7.(b, xb,) =@. (b, x b,)

Where,

F=xi+yj+zk

Answer :

Given equations of lines are

7= (2i+j—3k) +A(i + 2j + 5k)

73 = (3i+3f +2k) +u(3i — 2j + 5k)

Let, 7} =@ + b, &T; = @ + b,

Where,

Now,

|k

byxb,=|1 2 5
3 -2 5

=1(10 + 10) — j(5— 15) + k(-2 — 6)



« (by x b,) = 20i + 10f — 8k

Therefore,

@y (b, x b,) = (2% 20) + (1 x 10) + ((—3) x (—8))
=40+ 10 + 24

=74

w@y(by xby) =74 oo, eq(1)

And

@,.(hy xb,) = (3x20)+(3x10) + (2 x (—8))

=60 + 30 - 16
=74
2y (by X by) = T4 covenn eq(2)

From eq(1) and eq(2)

a@.(by x b;) = @ (by x by)

Hence lines 7 &7, are coplanar.
Equation of plane containing lines i & 73 is
7.(5, xb;) =@ (b, x By)

Now,

by x b, = 20i + 10j — 8k

From eq(1)

@y.(by x by) = 74

Therefore, equation of required plane is
7. (201 + 10f — 8k) = 74

~ 7. (101 +5j — 4k) = 37

~ 7. (100 +5j—4k)—-37=0

This vector equation of plane.

As 7 = xi+ yj +zk

~ 7. (by x by) = (x x 20) + (¥ x 10) + (z x (—8))
= 20x + 10y - 8z

Therefore, equation of plane is

20x + 10y -8z =74

20x + 10y -8z-74=0

10x +5y-4z-37=0

This Cartesian equation of plane.

4. Question

Prove that the lines ;=’”_;2 =ZT_3 and x_‘2=ﬂ=$ are coplanar. Also find the equation of the plane containing these lines.

Answer

Given : Equations of lines -

To Prove : Line 1 & line 2 are coplanar.
To Find : Equation of plane.

Formulae :

1) Coplanarity of two lines :

If two lines are given by,



Y=y z—z,;

T T and
X—X V=y: -2, : i
—2===2=""2 then these lines are coplanar, if
as by cz
X=Xy Va=V1 23723
a4 b]_ € =0
a, bz &)

2) Equation of plane :

. o e N X=X B S Z-Z
The equation of plane containing two coplanar lines— == b’* =—
ay 1 €1
X—x3  Y—Vs E-Z3. f
—— === is given by,
& as by co s given by
X=Xy Y=V Z—2z,
a by ¢ |=0
a; b, Cz
Answer :
Given lines -
Line1:X-¥2_z43
17z T 3

Here,x; =0,y17=2,z7=-3,a;=1,b1 =2, =3

Xp=2,¥%2=6,2=3,a,=2,bb=3,0=4

Now,

Xp—=Xy Y201 Z27 23 2—-0 6—-2 3+3
a, by G |=|1 2 3
a, by C; 2 3 4
2 4 6

=11 2 3
2 3 4

=2(8-9)—4(4—6)+6(3—4)

—2(—1) —4(-2) + 6(~1)

=-2+8-6
=0
Xp=X1 Va=1 227 %3
a, by e, |=o0
a; b, Cz

Hence, given two lines are coplanar.

Equation of plane passing through linel and line 2 is given by,

X=Xy V=V Z2—Z;
a by ¢ |=0
a; b, Ca
x—0 y—-2 z+3
1 2 3 |=0
2 3 4

Aax—0)x(B8-9)—-(v—2)x(4-6)+(z+3)x(3—-4=0
=1 - (-2 +(z+3)(-1)=0
X+2y-4-z-3=0

-X+2y-z-7=0

X-2y+z+7=0

Therefore, equation of plane is

X-2y+z+7=0

5. Question

Prove that the lines X=2_Y-4_2-6 gnd X*1_¥+3_2+5 3re coplanar. Also find the equation of the plane containing these lines.

Answer

Given : Equations of lines -

. —2 -4 z-6
Linel X~ _¥=_=2°
1 4 7



Line2 ;X _y*3 _ z*3
3 5 7
To Prove : Line 1 & line 2 are coplanar.
To Find : Equation of plane.
Formulae :
1) Coplanarity of two lines :

If two lines are given by,

o~ n o and
X=X B Z—Z . .
—2==2<2 "2 then these lines are coplanar, if
az by Cz
Xo=Xq Vo= 22723
a, by c; |=0
a; b, Cz

2) Equation of plane :

The equation of plane containing two coplanar lines x;x* = y;y*
1 1
X=Xz _ Y7V _ E7Zz :
& . . - is given by,
X=Xy V=V Z2—Z;
a, by c; |=0
a; b, Ca
Answer :
Given lines -
Linel X2 _y*_=z¢
1 4 7

Line 2 ;X*1 _ y¥3 _ 245
3

Here,x1=2,y1=4,21=6,a1=1,b1=4,c1=7

Xo=-1,y,=-3,2p=-5,a=3,b,=5,¢,=7

Now,

X=Xy Y20 Z27Z1 |-1-2 -3—-4 -5-6
ay by & |= 1 4 7
a, b, s 3 5 7
-3 -7 -11

=|1 4 7
3 5 7

=—3(28—35) — (=7)(7—21) — 11(5 — 12)
=—3(=7) + 7(—14) — 11(-7)

=21-98+77
=0
Xo=X1 Va—01 22723
a, by ¢y |=o0
a; b, Ca

Hence, given two lines are coplanar.

Equation of plane passing through line 1 and line 2 is given by,

X=Xy V=W 223
a by ¢ |=0
Qs b, Cy
x—2 y—4 z—6
1 4 7 |=0
3 5 7

Ax—2)x(28-35)—(y— ) x (7-2D)+ (z—6) x(5—12) =0

2 =T(x=2)~ (y—9)(~14) + (2 6)(~=7) =0
-7x+ 14 +14y-56-7z+42=0
-7x+ 14y -72=0

X-2y+z=0

Therefore, equation of plane is



X-2y+z=0

6. Question

Show that the lines 3= - ¥ -7 _2=3 gnd ¥*-8_2Y-8 _Z-5 gre coplanar. Find the equation of the plane containing these lines.

-4 4 -5 7 2 3
Answer

Given : Equations of lines -

Line 1: 5—x y-=7 _ Z+3 orx—S y=7 _ z+43

w©

Line2 :*8 _2y8 75 x8 y-t =73
7 2 2 7 1 2

To Prove : Line 1 & line 2 are coplanar.
To Find : Equation of plane.

Formulae :

1) Coplanarity of two lines :

If two lines are given by,

X=X B Z—Z . .
—2==2=2=""2 then these lines are coplanar, if
az by Cz

Xo=Xq1 Vo=V Z27 23

2) Equation of plane :

. e . X=X y-y. E—Z
The equation of plane containing two coplanar lines— = b—* =—
@ 1 Cy
xX—X. N Z—Z.
& —=%=—2==—2is given by,
-1 by Ca 9 y
X=Xy V=V 2%y
a, by c; |=0
as by Ca
Answer :
Given lines -
Linel:*=2 _¥7 _ 243
"4 a2 s
Line2 ¥8_ ¥y _2z
7 T 1 s

Here,x1=5,y1=7,21=-3,a1=4,b1=4,c1=-5

x2=8,y2=4,22=5,a2=7,b2=1,c2=3

Now,

X=Xy Ya—"0N Z27Z; 8—5 4—-7 543
ay by & =] 4 4 -5
a; b, Ca 7 1 3
3 -3 8

=4 4 -5
7 1 3

=3(12+5) — (—3)(12 + 35) + 8(4 — 28)
=3(17) + 3(47) + 8(—24)

=51+ 141 -192
=0
Xo=X1 YVa—01 22723
a, by ¢y |=o0
Qs b, Ca

Hence, given two lines are coplanar.

Equation of plane passing through linel and line 2 is given by,
X=Xy V=W 223
a; by €y
Qs b, Cy




x—5 y—-7 z+3
4 4 -5 (=0
7 1 3

A(x=B)x(12+5)—(y—7)x(12+35) + (z+3)x(4—28) =0
~17(x—=5)—-47(y -7 +(z+3)(—24) =0

17x-85-47y +329-24z2-72=0

17x-47y -24z+ 172 =0

Therefore, equation of plane is

17x-47y -24z+ 172 =0

7. Question

Show that the lines 221-¥-2-2-2 and £-¥-7-Z-7 are coplanar. Find the equation of the plane containing these lines.

Answer

Given : Equations of lines -

Line 1 L x+l y-3 =42
‘-3 2 1

Line2 :¥=¥7_ 27
17 -3 2

To Prove : Line 1 & line 2 are coplanar.
To Find : Equation of plane.

Formulae :

1) Coplanarity of two lines :

If two lines are given by,

O

=—== and

@y by 1

X=X B Z—Z . .
—2==2=2=""2 then these lines are coplanar, if
az by Cz

Xo=Xy Y21 227244

2) Equation of plane :

X=Xy Y= -2

The equation of plane containing two coplanar lines == =

@y by Cy
X—Xg Y=z Z—Zg . :
— == is given by,
& . 5 - s given by
X=Xy Y=V 223
a, by c; |=0
Qs b, Cy
Answer :
Given lines -

Line 1 X+l y-3 =42
.—_—2 =

. -7 T
Line2:X-¥7_ 27
1 -3 2

Here,x; =-1,y7=3,z1=-2,a;=-3,b1=2,¢,=1

x2=0,y2=7,22=-7,a2=1,b2=-3,c2=2

Now,

X=Xy YVa—V1 237 %, 0+1 7-3 —-7+2
ay by ¢ =] -3 2 1
a; b, Ca 1 -3 2
1 4 -5

=|-3 2 1
1 -3 2

=1(4+3)—4(-6—-1)—5(9-2)
=1(7)—4(-7)—5(7)
=7+ 28-35

=0



Xo= X1 V2= 01 22723
a by C1
Qs b, Ca

Hence, given two lines are coplanar.

Equation of plane passing through linel and line 2 is given by,

X=Xy V=W 223
a, by ¢ |=0
a; b, Cz
x+1 y—3 z+2
-3 2 1 |=0
1 -3 2

Aax+ D) x(@+3)—(v—3)x(—6—-—1+(z+2)x(9-2)=0
ATx+ 1) - (-3 +(=z+2)(7)=0
IX+7+7y-21+7z2+14=0

Ix+7y+7z=0

X+y+z=0

Therefore, equation of plane is

8. Question

Show that the lines 222~ Y- -2 and -2 -¥-1_Z1 are coplanar. Also find the equation of the plane containing these lines.

Answer

Given : Equations of lines -

Linel X2 _¥2_ =
T2 T a1 4
Line2 X2yt _=72
=

To Prove : Line 1 & line 2 are coplanar.
To Find : Equation of plane.

Formulae :

1) Coplanarity of two lines :

If two lines are given by,

X=X B Z—Z . .
—2==2=2=""2 then these lines are coplanar, if
az by Cz

Xp2=X1 Va=01 22723

2) Equation of plane :

. e . X=X y-y. Z—Z
The equation of plane containing two coplanar lines— = b—* =—
@ 1 Cy
X=Xz _ Y7V  E7Ez :
& ™ = b - is given by,
X=Xy V=V 2%y
a, by c; |=0
as by Ca
Answer :
Given lines -
. —1 -3
Linel : X=X _ 2%
2 -1 -1
. —4 -1 -1
Line2 : = = _ 2=
3 —2 -1

Here,x1=1,y1=3,21=0,a1=2,b1=-1,c1=-1

X2=4,y2=1,22=1,a2=3,b2=-2,c2=-1

Now,

X=Xy Ya—"0N Z27Z; 4—1 1-3 1-0
ay by & [=| 2 -1 -1
a; b, Ca 3 -2 -1




3 -2 1
2 -1 -1
3 -2 -1

=3(1-2)—(-2)(-243)+ 1(—4+3)
=3(-1)+2(1)+ 1(-1)
=-2

Xo=X1 Vo=V 22723
a, b, €1
a; b, Cz

#0

Hence, given two lines are not coplanar.

9. Question
Find the equation of the plane which contains two parallel lines given by *~2-Y=2_2 and**-¥-2_222,

Answer

Given : Equations of lines -

Linel X2 22 _ =
1 -2 s
Line2 X2 _¥3 _=2
17 -4 s

To Find : Equation of plane.
Formulae :

Equation of plane :

The equation of plane containing two parallel lines 2=t — % ==
a c
&I _ Y2 _ Z7%2 g gjven by,
a b c

X=Xy V= 7%
Xp=X3 Y2—V1 EZ3—Z3|=0
a b c

Answer :

Given lines -

Here,x; =3,y1=-2,z27=0,a=1,b=-4,c=5
X2=4,y2=3,22=2

Therefore, equation of plane containing line 1 & line 2 is given by,

X=Xy Y=V Z—4,
Xo=Xy Y201 227244
a b c

=0

x—3 y+2 z—-0

~|14-3 3+2 2-0/=0
1 —4 5
x—3 y+2 =z
1 5 2l=0
1 -4 5

A(x=3)x(25+8) - (y+2)x(5-2)+(z2)x(-4—-5)=0
=33(x=3) - (y+2)(3) +(2)(-9) =0

33x-99-3y-6-92=0

33x-3y-9z-105=0

11x-y-3z=35

Therefore, equation of plane is

Exercise 28)

1. Question

Find the direction ratios of the normal to the plane x + 2y - 3z = 5.

Answer



Given :

Equation of plane : x + 2y -3z =5

To Find : direction ratios of normal
Answer :

Given equation of plane : x + 2y -3z =5
It can be written as
(xi+yj+zk).(i+2j—3k)=5
Comparing with 7.7 =a.n

Therefore, normal vectoris 7 = § + 2j — 3k

Hence, direction ratios of normal are (1, 2, -3).

2. Question

Find the direction cosines of the normal to the plane 2x + 3y -z = 4.
Answer

Given :

Equation of plane : 2x + 3y -z =4

To Find : Direction cosines of the normali.e.| m&n

Formula :

1) Direction cosines :

If a, b & c are direction ratios of the vector then its direction cosines are given by

a
va? + b? +c?

b
m=—————
va? + b? +c?
c
Va2 + b2+ 2
Answer :

For the given equation of plane
2x+3y-z=4

Direction ratios of normal vector are (2, 3, -1)

Jaz +b2 +c2 = 22 1321 (—1)2
—Va+9+1
=14

Therefore, direction cosines are

a 2
_\.a2+b2+£‘2_\@
b 3
M= ===
vaz + b? +¢2 \-@
c -1
n=rm—e——o—=—
Va? + b2+ 2 \."’ﬁ
(2 3 -1

(lmmn) = (

WV14'V14'V14/

3. Question

Find the direction cosines of the normal to the planey = 3.
Answer

Given :

Equation of plane : y = 3

To Find : Direction cosines of the normali.e.| m &n
Formula :

1) Direction cosines :



If a, b & c are direction ratios of the vector then its direction cosines are given by

a
va? + b? +c?

b

m=-———
va? + b? +¢?

c
va?+b? +c?

Answer :
For the given equation of plane
y=3

Direction ratios of normal vector are (0, 1, 0)

Jaz + b2 +¢2 = Joz + 12 + 02
=V0+1+0

=41

1

Therefore, direction cosines are

a 0
CVaZ¥bZecz 1
b 1
Mm=—————-o=-=1
vaz+bh2+cz 1
c 0
Nn=———==-=10

Ve +bi+c2 1
(Lmmn) = (0,1,0}
4. Question
Find the direction cosines of the normal to the plane 3x + 4 = 0.
Answer
Given :
Equation of plane : 3x + 4 =0
To Find : Direction cosines of the normali.e. | m&n
Formula :
1) Direction cosines :

If a, b & c are direction ratios of the vector then its direction cosines are given by

a
vaz+b? +c?

b

m=———
vaz +b? +c?

c
“Jerrie

Answer :

For the given equation of plane
-3x =4

Direction ratios of normal vector are (-3, 0, 0)

Ja2 + b2 +c2 = [(—3)2+ 02+ 02
=vV9+0+0
=49

3

Therefore, direction cosines are

a -3
Va2 +b2+cz 3



(Lmn) = (—1,0,0]

5. Question

Write the equation of the plane parallel to XY-plane and passing through the point (4, -2, 3).
Answer

Given :

Point : (4, -2, 3)

To Find : equation of plane

Formula :

1) Equation of plane :

Equation of plane passing through point A with position vector g and perpendicular to vector 5 is given by,

Position vector for given point A = (4, -2, 3) is

a=4i—2j+3k

As required plane is parallel to XY plane, therefore Z-axis is perpendicular to the plane.
=k

Therefore, equation of plane is

rn=ar

—

o (xi+yj +zk).(k) = (41— 2j + 3k).(k)
Axx0)+(yx0)+(zx1)=04x0)+(-2x0)+(3x1)
~Z=3

This is required equation of plane.

6. Question

Write the equation of the plane parallel to YZ-plane and passing through the point(-3, 2, 0).
Answer

Given :

Point : (-3, 2, 0)

To Find : equation of plane

Formula :

1) Equation of plane :

Equation of plane passing through point A with position vector g and perpendicular to vector jj is given by,

r.n=dart

Where, 7 = xi+ yj + zk

Answer :

Position vector for given point A = (-3, 2, 0) is

a=—31+2j+ 0k

As required plane is parallel to YZ plane, therefore X-axis is perpendicular to the plane.

1=1

=

Therefore, equation of plane is

rn=ar

—

o (xt+yf+2k).()) = (=31 + 2j + 0k). ()

Axx D)+ (yx0)+(zx0)=(—3x1)+(2x0) +(0x0)



~X=-3

This is required equation of plane.

7. Question

Write the general equation of a plane parallel to the x-axis.
Answer

Let, normal vector of plane be

n=ai+ bj+ck

Equation of plane is given by,

r.i=d

w(xt+yj+zk).(ai+bf +ck)=d

~ax+by+cz=d

As the required plane is parallel to the given plane, hence normal vector of plane is perpendicular to x-axis.

~f.i=10

—

—

~(ai+bj+ck)i=0
a=0
Therefore, equation of plane is
by +cz=d
8. Question
Write the intercept cut off by the plane 2x + y - z = 5 on the x-axis.
Answer
Given :
Equation of plane : 2x +y-z=5
To Find : Intercept made by the plane with the X-axis.
Formula :
e Y 2
a b ¢
is the equation of plane in intercept form then intercept made by it with co-ordinate axes are
X-intercept = a
Y-intercept = b
Z-intercept = ¢
Answer :
Given equation of plane:
2Xx+y-z=5
Dividing above equation throughout by 5
2x 'y —Z

5 +g+?=l

L
“5/2 5 -5

Comparing above equation with
X Vv z

S+o4+-=1
a b ¢

We get,

a=>5/2

Therefore, intercepts made by plane with X-axis are

X-intercept = 5/2

9. Question

Write the intercepts made by the planedx - 3y + 2z = 12 on the coordinate axes.
Answer

Given :



Equation of plane : 4x - 3y + 2z = 12

To Find :

1) Equation of plane in intercept form

2) Intercepts made by the plane with the co-ordinate axes.

Formula :
[ A
a b ¢
is the equation of plane in intercept form then intercept made by it with co-ordinate axes are
X-intercept = a
Y-intercept = b
Z-intercept = ¢
Answer :
Given equation of plane:
4x -3y + 2z =12

Dividing above equation throughout by 12

4x 3y 2z
TR
X y Z

“3t 3!

This is the equation of plane in intercept form.

Comparing above equation with

X y z
—+-+-=1
a b ¢
We get,
a=

b=-4
c=6

Therefore, intercepts made by plane with co-ordinate axes are
X-intercept = 3

Y-intercept = -4

Z-intercept = 6

10. Question

Reduce the equation 2x - 3y + 5z + 4 = 0 to intercept form and find the intercepts made by it on the coordinate axes.
Answer

Given :

Equation of plane : 2x -3y + 5z +4 =0

To Find :

1) Equation of plane in intercept form

2) Intercepts made by the plane with the co-ordinate axes.

Formula :

X ¥y Z
fo4+—4+-_=1
a b ¢

is the equation of plane in intercept form then intercept made by it with co-ordinate axes are
X-intercept = a

Y-intercept = b

Z-intercept = ¢

Answer :

Given equation of plane:

2x -3y +5z=-4

Dividing above equation throughout by -4



] 2x +—3y+ 5z _

T—4 -4 -4
X y

S—+ +——=1
-2 4/3  —4/5

1

This is the equation of plane in intercept form.

Comparing above equation with

YLy
a b ¢
We get,
a=-2
b—4

T3

—4
=%

Therefore, intercepts made by plane with co-ordinate axes are

X-intercept = -2

4
Y —intercept = 3

4
Z — intercept = 3

11. Question
Find the equation of a plane passing through the points A(a, 0, 0), B(0, b, 0) and C(0, 0, c).
Answer

Given : Plane is passing through points

A=(a, 0,0)
B = (0, b, 0)
C=(0,0,c¢)

To Find : Equation of plane

Formulae :

Equation of plane making intercepts (a, b, c) on X, Y & Z axes respectively is given by,
X v Zz

—+-+4-=1
a b ¢

Answer : As plane is passing through points A = (a, 0, 0),
B=(0,b,0)&C=(0,0,c¢)

Therefore, intercepts made by it on X, Y & Z axes respectively are
a,b&ec.

hence, equation of plane is

X y z

Sy to=1

12. Question

Write the value of k for which the planes 2x - 5y + kz = 4 and x + 2y - z = 6 are perpendicular to each other.
Answer

Given : equations of perpendicular planes-

2x -5y +kz=4

X+2y-z2=6

To Find : k

Formulae :

Normal vector to the plane :

If equation of the plane is ax + by + cz = d then,

Vector normal to the plane is given by,

fl=ai+ bj+ck



Answer :

For given planes -

2x -5y +kz=14

X+2y-z2=6

normal vectors are

;= 20— 5f + kk
n,=1+2j—k

As given vectors are perpendicular, hence their normal vectors are also perpendicular to each other.
~TM,=0
~(21—-5j+kk).(i+2j—k)=0
(2x1) + (-5%2) + (kx(-1)) =0

2-10-k=0
-8-k=0
k=-8

13. Question

Find the angle between the planes 2x + y-2z=5and 3x -6y -2z =7.
Answer

Given : equations of planes-

2X+y-2z=5

3x-6y-2z2=17

To Find : angle between two planes

Formulae :

1) Normal vector to the plane :

If equation of the plane is ax + by + cz = d then,

Vector normal to the plane is given by,

fl=ai+bj+ck

2) Angle between two planes :

The angle © between the planes N =p, and ., =D, is given by

€050 = ———
7] .17l
Answer :

For given planes
2x+y-2z=5
3x-6y-2z=7
Normal vectors are

fi; = 2i+ j— 2k and

i, = 31— 6j — 2k

slgl= 22+ 12+ (—2)2=VA+1+4=9=3

= 32+ (—6)2+(—2)2=9+36+4=49=7
Therefore, angle between two planes is

;.

€050 = ———
[yl .12l
2i+j—2k).(3i—6j— 2k
s cosg  \2i+T—2k) (31 —6j—2k)
Ix7
(2x3)+ (1x(=6)) + ((—=2) x (-2))
-~ (086 =
21
6—6+4
5088 = ———

21



o 4
- COS =31

4
w0 =cosi ()
cos o1

14. Question

Find the angle between the planes r-(i=j|=1 and r-/i <k =3.

Answer

Given : equations of planes-

r(i+p)=1

r.(j+k)=3

To Find : angle between two planes

Formulae :

Angle between two planes :

The angle © between the planes N =p, and ., =D, is given by

€050 = ———
(7]l
Answer :

For given planes
r(i+j)=1
F(j+k)=3
Normal vectors are

ny and

+

Il
—
—

1z

=

Jj+
~ gl = \,’m =\V1+1+0=+2
cfgl= JRT T = V0T IT1= 2
Therefore, angle between two planes is

;.7

c0sf = —————
73] .|z
i+ .(+k)
08 = —————
\."EX\."E
(1x0)+(1x1)+(0x1)
- C0sf =
2
p 0+1+0
cosd = 5
cosf = -
1
o)
cos 2
.6_}—[
~6=3
15. Question

Find the angle between the planes r-(3i -4j~5k|=0 andr. /- j-2k|=7.
Answer

Given : equations of planes-

7.(3i—4j+5k)=0

r.(2i—j—2k)=7

To Find : angle between two planes

Formulae :

Angle between two planes :



The angle © between the planes I =p, and ., =D, is given by

;.

088 = ———
[77] |72l

Answer :

For given planes
7.(3i—4j+5k)=0
F(2i—j—2k)=7
Normal vectors are
fi; = 3 — 4f + 5k and

n,=2i—j—2k

3

“ |l = 32+ (—9)%2+52= V9 + 16+ 25 = V50 = 5y

sl = Y22+ ()24 (—2)2= V2 +1+4=V9=3
Therefore, angle between two planes is

.y

cosl = ———
5] .|l
(31— 4j +5k) . (21 — j— 2k)
-~ 086 =
5V2x3
(Bx2)+ (=9 x (1)) + (B x(=2))
-~ 0S8 =
152
o 6+4—10
% C0S6 = 5
~cos@8 =0
~ 8 =cos1(0)
g T
“0=3
16. Question
Find the angle between the line “22 - ¥ - 22 and the planes 10x + 2y - 11z = 3.
Answer
Given :

Equation of line ; X2 _ ¥ _ #3
2z 31 6

Equation of plane : 10x + 2y - 11z =3
To Find : angle between line and plane
Formulae :
1) Parallel vector to the line :

X=X, _ y» _ z-z

If equation of the line is =—==——then,
ay by C1

Vector parallel to the line is given by,

b=a,i+bj+c,k

2) Normal vector to the plane :

If equation of the plane is ax + by + cz = d then,

Vector normal to the plane is given by,

fl=ai+ bj+ck

3) Angle between a line and a plane :

If © is a angle between the line 7 = 7 + 1p and the plane .77 = p . then
b.n

1l

siné =

L=l

Where, p is vector parallel to the line and

1 is the vector normal to the plane.



Answer :
For given equation of line,

x+1 y z-3

2 3 6

Parallel vector to the line is

b= 2i+3j+6k

~|b|= 22 +32+62= VET9+36 =49 =7
For given equation of plane,

10x + 2y - 11z =3

normal vector to the plane is

f=10i+2j—11k

2|l = J107 + 22+ (—11)2= V100 + 4 + 121 = V225=15

Therefore, angle between given line and plane is

g b.7t
sinf = ———
[B] |7l
- (21 + 3 + 6k) . (101 + 2f — 11k)
T SmE = 7% 15
, (2% 10) + (3 x 2) + (6 x (—11))
- 8infd =
105
i L 20666
~sing = 105
g 20
“siné = oo
- sing = —
sin 1
—8
~ 8 =sin™! (—)
sin™t |57
17. Question
Find the angle between the line r =7 - j-2k|~ i/ -] -k| and the plane r-|2i - j-k|=4.
Answer
Given :

Equation of line : ¥ = (f+ j— 2k) + A(i — j+ k)

Equation of plane : . (2E—j+ ,I'{) —4

To Find : angle between line and plane

Formulae :

1) Angle between a line and a plane :

If © is a angle between the line ¥ — g + A1p and the plane .77 = I then
b.n

il

sing =

L=l

I3[
Where, p is vector parallel to the line and
f1 is the vector normal to the plane.
Answer :

For given equation of line,
F=({+j—2k)+A(i—-j+k)

Parallel vector to the line is

b=1—j+k

—

b=+ (D2+12=Vi+t1+1=+3

For given equation of plane,



r(2i-j+k)=4
normal vector to the plane is

An=2i-j+k

sil= Y22+ (D2 +12= Va+1+1=+6

Therefore, angle between given line and plane is

(=]
=l

.

siné =
I

n|
(i—-j+k).(2i—j+k)
\.@X\.@
(X2 + (- x(-1)+(1x1)

V18

~ 5in@ =

- 8iné

18. Question

x=2

Find the value of A such that the line Z== - ”—'1 = $ is perpendicular to the plane 3x -y -2z = 7.

B
Answer

Given :

Equation of line : ¥=2 _ ¥=1 _ z+5
6 2 4

Equation of plane : 3x -y -2z =7
To Find : 4
Formulae :

1) Parallel vector to the line :

. N . X=X Y-y Z—Z
If equation of the line is —= = =—= =—2 then,
ay by C1

Vector parallel to the line is given by,
b=a,i+bj+c,k

2) Normal vector to the plane :

If equation of the plane is ax + by + cz = d then,
Vector normal to the plane is given by,

n=ai+ bj+ck

3) Cross Product :

If 7 & b are two vectors
a=a,i+ a,j+azk

b = byi+ b,j+ bk

then,
|tk
axb=|a, a, a,
by b, bs
Answer :

For given equation of line,



x—2 y—-1 z+5

6 1 4

Parallel vector to the line is
b=6i+ A +4k

For given equation of plane,
3x-y-2z=17

normal vector to the plane is

n=3—j—2k

—

As given line and plane are perpendicular to each other.

~bhxf=0
i j ok
6 1 4|=0
3 -1 -2

2 (=24 +4) —j(—=12—12) + k(—6—31) = 0 + 0j + Ok

Comparing coefficients of j; on both sides

~—6—31=0
3A=-6

A=-2

19. Question

Write the equation of the plane passing through the point (a, b, c) and parallel to the planer.|[i - j-k|=2.

Answer

Given :

A=(a, b,c)

Equation of plane parallel to required plane
sF(i+j+k)=2

To Find : Equation of plane

Formulae :

1) Position vectors :

If A'is a point having co-ordinates (aj, a, a3), then its position vector is given by,

a=a,i+ a,j+azk
2) Dot Product :

If 7 & D are two vectors

@.b=(a, x b))+ (a, x b))+ (az xby)

3) Equation of plane :

If a plane is passing through point A, then equation of plane is
rn=an

Where, @ = position vector of A

n = vector perpendicular to the plane

F=xi+yj+zk

Answer :

For point A = (a, b, ¢), position vector is

@ = ai + bj + ck

As plane 7, (f+j + ,I}) = 72 is parallel to the required plane, the vector normal to required plane is



n=i+j+k
Now, gn=(ax 1)+ (bx1)+(cx1)
=a+b+c

Equation of the plane passing through point A and perpendicular to vectorq is

=at

—-
=l

7.
ar(i+j+k)=a+b+c

20. Question

Find the length of perpendicular drawn from the origin to the plane 2x - 3y + 6z + 21 = 0.
Answer

Given :

Equation of plane : 2x -3y + 62+ 21 =0

To Find :

Length of perpendicular drawn from origin to the plane = d

Formulae :

1) Distance of the plane from the origin :

Distance of the plane from the origin is given by,

_r
|

d
Answer :

For the given equation of plane

2x -3y + 6z =-21

Direction ratios of normal vector are (2, -3, 6)
Therefore, equation of normal vector is
fl=2i—3j+6k

A= {22+ (-3)°+ 6

—V2+9+36

V49

7

From given equation of plane,
p=-21
Now, distance of the plane from the origin is

_r
|

g2t
nd=—

d = 3 units
21. Question

Find the direction cosines of the perpendicular from the origin to the plane r-|(6/ -3 -2k|~1=0.

Answer

Given :

Equation of plane : 7, (6i — 3j —2k) + 1 =0
To Find :

Direction cosines of the normali.e. [ m&n
Formulae :

1) Direction cosines :

If a, b & c are direction ratios of the vector then its direction cosines are given by

a
va? + b2 +c?



b

m=
vaz +b? +c?
c
?1=II,:
va? + b? +c?
Answer :

For the given equation of plane
7.(6i—3f—2k)+1=0
Equation of normal vector is

fl = 6i —3j — 2k

Jaz + b2 +c2 = /62 + (=3)% + (—2)2
=V36+9+4

V49

7

Therefore, direction cosines are

a 6
Var+ b2 4z 7

b -3
m=—-——=—
Va2 +b2+cz 7

c -2

vz +bZ+c2 7

6 =3 =2
h.m.r.,l_(7,7,7‘

22. Question

Show that the line r =4/ —7k| =i |4/ -2]- 3k is parallel to the plane r-(5/ -4 j-4k|=7.
Answer

Given :

Equation of plane : : 7. (5f+ 4j — 4;2) =7

Equation of line :

7= (41— 7k) + (41 — 2j + 3k)

To Prove : Given line is parallel to the given plane.
Answer :

Comparing given plane i.e.

7.(5i+4f—4k) =7

with 7.71 = @.71 ,» we get,

N =5i+4f —4k

This is the vector perpendicular to the given plane.
Now, comparing given equation of line i.e.

7= (41— 7k) + A(41 — 2f + 3k)

with # = @ + 1h , we get,

b=4i—2j+3k

Now,

fi.b = (51 + 4j — 4k).(41 — 2j + 3k)
=(5x4)+@x(-2)+((—4)x3)

=20-8-12

=0

“b=0

Therefore, vector normal to the plane is perpendicular to the vector parallel to the line.



Hence, the given line is parallel to the given plane.

23. Question

Find the length of perpendicular from the origin to the plane r-(2/ -3j-6k|~14 =0.
Answer

Given :

Equation of plane : 7. (2i — 3j + 6k) + 14 = 0

To Find : Length of perpendicular =d

Formulae :

1) Unit Vector :

Let @ = a,i+ a,j+ a, k be any vector

Then unit vector of g is

| =

=

1

Where, |a| = [a,Z+ a,2 + a;?

2) Length of perpendicular :

The length of the perpendicular from the origin to the plane
F.i=p is given by,

P
|

Answer :

d=

Given equation of the plane is
7.(20—3f+6k)+14=0

7 (20 -3j+6k)=—-14
~F(-2i+3j—6k)=14

Comparing above equation with

T.i=p
We get,

—

fl=—20+3j—6k&p=14

Therefore,

|7l = J(=2)7 + 37 + (=6)?
=4+9+36

[49

=7

The length of the perpendicular from the origin to the given plane is

_r
|

na=
7
~d = 2 units
24. Question
Find the value of A for which the line

x-1 y-1 =z-1. = 5 H i
=5 =7 is parallel to the pIaneT,(ZH. 3j+ 4k) =4
Answer

Given :

. . -1 y-1 z-1
Equation of line : 2= — ¥~ _Z2

Equation of plane : 7. (21 + 3j + 4k) = 4



To Find : A
Formulae :

1) Parallel vector to the line :

. . . X—Xx vy -z
If equation of the line is — = —==—=

@y by C1

then,

Vector parallel to the line is given by,

b=ai+bj+ck

2) Angle between a line and a plane :

If © is a angle between the line 7 = g + 1b and the plane 7. 77 = D then
b.n

nl

siné =

L=l

Where, } is vector parallel to the line and

f1 is the vector normal to the plane.
Answer :
For given equation of line,

x—1 y—-1 z—-1
2 3 2

Parallel vector to the line is
b=2i+3j+k

For given equation of plane,
7. (2i+ 3] +4k) =4

normal vector to the plane is
n=2i+3j +4k

Therefore, angle between given line and plane is

, b.7
sing = —

nl

L=l

As given line is parallel too the given plane, angle between them is 0.

~8=0
~sing =0
~b.1=0

~ (20 +3f+ k). (21 + 37 +4k) =0
2(2x2)+(3x3)+(Ax4)=0
4+9+41=0

13+4r=0

4\ = -13

13
4

13
4

25. Question

=1 =

A=

Write the angle between the line

%1 ¥=%andtheplanex+y+4=0.

Answer

Given :

. . -1 —2 3
Equation of line : 222 — ¥=2 _ Z*3
2 1 -2

Equation of plane : x +y +4 =0
To Find : angle between line and plane

Formulae :



1) Parallel vector to the line :

. . . XX y—y: E—Z
If equation of the lineis— = —— =—
a by €1

then,

Vector parallel to the line is given by,

b=a,i+bj+c,k

2) Normal vector to the plane :

If equation of the plane is ax + by + cz = d then,

Vector normal to the plane is given by,

n=ai+ bj+ck

3) Angle between a line and a plane :

If © is a angle between the line ¥ — 7 + 1p and the plane .77 = p then
b.n

il

sing =

L=l

Where, p is vector parallel to the line and

f1 is the vector normal to the plane.

Answer :
For given equation of line,

x—-1 y-2 z+3

2 )

Parallel vector to the line is

=

b=2i+j-2

~|bl= 22+ 12+ (—2)2=VEa+1+4=+9=3
For given equation of plane,

X+y+4=0

normal vector to the plane is

n=1+j+0k

~ |l = Vm= \.m= \."E

Therefore, angle between given line and plane is

5 b.7t
sinf = =—
[B] |7
, (2t +j—2k).(i+j+ 0k)
siné =
3x42
. Ex1D+(AxD+((-2)x0)
~ sing =
3\2
g o 2tLi-0
siné =
3\."'5
Ing 3
sinf =——=
3\-@
ne 1
sinf = —
V2
1
f =sin~?t (—)
V2
P T
T4
26. Question

Write the equation of a plane passing through the point (2, -1, 1) and parallel to the plane 3x + 2y -z = 7.
Answer

Given :

A=(2,-1,1)

Plane parallel to the required plane : 3x + 2y -z =7



To Find : Equation of plane
Formulae :
1) Position vectors :

If A'is a point having co-ordinates (a;, a, a3), then its position vector is given by,

a=ai+a,j+agk

2) Dot Product :

If 7 & b are two vectors

a=a,i+a,j+ask

b = byi+ byj+ bk

then,

@.b=(a,x b))+ (a, xb,)+ (az Xby)

3) Equation of plane :

If a plane is passing through point A, then equation of plane is
r.i=an

Where, @ = position vector of A

n = vector perpendicular to the plane

F=xi+yj+zk

Answer :

For point A = (2, -1, 1), position vector is

a=2i—-j+k

As required plane is parallel to 3x + 2y -z = 7.

Therefore, normal vector of given plane is also perpendicular to required plane
n=3i+2—k

Now, &7 = (2 x 3) + ((—1) x 2) + (1 x (—1))

=6-2-1

=3

Equation of the plane passing through point A and perpendicular to vector g is

=at

(3

AsF = xi+ yj + zk

—-
=l

T.

il
—

+2j-k)=3

~F(3t+2f —k) = (xi+yj+zk).(3i+ 27— k)
=3x+2y-2z

Therefore, equation of the plane is
3x+2y-z=3

3x+2y-z-3=0

Objective Questions

1. Question

Mark against the correct answer in each of the following:

The direction cosines of the perpendicular from the origin to the plane 5(61 — Sj + 2k) +1=0 are

e |

A 832
_ ]

.6 32
_ il

c. 632



D. None of these

Answer
Given: Equation of plane is 7. (63— 3j+ ch\) +1=0

Formula Used: Equation of a plane is 7.7 = p where i is the unit vector normal to the plane, 7 represents a point on the plane and p is the
distance of the plane from the origin.

Explanation:

The equation of the given plane is . (6 — 3f + 2k) = —1 ... (1)
Now, |6i — 3j +2k| = V36 +9 + 4

=7

gf— j+ %I’c\ is a unit vector.

=1 w

(1) can be rewritten as

1(6A 3., 2?&)— 1
A
(— 3 2;) 1
=7 L 7} 7 77
which is of the form .7 = p

So, direction cosines of the vector perpendicular from the origin to the plane is (__—;6%?)

2. Question
Mark against the correct answer in each of the following:
The direction cosines of the normal to the plane 5y + 4 = 0 are

A. O.j.O
5

B.0,1,0

C.0,-1,0

D. None of these

Answer

Given: Equation of planeis5y + 4 =0

Formula Used: Equation of a plane is Ix + my + nz = p where (I, m, n) are the direction cosines of the normal to the plane and (x, y, z) is a
point on the plane and p is the distance of plane from origin.

Explanation:

Given equation is 5y = -4

Dividing by -5,
4
Y75

which is of the form Ix + my + nz=p where| =0, m=-1,n=0
Therefore, direction cosines of the normal to the plane is (0, -1, 0)
3. Question

Mark against the correct answer in each of the following:
The length of perpendicular from the origin to the plane 1_(31 - 4J —121;) +39=0s

A. 3 units

B. E units

5 .
C. Z units
3



D. None of these

Answer
Given: Equation of plane is 7. (33— 4j — 12!2) +39=0

Formula Used: Equation of a plane is 7.7 = p where i is the unit vector normal to the plane, 7 represents a point on the plane and p is the
distance of the plane from the origin.

Explanation:
Given equation is 7. (31 — 4f — 12k) = —39 ... (1)
Now, |3i — 4f — 12k| = V9 + 16 + 144 = V169

=13
Dividing (1) by 13 and multiplying by -1,
-3 4 12 .
7. (§E+§j+ﬁk) =3
which is of the form i.7 = p
Therefore, length of perpendicular from origin to plane is 3 units.
4. Question
Mark against the correct answer in each of the following:
The equation of a plane passing through the point A(2, -3, 7) and making equal intercepts on the axes, is
AxX+y+z=3
B.x+y+z=6
C.x+y+z=9
D.x+y+z=4
Answer

Given: A(2, -3, 7) is a point on the plane making equal intercepts on the axes.

Formula Used: Equation of plane is i + f +§ = 1 where (%, y, z) is a point on the plane and a, b, c are intercepts on x-axis, y-axis and z-axis
respectively.

Explanation:

Let the equation of the plane be
it =1..(1)

Herea = b = c = p (let's say)

Since (2, -3, 7) is a point on the plane,

(1) becomes

2—-3+7

IR |
p

p=6

Therefore equation of the plane is

X+y+z=6

5. Question

Mark against the correct answer in each of the following:

A plane cuts off intercepts 3, -4, 6 on the coordinate axes. The length of perpendicular from the origin to this plane is

A. i units
V29

B. units
29

C. units
29
il

D. units
29

Answer



Given: Plane makes intercepts 3, -4 and 6 with the coordinate axes.
Formula Used: Equation of plane is i + % +§ = 1 where (x, y, z) is a point on the plane and a, b, c are intercepts on x-axis, y-axis and z-axis
respectively.

Normal Form of a plane = Ix + my + nz = p where (I, m, n) is the direction cosines and p is the distance of perpendicular to the plane from
the origin.

Explanation:
Equation of the given plane is

LY L2

3 -4 6

i.e., d4x -3y +2z=12...(1)

which is of the form ax + by + cz=d

Direction ratios are (4, -3, 12)

So, /42 + (—3)2+22=16+9+4
=v29
Dividing (1) by 13,

4 3 2 _ 12
e el
V29© V29 V29 V29

which is in the normal form

Therefore length of perpendicular from the origin is % units
N

6. Question

Mark against the correct answer in each of the following:

If the line X +1 =7 = +6 is parallel to the plane 2x - 3y + kz = 0, then the value of k is
3 4 5

oy v

[ I S Ny LV

Answer

Given:

4+ r—72 4+
l.EquationofIineisX 1:} -_Z 6

3 4 5

2. Equation of plane is 2x - 3y + kz =0

Formula Used: If two direction ratios are perpendicular, then

a¥ay + biby +cic; =0

Explanation:

Direction ratios of given line is (3, 4, 5)

Direction ratios of given plane is (2, -3, k)

Since the given line is parallel to the plane, the normal to the plane is perpendicular to the line.
So direction ratio of line is perpendicular to direction ratios of plane.
=3X2+4x -3+ 5xk=0

=6-12+5k=0

Therefore, k =

ul o



7. Question

Mark against the correct answer in each of the following:

If O is the origin and P(1, 2, -3) is a given point, then the equation of the plane through P and perpendicular to OP is
A x+2y-3z=14

B.x-2y+3z=12

C.x-2y-3z=14

D. None of these

Answer

Given: P(1, 2, -3) is a point on the plane. OP is perpendicular to the plane.
Explanation:

Let equation of planebe ax + by + cz=d ... (1)

Substituting point P,

=a+2b-3c=d..(2)

OP =i+2j—3k

Since OP is perpendicular to the plane, direction ratio of the normal is (1, 2, -3)
Substituting in (2)

1+4+9=d

d=14

Substituting the direction ratios and value of ‘d’ in (1), we get
Xx+2y-3z=14

Therefore equation of plane is x + 2y - 3z = 14

8. Question

Mark against the correct answer in each of the following:

— P | S
If the line x—4 = y—< = z—k lies in the plane 2x - 4y + z = 7, then the value of k is
1 1 2

A. -7

B.7

C.4

D.-4

Answer

Given: Equation of planeis 2x -4y +z=7

Line &% _ =2 _ k)
2

lies on the given plane.
1 1

Formula Used: Equation of a line is

(1'_1'1)= (J’_}’l)= (z—zl)=

A
by b, b,

Where (x4, y1, z3) is @ point on the line and by, by, b3 : direction ratios of line.

Explanation:

-4 —2 —k
let™—=I=-22_)
1 1 2

So the given line passes through the point (4, 2, k)

Since the line lies on the given plane, (4, 2, k) is a point on the plane.

Therefore, substituting the point on the equation for the plane,

=28-8+k=7

=>k=7

9. Question

Mark against the correct answer in each of the following:

The plane 2x + 3y + 4z =12 meets the coordinate axes in A, B and C. The centroid of AABC is

A. (2, 3,4)



B. (6, 4, 3)

c [%IJ

D. None of these
Answer
Given: The plane 2x + 3y + 4z = 12 meets coordinate axes at A, B and C.

To find: Centroid of AABC

Formula Used: Equation of plane is i + % +§ = 1 where (x, y, z) is a point on the plane and a, b, c are intercepts on x-axis, y-axis and z-axis
respectively.

Centroid of a triangle = (

Xy Fan g Yy Ve Vg zl+zz+za)
3 ’ 3 -

Explanation:

Equation of given plane is 2x + 3y + 4z = 12

Dividing by 12,
X I
6 4 3

Therefore the intercepts on x, y and z-axis are 6, 6 and 3 respectively.
So, the vertices of AABC are (6, 0, 0), (0, 4, 0) and (0, O, 3)

Centroid = (

6+0+0 0+4+0 0+0+3)
- 3

=(2,4/3,1)
Therefore, the centroid of AABC is (2, 4/3, 1)

10. Question

Mark against the correct answer in each of the following:

If a plane meets the coordinate axes in A, B and C such that the centroid of AABC is (1, 2, 4), then the equation of the plane is
A X+2y+4z=6

B.4x +2y+z=12

C.x+2y+4z=7

D.4x+2y+z=7

Answer

Given: Centroid of AABC is (1, 2, 4)

To find: Equation of plane.

Formula Used: Equation of plane is i + f +§ = 1 where (x, y, z) is a point on the plane and a, b, c are intercepts on x-axis, y-axis and z-axis
respectively.

Centroid of a triangle = (“”2”3 N1tV2tys Z”ZZ”E‘)

3 3 3

’ ’

Explanation:

Let the equation of plane be

S B B

A B [

Therefore, A = 3a, B = 3b, C = 3c where (a, b, c) is the centroid of the triangle with vertices (A, 0, 0), (0, B, 0) and (0, 0, C)

Substituting in (1),

y Z

=>§+%+§=1

Herea=1,b=2andc=4

Multiplying by 12,
Ax + 2y +z=12
Therefore equation of required plane is 4x + 2y + z = 12

11. Question



Mark against the correct answer in each of the following:

The equation of a plane through the point A(1, 0, -1) and perpendicular to the line x+1 = y = Tis
in

A 2x+4y-3z=3

B.2x-4y +3z=5

C.2x+4y-3z2=5

D.x+3y+7z=-6

Answer

Given: Plane passes through the point A(1, O, -1).
Plane is perpendicular to the line

x+1 y+3 z+7
2 4 0 -3

To find: Equation of the plane.
Formula Used: Equation of a plane is ax + by + cz = d where (a, b, c) are the direction ratios of the normal to the plane.
Explanation:
Let the equation of the plane be
ax+by+cz=d...(1)
Substituting point A,
a-z=d
Since the given line is perpendicular to the plane, it is the normal.
Direction ratios of line is 2, 4, -3
Therefore, 2 + 3 =d
d=5
So the direction ratios of perpendicular to planeis 2, 4,-3andd =5
Substituting in (1),
2X+4y-3z=5
Therefore, equation of planeis 2x + 4y -3z =5
12. Question
Mark against the correct answer in each of the following:
-

The line %1 = % = —33 meets the plane 2x + 3y - z = 14 in the point

A.(2,5,7)
B.(3,5,7)
C.(5,7,3)
D. (6, 5, 3)
Answer

Given: Line %1 = % = % meets plane 2x + 3y -z = 14

To find: Point of intersection of line and plane.
Explanation:

Let the equation of the line be

x—l_y—Z_z—B
2 4 = -3

Therefore, any point on the line is (2A + 1, 4A +2, -3\ +3)
Since this point also lies on the plane,

2(2A + 1) + 3(4A +2) - (-3A +3) =14
4N+2+ 12 +6+37A-3=14

19A+5=14

19

1= "=
19

1



Therefore the required point is (3, 5, 7).

13. Question

Mark against the correct answer in each of the following:

The equation of the plane passing through the points A(2, 2, 1) and B(9, 3, 6) and perpendicular to the plane 2x + 6y + 6z =1, is
A X+2y-3z+5=0

B.2x-3y+4z-6=0

C.4x+5y-6z+3=0

D.3x+4y-5z-9=0

Answer

Given: Plane passes through A(2, 2, 1) and B(9, 3, 6). Plane is perpendicularto 2x + 6y + 6z =1
To find: Equation of the plane

Formula Used: Equation of a plane is

a(x-x1) +bly-y;) +c(z-2)=0

where a:b:c is the direction ratios of the normal to the plane.

(X1, Y1, z1) is a point on the plane.

Explanation:

Let the equation of plane be a(x - x;) + b(y -y;) + c(z-2) =0

Since (2, 2, 1) is a point in the plane,

a(x-2)+bly-2)+c(z-1)=0...(1)

Since B(9, 3, 6) is another point on the plane,

a(9-2)+b(3-2)+c(6-1)=0

7a+b+5c=0..(1)

Since this plane is perpendicular to the plane 2x + 6y + 6z = 1, the direction ratios of the normal to the plane will also be perpendicular.
So,2a+6b+6c=0=a+3b+3c=0..(2)

Solving (1) and (2),

a=—b=c
R I

a b c
—-12  —-16 20
a b c
3 4 -5

a:b:c=3:4:-5

Substituting in (1),

3x-6+4y-8-52+5=0

3x+4y-52-9=0

Therefore the equation of the plane is 3x + 4y -5z2-9 =0
14. Question

Mark against the correct answer in each of the following:

The equation of the plane passing through the intersection of the planes 3x -y + 2z-4 =0and x + y + z- 2 = 0 and passing through the
point A(2, 2, 1) is given by

A.7x +5y-4z-8=0

B.7x-5y+4z-8=0

C.5x-7y+4z-8=0

D.5x+7y-4z+8=0

Answer

Given: Plane passes through the intersection of planes 3x -y +2z-4=0and x +y + z-2 = 0. Point A(2, 2, 1) lies on the plane.
To find: Equation of the plane.

Formula Used: Equation of plane passing through the intersection of 2 planes P €; and P is given by P; + AP, = 0



Explanation:
Equation of plane is
3Xx-y+2z-4+A(x+y+2z-2)=0..(1)
Since A(2, 2, 1) lies on the plane,
6-2+2-44+N(2+2+1-2)=0
24+3A=0
L2
3

Substituting in (1) and multiplying by 3,
9Xx -3y +6z2-12-2(x+y+2z-2)=0
99X -3y +62-12-2x-2y-2z2+4=0
7x -5y +4z-8=0
Therefore the equation of the plane is 7x -5y + 4z-8 =0
15. Question
Mark against the correct answer in each of the following:
The equation of the plane passing through the points A(0, -1, 0), B(2, 1, -1) and C(1, 1, 1) is given by
A.4x +3y-2z-3=0
B.4x-3y+2z2+3=0
C.4x-3y+2z-3=0
D. None of these
Answer
Given: Plane passes through A(O, -1, 0), B(2, 1, -1) and C(1, 1, 1)
To find: Equation of the plane
Formula Used: Equation of a plane is
a(x-x) +bly-y;) +c(z-2)=0
where a:b:c is the direction ratios of the normal to the plane.
(X1, y1, 71) is a point on the plane.
Explanation:
Let the equation of plane be a(x - x1) + b(y -y1) + c(z-2) =0
Substituting point A,
ax +b(y+1)+cz=0...(1)
Substituting points B and C,
2a+2b-c=0anda+2b+c=0
Solving,

a b ¢
PR

a b c

2- 372

Therefore,a:b:c=4:-3:2

Substituting in (1),

4x-3(y+1)+2z=0

4x -3y +2z-3=0

Therefore equation of plane is4x -3y + 2z-3 =0
16. Question

Mark against the correct answer in each of the following:

. o 2x—-1 2—-vy z+1 .
If the plane 2x -y + z = 0 is parallel to the line =—_~ = =___ thenthevalueofais
> <
2 a

A -4



B. -2
C.4
D.2
Answer

Given: Plane 2x -y + z = 0 is parallel to the line

2x-1_ 2-y z+1

2 2 a
To find: value of a
Formula Used: If two lines with direction ratios aj;:as:az and by:b,:bs are perpendicular, then
a;b; + asby + azb3 =0
Explanation:
Since the plane is parallel to the line, the normal to the plane will be perpendicular to the line.

Equation of the line can be rewritten as
1
X—9 y-2 z—-(-1

1 -2 a

Direction ratio of the normal to the planeis2:-1:1
Direction ratio of lineis1:-2:a

Therefore,

2+2+a=0

a=-4

Therefore, a = -4

17. Question

Mark against the correct answer in each of the following:

The angle between the line X+1 = ‘_ = Z__l and a normal to the planex -y +z=0is
)

1 1

A.0°

B. 30°
C. 45°
D. 90°

Answer

Given: Equation of line is T =

Equation of planeisx -y +z=0
To find: Angle between a line and the normal to a plane.
Formula Used: If 6 is the angle between two lines with direction ratios by:b,:b3 and cj:c5:c3, then

byey + by, + byog

cosf =

b2+ b2+ b2 xyJc2+ 2 +c2
Explanation:
Direction ratios of given lineis1:2:1

Direction ratios of the normal to the planeis1:-1:1

Therefore,
1-2+1
cosé =
Vi+4+1Ix/1+1+1
cos8=0
6 =90°

Therefore angle between them is 90°
18. Question

Mark against the correct answer in each of the following:



The point of intersection of the line 2 == = z-3 and the plane2x -y +3z-1=0, is
3 4 —2

A. (-10, 10, 3)
B. (10, 10, -3)
C. (10, -10, 3)
D. (10, -10, -3)
Answer

Given: Line %1 = % = % meets plane2x -y +3z-1=0

To find: Point of intersection of line and plane.
Explanation:
Let the equation of the line be

x—1 y+2 z-3

3 4 -2 A

Therefore, any point on the lineis (3A + 1, 4A - 2, -2A + 3)
Since this point also lies on the plane,

2B3A+1)-(4A-2) + 3(-2A +3) =1
BA+2-4A+2-6A+9=1

-4\ = -12

A=3

Therefore required point is (10, 10, -3)

19. Question

Mark against the correct answer in each of the following:
The equation of a plane passing through the points A(a, 0, 0), B(0, b, 0) and C(0, 0O, c) is given by
A.ax+by+cz=0

B.ax+by+cz=1

c*. Y. Z_y
a b ¢
p.X. Y. 24
a b ¢

Answer

Given: Plane passes through the points A(a, 0, 0), B(0, b, 0) and C(0, O, c)

To find: Equation of plane.

Explanation:

The given points lie on the co-ordinate axes.

Therefore, the plane makes intercepts of a, b and c on the x, y and z-axis respectively.

Equation of the plane is

X y z

20. Question
Mark against the correct answer in each of the following:
If 8 is the angle between the planes 2x -y + 2z=3 and 6x - 2y + 3z =5, thencos 6 = ?

11

A =
20



p. 20
21
Answer
Given: Equation of two planes are 2x -y + 2z=3 and 6x -2y + 3z=5
To find: cos 8 where 8: angle between the planes
Formula Used: Angle between two planes a;x + byy + ¢z =0 and a)x + by + c;z=0is
a,a, +byb, + cyc,

JaZ + b2 +c2 xJai+ b2 + 2

cosf =

where 0 : angle between the planes,
Explanation:
Herea; =2,by=-1,¢c; =2

a2=6,b2=-2,c2=3

12+ 2+6
= c0s60 =
VE+T+4x/36+4+9
o 20
= = —
0s= 337
8= —
= COS 21

20
Therefore, cos8 = P

21. Question
Mark against the correct answer in each of the following:

The angle between the planes 2x -y +z=6andx+y +2z=7,is

A.

oA

A

O
wlA

o
[SRR=]

Answer

Given: Equation of two planesare2x -y +z=6andx+y+2z=7

To find: Angle between the two planes

Formula Used: Angle between two planes a;x + byy + ¢z = 0 and a)x + by + c;z =0 is
a;a, +byby + cqc,

cos@ = ; ;
Va2 +Db2+c2 xJaZ+ b+ c2

where 6 : angle between the planes,
Explanation:
Herea;=2,b;=-1,¢; =1

a2=1,b2=1,c2=2

2—1+2
= €058 =
VE+FT+HIxy1+1+4
o 3
= cosf =
\."'EX\."'_E;
o 3
= cosf = —
6
p 1
= Ccosf = =
2



P T
=0= —

3

Therefore angle between the planes is%
22. Question

Mark against the correct answer in each of the following:

The angle between the planes 5(31 —Gj +21;;] = 4andf-(2{ —j +21;:) =3.is

(16"
A cosl —J
21
4 4
&cml —J
21
(3"
C. cosl —J
4
(1
D. cos ! —J
4
Answer

Given: Equation of two planes are 7. (33— 6] + ch\) =4and7. (Zf—j + ZI’E) =3
To find: Angle between the two planes
Formula Used: Angle between two planes a;x + byy + ¢z = 0 and a)x + by + c;z= 0 is

a;a, +byby + cqcy

JaZ + b2 +c2 xJai+ b2 + 2

cosf =

where 0 : angle between the planes,

Explanation:

Since ¥ = xi+ yj + zk, the given equation of planes can rewritten as:
3x-6y+2z=4and2x-y+2z=3

Herea; =3,b; =-6,¢c; =2

a,=2,by=-1,¢c=2

6+6+4
= c0s60 =
VI+36+4xJi+1+4
p 16
= cosf =
7x3
= cosf = —
21
p .16
=6 =cos " —
21

. —116
Therefore angle between the planes is cos 15

23. Question

Mark against the correct answer in each of the following:

The equation of the plane through the points A(2, 3, 1) and B(4, -5, 3), parallel to the x-axis, is
AX+y-3z=2

B.y+4z=17

C.y+3z=6

D.x+5y-3z=4

Answer

Given: Plane passes through the points A(2, 3, 1) and B(4, -5, 3) and is parallel to x-axis

To find: Equation of plane

Formula Used: Equation of a plane parallel o x-axis is



bly -y1) +c(z-2)=0

Explanation:

Let the equation of the plane be

bly -y1) +c(z-2)=0

Since A(2, 3, 1) lies on the plane,
b(y-3)+c(z-1)=0...(1)

Since B(4, -5, 3) lies on the plane,
b(-5-3)+c(3-1)=0
-8b+2c=0o0r-4b+c=0
b:c=1:4

Substituting in (1),

y-3+4z-4=0

y+4z=17

The equation of the planeisy + 4z =7
24. Question

Mark against the correct answer in each of the following:

A variable plane moves so that the sum of the reciprocals of its intercepts on the coordinate axes is (1/2). Then, the plane passes through
the point

A.(0,0,0)
B.(1,1,1)

c.[

D. (2, 2, 2)

1| —
~—

12| —
1| —

Answer
Given: Variable plane moves so that the sum of the reciprocals of its intercepts on the coordinate axes is (1/2)

Formula Used: Equation of a plane is

Explanation:
Let the intercepts made by the plane on the co-ordinate axes be a, b and c.

l+l+l 1
=—4+ —4+—= =
a b ¢ 2

Let the equation of the plane be

X y z

a * b * c

On solving for each of the given options,
(0, 0, 0) = LHS # RHS

(1,1, 1) = LHS = RHS

111 1 1 1 1 /1
(———):LHS=—+—+——E><(—+

1+1) ! RHS
2'2°2 2a 2b  2c a b )T

2 2 2 1 1 1
(2,2,2)=LHS= —+ —+—-= 2 ><(—+ —+—) =1=RHS
a b c a b ¢
Therefore, plane passes through the point (2, 2, 2)
25. Question

Mark against the correct answer in each of the following:

The equation of a plane which is perpendicular to (21 —Sj' +k) and at a distance of 5 units from the origin is

A.2x-3y+z=5
B.2x - 3y + z=5V14



c* Y. Z_5

2 3 1

X vV z 5
D. 22 I

2 3 1 414
Answer

Given: Plane is perpendicular to (2i — 3j + ,f{) and is at a distance of 5 units from origin.

To find: Equation of plane

Formula Used: Equation of a plane is Ix + my + nz = p where p is the distance from the origin and |, m and n are the direction cosines of the
normal to the plane

Explanation:

Direction ratio of normal to the plane is 2:-3:1
[26—3j+k|=Va+o+1=+12

Therefore, direction cosines of the normal to the plane is

2 -3 1
m =

Since the equation of a plane is Ix + my + nz = p where p is the distance from the origin,

2x -3y + z=5V14

Therefore, equation of the plane is 2x - 3y + z = 5V14

26. Question

Mark against the correct answer in each of the following:

The equation of the plane passing through the point A(2, 3,4) and parallel to the plane 5x - 6y + 7z = 3, is
A.5x -6y +7z2=20

B.7x -6y + 52 =172

C.20x-18y + 14z =11

D. 10x - 18y + 28z

13

Answer

Given: Point A(2, 3, 4) lies on a plane which is parallel to 5x - 6y + 7z = 3
To find: Equation of the plane

Formula Used: Equation of a plane is

a(x-x1) +bly-y;) +c(z-2)=0

where a:b:c is the direction ratios of the normal to the plane

(X1, Y1, z1) is a point on the plane.

Explanation:

Since the plane (say P,) is parallel to the plane 5x - 6y + 7z = 3 (say P,), the direction ratios of the normal to P; is same as the direction
ratios of the normal to P,.

i.e., direction ratios of P; is5:-6:7

Let the equation of the required plane be

a(x-x1) +bly-y;) +c(z-2)=0
Herea=5b=-6andc=7

Since (2, 3, 4) lies on the plane,
5(x-2)-6(y-3)+7(z-4)=0

5x -6y +7z-10+18-28=0

5x -6y + 7z = 20

The equation of the plane is 5x - 6y + 7z = 20

27. Question

Mark against the correct answer in each of the following:
The foot of the perpendicular from the point A(7, 14, 5) to the plane 2x + 4y -z =2 is
A.(3,1,8)



B. (1, 2, 8)

C.(3,-3,5)

D. (5, -3, -4)

Answer

Given: Perpendicular dropped from A(7, 14, 5) on to the plane 2x + 4y -z =2
To find: co-ordinates of the foot of perpendicular

Formula Used: Equation of a line is

s S 3_33:;{L
by b, bs

Where bq:bs:bs is the direction ratio and (x3, X3, X3) is a point on the line.

Explanation:

Let the foot of the perpendicular be (a, b, ¢)

Since this point lies on the plane,

2a+4b-c=2..(1)

Direction ratio of the normal to the planeis2:4:-1

Direction ratio perpendicular = direction ratio of normal to the plane

So, equation of the perpendicular is

x_xl_y_ﬁ.r’l_z_zl_;{
2 4 -1

Since (a, b, c) is a point on the perpendicular,

x—a Vy—-b z-—c

2 4 - =4

(7, 14, 5) is a point on the perpendicular.

7—a 14—-b
2 0 4 0 -1

5—-rc
=1

So,a=7-2\,b=14-4\,c=5+A

Substituting in (1),

14-47N+56-16A-5-A=2

2IA=70-7 =63

A=3

Therefore, foot of the perpendicular is (1, 2, 8)

28. Question

Mark against the correct answer in each of the following:
The equation of the plane which makes with the coordinate axes, a triangle with centroid (a, B, y) is given by
Aax+By+yz=1

B.ax + By + yz=3

X VvV z
c. 2+l
a p vy
‘.'
p.X.Y.Z_34
o B vy

Answer

Given: Centroid of triangle is (a, B, y)

To find: Equation of plane.

Formula Used: Equation of plane is § + % +§ = 1 where (x, y, z) is a point on the plane and a, b, c are intercepts on x-axis, y-axis and z-axis
respectively.

Centroid of a triangle = (

Xy +Xatxg ViV Vs zl+zz+za)
3 ! 3 -

Explanation:

Let the equation of plane be



- B 6
A B c
Therefore, A = 3a, B = 3B, C = 3y where (a, b, c) is the centroid of the triangle with vertices (A, 0, 0), (0, B, 0) and (0, 0, C)

Substituting in (1),

+2 42
= — _— —_—=
3a 3b 3c

Herea=a,b=Bandc=y
X vV z
=—+=-4+—-—=3
. . L ox ¥ z
Therefore equation of required plane is _ + §+ v 3
29. Question

Mark against the correct answer in each of the following:
The intercepts made by the plane 1_(21 —Sj + 41{) =12 are

A.2, -3, 4

B.2,-3,-6

C.6,-4,3

D.-6,4,3

Answer

Given: Equation of plane is 7. (21 — 3f + 4k) = 12
To find: Intercepts made by the plane.

Formula Used: Equation of plane is i + % +§ = 1 where (x, y, z) is a point on the plane and a, b, c are intercepts on x-axis, y-axis and z-axis
respectively.

Explanation:

The equation of the plane can be written as

2x -3y +4z =12

Dividing by 12,

S+ 42 =1whichis of the form > +7+° = 1
Therefore the intercepts made by the plane are 6, -4, 3
30. Question

Mark against the correct answer in each of the following:

Ny r L3 Ny
The angle between the line - = v = z+4 and theplane2x -3y +z=5s

A. cos”!

H
.

=l

—

B. sin_l[

=P
—

C.cos™

—1| W

D. sin_l[

1] W
—

Answer

Given: Equation of line is X<y _
1 -2 -3

Equation of the planeis2x -3y +z =15

To find: angle between line and plane

Formula Used: If 8 is the angle between a line with direction ratio b;:b,:b3 and a plane with direction ratio of normal n;:n;:n3, then



nyby + nyby +n3bg
V2 +n2 +n2 x /b? + b2 + b2

siné =

Explanation:
Here direction ratio of the lineis1:-2:-3

Direction ratio of normal to the planeis2:-3:1

Therefore,
2+6-3
sing =
VI+4+9x44+9+1
. 8 5
sinfd =
\."'ﬁ X \."’ﬁ
5
f =sin"t—
14

Therefore, angle between the line and plane is sin‘li

31. Question

Mark against the correct answer in each of the following:

The angle between the line I(1 +j —31;) +}-_('2i“ +2j +k) and the plane 1_(61 —Sj +21;) =5 is

N
51

A. cos™!

N

B. cos

21

C. sin”! [

2

1

8

21

)
D. silfl[ J
Answer
Given: Equation of line is 7. (i +j — 3k) + A(2i + 2j + k)
Equation of plane is 7. (63— 3j+ ZE) =5
To find: angle between line and plane
Formula Used: If 8 is the angle between a line with direction ratio b;:b,:b3 and a plane with direction ratio of normal nj:n,:n3, then

nyby + nyby +n3bg
V2 +n2 +n2 x /b? + b2 + b2

siné =

Explanation:

Here direction ratio of the lineis2:2:1
Direction ratio of normal to the planeis 6 :-3: 2
Therefore,

12-6+2
Vi+4+1x+36+9+4

sing =

sing =

3x7

x

8 =sin?

S

. . . 1 8
Therefore, angle between the line and plane is sin 15

32. Question

Mark against the correct answer in each of the following:

The distance of the point (1 +Zj +51;) from the plane 1_(1 +j +k) +17=0.is



25
A. == units
NG
25
B. —— units
NEY
C. 25V2 units
D. 25v3 units
Answer
Given: Point is at (i + 2j + 5k ) and equation of plane is . (i +j+ k) + 17 =0
To find: distance of point from plane

Formula Used: Perpendicular distance from (x, yj, z;) to the planeax + by + cz+d =0 is

lax, + by, + cz, +d|

vaz+b? +c?

Explanation:

The point is at (1, 2, 5) and equation of planeisx +y+z+ 17 =0

. 14245417
Distance = ———"
Jizisl
25
V3

2 .
units

1|u.

w

Therefore, distance =
J

33. Question
Mark against the correct answer in each of the following:

The distance between the parallel planes 2x -3y + 6z=5and 6x -9y + 18z + 20 =0, is

A. units

|

B. 5V3 units

C. § units

D. 8V5 units

Answer

Given: The equations of the parallel planes are 2x - 3y + 6z=5and 6x -9y + 182+ 20 =0
To find: distance between the planes

Formula Used: Distance between two parallel planes ax + by + cz + d, = 0 and ax; + by; + cz; +d; =0 s
d, —d,

Explanation:

The equations of the parallel planes are:

2x-3y+6z-5=0
20
2x—3y+62+?:0

Therefore distance between them is

20
S+5

VE+9+36

Therefore distance between the planes is ; units

34. Question



Mark against the correct answer in each of the following:
The distance between the planes x + 2y -2z + 1 =0and 2x + 4y -4z-4z+5 =0, is
A. 4 units

B. 2 units

C. l units
2

D. l units

4
Answer
Given: The equations of the planesarex + 2y -2z+1=0and2x +4y-4z-4z2+5=0
To find: distance between the planes
Formula Used: Distance between two parallel planes ax + by + cz+ d; = 0 and ax; + by; + cz; +d; =0 is
d, —d;
Explanation:
The equations of the planes are:
X+2y-2z+1=0and2x+4y-4z-4z+5=0
Multiplying the equation of first plane by 2,
2Xx+4y-4z+2=0
Therefore distance between them is

20
?4'5

VE+9+36

w|

Therefore distance between the planes is ; units

35. Question

Mark against the correct answer in each of the following:

The image of the point P(1, 3, 4) inthe plane2x-y +z+ 3 =0, is
A.(3,-5,2)

B. (3,5, -2)

C.(3,5,2)

D. (-3,5, 2)

Answer

Given: Equation of planeis2x -y +z+ 3 =0.Pisat (1, 3, 4)
To find: image of P

Explanation:

P{1,3, 4)

Py, ¥y, Z4)
From the figure, P’ is the image of P and B is the midpoint of PP’
If Bis (a, b, ), then



1+x,

2
3+
b= ]
2
4+ 2z,
c=—(——
2

B lies on the plane.
So,2a-b+c+3=0...(1)
Also, equation of line PB is

x—1 y-3 z-4

R R R

So any point on the line PB will be of the form
X=2A+1,y=-A+3,z=A+4

Since (a, b, ¢) will also be of this form we can substitute these values in (1)
=222A+1)-(-A+3)+(A+4)+3=0

=24N+2+A-3+A+4+3=0

= 6A = -6

SA=-1

So (a, b, ¢) = (-1, 4, 3)

Substituting these values in the equations of a, b and c,

1+x;
T2
3+w
4=—-=-
2
4+z
3= —1
2
Therefore,

X1=-3,y1=5,21=2

Therefore, the image is (-3, 5, 2)
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