In class X1, we have studied about the eoneept of limit, left hand and right hand limits.
We had also learnt how to differentiate polynomial function and trigonometrie
functions. In this chapter, we will introduce the very important eoneepts of continuity,
differentiability and relations between them. We will also illustrate certain geometrical
obwious eonditions through differential calenlus.

CONTINUITY AND
DIFFERENTIABILITY

I'TOPIC 1] Y CHAPTER CHECKLIST
Continuity » Continuity

* Properties of Continuous

DEFINITION OF LIMIT Functions

= Differentiability and

If x approaches a, i.e. x — a implies f(x) approaches{, i.c. fix) — /[, where/ is Derivatives of Various

a real number, then [ is called limit of the function f(x). In symbalic form, it Functions

can be written as x]]—,m.. fla)=L. « Derivatives of Implicit

Functions

LEFT HAND LIMIT (1LHL) » Derivatives of Inverse

lim fix) is the expected value of f at x = a given the value of f near x to the Trigonometric Functions

o # Differentiation of Exponential

left of 2. This value 15 called the left hand limut uff{.t]' at x = 4, and Lr_.garithmic Functions

ie. LHL= lim f(x)= lim f{a—4), where b is very small and b >0. » Differentiation of Parametric
¥ —ba- b= Functions

RIGHT HAND LIMIT (RHD + Differentiation of a Pl‘um:tir.-n
w.r.t. Another Function

lim f{x]l is the expected value uFf at x = & given the value uFf near x to the s Differentiation of Infinite Series
n'ght of a. This value is called the righr hand limit uff{x]l atx =4, * Second Order Derivative

iLe. RHL = lim  f(x)= lim fla+ &), where b is very small and b >0
+ b=

X —rad {.
EXISTENCE OF LIMIT I -1 — ]'D'E (1+x) _
(vii) lim = |ugl, d (wiil) lim ———=1

If the left hand limit and righr hand limit both east =0 x x—+0 X

(i.c. Ainite and unique) and coincide (i.e. same), then we can x

say that limit exists and that common value { (say) is called () lim (1+ .TE]I”"E =r (x) lim (1+ —] =r
the limit of f{x)atx = a, Leif ]:im' flx)= ]i.l.'l'.l.* fix)=1, ¥l _ e =

X% X% I:xi::l Ijm n x — lir_n_ Q08 X -0

then we say that lim f(x) exists and we write
X =4

X —de X ¥ —m X




lim f{x}=f.
EXAMPLE |1| Evaluate the left hand and right hand
limits of the following function at x = 2.
2x +3,ifx=2 . .
= ’ . Does lim t?
fx) [x+5, ifx=2 ne:z_ﬂf[x}um
2x+3,ifx=2

Sol Given,f{ﬂ'{xq.s if x =2

LHL = lim f{x)= lim (2x +3)

& =41 =327
[if x < 2, then f{x)= 2x +3]
= lim [ 2= k) + 3]
LT ]

[put x = 2= when x — 27, then h — 0]
=XN2=-0)+3mf+3mT
RHL= lim f{xj= lim {x +35)
¥ = X+

= 2%
[if x = 2 then f{x)=x +5]
-“Iimi{i + b+ 5)

[put x = 2 + k when x — 27, then h — 0]
=240t 5mT
~LHL of f (at x = Z) = RHL of f (at x = Z)
Hence, lim f(x)exists and iz equal to 7.

=2
z —
EXAMPLE 2] Find the value of lim anw
x4 X —

e

"
Sal We have, lim

&=k

Factoriga numerator in linear factors and then solee i
x% + 2x =15
x=73
= lim {x=3){x+5)
(x=3]
= lim (x+5)=3+5=8
¥ a3

=3

SOME STANDARD RESULTS BASED ON LIMIT

" " x
x —a 5L X
(i) lim =na""' (i) lim =1
X—a X —a =0 x
.=l
tan x
(i) Lim =1 (i) lim —— =1
=0 x x —+0 x
tan_! x -1
(¥} lim =1 (vi) him =1
x =50 x =0 x
Note
i) A function f{x) is said to be continwous at x =g from lef, i
lim fix) = fic).
B—ai
{i) & function fx) is said o be continuous at x =c from nght, if
Iirn‘ flx) = figk

E—C

Working Rule to Check Continuity

Some Illustrations to Understand Idea
of Continuity (with Geometrical Approach)
Consider the Fullnwing functions

L, if x=0 L if x#0
flx) ={z, if x>0 "4 &) ={z, if x :u

B.l'IEI. TJ.'H:iI gmphs 4re as EI'I.IJ'WTI IJCID'W

¥ " Y
(0. 2) L= 020 g
i, 1) io. 1]
X' = S g = X
bl ¥

Here, bath functions are defined at every point of the real
line. The value of the function f{x] at the points near and
to the left of O (i.e. at poines —0.2, =01, -000L, ...} is 1 and
at the points near and to the right of O (ic. at points
0.2, 0.01, 0,001, ...} is 2. Also, we can say that left hand
limix uff at x=01s 1, right hand limit uff at x =10 1s
Zan.dvalu.chfatx=ﬂ'r5 1.

Thus, LHL and RHL do not coincide and LHL = Value of
function, so we cannot draw the graph of f(x) without
lifring pen from the plane of the paper. So, fi(x) is not
continuous at x = 0. Similarly, we have left hand limie of
atx=01s1, right hand limae nfg at x =0 15 also 1 and value
of g at x=015 2. Thus, LHL and RHL coincide but the
vilue of the function is different. So, we have to lift the pen
at x = 0. Thus, we may say that if we can draw the graph of
the function around the given fixed point withour lifting
the pen from the plane of a paper, then Function is
continuous at that fived point.

CONTINUITY OF A
FUNCTION AT A POINT

Suppose f is a real function and ¢ is a point in the domain
uFf. Then, f 15 continuous at x = ¢, iFf{x} is defined at
x=c, ll_n:;f(x} exits and ll_n:;f(x} = f[:r]. e left hand
limmie, ri.ght hand limit and the value of the function at x =«¢

coincide. In other words, a funcoon f{x] 15 said to be
continuous at x =, if lim f{x] = |:im* f{x}=f{.r]l

-
X —x0

EXAMPLE |3| Examine the continuity of the following
functions at given points.
(i) flx)=x"atx==25 (i) flx)=2x" =1atx=3
(iii) f(x)=|x=5|atx =5 INCERT]
Sol (i) Given, f(x)= x*
At point x = =2 f(=2)=(=2) =4



of a Function at a Given Point
Suppose a function and a point is given to us and we have to
checkfexamine/discuss the continuity of function at this
poInE.
For this, we use the Fnllnwi:ng steps
L. Write the given function say f(x)and given point say
x =r, at which we have to check continuity.
IL. Find the value of f(x) atx =c.
IMI. Find LHL (Lefr Hand Limit) of f{x} at x=¢ by
using following steps
(1) First, consider lim f{x]

LT

(i) Putx=c— 4 and d‘langc the limit as x = ¢~ by
k—0, then obtained limit from pointe (i} is
lim f{r: — h).
bh—0

(iii) Simplify lim f(c — &) by using the appropriate
h—0

formula.
IV, Find EHL {R.ight Hand Limit) of f{x} atx=rc by
using these steps
(1} First, consider |i:|'nf f{x}

(ii) Put x = ¢+ /b and change the limir as x —ct by
=0, then obtained limit from point (i) is
lim f{c + h).

=0
(1ii} Simplify ii:m fle+ h) by using the appropriate
—i

formula.
V. Mow, f LHL = RHL = fl:r] Then, f 15 COntinuous

at x = r, otherwise not continuous.

MNote
{ii ¥ a function is not continwous at x=c, then i is =aid to be
discontinuous atc andc is called the point of discontinuity of the
function.
(i} f{x)i= discontinuous 2t » =c, if any of the following cases ariss.
(2} fic) = not defined.
@) Iirnc.f{x]d::-aanmmciat.

(<) Ji_l:l'lc fix] = fic).
Also, at x==2 f{x)==5
ie fi=2j==5
Thus, li'ﬂg flx)= fi=2)

Hence, f(x)is continuous at x = =2

EXAMPLE |5] Discuss the continuity of the function

Mow, lim fix)= Iimi.t!-{—i}z--i

T}
Here, fi{=2)= l'unz_f'{r]
Hence., fix)is continuous at x = =2
i) Given, f{x)=2x" =1
At point x =3, f(3)=2(3)" —1=2(9)-1=17
Now, h_?gj‘{x]- ‘li:.ni{zxz =1)=2(3f =1=17
Here, f(3)= lim f(x)
Hence, f(x)is continuous at x =3

{iii) Given, f{I]'II'f‘I'{:__: :fiii

At point x =5, f{5)=|5=5|=0
Mow, LHL = lim f{x)= lim (5= x)

x =05 ¥ =hE

= lim [5= (5= h)]

[put x = 5=k when x — 5, then h — 0]

= lim h=0
h—si

and RHL= Jim f{x)= lim (x=5)
FE=11s ® =5+
= lm[(54h)=5]

[put x =5+ h:when x — 5%, then h — 0]
= limh=0

k=0
Thus, LHL =RHL = f{5)=0
Hence, f(x)is continuous at xy =5

EXAMPLE |i| Discuss the EDl'Lﬁ-IiII.{tj' of the function

2
X —x—586 .
Jf k2 -2
f{x'_i: X +2 at x=-—2.
—F, ifx=-2
E
X mXh i xe=2

Sol We have, fix)= R
' if x ==

= x=5
X+2

Atx=m=2 Iim2 filx)= lim AT}

i =k =l
Mow, factorising the numerator, we get

lm f(x)= lim (x=3)(x+2)

£ 4= -2 (x+3Z)
= |lim (x=3 2=2=i==f
o=

EXAMPLE |7| Discuss the continuity of the function
f(x)at x =12, when f(x)is defined as follows.

1/2+x, if0=x<1/2
flx) = 1, fx=1/2

3/2+x if1f2<x<1 [Delhi 2011

Sol The given function is



sin hx

fix)={ ‘lfx#uatxﬂl
B, if x =0
ginSx |
Sol We have, f{x}-{ . Exmd
5 it x=0

sinbx

At x =0, I:i.mn flx)= lim

& = X

On multiplying numerator and denominator by 5 and
sin x

th i ult lim t

en Using res o= -Lu.rege
= lim Zsinix =5x1=5
=0 5x

Also, at x =0, f{0j=5
Thus, liﬂ:tu filx)= fio)

Hence, f{x)is contimuous at x =

EXAMPLE |6 Discuss the continuity of the function

Lx| .
f{x}=| ¥ Ex#0 54520,
0, if x=0 INﬂEHTl
1= .
Sol Wehave.f{x}-‘?‘ﬁx!“
G if x=0
Atxe=0 LHL= lim fix)
i =07
2=l X k0 Q= f
[put x =0 =k ; when x — 07, then h — 0]
= lim — S IEIEIET
Jim — Co|o=h|=|=h|=Hh
= lim (=1} = =1
*mn{ ]

and  RHL= lim f(x) = hm LXla jm [2R

& 0" ¥ —+0" X bt 0+h
[put x =0+ h; when x — 07, then h — 0]

-l_i_mi
h=s0 f
= lim (i) =1

L]
Thus, LHL= RHL.
Hence, f{x)is not continuous at x =0,

[ |0+ h|=]|h|=h]

At x =0 fi0)=0
LHL= lim_ f{x}-h]jn:ll.f{ﬂ-h}

& =n i

= aﬁflu fi=h)

; |1

k=l

= lim hsin >
P h

A L LI ¥ i s a noan

[ sin{=@} = =sinf]

1 1
—4x H0Ex<—
2 2

il'x-l
2

fle)=1 1
2ex iflexzi
2 2
We have to check continuity of f{x)at x = IE

Mow, LHL= lim fix)= lim [l + .l:]
x _;.l_ x —Il_ 2
2 2

k=nh 2 2
1 1~
|:putx-;- Ft:u.rhenx—ir?,h—iﬂ:|

= lim(l=hj=1
b=

RHL = lim f(x)= ]jm[;-i-x]
l+ +

[put h=0]

"
|:pul_r-15+ ﬁ:'u.'hl!l'l].’—il?,h—iﬂ:|

-“hinﬂ{2+ﬁ]-2 [put k=]

We know that a function f{x) is said to be continuous
at point x = g, if LHL= RHL = f{a}.
Here, LHL = FHL

1
Hence, f(x)is discontinuous at x = 7

EXAMPLE |8] Show that the function f(x) given by

1.
xsim—. if x #0
Xl=
'ﬂ'} qu if x=0

is continuous at x = 0. INCERT Exemplar]

ifxw0

o1
sol. Given.f{::-im? and point is x = 0.

i, ifx=0

EXAMPLE |9| Discuss the continuity of the function
f given by f(x)=x* + x* -1
Sol Given, f(x)= X xi=1

Here, fix)is always defined in R

Let ¢ be any real number, ie.c € &

Then, at x=¢, flc)=c? +c? =1

and lim fx)= lim(x® + x* =1)
X =g &=

=t #ct =1



= 3 (an oscillating value lies between =1 and 1)
=
RHL= lim f{x)= lim f{0+ k)
= —s0* k<0

- ) . (1
= nh_lann fik) = hh_r:‘ihﬂn[;]

=0 (an oscillating value lies between =1 and 1)
=0
Here, LHL = f{0)= RHL =0

Hence, f{x)is continuous at x =

CONTINUITY OF A FUNCTION
IN ITS DOMAIN

A function f is said to be continuous in its domain, if it is
CONCNUOUS at every point in its domain.

Continuity of a Function in an
Interval
(1) A funcrion f[:x] is said to be continuous in open
interval (a, &), if it is continuous for every value of x
in the interval (g, &).
(1) A funcrtion fl:x} is said to be continuous in cosed
interval [2, &], if
(a) it is continuous for every value of x in the open
interval (a, &).

(b) f{x] 1s continuous at x = & from ri.ght.
Le. |im* flx)= fla).

(c) f{x] is continuous at x = & from left,
ie.  lim f(x)=fb).
x—b"
Hote
() lim fix)and lim f(x) donot make amy sense as function is not

®—+a b

defined.

{ii) i the domain of function f iz a singleton ie. it is defined only at
ana point, then it s a continuous function.

TOPIC PRACTICE 1 I

OBJECTIVE TYPE QUESTIONS
if x 2

i 1 ] .
1 The function flx)= {l =m0 is not continuous
at
(a) x=0 b) x=1
(€} x==1 (d) None of these

2 The point of discontinuity of the function
2y + 3, ifx=<2,
ﬂx]"{zr 3 ifx>2

(a) x=0
e} x=2

15

(b) x=1
(d} None of these

=L o TLe —a

Thus, fie)= lim f(x)

So, f(x)is continuous at every real number.
Hence, [ is continuous for every real values of x

EXAMPLE |10| Discuss the continuity of the function
f. where f is defined by

-2, lfx{—'l
fix)=4{2x, f1<x<1L
IE. ifx=1 INCERT]
=2 ifx<=1
Sol Wehave, fix)=12x, if=lecx<l
2 ifx=>1
Aty=m=l  fl=l)==2
IHL= lim fix)= lim {(=2)j==2
F o=ami 'L
RHL= lim f{x)= lim Zx= |1m A=1+h)
& =i & =i

[put x = =1+ h; when x — =17 then h — (]

= lim (=24 2h)j==2
k=0

Thus, fi=1)=LHL=RHL

o flx)is continuous at x = =1,

Atxeml f(l)=2

LHL= lim _il"{x]- lun Ix = III'I'I 2(1 = k)

L L

[pulx!i-hwh.enx—il,l:henﬁ—}ﬂ-]
= lim(2=2h)j=2
h—=p
RHL= lim f{x)= lim 2=32

¥ o=al* ¥ =al*
Thus, f{1)=LHL = RHL
S0, fix)is continuous at x =1

Clearly f{x)is continuous at all real numbers other
than 1 and =1.

Hence, f{x)is continuous for every value of x.

SHORT ANSWER Type | Questions

x, ifx=1

3 ifx=>1
continuous at x =0, at ¥ =1and at x =27 [NCERT]

8 Is the function fdefined by f(x) -{

9 Show that the function

fix) Ismx+cnax, if x=0
= x
2, if x=0

is continuous at x = 0.

SHORT ANSWER Type 11 Questions

10 Show that the function f(x) = 2x=|x|is
continuous at x =0,

11 Let f(x)=x=|x=2x?|, xe[=1 1] Find the point of



2 )
3 Iffix)= {E—‘; I,- lt::,r:':uﬂ U‘_ then which one of

the following is correct?

(a) filx)is continuous at x =0 for any value of L
(b) fix)is discontinuous at x =0 for any value of &

() fix)is discontinuous at x = 1for any value of &
(d) None of the above

4=
4x - [NCERT Exemplar]

(a) discontinuous at only one point

is

4 The function f(x)=

(b) discontinuous at exactly two points
(c) discontinuous at exactly three points

(d) Mone of the above

5 The function filx) =cot xis discontinuous on the
set

(a)[x=m:nel) (b){x=2nm:nel]

[c]-{.t:l_'zrtarl}%',ne E} [d}{x:%;nez}

VERY SHORT ANSWER Type Questions

6 Examine the continuity of the following
functions at the given point. (Each part carries
1 Mark)
(i) fix)=5x-3atxr=-3
(ii) fx)=x? + Satx==1

(iii) fix)=x"+3x+4 atx=1

INCERT]

7 s the function f(x) =[x], where [x] is the greatest

integer function, continuous at x = 157 Support
VOUr answer. [NCERT]

18 Show that the function

eVT =1
flx)= ﬁ, when x 20

0

£l

when x =0
is discontinuous at x = 0.

19 Show that the function
ifx

|INCERT Exemplar]

[ i
‘ﬂI}- W.Ifl’ =0

a, ifx=0

is discontinuous at x = 0. [NCERT Exemplar]

HINTS & SOLUTIONS

L (a) Hint lim f{x)=1= |:i.m+ flxye flo)j=2

¥ =2l &=l

2. i) Himt ].1'.1:|:L_ fix)=Tand lim f{x)=1

¥ o=p X xo=p ¥

discontinuity, (if any) of this function on [- 1, 1]

12 Discuss the continuity of the following function

atx={ s+ ¥
f) = aniy o X0
0, ifx =0
13 1s the function f(x) = Br+dtan ¥  ontisnons

at x =0 7 If not, then how may the function be
defined to make it continuous at this point?

ﬁcmx-l
cobt x=1

14 1f fix) = X %. Then, find the

value of f [%} s0 that fix) becomes continuous

alx = E
1 INCERT Exemplar|
15 Show that the function defined by g(x) = x =[x]is

discontinuous at all integral points. Here, [x]
denotes the greatest integer less than or egual

to.x. INCERT]
16 Determine f(0), so that the funetion f(x) defined

x 3
by flo)=—E =
. x
sm—]ag[1+—]
4 3

becomes continuous

at xr =0

17 Examine the continuity of a function

1.
flx)= {lxlms;, ifx=0 atx =00
0, ifx=0 INCERT Exemplar]
8. Hint For x =0; fix)= x which is continuous and

at x =1 LHL =1 and RHL = 5 hence discontinuous and at
x =2 f{x)=5 which is continuous.

[Ans. At x =0, f{x) is continuous; at x =1, f{x) iz not
continuous and at x = 2, f{x)is continuous]

sinx
9. We have, f{x)={ +cosx, x 2
2. x=0

Here lim f{x)= lim ¥in x + 05 I]
x

& =l & =k
= lim smx+ lim cos x
=l X x =&l
=141 |:l1.m mx-landcosﬂ-l]
& =0 X
= 2

Given, f(0j=2
lm f(x)= f(0)

Hence, f{x)is continuous at x =0



3. (b)Hint lim fi{x)=0and lim [{x)=1
el ¥ = 0*

4=yt (4 = x7)
4. (c) We have, f{x:’--ix—x! -1{4—:!]
(4= x*)
{2t = x%)
4=-x"
-x{z-i-x}l{z-:]
Clearly, fi{x)is discontinnous at exactly three points
yul y==2and x=2
5.(a8) We know that f{x)=cotx is continuous in
=nm:ne Z}

Since, f{x)=cotx= = [since, sin x =0atnn, ne Z)
gin x

Hence, f{x)= cotx is discontinuous on the set
lx=m:ne Z}
B, (i) Given, flx)=5x =3
At x= =3
Il_i.n:i_ﬂx]-‘l_i.nit{ﬁx-ﬂ =5(=3)=3

Em]f=im=]18
and  f{=3)= 5=3j=d==]1f=3==1F
L lmf(x)=f(=3)

Hence, f(x)is continuous at x = =3
(i) Solve as part (i). [Ans. Yes]
(iii) Solve as part (i). [Ans. Yes]

7. Yes, since greatest integer function is not continuous for
all integer values.

HHL = lim f{x}- hm _ﬂﬂ-+ k)

P

[put:-ﬂ-+h;whenx—?ﬂ',lhen&—hﬂ-]
= | = i im
nh_ﬂulu‘ﬂh] hh_lannh v
Thus, lim_f(x)= lim_f(x)= (0

=+ fix)is continuous at x = 0.
Hence, there is no point of discontinuity on [=1, 1]

d 3 r r 3
(2. Hint lim_ f(x)= | u["”+”]. Iim.%
T =k X X = tan x

T =a0 & =il X

= lim xix +1F =0 [ lim tan'lx-1:|

[Ans. f{x)is continuous at x = 0]

(3. Hint lim f(x)= lim (w]
T =0 =0
. Ir 4tanx
= lim [—+ ]-3+4-?=f{ﬂ}
¥l ¥ X

1. The given function is f{x)= Zx =| x|
x=x, fxz0 x, fxzo
flx)= {Ex-{-:] lfx{ﬂl|: lxl-{-x,if‘x:ﬂ-]

e reomfs 330

Atxe=0IHL= lim f{x)

¥ ="

= lim 3x=3x0=0

¥ =2l

and BHL= lim f{x) = lim x=0

x 0% x = 0*
Also,  fll)=10
Thus, LHL=RHL = f{0)
Hence, f{x)is continuous function at x =0
Il. Given, f(x)=x=|x=x"|
For simplifying the given function, put x = x* =0

= Xl =x)=0
= x=0or]l=x=0
= yx=0e[=11]

S0, we have doubt for cnntinuily of fix)at x =@

2x—xlif=1<x <0

N

I"‘ |l-|1l-:x£1
At x =0, f0)=0
LHL = lim f{x)= Iu:ufl{ﬂ h)

¥ =i

[put x = 0=z when x — 07, then i — 0]
= lim f(=h)= lim {2(= k)= (= h)’}

hao =0
= nﬁ_nulu{- 2h=h)=0
At r=gqlHL= Iim_g[x}- lim_{x—[x]}
Put x =g =k when x —a~, then h—0
lm-ahﬂ{a-h-[ﬂ-h]}

= lim{g=h={a=1))
P

= lim{=h+1j=1 [ [a=h]=a=1]

b=

RHL = lim gix)= lim {x=[x])
X =i l—iﬂ"‘
Put x=a+ k when x —a”, thenh —0

EHL= lim{a+ h=[a+ h])= lim{a+ k=a)
h=s0 LY ]

= limh=0 [~ [a+ k] =a]

b=t
. LHL = RHL

Thus, g(x)is discontinuous at all integral points.

i
16. Hint Use the formula, m il loga
&= X



Thus, for f to be continuwous f{0) should be 7.

r Jx +4 tan x
[Am. f{:}-{ - ’

when x # ll-l
7. when x = l]J

14. Hint For f(x)to be continuous at x -%.
mn
Lim = fl —
=izl ftx) f[‘i]

Consider, lim —HE cos x =1

5 4& Cotx =1
L]

m n
Putx-?-r,LhenxlT-l-r

ﬁms [E+:J-1
]J'J:l:t—dI
T mt[£+r]-1
4

i 1
ﬁl[_ms r~jlz—sm:~jlzj-l

= lim
P =0 cot =1
cotr +1
tAcotB=1
ceot{ A+ By= 22200070
cot B+ ootA
= lim (cos ¢ =sint =1){cot  +1) i
1=l cot =1 2

15. Here, p{x)= x = [x]
Let a be an integer and f is very small, k> 0, then
[a=hl=a=1[a+hl=a
and [a]=a

ifx

g =]
15. We have, T when x # 0

#1
o when x =0
Atx =0, f{0j=0
HL= lim f(x) = lm &=
e z=0- (21 £1)
1
0=k
= lim e -1
ko _!
e b 4
|

= lim
hte gl 4y

[put x == h; when x — 07, then h — 0]

and lim M-L lim Ei'nxnl
X

£ =2 =0 X
[Ans. 12 (log,4)"]

1.
17. Given, f(x)= | x|ees = if x=ed
0 ifx=0
At x =0,

IHL= lim f(x)= lim |x|cos -
X =il X =0 x

L]

= lim ln-hlms[ﬂi&]

[put x =0 =k when x — 07, then h — 0]

= (an oscillating value lie between =1 and 1)
[ cos © lies between =1 tol]
=0

RHL = lim f{x)= lim |J:|ms.1-
T =a0* 2=l X

= 1
-“Iinu|ﬂ+h|cn5 [ﬂ-l-h}

[put x =0 + k when x — 0", then h — 0]

. 1
ey poe (2
= % (an oscillating value lie betoween =1and 1)=0
and f(0)=0
LHL = RHL = f{0)

Hence, f{x)is continuous at x =

I..I':_
and RHL= lim f{x)= lim el_l
rant et £ #1
o etrR
= lim
b L
FL b R

[put x =0 + k when x — 0", then h — 0]

li ey
=L —
b0 g™ 4 q

Om dividing mumerator and denominator hye""h, we get

RHL= lim @.ﬂ.l [ fim ;.ﬂ]

L4i[1+ IJ 140 T hean gl
gl®

Here, LHL = EHL
Hence, f{x)is not continuons at x =

1%, Solve as Question 18,



| TOPIC 2|

Properties of Continuous Functions

There are some functions which are always continuous in
their respective domain. e.g.
(i) Every constant function is continuous.
(i) Every identity function is continuous.
(1i1) Ewvery rational function is continuous.
(v} Every polynomial function is continuous.
i¥) Modulus function f{x} = |.r|is continuous,
(vi) All trigonometric functions are continuous.

Algebra of Continuous Functions

We know that continuity of a function at a point is entirely
dictated by the limit of the function at that point, so some
a]gcbra of continuous function similar as algcbra of limits
are given below

Theorem 1 Let fand g be two real functions continuous
at a real number ¢, then

(1) {f + g) is continuous at x =¢.
(i) (f — g) is continuous at x = .

(111} fgis CONONUOUSs 3t X =¢.

(iv) — is continuous at x = ¢, provided that g(c) # 0.
£
Proof We have, f and £ are two real continuous functions.

S0, }El:f{x] = flc) and Ji:ir glx)= gle)

EXAMPLE |1| Discuss the continuity of sine function.
[NCERT]

Sol We know that lim sinx =0and f{x) = sin x is defined
a2 =i

for every real number. To show f{x)is continuous for
every real number. Let c be a real number.

Then, lim f{x)= lim sinxnﬁlimisin{c + h)
[put x = + h; when x — ¢, then h — 0]

= lim [sinccos b+ cos csin k]
'Y ]

= lim (sinccos h) + lim (cos csink)
=1 ] =T ]
=sine lim cosh+ cose lim sinh
h=aid [ =]

=zinc K1l +coscx 0

[ lim cosx=1 and lm sinx =0]
' 1] ' 1]

=sinc = f{c}
Hence, f is a continuous function.

EXAMPLE |2| A function f(x)is defined below

Now, lim (f + g)x = lim[f(x) + g(x)]
= Jim £+l g2

= fle)+ gle)
=(f+ g)ie)
Hence, {f + g]l 15 COMINUOUS at x = ¢.

Similarly, we can prove other parts.

Note
{i)  we take f = constant function say A, then i -g is continuous at
x=C. [ (h-g)ix)=d-g (x}

{ii} In particular, if L = -1, then —g is continuous &t x =c. Thus, ifg is
continuous, then —3 s also continuous.
{ii} In part {iv) of abowe thearem, if we take f = constant function say

a olx)
In particular, i .'-.=1.l|1=.-nlia continuous at x =c.
o

A, thmiismm1=c. [ [i}x:ijl
g

Thus, if g is continuous, tfﬂnlhahnnulﬁmﬂuaprmri:bdﬂ'ﬂt
g

g=0
Theorem 2 Suppose f and g are real valued functions
such that ( fog) is defined at ¢. If g is continuous at ¢ and
if f is continuous at g (c), then (fog) is continuous atc.

HNote I f and g are two real valued funciions, then (fog ) (x) = fig(x))
iz defined, whenever the range of g iz a subset of domain of f.

So, gis continuous at x = .
Now, Anjm=1
klgin))=ki=1) = |=1| =1
lim kiy)= lim |y|= lim |=1+h|=1
¥ =1" ¥ i=1)" h=n
[put y ==1+ h; when y — =17, then b — 0]
and lim ky)= lim |y|=lim|=1=h|=1
¥ o=ei=1)" g=ai=1)" b=l
[put y = =1=h; when y — =17, then k — (]
k[gin lim
[sm))= lim k(y)
This shows that k is continuous at g{m).
Consequently, (kog) is continuous at x = 1.
But kog{x)= k [g{x)] = k (sin x + cos x)
=|sinx # cos x |

= f(x)

Hence, f{x)is continuous at x = .

Now,



1 Cos X 1-cosx
flx)=|1+sinx cosx 1+sinx-— cosx

gEinx sinx 1
Determine f(x) and check continuity of f(x), ¥ xeR.
1 COS X 1=cosx
Sol. Given, _f'{x]-|1+5.inx cosx 1+ sinx=—rcosx
sin x sinx 1
Applying Cy — Cy + €, = C,, we get
| 1 cosx 0|
fix)=p +sinx cosx of
| ginx sin.x 1|

Expanding along C,, we get
flxy=o %0+ i[cos x = cos a1 + gin x)]
= oS X = CO5X = 005 XSinX

1
= —E( Zsin x cos x)

1
= Esian, which is continuous everywhere.

[ sin x is continuous everywhere. so Asin x is also
continuous for any constant value &)

EXAMPLE |3| Discuss the continuity of
f(x)=|sinx +cos x| at x = m.
Sol Let g{x)=sinx + cos x and k (y) =]y
We shall first show that g is continuous at x = % and k
is continuous at y = p{wl

Mow, lim g{x)= lim (sinx + cos x})
= =K

=ginf + o05 T ==]

Also, gln)=sinm +cosme= =1

V. Use the condition of CONEINUILY,
ie. flc)=LHL=RHL
and simplify them by taking two terms at a time to
get values of unknown.

EXAMPLE |5| Find the value of a, so that

flx)= a:‘;l—i’.: g;f:is continuous at x = 2.

- ax +5 if x=2
Sal -l.'_-,wen,f{r}'{x_L if x>2

and at x = 2, f{x)is continuons.
S Xxmgm?
Here, a is an unknown constant.

At x =2, f{Z)=aZ)+ 5= 2a+5
LHL= lim f{x)
= 37

= lim (ax + 5}
-

EXAMPLE |4 Show that the function defined by
f(x) =sin(x?) is a continuous function. INCERT]
Sol Given, f{x)=sin (x%)
It is defined for every real number.
Suppose g(x)=sin x and h{x) = x*, then flx)= gohi x)
Also, both g{x) and k{ x) are continwous functions.
So, their composition is also continuous function.

Hence, f{x)=sin {x*}is a continuous function.

Problems Based on Continuity
There are many problems which are based on continuiry.
Some of them with their method of solving are given below.

ITYPEI|

PROBLEMS BASED ON FINDING UNKNOWN
CONSTANT IN CONTINUOUS FUNCTION

Suppose a function having one or two unknown constants
is given to us. Also, suppose function is continuous at some
point say x =«, then for finding the value of unknown or
unknowns, we use the E:“uv.'ing steps
I. First, wrnite the g'nrcn function hmr'm.g unknown
constants and the point say x =¢ ar which it is

CONEINos.
II. Find the value of funcrion at x = ¢, which may or may
not be in terms of unknown.
1. Find LHL 2t x = ¢, which may or may not be in terms
of unknown.
IV. Find RHL at x = ¢, which may or may not be in terms
of unknown.

and RHL= lim f{x)= lim {br +3}
x—3* # =3t
-h]jﬂ{b[3+h]+3]

[put x =34 h; when x — 3", then h — 0]
= lim {3b+ bh+3} =3b+3
h—s 0
Since, f{x)is continuous at x =3,
Atx=3 f{3)=LHL=RHL
ie. Jatl=3a+1=3b+3
= Ja+1=3b+3
= Ga=3h+3=1

= n-wﬁ- -i-tr+E
3 3

which is the required relation between a and b
| TYPE 11|



= lim [a(2 = h) + 5]
L]

= lim(Za=ah+5) = 2a+5
k=2l

FEHL= lim fix)= lim (x=1)
2‘

T z =

= lim[{2+ h}=1]
b0

= lim(l + k) =1
L]
Since, f{x)is continuous at x = 2
At x =2
LHL = RHL = f{2}
== a+5=1l=2a+5
Za+5=1
= lm=y = gm=71

Hence, the required value of a is =2 for which f{x)is
continwous at x =2

EXAMPLE |6] Find the relationship between a and b so

that the function f defined hyf{x}:{ﬂx +1 i x<3

e +3, if x>3

continuous at x = 3. [NCERT:; All India 2011]

.. ax +1,if x=3
sol 1:ﬂ‘ﬂmJI!I[N}-{J:ur+3.ii'.vc:--?r

and fix)is continuous at x =3,

Here, @ and b are two unknowns.

Now, at x =3, f(3j=a3)+1=3a+1
IHL= lim fix)= lim {ax + 1)

=37 ¥ =3
-L]-E:l-{dj_h}"'”'
[put x =3=h; when x — 3" then h — 0]
= lim(3g=ah+1) =3a+1
b =b

LHL=2EHL at x =1.
S, f{x}is not continmuous at x =1

Hence, x =1 is the only point of discontinuity of f.

EXAMPLE |8| Find all points of discontinuity of f,

|x]+3, ifx=-3
where fis defined by fix)={ -2x if-3<x<3.
Gx+2 ifxz3 [NCERT]
x| +3, if x==3
f=3=x<3

Sol Given, f{x}-{ =-2x

Gx+2 ifx=3

Here, we have to check the continuity only at points
y==3and x =3

[ functions defined in each interval is a polynomial,
50 it is continuous in each interval]

At x==3
LHL= lim f(x)= lim {x|+3}
& = w3 * =a=3"

PROBLEMS BASED ON FINDING POINTS OF
DISCONTINUITY OF A FUNCTION
Suppose a function f(x) is given to us and we have to find
points of discontinuity, then we use following steps
L First, find all possible points of given domain at
which we have doubt for continuity of f(x), say it is
x = . (here, more than one point 15 also possible)

[I. Now, find LHL and RHL of f(x)atx = a, if
(1) f{x] is continuous at x = 4, 5o there is no point of
discontinuiry.
(ii) f(x) is not continuous at x = a, then x = a, is the
required point of discontinuiry.
EXAMPLE |7| Discuss the continuity of the function

£ defined by f{x}:‘x+2' ifx<1

x—2, ifx=1
.. x+2 if x=<1

When x <1, we have f{x)= x + Z which is a polynomial
function, so it is continuous at each point for x <1
Also, when x > 1, we have f{x)= y=2 whichisa
polynomial function, so it is continuous at each point

for x =1

Mow, we have to check the continuity at x =1

LHL= lim f(x)= lim (x +2) = lim(1=h+ 2)=3
=t h =0

=3l

[put x =1=f when x — 17, then h — 0]
and RHL= lim f(x)= lim (x=2)
T =si*

x =1t
= lim (1 + h=2)= =1
L]

[put x =1+ h; when x —17 _ then h — 0]

TOPIC PRACTICE 2 |

OBJECTIVE TYPE QUESTIONS

1 The function defined by g(x) = x = [x]is

discontinuous at

(a) all rational points
(b) all irrational points
(c) all integral points
(d) None of the above

kecosxy | n
, ifxe—

2 The function f(x) = n=2x 2is
3, Hx-%

. T
continuous at x = 7 when & equals

(a) -6
(c) 5

(b) &
(d) -5



= lim {}~3=h|+3}
b =@
[put x = =3=f when x —=3", then h — 0]

= lim(3+h+3)= lim{ 6+ h) =6
b=l =11

REHL= lim f{x)= lim (=2x)
e

x —a=3*
= lim = 2=3+ h)

b0
[put x = =3+ h: when x —=3%, then h — 0]
-*].i:.n-{&—zh}-& and f{=3)=|=3| +3=6

Thus, f(=3)= LHL = RHL.

S0, f(x)is continuous at x = =3

At x =3

LHL= lim f{x}= lim {=Zx)= lim = 3= hj
o=k ¥ x =a 37 b=

[put x =3=k when x — 37, then h — 0]
= lim (=6+ 2h) = =4
L

EHL= lim f{x)= lim (6x + Z) = lim {6(3 + h)+ 2}
¥ =23 ¥ =3* =i

[put x =3+ h; when x — 3", then h — 0]
= lim (18 + 6h + 2) = 20
=T

Thus, LHL = RHL.
S0, fix)is not continuous at x =3,

Hence, point of discontinuity is x =3,

2 -
X 20..\.’!—5

(iii) fix) =

INCERT]

(iv] flx)=x=3 [NCERT]

7 Determine the value of 'K for which the
following function is continuous at x = 3.
(x+3)*-36
Tx3
&, x=3

xe3

fix) =
|All India 2017)

SHORT ANSWER Type 1 Questions

8 Discuss the continuity of the function
flx)=sinx.cosx. [NCERT Exemplar]

9 Discuss the continuity of the function
flx)=sinx =cosx. [NCERT]

10 Show that the function defined by f(x) = cosx”

is a continuous function. [NCERT]
11 Examine that sin|x|is a continuous function.
12 Show that the function f(x) = cos|x |is
continuous.

13 Find the value of k for which the function

%+ 3x-10 )
-7 'Y¥iscontinuousaty=2.

k, x=p [Delhi 2017C)

flx)=

3 The number of points at which the function

flx)= %,H denotes the greatest integer
x=|x
function, is not continuous, is [NCERT Exemplar]
(a) 1 b) 2
(c) 3 (d) None of these
+hx = 1= hx
4 If f(x) = . , for=1=x <0
2x? +3x=2, farD=x<l

is continuous at x =0, then k is equal to

(a) -4 (b) =3
(e} <2 (d) -1
2
5 If f(x) =2xand g(x) = 1? +1 then which of the

following can be a discontinuous function?
(a) flx)+ g (x) (b) flx)=- glx)

_ £x)
(c) flx)- g (x) (d) T

VERY SHORT ANSWER Type Questions

6 Examine the following functions for continuity.
(Each part carries 1 Mark)
. 1
(i) fix) = JX® 5
R x=5 [NCERT]
1
x+4

(ii) fix) =

JXeER

SHORT ANSWER Type 11 Questions

18 Ifthe function f defined as

Ij—

fixy={ 33" X # 3 s continuos at x = 3, find
E, rm3
the value of k. 1ALl India 2020)
19 Discuss the continuity of function f defined by
1 =-x, iF0=x < l
2 2
Filxy=1 1 iFy= %

IE-x, jfl{x <1
2 2

20 Given, f(x) = ﬁ Find the point(s) of

discontinuity of compesite function y = f{f{x)].

21 Show that the function fdefined by
flx)=|1=x +|x ||, where x is any real number is

a continuous function. [NCERT)

22 Find the value of k for which the function

sinx-cosx n
4x-n '

re ) n
4 s continuous at x =
k 4

Hx)=

X=—=
4 [Delhi 20170



14

15

16

17

27

28

29

3

32

2, h2 dy
If (x=+ ) Jq,',ﬂndir. (CBSE 2018]

sin x if ]
If the function fix) = T"'mﬂll re0,

k. ifx=0
continuous at r=0, then find the value of k.
INCERT Exemplar]
Find the value of a, so that the function fx) is

defined by
sin? ax o
fix) =17 ** " may be continuous at
1, x=0

x= 0

Find the value of p for which the function

1-cos 4x 0
fix) = - *#Uis continuous at x = 0.
p,x=0 [Delhi 2017C)

Prove that the function
g x
Jlx) = {1 x] « 22
| ifx=0
regardless of the value of k

IZIIIS2 2

If fix) =

ifxae0, _
is continuous at x =0

ry=zin"x=1
sz +1=1

k, ifx=0
continuous at x =0, then find k.

, iFx=0
is

Show that the function

. 1
ﬂ-ﬂ"llx- alsmx_ a
0, ifx= g

JJfxwa

is continuous at

r=a INCERT]

Find the values of 2 and b such that the function
defined by

3 ifx=2
flx)=qax+h, iF2<x<10
2 ifx=z=10
is a continuous function. [NCERT]
Find the value of k for which
by = 1= kx
Sk - fioke e
flx)= X
2o+l ifosx<l
x=1
is continuous at x =0, AL Inedia 201 3]
l=cosdx
— =z = ifx=<0
x
Let fix) = g, ifx=0 /forwhatvalue
Jx ifx=>0

16+ % =4

23

24

26

35

36

37

2

Find the value of m, such that the function

flx) _{m[xz-lr}_ if x=0

_ is continuous at x =0,
cosy, ifxz0

For what value of 4 is the function

Ax?-2x), ifx<0 .

X 7 continuous at x =07
n "{ dx+1, ifx>0 =

What about continuity at x =17 [Foreign 2011)

Find the value of k, so that the function defined

kx+]l ifx=n. .
byf{x}-{cnsx- if ¢ »q 5cONtinuous at x=gx.

[Foreign 2011]

For what value of k, the following function is
continuous at x =07

1=cosdy
—— xxl
flx)=1 gy
k., x=0 JAI Inddia 201 4C)

Find the values of a and & such that the function
[x=4
[x=4]
[ defined by f(x)={a+b,
ﬂ-|--|‘J-, if x=4

|x=4]
[NCERT Exemplar]

continuous function atx=4.
=0

x=0

+a, ifx <4

ifr=4q isa

sinfa+)x+2sinx

X
If f(x) = 2,

|

X
is continuous at ¥ =0, then find the values of a
and b. |All India 2016

x=0

Find the values of p and g for which

[l-sinax

—_— i:I!"Jh:£
Scos”x’ 2
fix) = P, ifx-%
%_tl-sm Il,jf.t ::-E
(T =2x) 2

. . n
15 continuous at x = —,
2 [Delhi 2016

| HINTS & SOLUTIONS

ic) Hint f{x) =[x]is discontinuous at every integer.

[kmsrl i.t'x:EE
(b) We have, f(x)= x—2r 2
3, i.t'xl%

b
flx)is continuous at x = <

Lommm



ofa, f is continuous at x =07
[NCERT Exemplar; All India 201 1C)

33 Find the value of g, if the function f{x) defined
-] ifx=<2
by flx)=q a,  ifx=2 iscontinuous at xr =2,
X+l ifx>2 1Al India 2011C)

34 Find the value of k, so that the function

2.‘[’1’2_[6 !f 2
flx)={ g " ¥ is continuous at x=2.
o, ifx=2
1# kx = 1 = kx
4. (c)LHL = lim 1
=il X
Zkx

k

= lim =
:-m-‘x{.Jl-i-h' +,.l'1-k_t}
BHL = lim (2x" +3x =2)= =2

™
floj=m=2
- It is given that f{x)is continuous at x =0.
. LHL=RHL = f{0) = k==2
5. (d) We know that if f and gare continuous functions, then
(a) f + g is continuous
(b) f = gis continuous.
(c) firis contimuous
(d) Lu continuous at these points, where g{x) 20
4
L
mx) -2 - x* 42
fix) 2x ix
which is discontinuous at x =0
! is a rational function | i.e. E
x=5 Q{ﬂ
50, fix)is continuous for all values of x provided
xwh
(ii) Solve as part (i).
[Ans. f(x)is not continnous at x = =3]

2
f{r}- x” - 25

XIS w5
x+5
S fix)=x=5is a polynomial function, so f{x) is
continuous at all values of x, provided x 2 =5
(iv) Here, f{x)= x =5is a polynomial function, so fix)is
continuous for all values of x.

Here,

6. (i) Here, f{x)=

{iii) Here, X E=5

Hote In a rational function ﬂ:x:l:%. it g{x) is zero at any
q (x

value of x, then f{x) iz not continuous at that point.

M. -} -

1.
11.

—

1.
5.

14.

= lim
hso (W
el
_ lim kﬂﬂﬁ-j
k=0 2h
—=mi=k=s
2
. (d) x=[x]=0 when x iz an integer, so that f(x) is

discontinuous for all x €[ ie. f{x) is discontinuous at
infinite number of points.

.m{r-?r}{l""g‘}_k

=
¥ =23 {I—S}
= lm{x+%=k
-3
= I+ 0mbk =2k =12

. Since, sinxy and cos ¥ bath are continnows function,

therefore sin x - cos x is also continuous.
[ product of two continuous
function is also continuous]

Hint Difference of two continuouns function is also
continnous. [Ans. Continwous)

Similar as Example 4.

Let gix)=|x|and ffx)=sinx

Mow, hog( x )= k[ g{x)] = hi] x|) = sin| x|= f{x)

Since, g(x) and ki x)are both continuous function for all

x € K so composition of g{x)and h(x)is also a
continnous function for all x € B

Hence, f{x) =sin | x| is a continuous function.
Solve as Question 11.
Hint lim f(x)= f(2)
lim (x+5 {x=2)
{x=2)
We have, (x* +y°) = xy
Om differentiating both sides w.rt. x, we get

:B{xi +ri}[2x+2}l% -[r%+ y]

=k [Ans. k=7]

=2

= -i{x2+_'|.ri}[x+ y%]-[y+ x%]

= 4(x" +y)x+4(x" +y!}}'%- y+ x%

= :—il‘!{r“r’}r-xl-r-‘!x{rzwil
. E‘E-E—éx{x=+f}

dx  4(x"+y)y=-x

dy __[y—dxix®+y")]
dx [x=4pix®+¥?)]




(x+3F =38
x=3 ’
k, x=3

7. Given, f{x)= xwl

Since, f{x) is continuous at x =13,
: ;Ii_'.n:'ﬁ:]- F3)

t,Lm|[;r-|-3}|=-:=.¢z-
¥ =33 X =1

=k

2 2
g (XY=

¥ =x3 xo-=

_ Ijm{x+3—ﬁ]|{x+3+6}-k

=

#—53 i |
[-a® = b =(a=E)a+ b
i =9 3
18. Given, f(x)=] 33" **
k, r=3
Since, f{:} is continuons at y =3
lim f(x)=f(3)
]
2 -
= lim X Q-k
33 x =7

lim {x =30x -I-S}-k
33 {x =3}

=2 lim (x+3)=k
]
= J+imk
= k=&
[i— x, 0= x= 1-
2 2

19, We have, f{x} = 1, x -%

E-Jc, l--:xﬂl
2 2

Here, given function is a polynomial function, so it is
continuous in the given intervals.

Mow, we have to check the continuity at x = 15

s e ()

I =% — e
2

- m[l-[l--&]]
b2 L2
|:putx-lE-h:when x—:-l?,ﬂrmh —HJ:|

= lim h=0

h =l

and RHL= lim f(x)= lim E-x]
i* i*

X e — I —

= - s g s
15. Hint "%, f(x) = £(0)

= Eﬂﬂ "'E_Tu cos x =k

= ! 1+1=k [Ans. 2]
i6. Hint ™ f(x) = f(0)

= ﬂjlii[sinax]z =1 [Ans.a=1t1i]

17. Hint 1%, f(x) = £(0)

.3 . 2
lim 2sin” Zx lim | 5im2x
Hall : °F =’3:_~:4_ =p
x 2x

[Ans. p=3§]

20). Hint We have, f{x)=

:’-
1 1 x=1 x=1
e T T e W T
x=1
Atx =2 f{f(x)}is not defined.
[Ans. =2]

21, Let gix)=1=x+|x| and k{x)=| x| be two functions
defined on K
Then, (hog)(x)= higlx)j=h{l=x+|x])

=|l=x+|x|| = fix),¥xe i

Since, (1 = x)is a polynomial function and | x |is a
modulus function, se both are continuous function on K
Therefore, g{x) =1 = x +| x | is continuous function on
R and ki x) =| x | is continuous function on &
Hence, [ = hog is continuous for all real numbers.

22. Hint ™™ fix)= finM)

1 1
2 inx= .
_ lim Tﬂnz X =008 X :E]-k

o =pmfd
Ii[ ]
4

-

23. We have, f(x)=|™* =2x), ifx<0
Cos X, ifxzo

Given, f{x)is continuous at x =0

LHL= RHL= f{0) i)
= ‘ﬁ_ﬁ_ flx)= ]-i_ﬁ_‘ flxh= fio)

= lim m{x*=2x)= lim {cos x)=cos 0
¥ =0 &=l

=3 m{0=0)=cos 0=cos 0 = 0=1=]



RHL= lim f(x)= lim (4x+1)

&=l =0

o RHL = lim [4{0+ h)+1]= lim[4h+{]=0+1=1
b =l b =0

[put x =0+ /i when x — 0%, then h — 0] (1]

- LHL = RHL
Thus, f{x}is not continuous at x =0 for any value of A
At x =],
LHL = lim f{x)= lm (4x +1)
P £ =1

SLHL = lim [4(1 = h) + 1] = lim [5=4h]=5=0=5
=0 b =

[put x =1 = h; when x —17, then h — 0]

RHL= lim f{x)= lim (4x +1)
x = i*

r=al®

SRHL= lim [4(1 + h) +1]= Lim {5+ 4h)=5+0=5
b0 b b

[put x =1 + h; when x —1, then h — 0]
[~ flx)=dx+1]

Also, fll)=4x1+1=5
Thus, f(x)is continuous at x =1 for all values of A

25. Similar as Example 5.[&!15.1’ = _—2]
"

26, Solve as Question 17. [Ans. k =1]
x
17. Hint f{x)= | + 2yt xnd
k xe=0
1
o=
= fix)= k, x=0
1

Zx +1’

v x=0

.

lim f(x)= lim —

x50~ i =t~ 2X =1

==

and lim fix)= Lm

2wt £ =a0* Zx+1

Hence, lim fi{x)= lim f{x)
‘e 1M

=0

=]

- flx)is discontinuous at x =0
[Amns. f{x}is not continuous for any value of k]

lim ©os 2x =1 x4x2+l +1

28. Hint lim f(x)= f{o) = ™
“"’fx f "Jx2+1-1 Jx? 141

=% lim €08 2 -1 lim [1‘::+l+1]-k [Ans. k = =4]

a=pld 2 “x ik
x

=k

29, Hint Find LHL and RHL at x = a. Both are 0.
Hence, f(x)is continuous at x =a
5 ifx=2
30. Here, fix)={ax+ b if 2<x <10
| 2 dxz10
Atx=32 LHL= lim f{x)= lm (5)=5

'E T ety

and RHL = lim f(x)= lim (ax + &)

e T ¥ =2

RHL = lim [&(2 + h) + b]
b =0

[put x = 2 4+ k when x — 27, then h — 0]
= lim (Za+ah+bj=2a+ b
B=ai

Also, f(2)=5
Since, f(x)is continuous at x= 2
. LHL=RHL= f{2) = 2a+ b=5 i}

Mow, at x =10,
LHL = ]i1:|1_ flx)= ].'im_l{ax+!:}

o = bl = = il

LHL = lim [@(10=Ff)+ 5] = lim (10q=ak + b)
bttt hesn

[put x =10 = f; when x — 107, then h — 0]
=ila+ b
and EHL = lim fix)= lim (2Zi)j=21
& =i

& =5 10%

Also, f(10)= 21 Since, f{x)is continuous at x = 10

LHL = RHL = f{i0)
= l0a+b=21 i)
Om subtracting Eq. (i) from Eq. (ii), we get

Bo=lf = gm=2

On putting o= 2in Eq. (i). we get 2% 2+ b=5=3bh=]
Hence, the values of @ and b are 2 and 1, respectively.

[—"“’h-“ ~kx o -1<x<0

3. Given, fix)= x
Ix+1 if 0<x<i
x=1

is continuous at y =

Now, f(0)= 2:' = = :

=kh =1 +kh

LHL= lim f(0=h) = lim
h=s0 Bo=ai

 GJi=kh=Ji + kh % (1 = kh + 1 + kh)
= lim
[ =hi Ji=kh + J1 + kh)
{1 = khp= (1 + kh)
ha 0 mh( i = kh + JfI + kh)
[-{a+ B)a=b)=a® = ]

= lim —2kh
ﬂ—*ﬂ-h{‘fl-ld:-i-\fl + kh)
k 2k

= li P

m =
bt fl=kh+ Jl+kh 1+1 2
= fix)is continuous at x =0

s f(l)=LHL = =-i=k

S0, k==i



31. Hint At x =0, we have f{0)=a

33
34.

35.

. 3
LHL= lim f(x)= lim l-:md.h_ lim 4+25in” 2h

R e Eod 4.ht
2
. ¥ -
= lim -"'"_h] [ i 50X ]
=i 2k |_ =0 X
RHL= lim f{x)= lim JH——K 16+ i+_4
hsat B0 g Th=t  ie+ vk +4
= hmJE[ 1&+JE+1]-4+4-E
baw  ladafh =16
A LHL=RHL = f{0)[Ans. 8]
Solve as Question 32. [Ans. a = 3]
el
Hint lim f(x)= lim = . "{2: 2
ey =2 4% mif r=2 () =
T2 (2 p )2 =) x=23% 44 2 2

a=1, x=<4
Hint f(x)={a+ b, 6 x=4

b+1, x>4
<+ f{x)is continuous at x =4,

L a=lmg+bmbtl [Ans. ami b= =]

. Given function is

sin{a+1)x + Zsin x

x x <0
fix)= 2, x=0
{—' +bx-l, x>0

x
Also, given that f{x)is continuous at x =0

(LHL), _ ={RHL),_, = f{0} i)
Mow, LHL= lim f{x)

x =l

= lim f(0=h)

h—=d

[put x =0 = k when x — 07, then i — (]

= lim simfa + 1) (0= k) + 2gin (0 = h}
k=0 (0= h)
= lim =sin{a+1}kh=2sin h

b= -k
sin {a + 1ph+ 25in k

ho=ail h

= lim s.inl{::+1}l|+ lim 2sj.1:1h

P— h ko h
sinfa + 1)k sin b

®ia+ 1)+ 2 lim —
b0 (a+1)h han h

[~ sin (=0)m=gin®]

=lx{a+1)+2x]

['_']jmmxnl]
r=al y

mg+l+2=ag+3
and RHL= lim f{x)= lim f{0+ h)
¥ —p bt =11

[putx-ll+h:whenx—}ﬂ',Lhenh—}ﬂ-]

_]J_m:E-i-!::’;ulh':]l-l_]J_m + bh =1
[y 0+ h b h
= lim 1||f'1+b.h-1:“:,Jf1+b1it+|
ks h J1+ bh +1
[multiplying numerator and
denominator by 4f1 + bh +1]
(i+bh)-1 _ bh
bt b fi+ bh #1) 80 h{J1 + bh +1)
b b b

= lim =

"—*ﬂ{.,,l'1+bh+1}-qlr1+n+1 2
From Eq. (i). we get

|::|+3-E-E
2
b
= n+3-2.md;-2
= ame=1andb=4

-gin? . I
1=sin"x ifx e =
—

Joos™ x -
37, Given, flx)= P ifr=—
1 =sin x) i

{11!—21’]2 Tifx }E

s : n
15 continuons at x = —

kY

(LHL), _, = (RHL), _, = IE] )

" " i
o, Lt = IE.‘;_ f{x:l-hh—:l?ﬂ I(E_ &]
=4E

[ - 1
I-putx -%—&whenx—;,%ﬂrmh—iﬂj

"
l-sm-‘"[—-h] .
= lim 2 = lim l-fm: h
b =sil jtmz(i—h] =1 9 gin h

2

o]

= lim {1=cos h){1* + cos® h+ 1% cos h)
ko 31 =cos® k)
2
= m {1 =cos h)(l + cos™ h+ cos h)
b= 3] =cos k(1 + cos h)




{1+ cos® h+cos h)
= lim
ks 3(1 + cos k)

1+1+1 3 1
- i ] -
F+1) 3Ix2z 2

1% cos0+cosl
31 + cos 0)

and RHL= lim f(x)= lim f[%+h]
o [

X ==
2

+
[putx-%-l-h, when x—;%fhﬁuh—iﬂ]

el
e

(1 = cos h) = lim

= lim g (1 =cosh)
bl (=g =2h)* o 4 K

| TOPIC 3|

From Eq. (i), %-%'F ﬁ%-%m%.F

q!a!a.udp-lz

Differentiability and Derivatives of Various Functions

DIFFERENTIABILITY OR
DERIVABILITY

A real function f is said to be derivable or differentiable at a
pOINt £ In IEs domain, if s left hand and rlght hand

dervatives at ¢ exist (i.e. finite and unique) and are equal,
LeE. Lf’l:r:] = @r’{f}.
Hete, at x = ¢ left hand derivative,

LHD = lim 2% =S©

E o NS X ==

fle—h—fl)
—h

= lim
Iy —0

and r.i.ght hand derivative,
RHD = lim £0=/©

+

= LF'(0)

. fleth) - fle) o,

The common value of Lf*(c) and Rf"(c) is known as the
derivative of f(x) at x =¢ and denoted by EU[.:’]} |,

or f"{.r}

A function is said to be differentiable in an interval (2, &), if
it is differentiable at every point of (2,6). Similary, a
function is said to be differentiable in an interval [ a2, &), if it
is differentiable at every point of [, b]. As in case of
continuity we take right hand derivative and left hand
derivative at points @ and b, respectively.

Working Rule to Show
Differentiability of a Function

Suppose a function f(x) is given to us and we have to check
its differentiability at point x = ¢ in its domain. Then, we
use the following steps

L. First, write the given function say f{(x) and the point
say x = ¢ at which we have to check differentiabilicy.
II. Find left hand derivanve (LHD) at x = ¢ by using the
— B
formula, LHD = lim 2= 2 )
by —s 0 —b

L. Find right hand derivative (RHD) at x = by using

+h)—
the formula, RHD = éimuw_

IV. FLHD=RHD atx =, then f(x) is differentiable at

x =, otherwise f(x) is not differentiable at x = c.



EXAMPLE |1| Discuss the differentiability of f(x) = X
atx=1.
Sol We have, f(x)= x*
Test for differentiability at x =1,

l.mf“ =)= fl1) _ . (= =1
=h h—m =h
2- -
-]jEM-ﬁm{—h+2]-2
ksl = Bl
2
RHD = Jim SR =S @A) =1
- h kil h
.
-]jmwnﬁm{h-bZ]-Z
sl h T

~ IHD = RHD = 2
Hence, f(x)is differentiable at x = 1.

EXAMPLE |2| Prove that f(x) =|x|is not differentiable
at x =0
Sol We have, f{x)=]|x|
Test for differentiability at x =0,

Lf"(0) = fim L 1- o,

= lim |=h|=]0]

Y] -

lim f‘[-&}- f{ﬂ]

1] -

[ flx)=]x]]

= llmi- lim {=1)==1
b=l = k=0

b FOR = FO) _ | fih)= f(0
b =a0 h

] h

and Rf"(0) =

i LEL=10]
b= h

[k .
= lim [i] - hlinu.{l} =]

el ]

Lf*(0) = Rf*(0)
Hence, [ is not differentiable at x =0

EXAMPLE |3| Examine the following function f{x) for
continuity at x = 1and differentiability at x = 2.
Bx—4 f 0<x<1
flx)=14x* -3x, if 1=x<2
Ix+4 Hxz2
Sx =4, if 0 x <1

Sol We have, f(x)= 4xi =3y fi€x<?
Ix +4, if x=2

put xr=1=f
when x —17,

For continuity, at x =1

IHL = lim f{x}- IJm _ﬂl—h]

¥ =417

then i — 0

- 1= = )= (5= 4=
= lim({l=5k)=1
b=
EHL = lim fl{x}-h]:i.m.f{l-l-h}
x=l* =+

=31+ h)}
= lim (4 + 8h + 4h" =3 =3H)

b=

= lim (1 + 5h + 44" ) =1

P

Also, f1)=4(1)* =3(1) =1,

Here, LHL= RHL = f(1}.

Hence, f(x)is continnous at x =1,
For differentiability at x =2,

LHD = hm;f—{2 h- f(2

L]

- {4{2-!-}’ =3(2 = h)} - {3(2)+ 4}
k=0 - h
2
= lim {4(4 =4h+ b ) =& + 3h} = {6 +4}
=0 -
k.
= lim 16 =16k + 40" =6+ 38 =10
b=l -y
-}
- Ijm-u. 13k

b0 =ph

flz+h)= f(2)
h

- 2
= lim {4 (1 +h)

= lim (=4h+1%) =13
B =l

RHD = lim
L]

lim H2+h) +4={3x2+4)
- k

= lim {6+3h+ 4 =10)
ho=sid k

= ]Jm'[g]- lim (3)=3
h=sw K b=l

Since, LHD & RHD
Hence, f is not differentiable at x = 2

Some Basic Differentiable Functions
There are some functions which are differentiable in their
respective domain.
(i) Every polynomial function is differentizble at each
xe R
(if) The exponential function a*, @ >0 is differentiable
ateach x € R,
(1) Ew:ir constant function is differenciable atr each

(iv) The logarithmic funcrion is differentiable ar each
point in its domain.

(v) The trigonometric and inverse trigonometric
functions are differentiable in  their respective
domains.



(vi) The sum, difference, product and quotient of two
differentiable functions 15 differentiable.

(vit) The compaosition of differentiable functions is a
differentiable function.

Graphical Meaning of
Differentiability
Flx+h)— f{x}

h
the slope of the tangent to the g;raph of y= fix) ar the
point [x.f(x}]. Thus, if the tangent to the given curve
¥= f{x] at a certain point from left and ri.ght exist and are
same stra.i:ght line. Then, function is said to be differentiable
at the certain point. In other words, function is always not
differentiable at 2 corner point of a curve, ie. a point, where
the curve suddenly changes direction. See the following
graphs:

Graphically, we interprer f(x) —|

= x=i
0 fe) = ls-a ] +b i) 70 {
A x=0
) f (x) is mot
diHErrh-_EliiEH_JlEel
this point
f ) iz niot
cemennes o differentiablz
I alhls.punt
i X
a
; P. O2x=1
ii
i) 7 = x 21=x=2
¥ f () is ot
/"diﬂaraiisbla
/\Eu:th'ﬂpuint
i X
1] | 1 2

Relation between Continuity

and Differentiability

The following theorem gives the relation between
continuity and differentiability

Theorem If 2 function is differentiable at a point r, then

it is also continuous at that point.

Proof Given f is a differentiable function ar ¢,
f{-ﬂl f{f] - £

X0

Then,

But for x # ¢, we have

f- fio = L2

—c)

Taking lim on both sides, we get

- rene i | L2 -

[ = fl)

- .'t!]ii“!' f{l'} a .tl'i:i.' f{f} - _'tI'T.' "—?-'{x - C}
= lim f() = fle)=£"()-0

= lim flx)- flc)=0 =

x

lim f(x)= £16)
Hence, f 15 Continuous at x = .

Mote Every differentiable function & continuows but comverse may
not be tnus e.g. f{x) =] o.

Derivative or Differential Coetticient
Let fbe a real valued function and ¢ be a point in its
domain, then derivative of fat ¢ is given by

von o Jlet B = fle)
rrojm
The derivative is defined, whenever the limir exists.
In general, the derivative of fat x is given by

flx+ I:] — fix)

= lim . provided limit exists.
(1) Tl'u: derivative c-Ff{x} is denoted by f(x) or
—f (x).

(1) “-.?' = f[x}. then denvative or the differential
coefficient of f w.r.t. x is denoted by %nr y or

Fx)or Df(x).
DIFFERENTIATION

The process of finding derivative of a function is called
differentiation.

Dertvatives of Some Standard
Functions

Derivatives of some standard functions which have been
derived by first principle in class XI are given below

(i) E{cnnst'.mt] =
m—1

d
{11} E{x )=nx

(i) —(ex") = cmx" ™"

ax

od
(v} E{nn x)=cosx



o

(v) E{msx}=—5inx
4

{(v1) E{t'.m x)=sec” x

(vt} I{cnpﬂ: X) = — cosec X cotx

(i) %{5:.: x)=sec x tan x
(e} %{mr ¥) = — cosec 2 x
0 () =
(xi) %{JI]=32 log,, @, a >0

(1) i{]ug, x)= .x =0

{xiii) E{]EE' x)= ca=Da#l

I]DEJJ

Algebra of Derivatives
The following theorems are important parts of algebra of
derivatives.

SUM AND DIFFERENCE RULE

Let w and # be the two functions of x
d alu n’ar
Then, —(utr)j=— + —
en {n' r)= +

PRODUCT OR LEIBNITZ RULE
Derivative of the product of two functions is given as

d dy di
—I:n'ar:]—n'—+n—
dx dx dx

Le. Derivative of the product of two functions

= (First function * Dernvative of second function)
+ (Second funcrion * Derivative of first function)

QUOTIENT RLULE
If & and v are differentiable functions, then

d ful) [ ax dx
.if r B I,I-E
Denominaror E (MNumeraror)

—Mumerator * i {Denominator)

[]:ll:ru:rrn.i:'ra.tl:lr]'l

EXAMPLE |4 Find the derivative of {12 +cos x).
Sol Lety=x"+cosx
On differentiating both sides w.rt. x we get

%-%{xzi-:mx}
-%{12]+£{:MI}

= 2y =—ginx

__d H- =
[der=m]

EXAMPLE |5] If y = (2 + 3 sin x) (3 — 2 cos x),
then find &,
dx

Sol Wehave, y=(2+3sin x){3=2 cos x)
On dil’leentiatmg both sides w.rt. x we get
dy

ﬂ'I . [{2+35m.1:}{3 2cos x))

-{2+3ﬂnx}—[3—2:mx}+{3-2msx]i{2+35inx}
dx dx
[ d dv du]
v—fuvi=y — v —
dx dx dx
=(2+3sin x) {0+ 2sin x)+ (3= 2cos x){0+ 3 cos x)
={Z+3sin x)(2sin x) + (3= 2cos x)(3 cos x)

m4zsin x+4sn’ v +%cos x—beos x

=4sin x+%cos x #6sin‘ x=6cos x
=4sin x +9%cos x =6{cos” x =sin® x)
=45in x+%cos x =6cos 2x

[ cosix —sinly = cos 2x]

EXAMPLE |6] Differentiate 325X ~ Ly 1t x.

secx +1
Sﬂ-.[l.ety- sec ¥ =1
sec x +1
LI
COs X
=’. B —————

-

y=
[ 1 1]
cos X

l=cos ¥

= y=
1+ cos x

On differentiating both sides wort. x we get

d_y_[{l-l-::m x}i{l—cm x J={1=cos I}%{l'ﬁﬂﬂi x}]

dx {1+ cos x]i
[using quotient rule]
- [(1 + cos x) (0 +sin x)=(1=cos x)(0=sin x}]
i1+ cos x)°




- [{1 +cos x)sin x =1 = cos x)}{=sin x}]

{1+ cos x)°

_[sinx+:|:hs X-8in X +sin x = cos x-sin x]
{1+ cos x]i
25in x
{1+ cos x)*

DERIVATIVES OF
COMPOSITE FUNCTIONS

Derivative of a compaosite function can be found out by
chain rule.

Chain Rule

Chain rule is applied when the given function is the
function of function, i.e. a function is in the form nfﬁg{x}
or f[glx)].

Let y be a real valued funcrion which is a composite of two
functions, say y= f(u) and u= glx).

Then, 22 4 _ iy ()

dc  du dx
d
ie. = gl = frglok-g'(x)

EXTENSION OF CHAIN RULE

Extension of chain rule is applied when the given function
(say y) is a composite of three functions.

eg.
If y= flu),u= glv) and v = bix), then
A _ B B B s ) B
b di o & W EEI

Le. %[f {ghl = £ I gtk g™ 1A} - £ ().

EXAMPLE |7]| Differentiate sin (x* + 5) w.r.t. x.
[NCERT]
Sol Le'ty-sinu,whe'reu-x! + 5
Using chain rule,

dy dydu e sl
d'x-du dx-cnsu ™ = ¢osl x +5}E{I +5)

= cos {x* + 5)-(2x)= 2x-cos [x* +5)

EXAMPLE |8| Differentiate sin®(3x + 1) w.r.t. x.
Sol Let y =sin®(3x +1)
Here, y is a composite of three functions.
Let y= t*. where t =sinn andu =%y + 1

Then, n‘_y_d_yd_:d_u [by chain rule]
de dt du dy
d o d . d
el (5 L ax 41
=gl It o Bx+1)
= 2t{ cosu)3 = 6 cosu
= G5in cos i [~ ¢ = sinu]

= 35in 2u [ 2sinf cos @ = sin 28]
= 3gin 2{3x + 1) [put u = 3x +1]
= 3gin{éx + 2)

EXAMPLE |9| Differentiate sin5x - cos7x w.r.t. x.
Sol Let y=sin5y.cos7x = %[Esinit-cm?x]
- lE[si.ri:ﬁ:r + 7x )+ sin(5x =7 x}]
[ 2sin A cos B =sin{ A + B) +sin{A = B}]

1
= E[sinlix = 5in 2x]

=5 y-l—sinlix-lsinzx
2 2
On differentiating both sides w.r.t. x we get
dy 1 d 1 d
Y e % fsint2x) == (sin2
it-EEcm ") 2 dx{sm i
[by difference mle]

1 d 1 d
= — 05 12y —(12% )= —c0s 2% 2x
2 PR =)

1 1
= =52y 2= —=pcos 2y 2
2 2

= 600512y = cos 2x

EXAMPLE |10| Differentiate 2y/cot (x°) w.r.t. x.

[NCERT]
Sol Lety= 2-.,||1:'1:|I:|:::1'2 ).

On differentiating both sides w.r.t. x, we get

i
:—i'imm ) 2‘% feot (x*)}2 l'%“m{x*}

I:usingchainrule. i[ﬁ{x}]- f'{g{x}}%g{x]]
= ! [= cosec® xi]i{xt} [using chain rule]
J:ut{xi} dx
cosec® (x°) 2x

;iflﬂ{x:]

2 3
-—Exms.ec' (x")

cot{x?)



TOPIC PRACTICE 3 |

OBJECTIVE TYPE QUESTIONS

1 The set of points, where the function f given by
fix) =Ry =llsinx is differentiable, is

[NCERT Exemplar]
(a) R b) R- {%}
(c] (O, =) (d) Mone of these

If fix) = |sinx], then [NCERT Exemplar]
(a) fis everywhere differentiable

(b} fis everywhere continuous but not
differentiable at x =nn ,ne Z

(c] fis everywhere continuous but not
differentiable at x =(2n + 1}%,:1: eZ

(d) None of the above

The differential coefficient ﬂfsin[cus[x!]] with

respect to x is.

(a) -2rsinx®cos(cos x7)

(b) 2xsin({x®)cos(x?)

(e) 2rsin({x?)cos(r?) cosx

(d) None ofthe above

If pm f3x + 2 +ﬁ,then%js equal to
+
x

(8) e -
2f3x +2 (207 + 4
3 2y
b 23+ 2 * (2x? & 437
( 3 2

) 2fir+2 AP
(d) None ofthe above
' 1
5 Let fix)={ S "V T pe which
0 Ay =1
of the following is trus?
(a) fis differentiable at x =1but not at x =0

(b) fis neither differentiable at x =0 nor at x =1
(c) fis differentiable at x =0 and at x =1
(d) fis differentiable at x =0 but not at x =1

VERY SHORT ANSWER Type Questions

6

7

Differentiate the following functions. (Each part
carries 1 Mark)

(i) tan{x? + 5)
(ii) tan(sinx)

{iii) cosec (vx?+2)

{iv) HE[E]
X
(v) e |All India 2019
Ifx2? ,1--'1"'3I =a’® then find %

SHORT ANSWER Type | Questions

8

10

11

12

13

14
15

16
17

Examine the differentiability of the function

I{Il-{ x[x], fozx=<2

N atx =2
(x=1)x, if2<x<3 [NCERT E lar]

Prove that the greatest integer function
defined by fix) =[x 0 < ¥ < 2is not

differentiable at x = 1

flx) gix) hix)
Ify=| I L] i |, then prove that
a b c
dy Fix) g'lx) hix)
= = it i
If f(x) = sin 2x - cos2x, then find Jr*[%]
[All India 2017C]
If f(x) = lcosx|, then find f’[?;—“].
[NCERT Exemplar]

If f(x) = Jcosx = sinx| then find Jr-[%}

Differentiate Jtan«E WL X.

3

[NCERT Exemplar]
Differentiate cos x* -sin? (x3) wrt. x. INCERT)
If y = sin[ sin 4 | then find %.

If y = x tan x + sec x, then find the value of % at

n
Xm—



SHORT ANSWER Tvpe Il Questions

18

19

20

21

22

23

24

25

26

27

28

29

Prove that the function fgiven by flx)=|x=1|,
X e Ris not differentiable at x =1 [NCERT]

Show that the function flx)=|x=1|+|x +1],%

x £ R is not differentiable at the points x = =1
andx=1. (Al India 2015]

A function fix) is defined as follows
flx) = x? sin % if x :tﬂ_
0, ifx=0
Show that fix)is differentiable at x = 0.

Let filx) = x|x|, ¥ xeR. Discuss the derivability of
Flx)atx =0 [NCERT Exemplar]

Show that the function f{x)=|x=- 5]is

continuous but not differentiable at x = 5.
| Delhi 2013; NCERT Exemplar]

Examine the differentiability of the function f
2y+3 if=3sx<=2
defined by flx)={x+] if=2=x<0
x+2 if0=sx=<l

Discuss the continuity and differentiability of
function f(x)=|x|+|x =1|in the interval (=1 2).

Using mathematical induction, prove that

%{x"] =nx""", for all positive integers n.

[NCERT)
Ifym sin® .,||.:r_1'z + bx + ¢, then fmdgﬁ.

L]
Ifym [_:r +a,||x: +a’ :| , then prove that

dy iy

1=sinlx
m, then show that

£+se¢:z (E- x] -l],xe[l], E]

Ifym

dx

Let g(x) = ax® +bx+cbea polynomial function
of the second degree. If g{l) = g{=1) and g'(a,),
£'la,) and g*(ay) are in an AP, then prove thata, ,
i1, and aare in an AP

30

2.

3

-'l-.{a}Lety-.,lEx-l-Z-l- !
(]

Draw the graph of |sinx|in the interval [0, 2a]
and find the derivative of sinx|at x = % Also,

check whether the function |sin x| is many-one
or one-one by using horizontal line test.

HINTS & SOLUTIONS
¥
N

[}

y=[2-1]

3

X+ ik
2

L !

1
CAtxrm 7 curve hawve two tangents at that point,

therefore from the graph it is clear that y =] 2x =1|is
not differentiable at x -%.

fix)is differentiable in R- {1;}

(b} Let u{ x) = sin x
vix)=|x|
flxh = voulx) = viux)}
= wsin x)
= jsin |
--ufx) = sin x is a continuous function and
wx)=|x| is a continuous function
- filx) = vou( x)is also continuous everywhere but v x)is
not differentiable at x =0
= f{x)is not differentiable where sin x =0
= X=nR.ne s

Hence, f{x)is continuous everywhere but not
differentiable at x = nr_ne 2.

(a) y =sinfcos x*)
Therefore, -dl}—' = isin{izlus x%)
dr  dx
2, d 2
= cos{oos x°)—{cos x")
dx
= cosjoos x°){=gin x? ]%{xt]
= =sin x° cos(cos x° ) 2x)

= = xsinx’ cos(cos x! ]

2x 44

]
=(3x+ 2 #(2x% +4) 2



1
—=1
Therefore, %IE- %{31’ + 7)° ‘i{l‘[ + 2)

1
1 2 ===l d 2
l==f2xt+4) 2 . 2xt + 4
(~5fext e e e
i =L i )
.5{3“-2} 2 ~{3]-[E]{2x= +4) -4x
3 2x

- -
23x + 2 2

(2x? +4)2

5. (d) We observe that

i JX)= £01)

¥ =1 =1

{I—I]sin[ I ]
r =2l x=1 x =xl x =]

= An oscillating mumber between =1 and 1

2 lim Mdus not exist.

¥ =al X o=

= f(x)is not differentiable at x =1.

I{x—l}si::l.[ ! ]—sinl
and lim DE SO o, x-!

X =l x=1 x =2l X

1
sin{—]-l-s.inl
. x=1
lim

£ =3 0 i ¥ =il X

2zin : ::|:hs<‘ imx
Yx =1) Ax =1)

xX
[mr ﬂx —1}

=—gini— lim
x =l

= =ginl + cos 1
s fix)is differentiable at x =0
6. (i) Let y = tanu, whereu = x* +5
By using chain rule of derivative, we get

dy _dy  du
dr du dx

—d‘t'i{m“"]xi{xt #5)msec X 2x
de du dx
= Zxsec (x” +5)
(ii) Solve as part (i).

[Ans. sec{sin x)-cos x]

[puti = x 45

(iii) Let y = cosecu, where u -J:a.nd pe=xl42
By using chain rule of derivative, we get

dy dy du dv
dr du dv dx

. Given, fix) -{

dy d d d .
= T = o — o —] + 2
a2 oo y) a-.-{"m &t

1 .
= =cosec Lootu ¥ — v w2y
2

1
-—ms.e:-.lr;mt-.lr'l::{ oW 2x utu--u'l:
P P ]
==cosecy x° + Zootyx’ + 2x z
;xi + 2

[putv = x4+
{iv) Solve as part {i).

x ) ¥
(v) Let yp= !'J:
ey iy fix
dy  die™™") 3 3e
2';3.1? g;x

dx dx

. We have, x*'* 4 p2* = o213

On differentiating both sides wrt. x we get
2 7,2 iy
s Z
30 3y et

Pl d_.'ll"_n

=
. - Ay _ 1
- =173 113
R
de 'R x

x[x]. fhEx<2
(x=1)x f2=x <3
Atrm2 LHD= lim J&=R=f(2
b b o fp= 2
o fiy (2R 2=H=(2-1)2

B =il =h

[~ [@=h] = [a=1], whereais any positive number]
= lim (2=hy(1)=-2
kb =h
=h

= lim — =1
k=l mmfy

RHD = lim 22 R = /(2)
A 24 =32
ol 2= (2+ h)=(2-1)-2
b sl h
- li A HRH2+B) =2

b =aid h

= lim bk +3) -
k=0 k
LHI = BHD
Hence, f{x)is not differentiable at x = 2



9.

10,

1.

12,

15.

4.

15.

16,

7.

Here, fix)=[x] 0<x <3
For differentiability at x =1,

k=0 -l
f=H-p e i}
h-.-m Er— [~ [1=h]=0and [i] =1]
=1 i 1 . .
= lim ——= lim —, which does not exist.
b= =h h=s0

Hence, f{x)is not differentiable at x =1.
fix) glx) hix)|

! m n

a b e |

On expanding along K, we get
= (= b ) f(x) — (fe= ma)g(x)+ (= ma)h(x)
On differentiating both sides wrt. x, we get

%- (mc = nb) f{x)+ (na=lc)g"{x)+ (b= ma)h'{x)
If'(x) g(x) Kix)

=] I m n

| a b C

We have, f{x)=sin2x=cos 2x
frix) = 2oos Zx + 2sin 2x

Y £ 1 e

n
Hint f{x)==cos x, ifE-::-:rl:

Given, y =

Hence proved.

. f'(x)=sinx
o e [

T
Hint For x & [ﬂ.?].cnsx = 5in x, take

fix)=cos x =sinx. |:Ans.. -?1{1+1.E}]

flx) = cos x=sinx. |:Ans.. _?1{1+1E}]

sec’ (+/x)
4fx tamEJ

Hint Apply product and chain rule.

r
Similar as Example 10. [Ans.

[Ans. 10x" sin x* cos x° cos x* = 3x" sin x* sin® x¥]

Similar as Example 10.

s cioE | stI_]-cm-J?
lﬁl dofxofsinyfx ]

We have, y = x tan x + sec x

Om differentiating both sides w.rt. x, we get

dy 4 A
- dx{xtanx}+'ﬂ_{secx}

18.
19,

20.

= x%{Ian x)+ tan x %{xj +di{sec x}

[ —juv)= |.:—+ E]

dx
-xsecix+tanx+secx|:anr i1

mn " T " mn n
At x = — ﬂ = —zec” — 4 tan —# sec — tan —
4 — 4 4 + 4

r
-Ix{wﬁ}t +1#2x1

"
-IK2+1+'E

-%+1+'JE

Similar as Example 2.

Hint Here, given f{x)=|x=1|+|x+1]|
Put x=1=0and x +1 =0

= x=land x==1

x=—1 x=0 x=1

Casel When x <=

In this case x =1 <0and x +1 <0

L xr=1|m={xr=1)jand|x +1|=={(x +1)
flxym=(x=1)+ {=(x + 1}

Emyh]l=my =]
= fr)==2x
Casell When=1% x <1
In this case x =l<land x +1 20
|[xr=1]=={x=1)and|x +1|=x +1
flrxjm=ix=1)+(x +1)
==y tltxt+l=2
Case III When x =1
In this case x =1 = 0and x +1 =0
Slr=1]mx=tland|x +1|=x +1
In this case x =12 0and x +13 0
Slx=l|=x=land|x +1|=x+1
flz)={xr=1)+{x +1)= 2x
-2y if x =1

Thus, f{x}-j Zif =1=x<1
| 2xif x21

Mow, examine the differentiability of the function f{x), at
re=1land ¥y =1

2 1
Given,_f{x}-{x gin —, if x= 0

x
i, it x=10
At x =0,
LHD = lim SR = f0) . fi=h = f(0)
LEL =h |'|—|-|:| =
i)
= lim [ L

b= -h



k=0 -y

= lim —————= lim hsin[l]
P =h b0 h
= ( % (an oscillating value between =1 and 1)=0
and RHD = Ij.m—f{ﬂ+h}-f{u}

b=l k
K sin L= 0
= lim {h} {ﬂ-hm
b0 b=

h*:j.ui
= lim h-]jmhsin[%]

b=l h b=l

= % (an oscillating value between =1 and 1)
=0
LHD = BHID»
Hence, f{x)is differentiable at x = 0.

—xi, x<i

2l. Hint f{x)= 0, x =0, then similar as Example 3.
xi, x>0
[Ans. Derivable at x =]
211, Given, f(x)=|x=5|
=(x=5)if x <5
ﬁ’}'{x-s if x5

For continuity at x =,
LHL= lim |x—5|- |1m [={x =5}]

=557

-Lh_':ln [-{5-}:}+5]-"I|:.nuh-ll

and RHL= lim (x =5)

x 45"

= lim (5+h=5)= lim h=0

ey B —s0
Also, fls)=5=5=0

LHL = RHL = £(5)
Hence, f{x)is continuous at x =35

Now,
35" X=5
= lim —I+5—EI-- lim —I{I—E}-_
#45" KX =5 25" X =5
P K- 5-
x5l

= lim —— =1
P x=5

LHD = FHD
Hence, f{x)=|x =5|is not differentiable at x = 5

23.

24,

25.

26.

27,

Similar as Example 3.
[Ans. Not differentiable at x = =2]
Similar as Example 3.

) x, if xz0
Himt '
III-{—:, if x=0

¥=1 if x=1

and lx=1={_ 1), i x<1

mpm(x=i), if =lecx=0
flxy=] r=(x=1), if 0=<x=1
x#(x=1), if 1<x=<2

=2x 41, if =lgx=0

1, if O0<x=1
2x=1, if 1=x<2

Let ﬂn}-i{x"}-nf"l

Nuw,ﬂl}is%{x’]nlnxl'

ie. i{A.f] =1, which is true.
dx

. F{1}is true.
Let Ak be true, for some k€ N.
Then, %{x‘]-k -1 i)

d -t-L-‘i L3
= E{x" }E{xx]

d d
= IiE{I}-l- x;{x"}
[by product mule of derivative]
=t 4 ket T = ko1t [from Eq. (i)]
o Ayt
dx

= Pk +1)is true.

Thus, P(1), Fik)and Pk +1), n€ N is true. Hence, by
mathematical induction, P{n) is true for allke N.

Himt %ljﬁin! ‘Jﬂxi+bx+r-%{5inq|ﬂx=+ba'+c}

-S-sin!-.'lrnxz+bx+|:'-m5 -.'Ira.:'!+bx +c -%{Jﬂxi+bx+c}

3
Am.;sint'\lax!+bx+c-
cosVar® # bx +c-

We have, }--[I-I- -.|||_1rj + ai].

On differentiating both sides w.r.t. x, we get

Do .j_]' [xe v ]

[b}r chain rule of derivative)

{2ax + b)

*_Jnxi +bx+c



=1]
-n[x+q||x= +a | 1+ ! iI.{Jc2+.|:i2}
i 2—_in +aq° dx

[by chain mle of derivative]

II' 1
-n[x+ x° +a 1+ - 2-211
- X +a

.-:|_r'
T 2“ Ii+ﬂ=+x
=Rl X+ yx” +a

. ;ix=+ui

= —
' +a
= ﬂ- ny [-_-y-{x+1||x=+ﬂ2}":|
dx :,;xz-l-ai
Hence proved.
218. We have, y = Zsinix
1+ sin 2y

fsin!x-l- cos® x = Zsin x cos x
-

vsinix-i- cos? x + 2sin x cos x

[-sin® x + cos®

o [lcos x—si.uxf
{cos .'vr+si.1:|..1r}2

|- for IE[D.E].EMIE:ELI. then we I:alr.e-|

x =1 and sin2x = 2sin x cos x]

[{cm x=-sin x} instead of{sin x - cos x)* J

COE X = &in x
= .
cos X 4 &in x

1=tan x
-

14 tan x

[ﬂ.‘i\l‘id.i::l{numeralm and denominator both ]:-1|.r cos x]

:y-l:a.u[%—x] ['.'I:an{x—}'}-

O differentiating both sides w.r.t x we get

ﬂ.mz(z_x]i[z_x]
dx 4 dr | 4
[by chain rule of derivative]

tan x = tan y
1+ tan x tan y

| TOPIC 4]

.m=(§-x]{-|}
e

= d—r+mi[;-x]-ﬂ

dx
Hence proved.
19, Given,g{:]-a.:: + bx + ¢ (i}
Also given gli)= g(=1)
(1) + B{1) # ¢ = a(=1)" + =1} + ¢
= a+b+cma=bec
= b=
= h=0
On differentiating both sides of Eq. (i) w.rt x, we get
Eilx)= 2axr + b

Put b=0, we get g'(x)= Zax
Now, g(a,) = 2aa,, g'(a;) = 2aa,, g'(ay) = 2aa,
Since, g'(a, ) g'(a,) and g'(a, ) are in AP
2g"(ag) = g'la ) + g'las)
= 2«2aa, = Zaa, + Zaa,
= 2o, =may +dy
Hence, 4,, a, and a, are in an AP.
30. Let fompins|={ 2% 0 VEXET
The graph of f{x)is shown below

For x -%we takee the function f{x)=sinx -.{i)

On differentiating Eq. (i), w.rt. x, we get

flix)=cosx

- (i

When, we draw a horizontal line {dotted), it intersects
the curve more than one point.
Hence, f{x) is many-one function.

Derivatives of Implicit Functions

Let f{x. Jr} =0 be a function in the form of x and}. If ieis

not possible to express y as a function of x in the form of

y=b (x), then yis said to be an implicit function of x
2 2
eg.x +y =xpcoslx+ y)=loglx- y)

Sol. Wehave, x* + y* =zin(x + y)
On differentiating both sides w.r.t. x we get

3xt +3-l',.l2 Iirl- cos (x + }r]i{x + ¥l



Working Rule to Find dy/dx of
Implicit Functions

Following steps are used to find dy/dx of implicit
functions.

[. Wrte the given equation in x and y and then
differentiate both sides of the given equation w.r.t. x.

[I. Take all terms involving %un LHS and transfer the
remaining terms on RHS to get equation in the form

Y fx, y)=glx
of == f(x, y) = glx. ).

L. Mow, find ﬂfl"‘ Le ﬂ =M.
e fix, y)

EXAMPLE [1] If x® + y* = 3axy, then find %
Sol Given, x* + y* = 3axy
O differentiating both sides w.r.t. x. we get
d d
ax? +3y L =g
x* +3y" == =3a——(xy)
= 3x=+3}lir—i£-3:{l-y+x£z]
dx dx
[by product rule of derivative]

= 3y +3_-,ri£-3a:}' +3ﬂ'_t£
dx dx

= 3}?1—:1—31]1'%-315}'—31?2
x

[taking terms involving dy/dy in LHS]

= E{yi—ﬂ}ﬁn?{a}r—xi}
dx
3 d.'ll" ¥
= (¥ a_t}dx-a}' x
2
— n‘_y-a}l x

dx }_: -0

EXAMPLE |2| Find % for the equation
x' + y' = sin(x + y).

Given, siny = xcos(a+ y)
When x =, then sin y =0
= y=nn ne I
o At x =i
_dx-mst{n:+m't]
dx COS

'l'.'ﬂ\iiﬂ
-

= 08 d
CO8 O

[-- cos*(nm + 0) = cos* 0]

[by chain rule of derivative]

d d
eyt 2L + [1+—'FJ
=4 ¥ ﬂiI-ms{x ¥l .

= 3x’+3y° d__v_ cos (x # y) + cos (x + -"]'d_r
d.'l.’ dI
— S}F!EE_CM{I+P}EE-:W{I+}']-3I!
dx dx
[Lakinglenns involving:—rin I_.I-IS]
'
- %[3}'2 - cos {I + }.:]]- oS {:‘ + }']-312

. _d'l_cos {x-l-z]—ﬂ-xz
dr  3y* = cos (x + )

EXAMPLE |3| Ifsin y = x cos (2 + V) , then show that

2
ﬂ=w-ﬁhm sl'u:lm'.r\‘_'lnatE =ros @, when x =0
dx cosa dx

Sol We have, sin y = xcos{a + y)
cos(a + y)

On differentiating both sides wrt. y, we get
d o d
cos (@ + y)—sin y = sin y—cos{a + y)
dy dy

dy [cos{a + y)I*
[by quotient rule of derivative]

_ cos(a+ y)eos y =sin y [-sin{a + y)-1]

cos{a + ¥l

o fosla+ yicos y + sin ysina + y)

cos®{a+ y)
- cos(a + y =yl
cu:ksi{a+;|.r}
[ cos Acos B+ sin Asin B = cos{ A = B]]
05 4
cos (a + ¥l
ﬂ- cos *(a + ¥l

dv cosa

=

VERY SHORT ANSWER Type Questions

6 If y=tan(x+y), then find ay
dx [NCERT Exemplar]

7 Find the derivative dy/dx of xy + y* = tanx + y.

[NCERT]
8 Find the derivative of sec(x + y) = xy wrt x
[NCERT Exemplar]
9 Ifax?+by? = cos y, then find dy/dx.



SHORT ANSWER Type I Questions

TOPIC PRACTICE 4| 10 msavacitstesiyon’s #ost emn
11 Find the derivative of (x? + y*)? = xy wrt. x.
OBJECTIVE TYPE QUESTIONS [NCERT Exemplar]
1 The derivative of 2x + 3y =sinyis 12 Finddy/dx, whensin (x + y) =x* + y%.
2 2 ) .
L cosy ®) cosy+ 3 13 Finddy/dxatx =1, y=n/4,ifsin® y+cosxy = K.
2 [Delhi 2017)
(c) (d) None of these

cosy -3

dy

If y +sin y = cosx, then % is equal to

sinx
—_— y=in4+1
1+cosy’’ 4T

’

(a) -
sinx
1+cosy’

(b)

y#(@2n+ 1)

-ﬂ' y t(2n .‘.l)x
l+cosy

(d) None of the above

(c)

If2x + 3y =sinx, then % is equal to

cosx +2 cosx -2
(a) —— (b) —3—

(c) cosx +2 (d) None of these

Ify= Jsinr + y, then %is equal to

cosx cosx
@5 ®) 55
sinx sinx
12y @D 3y-1

If cosy = xcos(a + y) with cosa # |, then % is

equal to
(@) sin®(a + ¥) ®) cos?(a + y)
sina sina

(c) sin’(a + y)sina (d) None of these

=% {S—ms_v}%--ﬂ
dx cosy=3

2. ) We differentiate the relationship directly with respect

to x, we get
%+ %[sm}l}-i{msxj
4 [by chain mle of derivative]
—d£+ ms}r--lv-- = 5in X
dx dx ]
This gives n‘—J'Iln—i
de 1+ cosy

where, ¥ # (2n + 1)1

SHORT ANSWER Type 11 Questions

14

15

16

17

Ifax® + 2hxy + by? +2gx +2fy +¢c =0,

then show that EL i £ =1
dx dy [NCERT Exemplar]

Ifxfl+y+yfl+x=0for=l<x, y<],
-1

(x+1%

then prove that 2 =
dx

[All India 2019]
Find the derivative of sin(,xy)-r%-.x2 - ywrtx
[NCERT Exemplar]

If cosy = xcos(a + y), where cosa # =1 then prove

that‘—lx-

cos’(a + ¥)
dx i ;

sina [NCERT; Foreign 2014]

HINTS & SOLUTIONS |

. {(c) Given, 2x + 3y =sin y

On differentiating both sides w.r.t. x, we get
de—(2x+3y)- -‘;ix(sin y)

= 2+3%-cosy%
dy dy

= 3—=cosy—m=2
dx dx

. Similar as Example 2.

[Ans. = cosec™{x + vil

. Similar as Example 2.

[ 531:!:-!1
| {:+2_'|.r—I]J

. Similar as Example 2.

-m ¥ =sec{x + y)tan(x + _'|.r}-|
sec{x + y)tan(x + y) = x

. We have, ax® + by* =cos y

On differentiating both sides w.r.t x, we get



3. (b) Given, 2x + 3y = sin x
Om differentiating both sides wrt. x, we get

%[2x+3y}-%{ﬂn x)
2+3—dznmsx
x
= gd_:,r- cos X =2 =2 d}' M
dx dx 3
4, (a)-- -l{sinx + ¥ e

}-1 fz

E'.": L LI
- = {nnx+J.r Ili'c![ﬂn:c+y}|

[by chain mule of derivative)

— ﬁ I_ ; [::nrsx +£]

dx 2 (sinx+ yf'" dx
= %- ;—}I[:u\sx +%] [ {ﬂﬂi"i'f}jﬂ = y]
Ly 1) eesx

dx 2y 2y

dy cosx 2y €05 X

dx 2y zy=1 2y=1
5. (b) Given, cos y = x cos(a + y)
—r
cos (g + y)

d.t d CO8 ¥
aiJ.r d}l“cm (a+ }']}
- cos{a + y){=sin y) = cos y{=sin{a + y)1}
cos® (a+ ¥l
- sin (a + y = E}
cos? (a + ¥)
[-sin{ A= B)=sin A cos B=cos Asin H]

= rm

sina
cos® {a+ ¥)

L

- _13|:|s2 (a+ ¥l
dx ﬂ‘_—’f sina

dy
13. We have, sin®y+ cosxy=K
On differentiating both sides w.r.t. x, we get

%{sin!}--l-::mx}'}-ifﬂ']
= i{sinz ]+i{1:us J=0
P ™
. dy d
= Esln}-ms}-dr+{ nnxjr}x{x}-]-l]
. ) d
2y 3 - Dyyal=o
= sinZy—= nnxy[xir ¥ ]-
— shZ}r%—xﬂnx}'%-pﬂnxy

r:I‘_J.r- ysin (xy)
dx sin2y = x sin{xy)

=

Mow,at x =1, y-%.

dy __ . dy
Jax + 2by— = = —_
B e ™ T g

= %(Eb}wﬂny}-—m
dy, Pax
dr  2by +siny
10. We have, x* + x"y + xy* + y* =81
On differentiating both sides w.r.t. x, we get
ax?+ 2, y-2x + x~2}l£z+ ¥y +3y2£z-ﬂ
dx dx dx

zd'v dy+3y=dy- 3x?

= -2y -y’

-l-h}l

= E_‘,{IE + Zxy + 3yt ) m=3x? = 2oy =yt
dy _ ={3x* + 2y + y¥)
de  x* 4 2oy +3y°

1. Similar as Example 1.| Ans. &
4yx +4}' -

12. We have,sin (x + y)=x + y*
On differentiating both sides wrt. x, we get

cosix + y}i{x + y)=2x 2}-%

= cos(x + }-][1+d—"r]-2x+2yd—"r
dx dx

dy

d}'
=3‘Eﬂi1k'+l|'] +CCI5{I+ }'}—- 2x + 2}'—

=% %Iﬂns{x+y}-2y]!2:-cm{x+ ¥l

d__-,r- Zx = cos(x + y)
dr  cos{x & y)=

= {ax + "E"' E}
(hx+by+ f)
Mow, differentiating both sides of Eq. (i} w.r.t. y, we get

d 2 d d 2 i
—(ax” )+ —{ Zhxy) + —(by") + —{ 2gx)
2y () g PR g ) e

o d
+E{2ﬂr}+a{c}-u

i)

= ﬂ-l‘l’-E'l' Eh-[x-i-l-y-i :]
dy dy "
+b-2p+zg-d—+2_f+n-u
¥

= %[M+2ﬁy+2ﬂ--2ﬁx-2&y—ﬂf

d_x_-z{&r+b}-+_f}_-{hx+by+f]

dy  2(ax +hy +g) (ax + hy + g) -}




14. We have, ax® + Zhry + by® + 2gx # 2fy + c =0 i)
On differentiating both sides w.r.t. x, we get

d 5. d d o3
— - — +—1b
= (@) + —=(2hxy) + == (by”)
d d d
+—(2gx) + — (2fy) + —(c) =0
-, (2 + = (2fy)+ —=(c)=
dy dy
= Zav+2Zh|x-—+ y1|+ b2y —+ 2
dx dx d
+2j‘—3"+n-u
p dx
= d—y[Ehx+2by+Ef]-—2ﬂx-2hy—23
x

dy | =2ax+hy+g)
dy  Zihx+by+ f)

| TOPIC 5]

ﬂlﬁ-—{ax+hy+g}_—{ht+b}l+f}
dx

dy (hx+by+f) (ax+hy+g)
[using Eqs. {ii} and (iii)]
=1=FHS Hence proved.

15. Wehave, x 1+ y+pfl+x=0
=% Xyfl+ pm=y i+ x
Om squaring both sides, we get
1+ ph= pil + x)

=% xz—jri+x2y—y!x-ﬂ
= (x+ ylx=yi+xpx=yl=0
=1 (x=yi{x+ y+ xp)=0
But x®y
x+ y+xy=0
= yil+ x)==-x
. -—x—l+1
¥ 1+ x
1
= -] —
Y 1+ x

Om differentiating both sides wor.t. x, we get

dy -1
— = Hence pcmved
de  (1+x)

16. Similar as Example 2.
2_ .3
Ans, 2 =y cos{xy)-y
:lL';..'2 cos(xy)=x + J.ri
17. Similar as Example 3.

Sy gind®E.

Hint x = -
cos{a + y) dy

Derivatives of Inverse Trigonometric Functions

Dermvatives of inverse trigunumr.ftri.c functions are giv:n

() 2Gin™ 9= ]_lxz
(i) 2 (eos™ ) = 111
) Sleort =
) 2 (oec™0) = ﬁ
; .

EXAMPLE |2| Differentiate tan " (sec x +tan x) w.Lt. x.

- - 1 sin
Sol Let y=tan (sec x # tan x) = tan l[ + I]
COSX 005X

1—ms[£+x]
=1 1+ s5in x =1 2
= y=lan ]-r.a.u BT
sin[—+x]
2
|:'.'-|:05 1+ x]-—sinxandsin[£+ x]-cmx]
2 2

F E) ]
EeE




-1

p .
(vi) — (cosec _]x} =_—
dx x,|||xz -1
Proof (i) %[s'm_] X)= ﬁ

Let Jr=sin_' x = x=5in'r
On diFFc:L'cntia.ri.ng both sides w.r.t. 7 we get

£=m5r}llﬂ [}E[_—nklﬂ
.:fr}l 2 2
dx 2

= —=4fl—sn ¥

dy
dx J—l dy 1
= — =yl m——
dy d 1-x?
Hence, El:sin - x)= !

1—_1'2

Similarly, we can prove other parts.

EXAMPLE |1| Differentiate cos~2(5x? + 4) w.r.t. x.
i

Sol Let y=cos™(5x" +4) Putz=5x" +4. Then, y=cos™ =
On differentiating both sides w.r.t x, we get

%‘- %{m&" )= i{cm - z]% [by chain rule]

= d512+4} [put z = 5x* +4]
=gt dx
=— ! x [5% 2x +0] [put z =5x® +4]
:||'11-|{5,-.r*+4}|i
1lx

I =(5x® +4)
On differentiating both sides of Eq. (i) wort. u, we get
o -1 =1
Y = [from Eq. (i)]

d__'r- ={1 + x)*
duy (14 x)® +(1=x)°

_-{1+x}=

- 201 + x%)

On putting the values of %"and.jim Eq. (iii), we get
"

dy SOex)f =2 _ dy_ 1
dr 21+ x’) 1+ x) dr 1 Xt

On differentiating both sides w.rt. x we get

2
EXAMPLE |3 Differentiate cot™| —= | w.r.t. x.
1+x
Sol Lety= mt'l{l-—x}
i+ x
Put 1=z i)
14 x

Then, y=cot™u i}
Thus, yis a composite function, so we use chain rule of
derivative.

ie L ] i)

dv  du dx

Mow, differentiating Eq. (i} w.r.t. x, we get
du o [1=x
—_— |
dx d'x{l + I]
_ {14 x)(=1)= (1= x}1)

{1+ x)*
[by quotient rule of derivative]

—1—x—l+x- -2
1+ x)® 1+ x)*

For this, we can use the Fu]luwing trigunum:’tn]: and inverse
tri.gunumctric formulae

(1) sin Zx =2 sin x cos x

(11) cos?x=cos x —sin-x=2cos  x—l=1—2sin’ x

L 2 tan x
() sin2x = 5
I+ tan™ x
. l1—tan’x
(iv) cosZ2x =
1+ tan? x
2 tan x
(v) tan2x =

2
l—tan” x



EXAMPLE |4| Show that
2
i{;-‘!ﬂz —x? +ﬂ?51'.[l_1 £‘|=1||||‘.I“" — %t
a

dx

2
Sol we have,Ll-E-i[i- LR +n—-5in"£]
dx 2 a

2
-i—l—i- a? = x* +a—=-'i|—ﬂn'l'i-|
dx | 2 "z & 4l
x d 2 2 2 2y, d 1']
—_—— - + - —_
= e - E) (et =) S
a’ 1 1
g — - —
2 l—xj d
e
[by product rule of derivative]
¥ 1 4 Ty= 142 2 2, 1
=—— g = —-2xp b iafa” = x" ) —
S 2[ T = 2x) ]'2
o
+
2yfa’ = x?
2 Il'z_ 2 2
= -X + a X + a
240a* = x* 2 24fa® = x*

r | 2 2 2
Ll Al B
_mate(@ =)

F] 2
2afa” = x

2(a’ = x*) [y
- RHS
- T T = d I =

24a" = x

:
Henﬂ,%[%-qﬂﬂi-xz +ﬂ?-sin'"i:l-q‘llr:l2 -t
a

Trigonometrical Transformations
Used for Differentiation

Sometimes differentiation of inverse tr.i.gnnuml:tn'c functions
becomes difficult by chain rule, then we can differentiate

them easily by using trigonometrical transformarion.

Wurking Rule to Find Derivatives of Inverse
Trigonometric Functions h}' Trigunumetn'ml
Transformations

To find the derivative of given inverse trigonometric
function by trjgunnmctrica] transformation, we use the
following steps

L. First, put the given inverse function equal to
ysay y=f7(x).

II. Convent f_l{x]l to simplest form by using suitable
trigonometric formulac or substitution such thar
f_Ll[x]l can differentiate easily.

III. Now, differentiate y with respect to x to get required
dyldx.

2
EXAMPLE |5] If y = sec™" [J"‘ir +1

X -1

] . then find .
ax

L +t
(i) tan (x+ _}l}=—mx i
1 - tan x tan y

(vil) tan (x— ']..].= mnx—@ny
1+ tan x tan y
(vini) sin ! (—x)=- sin_l{x:]..
cos” (—x)=m— cos™ x, tan " [(—x)=-tan 1y

1 1

. | _ f[ 8 -1 - TL
(ix) sin™ x+cos x=—,tan_ y+oot xr=—,

-1 -1 T
seC xtoosec x= E

(x) sin ! l[*!.fl—_u'3 =cos”! x,cos”! 1.}1—1'3}=5ir1_] x

2

— - 2 | 1-
(x) 2 tan "o =sin”! .1'1 =cos Iﬁ
I+x 1+x~

—1 2x
= tan -
l—x"
i
_ _ . +
(xii) tan ™' x + tan ";p=rar1 d }].1}'{]
-
(- —
(xim1) ran_]x—tm_l}=ran_' =7 |
\ 1+

Some Important Substitutions

S5.No. Expression Substitution
{ih at— i x =acostor x =asinf
(ii) a4+ x = atanfior x = acotf
(iii) ©-a x=asecbor x = acosac B
() ra+x o ra—x x=agcosh
a-x a+x
¥* = a° cos 28

M [, [Fir

1’32+.'."= ‘E?—A’!

Put x = tanfl = tan™ x = &

2
y=sgin™ [%] =zin™ (cos 28)
1+ tan

i=tan®x
“ceos 2x --_2
14 tan™ x

S R )

=% y-%—zﬂ [ sin™ (sin@) = 8]
= y= %— 2tan™ x [0 =tan™" x]
On differentiating both sides w.r.t. x, we get

dy . i(i] -2 i{ta.u" x)

de dx\ 2 dx

dx 1+ x dr 1+ x°




¥y
¥ =3t
substitule x = tan B and then use suitable rigonomelrical
formula to write it in simplest form and then diffarantiate.

2
Sol We have, Jr-sec'j[x +l}

3
X =1

-\~ Here ' {x) expression is of the fom , S0 We

Here, putting x = tanf, we get
[ tan?@ +1
| tan®@ =1

T
oy tan” 8 =1 " -1
- e | tan®@ +1] [E = cos [H]]

o ymeos _[ﬂr

y =sec”

1+ tan*@
2
= ¥ = cos ™ [=cos 28] - o5 20 = ﬁ
1+ tan"@

1

= y=1 = cos " {cos 208) [ cos ™ (=x) = = cos ™" x]

= y=a-28 [ cos ™ {cos x) = x]
= y=a- 2tan™ x [ tan®) = y =20 = tan™" ¥] __{i}
On differentiating both sides of Eq (i) wort. x, we get

dy dy =

—_ - = —
14 x*

dx 14 x° dx

EXAMPLE |6] Find%, if

2
J-"=sin‘1[1 xz].ﬂ-:x-:l.
1+x

[NCERT]

]
S50l We have, y= si.u"[l—x!}
1+ x

Let l—2--cosm.then—s--sin(x andtana-—s-
13 13 12

y=sin""' (cos & sin § + sin & cos 0)
= sin” ' (sin O cos « + cos 0 sin &)

= sin™ " {sin (0 + )}

=0 +a
-1 -1 5
= y=cos Xx+tan (;—2-)

On differentiating both sides w.r.t. x, we get
dy -1 -1
—= +0=
dx ‘Jl - J.’! J] - xz

EXAMPLE |9] Differentiate tan™ [ -
bcos x +asin x

acosx—bsinx]

n n a
-—<x<—and—tanx >-1

2 2 b [NCERT Exemplar]
ﬁf-‘* First, convert the given inverse trigonomeltric function into
¥ the simplest form and then differentiate it.

EXAMPLE |7] If -‘I'i—;ri'+,||'1-_v,r2 =a(x—y), then
1-y
l—x?

Sol ‘l.i'o.l'eheu."e,'.lll—:u'2 +‘||F1-—_'|.|'i =afx =yl

Om putting x = sinf and y = gin , it hecomes
cos B+ cos = alsinf = sin §)

= 2cos [m]cus[ﬂi]- aZcos [H * t]m[ﬂi]
2 2 2 2

prove that dy =
x

= cot ¢-a = f=-0=2c0t" a

= .=t -1
— sin” x=—sin- y=2Zcoot a

On differentiating both sides w.rt. x, we get
1 1 dy_o
'Jll -xt ..|rl - yi dx

Hem‘d_y- i
dx dl—x!
5 +1z+,||'1— z
EXAMPLE |8 Pind%.ify:sin'l{;].

13
Sol. Given, y -sin."[—SI + 1241 = x7 }

13

Put x = cos @ then 4J1 = x° =sgin 0.

-m_.[SmsB +1zs:'nﬂ]
y 13

= 5in~ l[E sin B + EX Cos E] LA}
13 13

| TOPIC PRACTICE 5 |

OBJECTIVE TYPE QUESTIONS
e dy .
1 Ify=sin (W] then ol equal to

) l+lxz ®) l+2.tz
= @ 55
2 Ify= lan"(%],- 7lg<x < %,mcngx—yis
@ = ®) ——
) 1 :iz @) 1-3.!2

3 Ify=sinTx +sin“\’1-x2,-l51<l,then%is



Sol

10

11

12

13

A

14

be*l:y-m:l." acos x = bsin IJ

beos x + asin x
[[acos x=bsin x
. beos x

beos x+asin x
| bcos x

[dividing the numerator and denominator by b cos x]

L[“f“‘”]j

Put E-tanﬂ' =@ =tan™" [E]

= y=tan~

= y-tan"

b

ThEl!I, }I- T_an'l' M
1+ tan & -tan x

=  y=tan™ [tan (B = x)]
[-_-tm{x—}r]-w-

1+ tan x-tan y |

= y=f=x [-tan™'{tanB) = @]

=  y=tan" [%] -x [ 6 = tan™ [%]:

On differentiating both sides w.r.t. x we get
dy

— =m=]=-=]
dx

Differentiate tan™ [ﬂ]

with respect to x.
[CBSE 2018)

- PR, | - 2 - I. 1
If y =sin tﬁ.:‘JI. 9x°), IE{I{E_-E'

then find d__p-'
dx [Delhi 2017)

If y = sin~!{2xy1-x2), -iT cx e :}5 then find %_

[NCERT]
132 .
If y=tan™' [@1 then find .
L= o

- - -1

If the derivative of tan™ " (g + bx) takes the value
dy

E-latr-ﬂ,thenpmv&thalb-1+.:12.

SHORT ANSWER Type 1l Questions

15

16

COS X +5in X

Find the derivative of tan"[ :
C0s X =sin X

]W.I‘.L X

COsSX

Find the derivative of tan™ [ .
1+zin x

JW.I‘.[. X

equal to
(a) O (b) 1
(c) 2 (d) 3
4 Derivative ufcnt"[i b sinx * jlrl — s::m_r ]-
+siny = fl=sinx
Dzx< 1is
2
(@ 3
(b) 1
{c) 2

{d) Mone of the above

VERY SHORT ANSWER Tyvpe Questions

5 If filx) = cas't[sin x), then find f"{x).

6 If y=sin™(3x +2), then find dy/dx.

_ ) ’1 +C08X
7 Differentiate cos™ T work x

8 Find the derivative of
-.[sin:r + COSX | =7t R
Cos

— & 13T

SHORT ANSWER Type | Questions

_ ) -if1l= x?
9 Differentiate cos 1[ ]w_ rtx

2

1+x [NCERT]
| HINTS & SOLUTIONS |
1. (b) Hint Put x = tanf
2. (a) Hint Put x = tanf
3. (a) Hint sin"m- cos™' x
4. (a) Hﬂltm-ms%+ sin%ami
Ji-sinx = cm% - sin%
5. We have, f(x)= cos™ (sin x)
= flx)= cos™ [ms [% - x]]
= % -x [- cos™(cos x) = x]

On differentiating both sides wrt. x, we get
flixj=0=1==1

6. We have, y = sn™{3x + 7)

On differentiating both sides w.rt. x. we get

ay . : 1{3“ 2)
dx =(3x +2)° dx

r =



17

18

19

20

21

2D

23

10

Find the derivative of cos™ [E‘r:nu—;-umx]

WL x

If p=sin™ [xyf1-x —«E«.ﬁ-x"’] and0 < x <1,

then find dy/dx. [A India 2014C]

Differentiate the function wrl. x,
tan~ A XX =AY
.,||i + X+ ,||i- X

e+
lfy-ta.n"[ I+ +yl-x }-1-:.1’-::Lthenﬁnd

z
14 x% = J1=x?
the derivative of p. [Delhi 2015; NCERT Exemplar]

Find the derivative of
T_an" M - 1 {i{ L
f-3ax’] J3 a 43
[MCERT Exemplar]

Jex—afimax® |
5

Find%, if y=sin l }
jAll India 2016]

VI-x* +4f1- y* =a(x?- y?), then prove that
A [1-_f
de  yy1-x* |All India 2016C)
1= x
Let y= -t
yEe [I-I-xi]
Put x=tan® = B =tan™ x
-Eﬂi-j l—mtﬂ
¥ 1+ tan"@
2
= cos ™ (cos 20)= 20 - cos 20 -ﬂ
1+tan” 8
= y= Ztan™ x [-8 =tan™ x]

On differentiating both sides w.r.t. x, we get
2
14x°

ﬂ-jx ! -
dx 1+ x°

Let }--r.an" 14 cos x
sinx
i
2c0s’ S \I
=1 2

= tan
X x
2g5in — cos —
2 2

"

%anrj sin A= 2sin %ms i-l

2

i x

cos —

= tan™ 2
B

sin— J

L 2
=i x

= tan” | cot—
2

o) [reererad]
= —=col | cot— Ttan Txdcol T x=—
F F] 2

1':'.'11-::15 A=2cos?

3. Himt Put ax = tanf. {Am.

15. Let y=tan™

16. Let y=tan™ [ﬁ] = tan™"

Let y-ms" r|+=:m:x
.

208" — a
= cos ™! ['.'1+m59-2m51;]

[--cos Y{cos B) =]

::r-I
}'2

On differentiating both sides w.r.t. x, we get i\_—y = 15

- [sin x + cos x)

3; Hint cos T

(i)
()
[Ans. =1]

a |

2(1 + a’x‘}J

14. Hint y = tan™"(a + bx)

- .8
dr  14{a+bx)

Th.en,pltx-ﬂandgxnl,wegﬂ be=itat
x

cos x +sin x
| COS X = sin X

[ cos ¥ sin x|

-1 | cos x ©cos x
Ccos X sin X

| COs X oo X

o1+ tan x
1=tan x

= fan

= tan™ [tm [; + x]]

[TBNI+H.EEE1E£1}

1—tan xtan y
[~ tan ™" {tan@) = @]
Om differentiating both sides wrt. x, we get

[ (e
(2]
rmsom ]

=:ly-ﬂf-i+x

1+sin x



1.

1.

15.

m x

[; cot™ (cotx) = x]

x 2
Mow, on differentiating both sides w.r.t x, we get
dy 1 1
—_ e — i ——
dx 2 2
Given, y = sin " {Bxafl = 9x7)
= yp=msin™ (2:3x Jl = (3x)°)
Put 3x = sinf.
Then, y= sin™ (25inf - cos @)
= y= sin”™" {sin 28)
=5 y= 20
=3 y= 2sin™ (3x)
d_}' - = 3)
de  f-ox®
o) [
—J L]
L P

2
Solve as Question 11. | Ans.
¢ [ - ]

Om squaring and adding Eqs. (i) and (iii), we get
r® costl +r251n=ﬂ.i+1_&.£.1
25 25
= r*(cos®@ +sin®B)=1
= r=l
=5 rmi

E- cos 8 and 4—-5inﬂ
5 5

rsin@ 4/5 4
o — i —

Mow,
reos B 3f5 03
= tan & -4-
3
= 8 =tan™" [4—]
3

From Eq. (i), we get

y= cos ™ {cos B cos x = sin B sin x)
= y= cos™ [oos (B + x)]

[ cos({ A+ B)= cos A cos B = sin Asin B]

o y=0+x
= y=tan™ St
On differentiating both sides w.r.t. x, we get

d—y-ﬂ+1-l

dx

Let y =sin™ [x4f1 = x—qu;‘\ﬁ - x*]

Put x = sin t.
Then, .|.1|1—:1'2 -1||E.—sini:‘.'. -quszf.'l: = cos (0
Again, put ¥x =sin p

17.

19,

20.

21

i,

- -

[l -3

5]
[ 0

rsinfl = Zsi.ug—ms EEI.I‘.HII 1+ cos B =2cos” —
| 2 2 z ]

- yeurufseg

o X
= ety

O differentiating both sides wrt. x, we get % = -IE

= tan

[~ tan™" {tan®) = 8]

Let _ms-L[Scm x =4 5in x]
y 5

i)

- [3 4 ]
= y=[o0s | =008 ¥ =—si0 X
5 5
3 .
Let B = reos O i
_{ii)

amd i-r:ind?l
5

Hint Put x = cos 8 and then solve as Question 15.
[ 1
1

Ans.
| 2]1 -

Hint Put x° = cos § and then solve as Question 15.
Ans, ——— ]
4

3a
Hint Put — = I.a.uﬂ.[.ﬂ.m. - =i|
a a & X

ax-i-jl-u*]

Given, y=sin™' l: ;

Futx-lsinﬂ
-
. _ 2
Er:.'_:smﬂ'_‘! l__ix(smﬂ']‘l
, 2 2
5 ‘

35inﬂ—41|||1 -sin’ﬂ]

" ymEinT

5

. =l (Ssin-ﬂ -4 cos -B]
= g1n —5

=sin”" [E 5in @ - i COE HJ A1)
5 5
Let cos ¢ =3/5 then

ingmfi—cos? g = .-[g]*



Then, .,']'1—1' --Jl—sintﬁ -.Itnstﬁ =cos i

:..-'lsin'L [sin @ cos f = cos o sin []
=sin™ [sinfo =B)]=a = [ sin”'{sin8)=8]

=i =

= ylsin"x—sin'l'.lr; i)
[-x=sing =>a =sin™ x
andﬂ-ﬂnﬁ:»ﬁ-sin"-uf;]

On differentiating both sides of Eq. (i) w.r.t. x, we get

ﬂ_ 1 1 d -J;}
dx :Il‘ll-x’ E _H';]i dx
[by chain rule of derivative]
I SRS B g
;il -x' 31 -x 2
1 |
1.!1 -x' 2x 1!1 =X
- 1 _ 1
-Jl -x' 2 Jr -t
ITOPIC 6|
Differentiation of Exponential
and Logarithmic Functions

EXPONENTIAL FUNCTION
The function defined as y = f(x) = 5" with positive base
£=0, b #lis called the exponential function.

(i) If the base of an exponential function s ¢, ie. b=,
then it is called natural exponential funcrion.

(i1} Ifthe base of an exponential function is 10, Le b =10,
then it is called the common exponential function.

The graph of y = 4§ is as shown in the following figure

Y ¥
/IW"’”&::-] \Iwhf Qb1

X X
n| nl

Main Features of Exponential
Function
(i) The domain of exponential funcrion is K i.e. the set of
all real numbers.

(i) The range of exponential function is R* ie thesetof
all positive real numbers.

(1)) The point (0,1) always lies on the graph of
exponential function.

= ﬁ -2 ii =1
25 2% 5
Mow, Eq. (i) becomes

y-sin"{cuaﬁsinﬂ'—sinlpms i)

=sin™" [sin(f - ¢)] =0 - &
= y-ﬂn"{Z:]—cm"(E]

[ 1

1— x!%sinﬂ =ginfely == E'll'l'j{h'}J

Om differentiating both sides wr.t. x, we get

ﬂ- ! i{ix}—ﬂ
dx Jl-{Exf dx
2

-4xt

13. Similar as Example 7.
Hint Put x* = sin® and }Ii = gim

If base & =10, then it is called common ]ng:.rit]'lm and if
= ¢, then it 1s called natural ]uga.rit]lm.

¥ ¥
k-lu-gux.ﬂ{h-:l @Kh}l
(1.0)
I S

Main Features of Logarithmic
Function
(1) The domain of logarithmic function is R* because

logarithm of non-posiive numbers cannot be
defined meaningfully.

() The range nflnga.rithmh: funcrion is the ser of all real
numbers.

(i) The logarithmic function having base greater than 1
is always increasing, i.e. as we move from left to right,

the graph rises above.

(iv) Forx, which is very near to zero and & = 1, the value of

1“5& x can be made leser than any given real number.
(v) The point (1,0) always lies on the graph of
lugarithm'n: function.
(vi) The graph of functions f(x)=¢* and f(x)=In(x)



(iv) For every ]a.rgc negative values of x and &> 1, the

exponential function is very close to 0, ie. it tends to
ZETO.

{v) Exponential function hmrin.g base greater than 1 15
alwa}rs 'Lm:n:asing., Le. as we move from left to right.

the graph rises above.

Mote The imporant property of the natural emponential
function in difierential caloulus s that it doss niot
change during the process of differenfiation. In this
chapter, if base is not defined consider it as &',

LOGARITHMIC FUNCTION

Let b be a positive real number such thar & = 0,6 # 1 then
we say logarithm of 4 to base & is x, if6* = a. Logarithm of
a to base b is denoted by logy, . Thus, logy @ = x, if 6" =a.
In other words, the function from positive real numbers to
real numbers is defined as log, R* S R= log (x)= y.if

b = x, is called J.uga.rithmic functon.

IMPORTANT THEOREMS
There are Fulluwin.g two theorems which are gIves as

Theorem 1 The derivative of #* w.rt. x ise®,
d

LE. E{Ex} =,
Theorem 2 The dervative of ]ﬂ'E X W.ILL x IS —1.
x

Le. %{]ug x)= %

EXAMPLE |1| Differentiate the following w.r.t. x.
M e (1) log (cos &)

Sol (i) Lety=e*
On differentiating both sides w.r.t. x. we get

B 2o L (43 [bychainrule of derivative]
dx dx

INCERT]

=t Ax® maxtet
(ii) Let y = log (cos &™), it is a composite function.
On differentiating both sides w.r.t. x we get
dy_

d "
dx  cos e” (eas %)

|:h}r chain rule of derivative and %{Iﬂg )= l]
'

- £ d x
= — (= sin ¢ }Idxie )

cos €
[again by chain rule of derivative]

==tane® We® ==’ tan e®

EXAMPLE |2| Differentiate each of the following

arc mirrer iImages of each other reflected in the line
y==x

Basic Properties of Logarithms
(1) lngl{mn} =lug‘ m+ ]ug‘ n,
me0n>0a=0a=l
(i) log, x=log, elog, x,a>0,a# Lx>0
(i) log, z- log, m—log, mm>0,n>0, a>0,a#1
n

(v} lng. m"™ =n|ngd,m,m}1].,a =0, a#l

(v) gloBex =x,x=0

1] lngI I=1D£».E.'-‘u.ﬂ' #lLx =0
og &

(vii) log, m= ymn>0and mmpEl

OF, 7

{vina) lngm 10=1,lngfr=lam:| ]ng‘ I=0,a >0,a#1

E.E.'_i{mi]
dc | xdel 2

x
2
i s x  dx
- IZICS.IE'E —xdx =
tan — 2 :
2
ms.x
L EK ! Kl- !
. X 3 X . X X
sin= cos = 25in=— cos —
2 2 2
dy
= — = = 0580 X
dr sinx

EXAMPLE |3| Differentiate y = log,,,, sinx w.r.t. x.

logh
~log, b= ——
[ e 1“5“‘]

Sol. Given, y=log,,  sinx= Jogsinx
log, cos x
On differentiating both sides w.r.t. x, we get

d
dy log, cos xi{lu&ﬁn x)=log, sin IE{IQE' €08 x)

dx (log,cos x)°
[by quotient rule of derivative)

1 d
log, cos x_;i{sin x)=- ID&mIfD& IE{ME x)

= 5N X
(log, cos _rf

CO8 X .
log, cos x x —— = log, sinx %
= 5il X CO5 X

(log, cos x)
- cotx log, cos x + tan x log, sin x

(log, cos x)*

{=sin x}




w.L.t. x.

(i) efe=re (i) log tan %
Sol (i) Let JI'IEE

Taking log on both sides, we get

log ¥ = yfcot x -loge = Veotx [~ log.e =1]
On differentiating both sides wort. x, we get

1 dy . d

ydx  24cotx dx (entx)
= l-di = ! % (=cosec x)
y drx Zicntx
- d_}' =y |:_ cnseczx:|
dx 2-_allmt.l:
__1.r =y cosec’ x

= EJEHI

(ii) Let y= Ingum%

On differentiating both sides wort. x, we get

Il. Take log on both sides and use suitable property of
logarithm to convert it into simplest form for
differentiation,

Le. log y =v(x)logu(x) A1)

1. Differentiate Eq. (i) obtained in step Il with respect
to x by using suitable formula,

1 dy

1 —_—

"r [ by

IV. Now, transfer (or shift) the terms other than dy/dx
from LHS to RHS and put the value of y. Then, we
get the required answer.

' (x)+ v (x) ]ug ulx) ...(i1)

Hote Hers, functions should alsays be positive otherwiss their
logarithms are not defined.

EXAMPLE |4| Differentiate a* w.r.t. x, where a is a
positive constant. INCERT]
Sol Lety=a"
Taking log on both sides, we get log
y=xloga
Om differentiating both sides w.r.t x, we get

ld_-l ﬂ:d_}l- I a
og o~ Ylee

J.r dx
Thus, —{ﬂ y=a" loga
dx

1+gn® x

EXAMPLE |5| If y = log ,then find =~ Y.

—gin x

—3
Sol Given, y = log Lbsin x

1=sinx
i s N

LOGARITHMIC
DIFFERENTIATION

Sometimes, a function of the following type or form is
given
(1) A function having power which is a wvariable or
function or numercal value and cannot be
differentiated by another previous method.
(u) A funcrion havin.g product or division of two or more
than two functons, etc., is given to us and we have o
differentiare it.

Then, we take logarithm and use properties of logarithm to
simplify it and then differentiate it. This process is known
as logarithmic differentiation. For this process, we use the
following steps

L. Suppose given function is of the form n'{x]ﬂx}

wlx)™

function as yesay y= u{x}"fﬂ.

(x =3 x" & 4) "
- y-{ Ixt #dx 45 }

Taking log on both sides. we get

3 iz
(x =3} x" +4)
Ixt e dx #5

or

or ulx)- vix). Then, first assume the given

hsr-lﬂx{

1 (x=3)(x" +4) . .
=—logd—onv-— [ log m" = nlog m]
2 E{ 3’ +4x+5 . ¢

-%Ilug{x =3)(x" #4)=log (3x" + 4x # 5)]
[ log(m /n) = log m = log n]
-%[hg{x-l} + log (x? +4)
= log (3x" +4x +5)] A

[ log mn = log m + log n]
On dil’felentiatmg both sides of Eq. (i) w.r.t x, we get

1, : d’x—3}+ A1y v 4)
ydx I{x 3)dx {xi+4}dx
1
——{n +4x +5)
(3x* + 4x +5)dx ]

[by chain rule of derivative]
- Gx + 4
Ix’ 4+ 4x 45

i 1 2x
=— +
2 x=3 x'44

::I‘_'|.r yrl 2x bx+4 |
dx E{I 3 x4 ixg-l--ix-l-ﬁ

_lﬁx-a}{x‘+4][1 L 2x __ 6x+4 }

2| 3x #d4x 45 [ ¥=3 x4 3x' 44x s

=




-
J,r-llng [1 tan x] [~ logm® = nlogm)

Jr-%ﬂng{i-l- sin” x) = log(1 = sin x)]

R

Om differentiating both sides w.r.t x. we get

dx

r_f.u.l_[

2  1+sin’x

W0+ 2sin x - cos X )= —{—ms. x]]

1| sinlx COs X
=— *
2|1+sinx 1=sinx

EXAMPLE |6] Differentiate

(x —3]{11."T + &) with

Ix’ +4x +5

respect to x. [INCERT]

' 2
Sol Let given function be y = {If:“:—x""ﬂ
I +4x +5

==

j—:-u[-x tan x + log cos x]

%- {cos x)* [~xtan x + logcos x]

Again, v=sin™ q"_

]—i —|{3x;”=1
3.!:‘ (1]

dv —[3x}'”’ ®3

dr ;I'l-_s.x
d_v_ 1 x 3

dx E E_-UI'E‘:
3w B

dv

Om putting the values nfd—u and — in Eq. (i), we get
dx dx

EIE {cos x)" [=xtanx + lo 15
= g Cos x] &
dx EJI -3x*

EXAMPLE |8] If y = x*", then find %.

Sol Given, y=x* i)
Taking log on both sides, we get
log y = log el i)
log y= x“log x [ log m® = m log m]

=

Again, taking log on both sides, we get

=

=3

log log y = log (x* log x)
log log y = log x* + log log x

[ log (mn) = log m + log n]
log log y = x log x + log log x

L] L 4

EXAMPLE |7| If y = (cos x)* +sin™ +f3x, find %

|All India 2017C)

Sol. Let y=(cos x)* +sin™ y3x

Agam let u =j{cos x)*, v =sin 'J_
y=ut v

Dn djﬁ'erentmtmg both sides w.r.t. x, we get

dy du * dv

dy  dx dx
Mow, u=fcos x)*
Taking log on both sides, we get

logu = log (cos x)* = xlog{cos x)
On differentiating both sides w.r.t. x, we get
1 du d d

- =¥ ™ log (cos x) + log(cos I}E{I}

u

i)

= L{-sj.u x) + log (cos x)
Cos X

| TOPIC PRACTICE 6 |

OBJECTIVE TYPE QUESTIONS
1 If y =log x*, then the value afg—l:-lis

{a) x*(1+ logx) (b) log (ex)
e x
(€) tog < (@) 1og(2)

Ify=log,x +log,a +log, x +1ﬂg,:1,then§3':-is

equal to
(a) L+I|ng.|;r ib) _'D‘E,_+

* x Iug a
() x I:lg a +xloga (d) None of these

Ifp* =g, then%js equal to

1+ logy {1+ log )
@ ylogy ®) ylogy
©) l[; h:l-Er ¥ (d) 1+ InE E}Ii
og yF* log y

If x = ¢*'Y then ? is equal to
x

(a) == (b) ==
xlogx log x
() 2—= (d) —&
xlogx log x

Ifx¥ = y* then x(x = yl::-g:r]nd—yis egqual to
x



On differentiating both sides w.r.t. x, we get

d d d
-E{hs :-'}-[x E{hg x)+ log IE{I}]

log y
1

d
e
[by product rule and chain rule of derivative]

e e L

log y y dx x Ingx:
= : -d—y-l+lngx+
ylog y dx x log x
dy
= —=yl 1+ +
Foiatd EJ"'[ Og X xlngx:|

¥ e !
=x" logx [l-l-lugr-l-:lugxil
[from Eqs. (i) and {ii}]

SHORT ANSWER Type Il Questions

i3

14

15

16

17

18

19

20

21

22
23

24

Iflog,Jx* + = tan"[i], then show that
¥

dy y-x

dx y+x [Delhi 2019]

IF—=
x=y

=log| —2—1| th that ¥ 22 X,
ﬂg[x-y]’ en prove that = 1

]f[x—y]-r; =g, then prove that y%+x =2y

[Delhi 201400
If y* = x*, then find 2.
dx [NCERT]
If ([cosx)¥ = [cos )", then ﬁndii-t_
dx  [All India 2019]

IfxPy? = (x + )P * 9, then prove that :x_y =L

X
[Foreign 2014]
If u, v and w are functions of x, then show that
d du dv dw

—Uvew)E— VW A U — W UV —
dx dx dx dx

In two ways, first by repeated application of
product rule, second by logarithmic
differentiation. [NCERT]
Find the derivative of y = (x + 3)? (x + 4)° (x + 5)*.
[NCERT]

Find the derivative of the function given by
Flx) =(1+ x)1 + x*)(1 + x*)(1+ x*) and hence find

i) [NCERT]
Differentiate cos x cos 2y cos Bx wrl X [NCERT]
]fx-"+y’-a",ﬂ1enﬂndd—-y. )

dx (Al India 2017]

Differentiate the following function wrt x,

(log x)* +x'°8= [All India 2020]

(b) Wiy + xlogy)
(d) x(y-xlogy)

(a) viy=xlogy)
(c) x(x + ylogx)

VERY SHORT ANSWER Type Questions

- . -
6 Differentiate ™ T wort. x.

[NCERT]
7 liy= lugx' then find 2.
x dx

8 Differentiate log (logx), x > lwrt x. [NCERTI]

SHORT ANSWER Type 1 Questions
9 If f(x) = x cos x + &%, then find f*(0).
10 Differentiate (sin x)'"*8* wrt. x.

11 Find the derivative of xe® sin x w.rt x.

12 Find the derivative oflog [log (logx®)] w.rt. x.

2
28 Ify= ar + bx +—5 41
(x=a)(x=b){x=c) (x=B){x=c) (x=c)

Lhenpr-mrethatf—-i[ 4 b + = :|
¥ A=x b=x c=x

X
29. Let y be an implicit function of x defined by
xh-ZxIcaty-I-D.']'hen, find the value of y*(1).
HINTS & SOLUTIONS I
L (b) Given, y=xlogx
&—:" =X, log x
dr  x
= -4 = loge + logx
dx
= dy = log{ex)
dx

1.{d]ﬂiven,y-l—°'ﬁi+'—°ﬁi+l+1
loga logx
~  dy 1 __ loga
de  xloga x(logx)’
3. (d) We have, y* =e*™"
Taking log both sides, we get

xlogy=y=x
= xflogy+l)=y
= - ax
1+ logy

On differentiating w.r.t. x, we get

1
{1+ lo }-[-]
E ¥ Jlr.1|' dy

1
i1+ log y)* dx =

_logy dy .
{1+ logy)* dx



25 Ifp=x""% 4 (sin x)™**, then find %
[NCERT; All India 2016]

i F
26 Ife* +e¥=¢"*Y then prove that dy, f_ie—u =0
dx  e¥(e" =1)

Or
Ife* + ¥ =e™ ¥ then prove that%+ P2l 11]
[Foreign 2014]

d 2¢? -3
27 Find 2L when y=x®T, [All India 2012]
dx ¥ Crx+2

5. (a) Since, x¥ = y* = ylogx = xlogy
O differentiating w.r.t. x, we get

1 dy dy
c— 4 logr—=—— 41
= YR e T Y
= ﬂ[ —Iung-l—lng_-,r
dx |y

dy
= x(x = ylogx) . = y=xlogy+y)

x

6. Let y= F ol
O differentiating both sides w.rt. x, we get
L gin i[s'm" x)
dx dx

= 1 e
- g- x b =
:il -x" Jl -t
7. We have, y = EE—:
x
On differentiating both sides w.rt. x, we get
d d
£ - log ¥ ——
d_y-(xdxﬂﬂgx} Exd’x{ﬂ}

dx xt
[by quotient rule of derivative]

[_rxl:-lﬂﬂr]

=
-l—hgx

2
x

1|
xlung

8. Similar as Example 2 (ii). [hm.

9. We have, f{x)= x cos x + "
O differentiating bath sides w.rt. x, we get
" d d x
)= —{xcos x}+—{e
frix) :i:{ bt )

= fx)= x%l{ms x)+ cos x %{x].'. i{e‘}

dx

-4
= dy (4 logy)

dx log y
4. (a) Given that x = g*/¥
Taking log on both sides. we get
logx = £-lu-g:* ==
¥ ¥
= x=ylogx
Mow, differentiating w.r.t. x, we get
1 dy
= l=y-—+ logx-—
¥ x o dx
- dy x-y
dy xlogx

3. Given, log -.|||xz + y* = tan™! {1]
¥

On differentiating both sides w.rt. x, we get

1 d ] [l 1 d[x

_1# + _

L_i_'_},! d':{ * :‘I}- xidk'{}']
o

1+
¥
— : - : (Er-l-iyd—"r]
in+y2 Eﬂrx:-l-y! dx
i
-2
I LAl
Y+ ¥
-2
2 ¥=x
_[x ==‘_:-']. y d
(x* + %) dx) £ +y ¥
dy dy
o —_— - ———
= Xty omy=x—
=5 yén}-'+x££-y-x
dx dx
= {y+x}5l}-y-x
= gy r-x Hence proved.
dv  y+x

14. Hint x = (x = y)[loga=log{x = y)]
Then, differentiate w.r.t. y on both sides and simplify.
x

15. Given, (x=y)e™™ =a
Taking log on both sides, we get

log(x=y)+loge ™ = loga

a = loga e i)
r=y
= (x=y)og{x=y)+x=(x=y)loga

= log{x=y)+



10,

1.

1.

16.

7.

== x5in X+ cos X+et

At x =0,
fri)=={0)sin 0+ cos 0+ e =0 +1+1=2

Similar as Example 7.
|:A.m.{sin x)ls = [EEE'I-CDII-IDE x]]
x

Hint Use product rule of derivative.

[Ans. xe® cos x + (x +1) ¢ * sin x]

Hint Use chain rule of derivative.

5
Ans.
[ IlﬂE{rsllﬂshﬂf]‘]
=% ﬁ[i- X ]--L-H
dyl x-y] =x-y
. E["_@]._L
dy\ x=y x=y
dx
= —{r=2y) ==y
dy
= -dLiE+x- 2y Hence proved.

We have, y* = x¥
Taking log on both sides, we get

log y* = log x*
= xlogy=ylogx
On differentiating both sides w.r.t. x, we get
r%{hs y)+ log r%ir]- :r%{hg x) + log r%{r]
[by product mule of derivative)

14 =yxt i
= x}'dx+|ng_1.r _-,r)cx-i-lu-gx}-cir
S

WX ogx|=-
= n:h:|:_'|.r Iugx] - log v
— r_fxrx-EIEEx-|- y=xlogy
dx{_ ¥ J [ x ]
- ﬂ.l[Ll“H]
dr x| x=ylogx

Given, (cos x)¥ =(cos y)'
Taking log on both sides, we get
log {cos x)¥ = log (cos y)*
y log (cos x)= x log(cos )
Om differentiating both sides wrt. x, we get

Om differentiating both sides w.rt y, we get
dx dx dy
—=1log{x=ypi+{x=p)x x[—-1]+—
{d:-']ng:y:yr:-'dr dy
dx
= —=1|lo
[dy ]E“

dx dx dx
=| —=1|log({x=yi+ 2—-1-[—-1]
[d}' ] dy dy

1

[hs{x- n+ L] [from Eq. (i)]
=y

. & .{E-l]{L]
dy dy Jlx-y

= [xtany+log{cos x}]r-;lt- log (cos y)+ ytanx
x

t:l‘_jl'- log (cos y)+ y tanx
dx xtany + log(cos x)
We have, xFy¥ =(x + y)F "1
Taking log on both sides, we get
log x* + log y* = log (x + y)***
= plogx+qlogy=(p+g)logix +y)
Om differentiating both sides w.r.t. x, we get

1 1 dy 1 d
Ll b {P”}{xw} Ty
=% £+i_d_J"- £ty [l-l-ﬂ-l
x ydx lx+y der
- L,:L&'.t.m,,{m]ﬂ‘z
x ydr x#y |x+ydx
- gdy _(p+qldv_p+q_p
ydr lx+y]dr x+y x
— dy|gesqy=py=qy|_px+gx=pc=py
dx Wx + y) (x+y)x
. dyl ge=py 1 (gx=py)

d_r|_}!{x+ ¥l w(x + y)
dy _fgx=py) px+y)

==
dy  {x+ y)x (gx=pyl
dx =x

Hence proved.

19. First, we use product rule and find that

%{uw} - % [{mevy w] = (uv) % + W %{uv}
[consider here uv as one function
and w as another function]

-



}I-:—Ilog{cm x)+ log (cos r]-%{y]
= xi log (cos y) + log (cos J.r}:—x{x]
l: d dw du]
e R — y—
dx dx dx
=% y-mtﬁi{:mx}-l-hg{msr]%
= I-i—i{cm ¥} + log (cos y)1
cos y dx

1 . dy
= "LE{ 5m:]+hg{::mx}'h_

™ + log (cos y)-1
= =y tan x + log{cos x}%-—xtan }-% +log (cos y)

+1dw}
w dx

-{w}% + (uw) E" + (uv) _w

dx

= (uvw) Lli!—H+1 dv
udy vdx

-{uv}E+ wi o & v d—“ i

dx dx

From Eqgs. (i) and {ii), we find that the result obtained is
same in the two cases.

20). Hint Taking log on both sides and then differentiate it.
[Ans. (x + 3){x + 4)" {x + 5)° [0x + Tox +133]
21. Given, f(x)=(1+ x)(1+ x* N1+ x*) 1+ x*)
Taking log on both sides, we get
log{f{x)}=log{{1+ xp(1+ P IEE S IR
= log{f(x)}=log(1+ x) + log(1 + x*)
+ log(1+ x*) + log(1 + x*)
On differentiating both sides w.r.t. x, we get

d =2 4 2
—log{f(x)) = —log(1 + x) + —log(1 4 x*)

1 %lﬂg{l + x4+ %1.:5{1 +xY)

1
m;‘{ }- x{n+1}+1+x“{u+h}

+—cu+4x ]+—m+3x}

14 x*

= f(x)m _fl{x}[ - S Sl a"?}

1+x 1+x° 1+x' 1+

=14 )14 x W1+ xV)1+ Y

1 2x ax® Bx’
+ 2+ ll+ E
1+x i1+x 1+x 1+ x

Fruy={1+1){1+ 1)1+ 1}1+1)

1 2 4 )
—_————  ——
{ 1+1 1+1

-2‘{%+1+ 2+1}-15[§]-12&

2. Let y=cos x cos 2x cos 3x i)

23.

dw dv du
Y ——t WL — W —
e e

dx
dw dv du .
=y — o WH— + WY — i)
dx dx dx

Mext, we use logarithmic differentiation to obtain
dievw ) f dx.
Let y = wvw
Taking log on both sides, we get
log y = log (uvw)

= log y=logu + log v + log w
On differentiating both sides w.r.t. x, we get
Ldy tdu, tdv 1w
ydr wdy vdr w dx

dy o) Ldu du

idv 1 dw
—-"F —_—
dx u dx

v:ir wd'x

= ﬂ = }-l-—{—gm x)+ —{—sm 11'}—{2:]

+ H{- sin SI}E[EI}]

[by chain rule of derivative]
= y[=tan x = 2 tan Zx =3 tan 3x]
== cos ¥ 005 2x cos 3x [tan x + 2 tan 2x + 3 tan 3x]

[from Eq. (1]
Given, x¥ + y* =a A}
Let x¥ = vand y* =u i)
On putting these values in Eq. (i), we get
veum

On differentiating both sides w.rt. x, we get

dv _ du

— % —u= .. {iii)

dy  dx
Mow, ey [from Eq. (ii)]

Taking log on both sides, we get
logx¥ =logy = ylogx=logv
On dil’ferentialjn,g both sides w.rt x we get

1 dv
—+ lo d}'
L E” v dx
n‘}-] dv
+
= v[ log x - =
=% d—” '( L logx- ﬂ] L Aiv)
dx x dx
[from Eq. (i)]
and y=u [from Eq. (ii)]
Taking log on both sides, we get
logy™ = logu
= xlog y = logu

On differentiating both sides w.r.t. x, we get

ld}'d-llogy-l—d—u
y u dx

I:i:ill+|:1ng}.- -l_ﬁ_u

y dx u dx



24,

Taking log on both sides, we get
log y = log (cos x-cos 2xcos 3x)
=  log y=log cos x + log cos 2x + log cos 3x

[ log (mnp) = logm + logn+ log p]
Om differentiating both sides w.rt. x, we get

I_.n‘_:'r- ! .i{cm I}+ ! -i{m EI}
y dr cos x dy cos Zx dxy
1 d
" — 3
! cos 3x dx{:m *)

[by chain rule of derivative]

= x"-§+ :Thgr~—i¥+ y‘-%%+ v logy=0

¥ .";i."li. sx dy oy ¥_ o
= rlnsrir:f}_ﬂ-r: ¥ logy

i]-_ﬂ'l'l”lﬂsy
jf X

dy _=x*"'-y— y*logy
de  x¥logx+y*"'.x

dy| v :
—_ lo & .
= d_g x EI }"

Let y = (logx)* + x™ % and u =(logx)* and v = o
Then, y=u+ v
On differentiating both sides w.rt x, we get
d.y du dv .
- i)
d_r d.: .n'_t
MNow, u = (log x)*
Taking lag on both sides, we get
logu = log{log x)* = logu = x log(log x)
On d.iEEIEl!II:iBI.'iII.E both sides wort x, we gel
1 du
- E- x—ln;g{lu-gx}+ hgﬂ.ngr]—{x}
[by chain ll.llE of derivative]
1 du x
:-E-'h_' Wo= ]ﬂE{].ﬂEI}
du
—=u [ + Iug{lng:]]
dx
du
= — ={logx) [— * lug{lngx}]
dx log x
Again, v = P

Taking lag on both sides, we get
logv = log x"® * = logv = (log x)(log x)
= logw l{lnng:vc}z

bt - Lome - Tl

On differentiating both sides w.rt. x, we get
Lav Zlngx—[lagx}nzhgxxl

] e
dx x dx x

) du dw .
MNow, putting the values GfE and Em Eq. (i), we get

dy n‘u
- [_1.1' dx * IDE'F] n‘:
dJ.r du .
= yi| 2+ logy| =2 [from Eq. (] .v)
y dx dx
On putting the values nf'd—v aﬂ.dﬂfmm 5. {iw) and (v}
putting =% and “* from Eqs.

respectively in Eq. (iii). we get
X .El] xdy -
x’[r + logx - + }f'[}' -~ * lng}'] ]

Now, um= =
Taking log on both sides, we get
log u = log x***
=3 log i = sin x log x
On differentiating both sides w.r.t. x. we get

1 d= = sin xi[lngr}-l- Ingxi{sin x)
dx dx dx

u
[by product mule of derivative]

1 du 1
= —+—=—xgin x + log x- cos x
u dx x
= :—:-u[ﬂzx+lngx-ms x]
=i |:£+ cos x log x] - {ii)
x

Also, v =(sin x)™ *.
Taking log on both sides, we get
log v = log (sin x)*™ *
= log v = cos x log (sin x)
On differentiating both sides w.r.t. x we get

. z = o8 r:—xﬂug{sin x)]+ Ingsinxi[ma x}

v

[by product mle of derivative]

= ln‘_v-mxx +cos x # log sin x (= sin x)
v odx sin x
dv . )
= E-v[m x-cot x = sin x log sin x]

= %- (sin x)" ¥ [cos x cot x =sin x log sin x] ._{iii)

On adding Eqs. (i) and (iii), we get

%‘+— x"““|: +msxlngx]
o dere oondO X oP__ e SIS NS R
+ (sin x}*™ ¥ [cos x cot x = sin x logsin x]
dy r“’|: +msrlngx]
dx x
+(sin x)*™ * [cos x cot x = sin x log sin x]

[from Eq. (i}]

26. We have, e* +ef me*™* Y,

Om differentiating both sides w.rt x, we get



(P L

+ log(log I}] & ,[E_IDE:|
x

gf'{hsrr'ﬂl+hsrthgxu+zf*=-tnmx

.dl.- h = 1
o (log x} [hgx

25. We have, J.r-xd“" + (gin x)™=*
Let u=x""* and v=(sin x)™*
Then, y =u + v

[differentiate both sides]...(i)

E‘E-—r‘l{er-l}
dx  ef(e* =1}
. dy ele’ =1,
de  e¥(e" =1)

- rEy E 3 - .!_ ¥ x
or E;'.'. £ te” = =el4e [given]
e A T
—¥
== Ex-;-_‘g?'=
EI‘I g'"
= %+e3"" =0 Hence proved.

7. Similar as Example 7.

2
{Am\_xu‘[m_x—cnmz :.hg 3’]+M:|
X

(x? +x + 2)°

28. We have,
ax® bx ¢
y= 1 * +1
(x=alix=bNx=c) (x=b}x=c) (x=c)
- ax’ . bx CHX=r
(x=alx=b)ix=c) (x=b)j{ix=2c) X=
ax® bx x
= +* +
(x=alx=bl{x=c) (x=blix=c) x=¢
- ax’® by + x(x =b)
(x=alx=bjix=c) (x="5)jix=2c)
- ax” . b + x* = xb
(x=afx=5bix=c) (x="5Fj{x=c)
ax® x*

*
(x=Bix=c)
xf o+ v —ax

-{x—ﬂH:—be—c}

-{x— ajix = hi{x=c)

ax® + x}{x - a) :

--[.t— alfx =b)x=c)

IE-

(x=alx=b)x=c)
Taking lag on both sides, we get
logy= Iugx! = [log (x = a) + log{x = b)+ log{x = c})]

= logy=3logx = log(x = a) = log{x = b)=log{x = c})
O differentiating both sides w.r.t. x, we get

=y=

29,

dy ey d
et et —me T —(x+

dt{ ¥)

[by chain mle of derivative]
=2 e'+e’d—"r-£”"|:1+d—r]
dx dx

= r‘+e"d—y-e"’+e‘*’d—y
=e’d—y-e”"d—y-r”’-e‘

dx

dx

= -t -EIE{E‘ =1)=me {e¥ =1)
-rx—a—x-|+rx—b—r-|+|-r—c—x-|
{ﬂr-mJ lﬂr-ﬂJ | Sw=ar

xl[x—a:] xl{x b] xix=c)

_- £
{a—x] {b x} C=x

Hence proved.
Given implicit function is
2 - 2y pty =120 i)
Let z = x*. Then, Eq. (i) reduces to
' = 2zcoty=1m0 i)

Mow, consider z = x*
Taking log on both sides, we get
logz = x log(x)
On differentiating both sides w.r.t x, we get

idz d d
= 1 I —
z dx IEE oglx))+ ng{x]dx o
dz X
= E-z[;+ Iugl{x}xl]
= d_‘?-x‘n + log( x)] {iii)
dx &

Mow, differentiating both sides of Eq. (ii) w.r.t. x, we get
Zz% - Z[it—zx coby + 2 (= cuseciy}:—i]-ﬂ ={

= 2x**[1 + log(x)]
_E[I‘ [1 + log({x)}ooty = x*( mmciy}%} =0 __{iv)

Mow, put x =1 in Eq. (i), we get
(1) = 2(1) coty =1 =0

= =Zeoty =0
=% coty =0
= y=a/2

MNow, put x-iandy-%in Eq. (iv), we get

A1 {1+ log1)=- 21|:|H[1 " lugl]n:mi2



| TOPIC 7|

o2

- —pY|.
= (1 +0) z[{n-u}n {1}?&1] 0

=% E—E[ﬂ—%]-ﬂ-
= [t-:‘f]i-. ==1 or y(ij==1

Differentiation of Parametric Functions

Sometimes, x and y are given as functions of one another
variable, say x = ¢ (1), y = ¥ (¢) are two functions and ris a
variable. In such a case, x and y are called parametric
functions or parametric equations and r is called the
parameter.
More precisely, a relation expressed between two variables x
and y in the form x = ¢(r), y = () is said to be parametric
form with ¢ as a parameter. To find the derivatives of
parametric functions, we use following steps

I. First, write the given parametric function. Suppose

x = f(¢)and y = g(¢), where ¢ is a parameter.
Il. Differentiate both functions separately with respect

to parameter ¢ by using suitable formula, i.c. find T

(.
&

L. Divide the derivative of one function w.r.t. parameter
by the derivative of second function w.r.t. parameter,

to get required value, i.c. -:—':—

and

Thus.i—i- g ().whcrcf (z) #0.
(3

Nm%ismssedhlennsofpatammaorlywitmdirecﬂy
involving the main variables x and y.

EXAMPLE |[1| Find %.ifx =alogt and y = bsint.

Sol We have, x =alogtand y = b sint.
On differentiating both sides w.r.t. t, we get

E-E and ﬂ-lnl:rl:nsr

dr dt

beost  brcost
=

=
dxy  dx jdt aft a

Sol. Wehave, x=a [cos t+ log[lan %]]
On differentiating both sides w.r.t. t, we get

1 ot 1)[..d o ¢
mn!lzm--]l_ dx{bg(x» J

dx [ )
—m gl =-sint+
dt

=g} =-sin ! +—————1
2sin t/2 cos t/2

1 - r = l..'inico.si-I
-a(—nnt+$) l.sml 2 = ZJ

1=sin® ¢
=aq
sin t

dx acos’t

Py Qp—

dt sin t
Also, y=asint
On differentiating both sides w.r.t. t, we get

dy »

—=acost ---(ii)

dt

[-1=sin® t = cos® 1]..(i)

[from Egs. (i) and (ii)]

EXAMPLE |3| If x =cos 8 —cos 20 and

y =sin O —sin 26, then find "Yate-_,
3 [Delhi 2020]

Sol. We have, x = cos 6 = cos 20
On differentiating both sides w.r.t. 6, we get

ﬁ--sin6+sin29~2

&
= E-zsmze-sme and y =sin 6 =sin 20
On differentiating both sides w.r.t. 6, we get

gy -

- = cos B = 2 cos 26

an‘d_jr-d}rfdﬂ-ms-ﬂ—zims 26

dx  dxfd®  2sin 20 —sin@
[_dl] _ cos /3 =2cos (27/3)
dely.z -m§+ 25in (21/3)




EXAMPLE |2|If x= E[EDE t + log tan %] and

y=asint, then ﬁndﬂ.
dx

[NCERT]
EXAMPLE |4| If x = ae' (sint + cost) and
y =ae’(sint — cost), then prove 1‘_1'La|tE XY
dx x-y
[All India 2015]

Sol Given, x = a¢' (sin t + cost)
Om differentiating xw.rt. t, we get

%- ae :—:{ﬂnr+msr}+&i[ae Jelsint + cost)

dx
= d—-ﬂi‘ (cos t =sint) + ae'(sinf + cost)
']

= =g’ (sint = cost)+ ae' (sint + cost)

= — ==y
di Y

Also, y=ae'(sint = cost)

Om differentiating v both sides w.rt r. we get
%l:-r = ge’ %{sin: - cos [+ %{af}-{sin: - cos )

= %- ae'(cos t + sint) + ae’ (sint = cos t)

== :J'r = ge' (sint + cos t) + ae’(sint = cos t)= x + ¥
t
NW‘&_y-dyHr
dx  dx/fdt
- Xty _XtY Hence proved.
=-y+xX x=y

EXAMPLE |5] If x =ﬂ[t +tl] and y =ﬂ[t - %} prove

that & = X
dx y [Delhi 2016
Sol We have, x = c{r + 1?] i)

and  y= a{r - ';] i)
dx 1 =1
E-{l -E_i] -a:{ r2 ] ...{II]}
dy 1 41 .
and E- a[1+:—i]-n{ 3 ] v}

dy _ dyrdr _
dr  dx/dr ri - 1]

[using Eqs. (iii) and (iv)]

E‘i

2 2
_alt’+1)

it a{t? =1}

41
=

%)

1t =1

R

ENES

an::m:sider,in‘[ ] : *1 - Awi)
¥ {r -1} =1
t

From Eqs. (v) and (vi), we get
L
de y

TOPIC PRACTICE 7 I

OBJECTIVE TYPE QUESTIONS

1 Ifx =acosh and y = asin®, then i—} is equal to

L)

Hence proved.

(a) —sin B (b) —cos8 (c) —cotd (d) tan@

2 Ifx=ar’and y=2at, then%is equal to

(b)

t

(d) None of these

(a) t
=1
() !—1
3 Ifx=a(cosd +0 sin 8) and y = a(sind - Bcosh),
then % is equal to

(a) tan @ (b) cot &
() sin® (d) cosa
4 Ifx=sfg™ and y = a™="t then
(a) :%+r=ﬂ (k) _I:_"LL=J.
(3] r:—i= (d) Mone of these

5 Ifx=log(l+r*)and y=t = tan™'t, then %js

equal to
{a) e*=1 (b) £2 =1
() ¥ (d) e -y

SHORT ANSWER Type | Questions
6 Ifx=a(20-sin28) and y = a (1-cos M), find :t_f

whent = 1
3 [CBSE 2018
7 Find dy/dx, if x = a(fl = sin 8) and y=a(l + cos ).
[NCERTI]

8 Ifx=asec®® and y=a tan® 0, then ﬂndEJ' at

"
E‘ = —
3 [NCERT Exemplar]



] lfI-l’-i-l ﬂﬂd}'-f—l,ﬂifﬂﬂlidiii. 2. (b) Given that I-ﬂl‘ﬂ,}'l.?dr
I{ f dx dx

S, — = 2g¢
SHORT ANSWER Type 11 Questions j'
10 Ifx=2cosB =cos28 and y=2sin O = sin 20, then and Eri-za
prove that gl = ta.n{%} p L
x Yod a1
[All India 2016C, Delhi 2015C] Therefore, - -mgim e
il Find the value of 2. arg 2, if x=ae®(sing - cosd) &
dx 4 3. (a) Given, x = a(cost + Bsinf), y = a=sint = B cos )
and y = a¢"(sin® + cosa). [All India 2014] On differentiating w.rt 8, we get
dx d .
12 Ifx=cost(3-2cos’t)and y=sinr(3-2sin’r), 5 gy eue@ +Gaind)
d i
thenﬂndthevn]uenf-"—'atx-—_ d )+ d Bsind
dx 4 [All India 2014] B ﬂ"ﬁkm 1+ pen®)

= gl=sinf + (B cos + sinf - 1)} = abl cosd

13 Ifx=¢" [IE 4
[using product rule in E{B simf )]

+ l], y= r'“[ﬂ -1} then fina 2.
a a dx
[NCERT Exemplar]

14 Ifx= \|rr:|“'“_J fLy= \’n‘“‘_l*, then show that and % =4 i{i‘iﬂﬂ =8 cos §)
a . r d d
dr  x [NCERT] -a{m{ﬂ'nﬂ}—x{ﬂcosﬂ]}
15 Ifx =asin2t(l+cos2t)and y = boos 2t(1- cos 2t), = afcos 0 = 8 (= sind) + cos6.1}] m oBisin®
find the values af%atr -%andr-% [using product rule :in%{ﬂcusﬂ]]
[Delhi 20186 dy

ﬂ-i-@- tanﬂ
de dx gl cos®
a

Or
If x=asin 2 (1+cos 2f) and y=beos?t (1-cos 2),

b iii b
then show that atf = —, =—
4 dx a [All India 2014] 4. (@) xm ||a,.-.,- B i)
16 Ifx=e™=% and y=me"n¥ th that =
xme and y = =" then prove tha and y .-J.;*“—‘ )
% = % Om multiplying Eqs. (i} and (ii), we get

sin® r cos® t -I-ii x}!-‘dg’"_l' K"Ja“-ll = J.'_‘,I'I"liaﬁ“_“_ﬂm_l’
17 lfx-,,-f_zt and y-],—zr, then find =
cos cos R lra_n_L”m-:‘ [ Sin-jx-l-fm"x-%]

[NCERT]
E
= xy= 'Jn*

| HINTS & SOLUTIONS | On differentiating wx£. 5 we g
dy dy dy
L. (c) Given that x=acos8, y =asinf IE"'}'“}:’IE"J’:""I*'}"'D
Therefore, i—j-—asinﬂ, %-a:mﬂ' 5. (c) Given, x = log(1 + t*)and ye=i=- tan™" ¢t
1
Sa— 2
dy dt -1+r’{ )
Hence, Ez-ﬂ- acoall = =pptl d 1 2
dx tf_l' =asinf Y - m

2

) dt 14+ 144



dy _*n+ie ) .
- — T -

de 2t +1* @
Alsa, x=logil +1%) =t me® =1 i)

From Eqs. (i) and (ii), we get

ﬂ- et =1
dx 2
6. We have, x = g(M =sin2) and y = a1 = cos 28)
(%)
Clearly, dy \do i)

“ (%
B
dx
Here, E- 2= cos 202) = 2a{l=cos 28)

and %-a{ﬂ+hin1‘ﬂ]- 2asin 28

From Eq. (i), we get

ﬁ- 2asin 2 - sin 2 25inB cos @
dr Ze(l=cos20) 1=cos2 2sin’@
[ cos 20 =1=2sin® @]
= cotd

Mow, [ﬁ] -mtE- :
@ oy 3 B
7. We have, x = {8 =sin @) and y = a(l + cos 8)
Om differentiating x and yw.ort 8, we get

ﬁ- afl = cos @)

and d—?-a{ﬂ-ﬂnﬂjl-asinﬂ
db

dy _[dv [ﬂ]._'“-"m“
Now, e =la0 )\ &) " di-con ®)
[—Zsi.uﬂcus E—]
- 2
25in?
2

- -mt[g]
5

8. Solve as Question é. |:Am. T:|

¥
9. Hint Fmiol and @ aiel|ans T H
dt ¢ dt r? =1

10). Similar as Example 3.
1. We have, x = ae®(sin® = cos 8) = afe"sinfl = ¥ cos 8)
On differentiating both sides w.rt 8, we get
dx

_-ai[e sin® = " cos 8]
dé

dth

1.

5.

14.

= {;;Bl{egsinﬂ] - :—E{e“ﬂns B]]

= ﬂ[eEI :—E{smﬂ] + ginf iI{E'E']

- —{ms B)=cos E‘—[E‘E |

= afe® cos 0 + e¥5inh = ¢ {—ﬂnﬂ}—r COs B]

= afe” cos B + ¢"sin® + " sinf = ¢% cos #)

= a2V sinf] = 22e¥sinf Ai)
and y = ae?(sin® + cos B) = a{e®sin® + e cos )
Om differentiating both sides w.rt 8, we get

ﬁ-a[—{e smﬂ'}l-l-—{e COE E}]
[ad od @
n!|_£ E{ME}".MEE[E ]
o d d gl
+ & E{msﬂ]+:mﬂ'ﬁ[t ]J
= afe® cos® + e"sind # e¥(=sind) + ¥ cos 0]

= ae® cosB + ¢"sind = e¥sind + % cos 6]

dy

= — = Z2e" cosh -.{ii)
de
dEI 2ae” cos B . .
N’uw,ﬂ -di —_— [from Eqs. (i) and {ii)]
dx d.: 2ae” sinfl wa
= cotf

Atﬂ-iﬂ-m‘ti:r '.'::utEII
4 dx 4 4

r——
[

Solve as Question 11. I:A.ns. :E;E-ﬂ]
X
3 2
threasi:_ruestinnu.[.tm_e‘“[ g+l “}“H

B +0% +8 =1
Given, x -'HI-:“—J'

Taking log on both sn:les we get

i

log x = log(a™®" ' = Ingx-%lnga“ '
= hgx-%n’n":hga = In:lg_vr-%Iu:hg;.ﬂsin'L
On differentiating both :id.eserJ' we get
lﬂ-l_lggﬂ_tm :}-—loga !
X d" _:1
. E_IIEEL 1
dt z 2

1=t

Again, },-.'Faﬁﬂ-ll

Taking log on both sides. we get
logy = log(a™" "} = logy= lzhsﬂ“‘_a !

= Iug_-,r-%cm"rlugﬂ



On differentiating both sides wort. f, we get

l.d_}l-l_lugﬂ. -1 #d_y-@. -1
:'f dl' 2 _:i d: 2 1_:2
2B
dx dr ) | dx
- §
=% d_}'- -JFIIJEH‘ ! .2‘ 11— =5.ﬂi_Jll--_"IIII
dx i JI—!E xloga dr  x

Hence proved.

15. Given, x= aszin 2t (1 + cos 2 t)

b[-sjni-sml]
3 3
=
[ ; n]
a|=cos = = cos —
3 3
J3

16, Hint %- g™ ¥ —gin 2r)- 2 md%-eﬁ"ﬂ[:m 2t).2

and y=beos 2t (1= cos 2t) 17. Given, x = sin’t - cos °t
On differentiating both sides w.r.t. ¢, we get Joos 2t eos 2t
d'_.r = a[sin Eli{l + 05 2t)#+ (14 cos 2 !]i{sin Et}] On differentiating xand yw.rt.¢, we get
dt dt ot dx df sin®r
[by using product rule of derivative] & & Jeos 2
= g [sin 2t « (0= 25in 2¢) + (1 + cos 2¢){2cos 2t)] e
=g [=2sin® 2t + 2cos 2t + 2cos® 21] +Jcos 2t(3sin® t cos t) =sin® p Eﬂnz]
= a[2(cos® 2t = sin® 2t) + 2 cos 21] = S o
= g{2cos 41 + 2cos 2t) [[.\Irl:nszrl::i t rule of derivative]
= 2a(cosdt + cos 2t) [ cos® 20 —sin® 20 = cos 48] . us.m,gquufu en.n;en frative
d d d -3[Eﬂr52.l']ﬂn fcos 4+ sin 2tsin™ t
anr_ld—':r-b|:r.:|:ksEIE{I-msirj+[1-:m2r];[cm2r]i| con Zideos 21
[by usi oduct rule of derivative) 3(1 = 2sin” t)sin® t cos t +(2sinfcos t)sin’ t
¥ using pri =
= b [cos 2t % (0 + 2sin 2t) + (1 = cos 2t ) {=2sin 21 )] cos 2t+/cos 2t
=h{25in 2t cos 2 = 25in 2¢ + 25in 2 t cos 2t) [+ cos 2t = 1= 2sin® r and sin 2t = 2sint cos ]
= b4 sin 2t cos 21 = 25in 2¢) Sin? f oua £ —dein® foax
[ 2sin 20 cos 20 = sin 48] - TEOR oo e
=b(2sin4r—2sin2t) cos 2+ cos 2t
= 2b [sin4 t = sin 2¢] dy d cost
dy dytdt  3b]si i T E
an‘ﬁ_;?;_ l[5.1.114r—5|n 2!]] dr e m
fdt  2a|cos4 t + cos 2t =Tgin 2
 —— - JN 3
o bisindt —sin 21) ) cos 2t(=3cos " Isint) = cos J'[m]

alcos4t + cos 2t)

4 b[sin%xi—sinzxi]
ALH'-E,—'P- 4 i

4 a(tnsixi+m52x£]
+ 4
b| sin & = sin —
[“ ‘"’z] bo=1) b
- = -
a[cmn+cm£] a(-1+0) a
n n
b[sin-tx——sinzx—] Mo
At I-E-,EE- 3 3
3 dx

n
a| cos 4 % —+ oos Exi
3 3

|
[m(;]m[;]]

{+cos 2t)°
[using quotient rule of derivative]
_ =~ 3cos 2t)cos? Fsin t +sin 2t cos ¥

cos 2t -urfm o

@ 3 %

- =3 2cos® t =1)cos® tsint + cos * t{ 2sinf cos t)
cos M~fcos 2
- 3cos”® tsint =4 cos’ tsint

cos It -u"::urs 2t

dy dy dt 3cos’tsint=4cos®tsint
W, —— W —
de  dt dx  3sin®foost=4sin’tcost
-cnszrsin:{j—écmil} _fm!{?r—-tmsirj
sin t{3=dsin”t)

sin®t cos t{3=4sin’t)

Ycost=4cos t  =cosdt
= = = =got 3t

3sint =—4sin’ t sind

[- cos % =4cos? r=3cos 1 and sin 3t =sin t=4sin® 1]



| TOPIC 8|
Differentiation of a Function
w.r.t. Another Function

Suppose it is required to differentiate a funcrion f(x) with
respect to another function g(x).

Let y= f(x) and z = g (x).

Here, both funcoions are different but both are in same
variable x. Then, to find the dervative uff[x} with respect
o g{x] or denvative of g{x:] with respect to f{x}. Le. to

dz
find 1 or E We first differentiare both funcrions f{x}

and g(x) with respect to x separately and then pur these
values in the ﬁ:i“nwin.g formulae

dy _dylde  de _deldx
oar
dz  delde  dy  dyldc

EXAMPLE |1| Write the derivative ofsin xw.r.t. cos x.
[Delhi 2014C)

Sol Let y=sinxandz = cosx
Om differentiating yand zw.rt. x, we get

—dE-msx and d—z--:mx
dx dx
d dyfdx cosx
MNow, o oy X -
o dr - dzjdx cmmx R
EXAMPLE |2| Differentiate x° w.r.t. —=-
X
1
Sof Let fex*andg= = xR
f =7
ﬂinujmdﬂn-ix';ﬂ-—lx'?
dx dx 2 2
5 3 5
i- bx ==y ‘m=]2x?
dg 1 -
-—x
2

EXAMPLE |3| Differentiate gin® x W.Lt. g%, [NCERT]
Sol Let y=sin’ xandz=e™*
On differentiating yand z w.rt. x, we get
dy

—=2sin ¥ Co5 X
x

and d—z-.eﬂ“‘{—

sin x) = = (gin x)e™*

dx
Now. :_:I‘lj._--dy.ﬂ'dx - #5in ¥ cos X -—Emsx
dz  dzfdx =(sin x)e™* gt

EXAMPLE |4| Differentiate log (1+ x*) w.r.t. tan™ x

Sol. Let y=log(i+ x")
O differentiating both sides w.r.t. x we get

[h}r chain rule of derivative and di{lug x)m l]
iy X

— _dE- Ix
dx (14 x%)

Again, let z = tan™ x
On differentiating both sides w.r.t. x we get

dz 1 ['—{tan x)= ]
14 x°

E-1+x=
=)
2
n‘_y_{n‘y.rd.r}- 1+ x =
dz (dz/dx) 1
[1+ .rz]
EXAMPLE |5| Find derivative of sin™" x w.r.t. tan™"

Sol Let f(x)=sin™ xand g(x)=tan™" x
On differentiating f{x) and g{x)w.ort x, we get

MNowr,

df i dg i
i 12
i‘-I—xzm dr-l-i-x’
z
Mow, f-ixdx- K{l-i-x!}ll z
d:! de  dg 1=x° 1= x°

TOPIC PRACTICE 8 |

OBJECTIVE TYPE QUESTIONS

1 The derivative of cos™ (2x% = 1) wrt. cos™ xis

=1 2
{b}—r — (b) =

2 The derivative of sin® x with respect to =% is
2:1:::.1' 2:1::5.:

(8) —+ ﬂ:ll—
2

(c) =
[

(a) 2 (d)1-x?

(d) None of these



-4x

3 The derivative of b tan® with respect to asect is =
-,|r| =(d4x* +1=4x")

{a) g cosec B (b) %Eﬂﬁlﬂ: 8 i} —d ) —4x ) -2
4 r ] 2 2 r |
{E}EED‘tB [d}%mtﬂ .I-4I + 4 AJ4I ‘:I-I} ‘ﬁ.-x
[r) -
) and d—v- !
SHORT ANSWER Type | Questions de -yt
4 Differentiate sinx? wrt. x% . du_dufdx =2/l x -
L Differentiate tane”™ wrt . dv  dvide -y I-,Irl -t
6 Differentiate (sinx)'"™8* w.rt sinx. 2. (b) Letu{x) =sin® x and v{x) = ™.
du  duldx
SHORT ANSWER Type I1 Questions Wewant to find 2 = 2 de
|| _ 2 du .
7 Differentiate tan '1[1—':] wrk Clearly, = 2sin x o5 X
x
d"' C0h X - - L
cos™ (2x41- x*), when x 2 0. [Delhi 2014 v x (=sinx)=—(sinx) e
du  2sinxcos x Peos x
z
-1 —_— - -
8 Find the derivative of tan™ {J]Tx_] w.rk dv  =gin xe™* go=
o 3. (a) Let x = b tan® and y = asec 8
tan™ 2x - On differentiating w.r.t. 8, we get
l=x dr 2
. 5 = bsec
9 Find the derivative of sec” ’{1—] w.rt 1||i -x? P
. 2ot =1 amd Hf = gsech tanfl
atxy =—
2 . de _de/dd _ bsec’®
S 2_ a E dy/dd  asect tanb
10 Differentiate tan™ M} wrt tan™ x,
L * b [ sec@ ] b
= =| —— | = =cosec B
when x = 0. [NCERT Exemplar] altan® ] a
i 2 _ - 3 r §
il Differentiate tan™ pex -1 w.rt Sin'i[iz} 4. Letu msin x" and v x
L * L+ x On differentiating 1 and vw.rt. x, we get
when x = 0. [Delhi 2016, 2014] Ju s d . 3 .
—mppg X =X )= 2x-cos X
12 Differentiate cos™ '(4x* = 3x) wrt. dx dx
:|I_'1- z &
tan™! * jfl-e:_r-:]_ and dx x
x 2
i
13 Differentiate sin™ (2ax 1,1'1 -a® x*)wrt Jl -a’x?, Now du _ [E] - [.d_u] K[E] _ cos x' w2y
if = L < QX = l. Tdv (dv dx dv 2x
?'}_T :E dx
u z
H =0 X

I HINTS & SOLUTIONS I £. Solve as Question 4. [Ans. sec® £ ¥]

s . log x
L. (a)Letn = cos™ {2x® =1)and v = cos™" x f. Hint u = {sin x)

d-_"-_ 1 . = logu = log x log sin x
dx :E_{Hi_l}! =l£-mxcmx+w
x

udx sinx



= d—“-{sinx}h“ l—mtxlngx+Ew-l
dx 1_ x J

{sin x)"# | cotx logx + logein x 1
x

Ans. - =
oS X

=)

Putx=cos = O=cos™ x

-Jl—cmiﬂl r‘ulsiniﬂ'-l

= tan™
cos B [ cos B J

= tan™ [tanf] = &

7. Let u=tan™"

u-t.nn'd
..|- ﬂnB -I

| cos @

= tan

= u=cos ' x

On differentiating both sides w.r.t. x, we get
du 1

dx

1=x"

ﬂgain,le*tu-c'm"{ﬂx 1=x")

Put r=cos @ = B=cos™' x

ve=cos” [Zoos Bl = cos @]

= cos "' [2cos @ sin#]

[--cos®® +sinf =1 = sinf = Jl = cos’8)

= cos ™ [sin 26]

_——

b o mn i

® =M —=2rnsT X
2 2
On differentiating both sides, wrt. x, we get
dv 2
—
1= x°
du (du] (dx] 1 1=t i
MNow, —=| — —= - = -
dv  \dx dv .Il—xi . i
[ fie < =1
S, I..E’[H-t&ll'l L .
X

Putr=tanf = B =tan™' x

u=tan™ J@]

tan 8

(]

1.

1.
12.

5.

= tan ™ [seco -11 [ sec®® =1+ tan®d]
tan B
-y -1_
i | cos B wi|1=cos8® cos@
=tan —_— = tan —_—
sin @ cos B sin @
cos B

af1=cos8]

= tan
- 51'.& -
Esin!% 1
=1
= tan —3 5
2zin — cos —
2 2

|: :inH-Esin%ms %mdl—cmﬂnzﬂni%]

=tan™ |:Lan %] =2 |__._ tan"[tan %] =21

2 | 2]

= u -ltan'Lx [ B=tan™ x]
On differentiating both sides w.r.t x, we get

du 1 1 i

—_——

dr 2 1+xt 21+ x7%)
Again, let v=tan™ {E—IiJ- Ztan™ x

1=x

On differentiating both sides w.r.t x, we get

dv 1

—=2X

dx 14 x°

du  du dx 1 1+x®) 1
MNow, —=—x— -
W v dx o dv 2+ 2z 4

. Hint Put x = cos# in first function and then solve as

Cuestion &. [Ans. 4]

Solve as Question & |:Ans. %:I

Solve as Question 8. |:Ans. %]

Hint Put x = cos 8 in both functions and then solve as
Question &. [Ans. 3]

Hint Put ax =sin# in first function and then solve as

(Juestion E.[Ans. —i]

ax



| TOPIC 9|
Differentiation of Infinite Series

When the value nfr}l 15 gjv:n as an mfiniee series, then the

process to find the denvative of such infinite series is called I TOP[C PRACT]CE 9 |

differentiation of infinite series. In such cases, we use the

fact that, if one term is deleted from an infinite series, it QBJECTIVE TYPE QUESTIONS

remains unaffected, so we can replace all terms except firse

term by »- Thus, we convert it into a finite senes or i Ify= f‘r , then ﬂ is equal to
function. Then, we differentiate it to find the required dx
value. o
b=l ¥
(@) px (b) x(l =y log x)
EXAMPLE |1] If =1Jln x+.,||lu- x+flogx+... +es, .
1] y J J - (€} {l_l}l_]l (d) Mone of these
then find % (s ylog x
2 Ifys= [cmx]'[“‘"[ﬁ'h"-, then 2 is equal to
Sol we have.y-\|llogx+a,||[ngx+ X4 .. b dx
Etan.r
Then, y=,flogx+y (2) ylog cosx =1
2 . .
= y=logx+y [squaring on hoth zides] 2
O differentiating both sides ) —
ng sides w.r.t x, we get ylog cosx =1
dy 1 dy
2y- i = e ) ¥tanx
dy dy 1 1+ ylog cosx
=2y Fr -; {d) None of the above
— d_.‘r' (2y=1)=t SHORT ANSWER Type | Questions
x x
3 Ify= ,|||sin x+1|||£in Xk J5in x4+ e then find .:i_y
dr  x{Zy=1) 2 3 .
4+ Iy= u-%q-'[m"_;-_._, then ﬁnd:t_*_
EXAMPLE |2| If y = (sin x)®&9™** then prove
dy yicosx . - ! .
that — = ———, / 'E 5 :
B 1-ylogsinx SHORT ANSWER 'lype 1l Questions
Sol We have, y = (sin r}m"l- o . Then, y=(sinx}" 5 If pme” Tl . then find gl
Tal-cmg log on both sides, we get *
log y = y logsinx 6 Ify=x+ ! ,then find 2.
On differentiating both sides w.r.t. x we get v 1 dx
1dy  d - d LI
;—E-}IE“DEMI}I'IJDEEHIE{}'] x+x+_,_+m
1 dy 1 dy xt 3 x™
— B YP s — + - —_— — N
= J @ yro—-cosx log sin x - o T Ify=1+x+ 5 +3|+ +n!,thenshuwﬂ13l
== %[——[ugnnx] ¥ cotx %—}wi—r:-l}.
= [ = ylogsin x] yootx 8 Ify= a , then prove that
& Hence proved. j_i = x[1= J':::Iﬂf:lﬁu il
d'.t 1= y logsin x ylog BY



| HINTS & SOLUTIONS |

.

L. (b} We have, y = e

Then, ymxt = ym g

- Do erbes Ly log x)

= %-x-"'[%hgx+f]
B

= P
dy w1l =y log x)
2. (b) Given that y={cos x oo syt =7
= y=(cos x}"
Taking log on both sides. we get
log y = y log(cos x)
Mow, differentiating w.r.t. x, we get

l.ﬂ- }I-;{— sinx) + Ing{ans I]'d—y
y dx COSE X dx

= %-y{—yunx+lngmsx-§i—l}

=+{1= y log cos x}%-— y* tanx

dy, ) tmx
dr  (ylogcos x =1)

3. Weha.ve.y-Jsinx+.|||sinx+q|||sinx .ok
y=.jsin x+ y

=5 J.rilsinx+y

=

[squaring bath sides]
Om differentiating both sides wrt. x, we get
dy 2y & _dy

2}-—-1:1:5.1'+ -—-'EIJEI
dx dx

dr
= %{Ey—l]-cnsx

- EE cos X

Zy =1
4. Given, y = nx—%+%—

= y = log (1+ax)
On diﬁ'erential:jng both sides wort. x, we get

d.y i { ax)= a
dx (14 ax) dx 1+ax

Mote Series expansion of log (1+ x)is x—§+ %—
. We have, y=e" i
Then, yp=e*"Y
Taking log on both sides, we get
log y=loge® *

= logy=i(x+yiloge
= logy=(x+y)
Om differentiating both sides w.rt x, we get

[ log e =1]

l—l‘i—}"-lli-“i—.'hI
y dx dx
1dy _ EE
=5 y @
=. ﬂ
dx[r ]
= Afl=y),
dx\ y
= -—L
1=y
. We have, y= x + ! .
X+
1
X+

ko S ]
y-x+1— = }_-ry+1
¥ ¥
= }-E-x_-,r+1
On differentiating both sides w.r.t x we get
pody  dy

—-I—+ yi+0

|'|:|g.r product rule of derivative]

dy _ dy

2y -y ——

= ydx xdr ¥y

dy

AT —_=

= (2y I}dx ¥
= dyr ¥y
dr  Zy=x

. Hint Find ';ﬂ then substitute thiz value in the LHS of
x

shown result.

. Hint J.r-ﬂ"' =logy=x¥loga

= loglogy = logx¥ + logloga
MNow, find % by differentiating the above expression.



| TOPIC 10|

Second Order Derivative

Second order dervative of a function is the dervative of the
first order denivative of the function.

L y=flx) o)
Then, % = f'[:x} 15 called the first denvanve DFJ" or f{x}

It can also be written as y" or y,.

If f’{xj 15 differentiable, then derivative nfd"y#ix exists.

Again, di:FFcrcntiatin.g Eq. (i) both sides wor.t. x, we get
d [ dy

RPN e
Z(3)-sren=giore

where, %(%] is called the second order derivative nf_].r

dal
w.r.t. x and is denoted by nScI or f"{x]nr Jr" or DIJ

b

or y;. .
- dldy) d .
Similarly, E[ e ]— i {f ")}

ﬂr}
= E';'l = " (x) is called the third order derivative of y

J}
w.r.t. x and is denoted by Ef— or f(x)or y™

or D}'}- or yy.

d
2 _ £%(x) is called the mth order derivative

In g:m:ral.

d
uFJr w.r.t. x and 15 denoted by ﬂ&'}r or f'{x} or _rm""

or D%y or y,.

Problems Based on Second

Order Derivative

There are many problems in which we have to find second
order denivative. Some of them are g'm:n below

|ITYPEI|

PROBLEMS BASED ON FINDING

SECOND ORDER DERIVATIVE

In this type of problems, a function say y = f(x) is given to
us and we have to find its second order derivative. For this,

we  differentiate _r=f{x:| two times wrtx by using
suitable formula.

EXAMPLE |1] Find the second order derivative of
() sin (logx)
Sol. (i) Let y = x* + cotx.

(i) «* +cotx

On differentiating both sides wr.t. x we get
d—}ln 4x* = cosec” x
Again, differentiating both sides w.rt. x, we get
d

E[%] =12x" = Zoosec x (=cose x - cotx)
4
== —Ed 2 =12x" + 2cosec’ x-cotx
x

(ii) Let y = sin (log x)
On differentiating both sides wrt. x., we get

dy d
o cos (log I]Eﬂﬂg x)

dy L
=5 - cos (log x) .
=% x.% = cos (log x) i)

Again, differentiating both sides w.rt. x, we get
di}-+d__'|.r_ _sin (log x)

dy®  dx x
2
=% Iﬂ:__rizl'- r%--sin{lug x)

dty

— sz +cos (log x) = =sin (log x) [from Eq. (i)]
x

2
=5 xﬂjx—rn-sin {log x )= cos (log x)

-]
= dy 1 [sin {log x )+ cos (log x)]
dx? xt
. d’y
EXAMPLE |2| If y = e” sinbx, then find —.
dx? [NCERT]

Sol We have, y = " sin Sx.
On differentiating both sides w.r.t. x we get
—j% =g -%ﬂ'n Sx + sin Sx-i e”
[by product rule of derivative]
=gt opns Sxo—(5x) + sin Sxee”

[by chain rle of derivative]
= e 05 5x -5 + e s5in 5x

U
B

= ¢* (5 cos 5x + sin 5x)



Again, differentiating both sides w.r.t. x, we get

2
ay -e‘-i[ﬁcm Sx + =in 5x]
dx? dx
+ [5 cos 5x + sin 5x] i-I.fi"]
dx
[by product rule of derivative]
[

T LE{— sin 51'}-:—:{5:] + COs5 5:-%{5&}1

+ [5 cos 5x + sin Sx]-e” [by chain rule of derivative]
= ¢" [5(=gin 5x)5 + cos 5x {5)] + [5 cos Sx + sin 5x] e”
= g” [=255in 5x + 5 005 55+ 5 cos 5x + s5in 5x]

= ¢* [10 cos 5x = 24 sin 5x]
3

‘i—-': = 2¢* [5 cos Sx =12 sin 5x]
dx

x+6

EXAMPLE |3] A curve has the equation y = Ty
x —_—

when x # E
2

(i) Show that the derivative of the curve can be expressed
a8 = where k is a constant.
(2x = 3]
2
(i) Find the value of x for which L_J'. g
x+6

Sol (i) Gi tion of i .
(i} Given equation cunre:sy-h_3

On differentiating both sides wort. x, we get
(2x =T (x4 6) = (x +6)-L(2xr = 3)
= ax dx

dy
dx (2x =13)°
- [ Zx =3)(1)=(x + &) 2)
[ 2x = 3)°
8 e B i ofthe formof—5— ()
dxr (2x =3) (2x =3)
{id) Aga.iu..‘d.'ifl'erentialing both sides of Eq. (i} wort. x, we

“i_t-"i.-ls‘i 2 =)™
Bet =Y
--153:{{-2]{2:—3}'!'[x%{ﬁx—ﬂ}

=2y =3 k2=

(2x = 3)*

£
Msn.giwnﬂ-&

dx* 25
= n_ _®

5 (zx =3
= (2x=3) =(5?
=5 2x=3=5 [taking cube root]
== 2x =i = x=4

| TYPE I1 |

PROBLEMS BASED ON FINDING
SECOND ORDER DERIVATIVES OF
PARAMETRIC FUNCTIONS

Suppose two parametric functions, say y= fir) and

x = gl#), are given to us and we have to find their second
2

ﬂ&':. then we use the Fu“nwin.g steps

order dervative, 1Le.

I. First, write the giw:n functions and differentiate them
with respect to parameters.

. dy dx
Le let y= and x = , then find =— and —.
y=fle) fle)t ~ -

II. Divide dervative of first function by dervative of

second function, ie. put the values DFE and — in

dt
&IC‘ :EJII.T.I.IJIH
dy  dylds o
b dvide e

III. Now, differentiate Eq. (i) wort. x to get required
second arder derivative,

- S22

d? P fde | oy C e .
= ixf =I(iu;]£ and gmplify it.

EXAMPLE |4] If x=a(b +sin®) and y=a (1 - cosh),

2
then find 2 Y ato = &, [All india2011]
e 2
S0l We have, x = a{b + sinfl) i)
and y = afl = cos @) il

Here, # is the parameter.
On differentiating Eqgs. (i} and (i), respectively w.r.t. @,

we get
:_; - %[a{ﬂ' +sinB)] = af1 + cos@) i)

—dE-i - = i = g5i 1
and =8 dg[d:l cosB)] = a0 + sinf } = asin@ __{iv)

On putting the values from Eqs. (iii) and (iv) in the
formula d - dy/dé we get

dy  defdB’
d - asinf
de  afl + cos )
Enn[ﬂ—]:m(ﬂ—]
=1 ni_:..' - Si.I'I'B ] - 2 = La_nE
dy 1+ cosf 2

Zeos” [E]
2



Mow, differentiating both sides wrt. x, we get

d*y a‘[ e] i[ a] 46
—— = —| tan—|= tan—= jr—
de?  dx 2] de 2) dx

1.8 1
= —58C

- fi (i
2 2 all + cosB) [from Eq. it}
MEE
-—E
2afl + cos )
MNow, atf -E,
2
sml:zjlt
s =

dx® za[1+cm£] 2a(l+0) a
2

| TYPE III |

PROBLEMS BASED ON PROVING
THE RESULT/EQUATION
Sometimes a function, say ¥ =f|:x}.. Is given to us and we
have to show/prove that given equarion having first and
second order derivatives of y is satisfied or not. For this, we
use following steps

1. First, write the given function say ¥= f{x]

[I. Differentate it w.rt. x, Le find first denvadve of

function, Le. —.
ahe 2

III. Find second dermvanve of function, 1e. ——

de
IV. Put the values of » first dermvative and second
derivative in LHS of given equation and check
whether LHS = RHS or not, for prml'jng the g'n-'l:n

equation.
Mote Sometimes, we differentiate given function two times o get
required equation.
Sol We have, y= x"
Taking log on both sides, we get
logy=logx® = logy=xlogx
On dll‘ferenuaun,g both sides w. r L x. we get

! ﬁ -x—{lngx}+ hgx—{x}

¥
= lﬂ-xxi-l-lngx =:r-l}—ll yil+ log x) L Ai}
ydx x dx
Sol We have, y= Pe™ & (™ i)
On differentiating both sides w.rt x, we get
Y e pd ey s Lo
raabrn ) Qﬂ_{! )
dy s b -
A .
= ﬂ'I- ae Obe Aii}

Again, d.lEerenuatm,g baoth ild.E'S w.rt x, we get

‘f:’;‘._i- Pa—{e J+bs:-—{e )

Again, differentiating both sides of Eq. (i) w.r.t. x, we

get
d'y d dy
F- FE{I + logx) + (1 + Iugx};
-yx'—+{1+hgx]£|}-'
dx
dy_y ,
= -|-{l + Iug_r}— il
dx*
2 2
Mowr, LI-IS-d—%- l[ﬂ] -2
dx yidx x

2
Omn putting the valies nl':x—f and%&nm Eqs. (i) and (ii).,

W'EEET
LHS = L 401 + log x) y(1 + log x)=~[y*(1 + log x*]=Z
x ¥ x

= il + log x)* = y(1 + logx)* =0 = RHS
Hence proved.

EKAMPLE |6] If y =sin™! x, then show that

f1—x ]— - xﬂ =
dx?
Sol We have, y=sin™ x
O differentiating both sides w.r.t. x, we get
dy 1
—_

dx -t

=3 .‘Iq-:':%-l

On squaring both sides, we get

(o) .
(1 x}[dx] 1

Again, differentiating both sides wor.t. x, we get

d ofdy Y| d _
—_— ] - - =1 o
ﬂ{{ x{&” _ @
= {l }di}'—xd—y =0
di? dx
2
= {i—xzjd—}l—xﬂnﬂ
dx dx

EXAMPLE |7] Ify = Pe™ +(Qe™, then show that

diy dy
— - b + =0
dx? (a+ } aby jAll India 2015C)

TOPIC PRACTICE 10|

OBJECTIVE TYPE QUESTIONS
dj
1 If y=cos™ x, then the value nfE_ﬁ-jn terms of y

alone is

(a) -cotycosec?y



= Paf{ae® ) + bO(be™)
= a*Pe™ + btgeh
2

Now, LH5 = :__tiz-{ﬂ + b]—i%+ aby

i)

On putting the values from Eqs. (i), (i) and (iii), we get
LHS = 2 Pe** + b*0e™ = (a + bjaPe™ + b{e™)
+ab{ Pe** + Q™)
= a2  Pe™ + be™ = o' pe™ -abgeh'
- abPe™ = b0e™ + abPe™ + ab(e™
=) =HHS

EXAMPLE |8) If x=acos® + bsin 6 and
v =asn 8 — bcost, then show that

I
2 d_‘? - x ﬁ t+y =0
dx? dx [Delhi 2015
S0l Given. x=acos 8+ bsinf -l
and y=asinf=bcosf A}

Here, 8 is the parameter.
Om differentiating Eqs. (i) and (ii). respectively w.rt. 8,

we get
dx d .
E-E{amsﬂ+bsmﬂ'}
= E-—an’nﬂ+bcmﬂ

and %-di;{nﬁnﬂ—b cos B)

dy

= — =g cos B+ bsin @
a6

ﬂ-{d}'fdﬂ}- acos B + bsin @ X
dr  (dx/dB) =(asin@ =bcos @) ¥
[from Eqs. (i) and (ii)]

Again, differentiating both sides w.rt. x. we get

MNow,

d dy |
L i
Ii:'z }'E
riﬂ-_}""xﬂ:’fid!r Id—r"'y-u
4 dx det dx

2
9 If y=x" then ﬁndd—':.
dx

10 1f f(x)=tan™x, then find f"(x). [NCERT]
2
11 If p=tan™ x, then find d—';iﬂ terms of y.
dx
12 If y = Asin x + B cos x, then prove that
I
+ y=0
dr_;‘ ! [NCERT]

2
13 If y = 5cosx- 3sinx, then prove that :—;1- y=0.
¥
[NCERT]

¢ ¥

E‘I:lf}tml:t pcot® p

(c) -cot ycosec y

(d) Nene of the above
2 If y= 3 cos (log x) + 4 sin (log x ), then

(a) xy 4y +p=0

() 12.\"2 +xp + y=0

(b) xy;+ 3= y=0
(d) None of these

F
3 Ify=Ae™ 4 Be™, theni—t; is equal to
(a) (m +n}d—r+ mny (b)Y (e +n]d—’l-mny
dx dx
(c) =(m + n}gi-l + mny (d) None of these

4 If y = (tan™ x)?, then the value of
lxj * l}zy, +21:|‘Lxj +1) y,is

(a) 2 (b) 3
(c) 4 (d} None of these
5 Ifx=t*and y=1* then %is equal to
3 3
(a) 3 (b) =
3 2
(<) T (d) T

VERY SHORT ANSWER Type Questions

6 Find the second order derivative of the
following. (Each part carries 1 Mark)
(i) x3=x" 2
(ii) £ 4 x%
2
7 FindLY when yo=e®
dx

1

SHORT ANSWER Type I Questions

8 Find the second derivative of the following
functions. (Each part carries 2 Marks)

(i) ¥ =log (log x) (ii) x* logx
{iii.}l &5 cos 3r I"cEm
22 If y =" -cos bx, then prove that
2
LY 22y (@ sp?) y=o.
dx dx
23 Ify=xl X | that
y=x ﬂg[ﬂ'+bx} en prove tha
2
24y, [x a_ }
It; dx ? [Delhi 2013

24 Ify=x+1=x=1 then prove that

2
[.'4:1-1,1"1!—}'+:|:ﬂ

1
-y
dx? .rit-ly

25 If y = 500 €' + 600 ¢~ ™, then show that



SHORT ANSWER Tvpe 1l Questions

14

15

16

17

18

19

20

21

34

35

36

37

If y = 3¢ + 26 then prove that
dy _sdy g y=0.
de? " dx INCERT]
If y = tanx + secx , then prove that
d’g - COSX
de*  (1=-sinx)* [NCERT Exemplar|
If xcos (g + y) =cosy, then prove that
d__p-' cos” (a + cos (a+)) - Hence show that
dx sina
dty dy
sina +5in 2 (a + 0
E:l; la+y) dx (Al India 2016]

2 z
Ife’ (x + 1) =1, then show that jr—-i -[ﬂ] .

dx
|All India 2017]
If y =sin (sin x), prove that
d* dy
+tanx =+ ycos® x = 0. [CBSE 2018
dx_';' ax ! B
If y = £25%™ 2% prove that
d* d
1-9x?) L -ox L _gg?y =0
( }E{' axr 0V=% allindia zois)
X =tan [l log y], then show that
a
d’y dy
1+ x%)—= + -] — =10
( Jrixz Ex=a) dx [All India 2011)

Ifym= i log [l] , then prove that
x
dy_pdr g
X -2 3x =0
dx dx

If filx) =|x F', then show that f*(x) exists for
all real x and find it [NCERT]

If x =sin t and y =sin pf, then prove that

rjlJ" J"
l=x + =0
{ ].::I‘_!: Py |[NCERT Exemplar]

Ifx =3cos r—Emfr and y = 3sint-2sin’t, then

2
find ‘;;" [Delhi 2017C)

a d’y n
If ¥ = asecf, y=atan™d, then ﬁ.m:lF atg -T

|Delhi 2015C)

26

27

28

29

30

31

32

i3

3.

d:
49y
—; = }I
If y =log (1+ cosx), then prove that

3 2
dy ay dv _o
dx® d:x:’

INCERT]

Ifym Ae™™ cos(pt + c), prove that

2
d—J:+ Ekd—}'+ n’y =0, where n = p2+k2.
df dt

Ifym [sec" sz then show that

+{1r" _r]—-"—'-l

-1
Xt J |All India 2017C]

Ify=log|x + .|||Jrz +1], then prove that

[x +l}d—}'+x dy = (.
dx

[Eoreign 2011]

]f_|.1-{x+.,|||i+x2 l",then show that

2
{1+ x’]i—§+x%-nzy.

[Eoreign 2015
dz
IfFx™y" = (x+ y)™"", then prove that EJ: =0

|Delhi 2017
If y = 3cos (log x) + 4sin {log x) , then show that
xyz+xp + y=0. [NCERT]
If(x=a)*+{y=b)*=c*, then prove that

EGI

o

and b.

is a constant and independent of @

|All India 2018, NCERT]
Again, differentiating w.rt. x, we get
xy, 4y -1 -—Scm{lugx}%ﬂugx}—-!ﬂn{lug x) % log x
= =13 cos {Il:ug;:r]l = 4sin l_lugx]l—
x x
Multiplying throughout by x, we have
xt ¥, * xy, == [3cos (log x) + 4sin (log x )}
= Xy +ay, ==y [from Eq. (i)]

= x? Ve #xpy + p=i
(b) Given, y=.A ™ + Be™ - Ai)
On differentiating twice w.r.t. x, we get



38 Ifx =a(cost + rsint) and y = a(sint = tcost), then

dzy T
find —atr=— [Delhi 2019, 2017C, 2014C]
dx 4

39 Ify= a{msr +lugtan£], x = asin t, then evaluate

d? T
—{-atr-—.
dx 3

[Delhi 2013

| HINTS & SOLUTIONS |

L (a) Given, y = cos™ x

= X = Cos Y
Om differentiating w.rt. y we get
& iy
=% % = = COSEC Y ..}
Again, differentiating w.rt. x, we get
d*y
dx*

dy

-i{-cnsec )= = [=cosec ¥ coby)l—
dx ¥ ¥ 'vd'x

= cosec ¥ coty (=cosec y) [from Eq. (i)]

= = coty-cosec” y

2. (c) Given, y =3 cos (logx) + 4sin (log x) .41}
On differentiating w.r.t. x, we get

dy ==3szin(log x}%—[lﬂg x)+4 cos(log x}% logx

dx
¥ == 3sin {Iu-gx}l-l--icns I{Ing:]I— [Tﬂ-h}
x x dx
Multiplying by x, we get
xy, = = 3zin (log x) + 4 cos (log x) i
On further differentiating w.r.t. x, we get
2
d—l-i.i:.i- E.L '_-d—:-i-
de* 2 dr de 2 2 de 2t
3
[ —
4t

6. (i) Let y= =xtz
On differentiating both sides w.r.t. x. we get

ﬂ-zx*-znﬂ
X

Again, differentiating both sides wort. x, we get
3
d__'[ = fy =2
iri
(i) Solve as part (i). [Ans. 18x7 (Sx + 4]

7. We have, y = ¢
On differentiating both sides w.rt. x we get

dy e d | s
" & d.r{u] [by chain rule of derivative]

dy e ey s pone
d_r-AE d.:{M}+Be E{M}
=A™ m+ Be™ n i)
2
= d—f- m® Ae™ & n'Be™ .. Aiii)
dx
Using Eqs. (i), (i) and (iii), we get
2
ic—':l—{m+n}%+ mmny
=m® Ae™ +n® Be™ =(m + n) [Ame™ + n Be"™}
+ mn {Ae™ + Be™)

2
ie d—y—{m +n}£+ may =i
dx

iti
=% dx—':l-{m+n}%- mmny
4. (a) Given, y = {tan™ x)*
On differentiating w.r.t. x, we get

dy

d
— =3Ztan”" tan ™!
et x om0
1
14+ x

= 2(tan™" x}

z
= (1+x")y, =2tan™" x

Again, differentiating w.rt. x, we get

1+ :’]%‘L—H yli{ll‘.x:}-ljﬂ
=3 {1+ xi}yt + yy (0 + 2x)= : < I:-,-i}r,-}-i]
1+ x dx
= (1+x" )Py, +2x(l+xt)y =2 Hence proved.

5. {'IJ:}‘I.i'i.l'l!ha.'l.re,:'-rfim:l.d}.l'-r'3
E- 2:2..1:1-&5!.”--312
dt dt

)
d_y-_dyfdr-BL-E'

dv  defdt 2r 2

10. We have, f{x)=tan™ x
On differentiating both sides w.rt x we get

frix)m —L

5 =1+ x°)"
1+ x

Again, differentiating both sides w.r.t. x, we get
d
=il k2T (14 x?
Frx)= =11+ x7) dh'{ x”)
[by chain rule of derivative]
-1 -2x
— D+ 2 —
-{H-x’]n* ¢ Jt]'-{1+ )
il. Hint y=tan™ x = x=tany
dy

= —-5EE1F==' —-EIJG!}'
X

2 2
= :I—::- Zrcos y(=sin y}%[m :I—Z'--Eﬂ'n Jrcm! y

i



= dy = ae™*
dx
Again, differentiating both sides wort. x we get
F
jTJ: = g % {ax} [bychain rule of derivative]
2 ax

=ge

3. (i) Hint%- lol L -{x-lugx}'L

EX X
d'y - 1
andF-{-l}{xIﬂgx} i'[.'l"?'l' Iugx]

Aus. 1+ l_oEx
(x Ingxf
(ii) Let y= x” logx.
On differentiating both sides w.rt. x, we get

dy_d o ad 4
i dr{x logx)=x ﬂllJL_{lnun;g:vr}-l-Ir.ng;.vrﬂ_{.vc}
[by product rule of derivative]
-r![‘-]-i-ﬂogx}{?rxg}- xii_i-l-ﬂlu-gx}
x

Again, differentiating both sides wor.t. x, we get
iy a4 d 2.

=] x dr{I-l-?rlugx}-i-E{x J(1 +3log x)

.x*[n+i]+{1+31ogx]{zx}

x

=3x + 2x {1+ 3 logx) = x (5 +alogx)
(i) Similar as Example 2.
[Ans. 9" (Icos 3x =4sin Jx]]

9. Similar as Fxample 5.{&::3. I‘[{i-i-logx}* + 1_}]
x

15. Given, y = tan x +secx
14sn x
B ——

=
oS X

O differentiating both sides w.r 1. x, we get
EE. o8 X005 X =(1 +sin x){=sin x)
cos” x

[by quotient rule of derivative]

E‘Z cos’ x+sin x+sin’x  1+sinx
= = =
cos®x 1=gin? x
1+sin x 1
= =

dx -{1+5|'.n x){l=sin x}) l=sinx

Again, differentiating both sides w.rt. x, we get
*

%-—{l—ﬂxfﬁ{l—mx}-ﬁ
Hence proved.
16, Given, x cos (a+ y) = cos y
€08
- cos (a + ¥)

On differentiating both sides w.r.t. y, we get

cos (a+ }-}i{ms ¥)=cos yi{-r.'urs {a+ ¥}
dr _ dy dy

dy cos’ {a+ yl

12. Hi:tt%-fl:m x# B{=s5in x)= A cos x = Bsin x

di
d—%- Al=sin x)=HBcos x==Axgin x = Fcos x
i

2 2
I3. Hint Find j—% and then put the value of ¥ and ':—l:—l in
x x

LHS of given equation.
14. We have, y =3¢** # 2%
On differentiating both sides wort. x, we get

d}' 2x d Sx d
—— =i 2x)+ 2 3
o g e g e
[by chain rule of derivative]
=4 I?!El‘l-h'"-2+ 2673 mpe™t 6™
Again, differentiating both sides w.r.t. x, we get

iy,

zx d ar d
= EE‘E{ZA’H&‘E[SI}

[by chain rule of derivative]

di
= Er:-'-ae“ 246673 m12e #1807

2
Now, LHS -i—rji-ﬁ% + 6y

z
On putting the values nf%_l::, %Il‘-land ¥, we get

LHS = (12" + 1837 ) = 5{6e™® + 62 " ) #6(3?" + 2%
=126 = 30e"" + 187 + 187 = 30 ™ $120*°
=30e* = 30e*” + 30" =30 =0

s
4y _ 58,6y momRHS
dx? dx

Hence proved.
I7. Given, e (x +1) =1
Taking log on both sides. we get
log [e¥ (x +1)] = log1=sloge + log(x +1)= log1

= y+logix +1)=logl
O differentiating both sides w.r.t. x, we get
O AP i)
dy x+1
Again, differentiating both sides wort. x, we get
d—iz - ! =0
drt  (x+1)F
d* dy )’ :
- 4 '('Eﬂ =0 [from Eq. (i)]
¥ - 3 2
— d_y—[ﬂ] = =% d_}l-[d_y]
de®  Ldx de?  Ldx
18. Given, y = sin (sinx) LA}
O differentiating both sides w.r.t. x we get
dy . .
. = oos (sinx)-cos x i
Again, on differentiating both sides w.r.t. x, we get
z
% = cos (5in x)-{=sin x) +cos ¥ f=sin (sin x)}-cos x
2
=’d__'|.r = ;{ﬁ}—ﬂuﬂ- _'|.r1:|:|rsi x
dx® cosx \dr



[by using quotient rle of derivative]
o oS (@ + y)-{=sin y)+ cos y-sin {a+ y)

:mﬂ{a +¥y)

-s'jn{a+ ¥)eos y=cos (a+ y)sin y

cnsi{a+}r]
dy  sin{a+ y= y) sin @
— — -
dy  cos®(a+ ¥) cos” (a + ¥l
[-sin A cos B = cos A sin B =sin (A = B)]
L, dy_cos(aty) 0
dx sin a
O differentiating both sides of Eq. (i) w.r.L. x, we get
2
! :-c’.—[cns {a+:|.r}]:{-£
sma
= Kst{a+yJ[-sin{a+y}]x£
sin a dx
_2:in{a+y}cnrs{a+}r]xﬂ
sin a dx
a* sin 2{a+ y) d _ .
= —;--._L—E [ 2sin @ cos B = sin 28]
dx sin a dx
d*y dy

= gin @ ——+sin Ha+ y)—=10 Hence ved.
- | }'}dx pro

2. Given, x = tan['- lng}'] =atan™ x=logy
a
On differentiating both sides w.r.t. x, we get

Again, differentiating both sides w.r.t x. we get

{1+ x*]j—x[%]ﬁx-‘i-iu +x)=<iay)

du |

l'—{u v]-uﬂ-i-v—

dx J
d!
= e ThePeosa

a
= {l+xz}d—}-+2.rd—y—a£-ﬂ
dx® dy v

= {1-!-:(} +-[Ex—a:] 'IF

21. Hint y=x {Iugl—lngx}-—x log x
=4 EIE- _I!..1_+lug x{—ﬂxi}- —Ii{1+3hg.\.’}
dx x

2
= :I—::--xié+{1+3hgx}{—2:}
= =3y = 2x(1+3logx)
= =5y =6x logx
On substituting these values in LHS, we get RHS.

[using Eqs. (i) and (ii)]

2
=:|'i!—'."r-—r.:a.u.wr'dl}I - yeos® x
dx?
z
— li—':F-I-I:an.u'£+_'|.r1:|:|vsi:r-1.'l Hence proved.
dix
19. We have, y = gho 3 - A}

= ﬂ- Eum" !:.[a‘ -1 *3]
dx '

1-(3x
dy =3ay ) -
= —_—= [using Eq. {i}]
dx 31 9x?
=5 1-9x* =L -‘3!]}'

%

= (1=0x" ][';ﬂ] = 91::2}-2 [squaring both sides]
iy

On differentiating both sides, we get

o ﬂ]-f_’x (s.u] raaty Y
(i mc}z[ir :i:=+.ir (=18x) lﬂajrdx

On dividing both sides by 2%. we get

dy_, dy
- } 2
{l";.:' }E-Q'IE-QE ¥

2
= (1=9x° ]E-QIE-NE}' = Hence proved.

25. Solve as Question 14.
2 3
26. Hint Firstly, find 22, 2 and & then substitute these
de dx* dx®
value in the given equation, we get LHS = RHS.
27. Similar as Example 2.

218, Given, y = (sec” Lx)?
dy 1

= 2zec” ! x.
dx x;ixt-l
xa,||:= -1 -illl- Zeec™ ! x

2 3
=:xe1—| :jr+%{4x +1||xi-l]-72_
xt=1 xyfxt =1
d'y  dy
2 ]

A oy

d!
ie. 22zt =1 sied = 0
ie x(x }d'x! (2x I]dr-

=

= x(x

219, Hint I:i—'llllln ! = xi+ld—"r-13nd|:henagaiu
dr 42 41 dx

2
differentiating both sides w.r.t. x. Then, put values ||:|f":—zE
x

d}'mLI-IStugetRl-En.

30, Given, y = [I 4+ x?]. - Ai)



L

23.

24,

E1 N

Similar as Example 2.

dr

Hint Find d'va.ud and then putting these values in the

given equatmn.. we ge't LHS = RH5.
Given, y = Jx #1=+/x=1
On differentiating both sides w.r.r. x, we get
dy 11 _L[m-m
dr  24fx+1 x=1 2 Jx2_1

dy

= x* =-li—==y

2
Now, squaring both sides, we get 4 (x* _1}{:_5"] =y
X

Again, differentiating both sides w.r_t. x, we get

dy d'y ﬂ‘:-']i ){ﬂ‘:-']
=1} 2= frm P =
#x" =) [n‘x =N &

dr dx?
Om dividing both sides by 2:—}', we get
4

z
é{:z—l]§+ -ix:—i—y-ﬂ

3
{xt—l]d—y-l-xd—'v—l-ﬂ Hence proved.
dx® dx 4
d'y _dy F._ny
= fl+x')—T+x—= a0
dx* dx ]l-i-.vri
2
=% {1+xi}d—y+:ﬂ-n!y
dx

We have, x™y" = (x + """
Om taking log both sides, we get

log (x™y" )= log (x + y)"* "
= logx™ + logy" = log(x + ¥y *"
= mlogx + nlogy ={m + n)log (x + y}
On differentiating both sides w.r.t. x, we get

Eq.i.d_}l- {m+n].[|+d_y]
x ydr x+y dx

_ dyln _m+n _m#n m
dely x+y)] x+y «x

=d n.t+n_1.r-my-ny]_{nu:+m:—mx—my]

dx ¥x+y) x(x + y)
. dy[ nx = my o = my
dx | px + ¥) x(x + y)
= d_y i)
dr x

Again, differentiating both sides wr.t. x. we get

33

On differentiating both sides w.r.t. x, we get
i

= ﬂ-illl':-f:lt:_u'+4|||1+xfjjf"L 1+ =
dx . QI-I-IE

[by chain rule of derivative]

dy

= E-r:l{:u'+-|||I+ sl Fi]
d'_}-- mx -I-1|||l+x=}"

dx il-i-.u‘z

= ﬂIl!"-“- -
dx 1+ x
:ﬂf.'r"

_-n}r

[from Eq. ()]

+ X

Again, diﬂerentiating both sides w.r.t. x, we get
‘\IH +x —E + T EE =n %IE
x

d* d d
= {1+x2}ﬁ+xﬁf-nwﬁ+x=ﬁ
[multiplying both sides by Vi+x? |
Given, (x = a) +{y=b)* =¢? .. AL}

O differentiating both sides w.r.t. x, we get
Hx =)+ 2y = b}d—?-ﬂ-
dx

=% {x—ﬂ}+{y—b}%‘-ﬂ [dividing both sides by 2]

dy _ _[x=a .
=1 = y-b] i)
N dy

B
dx? {}l—b]i J
) [by quotient rule of derivative]
[ ¥
R PRI
- Dy -b [using Eq. (ii]
ﬂl_tﬂ {}'—b:li J
L Ay [umbrex-a?
d_tﬂ {Jr_b_}i
d*y et
ay ___ & ine Ea. (M _ (i
= - {y-b]g [using Eq. (i)] ...{iii)

= —ura



F = o2 3 [using Eq. (i}]
= %}-I- i Hence proved.
32. Given, y = 3cos (log x) + 4sin ( log x) -}

Om differentiating both sides wrt. x, we get
o ¥ ﬂmﬂngx]E{luExH {cos ﬂogx}dxﬂug:]
[by chain rule of derivative]
=y, = =3zgin (logx) x L + 4 cos {Iugx}:{l—
x x

= xy, ==3sin (log x) + 4 cos (log x)
[multiplying hoth sides by x]
Again, differentiating both sides wr.t. x, we get

d d d
IE{}'.] + X E{x}- =3cos ﬂogx}z{lugx}

- d5in ﬂogr]%{lngr] [by chain rule of derivative]

= x ¥, + ¥, ==3cos (logx) Kl——-isin{lngx]}: 1
x x

= xy, + xy, = =3cos (logx) = 4sin {log x)
[multiplying both sides by x]

= x'y, + xy, ==[3cos (log x)+4sin (log x)]
= x'y+xy =-y [from Eq. (i}]

= :2}-2 +xpy+y=0

and Rf'{ﬂ} = th_Tu,f{ﬂ + F;I} - f{ﬂ] = "Ii_l;ﬂu .ﬂ:&] - f{'ﬂ]

h
5‘-
= lim = limh® =0
h=si h B =ab
Lf{o)= Rf"{0)

s fix)is differentiable at x =0, ie. f'(x)existat x =0
also.
3xt, if x20

fhus, Fm.“-:;*, if x<0

Mow, Lf”{ﬂ-} = JTH,M
(=)=

L]

-[i,m-a{-—'h}z-u

b= -k

= lim 3h=0

L]
and Rf”{u}'fi_'.“u {0+ hj:- ")
= lim LU0 = F1(0)

=1 h

1
_]ij.h 0
k=0 kK

Ljrnl = Rf”‘:ﬂ]
o f'(x)is differentiable at x =0, Le, {"{x) exist at x =0
also.

Hence, f"(x) .{

= lim 3h=0
1]

6x, f x=0
- fx, if x<0

|'. {g]’]’” 3 [1 e ;;Z}m

C

Now consider,

[ ‘::! ]S-EE
(y=b)
F

C

dx® (y =8y
[using Eqs. (ii) and (iii)]

[using Eq. (i)

(y-by
3 ]
S § k)
{}'-b‘]! I:'i
= = ¢, which is constant and independent of a and b.
Hence proved.

. Lifxzo
34. We have, f(x)=|x[*= X
f =l -x' if x <0
Clearly ™[ x)exist for all x € K except possibly at x =0,

[+ fx}in am palynamisl fanction for (= s, 0}13(0, e}
Now, Lf’(0)= *hm_w

= h
- i J(= R = f(O)
b s -
- | - !-
= ﬁmwn Iimi- lim = h* =0
Bo—si - f hsbem i ki

=% lf_}'__cmz' a
dx?
1
= = cosec fr— using Eqg. {i
3sin ¢ cos 2t [ g q“]
-1
=

%5in’ t cos 2t
a . Ii[ 2
37. Huuﬁnhmr_' B -gec @ tan B

and d—rnﬂamiﬂ-mtﬂ[m L]
db 12a
38. Given, y = a(cog ¢t + rsint)and y= afsint = fcos )

On differentiating x and yw.r.t. t, we get

dx d d, . . od
E-G[E{EM th+ [r;{mrj +nnr;{:]]]

L AR
[.E{uv} "dx+vd:]

:fﬁ-ﬂg-m" +(tcost +sini-1)} = atcos ¢
[

and % = a[%{siﬂ th=- [r:—:(cm t) + cos r:—:( r}]]

dy

= d_- afoos = H{=gin t)= cos 1} = atsint
t

(%)
dt atsint

Now, EE-—- — =tant

dx al cos I
(&)



35. Similar as Example 8.
36. We have, x = 3cost = 2cos* t and y = 3sint = 2sin’t
dx

Now, E- — dgint + 6cos” rsint = 3sinsZeos” £ = 1)

= 3zint - cos 2t -4}
d
and ﬁ-ﬂcnsf—&ﬁnzlmslnﬂms £l = 25in® )
= 3cos {-cos 2 AL}

dy - dy/dr _ Jcosicos 2t
de dx/df 3sintcos 2

[using Egs. (i) and (if)]

= cot f

SUMMARY

« Areal valued function f(x) = f{c )is said to be continuous at a
pow'c‘lnllsdomdnm’hnc f(x)=1¢) ie. left hand limit, right
hand limit and the value of the function at x =¢ exist and equal
to each other.

« A function is said to be continuous in its domain if it is
continuous at every point of its domain.

* If f and g are continuous functions, then
(i) (f £ g)(x) =f(x)£ g(x)is continuous.
(i) (f-@)(x)=r(x)-g(x)is continuous.

(i) [ )(x)— ’(‘)lswmhn:s.ptmag(x):a

» If gis continuous at x =aand f is continuous at g(a) then fog is
continuous at x =a.

» A real valued function f(x) s said 10 be differentiable at x =c iff
'E“"(":;::"”mmay.

or
lim !(X)-lb)mdnm f(x) fic)

A xX-C x—o -C

———— are finite and equal.

or

','[,,“o“c 'i':}"mandﬂ'(c +':,)'“c)are finite and equal.

= A function is said to differentiable, if it is differentiable at every
point in its domain.

« Every differentiable function is continuous but the converse is
not true.

* The derivative of f at any point x is given by
' (x)= lim L‘&'LL’_«"_) provided Emit exist.

The process of finding dertvative of a function is called
differentiation.

Again, differentiating both sides w.r.t. x, we get

2 2

d_l d d d'_J' sec” I

drt = E{m”- I{m”dr = at cos b
1, [

-;mc t t'.'I!aE:mtJ

2
At :-E_' d_f- ! EE!(E] -i{ﬁ}:-@
4 d® K 4 n aft
4

39. Solve as Question 38, [.A.n.t E]

Algebra of Derivatives Let v and v be the two functions of x.
Then,

o du v
(l);(utvpagx
d o  du
(i) ;(uv)=u;+vx [product rule)
du  dv
d(u v;-u; rule
® 2{7)- ftten )

Derivatives of Composite Functions Let y be a real valued
function which is a composite of two functions say y = f(u)and
u=g(x}

men, X=-FY_ruygm

e %[r{g(xmmg(x»-g'(x)

Derivative of Implicit Functions Let f(x, y) = 0 be an implicit
function of x. Thm.tofhd&wellrstdmerematebothsidesof

equation w.r.t. xandlhenlaiwaltermslrmhhgwonu-ls

and remaining terms on RHS o get required value.

To differentiate the function of the form f(x) = u (x))'*?, we first
take log on both sides and use properties of logarithm to
simplify it and then differentiate it.

dy _dy/dt
fx=¢f)andy = \p(t).mendx dkld'
dy _dylax
oz dzlcm'

={(x) men%=!'(x)ismlledmeﬂmdomanve of y or

=f(x)and z = g{x), then —

I(x)and—(oy)lswledlrnseomdd«lvauvoolwr! x and

2
Isdenotedbyazxoc “(x)or y* or Dy of y».



CHAPTER
PRACTICE

OBJECTIVE TYPE QUESTIONS

) n
mr+lifxrs=

1If fix) = is continuous at x = =,
sln.r+n,if.r::-5 2
then
{a) m=1,n=0 ['h}m:%+l
{c)n:? [d}m=n=§
2 If f(x) =|cosx| then [NCERT Exemplar]

(a) f is everywhere differentiable

(b} f is everywhere continuous but not
differentiable at x=nn,ne £

(c) [ is everywhere continuous but not
differentiable at x={2n + 1}%, nef

{d) None of the above

2
3 ]er-ln;:ng{l-J":2 ], then 2 is equal to
1+ dx
4x? —dx 1 —dx®
[a]'l_I. '[blll_:. [E}-l—:' {djl—I‘

4 If y =log: (logx), theng-_:-'is equal to

1 -1
(2) xlogx log7 (®) rlogx log7

(c)

(d) Mone of these
xlogx

1 a
5 ]fy-.a“' and.r-[r+%] ,then%is equal to

hﬁhﬂmﬂ ()
C TR
+: I+?]
1s12
() @Eﬂ (d) Mone of these
E{H}]

6 If (cosx)? = (cos y)*, then jx—yis equal to
log(cos y) — vitanx)

(@) log(cos y) + yitanx)
log(cosx) — xitan y)

log(cosx) + xtany

log{tanx) + vcosx)
log(cosx) + xitan y)

(c)

(d) None of these

2
7 If y = xcosx, then {;—;is
x

(b) xeosx + ?siny

(c) xsinx 4+ cosx (d) None of these

2
8 If y=(x ++1+x9)", then (1+x7) j—;q- xi-".' is
x

{a) —xeosy —?sinx

equal to

(a) n’y (b) -’y

(€) -y (d) 27y

i . o dly dy

9 Ifx sinr and y = sin pr, then (1= x }E{- xd‘x is

equal to

(a) -y (B) ¥ (c) pr (d) -p’y

2

10 1f y = A" + Be™*, thenjx—{is equal to

(a) 25y (b) Sy

(c) —25y (d) 15y

VERY SHORT ANSWER Tvpe Questions

11 1f the following function f(x) is continuous at
X =0, then write the value of k.

[ . 3x
SiINn—
f=l—2 1.0
x

k., x=0

|All India 2017C)

12 Determine the value of the constant ‘%, so

e ifx=0
that function fi(x) = m’ is continuous
| 3, ifxz0

at x = 0. |Delhi 2017]



13 Find the derivative of cos (+/x).

[NCERT)
14 Differentiate sin [cos (x?)] w.rt x. INCERT]
15 Find the derivative oflog sin x wrt. x.
16 Differentiate ¢¥® wrt x.
17 Differentiate ¢**-cos2x wrL x.
18 Fmdiil:? when 2x + 3y =sin y.
19 Find the second derivative oflogx. INCERT]
20 Find the derivative ofsin (tan™ ¥) wrt. x.
SHORT ANSWER Type I Questions
lx=al .4
21 Show that the function fix)={ y -4 ' is
L X=a
discontinuous at y =a. [NCERT]
22 Discuss the continuity of secant. [NCERT]

23 If a function f is differentiable at a point ¢, then
prove that it is also continuous at that point.

24 Iix=acosband y=bcos6, then find 2.
dx [NCERT]

25 Differentiate x ™™ T wrt. x. INCERT]

SHORT ANSWER Type 1l Questions

26 Examine the continuity of the function

|sin x|
f={=3  **%ax=0
1, x=0

27 Discuss the continuity of the function
x
S 0
flxy={1x|+2x* atx=0.

2, x=0

Bax+b ifx=>1
28 If the function f(x) = 1, ifx=1
| Sax - 28, ifx<1

is continuous at x =1, then find the values of a
and b. [Delhi 201 1; All India 2010]

29 Find the value of k, if the function,
[1=sinx .

== I
fix)={®=2x) i is continuous at x = /2.
k, I=—
2

30 Find the value of k, so that the function f is

|[Beosx | n

, fxz2—=

continuous at x = 772, flx)=] T-2x 2
3 ifx-%
[Delhi 2012

.‘L‘jﬂ, if 0=x<1

31 The function f(x)=4 a  iflcxec.f? is
2B —4b
e ify2<x<e
x »
continuous on [0, «). Find the most suitable
values of @ and b.

32 Ifthe function f(x) defined by

log {l+ax)=log(1=5bx)
flx) = 2B < o8 , ifx=0 is
k ifx=0

]

continuous at ¥ =0, then find the value of k.

33 Examine the continuity of the following

[ =
— xz0
function fx) = 2|x| atx=0.
%, x=0

34 Find the point of discontinuity, if any of the

0 ifx<l
function f{x) _{x s l‘ ) .
x, if x=1 [NCERT]
35 Find the point of discontinuity of the function
E if xy= 0O
flxy=9 x ° -
x+2 ifxz=0

36 Show that the function f(x)=|x =3, xeRis
continuous but not differentiable at x = 3.

37 Test the continuity and differentiability at x =1
of the function fdefined by

3r “l=x=<1
(=] *" i
4 4=x, 1l=x<4
38 For what value of A the function defined

3 .
by flx) = Mx“+2). if x<0 is continuous x = 07
4x+6 if x>0

Hence, check the differentiability of fix) at
x=0 |All India 2015C]



39 If function f(x)=|x = 3|+|x - 4], then show
that f(x)is not differentiable at x =3 and x =4.

40 Find the set of points, where the function f
given by fix)=|2x-1 [sinx is non-differentiable.

4 Ify= M_ then find 2.
COS (X + d) dx INCERT]
42 Find the derivative of =20 X wrt x.
X 4+ COSX
2:+] 3:]
43 Differentiate wrt x, sin™
ll @ |
44 Ify=tan” ( ]+Ing , then prove that
& .
de  x*-g* [NCERT: All India 2012
45 If log (14 x* - x) = y 41+ x*, then show that
{l+_rzjd—y+ p+l=0.
dx |All India 2011C]

3r

46 1f y = (sin x - cos x)Fn ¥ = o ",%
ﬂndd—}'.
dx

47 Find the derivative of the following function
WrLyatx=1.

[ ) l+x 1
-1 i
cos [sm TJ +
48 Find E if y = (cos x)* + (sin x)"/~.
dx [Delhi 2010]
I dr
49 If y = (sin x)* +sin™ ¥, then find -
Or

Differentiate the function (sinx)™ + sin"-f.?
W.EL X |Delhi 2017, 2015C)

xI-1

50 Ifymx™nr=cosy ,lhenﬁndj—y_
X

x“+1
|Delhi 2016C, 2012)

2x2-3

¥ ax+2

|All India 2012C)

51 Fim:lﬂ, when y=x""* +
dx

3
. . Ll |
L2 Differentiate x™ ™™= T 4 Wl X.

x' -1 [Delhi 2011)

53 Find:x—y,i.fy’+x-"+x'r-n*‘.

INCERT]

54 If x =t sin 2¢ (1 + cos2r) and
y=pecos?t(l-cos2t), then show that

EEIE‘LEH.I-
dr o

1462 2
55 ]fx-a[l_ri]andy-l_ -

, then find .:i_y
dx

56 lfx-a[casa-i-lug tan g] and y =asin @, then

find the value u::-fii-f"-I atg = E.
dx 4 [Delhi 2011C)

1+x% = 1-12]

L7 Differentiate tan™"
1+ x% 414+ x°

w.rk cos= ! x2,

L8 Differentiate tan"[?lx_z] w.rt sin”{2x4f1- x?).
-x

[Delhi 2014

59 Differentiate tan™ x W.IL
l+$-f

sin [2 caot™ ’H-_x l
1-x

[Hint put x =sin#in first function and x = cosd
in second function]

’f dy
60 If y = ae™ +be™™, then show that — = -2y=0.
|DE]]111I}]EE]
61 1f y=e™ ="' = then show that

-4 x ¥ iy
dx? dx [All India 2015]

62 If x=acos’@ and y=asin®g, then find the value of

d? R
E{-at B-E.

|All India 2013
63 If y = ¢ sin x, then prove tlmtm:'*I Edy +2y=0.
P
64 1f y=>2_L then prove that
1-x?
dly o dy
1-xf)—L_zx L _y=0
l-x Jitj e {
65 If y = (sin™ x)?, then prove that
d’y _ dy
1-x)—f—x—__2=0.
E ]a:r" dx [Delhi 2019]



CASE BASED Questions
|5 Marks |

66. Consider the following values

x =acos*8 and y =asin®@ |CBSE Question Bank]

On the basis of above information, answer the

Jollowing questions.
(1) El is equal to
doj, =
4
() —*f- (d 7‘%
(ii) gﬁl": is equal to
4
@35 o) 5
© ﬁ_,f— @

(iii) % is equal to

(a)tan® (b)-tan8 (c)cotd (d) —cot8

(iv) i’—"il_ is equal to

%
(c)% (d)%
(v) Z—} is equal to
(a)%"; (b)g;-
(c)ﬁ_f- (d) %

67. Apotter made a mud vessel, where the shape of
the pot is based on fix)=|x = 3]+]x =2 where
flx) represents the height of the pot

(i)

(i)

|CBSE Question Bank]

Answer the following questions using the above
information.

When x > 4 What will be the height in terms of x?

(a)x-2 (b)x-3

(c)2x -5 (d)5-2x

Will the slope vary with x value?

(a) Yes

(b) No

(iii)

(iv)

v)

(c) Slope is not defined for any value of x.
(d) Insufficient data for the slope.

What is %al x=3?

(a)2

(b) -2

(c) Function is not differentiable

(d)1

When the x value lies between (2, 3), then the
function f(x)is

(a)2x -5
(b)5-2x
(€)1
(d)5

If the potter is trying to make a pot using the
function f(x)=[x], will he get a pot or not?
Why?

(a) Yes, because it is a continuous function

(b) Yes, because it is not continuous
(c) No , because it is a continuous function

(d) Mo , because it is not continuous



| ANSWERS |

L i) 2 (&) 3. (k) 4. {a) 5. i) 6. (a) 7. (a) B. (@)
9. id) 10, (a) 1L & =% 12 k=-3 13. 1;'%-"; 14, —2xcos (cos x* )sinx? 15. cotx
I 2 1 cos ftan™ x)
16. = 17. &' (—2sin2x + 3c0s 2 18. 19, -— 200 =222
Z--J:l.' ¢ F2eindy 4 Seney) cos y—3 x* 1+ x?
21, Continuous everywhere excepl x = (2n+ l}%.llE L 24. i 25, x“‘[ﬂ+{lnﬁ:}cu: x:l
a x
2h. Digcontinuous al ¥ =0 27, Discontinuoeus al x = 0 I8 a=3b=2 2.3.]::1
B
30. k=45 H.oa=-lLb=lora=Lb=1%+7 3L, fix)is continuous al x = 0, ifk =a + b.
33, fix)is discontinuous al x = 0 It filx)is discontinuous al x =1
35. Jrl:_t]-l.'i everywhere conlinuous 37. Continuous at x = 1 bul not differentiable st x =1
38. L =3 oot differentiable at x = 0. 40, :=%-
41. [ cos fex + d) cos fax + B) + csin fax + F) sin (o + )] 43, xfcosx + sinx)+ cosx —sinx + 1
cos? fer + d) (x + cos x)°
x4+ 1 T
43, [2 3 ]l.nﬁﬁ- 46, {:n:—cn::}r“s_r'”x{m.t+:.i.n.t}[l+lﬂg ain x —cos x)] 47. 3
14 36" 4
44, (eos )" [— x tanx+ log cos =]+ (sin r]”'[%——]ﬂ#l 49, fsin )T [x eot ¥ + log sin x] + ?11—_:-ﬁ1-
. z
£(), mr-mz £l X — 0% T . ] dx £y u:[lﬂ:ﬂ.l’_. x ] 2x 4+ ldx + 3
x [—r + (com x + sin x)bog x +_{1-2+|}2 x —Q cosec” x - log x +_{;||_-2+;+2]-2
x -1 r
52. .r""’[ﬂ:ﬂ_t—r:m_th_g_t+cn-::hgx]—l‘—x 53. “lyTlgysy-xTT 42" (14 bog x)]
(x* —1)* -y '+ x¥ g x
55. 1+ 56, 57. 2L 58 L 59, -1 g2
Zat 2 2 2x 2Ta

66. (1) (b). (i) — (a), (1) — (b, (iv) = (d), (v) = {c) 67, (i — fc). (i) — {a). (it} — e}, (iv) =) (v)—=(d)



