APPLICATIONS OF DERIVATIVE (XII, R.S. AGGARWAL)

EXERCISE 11A (Pg. No.: 461)

1.  The side of a square in increasing at the rate of 0.2 cm/s. Find the rate of increases of the perimeter of
the square.

Sol. Let P be the perimeter of square, a be its side

Given % =0.2 cm/s, Now P =4a cs K1Y

d_P: 4_ﬁ — d—P—4x0,2 cm/s = EI::0..8 cm/s
dt dt di dt

Hence, the rate of increase of the perimeter of the square is 0.8 cm/s.

2. The radins of a circle is increasing at the rate of 0.7 em/s. What is the rate of increases of its
circumference?

Sol. Let C be the circumference of circle, r be its radius

Given %— 0.7 cm/s Now C=27zr ... (i)

dC dr dC
=2 = —=
dt dt
Hence. the rate of increases of its circumference is4.4 cm/s.
3.  The radius of a circle is increasing uniformly at the rate of 0.3 centimeters per second. At what rate is
the area increasing when the radius is 10 cm? (Take 7=3.14.)

Sol. Let A4 be the area of circle, r be its radius

=

2x3.14x0.7 :%:4‘4 cm/s

Given %z(]j cm/s, Now r=10 cm, A=’ - (1)
d(r’ X
g ) BT B i3 = P ad g
dt dt dt dt dt dit

Hence, the rate of change area of circle is 18.84 cm’/s.

4. The side of a square sheet of metal is increasing at 3 centimeters per second. At what rate is the area
increasing when the-side is 10 cm long?

Sol. A be the area of square, a be its sides of square

Given %=3 em/s,a=10cm Now A=a ... (1)

— ﬁzza‘d—a: ﬁ: 2x10x3 => ﬁ:ﬂ) cm’/s
dt dt dt dt

Hence, the rate of change of area of square is 60 em’/s.

5.  The radius of circular soap bubble is increasing at the rate of 0.2 cm/s. Find the rate of increase of its
surface area when the radius is 7 cm.

Sol. A soap bubble is in the form of a sphere. At an instant 7, let its radius be » and surface area S, then

Given g‘- =02 cm/sec Now, S =4zr°
[

ds d ds 5 ds

= L _grr = —8zxIx02 = ( S] :(1.6;r><7) cm/s = :

dt dt P dt

6.  The radius of an air bubble is increasing at the rate of 0.5 centimetre per second. At what rate is the
volume of the bubble increasing when the radius is | centimetre?

Sol. A bubble is in the form of a sphere.

] =352 cm’/s
=7




Sol.

Sol.

9.

Sol.

10.

Sol.

At an instant 7, let its radius be » and the volume of sphere V, given information E:OAS cm/sec

given.
4 . drr 4 > i dv 2
Now, V =—mr’' = z—fr.3r'-£ =1 —=4zr‘.(0.5}
3 dt 3 dt dt
= [ﬂj =4x3.14x(1)° .05 .- 2 _ 628 cm’ss
dt ), dt

The volume of a spherical balloon is increasing at the rate of 25 cubic centimeters per second. Find the
rate of change of its surface at the instant when its radius is 5 cm.

A spherical balloon is in the form of a sphere at an instant /.
Let its radius be r and the volume of sphere I, and S be the surface area given information
=% =25 cm’/s

di
Now, V *‘iif!'s = d—p=iz.3r:£ =% i =4;rr:£ =3 25=4m':£r = £= 25,,

3 dt 3 di dt dt dit dt  4xr-
S=dur* = i"’-‘-§-=4;»::.2,r£ = - =4x.2r. 25, = ot
dt dt dt ¥ e r
[dS -2 1 cm’/sec.
dr 7S

Hence, the rate of change of surface area at the instant when 7 =5 cm/s is 10 cm*/sec

A balloon which always remains spherical is being inflated by pumping in 900 cubic centimeters of
gas per second. Find the rate at which the radius of the balloon is increasing when the radius is 15 cm.
A spherical balloon is in the form of a sphere at an instant 7.

dl”
Let its radius be 7 and the volume of the sphere V. d =900 cm’/sec
il

Now, V:irr" = a =im3r:£ —" 900:4:rr3£ = d_ 900"
3 dr 3 dt dt dt  4xr
£=2—2§ = (ﬂ = 225, = d_r:l £=0.32 cm/s
dt mr o PR ;;(15)" d =z di

Hence, the rate of change instant when » =15 cm is 0.32 cm/s.

The bottom of a rectangular swimming tank is 25 m by 40 m, Water is pumped into the tank at the rate
of 500 cubic metres per minute. Find the rate at which the level of water in the tank is rising.
The balloon of a rectangle swimming tank be /. b and A. At an iustant ¢, let its radius be 7 and the

:
volume of sphere V, % =500 cubic metre per minute.

Now, V' =Ixbxh :>£=25x40xﬁ ::>500225)<40)(-aﬁ :>ﬁ= 20
dr di dt di 25x40

::'ﬁzl ﬁ=0‘Sm/min
dr 2 dt

Hence, the rate at which the level of water in the tank is rising 0.5 m/min

A stone is dropped into a quiet lake and waves move in circles at a speed of 3.5 cm per second. At the
instant when the radius of the circular wave is 7.5 cm, how fast is the enclosed area increasing?
(Taker=22/17.)

At any instant 7, let the radius of the circle be r cm and its area be A4 then, % =35 cm/s



11.

Sol.

12.

Sol.

13.

Sol.

Now, A=mr" = ﬁ=}'z'.2.i" .ﬁ =5 ﬂ:;t2r.3‘5 =5 d—A=7m'
dt d! di dt
= [ﬁ} =(7zx75)em* /s .. A _165 cm’ls
(r=75) d!

Hence, the area of the circle is increasing at the rat of 165 cm®/s at the instant when r=7.5 cm

A 2-m-tall man walks at a uniform speed of 5 km per hour away from a 6-metre-high lamp post. Find
the rate at which the length of his shadow increases.

Let AB be the lamp post the lamp being at B. B
Then AB=6m
At any instant 7, let MN be the position of the man and MS be his
shadow, then MN = 2m let AM = x meter and MS§ = § meter It is =
given that £ =5 km/hr
dt

Clearly, A SAB ~ A SMN A

B 0B WS B e Sv—idE

MS MN S 2
= =28 =3 5&—2_£ = 5:2.é => 2.5=£ £:2.5 km/h

dt dt dt dt dt

Hence, the length of the shadow is increasing at the rate of 2.5 km/h

An inverted cone has a depth of 40 cm and a base of radius 5 cm. Water is poured into it rate a of 1.5
cubic centimeters per minute. Find the rate which the level of water in the cone is rising when the
depth is 4 cm.

At any instant /, let r be the radius of the water level, /# be the height of the water level and J" be the
volume of the water in the conical funnel then.

de'r
—=1.5 (given <}
— (given) (1 -
From similar A OAB and AOCD, we have
AB CD r 5 1 10 em
—=— = —=— = r==h
04 0OC h 40 8
¥ 3
Now, Vzlm'zhzlxtel-h] T 4
3 318 192
7 2
. S H.3h:ﬁ =" l.S:x_h—@ =t .. 96, [+ A=4cm]
di 192 dt 64 df dit  zh
|:£?.:l = %6 - = %-ZE cmfmin,
dt Jpsewy =(4) wl6 =z

Sand is pouring from a pipe at the rate of 18 em /5. The falling sand forms a cone on the ground in
such a way that the height of the cone is one-sixth-of the radius of the base. How fast is the height of
the sand cone increasing when its height is 3 cm?

At any time ¢, let r be the radius, / the height and V" volume of the cone then given information

= h:£

= r=6h  Now If"=%7rr3 h:l-’z%:r(&h):h:lbr "

Now, V=127 /" = ﬁzl.’zzr,?ni’tn:ﬁ
dt dt



14.

Sol.

15.

Sol.

16.

Sol.

dv dh dh

= — =36h’— = 18=36mh"—
dt di dt %
dh 18 dh 1
—_— - : —:_1 3
dit 36xh’ dt 27k’
[dh} 1 Cdh 1

= | — = = e T——

dr Jy s 2;;(3)“ di 187

Hence, the rate of increases of the height of the sand cone at the instant when ~2=3 is F cm/sec.
T

Water is dripping through a tiny hole at the vertex in the bottom of a conical funnel at a uniform rate of
4 cm’/s. When the slant height of the water is 3 cm, find the rate of decreases of the slant height of the
water, given that the vertical angle of the funnel is 120°.
Let }/ be volume, of conical funnel and [/ be slant height. At an instant /, let its radius be r,
V o . c3
‘ji_t =—4 cm’/s. - ve sign is taken .. volume is decres with time
1 . 1 . 2
Now, V =§m'zh = Vzgir(l sin60°)” (/ cos60)
— V':E ][3_ !i — If':_.ﬂ-.]': B//—Tmc
3 2 2 8

sl ol 3 A @ 2 Icos60°

di 8 di 8 dif dt 3zl =

/ = =%
[d—] = e —= Je cm/s. 60°
drt |, 3;;(3)‘ 21z
. . 32 A
Hence the rate of decrease of the slant height of the water is e cm/s
T
Oil is leaking at the rate of 16mL/s from a vertically kept cylindrical drum containing oil. If the radius
of the:drum is 7 cm and its height is 60 cm, find the rate at which the level of the oil is changing when
the oil level is 18 cm.
Let ABCD be the vertically kept cylindrical drum connecting oil and QD the radius of the drum is 7
cm and its P( is height of 60 cm and " be its volume.
= r=Tcm h=60cm, d—I ==16 cm’/sec -ve sign is taken because volume is A CE_-‘-\R
drt

decreasing with time
Now, V=ar‘h = V= ﬂ‘(?): h = V=49xzh -
= £=49E.£ = —16=49;¥1rﬁ ﬁz-_—.l-gcm/s oo

dr di dt di 497x e 2T /P
Hence, the rate at which the level of the oil is decreasing g-cm/s.

T

A 13-m-long ladder is leaning against a wall. The bottom of the ladder is pulled along the ground,

away form the wall, at the rate of 2m/s. How fast is its height on the wall decreasing when the foot of
the ladder is 5m away from the wall?

Let OC be the wall. At a certain instant 7, let AB be the position of the ladder such that O4=x and
OB=y.

= Length of the ladder AB = 13 m. Given that % =2 m/sec



17.

Sol.

18.
Sol.

19.

Sol.

20.

Sol.

From right A AOB, we have, (AO)2 +(OB)3 =(AB): 44

= X +y*=(13) = P+y =169 B

dx dy dy dx 13
26 %10y D o = 2 (2) 42y D=0 |- F -2 3m
= Bl =0 = W)y o [ i ] y
) 2x
o (1) g T
¢ y A X O

Now, x=5 = y=4[13)=(5)’ =V144 =12

dy_—Z(S) ™ d_y___—_S

da 12 dit 6

Hence, the rate of decrease in the height of the ladder on the'wall is % m/s.

Now Putting x=5, y =12 in (1), we get

A man is moving away from 40-m-high tower at a speed of 2m/s. Find the rate at which the angle of
elevation of the top of the tower is changing when he is at a distance of 30 metres from the foot of the
tower. Assume that the eye level of the man is 1.6 m from the ground.

Let any time 7, the man be at @ distance of x metres from tower AB and let € be the angle of elevation
at that time. Then, x= 40 cotf

= —‘E=~40 coseczt?-df— = 2 =-40cosec’ tﬁ?—‘-i-"c2

/i dr B

e 1 . . de 1[.43)2
= —=—-——sin"ff = —=-— —

dr 20 dt 20\ BE

= £
40)
0 LT Lo o tt L)
dt 20 (40) N dt 20 2500 2m /sec @

= d?f: —-0.032 radian/second - = £

Hence, the rate at which the angle of elevation of the top of the tower is changing when he is at a
distance of 30-meter from the foot of the tower is 0.032 radian/second
Find the angle x which increases twice as fast as its sine.

Let the angle be x which increase twice as fast at its sine = % (x)= %(2 sin x)

dx dx 1 T
= —=2¢c05x— = Cosx=— = COSX=C0S— .. X=—
dt dt 2 3 3

The radius of a balloon is increasing at the rate of 10 ¢m/s At what rate is the surface area of the
balloon increasing when the radiusis 15 cm?

At any instant , let r be the radius, S the surface area of the balloon then S§ =4z7" and given
dr

— =10 cm/s

d

> B trr® o B _(srasxio)enss ;. L =12007 cm’s
di di di dr

Hence the rate at which the surface area of the balloon increasing is 1200 7 cm’/s,

An edge of a variable cube is increasing at the rate of 5 cm/s. How fast is the volume of the cube
increasing when the edge is 10 cm long?
At any instant 7, let the length of each edge of the cube be x, v be its volume

Now, v=x = ﬁz?;x:ﬁ : =% ﬁ:ISJr:
dt dt dt dt



= LiJ =15(10 - P 1500 cm’ls
t=10 d’

Hence, the volume of the cube is increasing at the rate of 1500 cm’/s.

21. the sides of an equilateral triangle are increasing at the rate of 2 cm/sec. Find the rate at which the area
is increasing when the side is 10 cm

Sol. Let the side of an equilateral triangle be a and its area be A

—C@— =2 cm/sec
dt

. ; 3
Area of equilateral triangle = Tcr

Sides=10ecm
L,
dt

Differentiate both sides with respect to t e ﬂi(az)
di 4 di
:>ﬂ“£><2a g M——ﬁaxda jﬁxi ﬁ nﬁxl=—3a Dﬁ=£x10x2
a it 2 2 a2

K— =

a4 O " & 2 d i da
:>£=10J§cm:s
dt

Hence Required area is increasing at the rate of ]O\E o’ /s



EXERCISE 11B (Pg.No.: 469)

Using differentials, find the approximate values of:

1.

Sol.

Sol.

Sol.

V37
Let f(x)=x"", then f'(x):—-l-— Now {f(x+6r)—f(x)}:f'(x),§x

© e
1
= {f(x+5x)—f(x)}:2x7.5x (])
We may write 37 =36 +1, Hence putting x=36 and dx=1 in (1) we get

f(36+1)- f(36)= ! —.1 :>f(3?)-—f(36):-2l-

2(36)" 6
].

= f(37)={f(36)+é} = f(37)={(36)2 +$} = f(37)=[6+é]
= f(37)=6+0.0833 .. f(37)=6.083

29

Let f(x)=x" then f*(x):3—;_-._;_ Now {f (¥+8%)— £ (x)} = £1(x).6x

= {f(x+69)- ()=

We many write 29 = 27+2, Hence putting x =27 and dx =2 in equation (1), we get

Sx (1)

2

f(27+2)~f(2?)=3(22T = f(29)ﬂf(2?)=% = f(29)=(2?)”’+E
=N f(29):3+2i’7 = £(29)=3+0074 .. £(29)=3.074

327
Let f (x) =" then ()= Now {/(x+8%) £ (x)} = £/(x) 6x

= {f(x+5x]~—f(x)} = 3x1” .

We many write, 127 =125+2, Hence putting x =125 and §x =2 in equation (1), we get

1 2
F(125+2)- f(125) = ) %3, = _f(|27)—f(125)=%

ox k)

1

= f(lz?):{(izs)‘%?—i} = f(127)=(5-*)5+_f_5 = f(12?)=5+?—25

= f(lZ?):% o f(127)=5.026



4. 4024
Sol. Let f(x)=+"* then f'(x)=%. Now { £ (x+8x)~ £ (x)} = £'(x).6x
7
1
= {f(x+5x)—f(x)}=F.5x i)
We may write 0.24 =0.25+(~0.01),, Hence putting x =0.25 and x =-0.01 in equation (1), we get

£(025-0.01)- £(0.25) = ;_‘(—0.01)

2(0.25)""
Io_sx(_om) = f(0.24)= f(025)+(

= f(0.24)- f(0.25)= = . 01)

= £(024)=(025)"-001 = f(0.24)=05-001 == f(0.24)=049

5. 4495

Sol. Let y:«/;
Let x=49 and Ax=05
Since y = Jx
w_4¥%)

& & 2dx

0.5

Now, Ay_-‘EAr- xOSHH—OfBé

—(05) = 7=(05) =5
Also, Ay =_f(x+A.r)—f(x)
Putting values

Ay =N x+Ax —J.\_'
0.036=+/49+0.5 /49
003624957

0.36+7=4/49.5
V495 =7.036
Hence approximate value /49.5 is 7.036
6. 15
Sol. Let f(x)=x"" Then, /" (x)—— Now, { (x+§x)—f(x)}=f'(x).6r
=3 {f(x+§x)—f(x)}: w0 A1)
We may write 15=16—1, Hence putting x=16 and Sx=—1 in equation (1), we get
1 =]
16—-1)—- f(16)=———7.~1 15)-f(16)=—— 15 16)——
F06-1)=1(16)= =t = £09)-109) =g = 1(15)=7(9)-3;

=5 f(15)=(16)“+—§% = f(15)=2—712- = f(15)=2-003125 .. f(15)=1.96875



Sol.

Sol.

Sol.

10.

Sol.

11.

Sol.

1
(2.002)’

Let f(x)= xl then f'(x) :;—f. Now {f(x+5x)—f(x)} = f(x)dx

{f(x+5x)—f(x)}=“21/x3 Bx {f(x+5x)—f(x)}=—2- Sx wi(E)

We may write 2.002 = 2 + 0.002, Hence putting x =2 and dx=0.002 in equation (1), we get

f(2+0.002)-f(2) =(L2)3.(0.002) = f(2002)=f (z)_.(OZOZ)
=5 f(2.002)=(‘2‘0_0005 = f(2,0{)2)=:li,0_0005 5 £(2.002)= 02495

log, 10.02, given that log_ 10 =2.3026

Let f(x)=log,x then f'(x):%.

Now f{(x+5x}-f(x)} =f'(x)ox = f(x+6x)-f(x) :%.51'

We may write 10.02 = 10 + 0.02, Hence putting x =10 and dx=0.02 in (1) we get

f(10+0.02)-f(10):1i0(0.02) = f(l0.0Z):%HogelO

= f(10.02)=0.002+2.3026 - £(10.02)=2.3046
log,, (4.04), it being given that log,, 4 =0.6021 and log;, ¢ =0.4343
Let f(x)=logx = f(x+dx)—f(x) =f'(x)-6x = log, (4.04)-log4=0.01

5 log,;4.04 log,, 4

= —=0.01 = log,,4.04-0.6021=0.01x.4343 = log,,4.04=0606443.
logm IOgli:

cos 61°, it is being given that sin 60° = 0.8663 and 1° = 0.01745 radian

y=cosx, x=50°={§] . x+8x=61° and Sx=1°=0.01745
%:—sinx = dy=-sin60°x0.01745 :%x,ﬁ:_ﬁggnx]_ng
y+5y=%+(—0,151):0 5—0.151=0.4849

If y=sinxand x changes from T to % what is the approximate changes in y?

Take x=£,x+5x=2 é‘x:_%%_f.
2 14 14 2
Now, y=siny = chnsx =% L4 =0
die dx |, n

22

5yz£.5x:0 = 0y=0—-—=1[=0 = 0y=0. Hence thereis no change.
dx 14 2



12,

A circular metal plate expands under heating so that its radius increases by 2%. Find the approximate
increase in the area of the plate, if the radius of the plate before heating is 10 ¢cm.

Sol. Let at any time t, 7 be the radius and A be the area of the plate, then A= zr’

Let Jr be the change in the radius and let & 4 be the corresponding in the area of the plate then

JA:ﬁ.é'r = JA=2xr.6r = §A=2er10xi=4—x=2—” om” .
dr 100 10 5
13. If the length of a simple pendulum is decreased by 2%, find the percentage decreases in its period 7
where 7' = Zx‘jz.
4
142
Sol. T=ZJTJZ i1 Taking log both side we get. log?’zlog{br{i] }
g g
Py Yo 4
— log)"—log(zx)ﬂog{(—J } = !og?'—log(br)-!-glog(—}
g g
" 1 1 1 dr 11 Ldl' 1
log 7 =log 27 +=log(/)——1 ——=0+—=~—0 ——=—
= ligT=log2gg) slong = grg=tize Py
oPleesl = [ﬁnoo} lﬂxloo)z 1.4 ioole s
21 ‘4 2 | 2 100
. Percentage decreasein 7' =1%
14. The pressure p and the volume J* of a gas are connected by the relation, p}"'"* =k, where k is a

Sol. Given that % decrease in volume =% = “:VT(loo) =—

15,

Sol.

constant. Find the percentage increase in the pressure, corresponding to a diminution of 0.5% in the
volume.

-1
2

_l_ i r
Given pV*=a = logpV*=loga = logp+-;—logl/’=loga =5 ~d—p—+%.%=0
p ;

=% d—p 100 = —lﬂ 100 = [—l](—l] =l. Hence % increase in pressure = l% =0.125%
p 4 4ilh 4 2) 8 8

The radius of a sphere shrinks from 10 cm to 9.8 cm. Find approximately the decrease in (i) volume,

and (i1) surface area.

(i) Let 7 beradius and /' be the volume than y = imr"

3
Let r=10,r+Ar=98= dr=Ar=-02
41" r
Now V:iw‘3 = -‘i:fim': = l—dp--l =400x
3 ‘fr B . x=1l
dv ) .
S W=—F =340 =4007(-0.2) =-807cm
r

Decrease in its volume =807z cm’ .

(ii) Let r be the radius and § be the surface area = 477°
Let r=10and r+Ar=98 = Ar=-02

Now, S=4zr’ = & 8rr = L] =807

dr @& Lais



s 88 = ?.& =68 =80r(-02)=-16xr . &§=-16rx
r
Decrease in its surface area= 167 cm”.

16. If there is an error of 0.1% in the measurement of the radius of a sphere, find approximately the
percentage error in the calculation of the volume of the sphere.

Sol. Let r be the radius of sphere Hence V/ :%m'3
Let Ar be the errorin » and Ay be the corresponding errorin y.

Then Ar-><100:0.1 (given) = gixlO():O.l
F

¥
We have to find — x100. Now V:i:w'3 EEN £:4Jz’r2 - 51!':&_6:' & or
i 3 dr dr V V
W _dar o OV 37 OV i00=3( 800 - Wo0-030%
I/v 4 ’,3 I‘? r ' r I_,’
57?

. Percentage error in volume of sphere =0.3%

17. Show that the relative error in the volume of a sphere, due to an error in measuring the diameter, is
three times the relative error in the diameter.

Sol. Let r be the radius of sphere and vbe the volume of the sphere }' = gﬁr( 2r)’

x 74
V:E:rr“ = Bl =—2Jz'.3r3 =32mr* = 51"=d1—.5r = &V =32xr'6r
3 dr
7 ¥ r 2 2 i
i::;z;rr 5?' = .i_;]’:_: 32” é'f =5 .i;_V...: ']é.{.. :3§£
2 32, vr T Td

r

Relative error in volume of sphere = 3 (relative error in diameter of the sphere)



ROLLE’S AND LAGRANGE’S THEOREMS (XII, R.S. AGGARWAL)

EXERCISE 11 C [pg. no. 483]

Verify Rolle’s theorem for each of the following functions:
1. f(x)=x"on [—I, I]
Sol. Here, we observe that

(i) f(x) being a polynomial function of x, is continuous on the interval [—l, 1]
(ii) f'(x)=2x, which clearly exits for all value of xe(-1,.1)
So, f(x) isdifferentiable on the open interval (-1, 1)
i) £(-1)=(-1)"=1Land fF(1)=01)"=1 = f(-1)=1(1)
Thus all the condition of Rolle’s theorem are satisfied.
So, these must exists same ¢ (-1, 1) such that f'(c)=0

Now;f(€)=0 ='2¢=0 = c=0

Clearly, value of ¢ lie in the interval (-1, 1) hence, Rolle’s theorem is verified.
2. f(x)=x*=x-12in [-3, 4]
Sol. Here, we observe that

(i) f(x) being polynomial function of x. is continuous on the interval [—3, 4]
(i) f*(x)=2x—1. which clearly exist for all value of x&(-3, 4)

So, f(x) is differentiable on the open interval (-3, 4)
i) £(-3)=(-3) =(-3)-12=0; f(4)=(4) -4-12=0 - f(-3)=/(4)
Thus, all the conditions of Rolle’s theorem are satisfied
So, there mustexist some ¢ (-3, 4) such that f'(c)=0;

Now, f’((-')zo = 26-1=0 o s c:%

Clearly, the value of ¢ lies in the interval (—3,4). Hence, Rolle’s theorem is verified.
3. f(x)=x*-5x%6 inf2 3]
Sol. Here, we observe that

(i) f(x) being a polynomial function of x, is continuous on the interval [2, 3].
(ii) f'(x)=2x-5, which clearly exists for all value of x &(2, 3).

So, f(x) is differentiable on the open interval (2, 3).
Gii) £(2)=(2)"-5%2+6=0; f(3)=(3)-5x3+6=0 .. f(2)=/£(3)
Thus all the condition of Rolle’s theorem are satisfied.

So these must exist some ¢ €(2, 3) such that f'(c)=0.




Sol.

Sol.

Sol.

Now, f'(¢)=0 = 2¢-5=0 = ¢=

|

]

Clearly, the value of ¢ lies in the interval (2, 3). Hence, Rolle’s theorem is verified.
f(x)=x*-3x-18 in [-3, 6].
Here, we observe that

(i) f(x) is being a polynomial function of x, is continuous on the interval [—3, 6]
(i) /'(x)=2x-3, which clearly exist for all value of x< (—3, 6).

So, f(x) is differentiable on the open interval (-3, 6)
(i) 7(-3)=(-3)"-3(-3)=18=0: f(6)=(6)"-3(6)=18=0 . f(-3)=r(6)
Thus all the condition of Rolle’s theorem are satisfied.
So, there must exist some ¢ (-3, 6) such that f'(¢)=0

Now f'(¢)=0 =2¢-3=0 = c:%

Clearly, the value of ¢ liein the interval (—3, 6). Hence, Rolle’s theorem is verified.
f(x)=x"—4x+3 in[1, 3]
Here, we observe that

(i) f(x) being a polynomial function of x, is continuous on the interval [1, 3].
(ii) f'(x)=2x—4 which clearly exists for all value of x € (1, 3).

So, f(x) is differentiable on the open interval (1, 3).
Gii) £(1)=(1) -4(1)+3=0; £(3)=(3) -4(3)+3=0 - F()=s(3)
Thus, all the condition of Rolle’s theorems are satisfied.

So, there must exist some ¢ < (1. 3) such that f'(¢)=0

Now, f'(c)=0 = 2c-4=0 = 2¢=4 = c¢=2

Clearly, the value of ¢ lie in the interval (I,3). Hence Rolle’s theorem is verified
f(x)=x(x-4) in [0, 4]

f(x)=x(x-4) = fx)=x(x"-8x+ 16) = f(x)=x'-8x"+16x
Here, we observe that

(i) f(x) being a polynomial function of x, is continuous on the interval [0, 4].
(i) /'(x)=3x"—16x+16 which clearly exists for all value of x (0, 4).
So, f(x) is differentiable on the open interval (1, 3).
(iii) £(0)=(0)-8.0+160=0; f(4)=(4) -8(4) +16(4)=0 .. f(0)=/(4)
Thus, all the condition of Rolle’s theorems are satisfied.
So, there must exist some ¢ (0, 4) such that 7'(0)=0.

Now, f'(¢)=0 = 3c®-16c+16=0 = 3¢’ -12c—4c+16=0

= 3c(c-4)-4(c-4)=0 = (c-4)(3c-4)=0 = c=%,4.



Sol.

Sol.

Sol.

But c=4¢(0,4). .-.c=§e(0, 4)

Clearly, the value of ¢ lie in the interval (0, 4). Hence Rolle’s theorem is verified.
f(x)=x*-7x*+16x-12 in [2, 3]

Here, we observe that

i f (x] being a polynomial function of x, is continuous on the interval [2, 3].

(i) f'(x)=3x"—14x+16, which clearly exists for all value of x (2, 3).
So, f(x) is differentiable on the open interval (2, 3).
Gii) £(2)=(2)-7(2) +16(2)-12=0; f(3)=(3) -7(3) +16(3)-12=0 .. f(2)=r(3)
Thus, all the condition of Rolle’s theorem are satisfied.
So, these must exist some ¢ & (2, 3) such that f'(¢)=0

Now, f'(c)=0 =3c"-14c+16=0 = 3¢°—6¢—8c+16=0
= 3¢(c-2)-8(c=2)=0 = (3¢-8)(c-2)=0 = 3¢=8 .. c=~§—'e(2, 3), 6=2&(2.3)

Clearly, the value of ¢ lies in the interval (2, 3). Hence, Rolle’s theorem is verified.
f(x)=x"+3x"-24x-80 in [-4, 5]
Here, we observe that

(i) f(x) being a polynomial function of x, is continuous interval [-4, 5].
(ii) f’(x) =3x” + 6x—24, which clearly exists for all value of x < (—4, S)
So, f(x) is differentiable on the open interval (-4, 5).
(iii) £(<4)=(-4) +3(-4) -24(-4)-80=0
= f(5)=2(5) +3(5) -24(5)-80=0 - f(-4)=1(5
Thus, all the condition of Rolle’s theorems are satisfied.
So, there must exist some ¢ € (—4, 5) such that f’ (c) =0.

Now, f'(c)=0 = 3c*+6c-24=0 = 3(c*+2c-8)=0

= (c-2)(c+4)=0 . e=2-4 ..c=-4¢(4,5), c=2¢(-4,5)

Clearly, the value of ¢ =2 liein the interval (—4,5). Hence Rolle’s theorem is verified.
f(x)=(x=1)(x—2)(x=3) in [1,3]

F(x)=(x-1)(x-2)(x-3) = f(x)=x"-6x+11x-6

Here, we observe that

(i) f(x) being a polynomial function of x, is continuous on the interval [1, 3]
(i) f'(x)=3x"—12x+11, which clearly exists for all value of x & (1, 3)
So, f(x) is differentiable on the open interval (1, 3)

Gii) £(1)=(1) -6(1) +11(1)-6=0; £(3)=(3) -6(3) +11(3)-6=0 .. f(1)=7£(3)

Thus, all the condition of Rolle’s theorems are satisfied.



10.

Sol.

1.

Sol.

12.

Sol.

So, these must exist some ¢ < (1, 3) such that f'(¢)=0

o 12+4/144-132

Now, f'(c)=0 = 3¢’-12¢+11=0 =

C_12+J1—2 1

= ¢c=2+—

6 3
Clearly, both the value of ¢ lie in the interval (1, 3). Hence, Rolle’s theorems is verified.
f(x)=(x-1)(x- 2)2 in [1, 2]
f(x) =(x—])(x—2): =.7(%) =(x—l)(:r3 —4x+4) =f(x)=x"-5¢+8x—4
Here, we observe that

(i) f(x) being a polynomial function of x, is continuous on the interval [1, 2]A
(i) f'(x)=3x"—10x+8, whichclearly exists for all value of x (1, 2).
So, f(x) is differentiable on the open interval (1, 2).
i) £(1)=(17=5(1)" +8(1)-4=0; £(2)=(2)'-5(2) +8(2)-4=0 - f(1)=/(2)
Thus all the condition of Rolle’s theorems are satisfied
So, these must exist some ¢ (1, 2) such that f'(¢)=0

Now, /'(¢)=0 = 3¢*-10c+8=0 =>3¢’-6c-4c+8=0 = 3¢(c-2)=4(c=2)=0

4
o2

=
3

= (3¢-4)(c-2)=0 = (3¢-4)=0o0r(c-2)=0 = c=
But ¢=2¢(1, 2) and c:-;ie(i, 2). Hence, Rolle’s theorem is verified.

f(x)=(x~2)"(x-3) in [2,3]
Here, we observe that

(i) f (x) being a polynomial function of x, is continuous on the interval [2,3]
(i) £(x)=(x=2)" {3(c-3) }+ (x-3) {4(x-2)'}
=(x-2)’ (x-3) {3(x-2)+4(x-3)} =(x-2) (x-3)’ Bx=6+4%-12)
= f'(¥)=(x-2) (x=3)"(7x~18), which clearly exits for all value of ¥ € (2, 3).
So, f(x) is differentiable on the openinterval (2, 3).
i) 7(2)=022.2-3V=0; OO (B-3)=8 = f2)=70)

Thus all the condition of Rolle’s theorem are satisfied.

So these must exists some ¢ € (2, 3) such that f'(¢)=0.
Now, f'(¢)=0 = (r:--2)3 (C-3): (7¢-18)=0 = 7¢-18=0 rejecting2and3 ..c=—

Clearly, the value of ¢ lie in the interval (2, 3). Here, Rolle’s theorems is verified.

f(x)=ﬁ in [—1, 1]

Here, we observe that



(i) f(x) being a polynomial function of x, is continuous on the interval [—l, 1]
1 =¥
(ii) f'(x) =—p—=(-2x)=——=—=, which clearly exists for all value of x € (-1, 1).
L e B 8 (-11)

So, f(x) is differentiable on the open interval (-1, 1)

Gii) £(-1)=y1-(-1) =0; f()=+I-1=0 .. f(-1)=£(1)
Thus all the condition of Rolle’s theorem are satisfied.

So, these must exists some ¢ (-1, 1) such that f'(c)=0.

A

Now, f'(¢)=0 = -

1-¢

Clearly, the value of ¢ lies in the interval (—1, I) . Hence. Rolle’s theorem is verified.

. T T
13. s e
f(x)=cosx 1n|: - 2}
Sol. Consider f(x)=cosx in [—%, %]

Since the cosine function is continuous at each x € R, it follows that f (x) = CcosX is continuous on

[—%, -;EJ Also, f'(x)=-sinx, which clearly exists for all x e (ggj :

So, f(x) is differentiable on [% gj Also f[i]: f[ﬂzo.

Thus, all the condition of Rolle’s theorem are satisfied.

So, there must exist a real number ¢ € [—% %] such that f '(c) =1
Now; 7'(¢)=0 = —sinc=0 = ¢=0.
Thus c=0¢ (—%, %J such that f*(c)=0. Hence, Rolle’s theorem is verified.

14.  f(x)=cos 2xin]0, 7]
Sol. Consider f(x)=cos2x in [0, 7]
Since the cosine function is continuous at each x € R, it follows that f (x) =¢0s2x 1s continuous on
[0, z]. Also f*(x)=-2sin2x, which clearly exists for all x & (0, 7).
So, f () is differentiable on (0, 7). Also f(0)=(7)=0.
Thus, all the condition of Rolle’s theorem are satisfied.

So, there must exist a real number ¢ € (0, 7) Such that f'(¢)=0

Now, f'(¢)=0 = -2sin2¢=0 = sin2c=0 :>2c=;r=c=%e(0, 7)

Here, Rolle’s theorem is verified.
15. f(x)=sin3x in [0, JT]

Sol. Consider f(x)=sin3x in [0, 7]



Since the sine function is continuous at each x € R, if follows that f(x)=sin3x is continuous on
[0, fr]A Also, f’(x)=3cos3x, which clearly exists for all x (0, 7).
So, f(x) is differentiable in (0, 7). Also, f(0)=f(z)=0.

Thus, all the condition of Rolle’s theorem are satisfied.

So, these must exist a real number ¢ (0, 7) such that f'(¢)=0

Now, f'(¢)=0 = 3cos3c=0 = 00530:005% = 3{:*:% c:%

Thus, ¢ =% € (0, ) such that f’(c)=0.Hence, Rolle’s theorem is verified.

16. f(x)=sinx+cosx in \‘O%j]

Sol. Consider f(x)=sinx+cosx in [0, 4;—-]

The sine function, the cosine function and its sum is continuous function, so that f (x) is continuous

on {0, E].
2

Also, f'(x) =cosx —sin x, which clearly exists for all value of x E[O,%J :

So, f(x) is differentiable on [0, %} Also f(0)= f[%] =1
Thus, all the condition of Rolle’s theorem are satisfied.

So, these must exits some ¢ E[O, %] such that f'(c) =0.

; , z
Now, f'(¢)=0 = cosc—sinc=0 = cosc=sinc :>tanc:1:t,an-:4- 1

Thus, ¢= % E{O, %\ such that f'(c) =0 . Hence, Rolle’s theorem is verified.
J

17.  f(x)=e*sin x in [0, 7]

Sol. Consider f(x)zg in [0,7].
€

Since ¢*#0, for any x€[0,z] and f(x) is the quotient of two continuous function, if follows that

£ (x) is continuous on [0, z].

e'cosx—e'sinxy cosx—siny

2x x

e

Also, f'(x) = , which clearly exists forall x (O, JI').

So f(x) is differentiable on (0,7) such that f’(c)=0.

cosc—sinc ;
‘. —.:20 = cosc—sinc=0

e

= tanc=1= tan-z- o, %:—e (0,7) Hence, Rolle’s theorem is verified.



s i | Z 3%
18. f(x)fe (smx cosx) m[4, 4]

Sol. Consider f(x)=e*(sinx—cosx) = f(x)= sin x — cos x

X

e
: 5 " " : .
Since e* %0 for any x e[% TK:I and f(x) is the quotient of two continuous function, if follows

that f(x) is continuous on [% %z‘]

e*(cosx+sinx)—(sinx—cosx)e® e (cosx+sinx—sinx+cosx)
(=) _ ()
2cosx

f'(x)==———, which clearly exists for all x e [% S—I]
e

Also f'(x)=

So, f(x) is differentiable on (0, 7). Also f[%] = f(S;r] =0.
So, all the condition of Rolle’s theorem are satisfied.
. These must exists ¢ (-a{, é‘—;-{] such that f’(c) =0.

Nowf'(c) 0 = ch?rsczo —> cose=il Li c:%
o

Il

Thus, ¢ :% € (%5{] such that f'(c) =0. Hence. Rolle’s theorem is verified.

19. f(x)=sinx—sin2x in [0, 27]
Sol. Consider f(x)=sinx—sin2x in [0, 271']

Since the sine function is continuous, it follows that g(x)=sinx and A(x)=sin2x are both
continuous and so their difference is also continuous.
Consequently, f(x) = g(x) = h(x) is differentiable on (0, 2;:).
Also, f'(x)=(cosx—2cos2x), which clearly exists for all x [0, 27|
f(x) isdifferentiable on (0, 27)

Thus, all the condition of Rolle’s theorem are satisfied.
So, these must exist a real number ¢ <(0, 27) suchthat 7'(¢)=0

Now, f'(¢)=0 = cosc-2¢0s2c=0 = cosc—Z(Zcoszc—l):O

= cosc—4cos’c+2=0 = 4cos’c-cosc=2=0

1+4/33
3
= ¢=32°32' or ¢ =126°23"

= cosc= =0.8431 or —-0.5931 = cosc=0.8431 or cos(180°~c)=0‘5931

Thus ¢ € (0, 27) such that /’(¢)=0. Hence, Rolle’s theorem is satisfied.

20. f(x)=x(x+2)e" in[-2, 0]

Sol. Since a polynomial function as well as an exponential function is continuous and the product of two
continuous function is continuous.



21.

Seol.

If follows that £ (x) is continuous on the given interval [-2, 0]

Now f'(x)=e"(2x+2)+(x* +2x)e* = f'(x)=e"(2x+2+x" +2x)

= @)= e“'(xl +4x+ 2), which is clearly finite for all value of x in (-2, 0).
So, f(x) is differentiable on (-2, 0). Also f(-2)=f(0)=0.

Thus, all the condition of Rolle’s theorem are satisfied.
So, these must exist ¢ € (2, 0) such that f'(¢)=0.

=% ec(cz+4c+4):0 = ¢“=0o0rc¢’+4c+2=0

- C:(—4)¢,/(-4)2_4,1.2 R o o |

2x1 2

c=-4i2\5-=—2i\/§ = E=2+2,-2-42

2
But ¢=-2 —JEGE(-—Z, 0) 2 “Sf2 €(—2,0). Hence Rolle’s Theorem is verified.

. /
Show that f(x)=x(x~5) satisfies Rolle’s theorem on [0, 5] and that the value of ¢ is %)
\

Since a polynomial function is every where continuous and differentiable, the given function is
continuous as well as differentiable on every interval.

Also f'(x)z(x-5]2_1+x_2(x-5) = f{x)=(x-5){x—5+2x}
= f'(x)=(x—5)(3x—5), which clearly exits for each x (0, 5).
Also f(0)= f(5)=0- Thus, all the condition of Rolle’s theorem are satisfied.

So, there must exist ¢ (0, 5) such that f'(¢)=0.

Now, f'(€)=0 = (c-5)(3¢-5)=0 .. r::%,s,rejectingS,

Thus ¢= % = (O, 5) . Hence, Rolle’s theorem is verified.

Discuss the applicability of Rolle’s theorem, when:

22.

Sol.

23.

Sol.

f(x)=(x=1)(2x-3), where 1<x<3
Consider f(x) =(x— l)(2x—3) in [1, 3] = f(x)=28F~5x43

Since a polynomial function is continuous and differentiable every where, the first two conditions of
Rolle’s theorem are satisfied.

But f(1)=2(1)"-5(1)+3=0 and (3)=2(3)"-5(3)+3=6
f(l)if(3)A Hence, Rolle’s theorem is not applicable for f(x) = (x—l)(f —3} in [l. 3]A
f(x)=x""on [-1,1]
Consider f(x)=x"*in [-1,1]
FE)=(R 2= So (1= 7()

G ]

Hence, Rolle’s theorem is not applicable to f(x)=x" in [-1, 1].



24,

Sol.

25,

Sel.

26.

Sol.

27.

Sol.

f(x)= 2+(x—1)3':3 on [0, 2]
Consider f(x)=2+(x—1)""in [0, 2]. f(0) =1, £(2)=2+1** =3 Since £(0)=/(2).

Hence, Rolle’s theorem is not applicable to f(x)=2+(x-1)"" in [0, 2].
f(,vr)=.::os.l on [-1,1]
JE

Consider f(x):cosl in [-1, 1]
x

It is undefined at x = 0. Hence, discontinuous at x=20,
= The conditions of Rolle’s Theorem are not satisfied.

f(x)=[x] on [-1, 1], where [x] denotes the greatest integer not exceeding x
Consider f(x)=[x] in [—l, l]
FED)=[=]=-L7(1)=[1]=1.S0, f(-1)= /(1)
Hence, Rolle’s theorem is not applicable to f(x)=[x] in [-1,1].
Using Rolle’s theorem, find the point on the curve y=x(x—4),x [0, 4], where the tangent is
parallel to the x -axis.
Consider f(x)=x—4x in [0, 4]

Now, the polynomial function being continuous and the constant function being continuous, it follows
that their difference x* —4x is continuous.

So, f(x) iscontinuous on [0, 4].  f’(x)=2x—4. which exists forall x € (0, 4).
f(x) is differentiableon (0, 4). Also f(0)=f(4)=0.

So, all the condition of Rolle’s theorem are satisfied.

So, these must exist some ¢ € (0, 4) such that f"(¢)=0.

Now, F'(¢)=0i ='2¢-4=0 = 2c=4 .. c=2

Hence the pointis x=2
y=2"-4x2=A4-8=—4,



LAGRANGE’'S MEAN-VALUE THEOREM (XII, R.S. AGGARWAL)

EXERCISE 11 D (Pg. No.: 490)

Verify Lagrange’s mean-value theorem for each of the following function:

1.
Sol.

Sol.

Sol.

f(x)=x"+2x+3 on [4, 6]
Consider f(x)=x"+2x+3 in [4, 6]. The given functionis f(x)=x"+2x+3
It being a polynomial function, is continuous on [4, 6]A

Also, f'(x)=2x+2. which exists forall xin (4, 6). So, f(x) is differentiable on (4, 6).
Thus, both the condition of Lagrange’s mean-value theorem are satisfied.

So, there must exist some ¢ € (4, 6) such that

f(6)=(6) ¥2x6+3=51; f(4)=(4)' +2x4+3=27

f'(~’-’)=f—(%l ot P on eSS e Dol el
¢=5 e (4, 6) such that f'(c):%

Hence, Lagrange’s mean- value theorem is verified.

f(x)=x"+x—-1on [0, 4]

Consider f(x) =x* +xTFin [0, 4]. It being a polynomial function, is continuous on [Oq 4]
Also f'(x)=2x+1, which exists forall x in (0, 4). So, f(x) is differentiable on (0, 4).

Thus, both the condition of Lagrange’s mean-value theorem are satisfied.

So, there must exist some ¢ € (O, 4) such that

f(4)=(4) +4=1=19; f(0)=-1

.f'(c)=M =5 2c+l:L(_l) s Dt g
4-0 4 4
Thus 2¢=4 :>c:2€(0,4) such that f’(c):f(‘?ig(o)

Hence, Lagrange’s mean-value theorem is verified.
f(x)=2x"-3x+1on [l 3]

Consider, the given functionis f(x)=2x"—3x+1.
It being a polynomial function, is continuous on [1, 3].

Also, f'(x)=4x-3, which exists forall x in (1, 3). So, f(x) is differentiable on (1, 3).
Thus, both the condition of Lagrange’s mean-value theorem are satisfied
So, there must exist some ¢ € (1, 3) such that

(=201 -3(1)+1=0; £(3)=2(3)"-3(3)+1=10



Sol.

Sol.

Sol.

£e=28=70) f(3) f() 3_10-0

~1 :40*J=T => 4c-3=5 = 4=8 =—=c=2
1
Thus c=2 ¢ (l, 3) such that f'((:) f("?)’ -lf( )

Here, Lagrange’s mean-value theorem is verified.

f(x)=x+x"-6x on [—1, 4]

Consider the given functionis f(x)=x"+x"—6x

It being a polynomial function is continuous on [vl, 4] L

Also, f'(x)=3x"+2x—6, which exists forall xin (-1, 4). So, f(x) is differentiable on (-1, 4).

Thus, both the condition of Lagrange’s mean value theorem are satisfied.

So, these must exist some ¢ €(—1, 4) suchthat
F(ED) =) (-1 —6(-1)=6; f(4)=(4) +(4)" -6x4=56
f'(c):f__(':):(,,.__é]();l)_ = 3cl+2c-6:£;6 = 3¢ +2c-6=10
= 3¢ +2c-16=0 = 3¢"+8¢-6c-16=0 = ¢(3c+8)-2(3¢+8)=0 .. (¢—2)(3¢+8)=0
s.¢=2,-8/3, but ¢ #-8/3. Hence, Lagrange’s mean-value theorem is verified.
f(x)=(x—4)(x-6)(x—8) on [4,10]
Consider f(x)=(x—4)(x—6)(x—8) in [4,10].
The given function is f£(x)=x’ —18x" +104x~192.
It being a polynomial function, is continuous on [4, 10].
Also f'(:r)-—_?;:vr2 —36x+104, which exists forall x in (4, 10). So, f(x) is differentiable on (4, 10).

Thus, both the condition of Lagrange’s mean-value theorem are satisfied.

So, there must exist some ¢ € (4, IO) such that
£(4)=(4-4)(=6)(4-8)=0:
f(10)=(10-4)(10-6)(10-8) =6x4x2=48

10)- £ (4 "
f'(c)zf—(-:-}g-ii() sgle’ - "6c+104—~% = 3¢=36¢+104=8=0

= 3¢*-36c+96=0 = 3(=12c+32)=0"= ¢’ —12e+32=0
= ¢’ -8¢—4c¢+32=0 = c(c-8)-4(c-8)=0 = (c-4)(c-8)=0 . c=4,8

£(10)-7(4)

~ ¢=8¢(4,10) and c=4¢ (4, 10) suchthat f'(c)= T

Hence, Lagrange’s mean-value theorem is verified
f(x)=e"on [0, 1]

Consider the given functionis f(x)=e".

It being a exponential function, is continuous on [0, l].

Also, f'(x)=e", which exists forall x in (0,1). So, f(x) is differentiable on (0, 1).



Thus, both the condition of Lagrange’s mean-value theorem are satisfied.

So, these must exist some ¢ (0, 1) such that
70)=(07" =0 = £()=()" =1

) 1)-£(0 2 1 1-8 2 o 2 2y’
f(c):% =3 T T TfF 3 ¢ C:[_]

3
c= [%J (= (0, l) . Hence, Lagrange’s mean-value theorem is verified.
L

7. f(x)=x"" on[0,1]
Sol. f(x) isa polynomial function. Soiit is continuous on [0, 1]
Fx) =2 = jfi(x)= %x‘“"' . it is differentiable at (0. 1).

So, the conditions of Lagrange’s Mean Value theorem are verified.
f(0)=0"=0

70)=0)" =1
fr(x)___f(b)_f(a) =5 2x—|-3 ¥ 1=

o

b—a 3 1-

w |

|
= ——=1
R

L]

g xus:g_ sy g.} :_-8—_50,3523—5(0, ])-
3 3) 27 27

Hence, Lagrange’s Mean Value theorem is verified.
8. f(x)=logx on [l e]
Sel. Consider f(x)=logx in [1, e]. The given function is f(x)=logx.

It being a logarithmic function, is continuous on [1, ].

Also, f'(x) :l, which exists forall x in (1, e). So, f(x) is differentiable on (1, ).
X

Thus, both the condition of Lagrange’s mean-value theorem are satisfied.

So, there must exists some ¢ € (1, e) such that

f(e)=loge=1 = f(1)=logl=0

f’(c):—'f(egiif(l) 3%:% = --é—:-;’-—l_—i =>c=e~1
c=e—1¢ (1, ) such that f’(c)z-—-—-————f(ee:{(l).

Hence, Lagrange’s mean-value theorem is verified.
9. f(x)=tan"'xon[0,1]
Sol. Consider the given f(x)=tan"'(x) in [0, 1]

It being a inverse trigonometric function, 1 continuous on [0, l].

Also, f'(x)= I+lx3 , which exist for all x in (0, 1). So, f(x) is differentiable on (0, 1).

Thus, both the condition of Lagrange’s mean-value theorem are satisfied.



So, there must exist some ¢ € (0, 1) such that

f(1)=:an-‘(1)=§; F(0)=tan"'(0)=0

T

= 5
f(c) M L:4_ 1 :£ " i:1+c
1+¢° /4

=¥ =——I == +J—_— \[:e(l e) such that f(c)—f(l) f(O)

Hence, Lagrange’s mean-value theorem is verified.

10. f(x)=sinx on [z 5’1
2, 2

Sol. Consider the given function is f(x)=sinx in [% 5?21

2 2 ; 4 % ; TS
It being a trigonometric function, is continuous on [5 ?]

Also, f’(x)=cosx, which exist forall x in (; 52 J So, f(x) is differentiable on (% 5?”]

Thus, both the condition of Lagrange’s mean-value theorem are satisfied

; g S
So, these must exist some ¢ e(—z— —2—} such that

f[%} :singzl; f(%rjzsin(%r]: siu%zl

4 2 & Su
= cosc—sinc=0 =>cosc=sin¢ ..c=—,—
E—O 4 4
2
T [Jr 51’!] St (Jr S?r]
But c=—¢|—, — |, s0¢c=—=¢g| —, — |.
4 2" & 4 z2 2

Hence the Lagrange’s theorems is satisfied.

11. f(x)=sinx+cosx on [0%}
Sol. Consider the given function is f(.x) =sinx+cosx in [0%]
sinx and cosx are always continues on [0, %}
Also f*(x)=cosx—sinx, which exist forall x in [0 —} So, f(x) is differentiable on [ fzr}

f(0)=sin0+cos0=0+1=1 :f[%]:sin[%]+cos§=l+0=l

Thus both the condition of Lagrange’s theorem is satisfied.



12.

Sol.

13.

Sol.

14.

Sol.

1
So, there must exist ¢ € [O, —j such that f'(c)= = cosc—sinc =
7 T V4
=1 2

= ¢osc—sinc=0 =5 cosc=sine =>tanc=1 ..¢ :% €(0, z/2)
Hence Lagrange’s mean value theorem is satisfied

Show that Lagrange’s mean-value theorem is not applicable to f(x)= | x| on [—l, l]
As the graph of y =|x| is shown. which is

clearly not differentiable at x=0. ( As it
has comer at x=0) Hence, the Lagrange’s

mean-value theorem is not applicable to

F@)=lx].

Show that Lagrange’s mean-value theorem is not applicable to f(x)= = on [-11].
X
Clearly y :lis undefined at x = 0. Hence discontinuous at x=0.
y =

. . 1
Hence, the Lagrange’s mean-value theorem is not applicable to f(x)=—.
X

Find ¢ of Lagrange’s mean-value theorem for
(@) f(x)=(x'-3x*+2x) on [0, %] (i) f(x)-v25-% on[1, 5]
(i) f(x)="x+2 on [4, 6]

) f(x)=x"-3x"+2x = f'(x)=3x"-6x+2 = f(0)=0

- G o

1
f[z)—f(o) ) guo ) 3 i
Now, f'((-’)=——-—' s Jem =60+ 2="—— = 3¢ e+ 2=—y5
1, 1 8 1
B 2
2 3 2.2 3 2 5 2
= 3¢ _6C+2=Z = 3¢ —6c+2—5=0 — —Gc+-‘-1-=0 = 12¢° -24¢+5=0

=>C

_ 245(24) -4(12)x5 L, 2424336

2x12 24

+
o= HEN2L j’z‘mﬁiéms(,c:l_%me(o, %)

2

| X

(ii) The given functionis f(x)=v25-x = j'(x):ﬁ(—z.r):ﬁ
F(1)=y25-(1) =v24=2J6; f(5)=V25-25=0



15.

Seol.

16.

Sol.

: ,_f(s)“f(l) —C _0-2\/6 ¢ _J— ) .
FO=TE S ey = = S %= lEs

= 4c*=6(25-c") > 4c?=150-6¢" = 10°=150 = =15 - c=415

t e=+f15¢(1,5) and c=—/15¢(1, 5)

(iiii) The given functionis f(x)=vx+2 = f'(x)=
f(4)=Va+2=V6; f(6)=V6+2=+8
f,(c)zf(ﬁ)—f@) L1 B l

1
2Jx+2

64 2dex2 2 -6
: 1 B+ oy Y86 —_8+Y6
:>C+2_J_J_J§+«/_ e e => sfc+2 = >
:>C+2:M =2(c+2)=7+8V6 = 2c=3+8J6
= 2c=3+2223 = 2c=3+4(1731) = 2c=3+6924 el )

Using Lagrange’s mean-value theorem, find a point on the curve y =x°, where the tangent is parallel
to the line joining the points (1, 1) and (2, 4)

Let us apply Lagrange’s mean value theorem for the function f(x)=x’ in the interval [1, 2 ]

Now, f(x)beinga polynomial function, it is continuous on [L 2 ]

Also, f'(x)=2x, whichexists forall x&]|1, 2[.

Thus, both the condition of Lagrange’s mean-value theorem are satisfied.
f(2)-7() _4-1
(2-1) 1

So, there must exist a point ¢ € ] 1.2 [ such that f'(¢)= —3

Now, f'(¢)=3 = 2¢=3 zc=%e]l,2[

3 5 3y ©
Now x=—and y=x" =>y=|—| ——.
g e & (2] 4

- 9 . X =
Thus, at the point [% ZJ on the given curve is parallel to the chord joining (1, 1) and (2, 4).

Find a point on the curve "y = x’, when the tangent to the curve is parallel to the chord point (1, 1) and
(3, 27).

Let us apply Lagrange’s mean-value theorem for the function now f(x)=x’ in the interval [1, 3]
Now, f(x) being a polynomial function, so it is continuous on [l, 3]‘

Also f'(x)=3x’, which exists forall x € (1, 3). So, f(x) is differentiable on (1, 3).

Thus, both the condition of Lagrange’s mean-value theorem are satisfied

So, these must exist a point ¢ €(1, 3) such that

FO=0y =1 = 7()=() =27



17.

Sol.

18.

Sol.

f’((;):M = 3c=— = 3(.’“:2726 = ¢t ="

3-1
= C=J§ = c=\/3_§ = C=@E(],3)
6 3
J36]3"39XJ§§:J3J§6

3 ] 3x3x3 9

(¥]

Now,x:@, and y=x = y:{

Thus at the point [@, 13\9{5

|

} on the given curve the tangent is parallel to the chord joining (1, 1)

and (3, 27).

Find the point on the curve y =x° -3x, where the tangent to the curve is parallel to the chord joining
(1,-2) and (2, 2).

Let us apply lagrange’s mean value-theorem for the function f(x)=x"=3x inthe interval [1, 2]
Now, f(x) beinga polynomial function, it is continuous on [l, 2]. f(x)=3x-3
Also, f’(x) is differentiable on (1, 2).

Thus both the condition of lagrange’s mean-value theorem are satisfied.

So, these must exist a point ¢ € (1, 2) such that

FO=) -3()=-2: 7(2)=(2) -3(2)=2
f'(c)= f(2) _“f(l) 2 2_(_2) s

= 3" =3=———=
2-1 2-1

=% 3 =7 :>CIiJE c:Jze(l,Z)
3 3
7 . : -
NOW,X:J: and y=x"-3x= Jz 3 7 = ,7_(_?__3 —5 y=_2 7
3 3 3 3.3 3 \3
Thus at the point JEZJE
37 3\3

On the given curve the tangent is parallel to the chord joining (1, —2) and (2, 2).
If f(x)=x(1-logx), where x>0 show that (a—b)lo_g-c:b(l—logb)—a(l ~loga), where

O<a<c<b.

Let us apply Lagrange’s mean-value theorem for the function f(x)=x(1-logx).

Now, f(x) being a polynomial and logarithms function, it is continuous for all x>0
and f'(x) = x[—l]+l —log x =—log x, which exist forall x>0.
:

#'(¢)= f(bziﬁ(a) b(l—logbgiz(l-—loga)

o (a—b)loge=b(1-logh)—a(l-loga), where 0 <a<c<b.

= —logec=



MAXIMA AND MINIMA (XII, R.S. AGGARWAL)

EXERCISE 11 E (Pg.No.: 506)

Find the maximum or minimum values, if any, without using derivative of function :

1.

Sol.

2.

Sol.

Sol.

4.

Sol.

Sol.

(5x-1)" +4
Let f(x)=(5x- l): +4 Its minimum value is 4, when Sx—1=0_

But its maximum value can not be found because when x increases, then f(x) increases, so f(x)

does not have maximum value.

~(x-3)"+9

Let f(x)= —(x-—3)2 +9, we know that (x —3)2 =0 =3 —(x—3): <0

= —(x-3) +9<0%9 = f(x)<9

= maximum value of f(x)=9, which occurs as x=3 called point of absolute maxima and
minimum value of f (x) does not exist.

-| x+4|+6

Weknow that [x+4|>0 = —|x+4|<0 = —(x+4)+6<0+6 = f(x)<6

= maximum value of f(x)=6, which occurs at x=-4 called point of absolute maxima and
minimum value of f(x) does not exits.

sin2x+5
We know that, forall x = —1<sin2x<1 = 5-1<sin2x+5<5+1 = 4< f(x)<6

= minimum value of f(x)=4 and maximum value of f(x)=6.

sin4x+3|
We know thatforall x = —-1<sindx<]l = 3-1<sindx+3<1+3

= 2<sin4x#3<4 = |2|<[sindx+3|<|4]| = 2<f(x)<4

Minimum value of f(x)=2 and maximum value of f(x)=4:

Find the point of local maxima or local minima and the corresponding local maximum and minimum
value of each of the following functions.

6.

Sol.

£(x)=(x-3)°

Given, f(x)=(x-3)" - f'(x)=4(x-3)  ve -
Now, f'(x)=0 = 4(x-3)’=0 = x-3=0 = x=3
f'(37)=-ve and f'(3") =+ve

*. x=3 is a point of local minima, and local minimum value f(3)=0




. f)=¥
Sol. Given, f(x)=x* .. f'(x)=2x and f"(x)=2
Now, f'(x)=0 = 2x=0 = x=0and f"(0)=2>0
x =0 is a point of local minimum, local minimum valueis f(0)=0.
8. f(x)=2x-21x*+36x-20
Sol. Given, f(x)=2x"-21x*+36x-20 .. f'(x)=6x’-42x+36
Now, f'(x)=0 = 6x°-42x+36=0
=5 6(x3*7x+6)=0 % 6(x3~6x—x+6)=0
= 6{x(x-6)-1(x-6)}=0 = 6(x-6)(x-1)=0=x=1,6
also f"(x)=(2x-42)= f"(1)=-ve.
<. x=1 is a point of local maximum, local maximum value = £ (1)=2(1)’ -21(1)° +36(1)-20=-3
x =6 is a point of local minimum, . /"(6)=30=> f"(6) is +ve local minimum value
f(6)=2(6)" ~21(6)" +36(6)-20=-128
9. f(x)=x—6x"+9x+15
Sol. Given; f(x)=x"—6x"+9%x+15 . f'(x)=3x-12x+9 and f"(x)=6x—12
Now, f(x)=0 = 3x*-12x+9=0 = 3(x’-4x+3)=0
= 3(x-1)(x-3)=0 = x=1,3
. x=1 is a point of local maximum.. ”(1)=-6 ." local maximum at x=1
Local maximum value £ (1) =(1)' =6(1)° +9(1)+15=1-6+9+15=19
x=3 is a point of local minimum.- f"'(3)=+ve. Hence, local minimum at x =3
Local minimum value f(3) = (3)" —6(3)" +9x3+15=27-54+27+15=15
10.  f(x)=x"—62x"¥120x+9
Sol. Given, f(x)=x"-62x"+120x+9
o f'(x)=4 —124x+120 and f"(x)=12x"-124 =4(3x*=31)
Now, f'(x)=0 = 4x'-124x+120=0 = 4(x-31x+30)=0 = 4(x+1)(x’+x-30)=0

= 4(x+1)(x+6)(x-5)=0 = x=-6,-15 mep—= : i P | : ke
- -1

x =—06 is a point of local minimum,

local minimum value f(~6)=(-6)"—62(~6) +120(~6)+9 =1296-2232-720+9=—1647
x =1 is a point of local maximum,

local maximum value f(~1) = (~1)" =6 (~1)" +120(~1) +9 =1-62-120+9 =173
x =5 is a point of local minimum,

local minimum f(5) =(5)" ~62(5)° +120(5)+9 =625-1550+600+9=-316



11. f(x)=—x"+12x*-5
Sol. f(x)=—x"+12x-5 .. f'(x)=-3x"+24x and f"(x)=—6x+24=-6(x-4)
Now, f'(x)=0 = -3x’+24x=0 = -3x(x-8)=0
= x=0,8 and f"(0)=-6(0-4)=24>0, f"(8)=-6(8-4)=-6(4)=-24<0
. x=0 is a point of local minimum,
local minimum value £ (0) = —(0)’ +12(0)-5=-5
x =38 is a point of local maximum,
local maximum value £ (8)=—(8)’ +12(8)° —5=-512+768~5=251
12. f(.\:)=(Jr—-l}(3r-|-2)2
Sol. Given, f(x)=(x-1)(x+2)’
s L) ={lr—0)2(r+2) + (x+2)" 1) = (x+2){2(x-1)+(x+2)}
=(x+2)(2x—2+x+2) =(x+2)(3x)=3x" +6x and f"(x)=6x+6
Now, f'(x)=0 = 3x(x+2)=0 = x=0,-2and f"(0)=6(0)+6=6>0
x =0 isapoint of local minimum,
local minimum value £ (0) =(0-1)(0+2)" = -4
. x=-2 isa point of local maximum,
local maximum value f(-2)= f(-2-1)(-2+2) =0
13, f(x)=—(x-1) (x+1)’
Sol. Given, f(x)=—(x—1) (x+1) A A
() = (e-1) 2(x+1) + (2 1) 3(x-1)'] A s
=—(x—1) (x+1)[2(x=1)+3(x+1) | =—(x—1)" (x+1)(2r—2+3x+3)
=—(x=1) (x+1)(Sx+1) =—(x—1)" (55" +6x+1) =—(x=1) (x+1)(5x+1)

Fx)=0 wx=L-1 —%

+0o0

. x=-1 isa point of local minima, local minimum Valuef(—wl): -(—1 —1)3 (_1 +1)3 =0
. x=1 1s neither maximum nor minimum.

-1. " =
S xz? is a point of local minimum,

3 2 3 2
local minimum value f(“—ljzm(*—li (~l+]] :m[j] (i] =ﬁ
3 5 5 5 5 3125

14. f(x)z%-t-g, x>0
X

Sol. /()=2+2 - f’(x)=%+2[;—:J:%—% and /*(x)=-2(-2)x> =%



Now f*(x)=0 3l_£a=0 31:& — W S
Z x 2 ¥
4 4 -1 & 1
(-2)= e — 0, "(2)=—=—>0
72 (-2 -8 g o0 e

x=-2 is a point of local maximum, local maximum value of f(-2)= %2+% =—1-1=-2

x =2 is a point of local minimum, local minimum value of f(2) :%4-% =1+1=2

15. Find the maximum and minimum value of 2x° —24x+107 on the interval [-3, 3]
Sol. Wehave, f(x)=2x"-24x+107
Lo fi(x)=6x" =24 ie, f'(x)=6(¥=4), f'(x)=0 =36(x'-4)=0 =x=-22
Now, the critical pointbe x=-3,—-2,2 3
f(-2)=2(=2)"=24(-2)+107 = -16+48+107 =139
f(-3)=2(-3)=24(-3)+107=-54+72+107 =125
f(2)=2(2)' -24(2)+107=16-48+107 =75
£(3)=2(3)" —24(3) +107=54-72+107 =89
Thus f has the maximum at x=—-2 and theminimum at x =2,
The maximum of 7 is 139 and the minimum of f is 75.
16. Find the maximum and minimum value of 3x* =8 +12x° —48x+1 on the interval [1, 4]
Sol. Wehave, f(x)=3x"—8x"+12x" —=48x+1
L f(x)=12x —240° +24x -8 e, f'(x)=12(x"—2x" +2x-4)
Fix)=12{¢* (x-2)+2(x-2)}, f'(x) =12(x-2)(x* +2)
f(%)=0 = 12(»-2)(¥+2)=0 = x=2
Since real roots be x =2, so critical pointbe x=1, 2, 4
F()=3(1)" -8(1) +12(1)' —48(1)+1=3-8+12-48+1=—40
£(2)=3(2)" -8(2)" +12(2) —48(2)+1=48-64+ 48 —96+1=—63
f(4)=3(4)" —8(4)’ +12(4) —48(4) +1=768—512 + 768 =192 +1 =257
Thus f has the maximum at x=4 and the minimumat x=2_

The maximum of f is 257 and the minimum of f is -63

e

17. Find the maximum and minimum value of f(x)=sin x+lgcos 2v in 0<x<—

ye]

Sol. f(x):sinx+%c052x :>f'(x)=cosx+-;-(—sin2x).2

= f'(x)=cosx—sin2x = f’(x)=cosx—2sinxcosx = f'(x)=cosx(I-2sinx)

f(x)=0 = cosx(1-2sinx)=0 = cosx=0 or 1-2sinx=0



=

=

T ; 1
= X==—0r SiI X =—
2 2

RN oy

Now critical point be x =0, %

f(0)=sin0+lcos2.0=l, Vi e :sin£+lcos 2 X :l+l, 112

2 2 6 6 2 6 2 2 x2) #
f[ﬁj-—nsi1’1£+lc05[2.£)=1+i(—1):l
2 2 2 2 2 2

i~y

2 T i1 T a :
Thus f has the maximum at ng and the minimum at x=5 the maximum of f is 2 and the

Yia o
minimum of f 15-2-.

1 i
18. Show that the maximum value of x* is e®

Sol. Let y:[%)‘ =5 S o1 b

Taking log both side, we get, log y = log(x‘r)

= logy ==xlogx :lfé’-:—(x.lﬂogx-]) = lg{z‘(”"’gx)
y dx x y dx

= %z—y(]ﬂogx) .

g (1+log x)—%

dy : Y L ECl
= —==y(1+logx} - = —=x"(1+logx) T

d’y

¥4

=

=x"(1+log x): =
Cty

For maximum and minimum, we must have Z =0.

= —y(1+logx)=0 = l+logx=0 = logx=-1 = x=¢'=

1 1
&y 1) 1y (1)
Also, | ==| ~—[=|"[1+log=| |~
o (5], () (ooe] ()

€

|-

:(e'l): (1-loge)’ —(e'l):_] . (1-1)’ _(erl)_f" D

1
So. x= 1 is a point of local maximum. The local maximum value of y is givenby y = (e)l'
e

19. Show that x+— has a maximum and minimum, but the maximum value is less than the minimum
X

value.
Sol. Let £ (x)=x+—. Now, f'(x)=1-— and /"(x)=—
X e &
f'(x)=0 = ool euE el =5 Walcbon (x-1)(x+1)=0
X X




= (x~1)(x+1):0 = x=-1L1

2 2
and f'(-1)=—==-2<0, f'(1)=—==2>0
(-1) )
x=-1 is a point of local maximum, local maximum value f(-1)=-1 +L ==2

(-1)
x=1 is a point of local minimum, local minimum value f(l) =4 +% =2

Hence, maximum value is less than the minimum value.
20. Find the maximum profit that a company can make, if the profit function is given by
P(x)=41+24x-18x".

Sol. P(x)=41+24x—18x (D
= P'(x)=24-36x ..(2)
= P"(x)=-36forall x ..(3)

P’(x) exists forall x. P'(x):O — 24-36x=0 = x:%

N
P’(%J=—36=*ve = P(x) has local maximum at x =

>

w | ko

Also P(x) is continuous for all x and has only one extreme point.

. : 2 ;
= P(x) is absolute maximum at x = ; and maximum value of

Plxy= P(%J-—41+24(§]—18[§):4l+16-8~49

21. An enemy set is flving along the curve y =(:c2 +2). A soldier is placed at the point (3, 2). Find the
nearest point between the soldier and jet.

Sel. If (a’, a’ +2) is the point on the curve nearest to the soldiers then the normal at that point will pass
through y
; . : -1 f
. Equation of normal is y—(ar +2) = E(x—a)
As it passes through (3, 2) (ace +2)
2-(a*+2)= —L(3—a) "
2a

=20 +a-3=0 = (a-1)(2a°+2a+3)=0 = a=1

Hence the point is (1, 3).
22. Find the maximum and minimum value of f(x)=(-x+2sinx) on [O, 27:]
Sol. Wehave, f(x)=-x+2sinx, /'(x)=-1+2cosx

f(x)=0 = -1+2cosx=0 = 2cosx=1 = cosx:% =5 x:%,%’r

3

So critical pointbe x =0, T 27

Wy



f(0)=-0+2sin0=0, f[i;“]=—_§£+25ingr-=~3— 3‘/2—_-:[?4.\/%

e £ o G
5

~
= & § 2

g z
Thus, f has the maximum at x = 2 and the minimum at x=—.
F: §

The maximum of f is (%-M/?_xj and the minimum if f is —[Tﬂ-+\/§)

EXERCISE 11 F (Pg. No.: 521)

1‘

Sel.

Sol

Sol.

Find two positive numbers whose product is 49 and the sum is minimum.

Let the number be x and ﬁ Let S=x+£.
X X

Then, £=1+49[ 1] R W L

dx dx x* & x
For a maximum or minimum, we have e =0

I

Now,ﬁzo =5 1—4—?:0 =5 ¥ =49 = =7

dx x°
Also _d-:S‘ =1 —98 :ﬁ*)

de’ |, Tx7x7 343

So, x=7 is a point of minimum. Hence. the required number are 7 and 7

Find two positive numbers whose sum is 16 and the sum of whose squares is minimum.
Let the number be x and 16—x.

Let §=(x) #(16—x)" = x* +256-32x+x* = § = 2x* —32x +256

Then, £=4x—32 an d-k? =
‘# 4

For a minimum or minimum, we have §§—: 0,4x-32=0 = x=8
i

Also {j’xs] =4>0. So x=8 isa point of minimum.
x=8

Hence, the required numbers are 8 and 8.

Divide 15 into two parts such that the square of one number multiplied with the cube of the other
number is maximum.

Let be the number x and 15—x
P:(lS—x)2 ¥
dP g o "
E:(IS—x) 3x"+x'.2(15—x)(—1):(IS—x)x“[3(15—x)—2x]

dP =
—=(15—-x)x"(45-5
= 2= (15-x)x* (45-57)

For maximum or minimum value, % =0 = x (15-x)(45-5x)=0



Sol.

i

Sol.

6.

Sol.

So, x=0,9,15

‘;if:(15—x)x'-‘(—5)+(15-x)(45-5x)2x+x1(45-5::)(—1)

At x=0, 15, product is zero. So, it is rejected.

¥

For x=9, Cjir: = —ve. Hence, the product is maximum, when x=9.

So, the required numbers are 9 and 6.
Divide 8 into two positive parts such that the sum of the square of one and the cube of the other is
minimum.

Let be number x and 8 —x, S:(x): +(8—Jr]3

= £:2x+3(8—x)2v(-l) = §=2x-3(64—16x+,\'3] = £:2x—192+48x—3x:
dx dx e
=5 %:—(hz-soﬂwz) = §=—(x—6)(3x—32) = %=+(6x—50]

For maximum or minimum than ;TS =0, —(x-6)(3x-32)=0

x=60or2, d“‘? =—(6x6-50)=—(36-50)=14>0
30 | d |,

So x=6 is a point of minimum. Hence, the required point is 6 and 2.

Divide a into two parts such that the product of the p th power of one part and the ¢ th power of the
second part may be maximum.

Let be the number x and-a—x, y=x*(a—x)’

=5 % =x" g(a—x)"" (-1)+(a-x)' px*”
=x"! (a- x)q_] (—qx +pla- x)) = x?! (a- x)q_l (ap —(p+q) x) =0
But for x =0 ora, product is zero and Q} =+ve and Q} =3¢
- dx | a
req Fq
Hence, y is maximum for x = e 2 .
P+tq
000

The rate of working of an engine is given by R=15v+ g , where 0 <v<30 and v is the speed of

the engine. Show that R is the least when v=20.

000
R=15v+6 - i)
v
dR 6000 dR 6000 d’R 12000
=% —=l5|—p—| = =15—— = s
dv v dv v dv- v

. s 2 dR
For maximum or minimum than — =0

"

6000:0 e 15=600

3 ~

' v

15— = ¥ =400 = v=2




Sol.

Sol.

9.
Sol.

[dkR} D SN =3> 0. v=20 is a point of minimum.
=20

dv’ | . (200 8000 2

Find the dimensions of the rectangle of area 96 cm” whose perimeter is the least. Also, find the
perimeter of the rectangle.

Let P be the fixed perimeter and x, y be the sides. Then area = xy =96 = yzg—ﬁ O 1 1
X
P=2(x+y) =5 I’_—-z(x-l-g(l]::a@-:Z(l"g?J
x dx X

g TP 2(192) 384

dx” x x

For maximum or minimum %:0, 2(1-%):0 = I—E?:O = x¥=96 = x=4«f€
X - o

At x= 4\/5, L;P >0. So, the perimeter is least.

Hence equation (1), y= %= 46 . Length be x = 4J6 cm, breadth be y= 4J6 cm

Perimeter =2(x+4) =2(4V6 +4v6 ) =2(8v6 ) = 16J6 cm.

Prove that the largest rectangle with a given perimeter is a square.
Let a be the fixed perimeter. Consider a rectangle with sides x and y and perimeter a, let 4 be the
area of the rectangle.

Then, 2x+2y=a (1)
And A=xy=x(“*"‘”J [Using (1)]
ﬁ=l(a--4x) and dv‘fz—Z
dx 2 dx”
Now,ﬁzo = l(nr—4x):0 = x=Z<. Also ﬂ =-2<0
dx 2 4 dx” (2
3)
1 1 al a
Also, from (1), we have y=—(a-2x)=—|a—— |=—
m (D e 2( Y) 2[ 2] 4

a p
Then, x=y [Each = :l-]' Hence, the rectangle is a square:

Given the perimeter of a rectangle, show that its diagonal is minimum when it is a square.
Let P be the fixed perimeter. Consider a rectangle with sides x and y and perimeter 7. D be the
) 1
diagonal. P=2(x+y) = y=E(P—2x) 1)
2 2 2 2 I 2 dz ]
==y =2I==% +;(P—2x) :E:2I+Z(P-2x)(-2)(2)

=

= £:ZA’-(szllr) :>£:4x—P and d_?:4>0
dx dx dx”

Now,—g-:o = 4x-P=0 = x=£



Also {d%} =4>0. So, the diagonal is minimum at x = L ‘
dx” F (P) 4

1 1 2y £
Also from (1), we have y=—(P-2x)=—| P—— |=—
so from (1), we have y 2( x) 2[ 2] :

Then x=y [Each ~§] Hence, the rectangle is a square.

10. Show that a rectangle of maximum perimeters which can be inscribed in a circle of radius a is a
square of side V2a.
Sol. Let ABCD be the rectangle inscribed in a circle of radius a and with centre O.
Join OC | let ZCOX =8,
Then, the co-ordinate of C are (a cos#, asin 9)
.. OM =acos@ and MC =asin8, BC =2MC =2a Y
and CD =20M =2acosd L\
v Pe= 2a(cosé?+sin9).

=—2a(cosf+sinb) X'e

dpP %
ol =2a{—sind +cos) and -
o a(—sinf +cosd) an e

O M

Now, ﬁ ==
de

= 2a(-sin@+cosf)=0 = (cosf—sinf)=0

]
o]

-+

= cosf=sinf — l=tanf — 9:%

-

and at this value of @, ﬂ),-:—Za cos£+sin£ <0. So, P is maximum at 622‘
deo’ 4 4 4

Then, BC = J2a=CD .
11. The sum of the perimeters of a square and a circle is given. show that the sum of then areas is least
when the side of the square is equal to the diameter of the circle.

Sol. Let x be side of the square and » be the radius of circle. Given, 4x+27zr =k
k—-2xr

= e : |
y (1
2
A=x* +7rr::|ik_42m‘] £ = A:-——(k"—4k;rr+4;r3r:)+;rr3
2 2
ﬁ:L(—tik;rr+8;r3r)+2;*:'1' and ﬂ:x_+2
‘ir Cﬂ'"
Now,ﬁ—o =5 2;rr—f£—ﬂ; m_
dr 16 16
(%)
= :[2z+;J=k—z — 3 = o ...(2)
4 T 8+2x
2z
And ﬁ =positive. .. A isleast when r =
dr- k 8+2rx

e
8+2n



12.

Sol.

13.

Sol.

14.

Sol.

And from (1), x—k—jm- —%|:k—2:r. : ]

8+27
|[8k+2;:k—2;rk] 2k ( k j
—— = :2 22!'
4 8427 8427 8+27

A is least when x (side of square)=diameter of the circle.
Show that the right triangle of maximum area that can be inscribed in a circle is an isosceles triangle.
Here, AC =2rcosf
AB=2rsinf

AABC = %‘2:- cos@.2rsin@ =r’sin 20

Clearly, area will be maximum.
When sin28=11e., 20 =90° = 8=45°
Hence, AABC is isosceles triangle.

Prove that the perimeter of a right-angled triangle of given hypotenuse is maximum when the triangle
is isosceles.

Let ABC be the right triangle with given hypotenuse /.

Let base BC = x and altitude BA=a. Then, i’ =x*+a&® = a=IF-x
P=a¥x+h = P:\/sz+x+h
ar L A

1 d
d \/*_x+ R PR h

Now,%=0 =3 x=% andforx—j_ {;‘P 2}:.-

<0

P is maximum when xz—h-— and a:—i- ie, when x=a
V2 V2

The perimeter of a triangle is 8 cm. If one of the sides of the triangle be 3 cm, what will be the other
two sides for maximum area of the triangle?
X+5—x+3 8§

Let the sides are x and S—x,S:T:E:4 &

Area AABC =JS(.\‘~a)(s—b)(s~c)
A= J4(4-3)(4-x){a=(5=x)}. A= Jax1x(4-x)(x-1)
A=2[(4=x)(x—1) jd=2dx— 4 - P kx, A=2\5r=4=2 o C

We will find maximum value of Sx—4—x°

Let y=—Xx"+5x-4 = dF—“=—2Jr+5
dx

ﬂ:O ::»x:i andﬂz&

dx 2 dx

Mlu-a
SRRV

5 5
= y will be maximum for x = 5 Hence area will be maximum for x = = so, the sides are



15.

Sol.

16.

Seol.

17.

Sol.

A window is in the form of a rectangle surmounted by a semicircular opening. The total perimeter of
the window is 10 meters. Find the dimensions of the window to admit maximum light through it.

Let the length and breadth of the rectangle be x and y metres respectively. Then, radius of the

semicircle =(x/2) metres.

So, the perimeter of the window is given by

IO:x+2y+% = y:SA[zzrjx

¥ 2 2
A:xy+lx - > A=x S—( -”{).x it
Z2 2 4 8
ﬁ:(swxwﬁ] and i‘i:-[nf}:o
dx 4 dx” 4)

Now, ﬁ=0 > x=i
dx (;r+4)

10

2
m and y (z+4)

A square piece of tin of side 12 cm is to be made into a box without a lid by cutting a square from each
corner and folding up the flaps to form the sides. What should be the side of the square to be cut off so
that the volume of the box is maximum? Also, find this maximum volume.

The length cut off from each corner be x cin:
Then, length of the box = (12— 2x) (m =breadth and height=x cm.

A is maximum when x =

V=(12-2x) xx ~=>.V = 4x° —48x" + 144x

X %
dv dv x X
=12(x—6)(x—2) and —=24(x—-4
2 12(x-6)(x—2) and ZZ=24(x-4)
Then,%=0 = x=2 [+ x=06 isnot possible]
Alsoat x=2 ﬁ 0
e < x| 3
X X

V' is maximum when x =2
and maximum } = [(12—4)2 ><2Jcm3 = V=[64x2]em’, ¥ =128cm*
An open box with a square base is to be made out of a given cardboard of area ¢* square units. Show

3

3 % c - 5
that the maximum volume of the box is G_J_ET cubic units.

Let each side, of the base @ and height be 4, then, ¢ = (a3 - 4ah)

. h:cz_az,so, V=axh = V:—(Cﬂa#a:)

s (e -3d’ i T
-—‘i;—-:( )anddl,:~—3-a<0
da 4 da- 2

Thus, V7 is maximum when a° - and h= .
3 23




18.

Sol.

19.

Sel.

A cylindrical can is to be made to hold 1 litre of oil. Find the dimensions which will minimize the cost

of the metal to make the can.

Volume of the cylindrical = zr°h, 1000 = 7zr°h
= h= 100,0 [+ v=11litre =1000cm’ |
ar’

S=(2;rr2+27rrh) =5 2[:rr3+1000) = ﬁ:z(mzrlo‘? ]

r dr

=% ‘f —4[31‘—29:9] = du? :4[1+1000}

/s r dr r

For maximum or minimum than 9&_5'- =N 4(;”— 50, J =4
L r'

:>Jfr=—'3'- —

500 . 500 ( 500}”
=0 =— = r= cm
r T L T

Heishte 1000 _ 1000 __ 1000 _ 1000

xr’ TER 500 | 23 &n
L[5 x[_] 7 (500)"
T T 3

e

Show that the right circular cone of least curved surface and given volume has an altitude equal to 2

times the radius of the base.

Least amount of convex will be required, if curved surface say S of conical tent is least.

Let r be radius of base, 4 is height and " is given volume of cone.

Now, V' = ah

(1)

3V
P
zr

Also S = z2rl = zrdr> + i

= § =2 eh) =2 [9 +LJ [using (2)]

=R

=12

2
zr

4
=5 Z:S"':;ﬁ[rwgf J .0
Er
dZ ; J*
= —7—;r2[4r3 —1—8—] (%)
dr X i
= g—?:x‘(lzr:+5{P4J 5)
dr- Tr
d_, . I”: . 2 9172
—7=0 =5 4r’—]87 ==0 = 4.-"‘:]81;3 = 21’ =—
dr Tr Tr "
d'z

For W2 =27"r®, —=+we
‘ir,-.

Hence, Z.ie S° ie. S has minimum value is 9V° = 27°r°

ie,if 9[%"}’] — 275 e if B =2 ie.if h=+/2r.

= OV =2x"r"



20.

Sol.

21.

Sol.

22,

Sol.

Hence, S is least if #=+/2r , which prove the required result.

Find the radius of a closed right circular cylinder of volume 100cm” which has the minimum total
surface area.

Let r be the radius and / the height of cylindrical, given volume=100 = zr°A
5 s 100 (1)
zre

S =2arh+2nr* =27xr [ﬂ] +2xri = 200 + 277’

ar’ -
s _200 . 200+4zr 8
ar r 72
¥
B_o =2 4 5 4 =200
dr P
173
o m [ﬁ] )
T
Now form (2), B _ '@wﬂlm = —d—? =ﬂ30+4;r
dr e dr- r
13 — ”
e :(ﬂj - : b —+ve = § is minimum when r = (EJ
T dr- .

Show that the height of a closed cylinder of given volume and the least surface area is equal to its
diameter.

Given volume of eylinder= 7r°h = th, ()

mr

4 N -
Now, § =2zr* +2zrh=2zr(r+h)= ZJrrLr 5 s - J 5 2;1{:‘2 +;—}
ar’ ar

ﬁ:z;:[z;v——p,- B S e 2:{2;-—}% -0 =V=2mr
dr zr- ) dr ¥

Now, —d-‘? :2x(2+2—},]. AtV =2znr, d-‘? =+ve
dr- xr dr’
PR N 3 2z’
= § is minimum when V7 =277 and from (1), h=——= =2r
mro

=> h is (height of the cylinder)=2r . i e, diameter of the cylinder.
Prove that the volume of the largest cone that can be inscribed in a sphere is % of the volume of the

sphere.
Let the radius of the given sphere be a. Let v be the volume of the inscribed cone, # be its height and

r beits radius. Then, v =%m‘3h. Now, OD = (AD—OA) — (h—a)

0C*=0D* +DC* = @’ =(h—a) +r* = r*=h(2a—h)

v:lfm”(Za—h) :I:ijh‘ —lxif]
3 3 3

ﬁ = Amah —zh' | and ﬂ = -‘W—a—2?ﬁ?
dh 3 dh” 3




23.
Sol.

24.

Sol.

25.

Sol. Let

v is maximum when & =-¢—?— and r* =5

1. 8" 4a 8 (4
Maximum volume~§ﬂ' K= in¢| Ay

Which fraction exceeds its p th power by the greatest number possible?

Let the required fraction be x. Let y=x—x".

dy

=
Then,d—yzlwpx"" = —==0 =I=px*" :l:x"' mvr=| — [
dx dx

l\;p-‘ Zy 2 . 1 %
At x=|—| ,~—x<0. .. y i1smaximum when x=|—
p) Tar F

Find the point on the curve y* =4x which is nearest to the point (2, —8).

Let the required point be (x, y). Then, D =(x~2)" +(y+8)’

= D=x"+y"—4x+16y+68 :~D=21%+16y+68 [-.-xzé]

Y

dbD [Zy i ddZD_l
J dy”

d} N

Now, D=t 2= -=m-16x8
dy 8

S Ciisotie. o B swisimanewhen g,
dy” 4

At thisvalue, we have =4 _ Hence, the required point is (4, - 4)

A right circular cylinder is inscribed in a cone. Show that the curved surface area of the cylinder is
maximum when the diameter of the cylinder is equal to the radius of the base of the cone.

1, be the radius of the cone and A be its height and let r be the radius and A the height of the
inscribed cylinder. Clearly, AOAD and AO'BC are similar

F ¥ d

—=—— =S r=Lt{h-h (1)

Lo h, )
Let § be the curved surface area of the cylinder.
Then S=2zrh = S=2Zi(h ~h)h %

ds _ 2z d:S ~4nr,

R R i T

dh dh hy A D

Now, ﬁ:0 270 —28)=0 = =2k, Also L3<0.
dh h, dh”
B C

So, § is maximum when A =2h.

Ol’



v Lo -k st = 1, = 2r = diameter of the cylinder.
n 2h 2
26. Show that the surface area of a closed cuboids with square base and given volume is minimum when it

is a cube.
Sol. Let J© be the volume, x the side of the square base and / the height of the cuboid.

Then, V=xh = h=Lq -
2
2 - 2 = 3 4L' 5
AY =2(r' +xh+xh) = S=2x"+4xh . S=2x"+—  [using(1)]
X
= £:4x—4{ and i‘f—:ui
dx X dx” X
Now, 9’;5_:0 = x’ =V . For this value of x, ih-'-§-=4+£:r—=4+8=12>{)
dx dx” 4
- 3
. Surface area is minimum when x’ =} _ Also A :I—,z x? =
* x

S is minimum when the cuboid is a cube.

27. A rectangle is inscribed in a semicircle of radius » with one of its sides on the diameter of the
semicircle. Find the dimensions of the rectangle so that its area is maximum. Find also this area.

Sol. Let ABCD be the rectangle of length 2x and breadth y . inscribed in a semicircle of radius » and
centre 0. Let Z/BOC =6

Then £ =sin® and > = cosf C
r 3 P !
. area of the rectangle is given by 4 =2xy =r*sin24 # _.r" 5
A, £A 9 | \
= —=2rcos28 and ——=—4r"sin26 >
de d6? 8 L
dA 5 b4 T
Now,-(E=0 = 2r'cos20=0 = co0s20=0 = 26:5 =5 B:Z

=

For this value of 8, we have j,gf =—4r° <0. So, area is maximum.

E T L F
x=rcos~—~4 =—-,_2 : yzrsm——4 —"——--,_2
Maximum area =2 —— — == $q. units.

V2 2

28. Two sides of a triangle have lengths @ and & and the angle between them is £. What value of & will
maximize the area of the triangle.

Sol. Let A be the area of A POR . Then, 4 :%ab sinf

= ﬁ:labcosé? =% d-id :—iabsint?
dé 2 do- 2
74 b
For maximum or minima, we have, EE =)
24

1
=5 Eabcosé?:o = cosf=0 = 6’:% 0 a R



and dl = glabsini <0 - A 1s maximum, when & = =
do- 2 2 2
29. Show that the maximum volume of the cylinder which can be inscribed in a sphere of radius 5J3 cm
is (SDOz)cmB.
Sol. Let r be the radius and / the height of the inscribed cylinder ABCD .
Let V' beits volume. Then, V = zr°h (1)

Clearly, AC =2R, also (AC)’ =(AB) +(BC)’

= (2R =(2r)’ +#* =1 :&(4}{3—}:2) (2) 4 3
Using (2) in (1), we get, V/ =”Th(4R2-h3) h 2R
= ﬂ:[fﬂ{:m—s-m&z] and ‘H,' =:§7rh

dh 4 dh 2 27

A B
For a maximum or minima, we have, (j; == 0]
Now, d—’:o = 2R -7l =0 = JTR2=£JT}1:
dh 4

=5 i&:hl =5 h:ﬁ,ifR isSV3 = h:z's‘ﬁ =% k=10

3 V3 NE]

awv -3 .. .

—_— =—x.10=-157<0. So, V' is maximum when A#=10.

dh h=10

If from equation (2), r° :%(4123 -;:1), if R=5+3, h=10

’” =%{4(5.J3_): —(10):}, r =%(300—100), r =%x200, r*=50

Largest volume of the cylinder= zr°h = 7 .50 x10 = 5007 cm’

30. A square tank of capacity 250 cubic meters has to be dug out. The cost of the land is Rs. 50 per square
metre. The cost of digging increases with the depth and for the whole tank, it is Rs (400x S ) , where

h metres is the depth of the tank? What should be the dimensions of the tank so that the cost is
minimum?
Sol. Let the side of the square tank be x meters. Then. total costis given by
C = 50x" + 400k AL}
25

Also, ¥*h=250 = h="2 -
3

¥ 2 S
(?:50x3+w = a :(100x—10".x'5) and £= 100+10 %D
dx dy’

x' x°

dC . ]
Now,EC:o = 100x-10° x* =0, 100x=10° x°

6

x*=10° . x=10 and [ZTC} =[100+1c:0"5) =(100+500) =600 >0
x=10



31.

Sol.

32.

Sol.

33.

Sol.

Cost is minimum when x =10 and A= [I—Jm =2 Sm

Hence, for minimum cost, the tank must have a square base if side 10m and depth 2.5m .

A square piece of tin of side 18 cm is to be made into a box without the top, by cutting a square piece
from each comer and folding up the flaps. What should be the side of the square to be cut off so that
the volume of the box is maximum. Also, find the maximum volume of the box.

Let the side of the square piece cut from each comer of the given square piece of side 18 cm be x cm.

Then, the dimensions of the open box are (1 8— 2x) cm, (18— 2x) cmand x cm.

V=(18-2x) xx = V=(324-72x+4x")x 5 1 B
3 5 X X
> V=4 -12"+324x  ..()
= W 100 q4ax+324 18-2x 18—2x
dx
r P X X
= £=12(x2-12x+27) = 47 =12(2x-12) X 18-2x ¥
dx dx’

NOW, %:0 === xz_lz_‘.+27:0 — (I—'3)(X"9):0 — ¥=3 [...x;tg]
X

[ﬂ] =12(2x3-12)=-72<0
=3

V" is maximum at x =3 cm and maximum volume

:[4-><33 72><31+324x3J
=[4x27-72%9% 324 x3] =108 - 6484972 = 432 cm®

An open tank with a square base and vertical sides is to be constructed from a metal sheet so as to hold
a given quantity of water. Show that the cost of the material will be least when the depth of the tank is
half of its width.

Let x be the side of the square and /4 be the depth. Then, V' =x’h

Let the cost per square be Rs. P .

Then,C:(x2+4xh)P = C:(f+4xx’—',}v - C:[f+£)ﬁ
X X

dcC 47 &C 8y
—=| 2¥—— |P and —-=| 2%—|P
S B

dx x’ x

T 1
Now, £=0 =3 2x—4jf:0, 2x=4{ S (oV )
dx X X

and d;( :P(2+_8L]:6P>O
dx” x-{:l’}i 2V

1 7 1
C is minimum, when x=(2/"):. Then A =I—=%(2v)3 :%x

Hence, for minimum lost, the depth of the tank should be equal to half of the side as its square base.

A wire of length 36 cm is cut into two pieces. One of the pieces is turned in the form of a square and
the other in the form of an equilateral triangle. Find the length of each piece so that the sum of the
areas of the two be minimum.

Let the perimeter of the square be x cm. then the perimeter of the triangle is (36— x)cm.



. side of the square= % cm and side of the triangle= %(36 —x)cm

A:£+£(12

-

| P (N
16 9

16 4 3 4
&5 .11, a1 (45+9) d*A 43+9
A= B2 = 23y 363 — =" x2x—243 and —= 0
= [36+16 ¥ -23x+36\3 = = <2 J3 an =3 .
dA 14443 1443 324
—=0 = ¥x=-=————cmand 36 = cm
dx (4J§+9) 4W3+9 #4349

34. Find the largest possible area of a right angled triangle whose hypotenuse 5 cm.
Sol. Consider a right-angle A ABC in which hypotenuse AC =5¢m and let ZBAC =6

Then AB =5¢cosf and BC =5sinf

. area of triangle =

= 4 :gsinEH

db

1

dA

= —=200529 and
dé 2

d’ A

)

Now, ﬁ:0 = c0s260=0 = 28=% =0

[ d?A]

= a0
4

= % is a point of maxima. Maximum areazéxsin[z xfj

= _25sin [g) =250

1 .
ABxBC:Ex 5cosf x5sin@

=-25s1n 26

T

Scosf

Scm

C

5siné&

—x]l=— sq. cm.
4 q



INCREASING AND DECREASING FUNCTIONS (XII, R.S. AGGARWAL)

EXERCISE 11 G (Pg.No.: 549)
1.  Show that the function f(x)=5x—2is a strictly increasing function on R.

Sol. f(x)=5x-2= f'(x)=5 = f'(x)>0, forall x>0
Hence, f(x)is strictly increasing function for all x>0
2. Show that the function f(x)=-2x+7is a strictly decreasing function on R.
Sol. f(x)=-2x+7 = f'(x)=-2 = f'(x)<0 forall value of x
Hence, f(x)is strictly decreasing function on R.
3. Provethat f(x)=ax+b, wherea and b are constants and @ > 0, is a strictly increasing function on R.
Sol. f(x)=ax+b = f'(x)=a = f'(x)>0,forall x
Hence, f(x)is strictly increasing function .
4.  Prove that the function f [x) =e™is strictly increasing on R.
Sol. f(Ppald’ —. f'(x)=e"%2 = f'(x)y=0
Hence, f(x)is strictly increasing function.
5.  Show that the function f(x)=x"is
(a) strictly increasing on 0, %[ (b) strictly decreasing on J-,0[

(c) neither strictly increasing nor strictly decreasing on R
Sol. (ALet FW)=2c . 2x>0,x¢(0,0) = f(x)>0 = 2¢>0 = x3V

() f'(x)<0 = 2x<0
(c) Since f (x) =x’is strictly increasing on (0, :D[and strictly decreasing on |-, 0).

If is neither strictly increasing nor strictly decreasing on the whole real line.
6.  Show that the function f(x)=|x|is:

(a) strictly increasing on ]0,% | (b) strictly decreasing on ]-,0[

x, xe(0, =)

—x, x & (=%, 0)

L xe(0,%)

Sol. Let f(x)=|x| = f(r)={ —1,%&(-, 0)

= f'(.r):{

Hence, f'(x)>0, x(0, x)
(a) So, f(x) isstrictly increasing at x<(0, ) .. f'(x)<0, xe(-x,0)
(b) So, f'(x) is strictly decreasing at x € (-, 0)

7. Prove that the function f(x)=log, xis strictly increasing on |0, .

Sol. f(x)=log,x = f'(x):%



As l:-0 xE(O, -:D)A
X

So, f'(x)>0, x&(0, x). So, f'(x) strictly increasing are (0, ).

8.  Prove that the function f(x)=log, xis strictly increasing on ]0,%[ when a > 1 and strictly decreasing
on J0,%[when0<a<1.

Sol. Let, f(x)=log,x

1 . 1
xloga  xloga

@ f'(x)=

>0, xe(0, %) and a>1.

So, f'(x)>0 = xe&(0, %) and a>1. Hence, f'(x) is strictly increasing function.

1
xloga

(b) <0, xe(0, ®), O<a<l .. [f'(x)<0

Hence. f(x) is strictly decreasingare (0, ) and O<a <1
9. Provethat f(x)=3%is strictly increasing on R.
Sol. f(x)=3" = f(x)=(3"log3)
f'(x)>0 for all value of R .Hence, f(x)is strictly increasing function on R
10. Show that f(x)=x’—15x"+75x—50is increasing on R.
Sol. f(x)=x"—15x"+75x-50 = f'(x)=3x"=30x+75
= f'(x)=3(x" -10x+25) = f'(x)=3(x-5)
f'(x)=0 forall x=0.Hence, f(x)is increasing function for all

11. Show that f(x):(x—l] is increasing for all x € R, where x 0.
X

x +1

T At '(¥)=
Sol. f(x)=x . = ¥'(x) I+Jr2 = J(x) =

= f’(x)>0 forall x=0.Hence, f(x)isincreasing function forall x=0.

i
12. Show that f(x)= [i + SJ is decreasing for all x€ R, where x=0.
x

Sol. f(x)=2+5 :>f'(x)=3(—‘L,J = f(x)=22 = f"(x)<0 for allvalug'of R.
X W X

Hence, f(x)is decreasing function on R .

(l+x3)

: = F{x)=

1+x° (1+x2):

13. Show that f(x)=

is increasing forall x <0

—4X

Sol. f(x)= =% x)=0

Hence, f(x)is increasing function for all x <0.



14.

Sol.

1S.

Sol.

16.

Sol.

17.

Sol.

18.

Seol.

Show that f(x)= (x" +l] is decreasing on |1, 1].
X

(6)=¥+% = f(@)=3 -3 = 7()=3(r %)
.

X

> 7= %) :>f'(x)"3{(x?;] gy

3(x*—1)(x* +x7 1) 3(x—1)(x+1)(x* +x7 +1)

(%)= = 0if =11
> 7(¥) . - <0if re(-L1)
Hence, f(x)is decreasing functionon |-1, 1[.

Show that f(x)= X s increasing on ]O,-’E[.
sinx 2
F(x)= _x ::)f,(x):sinx.l—x.i:osx :’f,(x)zsinx—xcosx

sin x (sinx) (sin Jr]2

Sin X —Xcos X

(sin x):

Nowf’(x)>0 = >0 = (sinx—xcosx) >0 = tan x > x, which is true on }0,%]:.

Prove that the function f{x)=log(1+x)- (::‘2) is increasing for all x>—1.
x)=log(1+x)-— e (x+2)2-2x1 L 2x+4-2x
f(x)=leg(1+x) x+2 i I+x { (1'+2) } AP ) { (1‘+2): }

' T x +4x+4-4x—4
:)f(x) 1+I ( +2) f( )— (l+x](r+2)2 f( )m—__(l+x)(x+2)
:>f'(x]>0 x—- [ (l+x)>0]

(I+x)(x+2

Hence, f (x)is increasing function for all x>-1.

Let / be an interval disjoint from] -1, 1[. prove that the function f(x)= [x+—l—] is strictly increasing
x

on /.

_f(x):x+% nf’(x):l—%:f’(x):$ P 1)(x+1)

So, _f'(r) is positive in (—o, —1) u(], cc) 2
_+_

Hence, f(x)is strictly increasing except (—1, 1). o -—=I - i i
(x-2). . .
Show that f(x)= is increasing for all x < R.except at x=—1.
(x+1)
=2 . x+1).1-(x-2).1 , Ty P
flx)=2 :f(x):( ) (3 ) s P2
x+1 (x+1) (x+1)

3

(x+1)°

= f(z)= [.‘.(x+1)>0:|,when x#-1



Hence, f(x)is increasing function for all x € R, except at x=—1.
19. Find the intervals on which the function f(x)= (2x3 - Bx) is

(a) strictly increasing (b) strictly decreasing.
Sol. f(x)=2x"-3x = f'(x)=4x-3 ..@0)

e |

(a) f(x)is strictly increasing = f'(x)>0 —=4x-3>0 =« >-§—
S (x)is strictly increasing on the interval ]i:c [

(b) f(x)is strictly decreasing = f'(x) <0 =4x-3<0 = x<%

2. f(x)is strictly decreasing on the interval ] —oc,%[

20. Find the intervals on which the function f(x)=2x’-3x"-36x+7is
(a) strictly increasing (b) strictly decreasing.
Sol. (a)f(x)=2x"-3x"=36x+7= f'(x)=6x"-6x-36= f'(x)=6(x"—x=6)=6(x+2)(x-3)

.. f(x)is strictly increasing on |-, -2[ U |3, %[

i - ’ + =4 -+
(b) f(x)is decreasing f'(x)<0 = = 1 %
o f(x) is strictly decreasing on |-2,3[.
21. Find the intervals on which the function f(x)=6-9x—x"is
(a) strictly increasing (b) strictly decreasing.

Sol. f(x)=6-9x-x" = f(x)=—9-2x = f'(x)=—(2x+9).

Now, f(x)>0=>—(2x+9)>0=>2x+9 <0:>x<-79

(a) Hence, f (x}is strictly increasing on :I— :o,_?gli. + =
-0 —-9/2 o
(b) Hence, f(x)is strictly decreasing on }_?91: [

Find the intervals on which each of the following functions is (a) increasing (b) decreasing.

2. f(x) :[f ‘%]

4

x}

Sol. Here, f(x)sz—? :;f’(x):élxs—%}r” = f(x)=4r"-% = f'(x)=x"(4x-1)
Now f'(x)=0 = x*(4x-1)=0 :>x=0,%
These points divided the real line into three disjoint interval namely (—m,O),(O,%} [i ch :

For xe[i, m) f’(x):-O = f isincreasing for xe{%,m}



23.

Sol.

24,

Sol.

25.

Sol.

For xe(O, ),f'(x)<0 = f is decreasing for xE[O,-}J ; f

1
4
For x&(-%,0), f'(x)>0 => f isincreasing for x € (—,0)

.. f isincreasing x € (—x,0)U(3,%)and deceasing for x e [0%}

f(x)=x —12¢" +36x+17

Here, f(x)=x'—12"+36x+17 = f'(x)=3x"-24x+36 = f'(x)=3(x"-8x+12)
Now, f'(x)=0 = (x-6)(x-2)=0 =>x=20r6

These points divided the real line into three disjoint interval namely (-=,2),(2,6).(6,%)
For xe(6,%), f'(x)>0 = f isincreasing for x<[6, ) £ B +

1 L
I I

For x€(2,6), f'(x)<0 = f isdecreasing for x&(2,6) ~—= ) 6

8

For xe(-=.2), f'(x)>0 = f isincreasing for x (—,2)

- f isincreasing x € (—,2)(6,%) and deceasing for x<(2,6).

f(x)=(x"-6x* +9x+10)

Here fifx)=2"—6x"+9¥%10 = f'(x)=3x"-12x+9 = f'(x)=3(x"-4x+3)

:>f'(x)=3(x3—3x—x+3) :>_f'(x):3{(x—3)(r—l)}

= f'(x)=3(x-1)(x-3). Now f'(x)=0 =>x=lor3

These points divided the real line into three disjoint interval namely (—.1),(1.3),(3.=)
+ o = ; -

. I T

For x&(3,%), f'(x)>0 = f isincreasing for x € (3,%)

28

For x&(1,3), f'(x)<0 = f isdecreasing for x<(1,3)

For xe(-»,1), f'(x)>0 = f isincreasing for x €(—x,1)

= fisincreasing xe (—x,1)(3,%)and deceasing for x (1,3).

f(x)=(6+12x+3x* - 2x°)

Here, f(x)=6+12x+3x"-2¥ = f'(x)=12+6x-6x"

= f'(x)=6(2+x-x*) =f/(x)=-6(x" =x=2)

= f'(x)=-6(x" —2x+x-2) = j'(x)=-6{x(x=2)+1(x~2)}

= f'(x)=-6(x+1)(x-2). Now f'(x)=0 =>x=1lor2

These points divided the real line into three disjoint interval namely (—«,—1),(-1,2),(2,%)
+ = . %

o T T
=

o0

2
For xe(2.%), f'(x)<0 = fis decreasing for x (2,%)

For xe (—1, 2), f'(x)>0 = fisincreasing for x&(-1,2)



For xe(-=»,-1), f'(x)<0 = fisdecreasing for x&(-»,-1)
Hence fis increasing for (—1,2) and deceasing for (—o,—1]U[2,%)
26. f(x)=2x’-24x+5
Sol. Here, f(x)=2x"-24x+5 = f'(x)=6x"-24
=/ (x)=6(x-4) = f'(x)=6(x-2)(x+2)
Now f'(x)=0 =>x=-2o0r2

These points divided the real line into three disjoint interval namely (—=,-2),(-2,2),(2,%)

%
For xe(2,%), f'(x)>0 = fisincreasing for x<(2,%)
For xe(-2,2), f'(x)<0 = f isdecreasing for x & (-2,2)
For xe(-w,-2), f*(x)>0 = f isincreasing for x&(—x,-2)
Hence fis increase for (—,-2]w[2,%) and deceasing for (-2,2).

27.  f(x)=(x-1)(x-2)

Sol. f'(x)=(x=2)(3x-4)

Strictly increasing on [—ac, g] u[2, ). =
o

Strictly decreasing on [g- 2)

28. f(x):(x4 —4x +4x° +]5)
Sol. Here; f(x)y=x'-4x’+4x"+15 = f'(x)=4x"-12x +8x
=5 ‘)"'(.vr):4x(:¢'2 —3x+2) = f'(x)=4x(¥ —2x—x+2)
ﬁf’(x):ﬁlx{(x—Z)(x—l)} = f'(x)=4x(x-1)(x-2)
Now f'(x)=0 = x=0,1,2
These points divided the real line into four disjoint interval namely (-=,0),(0,1).(1,2),(2,%).
- @

= 1 1
—o0 0 1 2 ©

For xe(Z,m), f'(x)>0 = f isincreasing for xe[Z,w)

For xe(1,2), f'(x)<0 = f is decreasing for x&(1,2)

For xe(0,1), f'(x)>0 = f isincreasing for x[0,1)

For x&(-%,0), f'(x)<0, f isdecreasing for x & (—,»)

Hence f is increase for x €[0,1)(2,]and deceasing for (—=,0]w(1,2].
29.  f(x)=2x"+9x" +12x+15
Sol. Here, f(x)=2x"+9x* +12x+15



30.

Sol.

Sol.

Sol.

= f'(x)=6x" +18x+12 + - -

:>f'(r):6(x2+3x+2) = f(x)=6(x+1)(x+2) o -2 <

Hence fis increase for x € (—x,-2)U(~-1,%)and decreasing for x (-2,~1).

f(x)=x"-8x" +22x" - 24x+21

Given f(x)=x"-8x'+22x*-24x+21, D, =R

f(x)=4x" —24x7 +44x —24 = 4(x* —6x" +11x—6) = 4(x—1)(x—2)(x-3)

Now, f'(x)=0 = (x-1)(x-2)(x-3)-0 =>x=12,3

. Critical value of f(x) are x=1,2,3

Sign scheme for f'(x) at x=1,2,3 is PP B i B, S . S

Here f'(x)>0 for x<[1, 2][3, ©)

Hence, f(x) isincreasingin [1, 2]u[3, =)

f'(x)=0 for (=, 1]w[2, 3], hence £ (x) is decreasing in (—, 1]U[2,3]

f(x)=3x"—4x’-12x’ +5 is (a) strictly increasing (b) strictly increasing
Given f(x)=3x"-4x -12x’+5, D, =R
f(x)="12%*~12x"-24x= 12x(x3 —x—2) =12%(x=2)(x+1)
Now, f'(x)=0= ]2x(x—2)(x+ )=0=x=-1,0,2
. Critical value of f(x) are x=-1,0,2

Sign scheme for f'(x) at x=1,2,3 is —0 . 5
Here f'(x) >0 for x(-1,0)u(2,%)

Hence, f(x) isstrictly increasing in (—1,0)w(2,%)

f'(x)<0 for (—e0, =1)(0,2), hence f(x) is strictly decreasingin (—ec, —1)U(0,2)

3 4 5 36 ‘ 5 : : z =
Tx)= T(-)-x* —?x’ —3x° +-S—x +11 is(a) strictly increasing (b) strictly decreasing

iJnr4 —ix3 -3x° +£x+l]
10 5

Finding f'(x)

. 3 z i s 36
X)=—x4x ——x3x —3x2x+—+0
)= e 5

12 - 12 , 36
"(x)=—x ——Xx —6x+—
f() 10 5
6.4 12 36

f’(x)_gx —?xl —6x+?



(gl X2 .6
f(x)—6[5 - x+5J

e £ 28 —5%46
roa- £tz

:%(J{3 —9% —5x+6)

=%(Jr—l)(,vr2 —x—6)

:.i_(x_a)(f ~3x+2x-6)

=2 (o) x(x-3)+2(x-3)]

=2 (x-)(x+2)(x-3)

Hence /'(x) =2 (~1)(x+2)(x~3)

Putting f'(x)=0

6 - ; 3 :

2 (x-N)(x#2)(x-3)=0 — 1 i

(x=1)(x+2)(x—3)=0

Hence x=-2,1&3

Plotting point on real line

Thus we get four disjoing intervals

ie (-%,-2),(-2,1),(13)(3,%)
Value of x Interval Slgﬂ of f(x) Nature of f(x)

g %(x-n(“ 2)(x+3)

—w<x <2 xe(-o%,- 2) =(-) (_) (-) Strictly decreasing
2<x<l1 xe(-21) =(=)(+)(5)=(+) Strictly increasing
-1<x<3 xe(13) =(:) () =(=) Strictly decreasing
3<x<w xe (3190) = (+)(+)(+) = (+) Strictly increasing

= f(x) isstrictly decreasing on the interval x & (—%,—2)&(1,3)

f(x) is strictly increasing on the interval x e (-2,1)&(3.%)




TANGENTS & NORMALS (R. S. AGGARWAL)

EXERCISE 11H (Pg. No.: 564)
1.  Find the slope of the tangent to the curve

(i) y=(x-x)atx=2 (i) y=(2"+3sinx) at x=0 (iii) y=(sin2x+cotx+2)’ atx:%
Sol. (i) y:(rs—x) at x=2

Let the equation of curve, y=x"—x

Differentiating both sides w.rt. x, e -1 = (QJ = 3x(2): -“1=12-1=11
dr (’ix x=2

(ii) v= (2x3 +3sin x) at x=0

Let be the equation of curve, y = (2;(2 +3sin x)

Differentiating both sides w.r.t. x, dﬂ =4x+3cosx = (d—‘;J =4(0)+3cos0=3(1)=3
x x=0

. 2 T

(iii) y :(51n2x+c0tx+2) at x= &

Let the given equation curve, y = (sin2x +cotx+2)’

Differentiating both sides w.rt. x, -—d‘b’—; =2(sin2x+cotx +2) (cos 2%.2—Cosec’ x + 0)

dy

= —=—=2(sin2x +cotx+2)(2cos2x—cosec3 x)
dx

> Do n2 T v e2|[ 20082 % —coe? X (L] =2(02)(-T8)= 12
d 2 N 2 2 dc )

Find the equations of the tangent and the normal to the given curve at the indicated point :
2. y=x"-2x+7 at(l, 6)

Sol. Let be the equation of curve;, y=x' —2x+7

Differentiating both sides w.rt. x, E} =3x"—=2

= [-‘QJ =3(1)'-2=3-2=1  ==m=l
(1.6)
.. The required equation of the tangent at point (1, 6), (y—y ) =m(x—x,).
=L h oy y~6=1 = y—-6=x-1 = y—-6+l=x
(x—x) x-1

= y-5=x = x-y+5=0

And the required equation of the normal at point (1, 6),




e e e I |
(y yl)_ (x xl) i x—xl_m fie x—l_]

= y-b6=-x+1 = x+2y-6-1=0 = x+y-7=0
3. ) mw[i EJ
m m

Sol. The equation of curve, y~ = 4ax

dy

Differentiating both sides w.rt. x, 2 y.g =4a

o W e [Q] LY

dc 2y fa 2a) [Qﬂj dx
L m ) 2=
m

dx
. The required equation of the tangent at point [i 2_a) o (y=x)= %(:r—xl)
m m

=m

), Lm0

COMME

And, the required equation of the normal at point [iz,
m

=" =m=>mx—a-my+2a=0 = mx=my+a=0

2a
), y-n=goge)

()luz_aj
o ) -2
@R A 3 =) -1 BURE
x—x, m [I— a] m mx-—a
mz

3 2 3 2 2 2 3 2
= m(ym —2am)=—m x+ta = ym —2am =-mx+a = mx+ym —2am —a=0

-

4. x: ‘;:; =1 at (acosﬂ, bsint?)

=
’ " x ¥
Sol. Let the given equation of curve, —,+b—, =1
>
. e . 1 1 dy
Differentiating both sides wrt. x, — 2x+—2y—=0
a b dx
e _x &y x| (_@_J L. B N
b*dx a dc ya dx Jiseewaney — Dsinfla dx a
Equation of the tangent at point (acosé, bsin®)
:>y—bsin9=—£cot9(x—acos€) = )-'—bsinﬁ'——b.cosg(x —acosf)
a a Sll'l
= aysin@—absin’ @ = —xbcosf +abcos’ 8
= aysin€+bxcost9:ab(c0338+sin29) o bx.cos@+aysinf =
Now, equation of the normal at point (acos8, bsin &)
= y-bsinf= =1 (x—acosf) = y- bsind==. smg(x—acosé’)

_[b coté’] b cos@
a



= ybcos@—b*sinfcosd = axsinf —a’ sin @ cosd
= a’sinf@cosd—b" sinfcosd = axsinf —by cosd
= sim90056‘(a:—bz):axsine—bycosé? = axsecH —bycosec8=a’ —b’

5 5

5. x: —}ﬁ =1 at (asecd, btanf)

Z B
Sol. Let the given equation is, x_‘_ ;: =1

B b
Differentiating both sides wrt. x, L,.zx— ], _Zyd—y:O
a b- dx
o [fiv_] 2 LA .
dx  ya AX ) gsect pump)  D18NE .G dc a tan@

The equation of the tangent at point (a secd, btan@).

=5 y—btan6’=£‘:::g(x—asecﬁ) = aytan@—abtan® @ = bxsecO—absec’ 6
a

= bxsecfd —aytanf = ab(sec: 6 —tan’ 9) - bxsecO—-aytanf =ab
Now, the equation of the normal at point (asec6, btané) .

= y~b'tan9=—atan9
bsect

= axtan9+bysec(5’=sec91an6(a:+b2) . axcos@+bycotf =a’ +b’

(x—asecd) = bysecf-b’tanfsecd =—axtanb+a’ secHtan

6. y=xaP(L1)

Sol. Let be the equation of curve, y=x’

Differentiating both sides w.r.t. x, . A8 ¥ = (‘_@_) = 3(1)1 =3
di dx ).

The required equation of the tangent at point (1, 1), y—y =m(x—x,)

sy Tl g =y i3 = 3x-y-2-D
x-x, x-1

And, the required equation of the normal at point (1, 1), y—y, =;l(x— oy )
m

S 2H N L VA Bl w3y e = oamdg B1-0 5 x#5y-4=0
X—-x, m x=] 3

7. y*=4ax at (a!z, Qat)
Sol. The given equation of the curve, y* =4ax

Differentiating both side w.r.t. x, nyzy: a = ==— = (ﬁ) »
(aﬁ.zar]

Equation of the tangent at point (atz, Zar) "
1 > 3 3 5
= y—2at:;(x—at‘) = y-2at"=x—-a" = x-ty+at-=0

Also equation if the normal at point (ai”, 2ar)



=~ y—2a!=—r(x—a!2) = y-2at=—ix+af’ = y+ix=at +2at .. x+y=at +2at
5 T
8. y=cot"x-2cotx+2 at x=—
Sol. The given equation of the curve, y=cot’ x—2cotx+2 i)

Putting the value of xz% in equation (1), we get, y=1

Differentiating both sides w.r.t. x in (1), % =2cot x(—cosec"’ x) - 2(—cosec3 x)
= Qz—zcotxcoseclxﬁ- 2cosec’ x = [ﬂ] =0
dx dx J{.»

3
Equation of the tangent at point [%, l]; y—1= 0[.\'—-}) = y—1=0

Now, equation of the normal at point (%, 1}; y—le[x—%) = O:x—% x:%

9. 16x*+9y” =144 at (2, y;) where y,>0.
Sel. The given equation of the curve, 16x+9y° =144 . (1)
Putting the value of x, =2 in equation (1), we get, ), =——
On differentiating both sides of (1), w.rt. x, 32x+ 18)' ‘b
dx

= 18y%=v32x = ==

dy —16x SEdyJ' _ ~16x2 -8

dx 9y de )36 (0 4f5) 35
| Q- S R
) 3
Equation of the tangent at point {2, %]
_4“{5—:_—8(.::—2) = 3J5y-20=-8x+16 = 8x+3/5y-36=0
3 3%
Now, equation of the normal at point (2. %}
4 3 32
y—TJ_ —‘/_—( x-2) =% ~—‘/_*3J' —6v5

= 24y-325=9/5x-185 .. 9J§x—24y+14-J§:0

10. y=x"—6x"+13x"—10x+5 at the point where x=1.

Sol. When x=1,than y=x"-6x" +13x" —10x+5
= y=(1)'-6(1) +13(1)° -10(1)+5 = y=1-6+13-10+5
= y=19-16 = y=3 So, the point of contact is (I, 3).

The given equation of curve is y=x* —6x° +13x* —10x +35



11.

Sol.

12,

Sol.

13.

dy

Differentiating both sides w.rt. x, v =4x" —18x" +26x-10

= [%] =4(I]3-18(1)2+26(1)—IO=4—18+26—10=30—28=2 Som=2
(1.3)
. Required equation of the tangent is y—y, = m(x— x; ) )
= J=3=2%-2 = 2x—=3-243=0 = Z—=y3l=0 Sy 2X=3+1=0
And, the required equation of the normal is y—y, = _—I(x— X,)
m

= y—3:?(x—l) = 2y-6=-x+1 = 2y-6+x-1=0 = x+2y-7=0

[

Find the equation of the tangent to the curve Jx+ y=a at [a? %} :

Let be the equation of the curve be the Jx+ y=a s K1)
Differentiating both side of (1), w.rt. x —1—+L£)i—0
T 2dx 2y dx
== 1 ﬂj’: 1 - Q:_ﬂ :}._‘:.b)_:_ _X = [ﬁ} _“=_l
2y dx 2Jx dc  JJx dx & dx QTHT

Equation of the tangent at point [a? GT-J

= —a—:“—l x—iz- = —ﬁi——x+£ = +x_a_3+§i = 2(x+y)=a
¥4 4 N s VT ’

-

Show that the equation of the tangent to the hyperbola x: —:— =1at (x, y,)is x{‘ - J{; 3:‘ il
a b a b
: ¥ ¥
Let be the equation of curve, ——=—=1
. o % : 1 dy
Differentiating both sides wrt. x, —2x——.2y.—=0
a b- dx
2y dy - / b ) b
b g S () o
b dx a dx ya dx (x.3) .}”I":r
: . x,b*
Equation of tangent at point (x;; %), y—-y=m(x-x) = y-y="—=(x-x)
ha
= wa —yia =xxh’-b = by a==xh -ya
Drillsgboliadety &, 5008 MV e
@’k gl wb a¥F
= x,: —izﬂf—& =5 ﬁ)—”f‘ =1  [From equation (1)] n_-,, —&J:I
a b a b = W a b

" " b4
Find the equation of the tangent to the curve y = (sec4 x—tan® x) sx= o



Sol. Put ng, then, y=sec‘(£]—tan‘[%]=(2)‘—(ﬁ)4=16-9=7

3
; o : dy . 4
Differentiating both sides w.rt. x, :j'}- =4sec’ x.secx.tan x —4tan’ ysec’ x
x

dy 2 2 2 dy ;
—> ——=4sec xtanx(sec x—tan x) = ——=4sec xtanx
dx ( ) dx

= [-%L? = 4sec’ [%] tan (%] =443=16\3

Equation of tangent at point [%, 7) y y—Tl= 16\/?:[3\' —%J

” y_7:15,/§x_¥,, - y_-;:M = 3y-21=48r=16y37

= 48\3x-3y<16\37+21=0 . 3y-48V3x+16\37r-21=0

14. Find the equation of the normal to the curve y =(sin2x +cotx+ 2)2 at r.=%.

Sol. Let the given equation of the curve, y = (sin 2x+cotx+ 2)2 sk
Putting the value of x in equation (1), we get, y=4
Differentiating both side of (1), w.rt. x,

% - 2(sin 2x + cot x + 2)(2 cos 2x —cosec” x)

=" [—‘i—-] _=-12. Equation of the normal at point [g— 4]‘

y_4=l[x—%] = ]2y~48=x—% = 24y-96=2x-n1

= 24y-96-2x+x=0 .. 24y-2x+7r-96=0
15. Show that the tangents to the curve y = 2x’ —4 at the points x =2 and x = -2 are parallel.
Sol. The given equation of curve, y=2x" —4.

Differentiating both sides w.r.t. x, %: 6y’ -0 = %z 6x°

= (QJ =6(2) = 6x4=24

m =24, %=6x‘ = (%l_:=6(2)2=6x4=24
m, =24, ——‘i’—J=6x3 = [-f"l] =6(—2)1=6x4=24
- dx ).y

'+ Tangents to the curve at the points x =2 and x =-2 are parallel. Hence, m =m,.
16. Find the equation of the tangent to the curve x* +3y =3, which is parallel to the line y —4x+5=0.

Sol. The given equation of curve, x* +3y =3 k)

ﬁ=0

Differentiating both sides w.rt. x, 2x+3



17.

Seol.

18.

Sol.

= 3&:—2:{ =3 ﬂ:—g = (ﬁ) :ﬁ
dx dx 3 (5.31)

m="2 and y-4x+5=0 = y-4xr=-5
Differentiating both sides w.rit. x, = 4=0
2
ﬁ%=4 =, —%=4 :>—2XI=12 :>_\‘t=—6

Putting the value of x, in equation (1), then x] +3y, =3
= (-6)' +3),=3 =36+3y-4 B 8),=3-36 =@y =--33 = y=-11
The equation of the tangent at (—6, —11).
y-y=m(x=%) = y—(—ll):4{x—(—6)} = ly+11=4x+24
= 4x—-y+24=-11=0 = 4x-y+13=0

At what points on the curve x” +y” —2x—4y+1=0, is the tangent parallel to the y-axis?
The given equation of curve, x° +y° —2x—4y+1=0 wfl)
Differentiating both sides w.rt. x, 2x+2}'ﬂ—2—4ﬂ =\,
dx dx
t 2 1— ] ==
=) Zyi—i?—dz-:Z—Zx =% —d'—}-(2y—4):2—2x =% Qzu =5 @ I
dc  dx dx dx  2(y-2) dx y-2
When the tangent is parallel to y -axis, then E;’— =0
dr
> Bl e 20 = y-2-0 = y=3
dy I-x

Putting the value of y in equation (1), then x* +)” —2x—4y+1=0

= ¥ +(2)’ -2(x)=4(2)+1=0 = ¥’ +4-2x-8+1=0

= X -2x-3=0 = x’-3x+x-3=0 = x(x-3)+1(x-3)=0

= (x=3)(x¥1)=0 = x=3and x=—1 .. Pointsare (3, 2) and (=1,2).
Find the points on the curve 2a’y=x" —3ax” where the tangent is parallel to the x-axis.

The given equation of curve, 2a°y=x" -3ax* ...(1)

Differentiating both sides w.rt. x, 2a° % =3x" =3a.2x
=2 2a3ﬂ:3x:—6ax =% Q:w
he dx 2a°
3 . dy
When the tangent is parallel to x -axis, than - =0
%‘ﬁﬂ) = 3¢ —6ar=0 = 3x(x-2a)=0 = x-2a=0 . x=2a
%

Putting the value of x in equation (1), than 2a°y = x* —3ax”



= 2a’y=(2a) -3a(2a)’ = 2a°y=84'-124 = 2d’y=24’(4a-6a)

2a3(4a—6a)
2a’

19. Prove that the tangents to the curve y = x*—5x+6 at the point (2, 0) and (3, 0) are at right angles.

=N s = y=-2a. Hence, required points (2a, —2a), (0, 0).

Sol. The given equation of curve, y=x"-5x+6

Differentiating both sides w.r.t. x, %: 2x-5

(2. 0)

= [QJ =2(3)-5=6-5=1 LR =1.
(‘ix {(3.0)

If two slopes are perpendicular than m, xm, =-1 = —Ixl=-1.
20. Find the points on the curve y=x" +3x+4 at which the tangent passes through the origin.

Sol. The given equationof curve y=x"+3x+4.

dy dy X

Differentiating both sides wrt. x, —=2x+3 =|— =2x,+3 .. m=2x+3
dx dx (6%

The equation of the tangent is passes through the origin, y—y, =m(x—x,)

— ) ] 0_ — Y 5
= 2oy :>-————"f‘-=2x,+3 =S—==2x+3 = »=2x+3%5 .......(1)
X—X O-x =2

Also, (x,, y,) lies on thegiven curve
Y=x4+3x+4 . 2x) 43y, =x +3x,+4
= 2% ~% #3x,-3x,-4=0 = x¥=4 . x=%12
Putting the value of x; in equation (1), than y, =2x +3x,
= x =-2, y=2(-2) +3(-2)=8-6=2 = x=2 y =2(2)"+3(2)=8+6=14
Hence. points are (-2, 2) and (2, 14).
21. Find the points on the circle y = x’ —11x+35 at which the equation of tangentis y =x—11

Sol. Equation of curveis y=x"—Tlx+$
We know that

o i
Slope of tangent is L4
dx

e(x’ —11x+5 !
i]i:Q, ﬂ=3x3—|1
dx dx

Also

Given tangentis y =x—12

()

Comparing with y = mx+c, when m is the slope

Slope of tangent=1 ... (ii)
From (i) and (ii)



22.

Sol.

23,

Sol.

dx 3
3x*=11=1
3¢ =1+11
3 =12

. 12

~ 8

=4
Xl
When x=2 When x=-2
y=(2) -11(2)+5 y=(=2) F(®)+5
y=8-2245 y=-8+22%5
y=-9 y=19
So point (2,-9) so point is (—2,19)

Hence points (2,-9)& (-2.19) But (-2,19) does not satisfy line y =x—11
As 19#-2-11 2. only point is (2,-9)
Find the equation of the tangents to the curve 2x° +3y° =14, parallel to the line x+3y =4

The equation of the given curve is 2x° +3y* =14 .. .(i)
dy dy _ 2x

Differentiating both sides w.rt. x, we get, 4x +6y—l =0 =>——=——
dx dx 3y

Since tangent is parallel tothe line x +3y =4.
Therefore, Slope of the tangent = Slope of the line x+3y =4

dyrt . B (1))

S ==—8 - =— =S y=2x
dc 3 3y 3

From (i) and (ii) we have 2x” +3x (2:1-)2 =14
=2x* +12x* =14

= 4y =l4sFx =11

Putting x=+1 in equation (i) we have

If x=1 then y=2 andif x=—1 then y=-2
So, the points of contact are (1,2) and (—1,-2)

The respective tangents are b A "Tl and VAL L

x-1 3 x+1
=3y—-6=-x+1 and 3y+6=-x-1 =3y+x=T7 and3y+x=-7

-
3

Find the equation of the tangent to the curve x”+2y=8 which is perpendicular to the line
x-2y+1=0.

Let the given equation of the curve, x*+2y=8 . (1)

& &
|

19 | =

On differentiating both side of equation (1), w.rt. x, —=-x,. Also x-2y+1=0 =



Two slope are perpendicular than (—x, )[-;-) =-1

= x, =2, Putting the value of x; in equation (1), then we get, y, =2
Slope=—2. Equation of the tangent at point (2, 2).
= y-2=-2(x-2) = yp-2=-2x+4 S y+2x—6=0
24. Find the point on the curve y =2x° —6x—4 at which the tangent is parallel to the x-axis.

Sol. The given equation of curve, y=2x"—6x-4 .. (1)

Differentiating w.rt. x, L 4 =4x—-6
dx
g . dy
When the tangent is parallel to the x -axis, e =0

= 4x-6=0 = 4x=6 = x=%

Putting the value of x in equation (1), then y =2x" —6x—4

=4 y=2[—;~] ~6[%J—4 =5 y=§—9—4 = yzg—_l:—_g—

= = 4 Hence oint(3 _I7J
=5 L E N

25. Find a point on the parabola y =(.\‘*3)2 , where the tangent is parallel to the chord joining the points
(3,0) and (4,1).

Sol. The given equation of curve, y = (Jr—3)2
= y=x#9-6x = y=x'—-6x+9 1
Differentiating w.r.t. x, % =2x—6 = [QJ =2x—6

(%.1)

The equations of the line through the points (3,0) and (4,1)

;_2(1'—3) = y=x-3 2 _q

— 0=
2 s

Now, 1=2x-6 = 2x=146 = x =

[ e

=% _3)2

i 7-6Y o 1 w7 1
= )= 5—3 = 3= ~o~ = yo= Y = y,::z Hence, point il

26. Show that the curves x = y* and xy =k cut at right angles if 84° =1.

Putting the value of x, in equation (1), than

=

Sol. The given curve, y° =x

Differentiating both sides w.rt. x, 2 _}% =1

~& L () L oamdl
dx 2y ax ).y 2 dx 2y,



27.

Sol.

28.

Sol.

And, xy=4 :>x%+y:0 3%:% =3 05

Two slopes are perpendicular then m, xm, =—1.

:)-l_(.:.}.ljz_] :)L:l :)l:x]
2y \ X 2x, 2

1

Putting the value of x, in equation (1), than y; =x,

1

:>_
22

5 |

== Y =— = Yy =t—

B { 5 N ND
The given curve, xy=k = 4 L—ﬂ: =3 L—k
Squaring bothside, (1)° =(2v2k) 0 1=8°
Show that the curve xy =a” and x° + y° = 2a” touch each other.
The given equation of curve be, xy=a’ el

dy

On differentiating both side (1), w.rt. x, x‘—fx—+y.l =0

= Q:u_y = [dyj -
(=, 31)

_— T — iml:—ﬂ
dx x dx X X

Again the given equation of curve be,

.2

»

¥ +y=2a

dy

On differentiating both side of (2), w.rt. x, we get, 2x+ 2ya' =0

=

& _—x :(ﬂ] _h
dc y \dx .y N

Two slope are perpendicular to each than m, xm, = -1

= _—y‘xiz—l.

% A

=k = 1=22%

‘. Hence two slope are perpendicular to each other.

Show that the curves x° —3xy° +2=0 and 3x’y— 3’ —2=0 cut orthogonally.

The given equation of curveis x’ —3x)y° +2=0.

dy

Differentiating both sides wrt. x, 3x° — 3{1:.2):;-!—)}2 } =0

dy dy

= 3 —60y—=—-3)" =0 = —6xy—=33"=3x"
ya&_ 2¥ }dx Y

_ & 307-) d_y:-_l{yz_r_:} . ﬂ:‘_l{i_i}

dx —6xy e 2 |2 xy dc Z|x ¥
N, B R W i M [d_J] _oun
dc 2x 2y dx 2xy ax ). 2%

And the equation of another curve is 3x*y -y -2=0.

Differentiating both sides w.rt. x, 3{,\': %+y. ZX} -3y’



=5 3xlﬂ+6xy—3y3£=0 =5 ﬂzjfi_xy =5 _aj;_:—G_x}
dx dx dx (3x‘—3y2) dx (3x*—3y“]
g B o B T o [QJ T2
dx 3(x “‘_y—) dx X == dx {x:%) xl-ﬁyl-

If two slopes are perpendicular thanm, xm, = —1. Now, [_;‘ﬁ] x{—[zx—‘}"]} =—1.
238 1

X =N
29. Find the equation of tangent to the curve x=6+sin@, y=1+cos@ at & =%

Sol. Let the given equation of the curve, x =60 +siné k1)
On differentiating both side of (1), wr.t. &, jr_g =1+cosé
The given another equation of the curve, y =1+cosé ~(2)

On differentiating both side of (2), wrt &, jx—y =—sinéd

-
dy dyldd  sing | SN, ~—tan[£)
dx dx/df  1+cosf 200522 2

Equation of the tangent at point (8 +sin8, 1+cos8)

= y—(l+cos€?)=—tang{x—(9+sin9)} at [9:%]

:>y—[1+%]:—ﬁ(x—%—%] s y=(1-v2)x+ - );r+2

30. Find the equation of the tangent at 1 = % for the curve x=sin3t, y =cos2s.
Sol. Let the given equation of the curve, x=sin3t .. (1)
On differentiating both side (1), w.rt. 7, %: cos3t.3 = % =3cos31
The given another equation of curve, y =cos2f ...(2)

On differentiating both side of (2), w.r.t. 7, % =—sin2f.2

=

. dy _dyldi _—2sin2t . [ﬂ] — &
dc deldt 3cos3t dx ), .» 3{ tJ dx
L4/ TR

. T 1 T
= x=sin3f atf=— .. x=—4= & y=cos2tati=—_ y=0
4 e T A7

Equation of the tangent at (—1- OJ

N5

:>y—0=§(x—%) :>3y=4x—% .. 4x=32y-242=0



