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22 + Trigonometry

MEASUREMENT OF ANGLES

Angles in Trigonometry
In trigonometry, the idea of angle is more general; it may be positive or negative and has any magnitude
(Fig. 2.1).

Fig. 2.1

In trigonometry, as in case ol geometry, the measure of angle is the amount of rotation from the direction of
ane ray of the angle to the other. The initial and final positions of the revolving ray are respectively called the
initial side (arm) and terminal side (arm), and the revolving line is called the generating line or the radius vector.
For example, if 4 and OB are the initial and final positions of the revolving ray, then the angle formed will be
LAOB.

Angles Exceeding 360°

In geometry, we confine ourselves to angles from 0° to 360°. But there may be problems in which rotation
involves more than one revolution, for example, the rotation of'a flywheel. In trigonometry, we generalise the
concept of angle to angles greater than 360°. This angle can be formed in the following way:

The revolving line {radius vector) starts from the initial position A and makes n complete revolutions in
anticlockwise direction and also a further angle & in the same direction. We then have a certain angle [, given
by B, =360° x n+ e, where 0° < @< 3607 and » is a positive integer or zero,

Thus, there are infinitely many 8, angles with initial side {4 and final side OB,

Forexample, i, = o, §, = 360° + @, B,= 720" + a2, etc.

200 + = A,

- A

Fig. 2.2

Sign of Angles

Angles formed by anticlockwise rotation of the radius vector are taken as positive, wheregas angles formed by
clockwise rotation of the radius vector are taken as negative.
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Fig.2.3

Relation between Degree and Radian

Radian is a constant angle. One radian is the angle subtended by an arc of a circle at the centre, It is equal
to arc/radius. It is expressed as rad.

-

Fig. 2.4

Consider a cirele with centre O and radius r. Let 4 be a point on the cirele,

Join (4 and cot off an arc of length equal to the radius of the circle,

Then, £ACFP = | rad. Produce AQ to meet the circle at 8.

=+ LAOB=astraight angle = 2 right angles

We know that the angles al the centre of a cirele are proportional to the arcs sublending them,

= LAOP  arcAP
LAOB  arcAPR
LAOFP r

| :
e T PR == [
2 right angles  &r [ are AFR : z{clrtumfmenw}

2 right angles - R 180°
i I

= LZAOP=

a
Hence, | rad = ﬂ = rrrad = 180°.
T

MNafe:

= When an angle is expressed in radiun, the werd radian is generally omitted
o 1°=60"(60 min) and 1" = 60" (60 sec)
= Since |B)®= grad. Therefore, 1°=x/180 rad.

T i
Herce, 30°w =30 =X
180 b



2.4 Trigomometry

900 = e 90 = = rardl, eic,
180 2

* We have mrad=180°
= 1 F - la—ﬂ.:- (=] [%h ?) = i?n Iﬁ'i-?" {ﬂFF‘-"m'}

. 180°= grad= |°= -’Lmda[ ]mﬂ’ﬂﬂ.ﬂl?-ﬁﬁmn’.

180 7180
« Sum of interior angles on convex polygon of n sides (s fn=2)r rad.

Example 2.1 Express 452 20°10" in rad measure [z = 3.1415).

10 10 I
"o — M = degrees = —— degrees
Sol. 10" = e 60 % 60 T

lﬁ'ﬂﬂ degrees = ldegre.ﬂ:
&0 3
L 1620041 +120 _ 16321

] I.
ﬂ ”i — -
5720010 [45 + 3 ] aJdl:gm

360 360
o [1631‘1] 16321 =« 16321 31416 51274034 _ ..,
360 o0 180 360 180 G4800
Exanmple 2.2 Express 1.2 rad in degree measure.
Sol. (12)*=12x% Ed:gm:ﬁ -2 % lﬁg:? ['-'H=%{W“]]
w +

=68, 72T2=68" (7272 % ﬁﬂ}'=ﬁﬂ“[43.ﬁ3}'=‘ﬁl§" 43 (63 x 60)" =68°(43°37.8")

Example2.3 Find the length of an are of a circle of radivs 5 cm subtending a central angle measuring 152,
Sol. Let s be the length of the are subtending an angle 8% at the centre of a circle of radius r. Then, @=s/r.

R K
Here, #=$ cm and 8= 15°= [15:-¢|l] ={i)

80 12
5 b ax
s g2 — = —== =5=—cm
r 12 5 12

Example 2.4 Find in degrees the angle subtended at the centre of a circle of diameter 50 em by an arc of
length 11 em.
Sol. Here,r=25cmands=1]cm.

FEEN | E -
L 25 25 =«
11 18D

= —x—x?]
2 22

(126Y" ( :]' [I ]
L] e = 25- =15E s m =25ﬂ'i'2‘
W ] 5 B
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Example 2.5 Ifares of same length in two circles subtend angles of 60° and 75° at their ecnires, find the :
ratios of their radii.
Sol. Let vy and ry be the radn of the given cireles and let their ares of same length s subtend angles of 60°
and 75® ar their cemres. X

R R
T T u R
_ | A —| =|— o b3 _f5m
Nﬂ“’-ﬁﬂn-[ 133] (3] and 75 [TS:{FIE] -[E]
! $ul and-5E=i=£r=.rand5—ﬂr -=.:'=1-£r=5—ﬂr =Ar = Sr=r =54
gl 3 N lz rl 3 | lz | j 1 l':."- i i i | RO !
Hence, rpiry=35:4. .

Example 2.6 Assuming the distance of carth from the moon to be 38,400 km and the angle subtended by
the moan ai the eye of a person on earth to be 31, find the dinmecter of the moon.

=sol,
A
¢ | =0
B
Fig. 2.5
Let A8 be the diameter of the moon and O be the observer.
3] n
Criven £A08= 31" = — x — rad ;
60 180

Since the angle subtended by the moon is very simall, its diameter will be approximately equal to the
small arc of a circle whose centre is the eye of the observer and the radius is the distance of the earth
from the moon. Also the moon subtends an angle of 317 at the centre of this circle.

{ 31 x Al
= E—:, therefore Exﬁmm
=0 .-!B=E-I-H 2% x 38, 400 = 3464 —ﬁ-km

60 7 x 180 63

FExample 2.7 Find the angle between the minute hand and the hour hand of a clock when the time
is T:20AM.

Sol. We know that the hour hand completes one rotation in 12 hr, while the minute hand completés one
rotation in 60 min.
Therefore, the angle traced by the hour hand in 12 hr = 360°

Angle traced by the hour hand in 7 hr 20 min, i.e., 333 hr= [%H%} =3220°

Also, the angte traced by the minute hand in 60 min = 360

] : 360
The angle traced by the minute hand in 20 min = [—gd- b ED) = 120°

Hence, the required angle between the two hands = 220° - 120° = 100°,
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ETLTUEEE  Foreach natural number, &, let C, denote a circle with radius £ centimeters and centre at
origin (. On the circle C, a particle moves k centimetres in the counter-clockwise
direction. After completing its motion on €, the particle moves to Cy ,  in the radial
direction. The motion of the particle continues in this manner. The particle starts at (1,0},

" If the particle crosses the positive direction of x-axis for the first time on the circle C,
then find the value ofm,

Sol.

Fig. 2.6

The motion of the particle on the first four circles is shown with bold line in Fig. 2.6. Note that on every circle
the particle travels just 1 rad. The particle crosses the positive direction of x-axis first time on C,,, where n is
the least positive integer suchthatn22xr=n=7

See gl Sl R R 0 Ny PRPLIL PR LR e

Concept Application Exercise 2.1

i g = = mam s - m ad e

1. A horse is tied to a post by a rope. If the horse moves along a circular path always keeping the rope tight
and describes 88 m when it has traced out 72° at the cemtre, find the length of the rope.

2. [fthe angular diameter of the moon is 30°, how far from the eye a coin of diameter 2.2 em can be kept 1o
hide the moon?

3. Find in degrees and radians the angle between the hour hand and the minute hand of a clock at hall past
three. J
4. There is an equilateral triangle with side 4 and a circle with the centre on the one of the vertex of that

triangle. The arc of that circle divides the triangle into two parts of equal area. How long is the radius of
the circle?

TRIGONOMETRIC FUNCTIONS

Trigonometric Functions of Acute Angles

An angle whose measure is greater than 0° but less than 90 is called an acute angle. Consider a right-angled
triangle ABC with nght angle at 8. The side opposite to the right angle is called the hypotenuse, side opposite

to angle A is called the perpendicular for angle 4 and side opposite Lo the third angle is called the base for
angle 4.
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Gi

Fig. 2.7
The ratio of any two sides of the triangle depends only on measure of angle A, for if we 1ake a larger and

smaller right angle triangles as shown in Fig. 2.7, we have ;?;— il = - (as these triangles are similar),

¥ op
Thus, the ratio of the lengihs of any two sides of a triangle is completely determined by angle 4 alone and
15 independent of the size of the triangle. There are six possible ratios thal can be formed from the three sides

of a right-angled riangle. Each of them has been given a name as fallows,

Definitions
() sind =L (i) cosA=" (iity tana =L
i h ; b
(iv) mut% () m,,,% o) mmt‘%-

The abbreviations stand for sine, cosineg, tangent, cotangent, secant, and cosecant of 4, respectively. These
functions of angle A are called trigonometrical functions or trigonometrical ratios.

The circumference of a circle circumscribing an equilateral triangle is 24 runits. Find
the arca of the circle inseribed in the equilateral triangle.

Sol. 2aR=24x(R 1sthe radius of circumercle)
R=12
sin 30° =-% {r iz the radius of incircle)

rel2ag
2 ¥

Therefore, arca of incircle = m* = 361 Fig. 2.8
m In triangle ABC, BC=8, CA =6 and AB = 10. A line dividing the triangle ABC into two

regions of equal area is perpendicular to A8 at the point X, Then find the value of BX/Z.

C
Sol. From the figuu,z[i“—f] 228 oy
- 2 z B i
xxxtanB=24 - ¥
.:rz'.u:E =24
4 A 8
P=12=xr=442 bo— X X -
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Example 2,11

Let PO and RS be tangents at the extremities unh}é diameter PR of a circle of radivs r. ITPY
and R intersect at a point X on the circomference of the circle, then prove that 2r

= .,II'PQ RS 5

Sol. From the figure, we have i—g =an (w2 -G=cot & @

RS
and — =tan @ X
PR

= (PR = PO x PS v
= (2 =POxPrS

=2r= JP0x PS

Fig. 2.10

Example 2,12

Twa cireles of radii 4 cm and 1 em touch cach other externally and 8 is the angle contained
by their direct common tangents. Then find sin 6.

Sol,
8 3 2
gip —=-—
2 5 i
i g2
g8 4 |
iy 5
Gl.'.li'l 5
: 1 4 24
So8in 8 IxsxS T
Fig. 2.11

4
I angle Cof triangle ABCis 90°, then prove that tan A+ tan B= = (where, a, b,¢ are
sides opposite to angles A, B, C respectively)

A
Sol. Draw AABC with ZC=90°"
a8 b i
fanAdA+tan = —+— b
h a
a® + b - c*
ab  ab . - 5 &
Fig. 2.12
Example 2,14 I URTTS lﬁllnwing diagram £ZBAQ = tan™ '3, then find the ratio BC : CA
[} B &
Sol. .. tap =1
oC oc
—— R — - c
e tan 6, aC cot &
Fi) tan & 1
-—C = an 'lﬂli'l Epg
AC cox @ ] A
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Trigonometric Functions of Any Aﬁgle

Let 4 be a given angle with a specified initial ray, We intreduce a rectangular coordinate system in the plane
with the vertex of angle 4 as the origin and the initial ray of angle A as the positive ray of the x-axis (Fig. 2.14).

We choose any point P on the terminal ray of angle A. Let the coordinates of P be {x, ¥) and iis distance from
the origin be r, then we deline \

(i} sind=2 ) cosA=Z (i) tan A= 2
r r : I
(iv) cotd=2 (v) secd=— (vi) cosecA=—
¥ x g

P )

-

o

r'-. b, 55
L ]

Fig. 2.14

. These quantities are functions of angle 4 alone, They do not depend on the choice of point /* and the
terminal ray. 1T we choose a different point / (x°, ) on the terminal ray of 4 at a distance r* from the origin, it
is clear that x" and 3" will have the same sign as that of x and y, respectively, because of similar triangles AOFL
and AQ™ L,

Also, any trigonometrical function of an angle 4 15 equal to the same tnigonometrical function of any
angle 360n + A, where n is any integer since all these angles will have the same terminal ray. For example, sin
60° = sin 4207 = 5in (-300°). Afier the coordinate sysiem has been introduced, the plane is divided into four
quadranis. An angle is said to be in that quadrant in which its terminal ray lies. For positive acute angles, this
definition gives the same result as in case of a right-angled triangle since both x and y are positive for any
point in the first quadrant, Consequently, they are the length of base and perpendicular of angle 4.

Graphs and Other Useful Data of Trigonometric Functions
1. y=f(x)=sinx I
Domain — R, Range — [=1, 1]
Period = 2x
sinx , jsiny| & [0, 1]
sinr=0=2r=nm,nef
siny=1=x=(dn+ 1w nel
sinr==1=x=({dn- w2, ne /
siny =sine=x=nr+ (-1 ne /
sinyx20=bre U{Enf: LT+ 2

il
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.1
l-_\ .: I | /-_-l .
Nr2 0wz ANz 2% Su2

Fig. 2.15

L. y=flx)=rcosx
Domain — R, Range —[-1,1]
Period — 2w
cos’x , Jeosx| & [0,1]
cosx=0=x=(2n+ 1}, ne f
cosx=|=x=2nmncl
cosx=-[=sx=({In+1)m.nel
cosx=cos==x=2nrta,ne

cosxzl=xe U[I.rm ...  2nm+ m2]
' nal 2

¥

1
_M RO YT

2

Fig. 2.16

3. p=fix)=tanx
Domain =+ R-(2n+ 1)\n2,. ne [
Range — (==, =)

Period = 1 x
Discontinuous atx=(2p+ 1) w2, ne [
tan’x, jtanx| € [0, )
lanx=0=x=nm.nel

tanx = lane=x = AT+ o, ne |

= -

Rt T EEPE
EY
[ ]

i
i
i
1
|
I
L
i
I
i
i
i
]
P
i
i
i
I
i
|
I
i
i
I
i
i

______ u|;1’ .

Fig. 2.17
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Domain = R - am, ne I; Range — (—eo, o), Period —» 1,

Discontinuous atx =nm, ne [

cot’x , [cotx] € [0, o)

4. y=fix)=cotx

cotx=0=x=(2n+1)m2. nef

v o)

Domain < R~(2n+ 182, ne I, Range —» (—=s, ~1 ] |1, ==}
Period — 2, sec’x , [secy € [

S y=fix)=secx

¥

i
i
]
1
o
1
i
1
]
[}
i

o]
i
i -+ e ﬂH
| i
" e | e
R e = [ :.:-“.- R
m “
1 ﬂ l"
_ A
| i <t
R L (S, A—— w
; e M.
i i
_ | x
=
s |
mR
i T
= =
R
Ti
0
Fu.
Y-

Period — 2, cosec’x , lcosecx] € [1,20)

Range — (—e=, 1] L[], o)
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Signs of the Trigonometric Raties or Functions

The signs of triganometric functions depend on the quadrant in which the terminal side of the angle lies. We
always take the length OF = r 1o be positive, Thus, sin 8= y/r has the sign of y and cos 8= x/r has the sign of
x. The sign of tan & depends on the signs of x and y and similarly the signs of other triponometric ratios are
determined by the signs of x and/or 3. Sign can also be determined by the graphs. Thus, we have the following:

Functinn 15t 2nd Jrd dth
quadrant quadrant quadrant quadrmni
sin @ +ye +ve -Ve e
cosec &
cos @ 4ve Ve —ve +ye
sec @
tan @ +ye —ve +yve s
ent O

Variations in the Volues of Trigonometric Functions in Different Quadrants

1™ quadrant 2 guadrant 3" quadrant 4""F|uldrinl
sin @ Tfrom010 L from | 1o 0) L from 010 - T from=1 100
cos i 4 from 1 100 4 from 0 to—1 T from—1 100 Tfrom 010 |
tan & T from Q1o e T from —eato 0 T from 0 (o e T from—oato
cot @ 1 frome=100 4 from 0 1o —e L frome==1a0 Lfrom 0 to—es
scce@ | Thomitoes T from —es 10 =1 =] 1p—oa L fromesto |
cosec | 1 fromesto | T from 1 toes T from —ss 10 -1 4 from -1 to—ee

Note:
+ea gnd —ee are iwo symbols. These are not real numbers. When we say that ian 8 increases from 0 1o
ea g5 0 varies from 0 o 72, i means thai tan 8 increases in the interval (0, ®f2) and it atiaing

arbitrarily large pozitive values as 8 tendys 1o &/, Similarly, this happens for other rrigonomeirical
Sunetions as well.

Trigonometric Ratios of Standard Angles

Angle(8) — J0° 45° 60°

T-Ratio 4

sin @ 72 INEY Y312
cos 8 Jin 12 12
tan @ I3 | | Wi
cosec @ 2 N7 213
sec O 1IN J2 2
cot 8 S 1 13
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Transformation of the Graphs of Trigonometric Functions

I. Todraw the graph of y = flx + a); (a> 0) from the graph of ¥ = f{x), shift the graph of v = f{x), @ units left
along the x-axis.

Consider the following illustration.

¥ :I."l!h[:l'i'lll

Fig. 2.21

To draw the grnph ol y= flx—a); [abl'l} from the graph of v ﬂﬁx}, shifi the grap-h. of y=flx), a units right
along the x-axis.

Consider the following illusiration.

Fig. 2.22
2. To draw the graph of y = fix) + a; (a > 0) from the graph of ¥ = f{x), shifi the graph of y = flx), @ uniis
upward along the y-axis..

To draw the graph of ¥ = flx) = a;, (a > 0) from the graph of v = f{x), shift the graph of ¥ = fix), @ unils
downward along the yv-axis.

~ FEoosx+1

¥=rcosx

x

f;ﬂﬁx—z

.___;-___}-,,.-

Fig. .23
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3. Ify=fix) has period T, then period of y = flax) is 7V a}.

¥ gin (2%
¥=5EInNX
B e, e i i 11' ‘1'"?'.(““' 1‘
W L i ¥ X, i A i '
2w, WX, AR w2, 't 32| I
e ML WAL N N “'Ir"'
Fig. 2.24

Period of y=sin(2x) is 22 =x

Period ofy=sin (+/2) is 2m/(1/2) = 4

4. Since y=[f{x)| 20, to draw the graph of v = |flx)], take the mirror of the graph of y = fix) i i x-axis for
Jx) =<0, retaining the graph for fx) = 0.

Consider the following illustrations.

Here period of fix) = |sinxlis
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= :E

i 1
=) DR AR U .“. |||||| I S AR
[
[
[

Here period of flx) = |cosx|is @

]
L
¥
' '
' "
;| '
1 L ]
5 A e
| [ | i i "
=2 1 Rk SRR “ :
B i T e I\ RN |
= | T H 1 v
1 . ] | ]
1 .r.".:..;.r-..,.. “ lm nql
. “ _....lh “ b R e
g EEEY, RS TR o e A 1 o =
: : 1 3 i M n ~
“ _ ! | g e B L i
I 1 i = = | = 1 =
" “ { ] = 0 e =
1 1 i ' =, ] i
T, i i
e ! : _ n_w“ _._-w i
" 1 i L ] I .
i i ..-.;1.. i =
1 N i
i i e i i
I .’ i "
1 1 _ 1 ]
S LI CENAS S
i i i ]

'Fn-h-lr—i—l-f
)
-1
af{x} from the graph of ¥ fx)
y=2sin x

...:
£
g
=
8-
&
H
£
=
B
=
B
=
=

——— II—I| R—

LY T
i ol .r.. -m

5. Graphofy

doesnot lie in [=1, 1].

h tan 8= 1002
numerator is always greater than the denominator for

I—pI

2

I+p1

P

+
I-p

0. Hence.

15 not possible, as in

i

T (pel)

L

2
It

I-p

Sol. b. sin &= % 15 not possible as —1 < sinf=< .

5
i1+ p
1-p

a sin 8= —
3
any value of p other than p

cos @

¢ cosf=
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L 2 .
sec 1= — is not possible as sec B (o, —1] L[, o).

tan 8= 1002 is possible as tan & can take any real value.

VTR Which of the following is greatest? :
a tanl h tan4 ctan7 i tan 10
Sol. a. tand = tan{x + (4 - 7)) = 1an(4 - @) = tan({0.86)
tan7 = an{2x+ (7 2m)) = tan{ - 21) = tan{0.72})
tanl0=tan(3x+{10-3m)= tan{ 10— 3 1) = tan(0.58)
Now 1 =0.86>0.72>0.58

= tanl > tan (0.86) > tan{0.72) > tan(0.58) [as 1, 0.86, 0.72, 0.58 lie in the first quadrant and tan
functions increase in all the quadrant]

Hence, tanl s grentost.

EEINTSERE W hich of the following is least?

a sin } h sin 2 . sim | il sin 7
Sol. d.sin 3= sin[x—(r—3)] =sin(r—-3)=sin(0.14)

sin 2 =sin{x—(x—2)] =sin{r—2) =smn(1.14)

sin 7 =sin[2x+ (T =2/m)] =sin(7=2 1) = 5mn({0.72)

Now 1.14>1>0.72>0(.14 '

= sin( 1. 14} = sin] > sin(0.72) > sin{0. 1 4) [as 1. 14, 1, 0.72, 0. 14 lie in the first quadrant and sine
[unctions inerease in the first quadrant] '

Hénce, sin 3 is least,

Alternative solution:

] i i
¥ 1 I

S PR g I R T - - N I A

i
i
i i i
——f o ——————— e o — — L i L ettt T
i
i

R : : | i
Fig. 2.30
Froim the graph, obviously sin 3 is least.
T AT 114 =4 sinf+cos’ @, then which of the following is not true?

a Maximom value of 4 is5 h Minimum valve of 4 is—4
¢. Maximum valoe of 4 occurs when sinf= 12 d Minimum value of A occurs when sin f= |
Sol. a,c,d.

(8= 45in8 + cos*@= 4sind + | —sin’0
= § (4 dgind+ gin"#) =5 — {sin#— 2}2
Now maximum valoe of f{&) occurs when {(sinf - 2% is minimum.
Minimum value af (sind— 2) occurs when sing= 1, then maximum value of f{Pis5-{] - 2y =4,
Also minimum value of /T #) accurs when (sind— 2}3 15 Taximum.
Maximum value of (sinf—2)* occurs when siné= —1, then minimum valve of f{#) is 5 —(—1 -2 =-4.
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dx
ATUTNFALE 15 the equation sec’ = z 7 puossible for real values of x and p?

(x +¥)

dxy
(x+y)

Sol. Given, sec’ 8=

Sincesec’ @ 2 |, we get fay =2
_ x+y)
= (x+y) <4y
= (x+y¥—dxy<0or(x—y)y¥<0
But for real values of x and y, (x—3)* 20
Since (x—y¥ =0, x=yp. Alsox+y#0=2x20,y=0
4y
[ 'qu 15 possible for real valees of x and y only when x =y (x 2 0).
A+ ) *

Therefore, the given equation sec’ §=

(SR el Show that the equation sinf=x + l is impossible if x is real.
X

i | I
Sol. Given, sin @=x+ —
X

2
sin‘@=x" + —l-+1.t l#.r? +Lz+2=[.r-l] +d424
; .\.’z x X X k

which is not possible since sin 82 5 1,

RIS I sin’@, + sin”@, + sin’ @, =0, then which of the following is not the possible value of cosé,
+cos B, + cos @, '

al h -3 ' -1 d -1
Sol d
sin’@, + sin8, + sin®dy, =0
= sin'f=sin’d, =sin"B=0 = cos’f,cos’B cos’By=1 = cosfl, cosb,, cos; == |
cos® + cos#, + cosé, can be -3 (when all arc 1) ' "

4

ord (when all are +1)
ar—1 (when any two are =1 and one +1)
orl {when any two are +1 and one-1)

but -2 is not a possible valuc.

R el For real values of 8, which ol the following isiarfmﬁitlh;n‘!
i cos(cos 6) b cos (sin &) ¢. sin (cos &) i sin (sin &)
Sol.a,b. cos f, sin @ [=1, 1] or (value lies in 1* or 4™ quadrant)
For which cos (sin &) is always greater than 0.
sin (cos 8) < 0, when cos @& [-1, 0] and sin(sin 8) > 0 when sin 8 [0, 1]
1
deosx -3

AFTNT S X N Find the range of fTx) =

Sol -l <€cosx=<1
= -4<4eosxsd
==]S4c05x=-351]
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=7 S4cosx-3<0or0<dcosx-3<1 (v dcosy—30)

I 1 |
=T — 20 O 00 D m— |
7 dcosx-3 dcosk=3 .
= -'—"—! 2 1
4:05.:-3E i e

Find the range of flx) =

Example 2,24 —
Ssinxy -6

S0l -l=sinx=1
=-5Z5sinxs5 3

=-l1=5sinx=65-1

g
s e
=18 T <~ 1/}

€ [=1,~I111]

~ Ssinx—6

BRI REN  Find the range of flx) = cos® x + sec’ x

Sol. We have
Ax)=cos* x +sec’ x _
= (cos x - sec x) + 2 cosxsec x
=3 +(cosx—secy) 22

BRSOl  Find the range of fix) =sin® x = 3 sinx +2
Sol. fix) =sin’x—3 sinx+2 '
=(sinx-3/2) +2-9/4
= (sinx-3/2y - 1/4
~|ssinxs|
=-52<sinx=-32< -1
=5 1/4 S (sinx=3/2)? <2514
=0<(sinx=-32)V-14<56

Example 227 ERIhT th:rnn;c’ql‘ﬂxﬁ \['sinz.-.' -Gsini+9+ 3,

Sol. fix) = J::m:.r- Gsinx+9+3

= Jisiny -9 +3

=|sinx—3|+3
Now -1 2s5inxy< |
=-—4<sinx=-3<=2
= 25Binx=3|<4
= S5ssinx-3|+3<7
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AR REN  Find the range of flx) = cosec® x + 25 sec’ x.
Sol. fix) =(1 +cot’ )+ 25(1 +tan’ x)

=26 +cotx+ 25 an’ x

=36+ 10 + (cot* x + 25 tan® x = 2 cot x 5 tan x)

= 36 + (cotx — 5 tan x)* 2 36

EXITIEEIN Find the value of x for which f{x) = \/sin x —cos x is defined, x& [0, 2x].
Sol. fix)= fsinz =cosx isdefined ifsinx 2 cosx,

-

=X
; x 5|
From the graph, sinx 2 cos x, forxg | =—,— |.
4 4 |
(ST eI Which of the following is highest?
i cosec | b cosec 2 + . cosec 4 i coser (—6)

Sol. d. Consider sin 1, sin 2 and -sin 6 (sin 4 is negative; hence, cosec 4 cannot be maximum).

i 1 i i i i

] 1 i i i [}

1 i L L)

F 1 e o itk At b Ll T L
1]
[ ]
1]
[}
[]

W
| B
B
s s s e
e P

1
L5

Fig. 2.32

From the graph, sin (-6} is least, hence cosec (—6) is maximum,

(BETHV I Solve tan x> cot x, where x € |0, 2x].
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We find that tan x = cot x

Therefore, values of tan x are more than lhe values of cot x.

That is, values of x for which graph of v = tan x is above the graph of y = cot x.
From the graph, it is clear that x & (&4, ®2) (34, )0 (504, 3a2) o (Tad, 2r).

TLEFL Sy il 5

Cnnnupt Appllmtinn Exaﬂ:lu 2 2

r'\r'-l---. B e e

1. Find the least value of 2 sin® @+ 3 cos® 8,

2. Find the range of f{x) = sin (cos x),

3. Find the range of 12 sin 8- 9 sin” &

4. Find the minimum value of 9 tan® 8+ 4 cot’ 8

5. Which of following is correct {where n € N)? -

.F 2 L
a sing=2 bt o2 TR YO
n n+l n—l1 n]+i

6. If sin® @, + sin® @, + - + sin® @, = 0, then find the minimum value of cos 8, + cos 8, + - +¢os 8.
7, If sin® 8=x" — 3x + 3 is meaningful, then find the values of x.

8. Find the range of fix) = \ilr4 ~J1+tan’x.
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9. Find the range of flx) = m ‘

10. Find the range of f{x) = cos’s + sin‘y = 1,
11. Find the minimum value of the function flx)=(1 +smx){| +cosx), ¥ xe R.
12. Prove that (sin 8+ cosec 8 + (cos 8+ sec 8729,

PROBLEMS BASED ON TRIGONOMETRIC IDENTITIES

RYTCERr N Show that 2(sin®x + l:us‘x] = 3(sin* x + cos'x)+ 1 =0.
Sol.  2(sin% + cos® x) = 3(sin® x + cos'x) + |
=73 [_[sintx]J' + {ECI!F .1-}3] - J{Ein' x+cos'x)+ 1= I{[sinly + cos? x) - 3sin’zcosix(sin’x + cos’y))

— 3[(sin® x + cos™x)* - 2 sin? xcos?x] + | = 2[1 - Isin‘rcos’x] - 3|1 -2 sin® xcos?x] + | =0

1+sind = secl! + tan @, ...E..;ﬂ;:l

1-sin8 1 -

[l+sin o [1+5in8 1+sin#
‘I.“-r.inﬂ \1-siné 1+sin@

l:l+$inﬂ:ii = J{l +3'inﬂ:i1
| ~gin" @ cos® §
| +5in@ 1 s5in @

cos@  cos8  cos@
= RHS,

Example 2 Prove that

Sol. L.H.5.=

= sec @ +wund

ecA-tanA cosA 05A  secA +land

| | I |
Sol. To prove o =

Example 2,34 Prave that
5

secA—-tan A cos A - cos A sec A -+ fan A
I ) I I 2
: + = + : i
o secA-tan A secA+tanA cosA  cosA lcmﬁ ®
1 | sec A+tan A+sec A =tan A .
NowL.HS.= =

o+ =
seCA—tmA secA+inA  (secA —tan A)(secA +1anAd)  cosA
(ORI A |1 3 sin @+ 5 cos 0= 5, then show that 5 sin 6=3 cos =3,

Sol. Given, 3 sin 8+ 5¢cos =5 (i)
LetSsinf-3cosf=x {ii)
Squaring and adding, we get
(9sin® @+ 25cos’ 8+ J0sinBcos §) + (25sin’ @+ 9 cos* - I0sin Bcos @) =25 +x7
= 9(sin’ @+ cos’@) + 25 (sin?@+ cos@) = 25 + 1P, :

.= =25+ orr’=9 wie = s
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= x=i]

Example 2.36

prove that the value of each side is £ 1.
Sol. Let(secd + tan A){sec B+ tan B) (sec C+ tan C)=x-
(sec A —tan A) (sec B —1an B) (sec C—tan C) =x.
Multiplying Eqs. (i) and (ii), we get _ .
(sec?d — tan®4)(sec’ B — 1anB)(sec’C — tan?C) = #*
orx'=1 : '
Lx=k| ' -

Hence, each side is equal 1o £ |.

SRl [f tan @+ secf= 1.5, Mind sin@, tand, and sech.

Sok. Given, mtEHmH-% )

} A

Now, secf—tlanf= —————
ow, secl—tan P PR g

(see Fig. 2.34)

Adding Eqs. (i) and (ii), we get 2sec = = 4+

b |

13
&

L || b

o sech= E - B 5

5
=2 | Fig. 2.34

and sinf = i
13

BT IEECE Ifcosee @—sin @=mand secf-cosd=n, climinate 6,

Sol. Given cosec 8- sin 8=m, or ....!_._ - sin@ =m

&in
I -sin’@ - cos’ @ :
of, ——————— =y, =m =
sin B sing
in - = - cosf=
Again sec 8-cos8=n, or e n
1—cos’ 8 sin® @
Of, = =i, Or =n
cos cos @
2
From Eq. (i), sin 8= cos ¢
m
|
Putting in Eq. (ii), we get -:;.'rs TR T
m* cosd

] 2
cos B= {”,1,,]3 ,or cos? O= {mzn]l

If (sec A + tan A) (sec B+ tan B) (secC+ tan C) = (see A — tanA) (sec B — tan £) (sec C—tanC),

0
(i1}

(i)
(i)

(i)

(i)

(i)

i)
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a4 4 1
2 1.1 > | 2 |
o o m'n 3.3 1 2 4
From Eq. (iii), sin 8= . I: ) SRR oy -
m it
S sintg= {mn!]; (v}
Adding Eqgs. (iv) and (v}, we get
2 2
{m'?nl}:" + (mn! }1" = cos” @ + sin° @
2 3
ar, {mjnjl -|-|{n1.r:|1}3 =1
4 4
Example 2.39 i mig + . : =1, then prove that
Cng Fl-'l'l
cos'B sinR
+ =1

a sin*4 + sin'B =2 sin4 sin’B h : — =
; . co5"A  sintA

cos* A sin® A

Sol. Given, e e = 1{cas? 4 +sin® A)

= cus:A ~ cos’ A =sin’ A -L":A

cos” 8 sin® B

COR .H.(L‘-I:IE A —Cos B) A(Ein?‘.ﬁ-sin: .4}
> cos® B -sm sin’ B

P 1

= ﬂmiﬂﬁms A — cos H} :::1‘; [{I-ms’ B}-(l -:m*ﬂ}]
=+ cus.ﬁ{mﬁ msB} “.u(msﬂ cos .E]

cos’ B sin” B

2 .3
- {ms’d—m’ﬂj [ms A_sm H]“ﬂ

cos’ B sin®B
when cos'd —costll = 0, cos’d = cos'B (1)

z T |
when msi 8= Efn]"' =0, cos” Asin’ B =sin® Acos® B
cos" B sin” B

=»  ¢05°A(1 - cos’B) = {1 — cos'4) cos’B
= c0sid - cosid cos? B = cosiB — cos®d coslB
= ¢os'd =cos’B 0

Thus, in both the cases, cos’4 = cos’B.
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| —sin’d = | —sin®8, or sin’A = sin’8 : (i)
a LHS =sin'4 +sin*B
= (sin’d - sin? B} + 2 sin’A sin’B = 2 sin’A sin’ B=R.H.S. [+ sin?d =sinB]

cos' B . sin* B L cos’ B'+ sin® B
cos A sin*A cos* B sinc B

h LHS.=

= cos*B + sin*B = |

If x = sec 8—tan Band y = cosec 8+ col &, then prove thatxy + 1 =y -x.

]--sanHmsEH & |—sinB@4cos8
cosé  sin@ sinBcos @

Sol. xy+ 1=

_ (sin®B+cos’ @) (sinB-cosd)
sin@cos B sin @eos

= {tan 8+ col ﬂ]l-i,’sr:c 8- cosec 8)

= (cosec B+ col ) —(sec B—-tan @) =y-x

Concept Application Exercise 2.3

1. Show that 3(sin x — cos x)" + 6{sin x + cos x)* + 4{sin® x + cos® x} = 13
2. If sec @+ tan @= p, then find the value of tan 6.

3. IF(1 +sinA) (1 +sin B) (1 + sin €)= (1 = sin.A) (1 —sin B) (1 — sin C), then find the value of (1 + sin 4)
(1 +sin B) (1 +sin C).

4. If (sec O+ tan G) (sec ¢+ tan @) (sec '+ tan y) = tan Eum @1an y, then (sec & tan &) (sec ¢=1an ¢)
(sec w—tan ¥ 15 equal 1o

a col fcot oot y h tan ftan $tan y
L. tan@+tang-+tany d cot 8+ cot ¢+ cot

8 1 Lcos@+Lsind=1, Zein@—2Lcosd=1,then eliminate &
a & ia b

6. If a + btan 8= sec Band b—atan =13 sec 8, then find the value of &* + &,
7.1f @ sin* x + b cos® x = c,.bsinly-hncnsl}r“dﬂnd @ tan x = b 1an y, then prove that

a' _ (d—a)(c-a)
Bt (b—cXb-d)

TRIGONOMETRIC RATIOS FOR COMPLEMENTARY AND SUPPLEMENTARY ANGLES

In each of the following figures, x and y are positive. Also triangles OFM, OF'M’, or OP'M are congruent,
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sin(=@) = =sind sin (=f) = el = in a - ¥
r r
cos(—@) = cosd cos (~6) = = = cos 6, tan(~8) = -2 = tang ¢ TP
r X
Taking the reciprocals of these = it 8 "
trigonometric ratios, we have cosec(—8) * o -§ |M
= — posec 8, sec(~8) = sec @and cot(—-8) “x, =)
=—cot 8 '
r r"
$in(90° - ) = cosf Sin(90 - ) = = = cas @
r
cos(90° — 8) = sin8 cos(90-0)= L =sing
F
x
tan['lﬂ-ﬂh; =cotd x’ X
L] ] - x #I‘ F
sin{90* + &) = cosé sin{90 + 8)= == cosl
r =, M A
cos(90°+ B) =—sin@ | cos(90+ )= —% =~gind
r ; Pix, ¥
X - r
an(90+ A= —=s—=—col B X ¥

sin (180° = &) =sind Hmﬁsinf]:ﬂﬂ-ﬂ}=%=sinﬂ

cos (180°~8) c08{180 — B)= == = ~cos @
F
= cos and, tan(180 - @)= 2= —tan @
=X
sin (180°+ ) = 5in(180+ 6) =i — =—sin@ 4 A
F Hliﬂ
=X
=—gin @ cos(180+ )= — =—coz 180 - &
(180+ )= = g ,.-
-y ¥ o L
cos (180 8) Lanl:JEﬂ+ﬂ'—‘x=;=lanlﬂ'
=—cos B Pdlaie. e
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Since the terminal sides of co-terminal angles coincide, hence their trigonometrical ratios are same.

Clearly, 360° - 8and - # are coterminal angles.

Therefore, sin(360° — &) = sin{- E}l = -4in & cos(I60° - H) = cos(—H) = cos &, and tan{360° — &) = tan(—&)

= —tan & Similarly, cosec(360° - &) = —cosec 8, sec(360° - 8) = sec Aand cot{360° - &) =—cot 8.

Also Band 3607 + Bare co-erminal angles, Thercfore, sin{360° + &) = sin 8, cos(360° + ) = cos & 1an{ 360°
+ 0 = tan G, sec(360° + &) = sec 6, cosec(360° + &) = cosce Gand cot(360° + 6) = cot &

In fact, for any positive integer m, (3607 x n+ 8) is co-terminal to 6, Therefore, for any posilive integer m, we
have sin(360° x n+ @) =sin 8 cos (360° x n+ &) =cos & an(360° x n + &) = tan & cosec (360° x n + &) = cosec B,
gac(360° % pn+ B)=secHand cot{IG0D° x n+EN=cot H,

Prove that sin (—410°) (cos 390°) + cos (~660°) (sin 3307) = -1,

Sol. L.H.S.=sin(-420°) (cos 390%) + cos [(—~6607) (sin 3307)
= 5in 420" cos 3907 + cos 660° sin 3307 | ** sin{=8=-sin &, cos{—&h = cos §]
=—gin (90" ® 4 + 60%) cos (90% »x 4 + 30%) + cos (907 x T + 307) 5in(90° » 3 + 607)
= —(sin 60°) (cos 30%) + (sin 307) (—cos 607) g
V3 431

_T ? _(_EJ —1 =R.H.S.

mﬁﬁll}“ + sec(—# Han(180° - @)

Example 2.42
AlLbild Frovethat o O)sin(180° + 0)cot90" - D

cos(90° + 8y sec(—=0) tan(180° HH]_ _ {—sin &) sec @ —tan &)
sec(360° — Msin(180° + #)cot(90° -8} {sec@H—-sind)1an )

=-1=R.H.S.

Sol. LHS=

RENTIRERE 1.1, 8, O, D are angles of a cyclic guadrilateral, then prove that
cos A +cos B4 cos C+cos D=0,
Sol. We know that the opposite angles of a cyclic quadrilateral are supplementary, e, A+ C=mand B+ D=1
A=g-Cand B=g-D
= cofsAd=cos(a—C)=—cos
and cos B=cos (-0 = -cos D
cosA+tcos BtcosCHeos D==cos C=cos D+ cos C+cos D=0

SSTNIVIEEE N  Show that tan 1% 1an2° ... tan 89°= |,
Sol. L.H.5 =(tanl® tan897) (tan2® tan88) ... (tan44” tand6”) tand 5°
= [tan]”'tan(90°- 17)] [tan2® an(90° —2°)] ... [tan 44° an(90° — 44°)jtand 5°
= (tan1® cotl®) (tan2® cot2) ... (tandd” cotd4 ™ jand 5°
=1 [ tan fcot =] and tan45° = | |

Sol. L.M.5.=(sin*5% 4 sin‘B57) + (sin10° + sin?B0°) + - + (sin®40° + sin? 30%) + sin45° + sin®90"
= (sin*5% + c0s*5%) + (sin*10° + cos? 107} + - + (sin*40” + cos?40°) + sin“45° + sin?90°

i
=u+|+|+1+1+1+|+|}+[ : J +1=02
z 2
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BT Find the value of cos® I 4 cos? -3-{ +cos” -SE +cos® 3£ .
16 16 16 16

. s W n . z 5_3_”. +008 [E_ﬂj
Sol. L.H.S.= cos® —+cos* —+cos [ e ﬁ] 2716
2 33T 9 3 g &

= a— e Pl T i e
Cas T {:ﬂtﬁlﬁ sin ]ﬁﬂ:.ll'l T

= [tusz 2 +5in? f—] +[msl L ain® E)
16 16 16 16
=|+]=2

RETITN I IC W | sin (120° - o) =gin (1207 - B}, 0 < &, f< m then find the relation between aand &
Sol. Ifsin A =sinB, where A= 120°-@and B=120°- [

= A=Hord=a-8.¢c.,4+8=x

= 120°-a=120°-f, or 120° - o+ 120° - = 180°

= a=fora+ fi=60°

Concept Application Exercise 2.4

L. In triangle 4 BC prove that
A sind =sin(f + )
h sin2d ==sin(28+ 2C)
¢ cosA =—cosl(d + 5)
d uln(ﬁ-"H]ﬂmlE
2 2

2. Prove that sin (=420 {cos 3907) + cos(=660") (sin 330°) ==1,
3. Prove that

1
a lan 720° —cos 270° —sin 150° cos 1207 = E
h sin 780° sin 480° + cos 120% sin 150° = %

4. Ifa= % . prove that cos & cos 2 cos 3@ cos 4 cos 5o cos Ha ™= —# :

Ix Sx¢ Tz 9rm
&, Find the'-rmuauf t,an—hm—t — tan —lan —
' 20 20 20 20 20

5 col 54°  tan 207
6. Find the value of + ;
tam 36  cot 70°
T 4
7. Prove that 5.'|l!|:'“£-+sir|.z 3 +5in* — ™ +5m1?ﬂ= 1 .
3
8. Prove that m[%-ﬂ]sec [5-%’5} +lan {-:5-;-+6 tan [E—E‘E]= =1,

9. In any quadrilateral ABCD, prove that
a sin{A+ B +sin(C+ D=0
h cos(d + 8)=cos (C+ D)
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TRIGONOMETRIC RATIOS FOR COMPOUND ANGLES

Cosine of the Difference and Sum of Two Angles
1. cos{(4-By=cosdcosB+sindsinB
2, cos({d+B)=cosAcosB-sinAdsinB
for all angles 4 and 8.

Proof:

. cos{d-5)
Let X" QX and YOV be the coordinate axes. Consider a unit circle 1-1-'1111 C'as the centre (Fig. 2.35).

iﬂﬂ{ﬂ B), sin (A - B)]

:
- (cos B, sin
Pafcos B, sin B) Py
x' x'
_ jp., |;1 )
Fig. 2.35

Let P, P and P, be the three points on the circle such that ZXOP, = A, ZXOP, = B and LXOPy= A - 8.

As we know that the terminal side of any angle intersects the circle with centre at O and unit radius at a
point whose coordinates are the cosine and sine of the angle. Therefore, coordinates of P, F; and P, are
{cos A4, sin A), (cos B, sin B) and (cos {4 — B), sin (4 — B)), respectively,

We know that equal chords of a circle make equal angles at its centre and chords Py P, and PP, subtend
equal angles at J. Therefore, .

Chord Py Py = Chord P, P,

Y

Fyloos A, sin A)

[cos {A - B). sin (A~ B]]

= Jlcos(A—B)~1)% +(sin(A- BY -0 =J(cas B~cos A)* +(sin B —sin A
= [cos(d = B)=1}*+sin’(4 - B)=(cos H-cusﬁ}1+{smﬂ sin A)
=  cos*(A—B)—2cos{d—B)+ 1 +sini(d - H‘J*ms B+cos? 4—2cosdcos B+sint B
; +sin® 4 =23in4sin B

= 2-2cosd=-H8)=2-2cosdcosB=2sinAsinf
= c¢os{A~-By=cos4 cos &+sindsinB
2. cos(A + M) :
=cos(4-(-8)) M
= c05 A cos (-8) + sin A sin(-§) [Using Eq. (i)]
= ¢os A cos B —sin A sin B [ cos(—B)=cos B, sin {uﬂ'} = —sin H]

Hence,cos{A+ B =cosAcos B-sindsin 8

= — — el L) - SR TER e, epe— s - cceemer & EaEm e 1

[ Naofe: |

b This method of proof of the above formula is true for all values of angles A and B whether positive,
'! zero of negalivi, .

By e e =i = — m - = E 1
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Sine of the Difference and Sum of Two Angles
1. sin{d-8)=s5inAcos 8=-cosA4sin B
2 sin{d+8)=sinAcos B+cosAsinb
Proof:
1. We have
sin (A — B)= cos{H*" —(4 - B)) ) [ cos(90° - &) =gsin &)
= cos ((90° - A) + B)
= cos(90° - A) cos B-sin (90° -4} sin B
= 5inA cos8 - cosAd sinf
2. sin (A4 + B)y=sin{d —(-F))

= 5in A cos (=8) — cos A sin (=8) [ Using equation (i}]
. =sinAcosB+cosdsinp [+ sin{=8)= —5in 8]
Tangent of the Difference and Sum of Two Angles
_ tan A+tan B
b A | = tan A tan 8
_ tan A—tan 8
i 1+tan A tan 8
Proof:
1. We have

sin(A+ B) - sin Acos B+cos Asin B
cos{A+8) cosAcosB-sinAsnB
. tan A +tan B
l=tan Atan B

2. tan(A — B) = tan (A +(-8))

tan{4d + 8)=

{1

(i) [On dividing the numerator and denominator by cos 4 cos 5]

_ tan A +tan(-8) [Using Eq. (i)]

1—tan A tan{—8)

_ tanA-1an B

1 4 tan A tan B
Similarly, it can be proved that
col Acol B~ 1

cot {4+ By=
Cae col B+ col A

and cot (= B) = col Acot H+1
oot B—cot A

Some More Results
1. sin{4 + 8) sin (4 - B) =sin’ 4 —sin’ B=cos’ B—cos’ 4
2. cos(4 + B)cos(d - B) =cos’ A —sin® B=cos® B-sin’ 4
3. sin{d + B+ C)=sin A cos B cos C + cos A sin 8 cos C + cos A cos 8 sin C —sin A sin 8 sin C
4, cos(A+B+C)=cosAcosBcosC—~cosAsinBsinC-sindcosBsinC-sinAdsinBcosC
tan A +tan 8 +tan C—1an Alan Btan C
| -tan Atan B—tan BanC—tanCtan A

S tan(d+ B+O)=
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Proof:

). sin(A + B) sin{4 — B)= (sin A cos B + cos A sin B) (sin A cos B - cos 4 sin 8)
= gin® A cos? B - cos® 4 sin® B
=sin® 4 (1 = sin® B) = (1 -sin® A} sin’ B
=gin? 4 —sin’ A sin® B-sin® B+sin® Asin? B=sin’ 4 —sin® B
=(1 - cos® 4) = (1 —cos? B) = cos? B - cos? 4
2. cos{d+Bycos (4~ B)=(cos 4 cos B—sin A sin B) (cos 4 cos B+ 5in A 5in B)
I = o5t A cos” B-sin® Asin’ B
=cos® A (| —sin® B)—{1 —cos’ 4} sin’ B=cos’d =sin® B
=(1 =sin? 4} = (1 = cos® B) = cos® B -sin® 4
5, tan(d + £+ C)=1an{{d + B) + C)

lan A + tan B
_ lanfA+ By+tanC |_m.-..4m“5+m"': _ tanA+tan B+1anC —tan Atan Btan C
I=tan{ A + Bytan C I—[ tan A+ tan B ]mn{.‘ 1 —tan Atan #—tan Bian C = tan C tan A
|=tan Alan B

sin(R - C) . sin(C -A) i sin(A - B) o

Example 2.48 _'
xample Prove that cosB cosC  cosCeosA  cosA cos R

Sol. Firsttermof L.H.S.is

sin(8 -C) sinBcosC —cosBsinC  sinBcosC cosdsinC
cos B cos C cos Beos © cos BeosC  cosBeosC
Similarly, second term of L. H.5. = lanC ~tan 4

and, third term of L.H.5. = tand - lan B

Now L.H.S. = (tan 8 = tan C') + (1anC = tan 4) + (tanA ~tan 8) = 0.

RFTHT e L [ F sin axsin §—- cos cxeos B+ 1 =0, then prove that 1+ cot actan =0,
Sol. Given, sin aesin f—cos aeos B+ 1 =0
or cos @ cos f{-sin o sin =
orcos{a+ =1 (1)
coser gin B
sing cosfi
_, Sinex cos f§ + cosasin f§
sindrcos g
. sin{ﬂ + ﬁ}
sine cos fi
f

sinx cosfi -

= tan 8- tanC

NMow | +cot ctan =14+

0 [+ sin® (a+ ) =1 —cos® (a+ fy=1~1=0)

EUTTUSEIN  Show that cos™ 0+ cos’(a+ ) - 2 cos @ cos Ocos (e + 8) is independent of 4

Sol. cos?@+ cos’{a+ B) -2 cos o cos Bcos (a+ 6) = cos?f + cos(x + B)[cos(a+ B) - 2 cos @ cos 6]
= cos’@ + cos({x + B)[cos o cos 8- sin o sin 68— 2 cos @ cos 6]
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=cos'B- cos(x + ffcos & cos &+ sin & 5in 5]
= cos 8- cos{a + A} cos(x - 6)
= c0s28 - [cosiar— sin®f) = cos’8 + sin*B—cos
= | —cos®e, which is independent of .
BETHARI N [ 3tan &tan =1, then prove that 2 cos (8+ @) ftﬂ!{ﬂ— ).
sol. Given, 3 1an &lan ¢= | of col Pcol =3

2or

cosfcosp 3
sin@ sing |
By componendo and dividendo, we get

0,

cosf cos @ + sinf sing 3+ 1
cosB cosp—sinfsing 3 -1

= 2cos(8+¢)=cos(9-@)

1 2
REUTV AP 11 sin (4 —B)= ——, cos(A+B|= . find the value of tan 2.4 where A and B lie between
Dandmd. V10 . V29

mn{.ﬂ'l.+ﬂ} + 1an EJ‘;-H]

Sol. an2A=1an (A +BY+{4-8)] =
- o i e | = tan(A+ B) tan{A - B) o
Given II'IH.I,ﬂ{.-‘I'ii:- und EI-':E*:%
u::A+E~:£
A
m " ]
Also,——<A-F <« —and sin(4 - B) = ——==[+)ve
30, - =< e in{4 - B) . (+)
D*‘-‘-dw.ﬂ'ﬁi
4
|
MNow, sin {4 - 8)= ——
= lan{.-!nﬂ}-;} : (0]
sosfA s B)= —
;19
3 :
= mn{,q+3]|--z- . _ (il
From Eqgs. (1), (i) and (iii), we get
-
_+_
et 38
5 1 &
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cos 10 + sin10°

RIS  Prove that cas10° —sin 10° = tan 55°.

Sol.

cosl0P—sinl0®  1=tanl0® 1-—1an45® tan10®

AALTI S Prove that tan 70 = Ztan 50° + tan 20°,

tan 507 +tan 20°
1= tan 50° tan 20°

Sol. w@wn70®=1an(30°+20%) =

= tan 70° (1 —tan 50° tan 207) = tan50° + tan 20°
=4 tan70"—tan50° tan 20° tanT0® = tan30° + tan20®
= tan70" = tan70" tan30° tan207+ tan30" + tan20°

cos|0P+sinl0° _ I+1anl0°  tan45°+anl0® -

= tan(45° + 10*) = 1an 55°

= tan({90" - 20) tan50° tan207 + tan30® + tan 207

= cot 207 tan 50 tan 20° + tan 507 + tan 20°

= fan 50 + tan 507 + tan 20° = 2tan 50 + tan 20°

(dividing by cos10%)

RPN Lot A, B, O be three angles such that4 + B + t‘ﬂﬂ.lftgﬁ.-l-tanﬂnl.Thtn find the value

cos A cos B
cosi

af

Sol. Giventan A4 -1an 8=12

st cos A cos i __cnsﬁrcnsﬂ' 5 cosd-cos B
"7 cosC cos{A+B) sinAsin8-cosAcosB
| |
= — =|
fanAtan B -1 2Z-=1

Range of f(0) = acos® + bsinf

Let o= rsingand b= rcose, then 7 = o + b? and tana = alb
Now f{d) = mﬂ+bsm&=rsln-‘rmsﬂ+rcusm|nH=rsm{9+a} Vi +blsm[ﬁ+tm b]

Mow —1 £ sin[ﬂﬂa.n‘ E] Sl

= «-..‘r-:r2 +p? 5 Jﬂi +h? sin[ﬂ +tan”! -E] E-.I'az +b*

Hence, range is [u\lraz +B°, 'Jﬂi HFJ .
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SRl Find the maximum value of 43 sinx+ cos.x and x for which a maximum value occurs,

Sol. 43 sinx+cosx= E[%sin .r+%5iru'] =2 sin (x4 106)

which 18 maximum when x + o6 = 2 or x = 60° and has a maximum value 2,

BEUNISTM  Find the maximum and minimum values of cos” 8=6 sin @cos 0+ 3 sin® 8+ 2,

Sol. cos? 8- 6 sin Hcos @+ 3 sin? 8+ 2

y I+n:ﬁlﬂ_35inm+3[1—ﬂ:52ﬂ}+

= §—-cos28—3sin28

2

Mow, —cos 26— 3sin 26 & [—.Jﬁ. Jﬁ]

= d-cosdf-3sin2fe [I—\ﬁ, 4+~.1’l_[ll]

Concept Application Exercise 2.5

cot A ki cot &
l+cotA l+cotB
2. Iftan A —tan B = x and cot B —col A =y, then find the value of cot{4 - B).
3 fxis AM. oftan =0 and tan 52/18 and v is A.M. of tan &% and tan 72/1 8, then relate v and y,
2 2
4. Prove that e !f ol ,E =tan 3@ tan B
l=tan” 28tan” 6 !
S 14+ 8=45° show that (] +w@n A)(] +tan B) =2,
6. Iftan 4= /2, tan 8= 1/3, thén prove that cos 24 =sin 28.

1. If A+ B=225%° then find the value of

7. Find the maximum value of 1 +5in {%+E] +2sin [%-B] for all real values of 8.

8. Find the maximum and minimum valves of 6 sinx cosx+ 4 cos 2x.

9, If p(x) =sinx (sin’ x + 3) + cos x (cos” x +4) + % sin® 2x + 5, then find the range of p(x).

12 4 12 12 4
M. eos{a+ B+ sinfa—8)=0 and tan §= 1, then find the value ol an .
12, If sin 4 + cos 24 = 1/2 and cos A + sin 24 = 1/3, then find the value of sin 34.

13, If sinx 4 siny +sin 2 =0 =cos x + cos v + cos z, then find the value of expression cos(8 - 1) + cos(@- )
+ gos( - z).

10. Find the value of cus-%[sin—ﬁi +-m5£]+ sini[tmj—n- sin£}
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TRANSFORMATION FORMULAE

Formulae to Transform the Product into Sum or Difference

We know that

sit 4 c0s B + cos A sin B =sin (4 + ) (i)

sinA cos B—cos A sin B =sin{4 - B) {if)

cosdcos B=sindsin B=cos{d+ B) (iii)

cos A cos B+ sin A sin B=cos (4 - B) {iv)
Adding Eqs. (i) and (i), we obtain _ ‘ .

2 sin A cos = sin (4 + 8) + sin{d - /) ; * (v}
Subtracting Eqs. (ii) from (i), we get

2 cos A sin B=sin (A + B)—sin (4 - B) o (vi)
Adding Eqs. (iii) and (iv), we get

Ecusﬂmsﬂ-ms[.ﬂ‘fﬂ]ﬂqﬂd—ﬂ} {vii)
Subtracting Egs. (i) from {iv), we get

2 sin A sin 8 = cos (4 — B)—cos (4 + ) ' viil)

Formulae to Transform the Sum or Difference into Product

Letd 4 B Candd =B B Then, g =X8, id Bm c;”

Substituting the values of 4, B, €, and D in Eqs. (v), (vi), (vii}, (viii), we get

2eos( <52 . . ®)
sini‘-sinﬂ=2:in[ ] ('3”3"] | ®
con)uf
JNEE
Qe e

or cos C—cos D=2 sin [E;‘D]si"[%]

These four formulae are used to convert the sum or difference of two sines or two cosines into the product
of sines and cosincs,

sin C+5in D= Esin(

cos C+cos D= Ims[

cos D—.cmﬂ'ﬂlﬁn[

- fC+
or cosC—cosD= -l'sln[{:

RTINSt 11 sin 4 =sin B and cos A =cos 8, then prove that sin e =10,
Sol. WehavesindA=sinBandcosA=cos i

= ginAd=sinf=0agndcos 4 =cos B=(
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=5 Eﬁin[ﬂ_ﬂ]mﬁi[ﬂhﬂJ:D and —Esin[ﬂ_ E]sin{ﬁ‘i_ﬂ]ﬁ}
i 2 2 L.

=% t.-ini;—"E ={}, which is commaon for both the eguations,

m Prove that cos 559 + cos 659 + cos 175° = 0.

Sol. L.H.5.=cos 55+ cos 65°+¢os 1 75°

35° + 63 . 55°-65°
§———— o

= 2¢0 + cos175°

= 2 cos60°cos (-5 +co5 175°=2 % % e055° +cos (180°=5") =cos 5% =cos 5°=10

RENIHIERTIN  Frove that cos 18% - sin 18° = '.lﬁ sim 279,
Sol. L.H.5.=cos 18°=3sin 18° =cos 18°=sin (90° = 72%) = cos 18%—c0s 72°

18720 . 720 )8°
= J&in gin B3

=2 5ind5%sin 27 =2 :}{ 5in27°= /2 5in 27°

Example 261 il
" sinSA -sin3A — . sinA +xin3A whan i
cos5A +cos3A cos A +c0s3A4A
Sol,
. [5A-3A SA+34
PN . W 2sin AcosdA
gin5A- 2
a LHS.= = = =an A4 =R.H.S.
COSSA 4008 3A zms[s’d""”]ms[“;“] 2cosd Acos A
zm[aamjm(aﬂ—n]
h LHS, = sin3A +sin A - 2 2 _ sin2AcosA

=lan2A=R H.5.

cos3A +cos A Emg[aam]m[zﬂz—aj  cos2Acos A

AT e » i Prove thal cos a+ cos fi+ cos y+cos{a+ §+ % =4 cos

Sol. L.H.S. =cosa+cosf§+cos y+cos{a+ fi+ 9
= (cos a+ cos J) + [cos y+ cos (ax+ G+ ¥))

- Ecus[ﬂ—;ﬁ}ms[%ﬂ)_"hmf#fj mg[fihﬂ;?‘-!:] N
W

(5] 22

(ol 27

u+p‘m5ﬂ‘+r ;|-r+..
2 2 2




Trigonometry
fcr-ﬂ+ﬂ4-,ﬁ+2}r a+f+2y a-f
’ » 3 i | B o
= 2¢o0s| EI-E] 2cos —2 2 CO 2 2
T . .
,
=2:ua(a+ﬁ] Zeo E+T]cm(ﬁ+T] =4mrﬂ]cm{’ﬂ+r)m[r+ﬂ]=ﬂ.ﬂ5-
i . £ 2 O ¥, 2
ginA+5in2A+ sindA + sin5A
Fixa fe 263 o i = .
mp vaelhal R ST Y ey tan 34
Sol. sina‘l+sin2.ﬂ1+sin4ﬂ+smﬁﬂ_
cosA+ens2A4+cosdA +oon 54
(sinSA+ sin A} +(sin 4A+sin 24)
(cosSA + cos A) +(cos4A+cos24) .
251113:1. Ccos2A + 251[13#.{:1::5.&
= Icnﬂ-AmﬂAﬁ’.chmA
2sin34{cos 24 + cos A)
= =tan 34
2eosIA(cos2A+cos A)
(cosA +cosBY [ sind +sinB | A-B
Prove that| ——— | + | ————— | =2 o" or I, accordingly asn is
w [ksiml —sin B [mﬁﬁ—msﬂ] e
ivien or odd,
A+B A=BY _CA+B A=-BY
zmﬂ--ztﬂsz 25:|1'Lj cos—
ek LS A+B . A-B| . A+B B—nj
2co8 s1n | 25in gin
2 2 2 2
A-BY A-BY )
= [cut 3 ]+[— = } [ sin (~ 8)=-sin §]
o A= R . | B B
= got +(—1)" cot - []1.[ 1) ]
' 0,6 m s odd
= : if e is even.
EWI*E é'£|

m Prove that (cos co+ cos ) + (sin @+ sin B =
f
12

Sol. L.H.5.=(cos a+cos ) +(sin @+ sin
| sof
J l

Jl cus[ ]cnﬁ[;a—_E)
a—p o’ #_;_ﬁ}

=R [Ez ]{“"“z

¥
2

@+ fi
2

+ 51

Jeo

4 cos

|

2,

)
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- 4m52 [E:_'ﬂ] [*1' mgi ‘E‘ﬂ-f-ﬂl.ﬂ: ﬂ. =
2 g - 2
= RHS.

Example 2,66 ERIETSS {9+ﬂ.}4_-5tr:{ﬂ-—ﬂ}=! sec @, then show that cos® 8= | +cos i3
Sol. sec(@+ @) +sec({f-a)=2sech
| . | —_
cos{B+a) cos(f—a) cosé

cos(® - &) +cos( @ + ) . 2
cos{B+a)jcos(f-m) cosd
ZeosBeosar 2
cost @—sin® @ cos@
= ¢osAcosd = cos?d - sintor
sinla = cos'8{1 — cosq)
| - cos?ar = cos’B(1 - cosc) = 1+cosm=cos’@
In quadrilateral ABCI if sin [A ; Br] tm[i-;vﬁ] + 5in [':%] cm[EE—D] =2,

then find the value of sin%sin%ﬂnﬁﬂnﬁ.

2 2

el {5325

= %[sinﬁl +sin B+ sin C+ sin D] =2

=sind+sinB+sinC+sinD=4
SA=fuaf)=9)°

=-=rsin£s‘:n£sin£sin£ = |/4
2 2 2 2

Concept Application Exercise 2.6

1. a. Prove that 5in 657 + cos 65° = ﬁ cos 20°,
b. Prove that sin47° +cos 77°=cos 17°,
2. Prove that cos 80° + cos 40° — cos 20° = ).
3. Prove that sin 109+ sin 20° + sin 40° + sin 50° = sin 70° + sin 80°,

4. Prove that cas£+¢nsH+mE+msT—I=ﬂ.
5 5 5 5
. ; l 1 +
£, If sin & — sin fi= z and cos fi-cos o= —I-,shwlhﬂll:m Ezﬁ=*§.
A+ B

6. If cosec A + sec A = cosec 8 + sec 8, prove that tan 4 tan 8= col

|
T, Prove thatsin 25° cos | 15%= E{m’n#ﬂ“- 1.
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8. ifcosd= ; , then find the value of 32 sin [g] sin [STA] - )

9, Ifxcusﬂ=yc:u:s (E-I-ITI] I=:1:r.;|-.5 (9+4TI]' prove that xp + pr+ =0,

10, If v sin @=x sin{28+ @), show that {x + ) cot (@+ @)= {y=x) cot &
11, I cos (4 + BYsin (C+ D)= cos {4 = B) sin (C - D), prove that cotA cot Beot C=col D,
12. If tan{4 + B)= 3 tan A, prove that : '

a 5in(24 + A) =2 sin B h sin2(4 + B) + sin 24 = 2 sin 28

TRIGONOMETRIC RATIOS OF MULTIPLES AND SUB-MULTIPLE ANGLES

Formulae for Multiple Angles
1. cos2A = cos(A + 4) = cos’A —sin®d = | — 2sin®4 = 2cos'd = |
Alsosin? 4= %{‘!—ms‘iﬂj cosi A= %{I+ﬁn52a¢]
2. sin24 = sin{A+ A)=sind cosd + sind cosd = 2sind cosd

unA+tanA _ 2ian A
I-wnAtanA J-tan’ A

3. tan2A =tan{d + A)=

4, sin3d=s5in{24 + 4)
' =sin24 cosA+cos2dsind=2sind cosdcosd +{l -2sin’ A)sin A

=2 5in A cos® A +sin A =2 sin’ 4
=2sind (1 =sin® 4) +sin4=2sin" 4
=32 sin.d — 2 sin® A +sin 4 — 2 sin’ 4
=3 gin 4 —4 sin’ 4

5. cos 34 =cos(24 + A1)
= c0s 24 ¢os A — sin 24 sin A = (2 cos? A = 1) cos A — 2 sin 4 cos A4 sin 4
=2cost A=cosd -2 cos 4 (1 -cos® 4}
=2cos’ A—cosd-2cosA+2cos’ A
=4cot’ A-3cos d

6. sin 24 and cos 24 in terms of tan A

Sin24 =2sinAcos A= E?Hﬁcmf = h‘m:‘
- o0s"A +8in"A  1-+nTA

[dividing numerator and denominator by cos? 4]
cos? A -!iinI A 1=tant A
cost A+sin® A 1+tan’ A

[dividing numerator and denominator by cos’ Al

cos 24 = cos? A —ginl A=

l-cos2A

Also tan’d =
1 +cos 24
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7. Inthe formula of tan{4 + 8 4+ C), puiting 8= A and £ = A, we et

Ian A-tan’ A

fan 34 = -
I=3uan" A

cot” A—3cot A

Similarly, we can prove that cot 34 =

Acot A=1
SI'—S] +-F! -ET+"'
10 (A, + Ay 4 o 4 )= .
{I ) rd] |—5=+S,|_Sﬁ+"'

where

5, =tan 4, +tan 4, + .-+ 4 tan 4, = Sum of the tangents of the separate angles,
S;=tan A, tan 4, +tan 4| tan A, + --- = Sum of the product of tangents taken two at a time,

SJ':t!“id' tﬂ.“.‘!l lﬂl‘l.‘fa '|"[.HI1 111 I.‘ill.dj [ﬂ'l.-li,' + L=
and so on.

i Ay=d,= =4 =4 then we have

Example 2.68

w

|.;| - .ﬂlﬂl’l-..-f, Sl - "{:2 m“: 'JII' i'.;j_z HC:. Itﬂl'lnj .-'I',, A F

Prave that
sin2

———=tanf
1+cosll

1+sin2f+cos2f
1+sin20 -cos26

cos 20
I1+5in2f

col #

=tlan(mx/d -}

sin28 _ 2sinficosd
l+c0s28  Zcost

sin28 _ 2sinfcosé
I-cos28  Zsin’@
_ 1+sin20 +c0s28 _ (1+cos2B8)+sin 26

LHS. = =1and = R.H.5.

LHS. =

LHS.

B l=cos28

=¢ @ =R.H.5,

| +sin28—-cos28  (1—cos28)+s5in 28

B 2eost @+ 2sinfeosd
25in® 8+ 2sinfcosd
_ 2cosBicosf +sinf)  cosf

= Sum of the product of tangents taken three at a time,

sin2& it

1+sind -cosf _

14sind +cosf B

cos [n II'?)
=tan| —=—
1+sind fl 2

= =cotf =R.H.S5.

2sinf{cos @ +sinf)  sind
I+sinB—cosd _(1-cos@)+sinf
I+sinB+cosd (l+cosd) +sind

LHS.

25in12+13in-ﬂ~mg Eﬁiﬂﬁtﬁiﬂg‘*ﬁﬂsﬁ
2 p. 2 . 2 2 2
a g .8 8 [T &
2¢08° =+ 2sin—cos— L L Lo
> 5 0% Imsz[mnzﬂuszj

2]
= —=HK.H.5.
l.eu'l2 R S_ _



2.40 © Trgonometry

cos 26
1 +31in 28

o
sin| —-28
EIH[E )

1+um[-’;-- ze}

) 2 mn[E nﬂ)cm{i—ﬂ']

e. LHS.=

Eﬁl: = R.H.5,

- = = X {
1+sind I-i-mr.[—;—ﬂ'] Ecm:fE_El] L 2}

E Prove that

xamphe .69

L+5in20 (1+tand |
1-sin2# | 1—tan#
I 4 sin 28
I~ sin 20

Sol. LHS.=

_ sin” @+cos’ @+ 2sinBeost
sini B+cost 8—2sinBcosd

. [smﬂ+msﬂ1‘l (I+tanET
ginfd t‘-ﬂbﬂj A d-tan@

(dividing numerator and denominator by cos &)

ARTIN IR [T o+ =907, find the maximum value of sin arsin f

Sol. Lety=sin asin f=sin o sin (90° = &) = sin & cos o= %sinla

which has the maximum value 1/2 when sin 2= 1.

1ot %4

i 4
l-lani[-{-.-'n] s
4 = 1—tlan” &

1 HBHI[E_H‘IJ I+ tan’ @

1~ tan’ (%-A]
m Prove that ] =5in2A4.

Sol.

(whm:%—.d=5} =cos 20 = cns[%-iﬁ} = 5in 24

BT AEN Prove that (cos 4 —cos B)F + (sin A —sin B = 4 sin* - ;B .

Sol. L.H.5.=(cos A —cos BY +(sin 4 —sin 8)*
 =cos’ 4 +cos’ B—2cos 4 cos B+ sin’ 4 +sin’ B - 2sin 4 sin B
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-{cmlﬁ+sinzﬁj+[cﬂ-slﬂ+sinzﬂini{cmﬁcmﬂ*+sindsi.nﬂ]

=2 ~2cos(4 - B)=2( 1 - cos(4 - B)) = 4 sin* ﬂ%ﬂ

Example2.73 EIELEE E and 07 < 4 < 907, find the values of sin 14, cos 24, tan 24, and sin 44,

-Bol. Givensind = %nnd.! is an acute angle.

eosd = % [ A is acute]
sl.rmaimr-m\‘=E
4
MNow, sin 24 = 2 sind cosd 2x3xd .
1 1 = i = = g
5 5§ 2%
s 1 < Bl ] = B et e
25 25
3 3] 6 :
g 2and _ **G G G 6. 16_2
1 —1an* A i 8 1 47 7 :
"[1) 16 16
24 7 336
sindA=2sin24cos2d= 2K e ¥ —— = —
i 25 25 625

1 :
Example 2,74 ERUETEES ?, sin i =.:,|'ﬁ" provethat @+ 2= %,whﬂ'en-: a< % and 0 < ff < %;
1

— +tan2f
Sol. tan(a+2f) =" tang +tan2f _ 7 @
1 —ian i mn!ﬂ ]—llﬂﬂiﬂ
7
2tan f3 2 3
Now, tan 2= ——f = —3. = [tan B> 0250 < f< m2]
I—tan” B I—l 4 -

Substituting the value of tan 2 in Eq. (i), we get

1.3
i,
Lan{ai-l,ﬂ}-%m%:[ -
] = =x-
7 4

0=<2f<m buttan2f= %}{]

=5 L‘l-r:i,ﬂa:%

Hence, 0 <a+2f<m
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In the interval (0, ), tan @takes value 1 at /4 only

o+ 1;5':-;

(REL e Show that J.!hll'!.-k“l'l-r-!msﬂﬁ =2cos O<B6<m/l6.
Sol. LH.S.= \/2+y/2+2(1+c0s80)

- +,||E+-,||1+~,I|2{2m-=14ﬂ} | |:'.'l+cmEH=Ecusz%j|

- J2+J2+m
= 242+ 2c0s 28
,thz;zTﬂ:&; | [+ 1+ cos 48=2 cos® 26

= J242¢0828 = [2(1+cos26) = ||2(2c0s’ B) =2cos H=RHS.
secBf -1  tan B¢
secdB—1  tan20

Example 2.76 Prove that

ld
sec80—| _ coskp - _1-cos8® _cosdp
sec 48— L. _| cosBO  1-cosdd
cos 48

Sol. L.HS.=

I-cusﬂﬂzzsin??gn 2sin” 40

_ 2sin’46  cosdp
cosBB  2sin"28 - md]-cﬂg.ﬂ.ﬂ_—z'ﬁ.inz%fzﬂ.nlza

]

. (lﬁinﬁmﬂﬁbh sin4@
~ cos88 2gin” 20
: i"lstnﬂlﬂucﬁdﬁl]x[zmllﬂmlﬂ]
\  cosBé 2sin” 20
_ [rsin ZHE]'] r’c::ﬁZH] [ginlﬂﬁ]x[mzﬁ]
cos &6 ] cos B8 sin 268

= lanB@col 20 =

EITEEEN show that 3 cosee 20° - see 20° =4,

J3 J 3 cos 20° —sin 20°

Sol. LHS.=— -
sn A oo 20F sin 20 cos 207
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Z["—E cos 20° - %ﬁin IIT"]

sin 20%cos 20°
2 (sin 60° cos 20° ~cos 60%sin 20°)
gin 20°cos 20°
25in (60° = 20°)  2sin40°
4in 207 cos 20° sin 20%e0s 20°
4 sin 40° = 4sin 40° =
25in20Pc0s20°  sind0®

= - ' In Sm Tx |
(ST et Prove that | | +M‘EE 1+ — |11 — 111 —_— ==
i ( % ]( COs E]( + COs HJ[ + CO% E] 5

Sal, WehavccmE -m[n—E}=~ms£
8 g R

1}

o] o))
e

1 & .3 31:
= gin’ — sin

o) _.
rodied] e
-

43T 3
IR Provethat cos® = +t:r.|5 5 Teos « 3% 1 cos’ —=E.

-

Sail W b o i X ndj_"‘— 3
g 8 8 8

= C08 . cusn and cos i cOs L

g § " %

i n S 3n

4 i 4 i

= 8 =——=g05 — and cns" — =gos" —
8 8 g R

13
LH.S. = 2¢c0s* = +2 cos?
COs ﬂ (=519 E
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| +ecos520
2

=¢os° @

Example 2.8

J1+cos x + /1 - cosx

i w<x <1 prove that
;El + 0§ X = ﬁ - 05 X

=cot| 242
TN %

)}

i Jﬂ cos? X + [2sin” 2
Sol. LHS. = -

I +co8 ¥ — ] — cos ¥

B

r\m_

2 cos? =

++2

SII1 s

51“5

ch—| +|sanr-|

}cns%l-lsin%l

X . o
—C0s — +5810—
-

i S
- CO% ——Sin—

| =

2sin? =

o 2

E-:: iﬂt
2 2

]

[ < <2,

b

[dividing numerator and denominator by sin x/2]

2 2
= ¢0sx/2 is negative and sin x/2 is positive.
m—{-qin-{ cmi—l
X N 7 X
— + - 1—+1
EFHI 2 s 2 [ i} :—I-

X b
- (| =+=|=R.H.S5,
Co [2 4] |

Exmimple 2.51

Sol. Given,sina+sinfi=a
and cos @+ cos fi= b

Ifsin a+ sin f=aand cos @+ cos =5, prove that tan £
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Now (cos @+ cos §)° + (sin o+ sin )2 =6 + a*
= cos® a+cos i+ 2 cos acosfi+ sin*a+ sin®f+ 2sin asin f= '+ a’
= (cos’r +sin® @)+ (cosi B+ sin® B)+ 2(cos @ cos B+ sin @sin f)=a" + b

= 2+2Zcos(a-f)=a" +b

- B
+b* -2
ﬂrmﬁ{{:—ﬂ]-n——
2
Now, |h -=m5{tr- m
1'|'I+m5||:r:t A
@i+ -2 —
-di A TN ot
1+a +b° -2 a® +b
2
- - acosQ+h
5 hmn£1pmvnlhalmﬂ=—y—.
+b 2 . a+becosg
@
tan— 0]
ann2
B el LS. &
2__a+bh 2
a=b_ a9
1+ lan” —
ard | 2
2 ¥
ﬂ' hEJI’I
a "&c 2 ¢
- 2
: @
5in~ =
e —
i@+ T
COS
2
{a+h}cm ~{a— b]-sinzg
(a+b) cos’ %H’a - b}sinz%

ﬂ[ﬂﬂﬁ!g - gin® §]+ [ [1::!_1:;1I ? + sin? F]

2 2
a[c-m? 2 + sin’ §]+ b [WE-;% T 2]

= acos@+ b
a + boos@
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. 4.
AT 1T cos 8= cos arcos 3, prove that tan £ :a tan 3 £ = tan’ %
Sol. Given, cos 8= cosacosfl, we have cos fi= o
5 COs
_cosf
- e
2 l+cosf L cos
cos @
cosgr —cos@
COS X + cos@
7 g a+6 . 8-
. £ 7 sin 2 _mnﬂ_l_ﬂlmnﬂ_ﬂ,
B4 B-a 2 2

2cos COs
2 -

Concept Application Exercise 2.7

(n

. Prove that cot & - tan 8= 2 cot 28
@=sin@

2. Prove that L = gec 20 ~ tan 28,
cos@+s5inf.

3. Prove that tan Ew]— tan [E » H] = 2 tan 26,

4. Prove that | +tan 8tan 28=sec 28.

l4+sin2A-cos2A =
| +5in2A+cos2A

A =4
sin 10®  cos 1® '
7. Prove that cosec A -2 cot 24 cos A =2 sin A.
l+sin2A cosA+sinA [:!: ]
= - =tan} —+ A |.
cos2A cos A =5in A 4

5. Prove that

an A,

6. Show that

K. Prove that

9, vac.lhat cos @sin 18+ sin’ @cos 30= %sin#ﬂ.
10. Prove that tan 8+ tan{60° + 8) + tan{ 120° + §)= 3 tan 38,
I, If xand B are the two different roots of equation o cos 8+ b sin 8= ¢, prove that

2ahb a® - p?
i tan{a+ 1= h cos{a+ )= ——
(@th)=——s (ot By~ ~—s

S -
12, If cos 9= SoEd —cow il , prave thal one-of the values of tan g 15 lan L cot g

1 — cose cos i . 2




Trigonometric Ratios and ldentiles  2.47

-b)
13. If tan @tan p= !:-d—-‘l . prove that (g = b cos 26) (g = b cos 2¢) is independent of & and ¢,

I:.u +b}
14. If @ is an acuic angle and sin 2. xi;* find tan &in terms of x.
kg
lan 88

15. Prove that (| + sec2@)(| + secd &)1 + sech) = and

T | 2
16. Prove that S04 08 34 _ 4 s 24,

sin? A cos’ A

L+ /1 + tan” 24

17. 1T 4 = 110% then prove that =—anAd.

tan 2 A
18. In triangle ABC, =3, b=4 and c = 5, Then find the value of sin A + sin 28 + sin 3C,

VALUES OF TRIGONOMETRIC RATIOS OF STANDARD ANGLES
1. Value of sinl 5%, cos15%, 5sin75%, cos75°, tan15°, tan75%;

1 3 11 +fi-]
sin15%=gin (45° = 30°) = 5ind5°cos30°® - sin30°cos45° = - =
22 22 22
Also, sinl §% =cos75%=—cosi05°
Ji+1
Similarly, we can prove that cos| 5° =
¥, p T: 3
Alsa, cosl 59 =sin75°=3sin105°
tan 60° - tan 457 3-1
tan|5°= tan (60°— 45°) = 3 =2-43

I +1an60° tan45° 3 +1

T an60°+tands®  JI+]
tan75® =tan (60°+ 45%) = 1o o= =243
2. Value ofsin 18°, cosl8°:

Let &= 18°, then 58=90°

= 28+30=09("

= 28=00°"-38

=3 5in 20=5in (90" - 36)

= sin28=cos30

= 2sinBcosO=4cos’ B—-3cos O

= 2szinf=4cos’8-3 _ [dividing by cos 6]
= 2sin@=4(1-sin?@)~3=1-dsin’ O

= 4sin*f+2sind=-1=0

2+ A+ 16 _ 22205 1245
8 &8 4

sin 8=

4

g=18°
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sin &=sin [8°> 0, for 187 lies in the first quadrant.
s sin @ ie., sinlﬂ"v"ﬁ_]
Value of cos 18°: )

1 ,
cos? 18°= 1 =sin? 18°= 1 - Sy 1—5+l-2'ﬁ _10+245
4 16 16
= cnslﬂ“‘ﬂ-%a.l'lﬂ+?ﬁ"§ [ cos 18°>0]
3. Value of cos 36°, 5in36°:
2
cos36° =1 ~2sin? 1go=1 -2 [ B3=1] = 5]
4 4,
Value of sin 36%: g
' 5 . ;
cind 360 = 1—cos? 360 = ([ Y3H1) o _6+2V5 _16-6-2V5 _10-245
4 l& 16 16 -
. 1 : :
sin 36° = Eq‘!{i—dﬂ : - [ sin 36° >0
i ; e _ e e

o sin 54°=5in (90° = 36°)= cos 36° = ‘E;“'

® cos 547 = cos (90° - 36°) = sin 36° = ;';t».l'm-zﬁ}
i N Er S ST CO i aion) L A

4. Value of tan ".F]—,:nl ".F~1—:
2 2
Let 8= ?JE‘Z then 26= |52
1-cos28 ; .2 - ; :
tan 8= *—'m-—- = ['v 1 =cos28=2sin" fand sin 280=2 sin #cos &)
JEH

]_ .

L l-eosls® Ty 23-B-1 g ‘

sinl5® Ji-1 A I-+2)2 1)
2:1

=]

Value of cot 31]—1~ 1

mtlﬂ%“‘ = got (90° - TI—;-}'HHH le—ﬂ =(f3-42)v2-1)

Value of cot ".']E:

Let 8= 1'?mmzam 15
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».EH
I+
l+cos28 1+cos]5® 2.2 242 +f3 31
E- = = [ — - ﬁ \E \E"’l
O R g Enl5* | T3] AT a2
132

= ln
Value of tan “1-:-.'_:

1¢

tan 82— = 1an (90°- T—J = cot :r— - iﬁ-rﬁ]{ﬁﬂ}

Al these values are tabolated as follows:

7.5° 15° 182 22.5° 36" 67.5° 75°
| f8-2V6-2v2 | -1 | -1 | 242 | Jlo-2d5| 242 | B4
i 3 22 4 2 4 2 22
e JE+EJE+I\E 3 +1 Jlﬂ+3-u"§ JE+-E V5 +1 2-42 J3 -1

2 102 4 2 g 2 22
an | (V3-J2)(V2-1)| 2= —‘{"]"f E JZ -1 5-245| 241 | 2+43
cot| (VI+d)(2+0)] 2+ |J5+205] 2+ [1+-%] J2 =1 2—+f3

Example 2.84 Find the angle 8 whose cosine is equal to its tangent.

Sol, Given,cos@=tan® = cos’B=3zind

= | —sin’ 8= sin Borsin’ G+sinf-1=0
= sinf= "i;r-: Q-zsmm“

= @=sin""(25in 18%)

Examplc 2.85 Find the value of cos 12° + cos 84® + cos 156% + cos 132°
Sol. cos 127 + cos B4® +cos 1 56% +cos 132°
- =(cos 12° 4+ cos 1329) +(cos 84" + cos 1567)

' 1204130 132 -12° §4° +156° 156" — 84"
= 2co8| ————— [cO§| —— | + 2008 | ——— | pof| ——

= 2eos 729 cos 60° + 2eos 1 207 cos 167
= Dsin | 8° cos 60% + 2cos 120° cos 16°

{5
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Prove that cos 36° cos 72° cos 108° cos 144° = %

Sol.

.Cos 367 ::us 72" cos 108 cos 144°

= cos 367 sin 187 (—sin |87} {—cos 36")

I, Prove that sin” 48° — cos’ 12° =

2. Prove that 4 (sin 24 + cos 6°) = 43 ++/15.
3. Find the value of 5in 47°+ sin 61° — gin 11° — 5in 25",

If q 2 3 £ 'lll
-~ cos? 36° sin? 18° = “‘F‘_”] [‘E IJ
O L 4 4
5
(B (5] _ 1
4 4 | 16
i Lo i FASURES.  Lagga et ea
Concept Appltqiﬂgqnaqrnlse 8
Jﬁ +

8

SUM OF SINES OR COSINES OF N ANGLES IN A.P.

np

sin——
gin 2+ sin (a+ af)+ sin(a+28) + . +sin (+n-1f) = 2 sin[ﬂ:ﬂn—l}g]

Froof:

sin B
2

Let §=sin e+ sin (et ) +sin(a+2H+ -+ sinfa+n=11)
Here angle are in AP, and common difference of angles = §

Multiplying both sides by 2 sin g . we get

A A B,

28 sin = 2sinasin =F 2sinfox +.E}v.m—- .= 4 2gin (@ +n =1F)sin
Mow, 2 sin & 5N g-fﬂ*[ﬂ"]-m‘[ +i§.]

2 sin {&+,ﬂ}.§in-§=t{as[a+] { Hﬂ]

9.

i I":T-}

(i)

2 sin (et + 25) sin g=m5[-ﬁr+—-—1 cm[ ?ﬁ]

-

2sinfix +;"—_I,ﬁ}ﬁ-ir| g 3 Cﬂﬁ[l.‘-’ +(2n _E]g]._mﬁ [ﬂ(lﬂ -—l}g '

Adding. we get R.H.S. of Eq. (i) = Eﬁﬁ[ﬂ—g Hm.-'.[ﬂ+[1u—l}§:|

L=
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B 8. ap
or2sin =S =2sm|a+{n=1)=|5in
2 | JZ_ 2
.'iiﬂ:E - .ﬂ
= §= —i-sin ad+{n=0—
sinE - 2
2 i
In the above result repla cing @by mi/2 + &, we get
. nfi
f r—— N — ﬂ
cos i+ cos (ax+ f) +cos(@+2f) + - +cos (a+ n=15) = —E—m’-[ﬂ + {1~ ”E]
.'-'-II'IE
Example 2.87 Findthwnluwfma-l—:-um dT”-rmsﬁ—:.
E i |
Sol. §= ms:Tﬂ+cnsTﬂ+msﬁTn
sin[3£]
- ._?.m[ﬂii]
-:.'m(fj v | '
7
25in [E—H] cos [E] sin [?—I] —ﬂ'n[Ej
. 7 7 2 7 7 -
15';“[1?“] iﬁin(ETI] 2
sinnd

Example 2.88 Prove that sin @+ sin 30+ sin 50+ -+sin(In=1) 8= TR

| T (20
gin u[—]]
7 2 1] -18
Sol. sinE‘l-sinEE-l-sirnﬁﬂq-...+5in{3"._|jg_J(Iﬂ sin( "'":1; ]l)
ginl —
4

- sin® n@
sng

Concept Application Exercise 2.9

1. Find the value of cos ﬁ+ms% +ME%+EH% +::nsg:-—r]r-
2. Find the average value of sin 2°, sin4°, sin 6°, ..., sin 180°.
=]

3. Find the value of EsinI L

e n
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CONDITIONAL IDENTITIES

Some Standard Identities in Triangle
1. tan 4 +tan B+tan C = tan A tan B tan C
Proof:
InAABC wehave A+ B+ C=nx
= A+8=n-C
= tan(4d+ B)=tan(x-C)
an A+ tan B

=5 - m=tam O
| —tan A tan B .

= tanA+tan B=—tan C=+tan A tan B1ian C
tanA+tan 8+tan C=tan A tan Btan C

U

5 8 _ A
v [ﬂl‘l% tm% +tan-g-l‘.gni + Iﬂﬂ% tME= 1

Proof:

A
Since 4 + £+ C=x, we have vz-+

[A HJ (n: c) i
=tan|—+—|=tan|—-— =.;m.5

T 2 2 2
l'-Hﬂ'A-I-IH'I'IE 1
. 2 -
1—mn£1.1n£ tmE
2 2 2
A C B (i ' A 8
=) [@n — tan— + tan — tan — = | = tan —tan —
2 2 2 2 2 2
A B A C C A
=4 lan — tan — -+ tan — tan —-tan — tan — =1
2 2 - ) 2 2 2

3 sin2A+sin28+sin2C=4sinAsinBsinC
Proof:

{sin 24 +sin 28) +s5in 20 =2 sin {4 + B) cos (A - B) + sin 2C
=2 5in (- C) cos (A4 - B) + sin 2C
=2ginCcos(4-B)+2sinCeos C
=2 5in C [cos (4 - B) + cos()

. =2sinC [cos (4 - B) +cos {#-{4 + 8)}]

=2 8in C jcos (A — 8) —cos (4 + B)]
=2 5inC ¥ 2 sin A sin 8 =4 sin 4 sin B sinC



4.
Froof:

E]

. = 7 cos

Proof:

cos 2 A +cos2B4cos2C=—] —~dcosd cosBeosC

(cos2A4 +cos2B)+cos2C

=2 ¢os (A + B)cos (4 - B) + 2cos*C - |

=2 cos (=) cos (A - B) + 2cos’C -1

= -2 cos C cos (4 — B) + 2cos2C |

=2 ¢os C [cos (A4 - B)—cos C] -1
=—2cos C [cos (A — B) = cos {m- (4 + B)}] -
==2cos C [cos (4 = B) + cos (4 + B)] =1
=—l—4cosdcos BeosC '

< e ol
cos A +cos B+cosC=1+4sin Emiﬂmg

(cos 4 +cos B)+cas C- |
A+H - A-H
2 2
= Ems.ri-E]ms g =d

L2z 2 2

+cos £ -1

+cosC =]

= Esinims A

4
+1-1ﬁln’--l
p. 2

C A-B C
=2 sin —cos—— — 2sin* —
2 2 2

- EsinE cos i ata
2 2 2

= 2 gin E[lsin i53,11 E] = 4sin . mnr'—'ﬂ-.!:in£
2 T R 3 2 2

. . P A. B C
sind+sinB+sinC=4 cos— cos— cOs—
R p

(sin A +sin B)+sinC

A48 cos A= +sinC

.[rr E] A-B
= 2%in| — = — |cos
Z 2 2

C A-B
= IcnsE cos

=2 5in

+sin”

T O
+ 281N =05 =—
g o

Trigenometric Rafios and Iderfities 2.53
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= 7 cns E[MHA‘H + sinE]
2 2 2

=Iﬂnﬁc r:l:ma_ﬂ+siu[n—d+3]
2 P 2 2

c:[ A-RB A+H}
= 08— | cos $ CO5
2 2 2

L

=4Cﬂ-ﬂﬂmi£{.‘fﬂc
- - B

Note: :
tan A +tan 8 +tan C=tan 4 tan Btan Cistrue for A + B+ C = nx wheren e N.

BT FLEl If 4+ 8+ C=180° prove that cos® A +cos’ B +eos" C=1-2 cos 4 cos 8 cos C.

l+cos2A l+cos2B |+cos2C
- +

Sol. cos® A + cos® B+cos’ C=
. i 2 2

= %{cuﬁld+msiﬂ+m2€] + %

= l[-I —4msn:mﬂmsﬂ'j+1
2 2

= | —2cos4d cos8 cosC

BYUTSETN  Prove that in triangle ABC, cos*A + cos’ B —cos® C=1 =2 sin A sin B cos C,
Sol. cos’d +cos’ B - cos’ € =cos®A +sin’ C —sin’ B
=cos'd + sin(C + Bsin(C - 8)
=] —gin?A + sin Asin (C = B)
= | —gin A{zind - sin (C - B)]
= | =sin A[sin(B + C)=sin (C - H)] -

= | =2 sinAdsin BcosC

Example 2.%1 In triangle ABC, prove that
sin (B + C=A) +sin (C+A — B)+sin (4 + B—C)=4sin A sin B sin C.

Sol. sin{B+C—-A)+sin(C+A-B)+sin(d+B-C)=sin[r-24)+sin{x-28) +sin(x-2C)
' =gin 24 +sin2B8+sin2C=4sinAsinBsinC
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TN [+ y + ;= xyz, prove that ix + 2y + az 1x 2y 2z

1-x* 1=y 1=2® 1-xF1-y"1-g%"

Sal. Letxy=tand,v=tan B, z=tanC
Nowzxr+y+z=xy

= fanA+manf+manC=landtanBtanC
= A+B+LC=nr
= M+IB+20"2nx i
= anZA+man2 B+an2C=tan24 tan 2 Blan 2
2ian A 2ian H 2tan & 2 lmn A 2ian B Zian
o i - - ¥ 2 ) )
l=wn“A l=lan“8 T1-=tan"C l—-1wn“A l—tan" Bl=tan*C
v 2x i 2y 2z x 2y 2t

+ =
=& 1=y 1=-28 1-x?1-p'1-7°

B
ROV RM 114+ B+ C=m prove that ;in‘i} + sinl_:_ —gin® %-l-zg.}s E—tnﬁiﬁn%.

Sol. S'i“lﬂ_ﬁi"::E"'ﬁin:E =5,m[.4+ﬂ']s1,n(ﬁ—ﬂ)+]_rcm1£
2 32 2 2 2 2

o254+
{355 g

=] -1 nnsﬂm—ﬂ I:EnE
L 22

Example 2.94 The product of the sines of the angles of a triangle is p and the product of their cosines
is ¢. Show that the tangents of the angles are the roots of the equation qtr"‘ -p.'rl + (1 +q)

x=-p=0.
Sol. From the question, sind sin@ sinC = p and cosd cosBeosC=g
p ' ' 2
S tand tanf! tanC = E . {1)
p : :
Also, tand + tanfl + tanC’ = tand tanB tanC = ;‘ _ (i}

MNow, tand tan8 + tan8 1anC + tan(C tand

_ sinAsinBcosC + s 8 sinCcosA+5inC sinAcos B
cos Acos BeosC

] L]
= 2_.:; [(sin®A + sin® B — sin®C) + (sin®B + sin®C sin*4) + sin®C + sin®d = sin’#)]
[+ A+ B+ C=mand 2sind sinB cosC = sin’4 + sin’ B = sin’C)

=
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-.EL[sin:.4+5in2.B+!iin1C1 '4_:;[3' (cas2A +cos 2B + cos 2C)] "lIH'f"-'ﬁ"f'3*3"—’"’3'“"f"f"""‘::]"= L(i+g)
g 4] g

The equation whose roots are tand, tanff tanC will be given by
x' = (tand + tanB + tanChx® + (land tan8 + tan8 tanC + 1anC tand)x - tanA tanB tanC =0

orxt = L33 4238 P 0 orget - pxt+ (1 + g —p=0
q i iq

Concept Application Exercise 2.10
1. In triangle ABC, prove that

A B L
F] i Fthe
4 cos’ — + cos —cost —

2 2 2

12 Ll S s D
2 2 2 2 %
L IfA +.E'+C' ", shnwthat
a sinf A+sin® B+sin?C=1-2sindsinBsinC
h cos?d +cos’ B+cos'C=2+2sindsinBsinC
3. alfd+B8=C, provethalcos’ 4+ cos’ B+cosC=1+2cos A cos Beos C,
h Ifa+ fi=60° prove that cos® a + cos’ §-cos amcos §= 34,
4. Prove that cos(f~ ) + cos’(y— @) + cos™(@~ )= 1 + 2cos (f - a) cos (¥ &) cos (a-~ ),
SIfA+8+C=n2, show that
A colA+tcol B+eoiCmeplAcot Beot O
h tandwnB+anBflanC+tanCiand =]
6. IT A+ B+ C=m, prove that '
a tan 34 +tan 38+ tan 3C =tan 34 lan 38 lan 3C

A B
= 2008 — CO8— Sifi=—
2 2 2

;A

h cos®—+cos

A # C A B
h cot E-!-l:ut—z--i-l:mE:cm—cm-u:m—

cos A cosB cosC
sinHsinC snCsmA  sin Asin 8

T.1TA+ B+ C=n prove that

SOME IMPORTANT RESULTS AND THEIR APPLICATIONS

Resull 1. cos A cos (60 =A)cos (60 + 4) = % cos 34

Proof:

We have
L.H.S =cos A cos (60~ 4)cos (604 4)

= ¢os A (cos” 60° —sin 4) [ cos (4 + B) cos (A - B)=cos® A —sin® B)
- mm[i-sinz A] = C0s A(l —{i—t:cn-::T A}] = n:n:-sl.ﬂq[-gﬂm:-s:2 .d]
4 4 4
o L 1
Ecns tl.["-]-l-d cos .ﬂl} I{:d cos” A = Jcos A}

= %cm3A=R.H.S.
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: i ; b i
Result 2. sin 4 sin (60— A)sin (60 + A4)= ; gindd

Proof:

We have
L.HS. =sinAsin (60— A) sin (60 + 4}
= gin A (sin® 607 —sin’® A) [~ sin (4 + B)sin (4 — B) = sin* 4 —sin’ B]

= sin A [1 ~sin’ A] = L sin A(3-4sin’ 4)
4 a
- -‘:{zsinahdsin‘,q}

- lt-‘.inH =R.H.S.
4

Result 3. tan & tan (60" - &) tan (607 + &) = tan 3a
Using the above two results, we can prove this result

. 1
Example 2.95 Prove thai cos 20° cos 407 cos 60F cos §0° = E .
Sol, cos 20° cos 407 cos 80° cos 607 = cos 20° cos(60® - 207} cos (60° + 207) cos 60°

™ %EUSHHZ!J"'} cos 6* = écuszfﬂ“ = lxl =1

4 4 16
1
m Prove that sin 107 sin 30° sin 50° sin 70° = E

Sol. sin 107 s5in 30% sin 507 sin 70® = sin 10° sin (60° =107} sin (607 + 107} sin 30°

1
__ -&ﬂmﬂxlﬂph sin 30° = % sin® 30° = 6

| '.Ii1'|['||1.' :_'}'.'

Prove that tan 207 tan 40° tan 80° = tan 60°,
Sol. tan 20° tan 40" tan B0"

= tan 207 tan (60°—207) tan (60° + 207) = tan (3 = 20°) = tan 60°
sin2" A
2"s5in A
Proof: LHS., =cosAcos24cos22dcos 2’4 - cos 2" 4

Result 4. cos 4 cos 24 cos 2 cos 2°4 <. cos2" ' 4=

1 - " . - B e |
Esin."‘[{EEEI'I:ALUE.-'!:IL‘ﬂE-EHLl.}SEﬂﬂﬂﬁzﬁ cos 2" A4

2 gin A [{ﬁiﬂldmslilﬂmlzdmsl]d---mgﬂ"‘",.g]'
sin

[(25in2 4 cos 24) cos 24 cos P4 - cos 2"~ 4]

2

27 sin A

I |
& o i ‘.,‘_Iﬁi“ﬂl‘f].mﬂldcm:',{ o082 1]

2¥ g ﬁﬁz'ﬁ'inlzﬂ cnsf.ﬂi]cug 2'!',.4---1_-,;351“4’,.”
=N
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- T [sin (2% 224) cos 274 - - cos 2"~ ' 4]
5N

2* sin A [{sin 2’4 o 2°4 cos 2°A --- cos2"" l.d'}

N g A[sini‘*"'dmsi““ﬂ]
sin

[25in2" 4cos 2" 4)

2% gin A

——— sin(2x2""' 4)
2% 5n A :

sin2"A=R.H.5,

2" sin A

Example 2.95 EIEE ,show thatcos@cos 20 Zeos 270 - cos2"'8= zi

2" + 1

Sol. In the above result, put 8= —
P

- : [ " ] . [:“+1-1]
iR 2" s T
sin 278 2% 41 2" +1
= BHS=——= =
2" sin B E"m’n[ X ] E"Ein{ x ]
2" +1 2" +1
ﬁin[::- ]
2" 41
v siu( = J
2" +1

sin[ z ]

2" +1

E"sin[ . ]
2™ +17,

1

g "

A

P ) 2 4r 8m 4z 1
Example 1.99 Prove that cos — €08 — 08 —— (0§ —— = —

l 15 15 15 A5 16
Sol. We have

27 Ax R %
LHS =cos — COf = CO8§ —COS | T = —
15 15 15 [ ESJ
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F(émz—ﬂm“mss—x][—msﬂ] . '
[5 15 15 15 i

 § 2K 4z B
= e 00§ = (0§ == [O05 — (05 —
15 15 15 15

=— ;o8 4 cos 24 cos 22 4 cos 27 A, where A= w15
_ fsin2* A]_ sinl6A
_[lqsind]_-‘fsin.ﬂ.

sin(l5 A+ A) =sin({m+A)
"T T 16sinA  16sin A

gin A ] |

“16sin A E_ T =R.H.5.

[ 15A=7]

EEUTIFAIEY  Prove that sin 6° sin 42° sin 66 sin 78° = -]—%

Sal, sin 6 gin 427 gin 66° 5in T8®

" =gin6® cos 48° cos 24° cos 12°
2* 5in 12%c05 1 2% cos 24 cos 48°

2 sin 120

sin 95
2% sin12°
. _ 2sinfi®cosf® _ sinl2® ]

2* sin12° 2 sinl12® 16

= ginG”

= ginG®

Concept Application Exercise 2.11

I Wea= % prove that cos 2areos darcos Barcos 14a= %
2. Prove that sin 20° sin 40° sin 60° sin 80° = -I%

3. Prove that cos 10° cos 30° cas 50° cos70° = I]E .

IMPORTANT INEQUALITIES

InAABC, tanA+tanB+tanC23 -.I'rj ywhere A, B, C are acute angles.
Sol. InAABC,
tan A +tan B +tan C=1an A tan B tan C
lan A +tan 8+tanC

Also, - > Yian A tan BtanC [since A.M, > GM.)
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tan A tan Btan C2 Ytan A tan B1an €
tan® A tan” Blan’C2 27

tan A tan Blan C2 3 /3 [cubing both sides)

LR

tan A +ian B+ an CEE«ﬁ

AN NI  In AABC, prove thatcos A + cos B +cos C< N1,

Sol. Let cosd +cosf 4 cosC=x
+ a2
= Icm[ﬂ H}n:w:ts["L1I Jljr]+Iu15'.in1E=.nr
2 2 2

= 2sin -E-ms[ ]+!—15in2£=.r
2 2

= 2sin? %—zsin%mﬁ[ i H]-I!—_T—lz 0

This 15 quadratic i sin Cf2 which is real. So, discriminant D2 (0.
4 cos? (f_;ﬁ]_q x2x=120

= I{I—I}Eﬂmz{%]

= 2{x-11%=1
= I=i2
Thus, cosd + cosB +cosC < 3/2

Note: Sincccos A +cosB+cosC= 1| + uin%sing-sin—g—

We have sinﬂsin EﬁnEEl.
2 2 2 8
Students are advised 1o remember this as a standard result

BTN AEEY  Find the least value of see A + see B+ sec Cin an acute angle triangle.

Sol. In an acute angle triangle, sec 4, sec & and scc C are positive.
Mow A.M. 2 HM.
sec A +sec BesecC > 3
3 o5 A +cos B+cosC
Butin AABC, cosA+cosB+cosC=32
sec A +sec B+secC

= e 2
3

=s sec A +sech4secC 26




Sol.

Example 2.
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T8 10 A4BC, prove that cosec % + cosec gi:usu %E 6.

in AABC, we know that siurl-"i sinEsInES l
i 2 2 8
MNow AM,.20GM,
cmuﬂ+coﬁe:£+¢nm2 I3
= Lz camﬂcmf—cnm—]
3 1 2 2 2
d .ﬂ' E N 1F3
COS0L = F COSEL = + COSEE = ]
3 Sinﬁsin—'?-sin-c—
TR | 2 2
A a C
COSEC = =+ DS = &= COSEC = e
- a_ 31 2 >(s

= cnqnci+c¢:ﬁ¢c£+cmm£1‘ﬁ
T2 S 2

EXERCISES

Subjective Type , Solutions an page 2 83

2
3
4.
5

10.
1.

Are the set of angles arand B given by o= [En +—;—] m+Aand B=mr+(-1)" [g— = A] same, where

nmel?

. ITABC is atriangle and tan % tan % ‘““g are in H, P, then find the minimum value of cot B/2,

. Find the sum of the series cosec 84 cosec 204 cosec #E+ s 101 1ErmMS,

In AABC, il sin® 8=sin (4 = @) sin (8 = ) sin (C - @), prove that cot 8= cot A + cot B+ cot C.
In triangle Aﬁ'{:’, prove that sin -‘%+sin -'—:j- + sin% = % Hence, deduce that

T+ A T+ 8 mrr+l:'51
cos -
4 4 4 g

If

X v z Xty .3
= = th h 5 - =1
lan(@+@) lan(@+f) tan(B+y) s E:—ym.m A

1 ;
If tan &68= pfg, find the value of E{pcusmzﬂ - g sec 28) in terms of p and g.

IFD < < w2 and sin o + cos @+ tan &+ cot @+ se¢ & + cosec =T, then prove that sin 2o is a root of
the equation x* — 4dx - 36 = 0, :

Prove that | + cot 8 < cot g for 0 < < x Find & when equality sign holds.
Show that 25 + 2 2087 3 31 = 1NT.

; A B C
If 4, B and C are the angles of a triangle, show thal tan? 7+ tan’ el tan? 5 > 1.

¥



282 Trigomametry

12. Let 4, B, Cbe three angles such that 4 = /4 and tan B 1an C = p. Find all possible values nfp such that
A, B, € are the angles of a triangle.

13. Eliminate x from the equations, sin (a+ x) =25 and sin(a - 1) =2¢. =

iN £ CO5 & .
14. Iftan g= M,mmmmm-ﬂjlﬂ-n}mn X,
_ | = nsin® a .

sin sin3x cos9y I
15. Show that + + . e
Show th cos3xr cosOr cos2Tx 2

|1an 27x - tan J:].

16. Prove thal Mu{ltmﬂ-l}{zmﬂﬁ-I]{imlzﬂ-lr--{Emsi""ﬂ'—lj.
2co88+41
17. Prove that ml':j:=[]+5cﬂﬁ3£]+5.acf"ﬁ}||,']-l-se:c:fﬂ}---l[l-l-sucl"ﬂl.

Objective Type _ Solutions on page 2.92

Each question has four choices a, b, ¢, and d, out of which onfy one answer is correct. Find the correct answer,
. Which of the following is correct?

& sin 1°>sin } h sin 1 <sin | c. 5in 1°= sin | d sin |°= IH sin |
2447
2. The cquation sin® 8= —=— is possible if
2xy
axmy hax=—y ¢ dx=y d none of these
3. If 1 +sine+sin®x+sin’ x4 - enisequal to 4 + Iﬁ,ﬂcr{mlh:nxismualm
x 4 X K r I
a — h — ¢ —or — d —or —
6 4 36 35
sinx cosr tan x I a
4. If = = =k, then be + — + i 1
: 5 = n P is equal to
I 1 1
mk[a+-) . h;[ﬂ+—} 4:.—-1— "
a _ a k* 5
- . . A ] C B :
5. If 4, B, Care angles of a triangle, then 2sin ) cosec 5 sin > — 5in A col > — 05 4 15
a independent of 4, B, C ' b function of A, 8
. function of C d none of these

6. The least valuc of 6 fan® ¢+ 54 cot” ¢+ 18 is
I 54 when A.M, 2 GM. is applicable for 6 tan® ¢, 54 cot® @, I8,
I:: 54 when A.M. = GM is applicable for 6 tan® ¢, 54 cot® ¢and 18 added further.
i 78 when tan’ g=cot? ¢.
a | is cormect b [ and Il are correct
. 11 is correct d none of the above is comrect
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SsmB@—3cosd

7. If5tan 8=4, then — is equal 1o
35in@+2cos@
al h 1 e 1% db
8. If2sec28=1an ¢+ col ¢, then one of the values of 8+ ¢ is
a mf2 hmfd . 23 d none of these
9. Ifsinx+ cosecx = 2, then sin” x + cosec” x is equal to
a2 h 2 52 S
10. A quadratic equation whose roots are cosec’ & and sec’ f can be
A X-5x+2=0 hxl=3x+6=0 e X =5x+5=0 d none of these
1. fn<a< E,then JI—-:mn: + JI+|:MD.' is equal 1o
2 | +cosax l=cosax
i
A — h - ,E e ,l d - _l
sin sinx 5N (¢ SIn
12. The value of cos E+m£+ms£{m£+m£ +cmE+ms—n is
7 ¥ 7 f) T 7 7
a l h-l. e 0 d none of these
13. The least value of 2 sin® 8+ 3 cos® @is .
A [ h2 ¢ 3 d35
14, The greatest value of sin' 8+ cos® @is
a li2 hi ' C. 2 d3
15. Iff(x)= cos® 8+ see’ @ then
a fix)<1 h f(x)=1 e 2> f(x)= | d f(x)=2
16. 1ff(x) = sin® x + cos® x, then range of /(x) is
i [}1-*. l] h [-I—. E:I c [E,'I} d none of these
4 4' 4 4
17. Ifas3cosx+ 5sin{x-mn/6)<hforallx, then{a b)is
a (-19, V19) h (~17,17) e (—V21, V21) d nane of these
18. The equation sin x (sinx + cos x) = & has real solutions if and only if & is a real number such thal
i 2 1-42 1++12
aOsks +;F- h!—ﬁﬂkﬂ?-hﬁ :.ﬂﬂ#ﬂ?—-ﬁ d ;r'_:.f:ﬂ jﬁ
19. Ifcot (@+ ) =0, then sin (@z+25) can be
a - s5in o h sin 3 €. COS (X d cos f
& ¥ Z p
20. If = = ,then x + p+ z is equal o
cos® ms[ﬁ-?—ﬂ.] ms[ﬂ-v-z—n]
il 3 :
al h0 [ “d none of these
21, sin™ x + cos™ x lies between
A -|andl h Oand | ¢. 1and2 i none of these
22, The roots of the equation 4x* —2 5 x +1 =0 are -
& 5in 36° sin 18° b sin 187, cos 367 ¢. 5in 36° cos 1 8° d cos 187, cos 36°
in : g
2). f —<ca<m, then [2cota+— is equal to
4 . sin" o

a |+coto h=]-cota ¢. 1 =cotax d-1+coter
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4.

5.

16,

27.

28,

29,

.

3.

32.

34,

35,

Trigonometry

Iff(6) =5 cos 6+ 3 cos [E +E§) + 3, then range of /(&) is |

a [-5,11] h [-3,9] ¢ [-2,10] d [-4,10]
IT ex, B, 1, & arc the smallest positive angles in ascending order of magnitude which have their sines

i ¥

equal to the positive quantity &, then the value of 4 sin % + 3 sin T +2 s&ni + sing is equal 1o

p 21—k h 2Tk P o d none of these

: z
Let dyA; A; 45 A, A be a regular hexagon inscribed in a circle of unit radius. Then the product of the

lengths of the line segments Ay A, Ap.4, and Ay 4, Is

a 34 h 343 3 d 332
if sin & + sin &, + sin §; = 3, then cos &, + cos 8, + cos 6, 15 equal 10
al h2 e d 0
S
Ifsin? 8= = +; +l,1hcnxmuﬂb¢
X ;
-3 h -2 el d none of these

Ifgin (a+f)=1 sin{e—-f)= % then tan (e + 2 5) tan (2o + ) is equal 10, o, fe (0, 12)

al h-1| e. 0 d none of these
Which of the following is not the value of 5in 27° - cos 27°7

E EE 6

i none of these

PR Sl h - i
2 2 W2
Il cosec & —col 8= g, then the value of cosec @ is
| | | |
B g+ - hg-— e~ g+— i none of these
q 4 2\ 9
I
Ifsin 8+ cos O= ‘5 and 0 < @< thentan 8 is
a —4f3 h-34 c. 34 d 473
: 25in@ |=cosf+sinf '
B abannd . Taahg | TR
al+x - _ h |-x Lx d lix
If &= midn, then the value of tan Stan 28 -+ 1an (2n=2) Gan (2n - @ is
a —| h | e. 0 d 2

2(sin 1® + sin 2°+ 5in 3%+« + 5in 85°)
2cos|®+cos2®+ -+ cosdd™) + |
a2 | b N2 e 112 d |

IT sec o and cosec @ are the roots of x —px + g + 0, then
ap=glg-2) b P =glg+2) el +g=2g d none of these

The value of the expression equals
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37. Ifsinx + sin® x = |, then the value of cos'? x + 3 cos'% x + 3 cos® x + cos® x - 2 is equal to

a 0 hl e =l d 2
38. Ifcos(4—B)=3/5andtan A tan B=2, then

. cos A cos 8=1/5 h sin A sin B=-2/5 e cos A cos B==1/5 d sin A sin B==1/5.
39, (1 +wna)(l +anda)=2, ae (0, m/16) then xis equal 10

T T ' T n
a — h — e — d —
20 30 40 Bl
40, IfA=5n45°+cos45% and B = sin 44° + cos 44°, then
i A=B hA<H cA=04 d none of these
41. %[ﬁ c0523°—sin 23° | s equal to
A Cos43° h cos T° €. cos 53° : d none of t'hss.c
8 =8 +8, |
42. If cos 8, = 2 cos B, then tu—‘-z—z-tan?'—':'—z is equal to
. s B e 1 d -1
s 3
3+cot 80° co 20°
43, V [ i l
A of =80 rcozg®  causl o
a cot20° b tan 50° e ocot500 d cot J20°
44, Iftan f=2 sin o sin ycosec (@ + ¥), then col & ; col [, cot ¥ are in
a AP h GF c. H.P d none of these

45, Intriangle A8, ifsin A cos fi = %ﬂl‘]d 3 tan A = tan 8, then cot® A is equal to

a2 b3 cd a5
46. tan 100° +1an 125°+ tan 1007 tan 1257 is equal to
a b h 12 o=l i 1
47. tan20°+1an40° + 3 tan 20° tan 40° is equal to .
1 ; 1
a h 3 A d—+f3
5 N _
1 . Fr S
48, "E b i5 equal to
SN —CcosdX
a 0 T o« ¢ o
SBL| — = — h cos| ——— g | ——-—1]. d ecol| ——
" [z s] [a 1] (z EJ [z 1)
49, 1fsin &, - sin &, = a and cos &, + cos &, = b, then i .
a b4 Iy, cd+hzl ¢ dd+hs2
S0, ITM -cm=[a+x]‘ﬂ’xe R~ [mr+£],m; N, then a can be
| —sin2x 4
a h % 3 ? d none of these

4
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51. Iftan @is equal lo the integral solution of the inequality 4+ — 16x + 15 <0 and cos fis equal to the slope
of the bisector of the first quadrant, then sin (o + B sin (&~ §) is equal to

2 4
it E h E € a -

5 5 N 5
F_U'ﬁ‘:-’r‘.?]_l_mﬂi*ﬂ
cos{x+y) cos(z=r)

2. If

=), then the value of tan x tan ¥ tan z tan ¢ i5 equal 1o

a | -1 c 2 o od=2
83. L:tf{ﬂ:} =2cosmx ¥V ne N, then (1) f{n+ 1) -7 (#) is equal to

a f(n+3) b f(n+2)  fint 1DfQR) d f(n+2)f(2)
54. Ifintriangle ABC, sin A cos = 1/4 and 3 tan A = tan &, then the triangle is

a right angled . h equilateral c. isosceles d none of these

55, If A and B are acute positive angles satisfving the equations 3 sin® 4 + 2 sin® B = 1 and
Jsin2Ad ~2sin28=0,thenA4 +2 B is equal 1o

ax h E c. = da X
i 2 4 6
56, Letf(6)= L SR i e 2 thien the valus £ A B)1
. T+ obt B [} T en the value fla) L3
. r;- h --]i g2 d none of these
57, Ify=(1+tan4) (1 —tan B) where 4 — B = %,mmuur 1) is equal to
a9 hd - d 8l
58. Ifsin{y+z-x). sin(z+x~-y),sin(x+y—z)are inA.F, then tan x, tan y, tan = are in
a AP h GP c. HP d none of these
59, 1fcos ax+cos f=0=sin o+ sin 3 then cos 2a+ cos 2 is equal to
a -2sin{a+ ). b —2 cos (a+ ) e 2sinfect f{) d 2 cos (e + f)

60, Ifxy, x, x5, ... x, are in A.P. whose common difference is @, then the value of sin @ (sec x; sec x,
+ 888 X, S6C x3 + .-+ sEC X, ; S&C X)) 13

a e ANE, h L esin(n=1I1)mcosx;cosx, duinmacosry, cosy, .
r:m.r,cm.tn ECH,:H I.'-'EIE.I'H ;
T

61. Iftan g. xand tan % are in A.P. and tan a,_y and tan :—; are alzo in AP, then

a Jx=y hx=2 ex=y d none of these
62. Letx = sin 1°, then the value of the expression

2 + : + 1 4on ! :
cos{®cos1®  cosl®cos2® cos2®-cosd® cosd4° cosa5e 'S equal to
A X b 1ix e V2/x & x/\2

63. Let aand, f be such that w< o~ B < 3m. Ifsin e + sin =~ %—éaﬂd cos & +cosfd=- :i—'?,then Lthe

~P

i .
value of cos i5



65.

ﬁﬁ"l‘

67.

70.

71.

T

T4.

-

3 3
. " L
| Y130
I :-:J-n(x+_1.-}=n+bl @ tan x i esjual
sinix=v) a-=b n v
a2 L
o b
sin 38+ sin 50+ 5in 78 +s5in 98 T
cos 30+ cos 58 + cos 78 +cos 90 R
a lan 38 h cot 38
Ifx, iy, z are in AP, then == s i5 equal to
CS 7 =008 X
A tan y h cot y
Ifcos 25% + 5in 25% = p_ then cos 50° s
a 1,||2~—p'= h - I—.uz
sin® A—sin” B :
: - iz equal to
sin Acas A —sin Beos i
a tan (4 - &) h lan{d + &)
it Lo o i
sin 4

A lan 24 =lan 8
e, tan 24 =tan' B+ 2 tan B

Trigonometic Ratios and identiiles

e lan 68

€. Sin y

t.p-,}i—pi

c col{d-B)

h tan 24 =tlan’ B
d none of these

a-2
65

d none of these

d cot 68

d cos y

d—pg2- pl

d col (4+ H)

Wa+h=3—-cosdPand a-b=4s5in 20 then ab is always less than or equal lo

i
i
d3

d
23

d none of these

2

d

2.67

1 2
a - hl c. —
2 3
The value of cos? 10° - ces 10° cos50° + cos® 50° is equal to
4 | 3
A = h - c, =
3 3 4
The numerical value of tan 20° tan 80° cot 507 is equal to
I
n 1.5 h — e. 243
V3 |
Iftan® @=2 lan‘¢+ |, then cos 20 + sin’ gequals
a -l h cl
The value of cot 707 + 4 cos T0° is
1
a h A3 e 243
o}
¥+
If x; and x; are two distinct roots of the equation g cos x + b sinx = ¢, then tan IIT‘TI. is equal to
i & £
&L - h — B -
b a a

o -~
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T6. Giv.en that (T+ 14+ x)tan y =1+ J1=x . Then sin 4y 15 equal to

A 4x b 2v 6&x ' d none of these
T7. [Fcos x = tan y, cos y = tan z, cos z = tan x, then the value of sin x 15
a 2cos | 8° b cos |8° €. sinlB° d 2s5inl8°
T8, If sin 26 = cos 3 #and 8 1is an acute angle, then sin &equals
< Ji=1 i Ni=1 ¢."E+1 :I_"E_j
9 4 4 4
' y y ) 0y .
79, If 6, and & are two values lying in [0, 2x] for which tan 8= A, then tan 3 tan 3 15 equal to
a 0 h -1 c. 2 d |
80. Iftan 6= +/n where me N, 22, then sec 26 is always
a arational number h an irational number e, a positive integer d a negative integer

81. Heinx+cosx= 5 wherex & A,Ihmtm% is equal to

a ﬂ il'E c 4_ﬁ d none of these
3 3 4
3 : :
82. The value of sin® %Hinﬂ %" + 5in? —3’5 +3in? Fﬂi is
1 1
a l B2 : o = d 2—

8. Ifxe [J'r. EEEJ.IIHH-}:ME E—%] - u'r-isin’ x+sin? 2x is always equal to

al h2 e -2 d none of these

Bd. cos’xsin2x= Eﬁr sin{rx) wye R. then
F=il

A n=5a=I12 hn=5a=1/M4 en=5a,=1/8 dn=5a=14
85, The value of cos 2{@+ ¢ ) + 4 cos(#4 g )sin Hsing+2 sin’ & is
a independent of 8only . h independent of § only
€. independent of both #and ¢ d dependent on & and ¢
86, risa2a=S28A%0) o A tan B tan Circ i
cos(A-C)
a AP h GF e HP d none of these
87. Meosx= Eﬂs—xj,wimrex,ya {ﬂ._ﬂr},thentanf-culi' is equal to
—CO8 ¥ : . 2
- 1 1
n -,E h ~.|'r3 e — d
. J2 B

88. If tan x = bla, then J(a+b)la-b)+ Jla=b)/{a +b) is equal to

a Esinx."«-fﬁinl: h 2eosx/+eos2x . 2 cosx +/sin 2x d 2 ginx/+Joos2x
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If exisarootof 25 cos’ @+ Scos 8- 12=0, % < (r< 7, then sin 2ex is equal 10

89,
a. E h - }i . I—jl.- d = E
25 25 18 18
9. The value of tan 9° —tan 27° —tan 63° + tan 81°1s
a2 k3 c 4 * o none of these
9L, Ifsin™ a+sin”! b+ sin e =, then avl—a +by1—b* +edl—c? is cqual to )
a a+h+e b a'blc’ ¢ 2abc d dabe
92, IfTA+B+C=3m2 thencos 24 +cos 28 + cos 2C is equal to
A l—4d4cosAdcosficos C h 4sindsinfBsinC
‘e l+2cosdcos BeosC d 1-4sindsmBsinC
93. Intriangle ABC, tan g tm%. um% are in H.P, then the value of cot 5 ¥ col 5 is equal to
a l h c 3 id 4
94. Inany triangle ABC, sin® 4 — sin? B + sin C is always equal to
a 2sinA sinfcosC h 2 sin.d cos 8sin €
c. 2sind cos BecosC d 2sindsinfisinC .
95, Iftan’ artan® B+ tan® § 1an® ¥+ an® y1an® a+ 2 1an® aran? Bran’® ¥ = 1, then the value of
sind q+ sin® B+ sin’ ¥ is
a3 h2 [ | d none of thesc

sin A+sin B+sinC |
15 equal o

96. Intriangle A8, — _ -
snA+sin =50l
o tan icmﬁ h MIﬂTﬂnE e -u:m-""-rr.n.mul-‘IIE (i § mn-’imnf-
2 2 2 2 i 2 2 2
97. gin 2A+sin 208 +5in 2C i el 1
sinA+sin#4+sinC
In. Bsin i::jn Eﬁil‘l E h Ecmﬂcmﬁmsg
12 2 2 2 2 2
() Etﬂnilunﬁlung i Enmiﬂmﬁmlﬁ
_ 2 2 2 2 2
98, fcos’ A +cos’ B+cos* C= |, then AABCis
a equilateral h isosceles ¢. right angled d nonc of these
99, Ininangle ABC, 1an A +1an 8 + tan C =6 and tan 4 1an 8 = 2, then the values of tan A, tan B, tan Care
a 1,23 h 3,223,773 e 4 1/2,32 d none of these
100, The value of tan 6% 1an 42° tan 66° tan T8° is
a | h 172 e 1/4 d I8
101, Ifl<a< %, then ox (cosec @) is
c. less than '3 d greater than &3

a less than o' b greater than &6
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102, If @ is eliminated from the equations x = a cos(@ - a) and » = b cos (8 - f), then

2 i
I =
N li. - (e—P) is equal to
a- b° ab

a sec’ (o= 1) h ;mtl {—§) ¢ ::m}{a—ﬁ} | d sin’ (o—[)

103, If |cm E{sin 8+ sin? ﬂ+sin?1'r.”$ k. then the value'of & is

a Yl+cosin b v14sin’ o e y24ginia - d J2+cos’ o

104, If sin & sin & — cos &, cos & + | =0, then the value of'tan (@, /2)cot (8,/2) is always equal o

=1 hl e 2 : d-2
i
105, The numerical value of tan %-r-?tan Hd—d tan -£+ElanETn is equal to
a -53 h -543 e. 53 d W3

" " X .
106. tan® ——33tan* —+271an? — is equal to
9 9 g |
a0 h 3 e 3 do

107, ecosx+cosy—cos(x+yp)= %, then

axty=0 h x=2y Lx=y dixr=y
108, ifasinx+ beos (v -+ &+ bcos {x— & =d, then the minimum value of f[cos 8] is equal 1o
1 b | 1 i 2 | | ¥
a —d" —a ho——ofd? g € ——d® =g? d none of these
2|b| 2]a| E|df
109, I s.m.r=1: il =§- wherex, vy e ['I'II. E]__:hm the value of tan (x + ») is equal to
siny 2 cosy 2 - 8 S :
a V13 h 14 e. 17 - dis

JI+cos s+l -cosx _

g
then lio
m_ 1."'1__- [ ] | @ is equal Lo

x - .ﬂ

110. Ifxe (x2n)and ———=

L — I1— C. — d none of these
4 2 i .
111 Ifanx=ntany, ne A, then the maximum value nfs:n:z{:r—y} 15 ¢qual 1o
2 ] 1 2
{n+l) b {n+1) = {n+1) d {n+1)
n n 2 4n

112, fcot® x= col {x—y) cot (x—z), then col 2 is equal ta (where x = + 7 /d)
B %{Inn y+1an g) b litml}wcni z) e %{sin y+5inz) d none of these

113. IT A, 8, Care acute positive angles such that 4 + 8+ C = mand cot A cot B cot C =&, then
| | 1

aﬁsﬁg hk’ém c..ﬁ'*:a dh':*-:-;—
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114, Il'u=1l|ra1 cos” @ + b sin® B +‘,|II.::|'I sin® @ + b* cos® @, then the difference between the maximum and
minimum values of i is given by

n 2(e* + 5% h 2Ja? + b e (a+ Y d (a = by
118, M (sinx+eosx)® + ksinrcosx= | holds ¥ x & K, then the value of k equals

al h 2 -2 d3
116, The range of k for which the inequn]ilyﬂtm‘x—kcu;x‘.- | 20 ¥ x e (—oa, o), is

an% h‘T'ﬂsn k>4 d%sess
117. The minimum vertical distance between the graphs of =2 4 sinx and y = cos x is

a 2 bl e 2 d2-2
118, If @=3aand sin §=———— The value of the EXpression o cosec @— b sec @is

a® +b

a 3% h I‘IIaz-Ir.&] ca+h ' d none of these
a“ +h

119, 1fthe equation col® x—2 cosec” r + o = 0 has ol least one solution, then the sum of all possible integral
values af "a" is equal to

a4 h3 € d 0
120. Ifthe inequality sin‘y +acos x+ & > | + cos x holds for any x & R then the largest negative integral
value of "a’ 15
a —4 h -3 e —2 ' d -l

121, Inwriangle ABC if angle C 15 907 and arca of inangle is 30 5q. units, then the minimum possible value of
the hypotenuse ¢ is equal to

a 302 h 6042 e 12042 d <30
122, The distance belween the Lwo parallel lines is 1 unit. A point ‘4" is chosen to li¢ between the lines at a
distance ‘o from onc of them. Triangle ABC is equilateral with B on one line and C on the other parallel
line. The length of the side of the equilateral triangle is

-3 e ’d:-n'-r-l 3 3
* 3 d® +d+1 h 2 —3- c. 1\|Id' -d +1 d.-,l'n’ =d+1

123. Given that a, b, ¢ are the sides of a triangle ABC which is right angled at C, then the minimum value of

2
—E-+£ is
a b

a 0 h 4 e 6 d g
124. Lely=(sinx+ cosec x}: +({cosx+ 5:::]2 +(cosx +sec x]z, then the minimom value ol y, Vxe R, 15
a7 h 3 c9 do

Multiple Correct Answers Type Sotuiions on page 2. 116

Each question has four choices a, b, ¢, and d, out of which ane or more answers are correcl.
1. 1fcos f§is the geometric mean between sin o and cos @, where 0 < @, i< &2, then cos 23 is equal to

u.—lsini [%-u] h—lms’[%-l-ﬂ] uIsin’[%+E] l:lzmsi [E-u]

2. If0< A< wand gl e g o 30, then 8is
a P h &0° c [P d B
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3.

I,

"I'r‘ujmml.ry

Suppose ABCD (in order) is a quadrilateral inscribed in a circle. Which of the following is/are always true?
a sec B=sec D b cotd+cotC=0 ccosecA=cosecC dtan8+tanD=0

. Which of the following statements are always correct (where O denotes the set of rationals)?

A cos 20 (and sin 28 € O =>tan fe O (if defined)
b tan @& O = 5in 28, cos 20and tan 280 e O (if defined)
e ifsin e Qand cos e O = tan 38e OTif defined)

d ifsin e P =cosIPe {
Which of the following quantities are rational?

o) ) o )m()

() n :x}[ 4.#][ Err]
e sin® | =! +cos* | = d |1+cos— ||l +cos —||1+cos—].
(EJ [a] [ 9 9 9
In which of the following sets the inequality sin®x + cos® x > 5/8 holds good?
a (-8, m'8) h (38, 508) c. (4, 3md) d (78, 9m'8)
Which of the following inequalities hold true in any triangle 487
o Mo B A " 31@-
= gin = gin — € - = i 0 e e
rf.smisﬂzsun.1 3 hcuszmsl 1 .
esitr s st R i L2 i oot Yot B st g ?
2 2 4 2 2 4

. For &= &7 which of the following hold(s) good?

A ban o tan 26¢ tan 30 = tan 32— tan 20— tan o
h cosec o= cosec 20 + cosec 4
C. COS € — 008 208+ cos 3= 1/2

d 8 cos o cos 2acos da= 1
Which of the following isfare correct?
a (tan x)" “0> (cot )" 99, ¥ x € (0, m4) b gineoseer < gheaees w5 g (0, W12)

¢, {1/2)nienn < (1 3)nesd) Wy (0, 22 @ 2lianas, i) o 2 & (0, m2)
Which of the following do/does not reduce to unity?

sin (180° + A) cot (90° + A) cos (360° — A) cosec A
tan (180" + A) tan (90" + A) sin {— A)

sin {(—A) _h{nnl_‘iﬂ"+.-1}+ cos A
sin (1807 + A) eol A sin (907 + A)

sin 24%cos 6% — sin 6 cos 24°
& ain 217 cos 39° ~cos 51° sin 69°

cos (907 + A) sec (= A) tan (180° - 4)

4 Sec (360° + A) sin (180° + A) cot (90° - A)
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1l. Which of the following identities, wherever defined, hold{s) good?
acot @—fanx=2col 2a h tan (457 + a)—tan (45° — @) = 2 cosec 20x
c. tan (45° + o)+ tan (45% — o) = 2 sec 2% d tan a-+cot o= 2 tan 2t

12. Acircle centred at ( has radius | and contains the point A. Segment A8 is tangent to the circle at A and
LAOH = @. 1T point C lies on O and BC bisects the angle ABO, then OC equals

8
A
Fig. 2.36
R P . ; = S
% iq Dl -1 1+ sin B “1+sing po—
13. The expression (tan® x + 2 tan® x + 1) cos® x when x = 2/12 can be equal to
n 42-+3) h 4(~/2 + 1) ¢ 16 cos’ m'12 d 16sin® 712

14. Letq, ffand ¥ be some angles in the first quadrant satisfying tan (o + §) = 15/8 and cosec ¥ = 17/8, then
which of the following held(s) good?

aa+ftry=m ' h cotecot deot y=cot o+ cot f+ cot ¥
e. tan & + tan 3+ tan ¥ = tan e tan Ftan ¥ d tan etan A+ tan Btan y+ tan ¥ tan o= |
18, (a+2)sina+(2a-1)cosax={2a+ ]1}iftan axis .
a 3/4 h 473 e 2al{l@®+1) d 2af(a® - 1)
16. Let fix) = log (Jog ;s (log; (sin x + ) be defined for every real value of x, then the possible value of
als
a3 b 4 &5 a6

17. Ifb=>1,sint >0, cos t > 0 and log,(sin £} = x. then log,(cos ) is equal to

& %Iognil—bh} h 2 log(l - &)
& log, V-5 logy(1 —5) o a4

3 .
18. The equation »° — %x - 1;_— is satisfied by

I.\.’I'EDEH h;-msllr X = Cos H—FH d.x-cﬁsﬂi
) 18 18 1E'J 18
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19.

Trigonomeliry
If sin {x + 20%) = 2 sin x cos 40° where x € (0, &2) then which of the following hold(s) good?

a cos2x=1/2 b cosec dx =2 :.mg- 6.- 2 amn%-;z—ﬁ]

'F..F}asun:'-ng Type Sotutions on page 2.122

Each gquestion has four choices a: b, ¢, and d, ﬁn! ;:'r.lﬁ'!l-'lﬂ.l.l‘?'.l'.'{i’ ane is ::nrrtr.t. Each question contains
STATEMENT | and STATEMENT 2,

10.

a Both the statements are TRUE and STATEMENT 2 is the correct explanation of STATEMENT 1
b Both the statements are TRUE but STATEMENT 2 is NOT the correct explanation of STATEMENT |
c. STATEMENT 1 is TRUE and STATEMENT 2 is FALSE
il STATEMENT 1 is FALSE and STATEMENT 2 is TRUE

Statement 1: If x + y + z = x3=, then at most one of the numbers can be negative.

Statement 2: In atriangle A8C, tan A + tan ﬂ + tan C = tan A tan B tan C and there can be at most one
obtuse angle in a triangle.

Statement 1: cosl <cos?,

Statement 2: 1 <7.

Statement |: 1an4 <tan 7.5.

Statement 2: tan x is always an increasing function.

Statement 1: cosl <sin L.

Statement 2: In the first quadrant, cosine decreases bul sine increases.

Statement 1: If () = (sin 8+ cosec 8Y + (cos O+ sec ), then the minimum value of /(6) is 9.
Statement 2: Maximum value of sin28is 1.

Statement 1: 1fsin? 8, +sin® 8, + - + sin® &, =0, then the different sets of values of (8, 8y, -, 8)
for which cos 8, +cos 8, + - +cos 8, =n—4 js n(n-1).

Statement 2: If sin® @, + sin® @, + ... + sin® 8, = 0, then cos 8, cos Gy, cos B, =% |,

i |
Statement 1: The minimum value of 2755 2 g 1500 e

Statement 2; The minimum value of a cos 8+ bsin 8 is —Ja® +b%,
Statement 1: If 4, B, C are the angles of a triangle such that angle 4 is obtuse, then tan B tan C> |.

tan 8 +tan C

lan Hian (=1 )
Statemoent 1: tan 5° is an irrational number.

Statement 2: tan 157 is an irrational number.

Statement T: sin 2718 isa root of 8&° —éx+ 1 =0,

Statement 2: Forany B¢ R, sin 38=13 sin -4 sin’ &

Let f be any one of the six trigonometric functions, Let 4, Be R satisfying f{24)=/(28).
Statcment 1: A =nn+ B, forsomene £

Statement 2: 21 is one of the period of /.

Statement 2: Inany tnangle, tan A =



11.

13

14.

15.

16.

17.

19,

20,

Linked Comprehension Type

1.
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Statement 1: 5in 3 <sin | <sin 2,
Statement 2: sin x is positive in first and second quadranis

Statement 1: The maximum and minimum values of the function f{x)= — l do nol exisL
Jsinx+4cosx—2

Statement 2: The given function is an unbounded function.

Statement 1: The minimum value of the expression sin @ + sin [+ sin y is negative, where @, [, ¥ are

real numbers such that ¢+ f+ ¥y =m. _

Statement 2: If c fi, y are the angles of a triangle, then sin o4 sin 8+ 5in =4 cos o2 cos 2 cos ¥2.

Statement 1: If in a triangle, sin® A + sin® B + sin® C = 2 then one of the angles must be 90°,

Statement 2: In any iriangle sin® 4 + sin B+ sin? C =2 +2 cos A cos B cos C.

Statement 1: In a trizngle, the least value of the sum of cosines of its angles is unity.

i ol ; :
Statement 2: cos A +cos B+cosC=1+43in = sin Esm %.lfd.ﬂﬂmd‘mngi;mf& triangle .

Let o, f, and ysatisfy0<a<f<y<2mandcos(x+ @)+ cos(x+ )+ cos(x+ y)=0V xe R

Statement I: y—a= E_FE .

3
Statement 2; cos &+ cos B+ cos y=0and sin &+ sin f+ sin y=0,

ITA+8+C=gx, then

! o 3
Statement 1: cos® 4 + cos® 8 + cos® C has its minimum value =,

Statement 2: Maximum value of cos 4 cos Beos Cis % >

Statement 1: [fxp+ vz 4 zc = | wherex, y. 1€ /",

x y z 2
then =4 + =

: 3 3 T m R —ak .
1+ & I+ y L+ 2 1+ 22301+ y3) (1 + )

Statement 2: In atriangle ABC, sin 24 + sin 28 + sin 2C = 4sin A sin Bsin C.
Statement 1: In any triangle ABC,

ln[ml ﬂ_+m£ + cot E]-Inmti-l- |:r|c:l:lll E+ lncmE
2 2 2 2 2 -

Statement 2: In(1+ 3 + (2 + 4’5]} =lnl+in 3 +In(2+3).

Solwtions on page 2, 126

Bascd upon each paragraph, three multiple choice questions have to be answered. Each question has 4
choices a, b, ¢, and d, out of which only one is correct.

For Problems 1 -3
Isinax=Asin{a+ 3), 420, then

The value of tan & 15

Asin § . Asin f & Acos 8 Asin §
1—- Acos I 1+ Acosfil - 1—Asin 3 I+ Acos f
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2. The value of tan f is
= sin {1+ Acos ) b gin &1 — Acos [3) g cosdai(l— Asin i)

Acoscos i Acosacos fi " Acosarcos f§
3. Which of the following is not the value of tan (e + 3)7
sin 3 p —Sinmcosg ., —Sina mmn

cos fi— A Acwﬂ-sin:ﬂ AcosfB+sin" &

For Problems 4 — 6

d cos el + Asin )

Acosorcos i

d none of these

If @, f, % & are the solutions of the equation tm[ﬂ+ %) = 3tan 38 , no two of which have equal tangents.

4. The value of tan @+ tan B+ tan ¥ + tan &is

a 13 h 873 c. —8/3
5. The value of tan @ tan Btan y tan §is
a-1/73 h-2 e. 0

6. The value of L + . + l + : s
tan tanfl tany tand

a -8 h 8 e 273
For Problems 7 =9 -

sin @+ sin B = % and cos o+ cos ff= _|.3

7. The value of sin(ax+ B is

a H h o c i
25 25 13
B. The value of cos (@ + By is
A E iy l e E
25 25 13
9. The value oftan (o + g) is 2
" W2 o3
T 12 13

For Problems 10 - 12

2 .0 .24 ; ;
To find the sum sin” E_Fﬂm-"’ ; b ain® E—: we follow the following method.

Put 7 8= 2nx, where a1 is any integer.
Then sin 48 = sin (2nx - 36) = -sin 38

i 0

il none of these

d 173

d none of these
d none of these

a2
-

This means that sin & takes the values 0, + sin (22/7), = sin (42/'7) and & sin (Bx /7).

Since sin(6:7/7) = sin (84'7), from equation { 1), we now get
2 sin 2@ cos 26 = 4sin’ & — 3sind
.= 4 sin Bcos B(1 =2 sin” @) =sin O (dsin’ - 3)
* Rejecting the value sin 8= 0, we get
4c08 @(1 -2 sin* By =4 sin’ 8- 3

]
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= 16cos’ &1 -2sin’ 8)° = (4 sin® - 3)°

= 16(1=sin® ) (1 -4 sin® B+ 4 sin® @) = 16 sin* §— 24 sin® B+ 9

= 64 sin® 8- 112 sin® 8- 56sin” 6-7=0

This is cubic in sin® @ with the roots sin®(2/7), sin®(4%/7) and sin¥(8/7).

The sum of these roots is sin’z—mﬂinzﬁﬂinla—x L =1.
| 7 7 64 4
Mow answer the following questions.
0. The value of [um2 T +an? e +1an® —35] [mF X i ot = + cot® 3—”] is
7 T T 7 T 1 T
a 105 k 35 e 20 i none of these
tan? = + tan? H+lirl‘lz L
11. The value of ;‘; 2':: 3'*;[ is
> 2 2
ot" = + 001" — + col* —
- T
a7 h 353 e 21/5 d none of these
12. The value of tan® %H.ﬂz _Z_ifi tan* JTH i .
=3 h=7 e =5 d none of these

For Problems 13 =15

An alttude B0 and a bisector BE are drawn in the triangle A BC from the vertex B. It is known that the length
of side AC = |, and the magnitwdes of the angles BEC, ABD, ABE, BAC form an arithmetic progression:
13, The area of cirele circumseribing A4BC is

. " b3
L — h — e = dx
B 4 2
14, Let ‘" be the eircumcentre of A4 BC, the radius of the circle inseribed in A 80C is
1 I 1 - 1
i —= b —= - s — d -
83 443 243 2
15. Let 8 bethe image of point 8 with respect to side AC of AABC, then the length BE is equal to
|
a ﬁ I fg c, ? d ﬁ
4 4 2 2

Matrix-Match Type Solutions on page 2.129

Each quesiion contains siatements given in two columns which have to be matched,
Statements (a, b,¢, d}in column 1 have io be matched with statements {p, q, r, s) in colamn 1L IT the correet
matches are a-p, a-s, b-q, b-r, ¢-p, c-q and d-s, then the correctly bubbled 4 % 4 matrix should be as follows:

p g r 8

OO
®EOG
EEOE
®EOG

a o o =
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Trigonometry

Ifcos B—sgin @ = % where 0 < @< %

Cobumn [ Column 1l
. 4
a {cos &+ sin &)/2 B3
”
h sin 28 —_
1 * 1o
24
e cos 28 r —
25
i cos B g, -l
25
2. Forall real values of 8
Column | Column 1
a A=sin’ 8+ cos’ @ pAde|[-1.1]
Yo" 3
b A=3cos @+sin” @ q.,-ls[q.t]
e A=sin’ 0-cos* 0 r. Ae IIﬁ,m}
d A=t 8+2cot’ @ s Ae|1,3]

3. Weos c+cos F= 1/2 and sin o+ sin f=1/3

Column I Column 1l
& COS [Ehﬂ :tir-a-'
4 i2
(o — 3 2
h cos | — —
. & 4 %3
(o + ) 3
c. [an r +
W 2 r -JH-
o —
d tan . ﬁJ g, % ;-ﬂ
L & 13
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Column | Column 1

sin (4 10% - 4) cos (400° + 4) + cos (410° = 4} sin (400" + 4) has p-1
the valye equal 1o

cos? 1° — cos® 2°

7 sin 3 sin 1° is equal to g0
sin (= 870°) + cosec (- 660°) + tan (- 855°) + 2 cot (840°) + cos (480°) o
+sec (900°)

Ifcos 8= % where 8 [% Ex] and cos ¢= % where g& (U. :r—::J 5. |

then cos (8~ ¢) has the value equal 1o

Column | Columa 11

i The maximum value of {cos(24+ @)+ cos 28+ 0)}, p 25in {4 +8)
where A, B are constants, is .

h The maxitmum value of {cos 24 +cos2 B, q 2sec(A+B)
where (A + B) is constantand 4, B € (0, a/2), 15

¢. The minimum value of {sec 2 A +sec 28}, r. 2cos(4 +8)

where (4 + 8)is constant and 4, B& (0, A}, s

d The minimum value of J{1an8 + cotf-2cos2(A +B)| 5. 2 cos (A - H)
where A, & are constants and & (0, x/2), is

Column | Column Il
& cos 207+ cos 80° - V3 cos 50° p=I

n 2 k¥ 4 qm . ¥, 4 G 3
h cos 0F 4 CO§ = + (0§ =— + CO§— + C0§ — + CO5— + COS— -

7 7 7 7 7 1 ¥ 4

¢ ¢os 20° +cos 40° + cos 60°— 4 cos 10° cos 20° cos 30° r
d cos 20° cos 100° + cos 100° cas 1407 —cos 140° cos 2007 §

L=
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7.
Column | Column I}
& Suppose ABC is a triangle with three acute angles 4, B and (. p 1* quadrant
The point whose coordinates are (¢os 8 — sin 4, sin &
—cos A) can be in the
b If2% %> | and 3%¥%< | then e . 4 2™ quadrant
C. |cos x +sinx|=|sin x|+ |cos x| r. 3" quadrant
dIf = = L L , for all permissible values s, 4™ quadrant
l+sinA cosAd cosA
of A, then A can belong 1o
8
Column | Column 11
a Ifx*+)* =l and P = (3x —4x*)* + (3y -~ 47'), then P is p
al to
hila+b=3—cosdfand a—b = 4 sin 26, then the maximum g4
value of (ab) is
. The least positive integral value of x for which ES .
3 cos 6=x' — 8 + 19 halds good is
difz= and yrz_ﬂ? where A is a real parameter, 5 8
|4 A2 I+4" * ’ .
then x* —xy + " lies between [a, b] then (a + b) is
9.
Column | Column [1
A Innangle ABC, 3sinA+4cos B~ 6and p &P
Jeos A+ 4sin B= | then £C can be -
b In any triangle, if (sin A + sin B + sin C) q 30°
(sin A + sin B = sin C) = 3 sin A sin B, then the angle C
e If 8 sin x cos’x — 8 sin’r cos x = |, thenx = r. 165°
d O is the centre of the inscribed cirgle in a 307 < 60° - 90° s. 75°
triangle ABC with right angled at C. If the circle is
tangent to A8 at 0, then the angle £C0D is

Integer Type ' - Soluiions on page 2.135

1. 1 £(8)= - '“: i;;“w then value of 87(11°)- £(34%) is

2. Iffix)y=2(7 cosx+24 sinx)(7 sin.x =24 cos x), for every x & R, then maximum value of ({x)" is

; . T
3. Inatmiangle 48C, £C= 5 If tan [%] and tan [g] are the roots of the equation ax’ + b+ =0 (a#0),

a+b

¢

then the value of {(where, a, b, ¢ are sides of A opposite to angles 4, B, C resp.) is




S,

12,

13

14,

15.

16.
i7.
8.

19.

20,

21.

22,

23
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If (1 +1an 5291 + tan 10°)(1 +1an 15%)..(1 +1an 45%) =2 then the value of k" is

25in(1407) sec{2807) N sec{340™)
sec(2207) cosec(20°)
cot(2007) — tan{280)
col(200%)
Ifx, y & Rsatisfy (x + 5)% + (3= 12)* =(14)*, then the minimum value of is

Suppose x and y are real numbers such that tan x +tan y = 42 and cot x + cot y = 49. Then the prime
number by which the value of tan(x + ¥) is not divisible by 5 is

Let 0 £ @, b, ¢, d = wwhere b and ¢ are not complementary, such that
2eosa+6cosh+Tcose+9cosd=0

and 2 sin @ — 6 sin & + 7 sin ¢ =9 sin &= 0, then the value of 3

is

The value of -J'rjl

cos({a+d)

caolb+¢) T
Suppose A and & are two angles such that A, 8 & (0, m), and satisfy sin A +sin B=1 and cos 4
+cos B=0, Thenthe value of 12 cos 24 +4 cos 2B is
a and [are the positive acute angles and satisfying equations 5 sin 25= 13 sin 2aand tan §=3tan o
simultaneously. Then the value of tan &+ tan Jis

The absolute value of the expression tan X +tan 22 +1an g_n + lan vl--?i-:E is
16 16 16 16

I L

The greatest integer less than or equal to + is
L v ql cos 2907 33 sin 250°

sin® x4+ cos® x

The maximum value of y= 15

The maximum value of cos® (45° +x) + (sin x - cos x)° is

v [

sin r+cos =1

The value of 5= r 3 5 . .
gin f+eos f— | eSS

The value of cosecl0® + cosec30° - cosecT0® is

The minimum value of J{Esin x—4cos x=10)(3sin ¥y +4cos x=10) is
Number of triangles ABC iftan A =x, tan B=x+ landtan C= ] ~x is

log,, n) =1
If loggsin x + log,gcos x =— | and logg(sinx + cos x) = {_5151}_ , then the value of ‘a/3" is

ginl®+5n3°+sin 5%+ 507"
The value of : is
toe cos1®-cos2%-5in4°

. P e | ] :
Inatriangle ABC, if A — B=120° and sin Esmismi = T then, the value of Becos C is

1 1 l
Inatriangle ABC if tan A = 3 tan B=k+ 3 andtan C =2k + 3 then the passible value of [k], where

[-] represents greatest integer function is
[f sin’x cos 3x + cos’xr sin 3x = 3/8, then the value of 8sin 4x is



Solutions on page 2.14]

Subjective
I. Iftan @=—"— and tan = —— , find the possible values of (cr+ ). (MT-JEE, 1978)
m+1 2m+1
2. a. Draw the graph of y = —\:._zr (sin x + cos x) from x = —% tox = % (NT-JEE, 1979)

b. ifcos(a+ f= ;, sin (- f§) = %.aud o, flie between 0 and /4, find tan 2ex,

3. Provethat 5 cos 8+ 3 cos [E+%] + 3 lies between — 4 and 10.
4. Given @+ fi—y = m prove that sin® @+ sin® - sin® y= 2 sin asin fcos ¥ (IIT-IEE, 1980)
8. Forall 8in [0, 2] show that cos (sin 8) 2 sin {cos &), (IIT-JEE, 1981}
6. Without using tables, prove that (sin 12°) (sin 48°) (sin 547) = 1/8. (NIT-JEE, 1980)
in 4 T 16m
7. Show thal lﬁm[—)cm [—H)ms[ E—]m(—] =], (IIT-JEE, 1983)
15 15 15 15
B. Provethattan g+ 2tan2ax+4anda+ Bcol B =col & (1IT-JEE, 1988)
9. ABC is a triangle such that sin (24 + B)=sin (C~A)==sin (B +2C) = |/2. 1T A, B and C are in A P.
determineg the values of A, B, and C. (NT-JEE, 199()
10. Show that the value of t‘““; . wherever defined, never lies between % and 3. (UT-JEE, 1993)
an ax
. 2km " : ;
11. Prove that E{u- k)oos— = _E , where m 2 3 15 an infeger. (IIT-IEE, 1997)
e ]
2
12. Find the range of values of t for which 2 sin s = Iz—lx-il-ﬁ__.}'_- A E [—E. E:| (IT-JEE, 2005)
I =2x-1 2 1
13. Find the maximum value of the expression — - : 5 (IIT-JEE, 2010)
sin“@+3sin @ cos 8+ 5cos P
Objective
Fill in the blanks
I. Suppose sin” x sin Jxr = E ., cosmx is an identity in x, where C;, C,, ... ,C, are constants, and
mi= )
C,#0, thenthe value ofmis____. (IIT-IEE, 1981}
1. The side ofatriangle inscribed in a given circle sublends angles ¢, fand y at the centre. The minimum

T

value of the arithmetic mean of cos [a + J—;} m;[_ﬂl-i- 5

] and nm[}w g-] is equal to—.
(INT-JEE, 1987)
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: L, 2 oY 52T 9% 1w LA .
. Th — ] e B e BT e B [ e B ] e el :
3 e value of smusmmmn_]qsmusm ¥ sin 12 sin T isequalto—.  (IIT-JEE, 1991)

4, IFK =sin(n'18)sin (Sn/18)sin (7/18), then the numerical value of K is—. (IT-IEE, 1993)
5. IfA>0,8>8and A+ 8=n3 then the maximum value of tan 4 tan Bis . (IIT-IEE, 1993)

6. Ifcos(x —y), cos x and cos (x + ¥) are in H.P., then cos x sec [—:—J:_ (IFT-JEE, 1997)
True or false
I Iftan A = ]‘_':“;H then tan 24 = tan & (IT-JEE, 1983)
&im

Multiple chaoice questions with one correct answer

1. Iftan 6+ sin 8= m and tan @=sin 8= n, then

ot =nt=dmn h mt ot = dmn
C ot =i =t d mt—n = dmn (IIT-JEE, 1970)
2. Iftan 8= —%. then siné is {NT-JEE, 197%)
4 4 4 4 4
L —— but not — h ——or— e — but —_— n f
5 P 5-::: 3 _ 5 ol il none af these

3 IMa+ f+y=2x then
B ¥ g § 7 « f 8 ¥y ¥

ix s
A 1an—+ tAn—+1an — = [@n— 1an — tan — h tan—ian—+tan— En—+tan —tan—=1
2 & 2 2 2 2 2 2 2 2

3 lnn%-ﬁ1ang+t=n%=-tun%tmgun% d nonc of these (NT-IEE, 1979)
4. Given A =sin® 8+ cos’ @ then forall real &
o =452 h 3441 e. 13/16€4=1 dIMd=4<13/16
; (IIT-JEE, 1980)
' Y
5 The value of [I +mﬁ% ](I + e0s JTE] [l + &08 57:] '[1 + cos ?] is
a 14 b 3/4 c. 1/8 d 38 (NTJEE, 1984)
6. The value of the expression J3 cosec 20° —sec 20%is equal to .
a 2 b 2 sin 20%sin 40° c. 4 d 4 sin 20%sin 40°
(NT-JEE, 1988)
7. 3 (sinx —cosx)® + 6 (sin x + cos )2 + 4 (5in® x + cos® x) is equal to i
a ll h 12 13 d 14 (IIT-JEE, 1%95)
dxy . : '
8. sec? = —n2 = is true ifand only if
(x+y)
ax+yzl hr=yxz20 cx=y dxz0,y20
(TIT-JEE, 1996)

9. Letf{#)=sin 8{sin 8+ sin 38). Then [{#&)is
a 20onlywhen 820 h <0 forallreal @ c. 20 forallreal @ d =0onlywhen8=0
. (ITT-JEE, 2000)



2.84 L - +  Trigonomelry

10. The maximum value nr.[ﬁ:s ;) (cos @) - (cos a,), under the restrictions.
0<ay, i, ..., &< o2 and (cot o) (cot @) - (coteg,)=1is

a 172" h 12 . e Win di
; (IIT=JEE, 2001)
1. Ife+ f=n2and B+ y=a, then tan aequals i
a 2 (tan §+ tan.p) h tan f + fan ¥ ¢ tan B+ 21an ¥y d2tan f+tany
. (IIT-JEE, 2001)
12. Given both Euﬁd @ are acute angles and sin 8= /2, cos ¢= |/3, then the value of 8+ ¢ belongs lo

[n f:] ' [n 2n [lrr Srr]
B |- - h|— — R |
3 r 3 &
3. Let0<x< w4, then (sec 2x —t1an 2x) equals

n n T 2 3
= b tan| —— 1 -— d ta =
L III.I'I[..I:' q] ﬂ{¢ .I] i ﬂﬂ[.l' 4} n [I 4)

5x
d | =,
[;, ”}

(IIT-IEE, 2004)

_ (ITT-JEE, 1934)
14. Let » be a positive integer such that sinl-lrmsl E-"E . Then
in n 2
ab<sn=3 h4<n=<§ e d4=nzh dd<n<§
(UT-JEE, 1994)
15. Let Be (0, mdyand 1, = (tan 8)™ ¥ 1, =(tan 8 ¢ 1, = (cot 8)"" " and 1, = (cot 87, then
B LZHPLH2 hi,2h20210 c.rj:-‘*r',:*rz.“-w di=i2021
. (IT-JEE, 2006)

Mulriple choice questions with one or more than one correcl answers

1. The expression 3|i:-.-in‘[%1r-ﬂ]+sin"{3:t +a}:|-2 [ﬁinﬁ['Iz—:lf+ﬂ]+ﬂinﬁ{5ﬂ—ﬂ]}!'5ﬂquﬂ| 1o

a 0 hi C e d none of these
(NIT-JEE, 1984)
‘2, ForO<@¢£al, ifx= Zmﬁi"¢,y= Esinl"q!,:= Zr:u::rs‘.z":ﬁtlsiﬂz"'ﬁtrJ then
n=l n=i PE ]
A xyi=xpt+y bor=sxy+z G aE=xtyt; doz=yc+x
. (HT-JEE, 1992)
3. Which ol the following number{s) is/are rational? : ;
a sin 15° b cos 15° ¢ sin 15% cos 15° d sin 15" ¢cps 75°
. (IIMT-JIEE, 1998)
4. For apositive integer n, let £, (8) = (tan 8/ 2)(1 +sec @)() + sec 201 + sec4d) --- {1+5ec2"8) Then
d f{m/16)=1 h fi(7/32)=1 e filmi6d)=1 d fi{m/128)=1

(IIT-JEE, 1999)
T
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5. The minimum value of the expression sin &+ sin 8 + sin ¥, where o, , ¥ are real numbers satisfying o

+ A+ y=mis
A posilive : h zero €. negative

d -3 (NT-JEE, 1995)

ANSWERS AND SOLUTIONS

Subjective Type - - .

1.

Let m=2k i.e., miseven where ke [

Now, f=2kn+ g— A =[u + %J A
Wm=2k+1,i.e,misodd, then

B=(2k+ )x- (g - A] = [Ek + lIJ T+ A
From Egs. (i) and (ii), B can be expressed as

|
fe= [1"-' "‘EJ atA kel

which is same as .

A+B+C=r
a AR % 6
d 2 2 2
— cu-{[irl-E] bl =1 | [E-E]
£ i 2 2
A B
j1:1::||-2-i.:l::ll——lm”m£=_'lﬂ_
EDI£+E{H.£ 2 I:DiE
2 2 2

b R e  wa  a D
i e 2 2

But mn-—ﬁ, [anE. tanE areinH.P.
2 2 2

A C
col —, cot —, col — are in A.P.
2 2 2

A C f
S0, cot— +cot = = 2¢0t —.
I:!Ilf-'l:“I E{HE c 5

Hence, Eq. (1) becomes mﬁmtﬂcmE ’=3ml£ = mticm—c-l =3
2 2 2 2 2 2

A "oy A C
= G.M.of cot— andcot — = ,col —cot— = 3
[ ] l.'.:-‘l:l'lz an 2 Iﬂ'ﬂ 2 \'r-

cot 2 4ot <
S

ﬂnl:i.iu-.l'n-r!.1:+I‘n::r::n~|ﬁ andecot — = =-‘.~1:-IE
2 2 2

(i)

(i)

®



2.86

Tﬁﬁmmm
ButA M. 2GM.
R
= {0l Ez -ﬁ

Therefore, the minimum value of cot B/2 is ¥3.

1
COSEC OF
sin@d

; a8 ; i
| $in8/2 5“‘[9_5] sinﬂcnsg-msﬂsini

sin6 j‘i" 812 sin@sin {E] ' &in B=in -E-
2 P
a8
o cosec 8= mlE—cﬂlE
Similarly, cosec 28=¢ol B—cot 28
cosec 46 = col 28~ cot 48
cosec 2" @=cot 2" f-cot 2" B
Therefare, sum = unl-g- —cot2"' @

Letcot B=cot 4 +col B+cot

= ool B—cotd =cal B+cot C
sin{A =8  sin(8+C)
sin Asin&  sin Hsin

- _ r A
% sln{ﬂ.—ﬂ]=ﬂ_ﬂ Azing
sinfBsinC
o e
; gin” Bsing
Similarly, sin (8- @)= ————
imilarly, sin { ) e
. 1 )
Bin® Csing
and sin (C-8)s —— |
oid L { .

By multiplying corresponding sides of Eqs. (i), (ii), and (i), we have

sin® 8= sin (A - @) sin (B - D sin (C- D)

Let 5in%+sing+5in£=k

.
ar 2sin AR cos A;B +Ccos H;H=k
= Isin=H+H-E~:ﬂsdﬂﬂsinﬂ+3+k-!=ﬂ
4. 4 4
- Since gin i isrgll, 4m5?i§£-ﬂu—l}|aﬂ
= Ak-DScosi —=x<1 =2k<32

(i

(i)

(iiy
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Hence, 2sin i B[:m i —sin E-E]E —I—
4 4 2

B[ A-B :r+r:]

A
e 2gin £os — 08
4 |

A+B$hn+c+ﬁ-ﬂﬂi“:¢+£‘~ﬂ+ﬁ‘ 1
4 g ' g 2

. k=-C . =8B . z#-A _1 r+C wm+B wm+A
= dsin 2 sin &im o — = p [l 2 Lelat 3

= dzin

L
6. Here o M . By compeonendo and dividendo, we get

vy tan(f+ )

x+y _ lan(8+a) +an(8+f) _ sin(20 +a+f)
x-y  tanif+o)-an(d+ F) sin(a - A)

oy i’ (@) =sin(20-+ -+ B sinfar- f)

%[cm?{ﬂ + 1) —cos 2{8 +ax}]

Similarly, i%sinliﬁ—ﬂul[mﬂ{ﬂ +¥)—cos 2(6 + 3]
y -

and i* sin l:}'—cr}-—lmsz[ﬂ-l-a} cos 28 + 7))
Adding Eqgs. (1), (i1), and {ll}},wgﬂ L.H.5.=0.
7. Here, we have tan 66 = pfg

siné _ p o o A =4 p? +¢* =k(say)

cosbd g smﬁﬂ ms&ﬂ'

wa'—{pmmﬂ-qsnciﬂj“—[ 4 ¢ ]

sin20  cos26
_ 1| peos8—gsin 28
2 sin 28 cos 26

) [Iksin&ﬂcmlﬁ-—iimsﬁ&ﬁn?&] - SN(68-26) 53

=

4gin 28 cos 28 sin 48
8. sinc+cos o+ (lan o+ cot ) + (sec @+ cosec @) =7

: 1 SiN @ +COSa
= (sina+cos o)+ — + — =]
SMCcosd  5inECOSL

L OE ; |
= (sin@+cosq)| l+——lfe— o
- Sin o oS O SindE COS

28 4
+
sin 20 sin® 2o

4
= {!+sm1&][i+ e s ]"49-—
sin2¢¢  gin’ 2o

8

(1)
(i)

(i)
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Let sin 2a=x
= ﬂ+x}[]+i+t] 8T ==rl+x]{x1+4x+4]=¢9.:‘uzax+4
& I X x:! a
= r-4472-36x=0
= r-dxr-36=0(asx=sin2a20)
9. We have
6
2
mt _— =
I+m.ﬂ—nm§=]+—-z—ﬂl—_—¢ﬂg i
2 cot —
2
a . 8 5
Zeot — +cot” ==1-=2cot* —
_ L'LIT.: Co 3 1
’ a
2 ot — -
2 -
2
(e o
= 3 S0for0<B8<gx
Il}ﬂti

= i+cmﬂ£cm%

. 3]
Equality holds when cot . | =0 =8= % ,

10, Since A M. of two positive guantities 2 their .M., we have

M > J?MI e x = ‘.jr?_n-h.:+m; - ﬁﬂzﬁm['* :_] . E_"‘E

z

' - |
, : 1-
= 2”“"?‘1“"21?':1?5 -.1 E’

1. ‘I.In'f.:[*m!.--l:%---Eﬂi::E suthﬂt
- M[E-E]
2 =
mnﬂﬂanﬁ 1
e A el s
= =
A B C
| —tan — tan — =
s T 2
A B | S 5 C A *

=% an — tan — +lan — an— + tan —tan — = |
2 p . 2 2 2
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A B [
Now tan® = +wn® — +tan® = -1
2 2 g

= —[Ez tan® = - ¥ 2tan % tan §:|

1 A BY B 6T f & &Y
E[[LHHE- tan E] +(lil’l E-m“ E] +[1.E:I'IE—EHHE] ]EU :

. A+B8+C=n

= S+C= %:ﬂlfﬂ.{;‘f%ﬁ Also tan Btan C=p

- sin BsinC _p
cosBeosC |
= cos 8 cosC =sin BsinC _1-p
cos B cosC +sinBsinC 1 +p
= cos(B+C) 1-p
cos (B- E} 1+ p .
1+p . ' .
= =cos (B -C (i)
2 (p-) il ' |
Since B or Ccan vary from 0 to 3m/4, we get

0sB- E’{E:'--chm(ﬂ-—ﬁ}sl

Equation (1} will now lead to - i £ i <1

2 2 (p=1)

For ﬂ-{'|+::—j:: =I|{—l:'—fl—:|}ﬂ =p<lorp>| i . (i)
pri-=V2(p-1)_,
e V2 (p-1)
( f+i}]
=4 210
(p-1)
= F{]mpz(ﬁi-]} - . ﬁﬁl

1
Combining Eqgs. (ii) and (iii), wegetp<Oorp2 [ﬁ +I} i

. Adding sin{a + x) +sinfla-x)=2(h + )
= Jlsinacosx=2{b+¢) ] , O gE
b+e

‘=0t x™ i
slna ~ {}
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Subtracting, we get
sin{a +x) - sin(a-x)=2b-c)
= 2cosasinx=2(b-¢)
h=c ;.
= sinx= e (i)
Squaring and adding Eq. (i) and Eq. (ii), we get
(b+c)  (b-¢)?
=3 7. =
sin- a COs 4
f1 SiN & COS
< 1, fan fm ———e—
A 1musin=a.'
SN 0 COS O
F)
= ——— [dividing numerator and denominator by cos’e)
] _nsin ¥
cos'@@ cos’ @
= i ianar ix filan a = “miand l:l}
sec’ @ —ntan’a  l+tan*a@—ntan’a@  1+(1-n)ian’ @
tano — tan 3
Mow, L.H.5. =tan{x- ) = —
(= 1+ tana tan
mlan o
"ma_t-r-{l n)tan® @
- w2 ln o ' [Feam By
1+ tan & -
14+{1=n)1an* &
sl w e (oAwaiogele

1

141 -n}tnnza + mian” o

4 unta

15. L.H.5_ containsx, 3x, 9r and 27x, whereas R.H.S contains 27x and x only. So, we will manipulate terms

as shown below
RHS= % [tan27x —tan a]

B2

ginZ2Ty &in9x

gin9y  &in3x

[(tan2 7x — tan9x) + (tan%r ~ tan3x) 4 {tan3x - tanx))

gindxy ginx

+
_[mi?x mﬂ:] [ms?.:r

cosdx

[ sin (27 —9x) & sin (9x — 3x) +=in{3.r—.r]|

k-2

| cos 2Txcos Bx  cosVacos

-

sinl8x sinbx

cosdxcosx

|

sin2x

cos27xcos9x  cosYxcosdy  cosdxcosx

|
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. 1| 2sin9xcos9x sindxcosdr  2sinxcosx
2| cos27xcosdr  cosOxcosdx  cosdxcosx

sin9x sim 3x giny gin x sindx  sinbx
cos27x  cos9x  cosdx cosdx  cosOx  cos2Tx

=L.H.S.

Jcos2" 841
16. We have to prove % = (2 cos 8- 1) (2 cos 20— 1) (2 cos2? B=1) ... cos 2" @-1)

or2cos2” 8+ 1=[(2cos 8+ 1)(2cos 8- 1)](2cos26-1)(Zcos 22 6-1)...(2cos 2" B-1)
MNow [(2cos 8+ 1) (2cos 8- 1)](2cos280-1)(2cos220-1) .. (2cos2""' 8-1)

={4cos? 8- 1)(2cos20-1)(2cos22 §-1..(2cos2""' B-1)

=(2cos28+ 1)(2cos28-1)(2co5220-=1)... 2ecos2" ' 8-1) [using cos 28=2 cos® 8- 1]
=(4cos?28-1)(2cos220-1)..(2cos2" ' 9-1) '
=(2cos2’ 0+ 1)(2cos228-1)...(2cos 2" B-1)

=(4cos’22 6= 1)(2cos2 =1} ... (2cos2" ' g-1)

={2cos2" 1§+ 13({2cos 2"t 8-1)
=4c0s72" ' 91
=2 cos 2" §+ ]

1]

17. We have lo prove that s =1 +2ec2@ (] +sec 22 G\ (] +sec 2’ B} ...(1 +s5ec2" )

orten2" & = tan B(! +sec 268) (1 +sec 22 @) (1 + sec 2” 6) ... (1 + sec 2" 6)
Now tan 81 +scc28) (1 +sec 22 @) (1 +5ec 2 6. (1 +5ec 2" ) :

=:una[1ﬂ'ﬂ] (1 +sec 22 B) (1 +5ec 2 §) .. (1 +5ec 2" O)
cos 28
sinf { 2cos” @ " 5
= sac 20
er| msm][umz (1 +sec2? 0)... (1 +sec2" 6)
=(1an 28) (1 +sec 22 @) () +5ec2? @) ... (1 +5e¢ 2" )
] 2
= (tan 26) Hﬂf—‘ﬂ (1+sec2’ @ .. (1 +5ec2" )
| cos2°6 J
( 2c0s? 20
=(an 26} | ——— | (1 +sec2 §)... (1 +sec2" 6)
| cos2°f

=(tan2’ (1 +sec2” @ ...(1 +5ec 2" 6)

;lanl"'" A +35ec2" &)

=tan3"-1 8 1+cos2"A
cos2"6

- lan.E"" g [—-—-—-—hm: 28
cos2"8

={an 2" @
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— == = e S e | Ll T ——

Objective Type

1.b. Sincef{x)}=sinxisan In:masmg funr:tmn fnr 0 =:x < a2 and I radian is appmmmmcly 5?“ Theraﬁ:-rr.:.
1°< 1" = sin 1° <sin 2

2.a. We have < +}' 1[1 :'r]

2xy ¥y X
¥ o o S -
Now, gin® §= o 8 e e D [+ sin® 820)
2xy 2xy

Therefore, x and y have the same sign.

Fi i ] r
OO . AL | L -_*-&—LE]E*.*A.M.EGM.}
2xy 2ly =z Lxy

2"‘,}’2

But sin® 85 1. Therefore, & =] =symy,

3.d. Since0 <x<x Therefore, sinx>10
We have | +siny +sintx + - ea=4 4 IJET

-d+2-,j"-

=%

|=sinx

= siny=]-

‘Ha_

-3
2

oy
++
[ ]
Ll

= x=Z o
3

-|..:r|l_;,"

COS% X lan x | sin 1
d. h, + +

;2 fan x | 4cosx
niin:+:n&1f]+m J:]+sm x msx{l+~::ﬂs:r}+{l-cns x} + ll a |
— = e
k* sinx (1 +cosx) sin x{l +cos 1) .i: sinx & ok

2 2

A+ B ms'qms B] oy
2 2 P

ik N A B
5.4, Estnui--:mm:— ﬂmi—ms—msi —cos 4

. A B . A, B : A ;
= 2sin—cosec—| —sin—5in— | —cos 4 =-28in® ——cos A =—|
2 1( v i3 2) 2
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6.b. Applying AM.2GM. in6tan® ¢, 54 cot? ¢, | 8, we get

7. .

8. b

1. c.

Gitan® @+ Sdcot’ p+18
3

This is true if 6 tan® ¢= 54 cot* p= 18

= tan’ p=3and cot! = 1/3

Therefore, | and 11 are correct.

z(6x5ax18)'7 218

5|anﬂ==4=.'tlnnﬂ-%

55in5_3
S5in8-3cos@ " cosd _ Stanf-3

5:%-3 |

szlnﬂ-l—!m&& Ssi“E+2 Stan B +2
2sec260=tang+cotg ©O8 '
2 =sin2¢+m5!¢
cos28  sing cosg

2- _ 1
cos28  sing cosg

= ¢os20=sin2p

= 20=90°-2¢

= E+¢--E~

. Sinx+cosecx=2

= (sinx-1¥=0
= sinx=I
= s y+cosec"r=1+1=2
1 1 = 4

+ 29= -
sec’ B+ cosec e g

4

=4
sin® 28

Also, zec! Bcosec’ 8=

— 24
sin® 28

SHE+E 6
5

Hence, the only equation which can have roots cosec’ @and sec’ 8isx”* = Sx+ 5 =0.

|=coser  [I+cosa 1—cosm+1+cosa
1. b. + =

| +cosax 1I“‘L*a.‘lnsun‘ _' ‘J?:WSI_;

2

= -
|sinx| =sino

2 (since < a<in/2)
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i3 I A - dar i G =
12. b. We have cos— 4008 — + 608 — + 05— + G085 — 4005 — +Co5—
7 7 T 7 7 T 7

3 G I Sm i 4
= | s — +C05— |+| cos— +cos— | +] CO8 = FC05— |+COST
[m%? cuwT][ " e ?] ( : ?]

[9: n](h"in][h 311.']-
= | cos5— —cos— |+| cos ——cos— | +| cos— —cos— |+cosw
) T T T 7 )
=gos x=-1 .
13.b. zsm 8+ 3 cos’ B=2(sin” B+ cos’ B)+ cos® =2 + cos’ B22
" cos® 8> 0]
14. b, sin“ #+ cos 8= (sin® @+ cos? B)F -2 sin” Bcos’ B=1 -2 sin® Beos’ AL |
15.d. We have . '
f0x) = cos® @+ sec? 8= (cos @—sec B)' +2 cos O sec 8~ 2 + (cos 6 séc 6) 22
16.8. f(x)=cos®x+sinx
= {cos’ x + sin® x) (sin® x + cos® x - cos Hln‘x}
={(sin? x + cos® x)* — 3 sin® ¥ cos’ x)

i

-] Jein?ay %
4 ]
= flx)e [i— l]
1T.a. f{x)=3 cosx+ 5sin{x— n/G)

1 3
B e COSX + 5 X == 5iN
2 g

o R nEc

= IE'SI{:}EJI_
IB.d. 1 =cos2x+sin2x=2k
= Sin2x—cos2y=2%-1

2k -
= sin(ix— E{“-—-—-
{ ) ;)
2k -1
= -15 =1
: 32
|- rs#s”"r
2 2

19.d. cot{a+f=0=a+f=nl+nnne !
= sin(er+2f) = 5in(90° + ) = cos f# (forn=10).
20.b. We have

X ¥ z

=

cosd cus[&—%j ms[ﬂ +:Tﬂ.]
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Therefore, each ratio is equal to

X+y41z - Xy
cm&+m5[ﬁ--=3£]+:m(&+ %I-] g

= x+y+z=0.
21.b. Since0<sin®™x <sinx

0<cos™ x < cos’ x [Hsin‘x-sinlxsini.risinl::,sin"xﬂsinlxandmun]
= O<sin"x+oos™r<sin’ x+cos’x=1
= O0=sin™x+cos™r2]
12.b, 42=25x+1=0
Let e and [ be the roots, we have
ﬂ_+ﬁ ...z.i-___.{ ﬂﬁ_l
Sinceginlﬂ":ﬁrl.cmﬁ“:.‘ﬁi-]
q 4
J' J5 S5=1 4 1
e o "= = — gin 18* —_—— = —
sin 1 8%+ cos 36" = 2; B%cos 36%= TET

Here the required roots are sin 189, cos 36°,

-JEMIH+|:¢5¢: £x

23 b. Jtha+
sin® o

= J2cot @ +1+cot® @ =1 +cot @] =~ ~cotax

[since cot ot <= | whenlm!d{a{:t,n + cot | =~ 1=-col &)

W3 13 33

2d.d. f{6)=5cos &+ 3 cos [E+3] 3 =5cos E+ > n:-sﬂ—— sin G+3= 3 nusﬂ'—-—— sin 8+ 3

[$+¥) sin{8— o) + 3. Thus, the range of /{8 is [- 4, 10].

25.b. Since << y< &and sin a=sin f=3sin y =sin 6= K, therefore f=n—a, y=2n+ 0, §=3n-o

- . - )
= 4 sin ~2—+35mE+23m~t +5in=— =4 sin E+3m£—isin5—m£

2 2 a 2 2. 2 2

P .
=2 sin?+1cns%=2d’t+5ina =21+ K
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26. ¢. Let O be the centre of the circle

Fig. 2.37

Sinﬂﬁ L-'Iﬂ-lfl-'ll = jﬁf‘“u !f;ﬂ“

AgO4 | is an equileteral triangle, we get 4,4, = 1 [radius of circle = 1)
; YE
Als0 Aoy = Agfly = 200 = 2[0Ag] sin 60°=2(1) == V3

(g (ApA) (A A ) = (1 (¥3)E) =3
27.d. The given relation is satisfied only when sin 8, = sin 5= sin 8, =1
= cosfy=cosfy=cosfh=0

= cosf +cosd +cosdy =0
28.e sin*P<]

2

x +_v=+15]
2x

= (x=-1P+7<0

It is possible, iffx— 1 and y =10,

= =P -2r+ <0 - [asx>0)

. ]
29.8. sin{a+ )= =g+ fi= % sm{a#,ﬂjni =5 ¥ -ﬁ=§

Solving, we get =3 and f= 76

MNow tan (a+ 2[3) tan (2a + §) = tan [—2: + r_;) tan [IT# + %] = tan e tan o [—mlEJ[—ﬂm E]

30. 8. 5in27%=35in63%==2cos43%s5in 18°

J5-1 J5-1 1-.J5
"'ﬁ[TJ"m"- z
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3l.¢c. cosec @—cot@=gqg (1)

3. a.

3.c

35. .

cosec &+ col 8= l
q

S cosec §= %Iq +{1/g)] (on addition).
Squaring both the sides, we pet

|
| #8in28=—

25
\ 24 '
=:-31nlﬂ--ﬁ
M
Let i =1an @ we get T '-—1—5

=3 501+ 24 + 2484 =0
=12 +25r+12=0
= (4r+3)(Ir+4)=0
=% {=—4f3 (as for1=—3/4 (rejecied) as if tan 8=—-3/4, then 8 [72, 7y and sin 8+ cos B=- 1/5)

c. Multiplying xr above and below by | = cos 8+ sin 8, we get

= 25in8{1 —cos & +5in ) ” 25in ] —cos 8 +=in )
(1+5in8)° —cos* @  (1+sinB)* =(1-sin’8)

Esmﬂ I—cnsﬂ'+ﬂmﬂ
ismﬂ' | +3ind

Putting 1 - sin® @= (1 + sin §) {1 —sin &), w

2rB= r2

8.(2n-1) 8=(n2)- ﬂ‘ 28, (2n-2) 0=(n'2)-128,...
They form complementary angles A and 8 so that tan A tan B=tan A col A = | for each pair.
NT= 2[(sin 1® + 5in B9°) + (=in 2° + 5in 88%) + - + {s5in 44° + sin 46%) + sin 45°)

[
o 2{sin 45°]2(cos 44° + cos 43° + - +cos1®)] + 1}

=1
=2 sin45°
=2
SEC (X + COSEC @ = p, 5EC A COSEC X =g
SN & + COS & 1
: = P QL m—
SN @& COS X SIn X cO5 O
I+2sinacosa 4
=2 =p
Py 2 .
SN ff CO8 O
2
l+—
=4 —lﬂ'-=p1
e | ;
q

= q1[5+':‘]=P1=4}'{#+:}‘F2 .
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37.e. We have sin x + sinfx=

= sinx=1-sin’ r=sinx=Ccosx

Nowcos "y +3cosWr+lcosfe+cosfx—2=sinx+3sinx+Isin'x +sin'xy=2

= (sin® x)* + 3(sin’ x)? sin x + 3I(sin’ x) (sin x)? + (sinx)’ -2
= (sinlx+sinx) —2= (1) ~2=-|

38.a. cos(d - B)= %

= ScosAdAcosB+SsinAsnfi=3
From 2nd relation, we have
sin A sin 8=2 cos A cos B

= cosdcosB= % and ﬂinﬂsinﬂné

J39.a. (1 +tan A)(1 +tan =2
= landA+tanB=|l-tanAlan B

= tan(A+B)=1 je, A+B= %‘

xE i T
org+4g= — LB, @= —
4’ 20

| 1

40, o A= —=+—= =2 5in90°

V2 2
Be= ﬂ[%sin#“-f%m-ﬂl"] = /2 sin (45°+44%)

= J25in89° < f25in90° =2 - 4> B=s(a)

--Il.d. ,%E*ﬁ cos 237 -sin 23°)= %f_cu& 30° cos 23% - 5in 30° 5in 23°) = E'cqs{]ﬂ‘+13‘}= % cos 53°

inl & ""91] - ['ﬂl'_&! .
sin gin
42, b, taq[ﬁ'—%ﬁ) mn(&. "'Eg_]: [ 2 2 ]

e s v i

_cosfy—cosf -l

cos &, + cos B, g 3
34 cos B0° cos 20° :
43 b, sin 80° sin20° 25inB0° 5in 207 +( cos80° cos 20° +sin 80°sin 20%)
) cos 80° N cos 20° sin 20°cos 807 +cos 20® sin BO®
sin80°  sin 207

e —c0s100° +cos60°+cos60° - | —cos100°
sin 100° sin 100

2 ginx sin ¥

44, 0. tan fJ=2 sin asin ¥ cosec (x+ N =
A ¥ @+n sin (& + %)

sin (e + )

o 2 sin & sin ¥

=tan 50°

®
(if)
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Sin & cos ¥ + cosasiny
sin @ sin ¥

= 2colfi= =cota+col ¥

= cot @,cot f§, cot ¥ are in AP,
45.b. IsinAcos8=sinBcos A

= -:::ll:';»i‘sinﬂ"E
4
= sinf4+8)=1

Fiy a
= (=% B=x-
z 2

A
,A)

tan | 00® 4 tan 125°
| =1an100%1an 125

=5 3[3n.d‘=lan[

EE

= 3=cor’A

46.d. tan{100°+125%)=

{an 2250 = tan 100° + tan ] 25 T [ tan ] 00° + tan 125°
1—tan [00°tan125°" 1—tan 100° tan 1 25°
i.e., tan 100°+tan 125%+ tan 100® 1an 125%=|

tan 207 + wan 40°
47. b. We know that tan (207 + 40%) = 1 tan 20° (an 40°

tan 20° + 1an 40°
7 - —
= J'- 1 - tan 20° tan 40°

= 3 — /3 tan 20° 1an 40° = tan 20° + tan 40°
=5 (an20°+1an 40° + 3 1an 20° 1an 40° = .3

dri-sln o — Cos &
sin & = Ccos ¥

Vi -1 (Jgon o+ cosa
ﬁ[ﬁ;sinrx—:%ma]

i~ cos (-
-ﬁsin.[ﬂ-%]

_J2i-cos8) r 2 sin? (8/2) 0 (u n‘J

48. c.

- -1

,where =gt — — = — =ign — =tan | — = —
Bang T T 2 (@D cos(®1) 2 T 273

49, b. sin B —sin &, =0, cos B +cos B, = b
= a+b=2+2cos(f + 8,
= 0sa+bi<4
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2 1
%0, . 1 +5in2x {ﬂn.r+cus.r} [l+lﬂnx] =[tm[£*xl] - tm1[£+x]
 T=sm2x {sin x —cos x)’ I-tanx 4 4

=

5
51.d. Wehaveds®— 16+ 15<0= <5<

- m'z,[E+I+x] = cot [ETI+.::)

4
5

Therefore, the integral solution of 43 = 16z + 15<0isx=2
Thus, tan & = 2. It is given that cos f=1an 45°=1,

—————=(1-cos® ,E; =
l+eotl @

sinfoe+ f) sin (a= ) =sin® a-sin’ f= 4]:%

| +—
4

cos(x—y) A cos(z+r}

5L b

=

=

=

cos{x+ v) 3 cos{z =)

I+l.anxmn_y+l-m:1_z lant _ g
I=tanxtany l+tanz @ans .

| + tan = tan { + tan x 1an ¥ + lan x tan y tan z tan / + 1—lan 2 tan /—tan x tan y
+tanxtanytanztan =0

tanxtanylanztans=-1.

53.b. f(n)=2 cos mx '

= f({1}f{n+l)=f(n)=dcosxcos(n+1)x—2cosnx=2[2 ms{n} 1 cos x — cos nx]
=2[cos {n+ 2)x + cos mx—cos nx] = 2 cos(n + 2 =f(n+2).
tan A sinAcos8 _1

Putsin A cos B= —l-

=

=

=
=

]
== =2
tanB 3 cos Asinfl - 3

3
Asin =~
c0s A sin .4
; 1 3
+ R S |
sin{4 + 8) i

sin C= | = sin &2 :
C =x/2. Hence, the triangle is right angled.

55. b, Isint A+2sin" B=1

=

Isinfd=cos2 8

Also3sin2 A-2sin2B=0

-

sin28= %sin 24

T
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- Now, cos(4 +2B8)=cos A cos 2B -sinAsin28=cos 4 3 sin” A —sin 4 gsin 24

=3sinfAcosd-3sin* AcosA=0

SA+LB= 2

56.2. f(ﬁ}=f{5f:—ﬂ= 1+mt[5—”- ]

1 =l+r;ma
I—tan i 2
1 +1an

1+

col @@ 1
| +eate |4 tan

As o) = m,wehnvef(a}_.f[ﬂ'}=% ;

57.c. A-B= % =lﬂn{ﬁ—£]=lan§

tan A — tan B
| + tan A tan B

= landA=-tanB-tanAdtlan B= |
= tanA-tanB-tanAdtan B+ 1=2
= (l+tand)(l-tanB)=2=y=12
Hence, (»+ 1)"* ' =(2+1)2*' = (3)’=27.
58.a. Applyingb-a=c-fbforA P, w:gel!cn»u'sin (x—1p)=2cosxsin (-2}
Dividing by 2 cos x cos y cos z, elc,, we gel fanx = tan y = {an y - lan z.
59.b. (cos @+ cos §)7 =(sin a+sin By =0
= (cos® ¢+ cos® B+ 2 cos oreos f) - (sin® o+ sin® B+ 2 sin ersin f)=0
= 0520+ cos 2f=—2(cos ccos f-sin asin §)
) =~2cos(a+ )
60.a. We have
sin @ $ec x; sec x; + sin @ sec x, secxy + ««- +5in asecr, _, secx,

. sm{xa =x) i sin{axy —x3) FR sin{x, —x, 1)
COS.X COSX, COSX,COS X, cosx, ; COS X,

= {tan x; —tan x,} + (tanx; —tan x;) + --- +{tanx_—tanzx__)

sin{xg =x) _ sin(n-la

= tan x, —tan x; = ,
COSX, COSXY,  ©OSX, COSK -

[ %a=x+(n=1)a]
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61.a. By the given conditions tan §+ Lan % =2x
g -+ Ix
tan =+ lap — =12
Ttk e

= Ze=tan 20° + tan 50°
_ Sin 20° r sin 50°
cos 20°  cos S0°

- sin 20%cos SO® 4+ cos 207 sin 50°
cos 20° cos 50°

n sin 70°
cos 20° cos 50°

- cos 20° " 1 o il
cos 20° cos 50°  cos 50°  sin 40°
2y="tan 20° + 1an 70°

= sin 20° i gin 70°
cos 20°  cos 707

= tosed 40°

5in 90°
cos 20° cos 70°

| |
cos 20° cos 70°  cos20° sin 20°

2 5in20° cos 20°  sin 40°
& y=2{Ax)=my=2x

=3 cosce 40°

e p —[S00°=00) sin(20-1%)  sin@°-2%) . sin(45°-44°)
7 osinl®lcos(Pcos®  cosl®cos2® cos2®cosd”® cns 44° cos 457
= si:"[mui"ﬂlanz"-m:nl'}+=[tan3“-lnnz"Hmn#“-|nn3'}+---+Etan45"—|nn44"]]
o
sinl® 3
g . 21 \
63. a. W:hav:smﬂ+5lnﬁ=-ﬁ (i)
cos Z+cosfi= ! i}
pr: . {n
2
_ ; i - oo 2] ”
Squaring Eqg. (i}, we get sin” i+ sin’ §+ 2 sin asin = [E} {1ii}

. 2
Squaring Eq. (ii), we get cos® o+ cos’ B+ 2 cos acos p= [%—}) : (iv}
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. " l 7
Adding Eqgs. (iii) and (iv), we get 2 + 2 cos (@ - )= —= | (27 21)° | = —=(729 + 441
(6] [(27) + (21)°] G } 7(729 + 441)

13
= :+1cu=(u-ﬂr{ pre = (1170) = =
= l+m5{a—ﬁ]=%
= 2cos’ -;—-%
=> CO% E-ET£=— ]% [*r<o-f<iz= g{u;_ﬂ {%:&cm[-ﬂ—gg] <]

sin{x + v} _a +h
sin{x—v} a-b
sin(x+ y)+sin(x=y) _ (a+b)+(a=b)

64. h

=
sinfx+ y)=sin(x=3y) (a+b)=-{a=-b)
& Esin,rcusy__iﬂ
2cosxsiny 2
lanx a
=5 =—
tany b
i gin 38 + sin 58 + sin 76 + sin 98 - (sin 38 + sin 99) + (sin 58 + sin 78)
i cos 38 + cos50 + cos 768 + cos 98 (cos 38 + cos 98) + (cos 58 + cos 78)
_ 25in 66 cos 36 + 2 sin 68 cos @ 2 sin 66 (cos 36 + cos 6) witini
" 2 cos 66 cos 30 + 2 cos 6B cos B 2 cos 68 (cos 38 + cos @) o
. Ir.qi[r”]sin[x_zj
T e Lo N 2 £ =cm[——x;:]=miﬂ

COSZ—COSX zﬁ“[.t-fz]ﬂn(:-z}
i 4

67.¢. cos 50°=cos® 25° —sin? 25° = (cos 25° + sin 25%) (cos 25° — sin 25%) = p(cos 25° — sin 25%) (i)
Mow (cos 25°—sin 25°)% # (cos 25° +5in 25°) =1 + 1

s €0525°-s5in25%= f2-p? (i)

We have taken +ve sign as cos 25° > sin 25°, therefore cos 50° = F..fz“ Fi . by Eqgs. (1) and (i)

o sin® A—sin® B 2sin{A+ B)sin(A-B) _ 2sin(A+ B)sin(A- B)
sin Acos A —sin Beos B 5in2A—sin 28 2sin{A— B)cos(A + H)
= tan (4 + B)
1 = cos B 2 sin” (B/2) B
Gt IMASTSE - 2anBdemBin g A SWRMEmG
3 - cos 48 + 4 sin 20

= (1 + sin 20)°

ML b, Onadding, we pel o= 3

On subtracting, we get b= (1 -sin 20)° = ab=cos' 26% |
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71. ¢ cos® 10° =cos 10° cos 50° + cos® 50°

o %[I +c05 20° —(cos 60° +cos40°)+ (1 +cos m_n"'j]

n%[l-i-ﬂu-slﬂ:’-%-msdnﬁﬂ-cmﬂﬂ']
'-I=[E+‘::c:!illl}"‘—I:It:'l::slﬁilli”::c:.'i'.':."{l":l]=E
212 - 4
72. 4. tan 20 tan 80° cot 50°=tan 207 tan B0® tan 40°
= tan 20° an(60° — 20°) tan(60° + 20°) = tan 60° = /3
73.b. tan® 8=2tan’ ¢+ | '
= | +ian® @=2(1 +tan’ §)
= ' sec’ §=2sec’ ¢
= o5 p=2cos’ B
=1+cos 2@
= cos20=cos’ 91
=—gin’ ¢
= sin@+cos20=0

cos 707 + 4 5in T0%cos 70°
sin 70°

= cos 70% + 25in 140°
sin T0°

_ o5 70"+ 2sin(180°-40%)
&in 70°

- 5in2ﬂ*+§in4ﬂ“+sin 40"
+ gin 70°

_ 25in 30°¢os10° +sin 40°
sin T0°

Td. b, cot 70" +4 cos 70" =

= 5iri.31]“+sin 40°
sin 70°

250 60°cos 207
sin 707 =3

75.b. acosx+ bhsinx=¢

x 3

H(i-iﬂ-ﬂzi] Zbl':mi
= i =
140 S 4wl

2 2
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= (c+a) lpnig—lblan%+f—ﬂ=ﬂ

2h v -
and 1an l—’mnﬂ-mc -
o4a 2 2 r4+a

X .
= mni'ﬂan—ln

T6.¢c. tany™= %J‘E.E '

Ifx=cos &, then ~.||'i —-x = ».E sin(@2), Jl+x = ﬁ cos (&2)

1 N
= lan :-'.'.Iri E+Emi Ein%ﬁ*sing
¢ 2 l+m5£ J:u-3£+r:m-ev'
2 2 a2

= dy= %Hﬂ

= sindy=cos @=x

77.d. We have cosx =lany
= cusz.r-l:nzy

-sncly—l

=cotlz-1

= |+cos’x=cofz

_ qan’x

| —tan® x
sin® x
2

cot® x=sin® x
= Zsin*x—6sinfx+2=0

2 3"‘&'—
2

= sin“x=

[ cosp=tan z, sec y=cot z]

[~ cosz=tanx]
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= g [ﬁ‘—'r

2

= ginx= % =2sml8"

78. 8. sin 28=cos 38 =5 2 sin #cos 8= 4 cos” §-3 cos @
= 2sin 0=4(1 - sin?E_r-El = 4 gin® 8+ 2 gin B-1=0
J5-1

= gin g —
; 4

79. h tan 8= i, we get _2wn8/2
|-tan* 8/2

= Alanzﬂa-ztanﬂ—lﬁl

2 2 :

B .. B

=  tan — fan — = -1
2 5

l-an’f _1-n
I+1an’@ l+n

BO. a tan &= -».n"; = o052 0= = ralional.

8l.h. sinx+cosx = ~2—T
2 tan = —tan?2

= Z_,
[n-tmﬁ%] 1+tan®

V7
]

Ba | b |0

= (7 +1}lﬂn3§-4tﬂﬂ§+{ﬁ—3}=ﬂ

= tanf=4t"'1§_qﬁ_4]=m.]__m£{£
2 AT +2) (N7+2) 2 8
_N1-2
. 3

82.b sinE-hn[ﬂ-E =$in£'sin§£-sin[x—-§E]—sin§£
o & % g " 8 8 2

Therefore, the given value = ![s.il:lE g + sin® 37:] =2 I:E:in2 g + o8’ %]

|:--E.in 3_.1! = 5N [E._E] ﬂﬁhfﬂ]
mallyme | SRS T g

83 b. 4cos’ [%—%J+*'..'=1r1iir|"‘.u:+:31'r|‘J 2 = -‘ll:nsz[%—%]*'\‘rdsin: xlcos” x+sin” x)

= E[l+mﬂr’£-x\l]+2|sinx| =24 2sinx-2ginrasye [rr. E] -2
\2 ") 2
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B4. b cos’ x sin 2x = cos® & cos & Sindx
" [I*cmir](h'm Exmﬁx]
2 2

1
- Eﬂ = g0k 2250 3x +5in x)

=

= - sinltl +sin.r-—%{25in Jx.cos2x) - .12., (2cos2x sin .:']:|

B

sin3x+sinx - é—isin Sx+sina)- %{sin 3x-sin .:}]

s e Bl
. = | £i0 X+ =—gin = —5in 5x
i 2 }

= o,=1M4,a,=1/8,n=35
85.b, Given expression is 2 sin® ¢+ 4 cos(@+ ¢) sin Gsin ¢+ cos 2(8+ @)
= (1 —cos 2¢) + 4 cos (8+ @) sin Bsin ¢+ 2 cos* (@+ Ph=1
= cos 24 + 4 cos (8+ @) sin 8sin $+ 2 cos® (8 + ¢)
=—cos 20+ 2 cos (0+ @) [cos(F+ @) + 2 sin @sin §]
=~ cos 2¢+ 2 cos (6+ ) [cos Acos ¢+ sin @sin ¢]
=—cos ¢+ 2 cos (B+ ¢ cos (0= )
=~ c0s ¢+ cos 20+ cos 2= cos 29
cos28 cos(A+C)

86. h =
1 cos(A=C)

Applving componendo and dividendo, we get

I-cos2B  cos{A-C)-cos(A+C) .
l+cos28  cos{A=C)+cos(d +C)

2sin® B - 2sin AsinC
deos’ B 2cos AcosC

= tan’ B=1an 4 tan C
= tan A4, tan B, tan Care in G.P. - .

2co8 v=]

87.b. cosx=
2-cos y

el
2 x 2(1 un: _r.n'i,‘l__l
2 _l#tan®y/2 -
t4tant X | - tan® v/2

2= 2
1 +tan” y/2

| =lan

—
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7 i
= Olan"w2= 1un E

x ¥
= (AN —cot==4/3
2 2 J-

::-Ib a-b) atb+a-b
ﬂﬂ... h We hﬂveJ[ = J[ﬂ+b]_?=_'{ﬂ? —b"}

w 2a . 2
J{E‘T—E Jn-ere
— - 2cos X
;l-ll:l x] J{:;szx sin .r}
_ _Zcosx
{cos 2x)

89. b Since ris arootof 25 cos® 8+ § cos B— 12 =0

-5 + /25 + 1200 4 "
2eosl g+ Scos-12=0 =5 005 O™ - - |:'-—-n:-:r-::'r]

3 L3

; |[ 16 3 SNty 94
and sin o I-E-E ﬂznrefnrc,smza 2 5in G cos = E[S][SJ =

90. ¢. We have tan 9” —tan 27" —tan 63° + tan 81° = (tan 9° + tan 81%) — (1an-27° + tan 63}
1 ]

© 5in9°cos9®  sin 271°cos 27°
gz 4
sinl8°  sin54°
E[sin 54° = sin Iﬂ"‘]

sin 54%sin 1 8®
I[Imsjﬁ“sin lE"] =
sin18%cos 367
0l.c. Letd= sil:l']r.ll+ B=sin'hand C=sin"'c, wehave 4 + B+ C=1x

afl—a® +BV1-0% 4oyl —? = %{si.n IA+sin 2B +8in20) = %[hinﬂsinﬂsinfi =2 abe
92,4 cos2d +eos 2B +cos2C =2 cos (4 + Bycos (4 - B) +cos 2C

=2 cos [% —-E‘]ms{ﬁd B)+cos2C

=-2sinCcos(d-B+ 1 -2sin* C
=1-2sinC{cos(d~B)+sinC) .

=] ~2sinC {cos {4 —8)+sin [3n2 (4 + B)]}
=1 -2 sin C [cos (4 — B) = cos (4 + B)]
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=|—4sinAsin BsinC
2 | |

. e -
' 2 2 2
A 4 i [ i i A A C
=% —_ _— — = — —-!_ — —
2 1an - Lan 3 tan > wn = + 1an . tan s 1an 5 Ln 5
A |
=P Ian—tn—=—
2 2 3

A
= cl—col—=3
2 2

94.b. sin® A —sin® B +sin® C = sin{4 + B) sin(4 — B) + sin® C = sin C (sin (4 — B) +sin C)
= 5in C (sin (4 — B) +sin{A + B)) =2 sin 4 cos Bsin C

2 4
. ) . tan® o tan
95, ¢. sin? a+ sin® f+ sin® y= — 4 "E .
T#tan‘ e 141an’ .'3 I+Iun ¥

X
i

= where x = tan® =tan’ B z=1an’ ¥
I+x 1+y l+z2 [ &y A, n

" (x+yv+)+(xy+yz+x+2oyz)+xy+yr+ze+3y1.
(14+x)1+ yXl+2)

B l+x+y4+z4+xy+vz+ix+ e

G :I:] T + + I+ e
| (1 01+ )0 +2) A
0. c. D'=sinA+sin 8=sinC
=3 5in A+Em A_E-EEIH-—WEE
2 p
cl
= Jpos—| —&im—
S5
ﬂici;?.E- B ik msﬂ+£
E_ 2 2
Cl.. A. B
= Jiong—| 2 5in —&in —
2] 2 1:|
= 4s5in Asin BWEE
2 2 2 :
Alsq:;sin.-f +smB+sinC= 4tniﬂ:~us£cm—cr
2 2 4
sin A4+sin B+5inC A 8 ' P
: : —= 0l —col—
sin A+gin B=sinC 2 2
97 & 51n_2;4#+5|!1'15+5.'m2£' _ _4sin Asin Bsin C -Ssin—is-inﬁsiri-g [‘.*sinﬂu!sinﬂmsﬁ]
sin A+sin B +s5inC A B C - S SR - N, |

4008 — 005 — CDE—

23
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98. ¢. We have cos’ 4 +cos’ 8- (1 —cos* () =0
= cos d+cos' B—sinf C=0
= cos'Ad+cos(B+Chcos (B—-C)=0
= 2cosAcosBeoiC=0
Hence, either 4 or Bor C1590°,
99, a Tnatriangle, 1an 4 +tan 8 + tan C =tan A tan B tan C
= $=tanC
= tanl=3
Alsotan A +tan B=6-3=1
— tmﬂandmuﬂammnlsf—jx+zuﬂhyEqs.{i)nnd[ji]_
= land,tan 8=2 1or],2 and tan C =3,
100. a, We have tan 6° tan 42° tan 66° tan 78°
= tan 6 tan (60° — 18%) tan (60° + 6°) tan (60” + 187)

_ tan 6" tan{60° +67) tan 18" tap(60° — 1 B*) tan{60° + 18 _ lan 6 tan(60”+ 6% tan(3 x 18%)
tan 18 tan | 8°

_ lan 6° tan(60° - 6) tan(60° + 6) _ tan18° -
' tan 1 8° anl8®
101. c.

Fig. 2.33

In the graph of y=sinx, let 4 ={a sin @), B= [% g1 %]

sincr:?sinn:fﬁ -

Clearly, slope of G4 = slope of OB, so =
E

102.d. (a—B)=(8- f—(P-a)
= cos{— f) = cos (0~ B cos (F—-a) + sin (- F) sin (0- o)

2 3
b oa ﬂi bi

= [ﬁ ~ cos(ct —F}Jl=[l— :T][l'— i-;]

L
- =
R

(1)

(i)



e L}_

= =4 cos(a - m_._..,_
a’b? ab

2 2 9 3
—ﬂ—bm{a—ﬁhl— sin (=)

103. b. Let u=cos 0 {sinﬂ‘+‘u'rsin1 ﬂ'+5in1&l

cns{r - ﬂ}- [ =

JII

.

= (u—sin 6cos 6)° = cos’ B(sin’ 6+ sin® 2)

—  F tan® 0=2u tan B+ oF =sin =0
Since tan @ is real, 4 — 4 (v = sin’ @y 2 0.
= S| 4sinia

= | Ji+sin’a

104, a. sin 8, sin &) —cos &, cos &, == |
= cos(8 +6,)=1
= &,+8&=2wn.nel

8, i_
= z+2---rri'l'

Thus, lﬂﬂ%mt 5 luni cul[nn‘—%] £
104, a. lan£+zlan%n+¢m 4%-&31:111%”

6,

tan— col

2

———+

E!:

r T T
= lan—+2 - |44 += |+Btan]| 3x -—
an 3 + £ 1N [.ﬂ' 3) IIIII[J'I' 3] l'.l]ll( 3)

F 1 T . 3 n n
= fan— - 2tan—+4 tan — -8 tan— = - Stan .--=-5~J5
3 3 3 3 3

Itan@ —tan’ B

106. ¢, Since tan 38 = =
I-3an* @

. T "
Putting 8= — , we gel tan—=
ing 3 g n=

3 2
e L LA
= 3[] Jjan g] [‘Jungl tan g]

g

= tan E—,’i?rmn“ E+E'J'mnz-;—-il

II]'J',t.msx+1:nsy-ms{x+y}=%

..I'+_!|-' Xx=) :.l."l'
= Zeosl AL |oos | 2—2L |-2¢a
:[E}S[E] 5[?

8
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i ' - 1
gl ] KXY o [“J’] (x F]+_=g
— C5 [ I [ i 12 : [ L} I 1

Now .:us[ ; ?] is always real, then discriminant = 0.

=h m:m( 2""] 4z
3] X=X
1
=_c:us[ 3 ]E

3] A=Y
= o |—|=]
[1]

= 'T;zyzﬂ-zr-"x-y
108.8. asinx+bcos{x+ ) +hecos(x—-N=d

= asiny+2bcosxcos=d

= |d<va®+4b cos’ @

- SR
2 <cos @
d -
= Bl 2 —
jeos 6 =
sinx | cosx 3 tanx | tan.x 4+ tan ¥ 4lan x
|“9+d.n — == =5 == ='_'|.t + = = M
siny 2 cogy 2 fany 3 R I-tanxtany 1-3tan’x

Also sin ¥ =2 sin x, cos y = Ems x

z

= siniy+cosfy=4sin‘x+ i IFI
= 361an’ x+4=9sec’ x =91 +tan’ x)
= 27tan’x=5
= tm;r--—-—-—
33,
a5 ;
a5 x 27
=3 W+FJ-E. "Ir. J_r
g 12 13-4"_
110. 5. /1+cosx '—-*_Iiﬂm-s::%:ﬁlms'— and J1- r-,lizsm = J-I:u ~[
' cos=| +[sin =
” Vl+cosx++/l-cosx _ 2 2
Jl+m5x—jljms.r. :m%—sin%




Trigonomelne Ratios and Identities 2113

Y. |
—CDE— +5In— [ T ]
= 2 2 .1.. —":—":'-I'l-'
—cﬁﬁi—ﬁiﬂﬁ 2 12

T 3

£ . X
COS—=5In=
=

X, . X
cos = +8in—
2 2

X
| = tan=—

T x % FE 2 X X
2y i i ] I e | i e i ﬁm‘— -
"’"[4 :J ‘“[z [4 1]] [4"3]
11L.d. tan x=pn lan y, cos(x— y) = cos x cOS y + Sin x sin y

= cos{x=y)=cosxcosy(l +tanx.tany}=cosx cosy(l +mtan’ y)

sec® xsec’ y

{1+n tan> }'f

= seci(x—y)=

= (14 tan® x)(14 tan” v)
(1+ntan” y)

- (1+n* un® y)1+tan? v)
(1 4ntan’® v

1 d
iy
(1+ntan” v)

7 1
HW[HL’"”’-] cntan’y (0 AM.2GM)

i
an® y 1
PR .. 5 SR L
(I+mtan® y)®  4n
(n=1 _ (n+1)?
dn

= sec(r—p)=1+ n

112.h. cnllx-mt{.r—y]ﬁm(.t—ﬂ

o cotlym | OLXCOLY +] [m{xmlzﬂ]
col y—cotx j\ colz-—colx

= cot’xcot ycot z - cot’ x cot y—cot’ x cotz + col* x

=cot’ x col yeot r +colxcoty+ cotxcotz+ 1
cot’ x {cot ¥ + cot ) + cot x (col 3 4 cat ) + I-cot'x=0
ot x{cot y + eot 2) (1 +cot? x) + (1 —cot® ) (1 + cot’ x) =0
[-::m,:{mtyﬂ:nu]ﬂl—l:ﬂl.zx}l]"ﬂ

3
cot” x=1

2cot x

byl

=%{m~‘.y+mlz,‘|=mlir



2114 Tﬁpmm

1132  A+B+C=mr = tand+tanB+tanC=tan A tan Bian C
Now, AM. 2GM.
[“"“Hm';ﬂ"'mcemmmnﬂmnﬂ]”’
tan A+an B+tanC

3
= (tan4 tan Btan CY¥7 23

: Y
= [—-} =3
K

1
= o —

NG

14, d. o = (& cusz-ﬂ + b sint@) + (@' sin® 8+ B sin’ 8)

> (1an Atan Btan C)'"

=gt +.!:|n2+21.|'[-:z"l cos® 9-4-.!:1 sin” # Jﬂi sin @ +b° mﬁ] [

=+ P +2 ,lsin? Boos® Bl:a‘* -In-b"’}ﬂzrbt {sa’n’ @ +cos* E‘}

-y Jalb’ (1-2sin* Gcos” ) +{a* +b* |sin® Beos @

=(a"+ 4 +2 Juzﬂi +{ﬂz_bz}1 sin” @ cos” @

={£+H}41J¢1=ﬁ:+—{d = }sinziﬂ’

Max. 1? = (a + ) =2 Ju‘h* +m[ :
Min, v = (@ + b} + 2ab

7 .2yt
" a® = bk -
Therefore, the difference = 2 J::"b‘ +{——4_—}_ — 2ab = J#n“&i +a'+ b =240 - 2ab
1
= Jla* +4*] ~2ab = @* +b" - 2ab = (a-BY’
115, c. (sinx~cosx)* + ksinxcosx = |

= | +sin2x+ %51n1r=_1

4

RIS PO
—,ﬂmlri_l.z-l 0

For this to be an identity, I+§ =0=sf=_2
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116.b. kcosx—kcosx+ 1 20V xe (—=, =) |
= kicos’s —cosx)+ | 20

1
Mow cos®y — cos x = cm,wm!- .
- 2 4
1 2
==HE SCosy—cosx =2

We have 2%+ 1 20 and —'-:- +120

Hence, —% sk=d.

117.d. min (2 + sin Jf—casx}l*min [I + ﬁsin[;—%]] -2~J§

a b
118. b, 2 cosec - b sec a=——+
sin@ cosa

= '!ﬂ2+b1 - COSs X P Sin X
IN ¥ COs Jﬂl +bz" ?-:F'HF '

EI\'Esm[smjﬂ COSa = cos o SIHEI] — Em

SN Y COS &

MNow sin 3= ———

q!a +b?

119.d, cot*x -2 (1 +cof* &)+ &? =0
=cot'x-2cotll x+a'-2=0
=cofr=1¥=31_4
To have at least ane solution, 3 — a‘a{l
=a =350

ae [-4¥3,43]
Integral values are =1, 0, 1; therefore, the sum is 0.

120, b. sin®x + gcosx +a* > | +cosx
Putting x =0, we have
a+at=2
=d+a-2>0
=(a+2)a-1)>0
=a<-iora>| :
Therefore, the largest negative integral value of ‘e’ = -3,
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121.4. &E%ﬁb:ah=ﬁﬂ B
b=ccos @ a=csind i c
AT
=m=%c’ ainﬂnusﬂ:iﬂ =30 3
-
=5 ¢* = |20 cosec2 O e b 5
= =120 . Fig. 2.39
I}-"‘_'Ell-ﬂ- I‘Jﬁ
122. b. From the figure,
xcos(B+30% =0 'E .
andxsinf@=1=d 1) ] '
1-d
- I 4d : , ;
Dividing -ﬁ cog = er squaring Eq. (n) and A
% ¥ o
; 1 3 Yt C
putting the value of col 8, we gl:*l:.vr1 == (42 - 4d+4) it
3 Fig. 2.40
== 21
13.d.a=csinB b=ccos B
e ¢V | I Y 40 +sin28)
= —%—| = + =
a b sinf?  cosé@ gin® 20 B
=4 1 + .I where 0 <8< = c "
gsin* 28 sin2f8 2 .
) A
. £ [ ]
=[§+£~] sin ™ 8 when 20=90°, S
= B=45° Fig. 2.41

124. c. p= (sin® x + cos®x) + 2 (sin x cosee x + cos x sec ¥) + see? x + cosec? ¥
= 5+ 2+ tan’x + cot’ x
=T+ (lanx—cotx) +2

K Va9

Multiple Correct Answers Type

SR . e e e e e

1. a,b.2sin arcos a=2cos’
sinla=1+cos2f

£ = — & = s E_ - fad 1._ - IE
s cos2fi=~(1 -sin2a) [l ms[i En‘]] 2 sin [4 ﬂ) 2 cos [4-:-&:)

(i)

(it}
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a,b,c,d. cos” 6= 1 —sin? 6. Let 81" = 2 we getz + > =30 or - 30z + 81 =0

L

= (1-2T)(z-3)=0, e, GBI 0 <38 _ 33 4 o

4 . S NER

2 = = <A =* e Ty
gin® 6 d,ansmﬂ z,:1:2
8= 130", 60°, 120°, 150°

b, ¢, d. Opposile angles of a cyclic quadrilateral are supplenmnlary.'

a, b, c
a.fan A= % =2 (a) is correcl.
b. sin 26= .ﬁ

cos 28= -:-ﬁ:-—;:——-:i

tand@= :anfﬂ

=s (b)is correct.
sin 38

cos 38

d. sin @= |/3 which is rational bul cos 38=cos 8(4 cos® 8- Fywhich is irrational.
= (d}is incorrect. )

c.tan 38= =3 () is correct.

ol o))
(e
o (5o () - () )

1
sin 18" cos 36°

by el

e o ) ) )




2118

7.

4 i
d.2c08? & 20082 2E 2c0s? % = (08 20°cos 40° cos 80°) =+ ¢ O
9 9 2. 8
5
a, b, d. (sin® x + cos? x)" - 3 sin’ x cos” x (sin® x + cos’ x) > 5
" 1 2 5
= 1=3sin*xcos x.’:-i

= % > 3 gind x costy

| =2sinf2x>0
cosde >0

i £ : :t]
= dre|——.—
, £ 2

Ly

2 :
== dxe |2nm - 1:-, 2 + i:-],ne Z, generalizing now verify.

LY

a by d.

¢. ¥ sin® §= [3 = {cos A + cos B + cos C)]

(cos A + cos B + cos C)

i  Rl=

L
2

but [cos A + cos B +cos Oy, =

ha| L

= (c)is incorrect
a, b, d are correct and hold good in an equilateral triangle as the maximum values,
a, b, e
a. lan artan 2atan 3ac=lan 3a—lan 2a-tan & -
always holds good. u

sin dar + sin & 2sin Jacos a1

b RS e Tasnda ' sinZasindx  sna

=cﬁae-na{mingm'1'=ﬂ]
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= (b is comeet

; . b ; kL
. sindar singae S0 TS
c.cos @+ cos I+ cos 5@ = ———cosdx = ——— = = =
: sin 250 & .1 . I 2

'.'-.'.sln? Esm?

q
Also cos 2ar= :n::.E_FF —:ns[a—sn] = -ms(%) = _C0s Ja

E
smg'lllE sin
i Bx el = .
d Bcosocos2acosda= — Eche |
AT e , It . K |
sins Em?

9. ab,ecd
.8, Forx e [ﬂ. %].tanr*‘-’cut:

Also In (sinx) <0 8
= (tanx) "2 > (cot x)" 502

b. Forx e ({J. %], cosecx 2 |

‘=% In(cosecx)20
a qIneorecT - 51n{mnrtrﬁ

‘ e.Xe [ﬂ, %]E&I:DBIE {0, 1)

= In{cosx)<0

| i
Al = > =
& 3

1 I (oot &) ] In foos 4 )
- G <G
n
d. qu:re [D. E]

Since sin x < tan x, we get In (sinx) <In (tan x)
= 7 {ginT) o zln {1 ) :

10, a,¢,d.
al
b3
sin 24° cos 6° - cos 24° sin 6° _ sin (187
€ Sin 21° cos 39° — 5in 39°¢cos 21°  sin (- 18%)
d.—1
1. a,c.

—

cos’ - sin® o

. =2 cot 20x
Eln & 08 O L
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141 1-—1

:—m where [ =tan

140° = -1 & :
:[ }I ,{1 ]_I rl_!leﬂnq‘lmlﬁ

=» (b) is Incorrect.

l—tan® @

|+r+|—r_u+r}1+u-n*_1{|+r1}

"1t L+t | =g I =
= =2 2o
cos 2 s
= (¢} is camect.
; i 2
d.tanax+cot = =2 cosec 2a

nqsr.rsinf.r=s'rn 20
= (d)is incorrect.

12. a,¢,d.
F‘:.z.‘l
Using property of angle bisector, we get
aﬁ:ﬂ_ X
an8d l-x
sec &
= R s O+tand =sec Osec 8-tan 6) 1+5in 8
1+ tan®
13. n‘,d.ynt-Lﬂl-Hmn’x
1 4 tan* x

= 1+(2-3)
=B-41 =4(2- 1)

{64

{where / = tan @)



14,

I6.

17.
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(3]

B
= |6 sin® —
12

b,d.tan{e+ )= % and cosec y= % =5 tan r#%

a+ i+ y= g- = (b) is true,

Also mn{u+ﬁ]=M =
I = tanatan
& tan o + tan §
I =tanatan §

=5 tan artan B+ tan Btan ¥+ tan ¥ tan a= |
b, d. Divide by cos @ and square both sides and let tan &= f so that sec” @ = | +

[(a+ 2)t+(2a= 3P =[{2a+ 1 (1 + 7]

Plla+ 2P =(2a+ 171+ 2(a+2)(2a= 1)+ [(2a- 17 = (2a+ 1] =0
H1-a)P+2(2a +3a-21-4x2a=0

W1 ~a®) P —4() —a’) 1+ 6ar-8a=10

1) ) (31-4) + 2a (31~ 4) =0

(3 =4)[(1 =a’)t+2a] =0

L0 8 340

2a
2l

4
= ITlaAng= — ar
3 a

a, b, . log, 5 log,{sinx + a) >0
= 0<log,(sinx+a)<|
= 1 <(sinx+a)<7.¥xe R

It is found that "&' should be less ihan the minimum value nﬁ -sin x and "a” must be greater than the
maximum value of | —sinx

= |l-siny<a<T-sinxVxeR
=2<a<h

8¢ logsini=x=sinr=4§

Let logy(cos 1} =y, then " =cos 1
= ¥ = cog?r = | —sinfr=1 =¥
= 2y =log,(1 - b*)

1 - f x
= y= -zrlug,._(l - b) = log, J1-b*
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1. a. Statement 2 is true as it is one of the standard results of multiple angles.
Putting 4 = /18 in the formula sin 34 = 3 sin 4 - 4sin’4, we get 8 - 6x +1 =0, where x = sin /18, Hence,
staternent 1 is also true because of statement 2. , '
11.a. Statement 2 is true, because each trigonometric function has a principle period of xor 2Zmwand hence 2x
is one of the periods of every trigonometric function.
Thus f(24) = f(28)
= 24A=2nn+2B . forsomene £
= A=ma+B
=+ Statement | is true because of statement 2.
12.b. From Fig. 2.43, sin3 <sin| < sin2
But statement 2 is not sufficient to ensure this.
Hence, answer is (b).

sin 2 ! -——
gin 1 [~~~ H
ST T [ T T
| i I
] {1
0 1 2 3

Fig. 2.43
13.a. Let g(x)=3sinx + dcosx ~2

Maximum value of g(x) = 1.[’;1 a4 2.3

Minimum valoe of g(x) = —3* +4° —2=-9

1 1 1 .
Therefore, the range of f{x) = s is R ( ?-, 3]
Hence, it is an unbounded function, and f{x) has no maximum and no minimum values,
T4. b Statement 2 is true as it is one of the identities in triangle.
R.H.S. in statement 2 is always positive as &, f, ye (0, 2/2)
Statement | is true as select @=2x, f=-n2, =- &2
Then sing + sin §+ siny=0 - 1 - | =~ 2, which shows that minimum value will be negative.

But statement 2 is not the correct explanation of statement 1, as g+ i+ y= ﬂdﬂmnﬂt follow that @, 3,
yare angles of a triangle. :

l—ar:rsz'.ﬂ.+1-c¢s13 | - 05 2C

15.a. sin’d +sin’B + sin’C= +
2 2 2

_ 3—{cos2A +cos2B +cos 20)
2

- I-(-=1-4cos Acos Beos C)
2
=2+ 2cos Acos Beos O : (1)




16.d.

17.4.

2 .
" Hence, i—-a= Tﬂ and y—a= 5y

18. a.

19.4.

20, b,

_ Now (cos @ + cos f)° = (- cos p)

Trigomomedric Ratios and ldentiies 2,125

Hence, statement 2 is true.

From statement | using Eq. (i), we get cos A cos Beos C= 0, then either 4, Bor Cis 90°,

Both statement | and statement 2 are true and statement 2 is the correct explanation of statement 1.
Staternent 2 is true as it is one of the conditional identilies in the triangle. Since R.H.5, > | in statement 2,
statement | is false.

Given cosx Emsﬂ - %inx Esin x=0% xe R

Hence,cos o+ cos B+cos y =0
and  sina+sin f+siny=0
Hence, statement 2 1s lrue.,

und (sin @ + sin §)° = (- sin F.}z

Adding, we pet

2+2cos{a-f)=1
= cos{a-Mi=-1/2 _
Similarly, cos (f-Y=- 12 and cos (y-a) =~ 112
MNowl<pa<f<y<2nm
= f-a<y-ua
4m,

Statement | is false,
cos'A+cos? B+cos’C= | =2cosAcos Beos C
I 1. 3
2

Al =1-2x—=1-—==

3 z:m lnn E‘ 4 d
Letyr=cold;y=cot Bandz=con C
= Dot Acol B=]

= A+B+C=nr
In statement |

LHS = % [sin 24 + 5in 28 + 5in 2C7]

=2sinAsinBsinC
2
|lcosce A cosec B cosec C|
=4 2sindsin8sinC=L.H.5.
Statement 2 is true as it 15 one of the condilional identities in the triangle.
Intriangle ABC, A+ B4+ C=q1 ~ :

RHS3.=

nndcm£+nm£+:ur£=m1£:m£ml£
2 2 2 2 2 2

A B C A B . T

Therefore, | — — — | = [ngol —+ | — + | -=

erefore n(m|2+m2+cm 1] neot -+ Incat - + Incot
Hence, statement | is true, )

Instatement 2, RHS. =ln 1 +1n 3 + 12+ /3)=In(1 32+ 3 )= (243 +43)=RHS.
But statement 2 does not explain statement 1.
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19.

Trigonometry

3
a, b, d. Letx = cos @, then 4 cos’8—3 cos f=~ %

in
= cos 8= ms?

= 3=2nx £ —

Putting n =, we get &= 5/18
ix _m 1n

n-l:,&-—t--—-:-n—n—

3 18 18

n sm_In

and = T—'ﬁ—ﬁ

a, ¢, d. sinx cos 20° + cos x sin 20° = 2 gin x cos 407
= gin 20° cos x = sin x(2 cos 40% = cos 20)

&in 20° sin 207 : sin 207

i =2m5 40° — cos 20° = cos40° 4+ cosd0° — cos 20° - cos40° + 2 5in 30 sin (<107
sin 200 - sin 20°
sin50° =sin10®  2cos30° sin 20°
I
=tlany ™ —— = 1= W"

Reasoning Type

l.d.

P

3. b.

~(x+3)

statement | 15 wrong as 2 can be written as T

It implies that for any values of xp (xp = 1), we get a valee of z and statement 2 is correct.
e0s7 =cas(2m 4+ T-2x) = cos(7-2x) = cos(0.72)

Now 1 rad and 0.72 rad angles are for first quadrant where cosx is decreasing, hence

cosl <cos(. T2 or cosl <cos?,

But statement 2 is not the correct explanation for cosl < cos?.

Mote that cos 0.5 > cos7. _

tan 4 = lan{m+ (4= m)) =tan{d - g} =tan 0.86

tan7.5=tan(2x+(7.5-2m))=tan (7.5 -2x)=tan 1.22

Wow both angles, 1.e., 0.86 rad and 1.22 rad are for first quadrant, hence tanl).86 <tanl.22 astanx isan
increasing function. But this is not always true. a5 3> | but 1an3 <ianl.

Hence, both statements are true but statement 2 is not the correct explanation of statement 1,
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4.b. In first quadrant, cos 8> sin Gfor fe (4, 2/2),
Hence, cosl <sinl.
Also in first guadrant, cosine is decreasing and sine is increasing, but this is not the correct reason for
which cos| < sinl, Thus, the correct answer is (b).
S.a. fi@={(sin 6+ cosec ii']1 + (cos B+ sec @)
= sin® B+ cos® 8+ cosec” B+ sec’ B+ 4
d . E o o
sin®f cos’ @ sin” 20
Hence, the correct answer is (a).
6.d. sin® @, +sin’ @, + - +sin’ 6,=0
= siné, =sind;= - =gind, =0

= cos'8,, cos’By, ..., cos’H, = |

-j-l-

29

= cos 0, cos 8, .., cos8 =%l

MNow cos 8, +cos 8, + --- + cos 8, = n— 4 means two of cos B, cos 8, ..., cos B, must be -1 and the
others are |. Now two valees from cos 8, cos 8,,..., cos 8, can be selected in "C, ways. Hence, the

number of solutions is "Cy = "("2_” ;

Hence, statement | is false, but statement 2 is correct.
7.a. Let l}"'Fsz‘l' ) Ell'lﬂl'l'- 3]#&!.1[441'-&11

Now =v3% +47 < 3cos2x+4dsin 2x S V32 +42

or—5<3cos2x4+4s5mAxss
-y ]-.1- E'Jhl:llll‘ﬂlin!l' < 35

Hence, the correct answer is (a).
8.d. Obviously intriangle ABC,
tan A = tan{r — (B +C))

= —tan{8+C)

= tan 8 +tan C

tan Btan C =1
IFangle A is obluse, then 1and <0

lan 8+ an e
lan Btan C -1

= tan Btan C < | (as B and C will be acute)
Thus statement | is false and statement 2 15 true.

9.4, We know that tani5°= 2 - qu3- which 18 an irrational number. Hence, statement 2 18 true.

a L |
Statement 1 is also true as if tan 5% s a rational number, then tan 15° = 3{?'1 53 ‘:F;_ 5 should be a
= Alan

rational number, which 15 not true.
Hence, tan 5° is an irrational number.
Obviously, statement 2 is the correct reasoning for statement 1. _ .
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For Problems 1 -3

l.a, 2.b.,3.¢ .
Sol | a. sin @@= A sin (@+ §)= A (sin @cos B+ sin Beos a)

= sina(l—Acosf)=Asinfcosa ) ]

_ Asinfl ) _
tan o= 0= Acos ) . (ii)

sinfl _ “_-“m;ﬁﬂﬂﬂﬂ _(1-AcosB)sina | ; ;
cos fi Acos fi . Acosc cos i [from Eqs. (i) and (i)}

2. b. tan fi=

H.Sinﬁ +3iﬂ,|ﬂ
I-Acos§ cosf
7 Asin fsin 8

(1- Atcos fcos f

=

= Asin fcos B +sin i - Asi_n,ﬂédsﬁ i sin fi
cos - Acos® §— Asin® 3 cos - A

tan «x + tan f§

Alsotan{a+ )= ————
kR 1 = tana tan 3

sin o L Eina(l- Acos )
cosa  Acosacos fi "
from Eq.
_sinzﬂfl-.ﬂcm,ﬂ} RS I
Acos® acos fi

|

| Asincrcos fi +sina = Asinacos f]cos o
Acos® ercos ff -sin @ + Asin® @cos B

sinarcosa
Acos f§ ~sin’ o

For Problems 4 -6
d.d, 5.a6.b

Sol. We have mn[ﬁ + %] =3 tan 38

| +tan@ _ 3 1tan® —tan” @
I-tan 8 1-31an* @




P
En 3{]: 3 ] (putting 1 =tan &)

= 3'-612+8—1=0

Hence,

Sy=sumofroots =4+ +iy+1,=0

§; = sum of product of roots taken two at a time = -2

33 = sum of product of roots taken three at time = - 8/3
y = product of all roots =~ 1/3

1 0t :1 -8
hidadgd z e A
R PR 9 u Fibafaly 3

For Problems 7 -9
Tl aq. 'BI- h. g‘-l- d-l

Sol. sina+sinf=3

- 2wl po{z52)-

2

cos o+ cos f=4

= Ic?s[ﬂ;ﬂnus[ﬂ;ﬁ] =4

Dividing Eq. (i) by Eq. (iv), we have

a+f\ 3
lan[ 5 J a
2an(222) 22
= sinfa+ H)= sy i 5 =
l+ta.n=( pel 2
2 4
-w(e?) o)
and cos{ox+ = = I
os(a+ ) 1+Eni[g+ﬁ] '[ST 25
2 *3

For Problems 10 - 12
10.a, 11.¢,12. b.

Sol. Let 8= % (so that 76= n)

=+ 46+ 38=nnx
= tand@=tan(nr-36) ==1an 30

3tan® —tan” #
1-3tan® @

4tan 6 -4an’ g
1-6 tan® @ +tan” @

Trigonomatrc Ratios and ldeniites 2,127

0
(i)
(i)
(iv)
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41 -4z I -z
-6z 42 13
= {4=49(1 =3V ==3 =2 (1 =62 +2Y

= A2 4+352-7=0 . ' : (i)

This is a cubic equation in %, i.e., intan? 8.

[where tan @ =z (say)]

The roots of this equation are therefore tan® /7, tan® 2a/7 and tan® 32/7 from Eq. (i), sum of the

-1 =l
rools = —{—1 =21
= tan? Z 4ran? 2 4ian? -3'?— =2 : (i)
Putting 1/y in place of z in Eq.{ij,wcgm—hr"'ﬁﬁ;r‘—?l}a’ + =0
or H-35¢=21-1=0 _ (i)

This is a cubic equation in 3, i.e.. in cot® 8.
The roots of this Eq. are therefore cot® x/7, cot® 'l:lltﬂ andcot® 3a/7
Sum of the roots of Eq. (mi) = 353/7= 5
T s 3R . 3W - .4
= cotf = +col® — 4cot* — =5 (iv)
7 7 T
By multiplying Eqgs. (ii) and {(iv), we get
2 Ar
(mn2£+ AT 28 [cm?£+cmz-2-5+m11-u] =21 x5=105
& 1 7 T 7 7

For Problems 13- 15
1. b, 14.b, 15.4d.

Sol. Angles BEC, ARD ARE and 8AC are in AP. |
Let ZBEC=p—-3f8. £ABD= -, £ ABE= x+ fand £ BAC=x+ 3

From A ABD, a— P+ e+ 3fi= %



Fi
13. Areaofihe circle circumscribing A4BC= & [%]

14.

15

= 2ﬁ+i.ﬁ=-%=ux+ﬁ=i:-
Mow, =38 ={a+3f)+{a+ B

= o=-7f
n T
=__._‘ a-:..__
B 24 24

m i ki
o £B=ACHPy= o, L= LC= S

= ABCisa30°-90"-H0" triangle.

A
A BOC is equilateral = r= e

. o e SN
BD=(8sin 3—15m =
BR =28 =—-\;§-

Matrix-Match Type

1.

a=q;b=ricosid=p

tos 8—sin B= ;-,wheren-c:ﬁﬂ %.

Squaring both sides of Eq. (i), we get

|
| —sin2@= —
25

= S'H:IEE'E-d— == msiﬂﬂl
25 25

Trigonometric Ratios and ldenities 2128

b oo -""B.-

(using exterior angle theorem)

1 48 49

Also, (cos 8+ sin 8)° = (cos 8—sin ) + 4 cos Bsin 8= % +2s5n2f= — + — = —

2 23 B
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. T
= cos @+sing= E

= (cos @+sin 8)2= l—::;-

Also solving Egs. (i) and (i), we get cos @=4/5.
L a=aqib=asie=pd—=r '

A A=sinf@+cos' @

W Ihmm+[1+msiﬂ]1-
v 2 2

= %u%m‘lﬁ +T]1~+-!z-msiﬂ +lm52'lﬂ

3 ][ms#ﬂﬂ]

44\ 2

Now, —] £ cas 40< |

3.1
-4+E+Emﬁ4ﬂ

4R
3
3

I
+

3 I(1+cos48) 3 | 1|
e

I

Blw Blw g

LA
9
A

b A=3cos’ @+sin' 8=13

l+cn529+[l-¢miﬂ]t
2 2

_ 3+3cos26 " | -2e0s28 +cos’ 20
2 | .

_ T4+4cos20+cos’ 20 _ (cos268+2)° +3
4 4.
Now, | €cos28+2<1]

(cos28+2) +3 G
: 2
c. A=sin’ #=-cos' B

_ 1-::«:.15149_[|+u.::.zazuﬂ]1
2 2

1= 3

11 i 1 5
SR 7. P 8
3 Ims = 2r.:4:=n=2 4:::: 26

(in)



= %—L‘usiﬂ'—%cnsziﬂ

Zr H[lcusalﬁ+mlﬁ-1]
q4 4

2
= E-[lmslﬂ+ IJ
4 \2

1 |
Now, —— < —pos 28 & —
R e
4

=4 -j-ilmszﬂﬂﬂ—
z 2 2

1 (1 ' 9

- PRt 98 + =

= 45[111::&:9 IJ '54
=5 gs [ImﬂﬁHJ:s :
4~ \2 4

5 (1 F
=5 —IE—-—[—:USZ&H) =1
. 4 12

d. A =tan® 8+ 2 cot® 8= (tan - 2 cot B +242 222

. A=rrb=apicaq;d s
cos @+ cos §=1/2

= Ims[ﬂ+’ﬂ]cu5(ﬂ- ]=l
¥ 2 2
gin e+ gin = 1/]
 fa+f - 1
= Ism[ > ]ms[ 3 )“E
Dividing Eq. (i) by Eq. (i), we get
m[ﬂﬁ] et

2 3

a+ f

" m,-.[ : ]ﬂtj::_s-

Squaring and adding the given results, we have

E+Icnsl:a - ﬂ:l ‘;—:
59

= cos{a - f) = =

Now, 1-::05’[9%5]- t =cos(a - )

= :Eﬂsl[uj =] _E a E
2 72 N
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a2y cns(a ;'ﬂ] =-_'-Jﬁ

12
a-'ﬂ]-i E

2 13
4, ads5barncoapd—aq
a. 5in (4107 + 400%) = 5in 810 = sin {720%+ 90"} =3in 90" = |
gin? 2° = sin? 1° £in 3% sin 1° |
Zsin 3°sin1°  2sinFsinl® 2
¢. 5in (- 870°) + cosee (— 660%) + tan (— 855°) + 2 cot (B40%) + cos (480°) + sec (900°)
=—gin (B10° + 607}~ cosec (720" = 60%) —tan (81 0° + 45 + 2 cot 120° +cos 1207 + sec 1807

= 1&r‘|(

= |+1'+| 2 | T
2 2
4 3 3 4
W — - E "l'I-B'I =m}:m_—}=_-ﬂ
d. cos (6= ¢} = cos Bcos ¢+ sin Hsin ¢ TRl

5. a=ss5;b=arc—=q;d=p
2 feos{24+ 0)+cos(2B+ 0)} =2cos(A - B)cos (A + B+ 6)
Maximum value is 2cos (4 = B) whencos(A + B+ d)= 1
b. {cos2d+cos2 B }
2eos (A + B) cos (A - B)
Maximum value is 2cos (4 — B) when cos (4 + B) = |
¢. For y=secx, x g (0, m/2), tangent drawn to it at any point lies completely below the graph of

¥ =sec x, thus m!ﬂ;sm!ﬂ > sec{A + B)

= sec2d+sec2B2sec(d+B)
HE‘HF:,‘Ihl: minimum value is 2 sec (4 + ).

d. J{mnﬂ + cot§-2cos2(A+ B} = JI{-.I'mnﬂ—-J-:mﬂ]z+2~imsz{,ﬂ.+ﬂj

= J{Jtanﬂ —~cot E]i +45in’ (A + B)

Minlimurn value occurs when +/lan # = Jeot# and
minimum value is JasinZ(A+ B) hlm{.! +8)
6. a—=sih=are—apid—g
a. ¢o5 20% + cos 80° — 3 cos 50°=2eos :m*' cossi® — ﬁ cos 50°
= /3 cossg°- Jﬁ cos 50°=0

" 2 in 4n Sy 3% 4
cos 0° +cos = + C0§ == + 0§ — + 0§ — *+ 0§ — + L08 —
7 7 7 s 7 7

K 6m r 511' in 4
=} + | cos—+cos— | +.| cos— +cos— | + | cos—+cos—
i 1 9 K ¥ | 7
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-] 4 [:n5£+ms[ﬁ—£]] + [cusﬂ+cm{ﬁ—z—n]] + [cﬂggl +m5[g_§,£]]
7 7 7 7 7 7

=]4+0+0+0=]
. cos 20° + cos 40° + cos 60° — 4 cos 10° cos 20° cos 30°
= co5 20° + cos 40° + cos 60° =4 cos 10° cos 20° cos 30°
=2cos 30° cos 10° 4 2¢os* 30°— 1 - 4 cos 107 cos 20° cos 30°
=2¢0s 30 (cos 10° + cos 30%)— | —4 cos 10° cos 20° cos 30°
=2cos 30° (2cos10°c0s20°%) = 1 =4 cos 10° cos 20° cos 30 =~ |
d. cos 20° cos 100® + cos 100° cos: 140° < cos 140° cos 200°

|
- E{Em 120%+ cos 80® + cos 2407 + cos 407 - cos 340 — cos 60)

l ] | 1 L
8 = (- =+ 08 80" - — +co8 40" - co5 340" — =)= = (—= + cos 30° + cos 40" — cos 20%)
1{ 2 i !} 1{ 2
| 1 3 3
= = (—=+2c05 60° Cos 20° ~cOs 20°) = —(—= )=~ =
L s o it

n=+qb—=qge—=prid=—ps
a Since angles, A, B and C are acute angles
LA+ BERR '

"
A}E_B
sind —cos 8>0
= cos B-sind <0
Again, B> Fi—- A
sin B> cos A
sinfi—cosd>0 :
From Eq. (1) and (i), we get that x-coordinates is —ve and y-coordinate is +ve.
Therefore, line is in 2™ quadrant only
h 297> | = sin 8> 0=2 8 1™ or 2" quadrant
382 | = cos A< 0= Be 2™ or 3" quadrant

Hence, @& 2™ quadrant
¢ |cosx+sinx|=|sing]|+|cosx|
=+ ¢os x and sin x must have same sign or at least one is Zcro,
= re 2" or 4™ quadrant
l=sinA N sind ]
jcosA|  cosA  cosA
a=ap;h=apic—oq;dos
o x=gind y=cos
P =(3sin @=dsin’ @Y + (Icos B—4cos’8) =:in"30+ cos?30=|
3—cosd48 +45in20

d LHS§= which is true only if jcos 4| = cos 4

b On adding, we get o= = (1 +sin 26)°

2
On subtracting, we get b=(! —sin 26)* = ab = cos’2 < |
e. Jcos @=x'—Bx+ 19
= 3cos B=(x—4)1+3

(i)

(i)
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Now L.H.S. = 3cos #< 3 or L.H.S. has the greatesi value 3.
ButRH.S (x—4) +323 or R.H.S. has the least value 3,
Hence, L.H.S. = R.H.S. when 3cas B=(x-d)’ +3=3
= cosf=1andx—4=0 ' '
=y @=2nrandx=4 wherene Z
d A=tan &

x=2sinlfandy=2cos2 @

CEmP—xy+y =4 -435in20cos20=4-25in48
Ee[2.6]=a+bh=8§

a—=s3q:bapeasidar
a 9+ 16+ 24 sin (A + B) = 37 (on squaring and adding)
c24sn{A+8)=12

sin[d+ﬂ}=%=5inﬂ'=%

C=30%0r 150°
= C=30°(" for C = 150)
b (sin A+ sin 8 =sin® C=3sin A sin 8
= sin” A —sin® C + sin® B =sin 4 sin 8
= 5in (A + C) sin (4 = C) + sin’ B =sin A sin B
=5 sin Bfsin (A - C)+sin {4+ )] ZsinAsin B
=52 5in A cos C =sin A{as sin B# 0)
=scos C= 112 '
= C=60" ’
e. 2 sin x cos x[4 cos*r - 4 sin'x] = |
== (sin 2x) [2(cos’x + sin’x)][2 cos’x = 2 sinx] = |
=(sm2x)x2coslx=|
= 2sindr=1

= sindx= % = 4= =2x=75°
4 :

Fig. 2.46

Obviously, AEOD is a cyclic quadrilateral, we have
LCOD=120°+45°=165°



Integer Type

| = 5in 28 +cos 28

L.{(4) fid) = 3 eos 28
(cos 8 — sin 8)° + (cos® 8 —sin® 8)
2{cos @ = sin @)(cos 8 + sin &)
cosf .

= cns 8 +5in 8
1
“l+tan @

e = 1 1
ST 13%) [I+mnli“]xfl+tan34°}
| | -
(+1anl1%) (14 @an(45° - 11°)
| |
[I+tanll“]x[l+1—[anll*')

1+ 1anll®

i [ Htl+mnll'] =l_l_
{1+ tan117) 2 2

2.(5) fix)=2(Tcosx+ 24 sinx){ 7 sinx—24 cos x)
reos 8=T7; rsin @=24
24
=625 tan 8= =

fix) = 2r cos (x - ) x rsin (x~ &)
= A(sin2 (x— @)

F ) =25 = ()) " =5

0 tan[%] +1an[-§}n—%; tan[%] H.an[gj -

+8 -
A+ B=90" = ii-— = 45
.
“(ﬂ-l'.ﬂ]:l:: ﬂt
2z 1-£
a
—F I,---E-_:-.-E.
i i
=at+th=c
a+h
=5 = |

A

Trigonometric Ratics and identities 2,135
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4.(5) (1+1tan G[1 +tan(45° — @] = (1 +1an @) | 1+ 7=

: F g
='[H-m“'5||"|','Il'~I~l|:||'||IEI =2
Hence, L.H.5. is equal to -

2(1 + um j?(l +tan 40°) | + tan 10*)(1 +tan 357K +tan IE"}{I + tan 30%)( ] +tan 207) | +1an 257)
=3 :-:2 =3 :

‘-—Esinﬁrﬂl‘*}mﬂdﬂ”i " sin{20%)

cos(B0°) | cos(207)| _ |tan:‘2ﬂ“".i - mn{80°)
50 3 cotl{ 20°) + 1an(80°) ”'Eh + 1an 20° tan 80°
| = \ |

3tan{ﬁﬂ'} 3
6.(1) Letx+5=|dcosfand y~12=1435in A
soxt 4P = (14 cos B-5)F+ (14 sin B+ 12
= 196+ 25 + 144 +28(12 sin 8- 5 cos )
=365+ 28(12 sin -5 cos &)

b 1 _ = " = _
, |m J365 - 28x 13 = 365 =364 = |

7.{5) cotx+coly=49

l
+
lnx  tan v

= =49

lan y + an.x
= e .

=49
an .x Lan ¥
= tAn ¥ tan _tanx+umy 42 _6
o 49 a9 7
= tan (x4 )= — 8% =294 which is divisible by 2, 3 and 7 but not by §
[E-4 [ ——— i i i ; :
R St ) I Y

& (7) From the gfw.rcn equations, we have
(2 cos a+ 9 cos d) = (6 cos b+ 7 cos )
And (2 sin a — 9 sin &) = (6 sin .b.J? sin )
Adding; we have 36 cos (a + d) = B4 cas(b + ¢)

cosla+d) 7

- cos(h + ¢} - E



9. (8)

10.(4)

SincecosA+cos B=0

=A+8=4x,

L B=m-A

=sginAd +sin{x—-A)=|

= gind = E

= A4=30"and B=150%0r 4 = 150° and & = 30°
=3 |2 ¢cos5 60° + 4 cos 300°=§

21an Ztano
N e P

S5tan 3 tan &
=1+tan’ § ° 1+1tan® o

Substituting tan = 3 tan ¢, we have

§ % 3an i} Jtan ex

(+9un’a 1+un’a
==r5+5tan a=| +‘:'|'tan [ 4
=s 4 tan‘a =4
=stan = |, ie,. tan =3
Cotan g+ tan f=4

i
1. (4) Let6= — = 39= =

12. {2) cos 2907 = 5in 20°; 5in 250° = —sin 70° = —¢cos 20°

[ 2
_'g.r-=tan g+ tan 58+ tan 98+ tan 138
o= (tan 8- cot ) + (tan 58 - cot 58)
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)

[as tan 130= tan(8 8+ SE}-—:m 56and tan 98= tan(B 6+ 8) = - cot 6]

={1an &-cot /) + (cot 38 —tan 38)

=3iu B-cos’ P _l_ms 3¢ —sin® 30
sin @ cos @ sin 38 cos 36

(cos 68 cos 20
=y 2 = -2
_slnErE &in 2@

z-si.n 20 cos 60 - cos 20 sin 66
sin 68 sin 26

gin 48 m
-i[m] “* [ “"E‘“‘]

Hence, absolute value = 4,

1 1
= =
sin 20° /3 ¢os 20°
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= ﬂm&iﬂ” = gin 20°
uﬁnln 20°cos 20°

- 2[sin 60° cos 20° — sin 20° cos 60°]
J3sin 20°cos 20°

_ _Asin4® 43
3 sin 40° 3
Henee, the greatest intéger less than or equal to is 2
13. (4) sin®x + cos®xy = (sinx + cos®x) (sin's + cos’x — sin’x cos’x)

ot
= | -3 sin*rcos’x=1 - {4 Z.ﬂ-_
‘ 4
4
i ———
Y™ 4 - 3(sin 22
4 ¥

= Ymax ™ 4— 1) =4

' 5 e
14. cos43°+ )} + (sinx—cosx V¥’ = sl -I‘-{Ein.t--ﬂﬂﬂ.tf
(3) cos’( y+A ) 2 &2

1 2 . 3
: (1 -sin 2x) > { | ]']

3
Hence, the maximum value is = E{l_ (~1)) =3
15, (6) Nr. = {sinzl +cos’ 1) =2 sin?¢ cus‘l" t—1==2 sgin’t cos’t
Dr. = (sin®t + cos® £y’ — 3 sin®r cos?r - | =~ 3 sin’t cos’r

| 1 ] 1 i |
'|' o - . e
16.(6) 4in10° " sinS0°P sin70°  oos80°  cosdl®  cos 20°
Em#ﬂ“qm:ﬂ“ﬂrmﬂt}“ﬁusmtmdﬁ“mmf
cos 207 cos40° cos BO°

Blcos20°(cosd0® + cosB0°) — cos40° cos80® |
= §{2c0520° cosh0® cos20° — cosd0® cosBO7]

= 4[2c0s°20° - 2cos40” cos80°]

=4[ 1 + cosdl® - (cosl 207 + cos407)]

=4HE =6
2
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17. () f(x) =9 5in’x — 16 cosx — 10(3 sin x4 cos x)— 10(3 sin x + 4 cos x) + 100
= 25 sin’x — 60 sinx + 34
=(5 sinx— 6)° + 48
The minimum value of f{x) occurs when sinx =1,
Therefore, the minimum value of J7(x) is7.
15.(0) In AABC, tan A + tan B+ 1an C=tan A lan B tan C
=sSrtxrl+]l=x=x{] +x){1—=x)
=2+r=r-1
Sr=-2my==2"
= tand =x <0=> A is obtuse
=tanB=x+1=1-2"<p
Hence, 4 and & are obtuse, which is not possible in a triangle.

Hence, no such triangle can exist.

sin 2x
19. (4) Given log,, ['_1—]= -1

- sin 2x _ 1
2 0
"
= sinlx= E ' ()
: n
|ﬂﬂm! I_ﬁ '
Also logg(sin x + cos x) =

2
: 2 "
= logplsin x +cos x)" = logyg | 75

7
= | +5indxr=—

) 10
1+l "
T
6 n
oy T e
510
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25in4%cos3” + 2sin4%cos1® _ 2sin 4%co5 3% 4 cos 17]

20. (4
t-] cosl®cos 2%sin 4" &os 1°cos 2%5in 4°
*ﬁm’s!“:ns]".#
cos 1°cos2°
1
21.(7) Esjngsdngsin% b=
A=H A+BY, C 1
= | cos - cos sip— = —
2 F 2 146
=5 5in E{l—.sinﬁ)-ul—
2 \d 2 16
LT - U
Ll T T
o ,
1
=[—-sin£] ={.
4 2
:sinEﬂ-l-
2 4
. 2 1 7
=eosC=l=2sinf==]— ===
AR 8 8

22.(2) In the triangle,
tan 4 +tan B+tan C=tan 4 tan B 1an C

1@k+1)(@k+D 3
2 2 -

BE? + 6k +) _ 346k
8 2

= B + 6k + | =12 + 24k
=85-18k-11=0
=R -22k+dk=11=0
= (2k+1)¥4k-11)=0
=k=<1/20r!1/4
For k==1/2, 1an 8 = 0 (not possible)
sok=11/4

+ 3k

23. (4) 4 sin’x cos 3x + 4 cos’x sin 3x = %

=2 (3 sin x - sin 3x) cos 3x + (3 cos x + cos 3x) sin 3:--3

=3 3[sin x cos 3x * cos x sin 3x] = %

. I
= 5iN dx = -
*ig
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- Archives

Subjective
fan o + tan
1. Wehave tan{a+ )= —'ﬂ;
1 - tan e tan 3
m I
_I.
= i+l Zm+l
- ; |
m+1  2m+]

s Im® + 2m +1 L
Im® +2m 4
= @+ f=nr+ w4, wherene Z.

1 . T T
2. 1. Todraw the graph afy = sinx4+cosx) fromxy= —— ox= —
graph ofy :E{ ) = tox=—
¥ j"=$i'l'|.l'
1 ¥ = &in (x + mid)
X -aiz -xi4 [0 A a2 3a
Ty
Fig. 2.47
o {ﬁin.r+m5x]-sin[.:+£]
i 4
] ) .
h Wehavecm{rﬁﬂ}-Eandsm(a-,ﬁj-ﬁ
= tan(o+fi)= 3 and tan (x— fi) = 2
4 ; 12
5 3

" _ tan{a =) +anfa+f) _ 2t _ 56
tan 2ar=tan [{o+ ) + (o - 8)] | = tan(c - ) an(a + ) |_[i](1] 7
12 1.4

Y. We have,

13 33
Scos 84 3 cos [E+§]+3=Sm:ﬂ+3m:ﬂcm %—SSinEmn%ﬂ = -E-:mE—T"rsinﬂ+3



o (2] (28] e )2

Tln ! .

2 2

13 3

= =7% —cosf-——sinf<7 .
2 2 '

3 < s

— = 'EEHSE-'TSEHE+3-5 10

4, Given @+ - 7= rand 1o prove that
sin® e+ sin’ f-sin® y=2 sin asin feos ¥
L.H.8. =sin® @+ sin® f-sin® ¥
=sin® ¢+ sin{f+ ¥} sin (f- 1)
=sin’ o+ sin{ B+ ) sin (7= &)
= 5in® ar+ sin{ B+ ) sin o= sin & [sin @+ sin (B + 9]
=sin &[sin[x— (- Pl +sin(f+ 1]
= sin afsin(f— ¥} + sin (B4 ¥)] = sin @ [2 sin fcos #
=2 sin asin fcos ¥
=R HS
5. We have,

V2

2 2

cos @+ sin 8= ﬁ[d—lticmﬂiml—sinﬂ] - ﬁsin[:rfd +8)

cos 8+ sin 8< 2 =2

s cosB+sin@<mi2= cos@<m2-sind
As 8¢ [0, m/2] in which sin & increases, taking sin on both the sides of Eq. (i) we get
sin(cos &) < sin(w2 — sin &) = sin(cos 8) < cos(sin G)
=» ¢cos(sin &) > sin (cos &)
6. L.H.S.=sin 12° sin 48° sin 54°

|
= E[I gin 12° cos 42°) sin 54°

=

fu = W=

| [}
|- =

B =

gin® 54° - %si f 54“‘]

[ 25in? 54°=sin 5-1“]

_Erl-i-».r'i]z_[i-lwlff-l]:l
L 4 4

=’1+5;+2JE]1(1+J§H

19 a

| o 88
“Ei'ﬁ"'?ﬁ-l-.z‘*ﬁ} 3—1?'-'.4_

£
8

=R.H.5.

(v o+ f-y =)

[-:-ﬁnl.qu] ,
ni2 =157
(i)

(i)
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7. We know that

Acos2Acosdd o cos2'd= —————sin [2"*1 A
cos A cos 24 cos cos 5" g A { ]
% n s (2 3 En]
| g — 2| — |cos 2* | — |cos —_—
008 08 [15] [IS] . [IE
sin {E*A}
=16 — where 4 =2mx/15
2* sin A ( ! )
- Sin(32mr1s)  sin(322015) _ sin(327/15)
16 8in 27/15  sin (27 + 27/15)  sin (321/15)
8 We know that .
2tan @
tan 2@ = :
=ian™ &
: & i
el E =200t 2a = colg-tana=2cot2m . ) ]
lan o
Mow we have to prove tan @+ 2 tan 20+ 4 tan 4 a4+ § cot B = col &
LHS.
=fan ¢+ 2tan2 a+ 4 landa+ 4 (2 cot Be)
=tan ¢+ 2tan 2 a+41an 4 rr+ 4 (col 4 ¢ —tan 4) [using Eq. (1))
=tan+2tan 2o+ dtando+dcotd a—4and o =ian a4+ 2 tan 2a+ 2 (2 cot 4¢ax) |
=tan &+ 2 tan 2+ 2 (cot 2 a~tan 2a) fusing Eqg. (i)]
=tan @+ 2cot2 @ =tan @+ (cot @—tan ) [using Eq. (i)]
=cota=R.H.S.
9. Giventhat in A A8C, A, Band Care in A_P.
s A+B=28
Also A+ B+ C=180° = R+2B=I180° = B=60°
3 : |
ﬁlmgivcnlhnlsh{lﬂ+ﬂ}-=ln{r:-.-l}-usm{ﬂ+zc}=E
: ; 1 .
- 5En{1d+Eﬂ°‘j-sm{t2'—.-ﬂ=—sm{ﬁﬂ+2ﬂ='E (B

From Eq. (i), we have
|
sin (24 +EI.'I“}=E
= 24+60"=]50°
= Z24=90°
== A=45"
= C=g-A-B=175°
tan x
tam 3x

10. Let y=

tan I(]-ﬁlm] x}l ;

ian x—tan’ x

=3 tan’ x
3—tan’ x
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1.

Trigonomatry

= 3y—(tan’x)yp=1-3tan’x
= (p=3)tan’x=3y-|
= tan’y= ) il G
¥=3
Sy=] :
= 3 2 (L.H.5. is a prefect square)
}' —_—
+ Ve - va + ve
- —= 103 3
Fig. 2.48

ey yﬂ:%uryEE

Thus, y never lies between 1/3 and 3,

§= E{n—k}ms—ff-

=i ft
- 2 : 2 1
=(n- HWE%HH—EIMSETE + oot | cos(n- I,':T’r (i)
We know that cos 8= cos (21— #). Replacing each angle 8by 2r- 8in Eq. (i), we get |

§={n-1)os (n- IJ'_EI;EHH—E}IFDEIH-—I}'E; + o+ 1 cos % [using Eq. (i)} (i)

Adding terms having the same angle and taking » commen, we have

28= H[WSE +1:|:usd—n +EWE+-~-+EQR{H— ]}i—ﬂ]
1 7 i "

2z sin-[n—l]-E E+{'H—I,‘|E
n i T 2

sin—
n
=plcosg=~n (' sin{x~-8)=sin B}
S=s_nf2 ' :
Given that
2
3sinr= it 2 g [-n/2, /2]
3y =251 '
This can be wriiten as
{6 sinf- 5}H+I{I—?sin:}: (1+2sin=0
For the gwen equation to hold, x should be a real number, therefore the above equation should have
realroots, ie, D20
= 4{|—1$In!}1+4{ﬁ5mf—5]{|"'IEIIIF]EEI
= ‘16sin’(-8sini-420
= (4s5intr—2sini—1)20
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\( s
= A[Sin.--”E” sing4 33 ']zn
4 L ]
»
=2 sin:s--J—E-—L- = sinIEﬁH
4 ) 4

= sint i sin (-n/10) orsin/ 2 sin (3x/10) = S-a/l0ort23//10
(Mote that sin x i$ an increasing funclion from —2/2 1o &/2.
Therefore, the range of ¢ is [-n/2, =/ 10) W [32/10, m/2].

1 1
13. -

4m513+1+%5in 28 2Al+cos 25]+1+%5in'1&

|
Icmlﬂ'-lv%sin 20+3

2 | || 2
Now = 11+[%] Simﬁlﬂ+%sin295 1=+(%]

3
2

ﬁ—l-ilms29+isiniﬂ+35—]l .
2 p Ny ;

or 7%51ms:&+%5in2&5

=&-—;~5 13 g2
1 200526 + =5in 26 +3

Hence, the maximum value is 2.

Objective

Fill im the blanks

1. According to the given question, we have expressed L H.S. in the form
Cy + Cicosx + Cycos 2x + -« + £ cOs mX.

Now,

3sin x=sin3dx E—. 3sin xsin 3x —sin’ 3y _ 3(eos 2y —cosdx) — (] —cosbx)
4 8

sin’ x sin 3x =

Hence. n=6.

2. Weknowthat A M. 2 G.M.
It implies that the minimum value of A M. is obtained when A.M, = GM.,
Therefore, the quantities whose A.M. is being taken arc equal.
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Trigonomatry

Fig. 2.49
That is, cos [u: +%]=¢m[ﬂ +52-] =m:t[;|-' +£2r-]

= sina=sinf=siny
Also, a+ fi+ y=360°
= =f=y=120"=2x3

Therefore, the minimum value of AM. =

-‘EsinE
i 5 T B

pe 3 2

xSz, Tn . Ox lix . 13x

g T o ; i :
sin —sin — sin — Sin —S$in — sin —sin —

14 4 14 14 14 14 4

In

14 14 14 14 14 14

3
= sinisinEsln%Ein%sin[nw%] &in [ﬂ-—EJs:in[n‘uE-J - sinziseini——sin

2
e PR P
= | 5If—5i0 =—3%If —

14 14 14

A2 14 2 14 2 14
] 2 .
'[EMEMEEEHE} : :

77 % -

- —I—{Icmﬂsinimnz—xmsa—x} I
| 2sinm /7 T 7

- ! {Er.in 2% Cos X Cos EMHI
sinmgi? 7 ¥ 7

= -—! [Iﬂinﬂm[ﬁ_an D 1
Psinms7 7 1

3 3T

14



[ . an)’
- Sif=
Bsinm/? 7

" [sin{xur?}]’ 4 (—sinm?)‘ .[,',]2 .
Bsinm/7 Bsinz/7) \8) 64

.. X Sk . Im
T T T

ol el ()
2 18,2718 ) 2 T 1w

sinw /9= l

9 Bsinmx/9

5. A+B=n13 = tan(d+B)=+3

tan A +tan B
=l

:’ e ———
l=tan Aian B

¥
lan A +-—=—
= _IJ::];{: b [where y=tan A tan 8]

= an’ 4+ Jﬁ{}r-l]tﬂﬂﬂ-‘r W =0

For real value of tan A,

(p—1F=-dy20
= HF-10p+320

- oa{p-t

I
= y=£ 5 orvzl

Butd B>0gnd A+ Bempfl=4 B< g/l
= lanAdtanB<3

Ve 3 e the maximum value of y is 1/3,

£ 'We have 2 | i 1 _ _2cosxeosy

cosx cos(x—y) cos(x+y) cos®x—sin’y

= cosix-2 sin1]I = cos’ Xcosy

Trigonomelric Ratios and 1dentilies 2,147

[ m’n%ﬁin{n;n 19)=sin H}]
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= cos®x(] —cosy)=sin®y °

= coalxisind L=dgin? Lot d
2 2
= cnf:-lmf%'
= cus’;ut’%=2
=4 (08 Y S0C -§=t-f1—'
True or false
it 2sin? = "
1. tanA = — P B E=m"?
gin
281N — 08—
B T
B
' 2tan—
Hence,lan 24 = Ihm:l. = E—Bumnﬂ
}=tan® A - m:E

Therefore, the statement i true,

Multiple chaice questions with one correct answer
1.d. From the given relations, s+ n =2 tan @ m—n=2sin8

= m’ - =4 tan @sin b (i)
Also 4 \fmn = dytan’ B -sin® 8 = dsin H1an 6 (ii)

From Eqs. (i) and (ii), we get m* = n* = dofomn .

2. b lﬂn-E"-Tq = f& Il quadrant or 1'V quadrant = gin @= 24/3

If 8 1l guadrant, sin 8= 4/5
If & IV quadrant, sin 6=-4/5

A

Ja a+fi+y=ln= E+-—

taﬁ[%-lrg]ﬂlan[ﬁ—%]:—-t&n%
tan o/ 2 4 tan /2
|=tana/2wn f§/2
= tan @f2 +tan §/2 +tan 72 =1an /2 tan B2 tan p2 _
4.b. We have sin’ ﬂ'+cns"ﬂ-=|n1E-r-ms!::usiﬂﬂsmlﬂrrms!ﬂ [ cos® B2 1]
Thus, A= sin’ 8+ cos’ @< £

=1nn};12
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Again, A=sin® 8+ cos’ B=1-cos? @+ cos’ 8= | + (cos* B- cos® 6)
2 1
1 1 3 1 3
=+ {08 fee| —m=Zy mszﬂ'--} Z2-
{ 1] 4 4 [ 2 4
Hence, 34421,

T T 3
5.¢. Wehavecos — =cos (T —— | =—co§ —
. 8 [ a] B

LY 4 ir I
and cos ~E- - COs .FI-T = _ 05 —

R ) (S
-t ) (- 3)

4
1 i 1 1 1 1 1 | |
se=||ll=—=|l+—={l==il—-=|==5 = - lm—=mRHE
4[[ ﬁ][ Ji] 4( t] s 4[' z] TRl
6. ¢, The given expression i /3 cosec20° - sec20° = 3 .
sin20® cos20°
Hﬁmﬁiﬂ*—sinm‘
sin 20°cos 20°

M3 cos20°— Lsin 208
- 2

2sin 207 cos 20°

L.

| gin 607 cos 20° - cos 60°sin 20°
sin 2% 207

" 45in{60" - 20%) " Asin 40°

sin 407 sin 40

T.c. 3(sinx -cosx)’ +6(sinx+ I:DE.I:'}:'F‘“EII'I- X+ Ccos x]l
=3 (1 —sin 2% + 6(1 +sin 2v)+ df(sin® x + cos® x)' — 3 sin® x cos? ¥ (sin’ x + cos? r}]

=4

S

=4

=3{1 -2 sin 2x +sin® 2x) + {6 + 6 sin Ex}-r-#[l- %siﬁ1 1:}

=13+3sin2s-3sin' =13
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4xy
(xty)

8 b, Given, sec® 8=

Nowsec? 82 | = —10 - 5|
(x+¥)
= (xyf Sday
= {r*_'g)zud.t}'ﬂﬂ
= (r—y¥s0
But Fﬂrranlvaluesnf:and}r,{.tuﬂzaﬂ = (x=yF=0
I—_}'
Also x+y#0=x20 y=0

9.¢. f{8)=sin B(sin 8+ sin38)=(sin 8+ 3 zin -4 gin® &) sin 8= (4 sin -4 sin’ & sin 8

=4 sin® B(| - sin® §) = 4 sin® Acos’ 8= (2 sin Hcos B) = (sin 28)* 20
which is true for all 8.
10, a. We are given that
(ot ) (cot ) -~ (ol )= ]
= (cos @) (cos @) - (cos @,) = (sin ) (sin o) - (5in &)
Let y=(cos o)) (cos d&,) - (cos &, ) (1o be maximum)
Squaring both sides, we get
= (cos? &) (cos® a) - - (cos?)

= COS () SiN ) COS (O SiN L o+ COS &, $in 4,
= El;iu'.n:a. sin 2o, oo sin 2ec

AsOsay, o, -, @, S /2
020,20, -, 2050

= [=sin2ay,sin2o, - sindo, <
;.35——1 =VE o

Thnmfum, the mm:lrnum value ofyis 1722,

e ﬂ:+,ﬂ=§ = aﬂg—-ﬁ = mna=cotfi = tan rtan fi=1

Again, f+y=a=r=a-f
tan@=tanf  tana - an §
14 tan & tan [ 2

= tan @=1an §+2 tan ¥
12.b. Given that sin 8= 1/2 and cos ¢= 1/3, and & and ¢ are acute angles.
Eﬂmfﬁandﬂn'-'%{%
Wﬂﬂim{m5¢{m5ﬁamm{¢{m
- - I A 2r T 2n
—t—<cf+dc—+—or—cl+dc—- + - e
_jﬁﬂﬁzﬁmicﬂ ¢c:3 :rﬂiﬁ&[z 3]

=  lany=

[using Eqg. (i}]

{0

[using Eq. (i)]



13 b sec2x—tan2x =

. ]“CEEE[E—I] Esinz[-{ w.:}
l-sin2x 4 4 g
- ]=lﬂﬁ[-d—-.-;]

oo s f‘-inE[E—.l:) lﬁn{%-xjcﬁ[i-x

4
. " n T g @ o e U
14.d. s5in —+cog—=— =% BIf" —— 0% — o 2RI —— 0 —— = —
2n n 2 n Zn 2n  In 4
. " 1 -4
= I+EIH—=£ e 5m£="_
n 4 " 4

For m= 2, the given equation is not satisfied.

n=4

Considering that n> | and m# 2, 0 <sin= <1 = 0<
I

< | = 4<n<i

I5.b. B¢ [n&] = tan @< ] andcotd>1.

Lettan 8= 1 —xand cot 8= | + y, where x, v> 0 and are very small, then
=0 =2 = (1=, =0 +3)" 1= (1 +3)"™

Clearly, L=iande = 1. Also fy = 1.

Thus, tg> 3> 1,2 1. -

Muliiple choice questions with ene or maore than ane correct answers

1. b 3|:5in“ [%rr --nr}+.tin"’[3n’ +n:;|]- 2 [siﬂEl [-;fn'-b ﬂ]-|- sin®{5m -tr}]

=3(cos! &+ sin? &) = 2(cos® a+ sin® @)
=3(1 - 2 5in® acos? a) - 2[(sin’ xcos® @)’ - 3 sin’ @ cos? afsin® a + cos® o))
=3(1 - 2sin? acos® )= 2[) - 3 sin® arcos® a] = |

2. h, . Allare infinite G.P."s with common ratio < |

1 1 1 l 1

L= = : = = .z=
l-cos ¢ sin’ ¢ i l—sin’¢ cos’¢ | —cos” gsin’ ¢
Now, xy+z= : + : - 3
' sincgcosc g 1—gin’ deos @ sin® poos’ ¢l —sin® poos’ ¢)
orxytI=xu
Ty b
Clearty, x +y= 22 f”‘ 2w
sin” ¢gcosg
S xtytzeEnn [using Eq. ()] .
Vi-1

3 e, We know that sin 15 =

{irrational)

22
o 341 X
eos |5 _‘E:E_ {irrational)

(1
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sin 15%cos | 5% = %[Iﬂnii“mﬂli“]

k. o
EEII]- P = 3 (ratiomal)

sin 15° cos 75° = gin 15° cos (90 - 15%)
=_si]1 15%sin I.S*;— sin® 159 = lz{l +cos30°%) = %[I - %] firmtiurm.;r}
4. a,b,c.d
e sin{ﬂf!],[!cuﬁ‘wm 2cos” § 2cos’ 26 }
o cos(B8/2) cos @ cos28 cosd8

= sinf| 2cos’ @ EIIIH-E'EE'"_
cos@| cos28 cosdf

; : 5 I
=s:nEE[Em5 EE = tn2"6
.cnsEEI_ cos 48

fz[—l-%]ﬂand ﬁ;:mnﬂ:

4
Similarty, f:[%}‘ fi ['&] and [y [%) are found to be tan %zl .

5.¢. For@=-a/2,f=-n/2and y=2n
-gin &+ sin §+ sin y=-2 :
Hence, the minimum value of the expression iz negative.



