Long Answer Questions-ll (PYQ)

[6 Marks]

Q.1. Show that the rectangle of maximum perimeter which can be inscribed in a
circle of radius r is the square of side rv2.

Ans.
D C
o) 2
r ¥y
A X B

Let ABCD be a rectangle inscribed in a circle of radius r with centre at O. Let AB = 2x

and

BC = 2y be the sides of the rectangle.

Then in right angled AOAM, AM* + OM? = OA* (By Pythagoras theorem)
224+y’=r2 = y=vVri-z (1)
Let Pbe the perimeter of rectangle ABCD, then

P=4z +4y = P=A4z+ 44/r?2 — 22
| 4r

dz 4 Jr2—z2




) o . dP
For maximum or minimum value of P, we have — =0

dzx
4 B __—0
Y —
T
Vi —z22 =2 = r?- g2
= 222=% = z=T
V2
_4{ s g S Wi }
Vre—z =
d’P _ yr2-z2
Now dz* (y/r2—22)?
Lo Ar?
(r2_I2)32
- (WP -4 —82
(d:t2 )1—r = r2 32 r <0
2 (*-F)

Thus, Pis maximum when = —. Putting * = — in (i), wegety =

LS
V2 V2

Q)
-
I
)
%

Therefore, x=y =

Hence, P is maximum when rectangle is a square of side 2z = /2r .
Q.2. Of all the closed right circular cylindrical cans of volume 1281 cm?, find the
dimensions of the can which has minimum surface area.

Ans.
T




Let r, h be radius and height of closed right circular cylinder having volume 1281 cm?.

If S be the surface area then

S=2Trrh + 2117 = S= ZTT('rb + 13)
s =R
S=27r(r.1_2,,8+72) cxs: PIBpesomy iy
E
128

S=27r(lT2S +r2)

— dS __ 128

For extreme value of S

B

S _o 27r(—-1—r22§+2r) (]

'

=
= or = 128
—

=>r =64 =r=4



Again

d’s _ 1282

2
= d—f] = +ve
dr r=4

Hence, for r = 4 cm, § (surface area) is minimum.
Therefore, dimensions for minimum surface area of cylindrical can are
radiusr=4cmand h= -3 = == =8cm

T

Q.3. Prove that the surface area of a solid cuboid, of square base and given
volume, is minimum when it is a cube.

ANs.

Let x be the side of square base of cuboid and other side be y.

-

Then volume of cuboid with square base, V=x.x.y=x"y

As volume of cuboid is given so volume is taken constant throughout the question,

therefore,

y:

Hl=

(i)

In order to show that surface area is minimum when the given cuboid is cube, we have to

show §" >0 and x = y.

Let S be the surface area of cuboid, then
2 2

S=X"+xXy+xy+xy+xy+x

S=2x" + 4xy ..(i)



= S=2s%+ 4:1:.;‘:
= S=2s24 % (i)

= S=dz- I (V)

. .o ds
For maximum/minimum value of S, we have ==

= 4z — ‘;_V —0 = 4V =4z
= V=x (V)

Putting V = x° in (1), we have

23

R R
==
Here, y = x = cuboid is a cube.

Differentiating (iv) w.r.t x, we get

d>s 3%
7;2-_(4+;3-)>0

Hence, surface area is minimum when given cuboid is a cube.

Q.4. Show that the rectangle of maximum area that can be inscribed in a circle is
a square.

Ans.



Let x and y be the length and breadth of a rectangle inscribed in a circle of radius r.

2 2
+z? =42
ey & % (1)

= g=x/4rt -z

If A be the area of rectangle then A= x. y

A=z /4r? — 22 (using ())

dA 1
= 4 L (-22)+ VAr2 — 22
dx P =224
wg B AT R
Vit~ 22 g
— dA _ 4% 222
& a2
For maxima or minima,
dA 4r2 222
dz 452 —32

= 4r2 —222=0

— B A :c=\/§r

Now,
(4r2-222) (—2z)
VAR —22 (—4z)— —
d2A ( ) 2v’4r2-z'2
dz2 (4r2—=z2)
2z (2 —6r?)

(4r2—z2)*?



[ d'zA:I - 2/2r (2r2—4r?)
z=1/2r (4r2—2r2)%2

_4\/57.3

(2r2)%2

dz?

<0

Hence, A is maximum when z = /27
Putting = /27 in (1) we get

y=VEE 2% = \/2r

ie, z= y= 2r

Therefore, area of rectangle is maximum when x = y e, rectangle is a square.

Q.5. Show that the height of the cylinder of maximum volume that can be
inscribed in a cone of height h is % h

ANs.

>h

______ /
C

Let r and H be the radius and height of inscribed cylinder respectively and 8 be the semi-

vertical angle of given cone.

If Vbe the volume of cylinder.
then V= Tr’H

&V =Tr (h- rcot8)

= V="1(hr" - r cot 0)



Differentiating with respect to r, we get

[In AADE [
__ AD

cote—ﬁ

cot O = h:H

| 2 il =ih—ricot @

v
= — =m(2rh — 372 cot 6)

For maxima or minima,

dv

dr
= 1(2rh - 31" cot B) = 0 = 2rh- 3rf cot 8 = 0 [~ T#0]
= r(2h-3rcot8) =0

2h —3rcot =0

% 2% 2h =>i'.'r¢0]
=3 = tan @

Now, % = 7r(2h — 67 cot 9)

d2v - — 2h

W]r=2,—;'tan0 =7 (2h 6 x Tta,n!9. cotO)

= mw(2h —4h) <0

Hence, volume will be maximum when r = 2—:,f‘ta,nO

* H (height of cylinder) = h — %ﬁtane. cot 8 = 3h;2h = g

Q.6. Find the volume of the largest cylinder that can be inscribed in a sphere of
radius r.

OR



Show that the height of the cylinder of maximum volume, that can be inscribed in

a sphere of radius R is % . Also find the maximum volume.

Ans.

>h
h2| N

R )

Let R, h be the radius and height of inscribed cylinder respectively.

If Vbe the volume of cylinder then

V = TTR?h
B4 (%)2 = p2
RR=p2_%&
V=7r(7‘2 = "T)h



Differentiating with respect to h, we get

v (,2 - 3";"’) ..(i)

For maxima or minima

dv.
-

g Sh%Y _ 2 3n
:>7T<’I' T) 0 =T -4—'—0
= =%E :h:ﬁ

= &V _ _ mbh = dQV] =i K )
dh? 4 di? Jp—2 2 T i
3
Hence, Vis maximum when h = 2—;
\/
. 2r 8
& Maximum volume = 7 (2. 22 — 2 _
\//3 4)(3\/3

—r (247‘3—8r3 )
124/3

— 1673 - 47
12/3 33

Q.7. A tank with rectangular base and rectangular sides, open at the top is to be
constructed so that its depth in 2 m and volume is 8 m2. If building of tank costs ¥

70 per sq. metre for the base and ¥ 45 per sq. metre for sides, what is the cost of
least expensive tank?

Ans.



Let /and b be the length and breadth of the tank.

If C be the cost of constructing the tank then

C=701b+45x2 (21+ 2b) (depth = 2m; area of 4 sides = 2(Ix 2 + bx

2)]
=70Ib+ 1807+ 180 b

C=70!x%+180l+180><%

= C=280+180(l+%)

Differentiating with respect to [ we get

40 _ 180 (1— %) (i)

For maxima or minima

ic
g
=>180(1—%)=0 5l w4 == 2

Differentiating (7) again with respect to I, we get

d’c _ 8
4O 180+ 3
> £2] —181>0 [ 1= - 2]

Here Cis minimum when /= 2

o ol
sb=ig =2

Minimum cost = 280 + 180 (2 + 5) = 280 + 720 = 31000.

[+ 1% - 2



Q.8. If the sum of hypotenuse and a side of a right-angled triangle is given, show
that the area of the triangle is maximum when the angle between them is —g .

Ans.

Let h and x be the length of hypotenuse and one side of a right triangle and y is length of

the third side.

If A be the area of triangle, then

Xy == —:I:\/h2 — 2

A=
also given
h+ z =k ( constant )
A

h=k—z

=zz/(k-zP -2 =32/ - Zx+ 22 - 2

2- 2 (K - 2kx)
= A= Z(Fz?-2k*)

Differentiating with respect to x we get

d(k (215:2:1: 6kz?) ws{ 1)

i e - )
For maxima or minima of A-

=0 = z(2K*z—6kz?)=0



=2>k-3x=0; 2kx# 0

- V = Ibh
8 — Ib2
. S
b=g5=7
== x:-g-

Differentiating (i) again with respect to x, we get

dz;f’ = 1(21? - 12kx)
w] — 1 (2 - 1213 )0
ax*  lz-k/3
Hence, A” is maximum when z = % andh =k — % = %"
e, Ais maximum when x = % Jh = —23&
COSO=%=-}:-;-X—2%=—;—

= cos0=% = 0=

Q.9. Show that the right circular cylinder, open at the top, and of given surface area
and maximum volume is such that its height is equal to the radius of the base.

Ans.

> h




Let r, h be the radius and height of given cylinder respectively, having surface area S.
If Vbe the volume of cylinder, then

V=Tr?h

For maxima or minima of V|

dVv 1
=0 > F(E=32)=0 =5 F=y/s

Now, 4% = 1(—6nr)

Vis maximum when r = A / -35? = 32 =S9
Putting it in (1)
3TTr? = 17 + 2T0rh = 2T = 2Tirh =3 izl

e, Vis maximum when r = h ie, height is equal to the radius of base.

Q.10. The length of the sides of an isosceles triangle are 9 + x?, 9 + x?2 and 18 -
2x? units. Calculate the area of the triangle in terms of x and find the value
of x which makes the area maximum.

Ans.



. e . 25 2 2
Sides of isosceles triangles are 9 + x7, 9 + x“ and 18 - 2x~

9424942241822 36
B : — 218

If A be area of triangle, then

A=./5(5-a)(5-0b)(5-¢)

A= ,/18(18—9- 22) (18— 9— z?) (18— 18 + 227)

A= /18 (9— %) (9—- z) -22°

A= 6z (9-22)=6 (9z— z%)

For maxima or minima of A

Again, 224 — 6(—6z) = —36z

Now, ﬂ] — 36,3<0 and ﬁé] —36 (—/3) >0
- V3 =3 (—v/3)

dx?.

Hence, for = /3, Area (A) is maximum.

Q.11. Show that the semi-vertical angle of the cone of the maximum volume and
of given slant height is .

Ans.



5
Let ABC be cone having slant height / and semi-vertical angle ©.

If Vbe the volume of cone then.

V=1mxDC?xAD =% x I?sin?6 x lcosf
= Vi= ”Tlgsin:zecose
= % = lr:,fi[—sin?’0~l~2sin0.cos2 6]

For maximum value of V.

v .
= E_O

= %’i [—sin® @ + 2sinf. cos? 6] = 0

= —sin® 0 + 2sin B.cos2 B =0

= — sin O (sin” O - 2cos® B) = 0

=sinB =0 or 1 —cos®q —2cos’0=0
=20=0 or 1 —3cos’0=0
=20=0 or cosf =

LS
V3



Now £V _ -’%i {-3sin® .cosd — 4sin? §.cos O + 2cos® 8}

= &V _ I;{—7sin20c089+ 2cos® 0}

d
— dgVJ _
4@ lo—o +ve
and
d’v L :
E7 ]COS W T ve  [Putting cos 6
73
=L and sinf = - (L)Q - ﬁ]
V3 7 i
Hence, for cos@ = —=or 6 = cos™? (L) , V' is maximum.

Q.12. Show that the height of a closed right circular cylinder of given surface and
maximum volume, is equal to the diameter of its base.

Ans.

~_ [+ A
h

e




Let r and h be radius and height of given cylinder of surface area S.

If Vbe the volume of cylinder then

V="1rh
17 ar2.(S - 2ar?)
= —
[c S=2m?+2mh = L2 _p

vV Sr — 2mr?

. 2
=g (8—6rr)

dr

For maximum or minimum value of V

dv

<=0

= 3 (§-6nr?)=0

= S—6xr?=0

= =

= r= %

Now ‘f;—v=—% X 127r = ?;,:_67‘"7' = [‘flir],.z\/'f<0
(23



Hence, for r = ,/% , volume Vis maximum.

S22
SRy R BB 6
9t /6_3 3Ix 27w S
25 Om s
ﬁ ——Hr =R VR A — Lo
h 6r " /3 K 6
e 1 . e s S
= h=2r (dmmeler) r=1/e

Therefore, for maximum volume, height of cylinder is equal to diameter of its base.

Q.13. Prove that the radius of the right circular cylinder of greatest curved surface
area which can be inscribed in a given cone is half of that of the cone.
Ans.

Let rand h be the radius and height of right circular cylinder inscribed in a given cone of
radius R and height H. If S be the curved surface area of cylinder then

S = 2Tirh

=28 =27rr.(R-r)

JH = § =2

= = R - r?)
-+ AAOC ~ AFEC

= ler =%

4 =g




Differentiating both sides

with respect to r, we get

ds 2rH
T SR

For maxima and minima

2xH

R—2r=0 = r=

o] =y

d? oOnH
> ="70-2)

dQS] axH

= [ L5 S QR
dr? J. R/2 R

Hence, for r = %, S 1s maximum.

i.e.,, radius of cylinder is half of that of cone.

A




Q.14. An open box with a square base is to be made out of a given quantity of

cardboard of area c?square units. Show that the maximum volume of the box

C3

is o cubic units.

Ans.

Let the length, breadth and height of open box with square be x, x and h unit respectively.

If Vbe the volume of box then V= x.x. h

Also ¢ = 2% + 4zh = h=%

Putting it in (1), we get

z*(c2—z?) . 3
== 5 K=

Ky 4
Differentiating with respect to x, we get

ﬂ 2 322
dr

; ; 21y dv
Now for maxima or minima — =0

dx
2 322
= A e
322 c?
— g
2__ &
:> € =7
3
3 6z 3z
Now, —5 = — =— =

=

V=x"h

(i)



Ly, 2

c ) )
Hence, for & = % volume of box is maximum.

- - 2
Therefore maximum volume = x= . A

3 . =
= % —£_ = _£_ cubic units

23 63
Q.15. Find the shortest distance of the point (0, c) from the parabolay = x?, where
l<scs<5.
Ans.

y:xz

0,
N

Let P (a, B) be required point on parabola y = x* such that the distance of P to given
point Q(O0, ¢) is shortest.

Let PQ=D

D=\/(a—0)2+(;9—c)2

J

D?=a?2+ (B-c)p

S D=0+ (a*-¢)? [v(q,B)lieony=x"> B=0a’|



% =2a+2(a® —¢c).2a

Now,
=2a(1+ 2a® — 2¢) = 2a + 4a® — 4ac

- 2
For extremum value of D or D-

d(D)?

doe =0

= 2a(1 +2a®>-2¢c) = 0
a=0,or 1+2a%—-2c=0

= 2¢ -1

= a=0,ora==+,/55

2
Again i il 2 + 12a% — 4c

do
d*(D?
d(ai’)] =2—4c=—ve [ 1 Sc=5]
d2(D2)] 2¢—1
[_ A1=2+12( )—4c
d? |y /'z'c__2_ p)
S¢S SJ

=2+4+12¢c-6-4c=8c-4>0 i

ie, fora=+ %_—I-D‘? ie, Dis minimum (shortest)

S g PR 2c—1 2¢-1
Hence required points are (:t —. T) ;

Q.16. Show that the volume of the greatest cylinder that can be inscribed in a
cone of height ‘h’ and semi-vertical angle ‘o’ is.

Ans.



Let a cylinder of base radius r and height h; is included in a cone of height h and semi-

vertical angle Q.
Then AB=r, OA= (h- hy),

In right angle triangle OAB,

AB r

orr=(h-h))tanQ

& V=1 [(h-h) tana]’. b (** Volume of cylinder = T2 h)
V=Ttan’a.h (h-h)? (1)
[0}
*11

Differentiating with respect to h;, we get

& _ rtan? afhy2(h — by) (-1) + (b — hy)? x 1]

=:zIF lanz a (h - h]) ['—2]1] + h - b]J

=Ttan’ a (h- By) (h- 3h)

dVv

¥ahy 0

For maximum volume V

=h—h; =0 or h—3h; =0
= h=h or by = zh

= h = s}h (** h = B is not possible)



Again differentiating with respect to h;, we get

gh_" — mtan? afh — hy) (—3) + (h — 3hy) (—1)]

Athy = 1h,

% = rtan? a [(h — %h) (=3) + O]

= —27h tan’a < 0

Volume 1s maximum for h; = %h
2 1 122 L

= -247 rh*tan’a

Q.17. The sum of the perimeter of a circle and a square is k, where k is some
constant. Prove that the sum of their areas is least when the side of the square is
double the radius of the circle.

Ans.

Let side of square be a units and radius of circle be r units.

It is given that 4a + 2TTr = k, where k is a constant

- 3 2
Sum of areas, A= a°" + TIr

2w

2
> A—a® + n["““‘] —a? + L (k-4a)?



Differentiating with respect to a, we get

22 = 2a + .2(k — 4a). (—4)

da
2(k—
_ g, 2kta)

. s dA
For minimum area, s 0

5 =
5 g0
= 2a= 2(2:1-)

|As k = 4a + 2TIr given|

= a=2r

Now, again differentiating equation (i) with respect to a
i8—2-2(-4)=2+%

at a = 2m, %—=2+% >0

For ax = 2r, sum of areas is least.

Hence, sum of areas is least when side of the square is double the radius of the circle.

Q.18. Find the area of the greatest rectangle that can be inscribed in an ellipse

2 2
221
a? b

ANsS.



(- B) D

Af(a, B)

—————

AT

(-, -B)C

B (o B)

Let ABCD be rectangle having area A inscribed in an ellipse

2

+

nw| L

=1

S

- (d)

Let the coordinate of A be (q, B)

“Coordinate of BZ (@, - B), C= (- a,-B), D= (- q, B)

Now A = Length x Breadth = 2d x 23

A = 4aP
=>A=4a.\/b2 (1- %)
" (e, B) lies on ellipse (%)

o’ 2 . 2
?+%=lz.e.,ﬂ= b2(1—-°‘—)

22
= A? — 1602 {b2 (1 . Z_z)}

= A?= 1667 (a2a2 —a?)

a2

d(4%) 16

i (2a’a — 4a?)




For maximum or minimum value

V2

34 e

da? a?

d? A‘..’ 2 p
= (.,’] _ 16 (2a2—12><—“—)<0
do? a:_gf a® 2

Again (2a% — 12a?)

e

a

72

= Fora= ,A%ie. A is maximum.

Le., for greatest area A

a=andf= b (using (7))

v

R ERE e, s Y U
Greatest area =4 . 3—4\/,2 X = 2ab

Q.19. Tangent to the circle x? + y2 = 4 at any point on it in the first quadrant makes
intercepts OAand OB on x and y axes respectively, O being the centre of the
circle. Find the minimum value of (OA + OB).

Ans.



Let AB be the tangent in the first quadrant to the circle x* + y* = 4 which make intercepts
OA and OB on x and y axis respectively. Let S = OA + OB.

S=0A+ OB ez 1)

Let g be the angle made by OP with positive direction of x-axis.
~.Coordinates of P= (2 cos 6, 2 sin 8)

Coordinates of A = (2 sec 8, 0)

Coordinates of B = (0, 2 cosec 9)

/“'<

B (0, 2 cosec 0)

P (2 cosb, 2 sind)

- X
O LA (2'sech, 0)

i



‘;—‘g = {secH tan 8 — cosec 8 cot 0}

For extremum value of V

df
= 2{sec 0 tanf — cosecfcot 8} =0

— 45 _
-

= sec B tan B — cosec B cot B =0

1 sinf _ 1 cos @
é cos@ cosd  sin O sin 0
sin § __ cosé@
= cos20  &in24
= sin° 0 = cos® B = sin O = cos 6

= 9= I [. fliesinfirst quadrant = 0<6 < I]

Now, &2

‘;Zf = 2{(se(:3 6 + tan’6 sec ) + (cosec®d + cosec 900t29)}

2
D 4 7
=54 ] = +ve = Sis minimum when
==
4

dg*
Minimum value of S = OA + OB is 2sec % + 2cosec§ = 2v/2 + 24/2 = 44/2 units.

Q.20. Find the absolute maximum and absolute minimum values of the
function f given by f(x) = sin? x —cos x, x € [0, ].

Ans.



Here, f(x) = sin® x — cos x
f(x) = 2sin x.cos x + sin x = f(x) = sin x(2cos x + 1)
For critical point: f (x) = 0

—> sin z(2cos z+1)=0

— sinxz=0 or cos:c=—%

2w

= =0 or cos z= cos-

, where n=0, £1, £2 ...
= x=0 or :c=2n7ri3’5

2> z=0o0rz= 277' other values does not belong to [0, TT|

For absolute maximum or minimum values:
f(.O) =sin20-cos0=0-1=-1

2\ __ oin2 27 27
f(T) = gin® 5 —co8 5

~(£) - (h-i+i-

AT) =sin® M=-cos M=0- (1) =1

W] en

Hence, absolute maximum value = % and absolute minimum value = -1 .

Q.21. If the function f(x) = 2x% = 9mx?2 + 12m?x + 1, where m > 0 attains its
maximum and minimum at p and g respectively such that p? = g, then find the
value of m.

Ans.



Given, f(x) =2 —9mx® + 12mPx + 1
= f(x) = 6x - 18mx + 12m’

For extremum value of f(\) f ( X) = 0

2 2 2

=2>6x" -18mx+ 12m =0 = X

2 2 -
=>x -2mx-mx+2m =0 =X X
= (X~ m) (x -2m) =0 = X

Now, f(x) =12x- 18m

= F(.\:) at \ - mJ - F(m") =12m- 18m

And, t(\) at [.\’ - ZmJ F(i?.ml) =24m -

=—-—6m<0

18m=6m>0

Hence, f(x) attains maximum and minimum value at m and 2m respectively.

> m=pand 2m= g

72 1 -
But, p* = ¢ Given|
SmT = 2m = m’ - 2m=0
= m(m - 2) = m=0or m=2

=2>m=2asm>0

Q.22. The sum of the surface areas of a cuboid with sides x, 2x and gand a sphere

is given to be constant. Prove that the sum of their volumes is minimum, if x is
equal to three times the radius of sphere. Also find the minimum value of the sum

of their volumes.

Ans.



Let r be the radius of sphere and S, V' be the sum of surface area and volume of cuboid

and sphere.

Now V = (3:2:1:-;) — -;-7rr3

= V=-§-a:3+-§7rr3

S=2[cc.2a:+:z:.§- +-§.2x] + d7r?
= S=-1—8—:‘3-l-41r7’2=6:1:2-f-471'7'2

3
S — 4my? 3 (S—4n2)3/2

2 -
= X = = B = 5

For maximum or minimum value

S =0

= §{—2nr(5—‘64_“’i)%+6m2}=0
= (=)o

= (Eit)T -

~
Il
3¢ =
/.\
19,1
|
'Y
£
o
s
vl



2
Obviously, &y
<7 dr?

1

S—4mr? )3

Vis minimum when r = % ( 5

1
S—amr® \ 2

= 9r2=(5_4"’2) =  b4r? =S — 4mr?

= 5477 = 6x° + 4TI7 — 4117 feS= 6x° + 4nr’]

J

2
= x =9r = X =3r
Le., x is equal to three times the radius of sphere.

Now Minimum value of V (sum of volume) — %{a:3 + 27r(-§)3}

- %{xs - %m:;} = %m3(27 +2%) cubic unit.

Q.23. Find the maximum and minimum values of f(x) =sec x +1og cos?x,0<x <
21.

ANs.

We have
f(x) = sec x + log cos’ x

f'(z) =sec z.tan = + -5%;.2 cos z(—sin ) = sec x. tan x — 2 tan X = tan x (sec X —

2)
For critical point

f(x)=0

I
[«

= tan x (sec x-0)=0 = tanx=0 or secx-2



= I=nT Or sec =2

—> nmT Oor cos :c=-;-

= x=nmw or cos:v=cos§
= z=nw or z=2nnt3, n=0, £ 1,+ 2.......

Thus possible value of x in interval 0 < x < 21T are

5w

T = T

w5

y T

-

2
Now, f(g) =sec g +log cos2§- =2+log (-;-)

¥ T

=2+2(log1-log2)=2-2log2=2(1-1log2) [+ log 1 = 0]
(M) = sec T + log cos®* M= — 1 + log (—1)3=—l

f(%) =sec5T7r + 2log cos 5—;

=sec (2m — ) + 2log cos (27 — )

=sec 3z +2log cos 3 =2+210g%
=2+2(log 1 -log2)=2-2log2=2(1-log2)
Hence, Maximum value of f (x) = 2(1 - log 2)
Minimum value of f (x) = - 1

Q.24. Prove that the least perimeter of an isosceles triangle in which a circle of
radius r can be inscribed is 6v3r.

AnNsS.




Let AABC be isosceles triangle having AB = AC in which a circle with centre O and
radius r is inscribed touching sides AB, BC and AC at E, D and F respectively.

Let AE=AF=x,BE=BD =y
Obviously, CF=CD =y

Let P be the perimeter of AABC.

4 yr?
P=2x+ 4y :P=m+4y
Differentiating w.r.t. y, we get
2 - r?)4r? -4y (2y - 0
= dp _ (y" —r)4r 22 (2y - 0) 14
dy (y2 — )
= %Pi = 4y°r? _04"4 ;fy2r2 o
y e )
- dp._. T 4r? (r’+y?) A
Y (v - )
For critical point — =
critical p Ay 0
= ) A W=
(22"
= - —411'2(1‘2 + );) - 4()*1 - 12)2 =0
= =i 12_}'3 + y" + 3 -2v’F =0
= v =3Py =0
=2 Y [)--2 - 312] =0

= y=3r [-y#0

Also iﬁf] = +ve
dr2 V3r



ar (AABC) = ar (ABOC) + ar (AAOC) + ar (AAOB)
= 3AD.BC = 3.BC.OD + 5. AC.OF + 3. AB.OE

= 2y.(r+ +z¢)=2y.r+(z+y).r+(zt+y.r

= 2. (r+/rP ) =2yr+2(x+y).r
= yr+y\/m=yr+wr+yr
it + a2 =zr ¢

y2(r? + 22) = 221 + y¥? + 2zyr?
yir? + 22y = 22 + y4? + 2zyr?
x2y? = 2212 + 2zyr?

zy2 =zr? + 23/1-2

L T

=  when y = /37, the value of P is minimum.

4r \/'gr

Least perimeter =

=A4Br 4+ 4"/373 = 64/37 units
Q.25. Find the equations of tangents to the curve 3x? —y? = 8, which pass through

(5:0)

the point
Ans.

Let the point of contact be (zo, yo)
N S . 2 > .

ow given curve is 3z° — y°“ =8

3 g d
Differentiating w.r.t. x we get, 6x — 2y.-d—i =1

] (zpm) W

Now, equation of required tangent is

(¥ y0) = 32 (z— ) ()



(1) passes through (%,0)

(0-y0)=%(§—wo) = — y§ =4zo — 323
(i)

Also, ** (xg, yp) lie on given curve 32 — y2 = 8

= 322 -y2 =8 = y}=3z}-8

Putting y2 in (i) we get

=322 —8) =4z~ 3z =>4z, =8 = x;=2

Yo=vV3x22-8=4=42

Therefore, equations of required tangents are

(y-—2)= 3;2(:1:— 2) and (y+2)= 3_’;2(:1:— 2)

== 2=3F= Gand ¥+ 2= JE+6

=>3z-y-4=0and 3z+y—-4=0

Q.26. Awindow has the shape of a rectangle surmounted by an equilateral
triangle. If the perimeter of the window is 12 m, find the dimensions of the
rectangle that will produce the largest area of the window.

Ans.




Let x and y be the dimensions of rectangular part of window and x be side of equilateral

part.

" " 3 :
If A be the total area of window, then A =z.y + %wQ (1)
Also, X+ 2y+2x=12 = 3x+2y=12

2-3 : :
o 5 A g %1:2 \From (7)]
2
= A=6x— 3% + VB2
4
= A=6—3z+ 41; | Differentiating with respect to x|

Now, for maxima or minima

A=0 = 6-32+Rz=0 = z= 2

V3

Again A"=-3+5<0 (for any value of x)

= A"_ s <0

5 v3
12—3(?5%5)
p)

ie, is maximum if z = -2 _andy =

6—3

L.e., For largest area of window, dimensions of rectangle are

18—6/3
6—v3

Q.27. Show that the normal at any point to the curve x = acos@ + a@sinf,y =
asin@-afcos6 is at a constant distance from the origin.

_ 12 =
w—mand Y=

Ans.



Given x = a cosf + a fsinf
y=asinf — a 6 cosf

dx - -
— = a sinf+a (0 cosf + sinb)

—— asinf + a 6 cosf + asinf = a 6 cosh and

y sas 2= s -
— =@ cosf — a(— Osinf + cosb)

=acosf + a fsinf — acosf = a fsinb

dy _ “w _ a6 sine — iapl

— . - —
dx d‘/do af cos@

" Slope of tangent at 6 = tan 0 = Slope of normal at 6 =— ﬁ =—cot#

Hence equation of normal at 0 is

y — (asin® — a 6 cosé)
z — (a cosB+a 8 sinf)

=— coté

= y— a sinf+ab cosf+ xcotf — coth (acosh +a fsinf) =0

. . 2
> y—asinf+ab cos+ 228 _ 258 _ 4fcosf =0
sin @ sin 8

= xcosf + ysinfd — a=0

; S5 3 0.cos8+0.sin8 — a
Distance from origin (0,0) to () = ' =a
g (0,9)% (3) Voo 6o 6
Q.28. If length of three sides of a trapezium other than base are equal to 10 cm,
then find the area of the trapezium when it is maximum.

Ans.



D 10 cm C

10 cm 10 em

A xcn‘IF-iI 10 em '-Q xcm B

The required trapezium is as given in figure. Draw perpendiculars DP and CQ on AB. Let
AP = x cm. Note that AAPD = ABQC. Therefore, QB = x cm. Also, by Pythagoras
theorem DP = QC = /100 — z2. Let A be the area of the trapezium.

Then, A= A(z) = -3- (sum of parallel sides) x (height)
— 1 (22 + 10 + 10)(,/100 — 22) = (= + 10)y/100 — 2
. B (—2z) -

_ 222 — 10z+100
V100 — z2

Now A'(x) = 0 gives 2x* + 10x- 100 = 0, ie, x=5and x=-10
Since x represents distance, it cannot be negative.
So; x =.5.

VI00—22 (—4z—10)—(—222 —10z+100) ——=2

2,/100—-z2

A7 (z) = 100—=2

o 2z° —300z—1000

(on simplification)

3
(100—z2) 2
2(5)°-300(5)-1000 2950 30
or A”(5) S5 — — < O
wo-ep: VP VP

Thus, area of trapezium is maximum at x = 5 and the maximum area is given by

A(5) = (5 + 10)4/100 — (5)® = 15,/75 = 75,/3cm?



Long Answer Questions-Il (OIQ)

[6 Marks]

Q.1. A square piece of tin of side 18 cm is to be made into a box without top by
cutting a square from each corner and folding up the flaps to form a box. Find
the maximum volume of the box.

Ans.
18
D_ _ __C
I I
I X X I
x (18— 2x) x
18 18
x (18— 2x) x
L 0
AT B

18

Let x be the side of the square which is to be cut off from each corner.
Then dimensions of the box are 18 — 2x, 18 — 2x and x.
Let Vbe the volume of the box then
V=x(18 - 2x)(18 - 2x) = x(18 - 2x)°
>V =zL(18-2z)° + (18— 2z)° Lz
= 2x(18 - 2x) (=2) + (18 - 2x)?
= (18 - 2x) |- 4x+ 18 - 2x]

=>V'= ('18 - 2.\') (18 - 6x)



Also, V"= (18 — 2z)- (18 — 6z) + (18 — 6z) (18 — 2x)

= V'= (18 - 2x)(-6) + (18 - 6x)(-2)

For maximum or minimum value V'= 0

=>(18 - 2x) (18-6x) =0=x=9 or x=3

Neglecting x = 9 [* For x =9, length = 18 - 2x =18 - 2(9) = 0]
Therefore, x = 3 is to be taken.

V'(3) = (18 - 6)(=6) + (18 - 18)(=2) =72 <0

Thus, volume is maximum when x = 3

Length = 18 - 2x=18 -6 = 12 cm; Breadth =18 - 2x=18 - 6 = 12 ¢cm; Height

=x=3cm

Maximum volume of the box = 12 x 12 x 3 = 432 cm”.

Q.2. Awire of length 28 cm is to be cut into two pieces. One of the two pieces is
to be made into a square and the other into a circle. What should be the length of
two pieces so that the combined area of them is minimum?

Ans.

Let the length of one piece be x cm, then the length of other piece will be (28 - x) cm.

Let from the first piece we make a circle of radius r and from the second piece we make a

square of side y.

Then

Let A be the combined area of the circle and square then



2 2 r \2 28—z o i
A=TIr +y $A=7r(5;) +( = ) o (1)

Differentiating (ii) with respect to 'x, we get

——x CM >e 28 —xcm
® L 2

- 28 cm
D C

’.‘L

> 4

A ¥ B
A= (2z) + x(2) (28 —z) (-1)
= A’= £ - 3(28- z) and
T S IEE

For maximum and minimum A'= 0

1 1 28
=z(xztg)=7%
4+ 28 28w



‘ 287 3 i 287
< + . . o ="
Since, A’=+ve for z = At ~A is min for x = e

Thus, the required length of two pieces are

287

= mcmand28 —
o 28x _ 192
=28 4+ r 4+7rcm

Q.3. Show that the height of the cone of maximum volume that can be inscribed
in a sphere of radius 12 cm is 16 cm.

Ans.

Let O be the centre of a sphere of radius 12 ¢cm and a cone ABC of radius R ¢cm and

height h ¢cm is inscribed in the sphere.
AP=AO+OP =h=12+0P = OP=(h-12)
Now in right angle AOBP, by Pythagoras theorem, we get

BO? = BP* + OF*



-

(12)* = R*+ (h- 12)°

L

=

144 = R*+ W +144-24h = R’=24h- P
Volume of cone,

= V=3:nR’h=3m(24h — R*)h
V = 2w (24h? — B?)
dV

J

For maximum/minimum value of V, we have

Qv _
D

|

= 48h—3h%2=0

= 11(‘48 - 311:) =0= either h=0 or h=16

But height of cone cannot be zero

Therefore h= 16 ¢cm.

d (dV L
Now, 4 (4F) = 5 (48 — 6h)

ﬁ) _ T (AR — =
= (dh? = 5(48-6x16)

—167 < 0

Hence, volume of cone is maximum when h = 16 cm
Q.4. Arectangle is inscribed in a semi-circle of radius r with one of its sides on
diameter of semi-circle. Find the dimensions of the rectangle so that its area is
maximum. Find the area also.
Ans.




Let ABCD be the rectangle which is inscribed in a semi-circle with centre O and radius r.
Assume that the length of rectangle is 2x and breadth is 2y.

= CD=AB-=2x

In right angle AACO,

We get x> + 4y7 = r* (by Pythagoras theorem) (1)

Now area of rectangle ABCD is given by,

A = length x breadth = A =2xx2y=4xy

= A=4z ;I ) |from equation (1)]
1'2-—

> A2 —1602 )

Let Z= A% = 4(1“2.’(2 - x*) (1)

Then Z is maximum or minimum according as A is maximum or minimum.
Differentiating equation (ii) with respect to x, we get

4Z _ Afr2 9% — A3
& =4 2z - 4z°]

For maximum or minimum value of Z we have Z _ 0 = 8z(r—222)=0
dz
2 2 2 re
= o = 2% =0 ( x cannot be zero) = =

Now, %:f — 4/2r2-1222]



£2 )=4[2r2— 12 x 5|

<3 g
dx’ (at -5
==16r2 <0 at z=-%
at z=—5
Thus area will be maximum when = = _1'\/_5 = 2r=+/2r,
* = — inequation (i), we obtainy = —
Putting 2‘/5 ” A/

; — = S il
Now.A—2a:><2y—\/2_r><\/§

r

V2

Q.5. Awire of length 36 cm is cut into two pieces, one of the pieces is turned in
the form of a square and other in the form of an equilateral triangle. Find the
length of each piece so that the sum of the areas of the two be minimum.

. . 2 .
Hence, the dimensions are y/2r and and area = r~ sq units.

Ans.

Let the length of one piece be x, then the length of the other piece will be 36 - x.
Let from first piece we make the square, then
=4y = Y= % , where y is the side of the square i)

From the second piece of length (36 — x) we make an equilateral triangle, then side of the

equilateral triangle = (E;)

&«&———— 3Bem ——>

A D c

36—x



. 2
Now combined area of the two = A = (;) —

Differentiating with respect to x, we have

x V3 , (36—2)
B B 8ol W)

- dz 4
dA x V3
— =7 wB36—2z)

For maximum/minimum, we have % =0

> I-Y@E6-z)=
2_\/3 36_ 1:_2 . 1
1 R 3v3+4\
x(§+ )—2\/5 = z(%ﬂ)—2\/§

s _ 144
= z(4+33)=144 = =

...(i)

144 and the length of other piece is

Thus, length of one piece is = P

26 — 144  144+108,/3-144
(4+3v3) (4+3V3)
1083

=@



