Definite Integral

10.01 Definite Integral

The definite integral is a powerful tool in mathematics, physics, mechanics, and other disciplines.
Calculation of areas bounded by curves of arc lengths, volumes, work, velocity, path length, moments of inertia
and so forth reduce to the evaluations of a definite integral. The definite integral has a unique value. A definite

b
integrals is given by a function f (x) in the interval [a, b] and denoted by '[ f(x)dx where a is called the

lower limit of the integral and b is called the upper limit of the integral. The definite integral is introduced either
as the limit of a sum or if it has an anti derivative F in the interval [, b], then its value is the difference between the
values of F at the end points, i.e., F (b) — F (a).

() Definite Integral as a limit of a sum

(i) Fundamental theorem of Integral Calculus

(i) To find the value of common definite Integral

(v) Basic properties of definite Integral
10.02 Definite integral as a limit of sum

In a series if the number of terms approaches to infinity and each term approches to zero, then definite
integral is defined as limit of sum.

Definition : Let f (x) be a continuous function defined on close interval [a, b] and interval [a, b] is

divided into n equal parts by the points a+h, a +2h, a+3h,...,a+(n—1)h (where h is the length of each
part), then

L”f(x)dx=ggg[h{f(awf(a+h)+...+f(a+n71h)}} (where n—> o0 and nh=b—a)

=1hi£r01[h{f(a+h)+f(a+2h)+...+f(a+nh)}]

This method of finding the definite Integral is called ab-initio method.
Proof : Let f (x) be real and continuous function in the interval [a, b]

Dividing the interval [a, b] into n equal sub-intervals with 42 width AA = OA, —OA

or AA+AA +AA A+ +A A =b-a
h+h+h+..+h=b—a
or ntimes
or nh=b—-a 3h:b_a
n

let y=f(x) when x=a, y= f(a)
According to figure, coordinates of B will be (a, f(a))
Le. AB = f(a)
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similarly
AB, = f(a+h), AB, = f(a+2h),..,AB, = f(a+nh)

Let the area of rectangular blocks below the curve in the given figure be A, then—

Ya
y=f )
Cn—l ------ .B
Bn—l EDn
C B;
C B, '
B:l---_:% iD;
1
T 7 7
] % ¢
< » X
Of——a——y A A A, A, A
v

A, =Rectangle AA D B+ Rectangle AA,D,B, +....+Rectaangle A _ A D B,
=ABxAA +AB xAA, +...+A B xA A
= f(a)xh+ fa+h)xh+ f(a+2h)xh+...+ f(a+n—1h)xh
= h[f(a)+f(a +h)+ f(a+2h)+...+ f(a +nT1h)]
and if we denote y = f(x), x - axis and two ordinates x = @, x = b and the area bounded by

AA,B BA A then the vlaue of A, will be less then A again let
A, =Rectangle AAB,C+ Rectangle AA,B,C, +....+ Rectangle A (A B C,

=AB xAA +A,B, xAA, +...+A B xA, A,
= f(a+h)xh+ f(a+2h)xh+...+ f(a+nh)xh

=h[f(a+h)+ f(a+2h)+...+ f(a+nh)]
This area will be greater then A therefore the vlaue of A will be greater than A, and less than A, 1ie.
A <A<A,
again A,—A =hf(a+nh)—hf(a)
=h[f(b)- f(a)] (a+nh=b)
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clearly as the rectangular strips become narrower and narrower, £ will be minimum and # — 0 then

the value of A, and A, will be close to A

ie. limA, =limA, =A

h—0 h—0

A= jf dx_llmh[f(a)+f(a+h)+ + fla+n- lh)]

- A =j”f(x)dx =limh[f(a+h)+ f(a+2h)+..+ f(a+nh)]

Conclusion : Definite Integral can be expressed as a limit of a sum
NOTE : We can define the formula as

0 [ (x)dx=timh[ f@)+ fla+h)+..t fla+n—1h)],
b—a
where h= clearly n— oo then 72— 0
n
(i) [" Fdx=limh[ f@+h)+ f(a+2h)+..+ f(a+nh)], where h= b-a
a h—0 n

Any of the above given formula can be used to find the integration.
Some Important Results:

n(n+1)

0 Dr=1+243+..+n=

n(n+1)(2n+1)
6

L)

(i) Zr3:13+23+33+...+n3={ 5

G) D.r=r+2+3F+. 40" =

) D (2r-1)=143+5+..+(2n-1) =
i) a+(a+d)+(a+2d)+..+(a+n-1d)== [2a+(n 1d ]

a1 _a(r’ —1)
(r=1

Ilustrative Examples

(vii) a+ar+ar’ +..+ar r#l

2
Example 1. Find jo (2x+1)dx as the limit of a sum.

Solution : By definition I:f(x) dx = %i_r}(l)h[f(a+h)+f(a+2h)+f(a+3h)+...+f(a +nh)],

where nh=b—-a
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a=0,b=2, f(x)=2x+1, nh=2-0=2
I{j(2x+1)dx:%i_n}gh[f(0+h)+f(0+2h)+f(0+3h)+...+ f(0+nh)]
=1gh[f(h)+f(2h)+f(3h)+...+f(nh)]
=£i£rgh[(2h+1)+(4h+1)+(6h+1)+...+(2nh+1)]
:£i£rgh[(2h+4h+6h+...+2nh)+(1+1+1+...+nEn?)]

=limA[2h(1+2+3+...4n)+n]
h—0

- limh[Zh ”(”2+ D, n} =lim| /°n(n+1)+nh |

h—0 h—0
=lim [nh(nh+h)+nh]=lim[2(2+h)+2] (w nh=2)
=[22+0)+2]=4+2=6.

1
Example 2. Find J:l e* dx as the limit of a sum.
Solution : Here f(x)=e", a=-1, pb=1 (.nh=1+1=2)
J‘jle”‘dx:%in(l)h[f(—1+h)+f(—1+2h)+f(—1+3h)+...+ f(=1+nh)]

:limh[e—Hh +€—1+2h +e—1+3h +“‘+e—l+nh:|

h—0

= limh[e’l.eh +e e +el e+ .+ e’l.e”h}

h—0

=limhe ™ [e” +e v 4.+ e”h}

h—0

h n__
! mh.eh.M

——li
e -0 e" -1
nh 2
~Lime e L Lpimper € 7 [ nh=2]
e h—0 e _1 e h—0 61_1

2

_e —1._. hoqe _ - o 1:
=— lime .kl_r}geh_l—(e 1/¢)e .1”15’13—((611—1)//’1)

( 1} 1 1
=l e—— |XIx—=e——.
e 1 e
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Example 3. Find '[01 x* dx as the limit of a sum.
Solution : Here f(x)=x*, a=0, b=1 o nh=b—-a=1-0=1
lez dxz%i_)ngh[f(0+h)+f(0+2h)+f(0+3h)+...+ f(0+nh)]
=1gh[f(h)+f(2h)+f(3h)+...+f(nh)]
= 1hi£rolh[hz +40° + 90 +...+n°h*]

= 1hin01h.h2[12 +22+3% .. +n7]

h—0 6

(1+0)(2+0) 2 1

6 6 3
Exercise 10.1
Evaluate the following definite integrals as a limit of sums

b 3
1. J'j(x_z)dx 2. L x> dx 3. L (x* +5x) dx

4, J‘:e’xdx 5. J.Oz(x+4)dx 6. f(2x2+5)dx

10.03 Fundamental theorem of integral calculus
Statement : If f (x) is a continuous function defined on an interval [a, b] and

di[F (x)]= f(x), i.e., the anti derivative of f (x) is F (x) then
X

[" fdx=[F )L, = Fb) - F(a)

:%irgh[f(a+h)+f(a+2h)+...+f(a+nh)], h

where F (b) — F (a), gives the value of the definite integral and it is unique.
10.04 Definition

If f (x) is a continuous function defined on an interval [a, b] and the integration of f (x) is F (x) then

[/ f(x)de=[F()]. = Fb) - F(a).
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where a is called the lower limit of the integral and b is called the upper limit of the integral. The definite
integrals is introduced either as the limit of a sum or if it has an anti derivative F(x) in the interval [a, b], then
its value is the difference between the values of F (x) at the end points, i.e. F(b) — F(a).
10.05 To Find the value of definite integrals

To find the definite Integral, firstly we find the integration by the known method and then the limits are
substituted in place of variable. The following examples show the procedure:-

@) Ioﬂlzcosx dx = [sin x]gl2 = sin%—sino =1-0=1

2, AT 20 1115
(ii) L x dx:{fl :1_124_121.

1 dx T . . P p
(i) Lmz[sm x]ozsm (1) —sin (O):E_O:E

We can find the vlaue of definite integral by the methods used to solve the indefinite integral, usually the
methods are used:

() Using standard formula

(1) Substitution

(i) Partial fraction

(iv) Integration by Parts

10.06 Evaluation of definite integral by substitution

b
To evaluate If (x) , by substitution, the steps could be as follows:

)] Consider the integral without limits and substitute, the independent variable (say x) with new variable ¢
to convert the given integral to a known form.

(i) Integrate the new integrand with respect to the new variable ¢ without mentioning the constant of
integration.

(ii1) Resubstitute for the new variable and write the integration in terms of the original variable and solve it
for given limit.

Ilustrative Examples
Example 4. Evaluate the following definite integrals

(2 dx o2 dx ... resin(tan™ x) L 2y
(l) Jll 3X— 2 (11) 4 m (111) .[0 de (lV) 01+ _x4 dx.
2 dx 1 1
Solution : (i) Let I= L Gr_2) = E[IOg |3x-2]|2, = 5[10g4—10g | =511

= %[log4—log 5]= élog%.
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(ii)

(iii)

(iv)

72 dx 72 dx 1 g2
Let I:I =I — =—I cosec’x dx
74 1—cos2x 74 2sin"x 2 Jn/4

1 w2 1 1 1
:5[—cotx]”/4 :5[—cot7r/2+c0t7r/4]:5[0+1]:5

» sin(tan’1 x)

Let [=| ———*dx
~[0 1+x°
Let tan*l)c:t:1 ! ~dx=dt  when x=0 then t=0; x=c0, t=7/2
+Xx

/2
I =J.0 sint dt =[—cost]}'* =—cos/2+cos0=0+1=1.

12
Let I = x4a’x,Let X =t=2xdx=dt
01+ x
when x=0 then t=0; x=1, r=1
1= —[tan*t]})=tan*‘(1)—tan*1(0)=%—0=%

01472

Example 5. Evaluate the following definite integrals.

Solution : (i)

(ii)

(iii)

. 7/4 o) 2 3 Dd .. J'l e’ 1 *d
@) .[0 (2sec” x+x" +Ddx (i) o—d1+e2x X (iid) one x

wl4 2 3
Let 1:]0 (2sec’ x+ x° +1) dx

4 /4 4
| 2tanx+t x| =|2anZ+lfE)LE —(0+0+0)
4 4 44 4

0

1 ot =« A
=2x1+—x +—=2+ +—.
4 256 4 1024 4

X

1
Let I:I ¢ dx Let e =t=e'dx=dt
01+e*

when x=0 then t=¢° =1

when x=1 then r=¢'=¢

e , _ ) L7
= =[tan' 7] =tan 'e—tan'(I) =tan 'e——
Il 1+¢° : 4

1
Let I= IO )Ice; dx  (Integralsting by parts taking e as second function)
=Lxe'Ty - [ 1xe'dr=[1e' ~0]-["],

=e—[e'—e’]l=e—e+e’ =€’ =1
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Example 6. Evaluate the following definite integrals:

_rl2 cos x dx 1+ xlog x
d.
W ], (I+ sin x)(2 +sin x) (i) [ e ( jx
/2 cos x dx
Solution : (i) Let = IO Let sinx=¢ ..cosxdx=dt

(1+sin x)(2 +sin x)

when x=0,7=0 and when x=7/2,t=1

I:J'l dt :J'l[l B 1}07
0A+1)2+1) 0|14+t 2+t

=[log|(1+¢t)|-log|2+¢|];

1+1¢ 1 2 2 4
:{log ZL}O zlog——logazlog(EX—J :logg.
. 1+ xlogx
(ii) Let I= I ( jdx
—I [ +10gx}dx
~[e*logx] e T+ ldx=ef (0

=e‘loge—e'logl =¢* x1-ex0=¢°

Example 7. Evaluate the following definite integrals.

" 74 sin2x
i I dx

i) [
0 sin* x+cos* x « a4+

. w4 sin2x
Solution : (i) Let I=| ——————dx

0 sin* x+cost x
7/4 28In XCOS X

= — dx
0 sin* x+cos’ x

Dividing Nr and Dr by cos’ x, we get

=/4 2 tan xsec’ x
0 1+tan” x

Lettan’ x =7 = 2tan xsec’ x dx = dt

as x=0 then t=0 and when x=7/4 then =1

U dr ) 7 S
I:jol+t2 =[tan™'7]) = tan"'(1) — tan I(O)ZZ_OZZ

; P
@ N
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Let x=atan @ = dx=asec’ 6d6
when x=athenO@=7x/4 and x=cothen O=7/2

jn/z asec’ 6d6O

™4 q* tan® O\ a® + a’ tan®

_¢r2 asec’0d0
=14 g* tan® O x asecO

_ (7’2 sec0dO _LIMZ 1/cos® 40
w14 g*tan* @  a* /4 sin* @/cos* O
1 ¢7 3 1 ¢=2(1—sin?

_ L /209540d9:_4j~ 12 ( smﬂ?cos@d@de
a” 7’4 sin” 0 a” Jml4 sin” 0

Let sin@=t=cos0dO =dt

as O=r/4 thent=1/v2 and O=7/2then t=1

1 -7 1 1 1
I=—4 L l)dt:_ 1 113,
a* vz a* vt

__L+1T 1 (llj( 11 J
L b a3l 3x1/242  1/42

L%{& ZHLF&ﬁ}

Q&| —
(O8]
-~
(98]
-~

3 3 3

1[24242-3v2| 1(2-42) 2-\2

a4_ 3 at 3 - 34
dx

a’cos® x+b*sin” x

/2
Example 8. Evaluate IO

72 dx

Solution : Let I= -
0 g’cos® x+b’sin’ x

Dividing Nr and Dr by cos’ x, we get

jm sec’ x dx
0 g*+b’tan’x

Let btanx=t=bsec’ xdx=dt,when x=0 then r=0, x=x/2 then t =

lee dt 1 1] (]
I =— —5 =—X—|tan | —
b’ a+t" b a a) |,

:i[tan’loo—tan’l 0]= ! —[n/2-0]=
ab ab 2ab
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Example 9. Evaluate J. (v/tan x ++/cot x)dx
Solution : Let I= J.:/Z (Vtan x ++/cot x) dx
B n/{ vsin x \/cos X }

\/COSX \/Sll’lx

7/281N X + COS X
=.[ dx

0 {/sin xcos x

\/—jm (sin x +cos x) dx
v/ 2sin xcos x

J-m (sin x + cos x)dx J~ (sin x + cos x)dx
o J1-(1- ZSlnxcosx) 0 \/1 (sin x —cos x)*

Let sinx—cosx:t:>(cosx+sinx)dx:dt,Also when x=0 then r=-1, x=7/2 then t=1

_\/7[811’1 t:l

:ﬁ[smlm_sm«-MF—FH

_I[n ﬂj N

Exercise 10.2
Evaluate the following definite integrals:

} 3 72 sinx 3 cos (log x)
L[ (2x+1) ax 2 ]y e 5, Jreotoe
S /2 ¢
By 5. [ Jiesinx o [—2—ay
o °\Jy+c
7 J-we‘anlxd g jz(l+logx)2 I 9 jﬁL fsa
) . ° - . D)
0 1+x2 1 X a (X—O[)(ﬁ—
[ cosx) 0 [ [T
0 9+16sin2x " Jire x(log x)*”° -J.O sin 2x cos 3xdx
1 ! X = 1—sinx
13. - dx 14. dx 15, i
.L |:10gx (IOgX)2:| .[ \/1 x Iﬂ/Zl_Cosx
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/4 d /2 i 1
i6. |, . 17, [ 18. [ xtan™ xdx

4sin” x+5cos” x sin x +cos x
1xsin” x - ¥ 2
19. 20. dx 21. | logxdx
j‘) V1-x* jo (x* +a’)(x* +b%) L
r z i dx 3 X
0 (1 1 53, [*?__Sinxcosx o4, / dx
4/”( XSJCOS(X dx IO cos’ x+3cos x+2 '[0 3—x
1 _x2 5 1
25. ~dx 26. j
01+ x U(x+D)(x+2)

10.07 Basic properties of definite integral
Property-I If the limits are not changed then by changing the variable in definite integral the vlaue of
the integral does not change.

e ["f(x)ax={"r(1)an
Proof : Let [ f(x)dx=F(x) s (e)de=F (1)
J| f(x)ar=[F(x)], =F(6)-F(a)
and [ r(e)ar=[F(0)] = F(b)-F(a)= f (x)d

[[£(x)ax={"r(1)an

Property-II If the limits are interchanged then the sign of the integral changes while value remain same.

ie. ["£(x)dx=—]"f (x)ax
Proof : Let [ £ (x)dx=F(x)
[ r(x)ax=[F(x)] =F(b)-F(a)
and J, £ (x)dx=[F(x)]; = F(a)~F (b)=~[F (b)~ F (a) ]= =] f (x)dx
similarly ["f(x)dx=—]"f (x)ax

Property-IIIIf a<c<b
ij(x)dx :j:f(x)dx+ff(x)dx
Proof : Let [ f(x)dx="F(x)

[/ £(x)ax=[F(x)] = F(b)-F(a) (1)
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again [\ £(x)x+ [ f(x)ae=[F ()] +[F(x)]
(c)-F(a)+F(b)-F(c)

F
=F(b)-F(a) @

from (1) and (2) j” fdx =" fx)dv+ j:’ F(x)dx
Generalization

If a<c <c,<...<c,<b,

I:f(X)dx:I:lf(x)dx+J‘:f(x)dx+....+J:f(x)dx

Note: This property is used when integrand is obtained from more than one rule for given interval of
integration say [a, b].

Property-IV '[bf(x)dx=jbf(a +b—x)dx
b

Proof: LHS=L f(a +b—x)dx

Let a+b—-x=y=-dx=dy

when x=a then y=5b and when x=b then y=a

LHS=[" £ (3)-(~dy)=[ F (3)dy (by property-1I)
= '[: f(x)dx=RHS (by property-I)
ie. J.:f(x)dx=_|.:f(a+b—x)dx

Special condition : If a=0 then

J.:f(x)-dx=_|.:f(b—x)dx

If a fucntion f (x) does not change by putting (b — x) in place of x then this property is used. For using
this property the lower limit has to be zero.

Ilustrative Examples

/2 1
Example 10. Evaluate j dx .
O 1++/cotx

zl2 1
Solution : Let = .[0 —1 N m dx
I jm \sin x i (1)
ob 0 /sin x ++/cos x
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G
ool o(5-

dx

_.[m cosx d
or Jcos x ++/sin x
adding (1) and (2)
o] - .[71'/2 A/sin x .[ﬂ/2 COSX dx
\/sinx+x/cosx x/cosx+x/smx
2I_jn/2\/sinx +\/cosxdx_ md [ ]m T
ob Jsin x ++/cos x 0 2
_1 w2 1
I= 1 or J‘(

Note: Similarly using property IV, the value of the following integrals will also be 7/ 4.

. (72 sin”"x .. 72 cos"x |
O f, oy ) [ e i) [,

sin” x+cos" x 0 sin" x+cos" x

.2 1 w2 sec” x r2 cosec”x
(iv) .[ —_— (v) j dx  (vi) .[0 dx

0 l+cot"x 0 sec”" x+cosec"x sec” x+cosec”"x
Example 11. Prove that: J: f(x)dx= fa f(=x)dx-
Solution : Let =] f(x)d
By Property-1V, I= J: f(=a+a—x)dx = fa f(=x)dx

:

Example 12. Evaluate .[ ﬁdx
x

I .[ Jxdx
—x+x

—I dx
b N x)+\/5 X
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or, dx

——dx=
> 1++/cotx

)

(D
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Adding (1) and (2),

Property V : J. f(x)dx=n J. f(x)dx, and f(a+x)= f(x), where f(x) is periodic function with period

a.
Proof : By property III

na

me(X)dx=I:f(x)dx+Lzaf dx+j f(x)dx+..+ f(x)ax

(n-1)a
Now in integral J.:af(x)dx putting x=a+t = dx=dtfwhen x=a, t=0 and x=2a, t=a
J.zaf(x)dx:jaf(avtt)dt =jaf(a+x)dx =Iaf(x)dx ['.'f(a+x)=f(x)]
Now

f(x):f(x+a):f(x+2a)= ..... =f(x+na)

J.:af(x)dxzj.:f dx+jf )dx +.. +jf

n times

=nJ.:f(x)dx

Ia f(x)dx= ZI:f(x)dx ; If f(x)is an even function i.e. f(—x)= f(x)

Property-VI i o
0 ; If f(x)if an odd function i.e. f(—x)=—f(x)
Proof : By property III
J:a f(x)dx=_|:o f(x)dx+_|.af(x)dx (v-a<0<a)
=1, +J.:f(x)dx D
where I, =J:0 f(x)dx
Let x=—-y=dx=-dy
when x=—a then y=a, x=0 then y =0
L={"=f(-y)dy=]"f(-y)dy (Property II)
= J': f(_ x) dx (Property 1)

from eq. (1)
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faf(x)dx=j:f(—x)dx+j:f(x)dx )
Case (i): when f(x) isan even functionif f(-x)= f(x)
then [ F(x)ax=["f(x)dc+| f(x)ax=2["f(x
Case (ii): when f(x) is an odd function if f(—x)=—f(x)
then [ r(x)de==]"f(x)dx+[ f(x)dx=0

Ia f(x)dx= 2I(jf(x)dx ; If f(x)is an even function then f(-x)= f(x)
—a 0 ; If f(x)is an odd function then f(—x)=—f(x)

2 2("F(x)dx ; If fQRa-x)=f(x)
Property-VII: I( f(X)dx—{ Io (x) X a—x X

0 ; I fQRa—x)=—f(x)
Proof : [ r(x)dx=["f (x)de+[ " £ (x)ax [property 11l .0 < a<2a]
[ F(x) i+, (1)
here 1= f(x)dx

Let x=2a—y=dx=—-dy when x=a then y=a and x=2a then y=o0
I, =J.a —f(2a—y)dy=_|.o f(2a—y)dy (property II)

= J. : f (2a - x) dx (property I)

substituting the vlaue of 1, in (1)

J-oz“f(x)dx:j:f(x)dx+j:f(2a—x)dx

Case (i): when f(2a—x)=f(x)

then [ r(x)ax={"f(x)ax+["f(x)ax=2["7 ()
Case (ii): when f(2a-x)=-f(x)

then [ r(x)av="r(x)ax-["f(x)dr=0

[ f(x)ax= 2f, f(x)dx I fRa-x)= f(0)
| 0 ; I fQRa—x)=—f(x)
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Note: (i) when f (2a — x) = f (x) then f (x) should not be considered as even function f (x) is even function
only when f (—x) = f (x).

(i1) If the lower limit is zero then we use property-1V i.e. we substitute x with f (a + b — x) but some time f (x)
doesn't change then we use property VII.

10.08 Special property (Eliminating x)

Iff (@ +b—x) = f (x) then eliminating x from | x f(x)dx

I:xf(x)dxz a;bjjf(x)dx

Proof : Let 1=["f(x)dx
Using Property IV
[[(a+b=2) f(a+b-x)dx
but given fla+b—x)=f(x)

I ='[:(a+b—x)f(x)dx
=(a+b)_|jf(x)dx—_|jxf(x)dx

or I:(a+b)'[:f(x)dx—l

or 21:(a+b)jjf(x)dx:I:a;bjabf(x)dx

Ilustrative Examples

T xsinx

Example 13. Evaluate IO 1+—2dx
cos” x
7 xsinx
Solution : Let = I 11 cos? x
7 sin x
I=| x| ——|dx
ob 0 (1+coszxj
sin x
h J—
ere, f( ) 1+cos” x
Flr—x)= sin(x—x)  sinx )
l+cos’(m—x) 1+cos’x
-, Eliminating x,
T J~ sin x
1+cos’ x
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Let cosx=t=>sinxdx=—-dt x=0 then t=1 and x=x then t=-1

-1 _dt T -1 1
N Ee J‘11+ 2( s

T -1 . -1, ZE E_ 1 zz E :7[_2.
_E[tan () —tan™ (-1) | 2{4 (4)} 2[2} 1

Important standard integral
/2 . T /2
Il :IO logsmxdx:—ElogZZIO log cos x dx
/2 .
Solution : Let I= J.O logsin x dx (1)

Using property 1V,

I= J.;T/zlog [sin(ﬂ/Z—x)]dx

/2
or I = J.O log cos x dx 2)
Adding (1) and (2)

21 = J.;/Z[log sin x +log cos x] dx

= J.:/zlog(sin xcos x)dx

0

— (" log ( o ij dx = J‘:/z (logsin 2x—log2)dx

= [ logsin2x dx~log2[ " d
= |, logsin2xdx—log2|  dx

_ J':/zlog sin 2x dx — (log 2)[x ]

T
/2 .

when I, = J.O logsin 2x dx

Let 2x=t=dx= %

when x=0 then r=0 and x=7/2 then =7

1= ) 1 72 )
I, = 5.[0 log(sint) dt = 5 X ZI() logsint dt (Property VII)
/2
= J.O logsin x dx (Property I) (Using equation (1))
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T T
. from equation (3) 2l =1 —Eloge 2=1= —E(loge 2)
/2 . /2 T
or IO logsmxa’x:j0 logcosxdx:—ElogZ_

71'/21 _ 71'/21 _7[1 2
IO ogcosecxa’x-j0 ogsecxdx—E og?2.

Ilustrative Examples
Example 14. Evaluate the following definite Integrals

4x+3,1<x<L2
3x+5,2<x<4

@ ff(x)dx when f(x){

Solution : (i) J?f(x) dx = jlzf(x) dx+j:f(x)dx

dx+3 ; 1<x<

=J'12(4x+3)dx+j:(3x+5)dx {.'f(x):ijLS ’
) 2 | 3x° )

=[2x +3x]1 -{T-'_le

=[(8+6)—(2+3)]+[(24+20)-(6+10)]=9+28=37.

2 1 2
(ii) J.0|1—x|dx=J.0|1—x|dx+J.l|1—x|dx
1-x x <1
{ |1_X|={—(l—x), x> 1

:Jl(l—x)dx+f(1—x)dx
[
I

x—x2/2] —[x—x2/2]

1 2
0 1

(1-1/2)-0]-[(2-2)-(1-1/2) |=(1/2)+(1/2) =1.

(i) '[02|1—x|dx (iii) J:llelxldx

>0
I N U N R
(iii) Le dx—jle dx+.[oe dx { | x| {—x, <0

0 1
=J. efxdx+_|. e'dx
-1 0
0

=[-e"[, +[ex]§) =(—e’+e')+(e—e’)=2e-2.
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Example 15. Evaluate the following definite integrals

(1) J.:‘xz -3x+ 2‘ dx (ii) J.;Jlogg X

dx (i) J. : |cos x| dx

Solution : (i) Here x?=3x+2= (x— 1)(x— 2)

The sign of x> —3x+2 will be different for various vlaues of x

J.02|x2—3x+2|dx=_|.01|x2—3x+2|dx+_[12|x2—3x+2|dx

=J.01(x2 —3x+2)dx+'|.12—(x2 —3x+2)dx

3 2 1 3 2 2
= x——3i+2x - x——3i+2x
3 2 0 3 2 |

=[(1/3-3/2+2)-(0)|-[(8/3-6+4)—(1/3-3/2+2)]

52,552
6 3 6 3 3
e 1 e

(ii) J.1/8|10g8 x| dx=_|.1/e|10ge x| d)anJ.1 |log, x| dx

= J.II/ —log, x dx+ J.: log, x dx {| log, x|= {

—log,x, If 1/e<x<l
log, x, If I<x<e

=—[x(log, x— 1)]1/6 +[x(log, x-D] [ Iloge xdx = x(log, x— 1)}

=—[0-1)~1/e(~1-D]+[e(1-1) = (0-1)]
=1-2/e+1=2-2/¢

T /2 T
(i) J.|cosx|dx=_|. |cosx|dx+_[ | cos x| dx
0 0 /2
/2 T | | COS X ) O<XS7[/2
- +J' _ “ |cosx|=
J.o cos x dx ﬂ/z( cos x) dx —cosx ; nml2<x<rw
=[sin x]]"* —[sin x]7 ,

=(sinz/2-sin0)—(sinz —sinz/2)=(1-0)-(0-1)=2
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Example 16. Evaluate the following definite integrals:

__(7/2 SINX—COS X
o [P,

/2
i log cot x dx -
@ J.o g ) 1+sinxcosx

l2
Solution : (i) Let I = J.O log cot x dx
l2
or, I =J.0 log[cot( /2 —x)] dx

/2
or, 1 =J.0 log tan x dx

adding (1) and (2)
/2 /2
21=J.0 logcotxdxvtj0 log tan x dx
/2
=J.0 [log(cot x)+log(tan x)] dx
=J.ﬂ/210g(cotx><tanx) dx
0
/2 1 7l2
_jo log( )dx_jo (0) dx
or, 21=0 S 1=0
(i Let o[ sm?c—cosx I
0 14sinxcosx
using property IV
L osin (5 - x) —cos (5~ x)
I = J”T 2 2 dx
’ 1+ sin (Z— x)cos(l— X)
2 2
or 7 :Im cos‘x—smx I
0 14sinxcosx
adding (1) and (2)
2 =0=1=0

Example 17. Evaluate the following definite Integrals:
8 \x a dx
) | =———=dx ii
()'[Ox/x+ 8—x W 0 2
1= —"
0

x++va? —x?
X
—dx
\/;+ 8—x

Solution : (i) Let

using property IV,

V8-x

8
I = dx

° 8= x+,/8—(8—x)
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or

adding (1) and (2)

(ii)

Let

Property-(IV)

adding (1) and (2)

/2
Example 18. Evaluate .[0

Solution :

using property [V

sin x +cos x

e G ®

21 = “ax=[ de=[x] =8, . I=4
'[\/8 x+x/_ '[

a dx
I:()x+ a’—x’

x=asinf = dx=acos6 db
when x=0 then =0 and x=a then =7/2

- acos@df =2 cosO
0 gsin@+acos@® 0 sinf+cosd

—— b (1)

/2

Vs
——-0)do
cos(2 )

—Jdo

. T V4
——0)+ —-0
sm(2 ) cos(2 )

/ _Im sin@do )
0 cos@+sinf 2)
2 = I(MJ 40
0 \sin@+cos@
/2 /2
=], do =1[0]; _5_0
=7
4
dx
z2  sin®x
=" ————adx (1)

0 sinx+cosx

.ol T
s sin (2—xj
I:.[ dx
0 . (7 T
sin| ——Xx [+cos| ——Xx
(2 j (2 j
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dx

72 cos’ x

COS X +Sin x
Adding (1) and (2),

s 02 2
7/281n~ X+ COS™ X
21 :j —dx

0  sinx+cosx

1 ¢r/2 1
290 sinx+cosx

1 1

1—tan’(x/2)

B e

1+tan? (x/2)

|

)

(converting sin x and cos x into tan x / 2)

1+ tan® (x/2)

dx

sec’ (x/2)

'[ﬂ/Z
2790 2tan(x/2)+1-tan’

(x/2)

or -

1
Let tangz = Eseczgdx =dt

when x=0 then t=0; when x=7/2 then ¢ =1

. di U dr
0142012 02 (1-1)°
1 |f+(t n||
2\/5 i o

V2 21

'[ﬂ/Z
2% 1+2tan(x/2)—tan®

(x/2) gy

T
:mlog\/, \/§+1}

—L_OH V2 +1 1
N1 RN I N
(2]

1
B 2\610g (2-1) 22
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Example 19. Evaluate the followng Integral

_[a /a—xdx
e\ g+ x
a /a—x
Solution : Let 1= _[ dx
e\ g+ x

J-a a—x J
=| ——dx
- 2
“Ja*—x

_ a a d a X d
el g

or, =1-1,
h = = 2af e (e f ) function)
where I_J‘aﬁ x = aj‘oﬁ x (~+ f(x) is an even functio
using property VI
=2a [sin’l x/a]0 = 2a(sin’l(l)—sin’l(0)) =2ax(n/2-0)=7na
and L[ =0

a —Xx

(property VI when f(x) is an odd function '[ l f(x)dx=0)

o from (1), I =ma—0=rma
Example 20. Prove that:

nl4 T
IO log,(1+ tan x)dx = gloge 2.

/4
Solution : Let I= J.O log, (14 tan x) dx

Using Property IV,

I= .[:/4loge {1 + tan (% - xﬂ dx

/4 tan (77 /4)—tan x
='[ log, |1+ dx
0 1+tan(zr/4)tan x

:J‘Zloge [1+1—tanx}dx
0 1+tan x

/4 2
=| log, dx
0 1+ tan x
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/4
= J'O [log, 2—log, (1+ tan x)]dx

/4 /4
= jo (log, 2)dx— jo log, (1+ tan x) dx

or 1=(og, )[x]7"* -1

or 21:%10&2:1:%10&2
nl4 T

= IO log(1+tan x) dx = gloge 2, Hence proved.

Example 21. Prove that: [ = J.: log(1+cosx)dx=rmlog,(1/2).

Solution : Let I= J.O log (1+cos x)dx
Using property IV,

1 =J.Oﬂlog[1+cos(7z—x)]dx

or, I =J.:log(1—cosx)dx
Adding (1) and (2),

21 =J.:log(lwtcosx)+10g(1—cosx) dx
=J.: log {(1+cos x)(1—cos x)} dx

= J.: log(1-cos” x) dx

(" ) _ ” .
or 21 —J.O logsin” x dx = 2.[0 log sin x dx
or 1 =J.:10gsinxdx
/2 .
or =2 J.O logsinx dx (property VII)
/2 .
or [ =21, and I, =J.0 log sin x dx
/2 .
or I, = J.O logcosx dx (Using property IV)

Adding equations (3) and (4),

21, = J.:/z(log sin x +log cos x) dx

[312]
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/2 .
= J.O log (sin xcos x)dx

/2 sin2x
or 21, = J‘O log( 5 jdx

/2 /2
or 21, =J.0 log(sinZ)c)dx—j0 (log2)dx
or 21, =1, —(log 2)[x];"
or 21 =1, -Zlog2

2

where I, = J:/zlog(sin 2x)dx

Let 2x=t = 2dx=dt and when x=0 then r =0, when x=7x/2 then t=7n

1 ¢~ ) | )
1, :5.[0 log (sint) dt _EI‘) log (sin x) dx
_1 ) ;r/21 . d
or, Iz_Ex IO og(sin x)dx

/2 .
or, I, =J.0 logsinxdx=1,

putting the value of I, in equation (5)

T
21 =1 ——log?2
1 1T g

T 1

I, =—log—

or 17508,

=21 :Zx%bg%:nlog%

" 1
o I() /210g(1+cos x)dx= ﬂlogz

Example 22. Prove that

T xtan x

I—dXZH[(ﬂ/Z)—l]

0 secx+tan x

. J-n' xtanx o ﬂx[ sin x jdx
Solution : 0 sec x4 tan x 0 "\1+sinx

sin x

Here, f(x): -
1+sinx
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B sin(ﬂ—X) __sinx
then, f(”_x)_Hsin(ﬂ_x)_1+sinx_f(x)
a+b
.". Eliminating x rule, I .[ f
e Sinx
0 secx+ tan x 0 1+s1nx
T n[l_ j __J-[ 1- smx]
2o l+sinx/ 270 cos” x
7[ T

2

(1 —sec’ x+sec xtan x) dx
0

T . T
za[x—tanx+secx]o :E[(ﬂ—O—l)—(0—0+1)]

:%[n—z]:n(n/Z—l), Hence Proved

Exercise 10.3

Evaluate the following definite integrals:
L[ [2x+3]dx

4
3. J.l f(x)dx, where f (x) = {
5. J.m x° cos’ x dx

—-rl4

dx

37l4 A/sin x
7. |

/4 \Jcos x ++/sin x

/2
9. J.O sin 2x.log tan x dx
11. 1log[l—lj dx

0 X

72 sin x
i i

) sin x+cos x

T
/4 (x+4j
15. j S~

-7l4) —cos2x

Tx+3 ; 1<x<
8x ; 3<x<4
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2. J.i‘l—xz‘dx

3
4. J. ,[x]dx when [] is the greatest integer function

——dx

In sin xcos x
-7 1+ cos’ x

cosx

[ e
8‘ .[0 COSX —Cosx dx
e +e

1 2—x
10. Illog[2+x}dx

/3 d_x

12. —_—
I’”" 1++/tan x

/2
14. J.O logsin 2x dx

16. J.:log(l—cos x) dx



17. j”” sin® x dx 18. [ —"—dr
—/4 0

I+sinx
19 J.ﬂxsin3xdx 20.- J.mlog(tanxntcotx)dx
“Jo “Jdo
%12 COS X b S (x)
AR I 2. |, F(O)+ fla+b—x)

Miscellaneous Examples
Example 23. Prove that:

Jwr X dx __7a
0 l+cosasinx sina
1
Solution : Let f (X) =
1+ cosasinx
1 1
f(m—x)= = =f(x)

1+cosasin(7r—x) 1+cosasin x

eliminating x rule
1

AN 4 (N —
0 1+cosasinx 270 1+cosasin x
:Zr ! dx
270 2tan(x/2)
1+cosa I
1+tan (x/2)
T oen sec’(x/2)
:_I( dx

279 1+ tan’ (x/2)+2cos o tan (x/2)

Let tan(x/2):t:%secz(x/2)-dx:dt
when x=0 then r=0 and when X=7 then t=

T X VA 2
I —_dx:—j T o
0 1+cosasinx 2790 1+t +2tcosx

3 dt
:”I 2 . 2
O (t+cosa) +(sina)

1 L t+cosa
=T X— tan~ | ——
sina sina o

dx
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- [tan’l (00)—tan™" (cot a)]

sino
V4
= [12—(m /12— = _
no [z/2—(x/2-a)] [~ cota =tan(z/2-a)]
V4 o
sina (a) sina
o dx
Example 24. Evaluate I{) (x2 N az)(xz N bz)
.o (e dx
Solution : Let I = IO (x2 + az)(xz +b2)
1 © 1 1
= 2 —b Io [ JENE - 2+ azjdx (Partial fractions)

1 [1 ,x 1 le
= —tan ———tan —
(az—bz)_b b a a |,

a

:( ! )[%tanloo—ltanlooj—(O—O)}

T [a—bjzz( T (a—b) T

a+b)(a—-b) ab  2ab(a+b)
Example 25. Evaluate J. ﬂ//j cos 2xlogsin x dx

l2
Solution : Let I = _[ p co§12x log sin x dx
4 I

dx

=| logsin x.
g /4

r . /2 .
sin 2x x/2 sin 2x
—'[ cot x X
V3

[ 1 1 /2 )
= _0—§logﬁ} —L/4 cos” x dx

gl L
2 g\/i 2 dxi4

(1+cos 2x)dx
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_llogZ—l Jrs1n2)c
4 2 2 1.
—llog2—l ZETE,
4 2(\ 2 2
214 2
—llog2—£+l_
4 g8 4

=log (1+x%)

Example 26. Evaluate .[0 e dx .
x

Solution : Let x=tan0 = dx =sec* 0 d6O

when x=0 then §=0 and x=o0 then @ =7/2

g2 log (1 +tan’ 0)
'[0 (1+tan20)

/2

sec’ 0 do

T
4

2

sin7r/2ﬂ

(A) 2 J.: sin® x.x dx

2. The value of Lj \/——7
x+N7—x

(A3

= Klzlog(lnt tan’ 0)d0 = J.;T/zlog sec’ 0 dO

/2 /2
= 2'[0 logsecO dO = —2.[0 logcos @ d6

= —ZJ:/zlogcos(ﬂ/Z—H)dH

(Property IV)

) j:lzlog sin0 df = —2(~m /2log 2) (standard integral)

=rmlog, 2

Miscellaneous Exericse -10

/4
The value of '[0 V1+sin2x dx is

(B)0 () a’ (D) 1
dx is
B)2 ©)3/2 D)1/2
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3. The value of _f:::f(x+c)dx is
(A) j:f(x+c)dx (B) j:f(x)dx

4. If A(x)= I:HZdH, then the value of A(3)

(A9 (B) 27
Evaluate the following definite integrals:-
5. I 2 M dx

I'x ( X+ 2)

b 1 1

7 I /28)( +s1nxjdx
0 1+cosx
/2

9. IO x* cos? x dx

/4 . .
11. IO sin 3xsin2x

Iﬂ 2x(1+sin x)
13. 1 (1+cos” x)

15. jol (cos™" x)dx

2
T xdx b8

17. Prove that

0 g’ cos’ x+b*sin*x  2ab

© [ f(x)ax ) [ f (x+2e)dx

1S

©3 (D) 81

xe”

° '[1 (1+ x)2

dx

8' 1 (x_xj))l/?)

1/3 X

dx

1
10. J.Otan’lxdx
2 2
12. J:2|1—x |dx

V2 sin™!
4. j a

0 (1-x%)" dx

dx

”—,a>1
16. IO 1—2acos x+a’

(

| IMPORTANT POINTS]

1. The vlaue of definite integral is unique.

2 0 [kf@dr=k[ fdr
(iii) j f(x)dx=0
3. () [ feode=tim [ f(x)dx

Gi) [ feodx=tim [* fdx
4. Properties of definite integral:

O [ f(x)ax=["(e)ar

@ J,

[fpo]dv=] fOodet [ g

(i) [ fode=tim [* f(x)dx

(ii) ij(x) dx = —J.:f(x)dx
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(i) ij(x)dx :j:f(x)dx+ff(x)dx, where a<c<b

Generalisation: a<c, <c, <c,<..<c, <b
[ f (= [ (e [ p(x)x+ [ F(x)dxrt [ f(x)ax
@) [ f(x)ac=["fla+b-x)dx = [ f(x)de=["f(a-x)dx
W |, f(x)dx=n["f(x)dx if f(a+x)= f(x) [f () is a periodic function of period a]

ZJ:f(x) dx, If is an even function i.e. f(—x)= f(x)
0, If £(x)is an odd function i.e. f(—x)=—f(x)

o) [ f(x)dx= {

2af(x)dx_{2j:f(x)dx, If f(2a-x)=f(x)
0, Iff(2a—x)=—f(x)

Rule of eliminating x If f(a+b—x)= f(x) then

.[:xf(x)dxz a;b.f:f(x)dx

71'/21 . d _ 7[1 2_ 71'/21 d
IO ogsin x x——Eog —IO 0gcos x dx

/2

T /2
and | log cosecx dx = 510g2 = IO log sec x dx

Definite Integral as a limit of sum : If f (x) is continuous function in given interval [a, b] then divide
interval [a, b] in n equal parts having width / .
To evaluate definite integral from this is called "Integration from first principal".

[ FOoydx=timh[ f(a+h)+ f(a+2h)+..+ f (a+nh)],where n—co,nh=b-a

Answers
Exericse 10.1
1

1. 4 2. 5o -a) 3.86/3 4 e
5. 10 6. 82/3

Exercise 10.2
1. 290 2. ml4 3. sin(log3) 4. 2(e-1)
5.2 6. 2(2-\2)e 7 e 8. ~(1+10g2)’ -
' "3 ' "3 3
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13. (€/2)-e
17. ©/4

21. 10g(4/e)

25. 1-n/4

—log, 3
10. 5 log, 11. 0
14. 2/3 15. log(e/2)
18 =2 19. 1

. :

z_m L los(9/8
2555 A B 0g(9/8)

26. log(9/8)

2.4 3. 62
6.0 7.p12
10. 0 11.0
14, Zlog 5 T
_O R
8% 63
2
18. ~« 19. ?
" b—a
) 2
Miscellaneous Exercise 10
2. (C) 3.(B)
6. =(2¢-3) 7. "
6
T 1 3\/5
= ——log?2 N2
10. 1 5 g 11. 0

T 1
———log?2 -
14. 177 g 15. 7 -2

[320]

12.

16. —~=tan

20.
24. 31 /2
4.3

8. pl2
12.p/12

16. 7lo l
. g2

20. mlog?2

4. (A)




