Fill Ups, of Definite Integrals and Applications

SECX COSX Sli'l:2 X+ cotx cosec

flx) = cos’x  cosix cosec” x
1 cos”x cos” x
Q. 1.
2
Then | 09 dx=
0 (1987 - 2 Marks)

15m+32

Ans. _[ 60 ]1' 2-\2

Solution. Given that,

SeCX COSX SEce X+cotXcosecx
flx)= cos’x cos’x cosec’x

1 cos® x cos? x

Operating i —sec xRy,

0 0 sac2 X+ 00t Yoosecx —oos

=’ x costx CoseCEX
1 ootx cos? x

Expanding along R1, we get
= {sacz x+mt1m5mx—cosx}(ms4x—m52 x)

cos’x sin’x

=—sin’x—cos’ x
J'mf(xjm =—J'm(sm? x+cos’ X)dx
0 [4]

= [L_'_ oY cos x] cos’ I{Cﬂﬁz x-1)

Using
_(n=-D(n-3).. 2orl
T (mn-2)...2

E/2 " ®i2 "
I sin xctr=f cos” xdx
0 0



Multiply the above by n/2 when n is even. We get

M= 4 2] [ﬂt E:| 15m= 32
== —4=S|=—|=+—| __
1272 573 4 15| — ( 60 ]

15

The integral .l-[x2 ldx,
Q. 2. 0 (1988 - 2 Marks)

Where [ ] denotes the greatest integer function, equals .......
Ans. 2 -2

Solution.

1.5 2
[, W,
Wehave0=x=<15— 0=x2<225

L[] =0.0<x? <1=L12x? <2=2,22%" < (1.5)

or [x?] =0,0<x<l =1 1<x<+2 =2/2<x<15

I= I:j[xj]dx - j.:{idx+Jllﬁ1dx+J'£ 2dx

~0+[x}2 +[240

=\2-1+3-242 =2-2

2
The value of [ [1-x [dxis......
Q. 3. -2 (1989 - 2 Marks)

Ans. 4

Solution.

2 2,
Let I=J'_2|1—x2 ux=zj'ﬂ 11— | dx

[ E, F(x)dx = zj: f(x)dxif fis an even ﬁm:ﬁuﬂ:|



- 2_[;(1— x2)d + QJ': (2 —1dx

1 2
=2 Ja:—ﬁ +2 i—x =i+E=E=4
3, 3 33 3
Ini4 b
Thevaleof | ———d¢ is_...
1+sind
Q- 4 x4
Ans. n:/2-1)
Solution.
i/ 4 1}
We have, ] = - -(1)
n/4 l+sind
— I=J-3:|II4 ’.r[—dl '[Il
/4 1+sin{m—dg)
L b
|:U5111gL f(x}str=L f(a+z>—x)dx]
_pnid m_g
= I Trsin™ @
o7 4 g
“lais l1+sing ¢

4 l—sing L. 3n/41-sing

_T:.LM 1—sin? § =7 cos ¢ ¢
iz/d 3

=nf_ . (sec’ p-secotand)do

- nftan p—sec ]},

=m[tan3n/4-sec3n/4—tanw/4+secn/4]
=2m(2-1) = T=n(2-1

3
Jx
Q. 5. I‘ht?ﬂlueﬂf.!m

(1993 - 2 Marks)

(1994 - 2 Marks)



Ans. ¥

Solution.
3 Jx
L“I=Lm‘” -0
-L Y4+4/5—Xx @

b b
[Using j' Fx)dx = j' f(a+b—r}dx}

Adding (1) and (2), we get

3Jx+5-x
U-[ e i

103, 1 1
= = — = — — = =
I ZLm S6-2=3

1
x,aﬂxj+bf{;]= %—5?.-‘11:‘:11:::;& b, sz(x]dx= .......

Q. 6. If for nonzero then ™ (1996 -
2 Marks)

1 7B
Ans 2 2 [a{logi 5)+—}

af(x)+£3f(l) =l—5

Solution. X ...(1)

Integrating both sides within the limits 1 to 2, we get
2 | "
aJl f(x)dxmj' f[—]dx=[lugx—5x]l ~log2-5 )

Replacing ;mﬂ} we get ”f( )+3’f(r}=x—5

Integrating both sides within the limits 1 to 2, we get

: - 2
aflzf@_]d“bl{ffﬂdf{%-le -3 -0



2 (1
Eliminate L f(x] between (2) and (3) by multiplying (2) by a and (3) by b and
subtracting

(a® - b )jlz Fx)dx = a(lugz—5]+b.%

2 1 7B
J'l F(x)dx = m[aﬂogZ— 5) +?}

xsin’" x

Q7. " e e N (1996 - 1 Mark)
Ans. r?

Solution.

Let I j’ xs:'.ﬂhxz #

0 sin"x+coz™x

= - J (2m— x]sm "(m—x)
0 sin?(2n—x)+cos(2r—x)

[Usmgjn F(x)dx = j'ﬂ fla- x)dx}

It _ . 2n
I =J (2m—x)sin™" x dx
In

0 sin x+c052"x (2)

Adding (1) and (2) we get

2
- j _oms¥x
0 sin?” x+cos?" x

En

In In

—dx
0 s x+cos™ x

:"Iﬂtj

- In
® smT X
0 gin"x+cos"x

[Usmgjj”f(rur - 2[; ()axif f(2a—x)= f(x}}

x/2 sin2" ¥
= I=tnf
U sin“"x+cos"x ... (3)

[ Using above property again]



E(2 cos " x

I=4n —— X
= Jﬂ cos?™ x+sin 2 x (4)

[Usmgj: F()de = jﬂ” (a— x}a‘x}
Adding (3) and (4) we get

mi2
21=4nfﬂ 1.dx=4ﬂt(%— ]=2n2 N

37
¢ msin(mlnx) oo

Q. 8. The value of ! * (1997 - 2 Marks)
Ans. 2

Solution.

Let I=L“’”1:s:i.1:{:n:lnx} .
Letnmlnx=¢

X

= ;dx=df alspas x—=>1Li—»0,x— 93?,r—:-3?*n:

37
I=Iﬂ " sintdf = [—cost]y’ '™ =—cos3Tm+1
=—{-1)+1=2

=imx 4 sin x°
Let di;rr(xj=E x>0, If|' 2 dx= ) —F()
Q. 9. * * then one of the possible values of

Kis ....... (1997 - 2 Marks)

Ans. 16

Solution.

4g5mx’
[, = —ax=Fo-FO=FeIf

Put ! =¢



Ixdy =df; Atx=1,f=1andatx=4,1=16

1635].11!
I=- [ £ = FI®L - k=16.

True / False

e £x)

Q. 1. The value of the integral o Y®*+/Qa-x)}
Marks)

Ans. T
Solution.
la fix)
Let/=| ——r——gx
Jn JxX)+ f(2a-x) (D)
=J2=’ f(2a-x)

0 fa-x)+ fl2a-(2a—-x)]

[Using J; Fix)dx = I:f(a— x)dx |

I=J2ﬂ f(2a—-x)
0 fRa-0+ /() L@

Adding (1) and (2), we get
M=I“M¢r=f"m
0 fO)+f(2a-x)

=B =2a = I=a

=~ The given statement is true.

dx 1s

equal to a.

(1997 - 2



Subjective Problems of Definite Integrals &
Applications (Part - 1)

Q. 1. Find the area bounded by the curve x? = 4y and the straight line x = 4y —
2. (1981 - 4 Marks)

2 50. units

Ans. 8

Solution. To find the area bounded by

x* =4y (1)

which is an upward parabola with vertex at (0, 0).

which is a st. line with its intercepts as —2 and 1/2 on axes. For Pt’s of intersection of
(1) and (2) putting value of 4y fom (2) in (1) we get

X2=x4+2=>x?>-x-2=0= (x-2)(x+1) =0

=>Xx=2,-1=y=11/4

« A(-1,174)B(2,1).

Shaded region in the fig is the req area.



. 2
R.Bql]ll'ﬁd area = J._l{}“m — Yparabola Yebx

1 1 1
I:m( + +._.+—}=]ug6

Q. 2. Show that; ™»='n+l n+2  6n (1981 - 2 Marks)

Solution. We know that in integration as a limit sum
1 1 "
[ r@dc=tm =3 reim)
0 n—}JI'H'?:l

Similarly the given series can be written as

1 1 1 - 1

(els s l)-m > L
e N+l 42 BrS e 1H+r
=

Sn
H:r=11+r
n

5
=J'de=[log [1+x |]3 =logb-logl=1logh
n1+x

Show that [ xf (sin x) dx = EJ’ flsinx) dx .
Q.3. 0 0 (1982 - 2 Marks)

Let1=j'xf(smx)dx
Solution. 0 .. (D)

= I=J'{:rc—x)f(smx)dx
0

Adding (1) and (2), we get, 2] = j' 7f (sin x)dx
0



|8
I=- g j' f(sinx)dx
0 Hence Proved.

32
Find the value of J- |xs:'n11:x|dr
Q. 4. -1 (1982 - 3 Marks)
3 1
_+_
Ans. © T
Solution.

352

J|xsin1rtx|dr

-1

For 1<x<) = -m<px<0 = sinmx<0
= xsmux>0

Forjex<3/2 = an<nx<3in/2 = sinnx<0
= xsinmx<0

3/2 1 3/2
|xsinme|de= | xsinmxdx+ | (—xsinmo)ax
J oo [ |

1 32
= EJ xsinmwxde— J xsinmxdy

0 1
. 1 . 32
—XCOSTX SiTOX —XCOSTIX Sl TOx
bl e o bl = !

Ay

[(—3!2:&5311;’2 sinETl:fﬁJ [—cus:n: sin:n:]
— + 5 — +
T T

For anyreals, x=2 . ¥=

Q.5. 2 2 Visa point on the hyperbola x? — y? = 1. Show
that the area bounded by this hyperbola and the lines joining its centre to the
points corresponding to tiand -tz is t1. (1982 - 3 Marks)




Solution. Let P(t1) and Q(—t1) be two points on the hyperbola.

t
| PE-}}

=2t
elt e i 2 _
=[T‘T—ET - (@1 - —ap)
N
g _g7n
= 7 -4

1
AfofﬁI.PR=ELRxPQ — LR PR

_dvel Mg e _g 2

2 2 4 - @

=~ The required area = Ar (ALPQ)- Ar ( PRQOP)

Mg g _g
T4 4

+f1 = Tl

ﬂjld's:inx+ CosX
Evaluate: | gL 18cim 70
Q. 6. g 9+10smix (1983 - 3 Marks)



1
—log3
Ans. 20
Solution.
=4

I— SIMX+COSX
2 04+16sin2x

Letsinx-coxx=t=>asx—0t—-lasx—>n/4t—0

= (cos X + sin x)dx= dt

Also, 12 _1_sin2x=sin2x=1-12
0 0

dt dt
f= f 0+16(1-12) I 25-161°
-1 -1

0 5+r
i) =g sl |4
a(3) _p 2 —t
4 4 4 .

.

y=|1+—

Q. 7. Find the area bounded by the x-axis, part of the curve [ X'Jand the
ordinates at x = 2 and x = 4. If the ordinate at x = a divides the area into two equal
parts, find a. (1983 - 3 Marks)

Ans. a =212

Solution.

8
y=l+—
1.2

: MO S gT*
- -]



If X = 4a hisects the area then we have

[1+—}1‘I x— a— —2+4}=i
2

= a———ﬂ:}a =0 = a= _2\"_
a

Since 2<a<4 ~a=212

1

2 - -1
J-xsm xdx
o

2

Q. 8. Evaluate the following 0 v1-x (1984 - 2 Marks)

6—m/3

Ans. 12

Solution.

Put x =sin® = dx =cosH d 0
Alsowhenx=0,0=0

and whenx=1/2,06=0/6

ni6 . PRI [
Thus, J = j.' Mmﬁe{m
5 Vi-sin’®

né
= I= f BsinBd 8
i}

Integrating the above by parts, we get

ni6
I =[B(—cosB)Jf'¢ + J’ 1.cos 648

.
)

L
—[-Bcos 6 +sin 8]} ¢ =—



Q. 9. Find the area of the region bounded by the x-axis and the curves defined
by (1984 - 4 Marks)

Solution. To find the area bold by x - axis and curves
y=tanx, -n/3<x<mn/3...(1)
andy=cotx,n/6<X<3m/2...(2)

The curves intersect at P, where tan x = cot x, which is satisfied at x =« /4 within the
given domain of x.

3

y=cotx

ﬂ-\.fﬂ” *

Y=

The required area is shaded area

4 w3
A= I tan x dx+ I cot x dx
=6 w4

=[logsecx]}/¢ +[logsin xJ5/3

= (hgaﬁ —log%.)+[lng§—lugé]

= E[I@ﬁ.g =2[ugE =log 3/2 sq. units

Q. 10. Given a function f(x) such that (1984 - 4 Marks)
(i) it is integrable over every interval on the real line and



a+t

[ fax
(i) f (t + xX) = f (x), for every x and a real t, then show that the integral * IS
independent of a.

Solution.

Let J FX)dx = F(x)+¢
Then F'(x) = f(x) ()

a+i

Now I = _[ F()dx=F(a+1)—F(a)

? — F'(a+1)—F(a) = fla+1)- f(a)
]

[Usingeq. (1)]
= fla)— f(a) [Using given condition]
=0

This shows that I is independent of a.

w2

X5 XCOSX dx
A : 4 -4
. 11. Evaluate the following o ©°s *¥sm X 1985 - 2¥2 Marks
g

n?
Ans, 16
Solution.

e XSINXC0os X
let/= | ————M8Mdx

J cos* x+sin® x o

0

w2 -
7= J' (:n:;"l—x}mn{nfﬂ—x}cus(mfl—x}Eﬁ

cos* (/2 —x)+sin*(n/2-x)

0

[Using [ f(x)ax = [ f(a—x)dx]
0 i}



2
T (m/2—x)sinxcosx

sin? x+cos* x

)

= I=

0
Adding (1) and (2). we get
n'2

2I=EJ' SinYCosX .
2

o sin x+cos* x

" sec? xtan
= 1 I [Zc tlnX

i ax
4ntaux+1

1+|[t:1112;vf]|2
Puttan’ x=¢ — 2 tanx sec’ x dx=df
Alsoas x 20,1 =0, a3 x> n/2fi—>w

12
o m nj' 2 tan xsec? xdx
24 .

I MR~ T/2-0]=n2 /16
8 . 1+ 8 8

2

Q. 12. Sketch the region bounded by the curves "=V and y =| x-1|and find its
area. (1985 - 5 Marks)

_51:—2 5q. umnits
Ans. 4

Solution. The given curves are

y=+5-x° --(D

y=|x-1] ... (2)

We can clearly see that (on squaring both sides of (1)) eq. (1) represents a circle. But as

y is + ve sq. root, - (1) represents upper half of circle with centre (0, 0 ) and radius V5.

Eq. (2) represents the curve

3 —x+] ifx<l
Tlx-1 ifx>1



Graph of these curves are as shown in figure with point of intersection
of y=y5-x2 and y=—x+1 as A(-12) and of y=v5-x* and y=x-1as C(2.1)

The required area = Shaded area

2 2 2
- [ -y = [Is-xPdx—[1x-1] &
-1 -1 -1

_ [12‘ -2+ gsj_u_] [%)L _;F{_(x—lj} dx —Jj'(x—l)dx

=[%ﬂ%m“%]-[%lﬁ*%“‘l[%]]

negoetoregmo () G HGH oo )]

_2+ 2 sin 1 2 gin 1 Lo ]
—2+2|:sm J§+sm -\E] 2 3
_E[m—l_,,ms—li}_l_i(ﬁ]_l
2 J5 5] 2 2l2) 2
Sm-2
= sqjuare umits.
4
k)
Evaluate: _[:H_x;#.,ﬂ{ﬂ.{ﬂ
Q. 13. ot TR R (1986 - 2% Marks)
o

Ans, sinc



Solution.

o
LEHF:J'HL

COSCsin XY
(1)
_T (m—xdx
Dl+msa{sin{ﬂ:—x}}
(Using [ 7(dx = [ f(a-x)dx]
0 4]
I J' (m—x)dx
l+cososiny
(2)
Adding (1) and (2), we get
" o
_ x+1r:—?c _ T @
nl+-:n5{:sm:r ﬂl+m5{xsmx
n n'2
LY PR S . 3 B S N
2u1+cususmx 2 d 1+cososinx
x/2 1
=“,[ Ttanx/2
o l+cosc 2
l+tan” x/2
w2 2
=1'1:I Sec dx

0 1+tan? x/2+ 2cosatanx/ 2

Put tan ©/2 =1, %seczgdr=d!‘:> sec? x/ 2dx = 2dt

Alsowhen x 5 0,f—0 a5 x> n2i—>1

1
I_“IL
2 i +(2cosa)f +1



1 1
af dt
n{r+cusu]| +1—cos® o n{f+cosu]| +sin” o

ol
P ,m-l[f%“]]
0

sinal| smao
(2]
510 0L S0l 510 QL
m | 4 2e0s?wi2 ) 4
= —tan t
sina [zsimfzcusmz] (0 “’}}
= i [ tan™! (coto/2) —tan"!(cot c::]l]
smnolb
=i_m‘1(tan‘1(mz-mz))-tau‘l(rm[mz-a))]
sino L

_fn e n ] 2nfa]_ ma
sine| 2 2 2 sine| 2| sina

Q. 14. Find the area bounded by th e curves, x> + y>= 25,4y = |4 -x*|and x =0
above the x-axis. (1987 - 6 Marks)

4425sm 13
Ans. 3

Solution. We have to find the area bounded by the curves
X2 +y? =25 ..(1)

4_v=|4—x2|

..(2)
x=0 ..(3)
and above x-axis.

4-xlif <4

ow 4y=|41_12|={13 ~4if’ 24

. _{4—12,1f—2¢x<2

2 _4ifx=2or<-2

Thus we have three curves



@ Circle x> +y* =25

(@) BR: Pamabola, x* =—4(y—1),-2<x<2
(I) A : Parabola, x> =4(y+1).x>2orx<-2
(D) and (II) intersect at 4y + 4+ y* =25

or(y-22=52.y-2=4#5y=7y=-3
= —3, 7 are rejected since.

y = — 3 is below x-axis and

y = 7 gives imaginary value of x. So, (1) and (I1) do not intersect but Il intersects x-axis
at (2, 0) and (-2, 0). (1) and (11) intersect at

4}'+4+}'2=25 or (J’+2)2 =5*
y+2=15 oo y=3-1

y =—T7 is rejected, y = 3 gives the points above x-axis. When y = 3, x = +4. Hence the
points of intersection of (I) and (I11) are (4, 3) and (— 4, 3). Thus we have the shape of
the curve as given in figure

Required area is

4 2 4
-2 j.}'cmadx—j.}’adl’—j.}'ﬁfﬁ]
0 0 2

4 2 4
1 s, 1,
) j;¢15—x1dx—1£(4—x )dx—ﬂ;{x —4},;&}

2 2 5

4 2 4
- z[[i«izs—ﬂ + B gn™ 5} —1[4x—§] —%[g—arx]
0 0



=1[6+Em—li_i_i_i]
2 5 3 3 3

=12+255m‘1%—s =4+255in_1%

Q. 15. Find the area of the region bounded by the curve C : y = tan X, tangent
drawn to C at x = ai/4 and the x-axis. (1988 - 5 Marks)

1 1 ;
AnNs. E[Mgz_i] A s

Solution. The given curve isy = tan x ...(1)

Let P be the point on (1) where x =n /4
~y=tanp/4=1i.e. co-ordinates of P are (n/4,1)
~ Equation of tangentat Pisy - 1 =2(x -n/ 4)
ory=2x+1-n/2..(2)

The graph of (1) and (2) are as shown in the figure.

Ya

Now the required area = shaded area

= Area OPMO - Ar (APLM)



w4
- j' taﬂxdx—%{GM—ﬂL}PM

1
Evaluate j log[1-x + 41+ x]dx

Q. 16. 0 (1988 - 5 Marks)
l[lug 2+E—1}

Ans. 2 2

Solution.

1
Let ] =Il.log[«f1—x+«fl +x]dx
0

Intergrating by parts, we get

I= [:clug{«."ll x+¢'1+_ h

-1 1
El; +qf1+x EJI X M‘l+x}tr

—logy3- j- TN WXV
(W+x+-1- I:l{q'll+1 J1-x) Mi-x2
=l]ﬂg2+l] x{«ul'l+x—«.|'i—x}2 .
2 2{;.|[1+x—1+x)'\érl—r2
=lhgz+lll+x+1—x—1 1-x° i

2772 1A

—(I)u] = %[10;;2 +m/2-1]



Subjective Problems of Definite Integrals &
Applications (Part - 2)

Q. 17. If fand g are continuous function on [0, a] satisfying f(x) = f(a — x) and g(x)
+ g(a — x) = 2, then show that (1989 - 4 Marks)

Solution.

Let I - [ f(x)g(x)ax = | fla-x)g(a-x)dx
[i] [i]

[Using the prop. [ £(x)akr = f (a— x)ax]
4] 0

- [ re2-gar
0

As given that fla—x) = f(x) and gla—x)+g(x)=2

- z! fx)dx - {f @egdx. ., _ g;[‘: Fde—1I

= zf=zj'f(x)dr = f=j'f.:x)dx
0 0

Hence the result.

4

iz x/
f(sin2x)sinxdr=+2 | f(cos2x)cosxdx
L]

Q. 18. Show that © (1990 - 4 Marks)

Solution.

w2
We have, = J f(5in2x) cos xadx

0 ..(1)

w2
I= j' £ (sin 2x)sin xax
0

)



[Using property [ 7(x)dx = [ f(a—x)dx]
1] 0

Adding (1) and (2), we get

il
2] = j' £(sin 2x)(cos x +sin x)ax
0

mid
= 27=2 J' f(sin 2x)(sin x + cos x)dx
0

[Using the property,

a a
[ £@dc =2 f()dxwhen f(2a—x) = 7]
0 ]

/4
= [I= j. JS(sin 2x)sin x + cos X)dx
0

T4

_\2 J' f(sin 2x)sin(m/ 4+ x)dx
0

nid -
-2 | f[sin[![%—x]”sin[m4+m‘4—xjdx
: .
Using the property
[ reax=| fa-xax
0 0

T4
=42 J' Jficos 2x)cos xdx
0

Hence Proved.

sin2kx

sinx

Q. 19. Prove that for any positive integer k,
cos (2k - 1) x] (1990 - 4 Marks)

2[cos X + €0S 3X + ...uvvenee

2
j sin 2kx cotx dy — -
2

Hence prove that °



sin 2kx

Solution. To prove : sinx

=Ncosx+cos3x+... +cos(2k —1)x]

It is equivalent to prove that
sin 2kx = 2 sin x cos X + 2 co0s 3x sinx+ ... + 2 cos(2k- 1) x sinx
Now, R.H.S. = (sin2 x) + (sin4 X- sin2x) + (sin6 x- sin4x) +.... +(sin 2kx - sin(2k- 2)x)

=sin2kx = L.H.S. Hence Proved.

x/2 "2
Now J sin 2kx cot xdx = J sm .CO5 xdx
2 2 sI0X

/2
- I Meosx+cos3x+ . +cos(2k —1)x) cos xdx
0

[Using the identity proved above]

2
= I [2cos? x +2cos3xcosx+ 2coS 5XCOSX +. ..

0 +2 cos(2k- 1) x cos x]dx

w2
= I [1+cos2x)+ (cos 4x+ cos 2x)

0 +(cos 6 X + cos 4x) + (cos 2kx) + cos(2k- 2) x ]dx

i
= j. 1+ cos2x+cosdx+cosby |

0 cos(2k- 2)x] + cos 2 k x dx
{s:in?x sindx _ sin6x sinilk—z)x} sinl‘ﬁ:nr]’“'"2
=|x+2 + + +_. + +
2 4 6 2%k -2 %

=q/2 [sman=0vneN]
Hence Proved
Q. 20. Compute the area of the region bounded by the curves y = ex In x

¥y= In_x whereIn e=1.
and ex (1990 - 4 Marks)



ez -5
Ans. 4e

Solution. The given curves are
y =ex logex ... (1)

)= log, x
and e ...(2)

I = ——
The two curves intersect where ex log x

— {gr—l]logx=ﬂ — x=lc-rx=1
ax e

Atx=1/eorex=1logx=-loge=-1y=-1

Atx=1/eorex=1,logx=-loge=-1y =-1
1

!
So that [ﬂ' / is one point of intersection and at x = 1,
logl=0. y=0

~ (1, 0) is the other common point of intersection of the curves. Now in between these

—<x<l

two points, ©

or log[l]-dlugx{logl,or —1l<logx<0
e

I.e. log x is — ve, throughout

h= exlogs Ly = k.g—gx

1
—<x<l.
Clearly under the condition stated above y: <y both being —ve in the interval ¢

The rough sketch of the two curves is as shown in fig. and shaded area is the required
area.
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Q. 21. Sketch the curves and identify the region bounded by x = 1/2, x =2,y = In X
and y = 2%, Find the area of this region. (1991 - 4 Marks)

4-2 5 23

Ans, log2 2 2

Solution. The given curves are x =1/2 ....(1), x = 2...(2), y = In x...(3),y = 2*....(4)
Clearly (1) and (2) represent straight lines parallel to y - axis at distances 1/2 and 2

units from it, respectively. Line x =

(3)at [1,—1:12] and (4) at {—I,JE].ija x=2
1/2 meets 2 . 2

4).

meets (3) at (2, In 2) and (4) at (2,



The graph of curves are as shown in the figure.

\.—-uw .

Required area = ABCDA

- j' (—In x)dx + ? Zxﬂir—jl]nxﬂir
1/2 1/2 1

2 2 2
= J' 2 dx— j' Inxax _ J'(Q"—]nx)atr
172 172 142

o 2
= {@ —{xlogx —x)l”

. —2log2+2 |- —\E +llug2—l
log2 log2 2 2
e

= 4 ‘E—Elt:|lg2+i\II
Llngﬁ 2 2)

| fydt— = as|x| - oo

Q. 22. If “f* is a continuous function with ©

liney = mx
4 M{
0 0 X
B o2
v+ [ riydr =21
intersects the curve 0 (1991 - 4 Marks)

Solution. We are given that f is a continuous function and

then show that every



J'f{r}dr —»oas| x |- o0
0
To show that ever y line y = mx intersects the curve
¥ +J' F(O)dt=2.
0

If possible, let y = mx intersects the given curve, then Substituting y = mx in the
equation of the curve we get

A _ 1
m’x +_|'uf{r)dr 2 @
Consider F(x) = m*x> +J':f{r;.dr-2

Then F (x) is a continuous function as f (x) is given to be continuous.

Also F (x) — o as [x|— o

But F (0) = -2

Thus F (0) = —ve and F(b) = +ve where b is some value of x, and F (x) is continuous.
Therefore F (x) = 0 for some value of x T (0,b) or eq. (1) is solvable for x.

Hence y = mx intersects the given curve.

. . k)
g xsinl2x sm( cmx]

Evaluate j 5 dx
X—T

Q. 23. o (1991 - 4 Marks)

8
Ans. T
Solution.

Exs.in(Zr}sin(;msx)
Let I=fu - a



s Ao x=(g+ﬁ]

Consider, 2x-p=yn= 2

Whenx — 0,y » -nwhenx -,y —»n

- We get
(sl 3el37)],,
-7 ¥ "2

- H—: [?1} (—siny) sin[?siﬂ%] dy

_m T sinysin(n/2siny/2)
"4 A

v <3 srsa(Ssn3)a

—uﬁj’“m sin(7/2sin y/ 2)dy
440 y Y

[Using J':’ f(xX)dx=0if f is odd function

=2J':f(xj;dx if 1 is an even function]

——j 2sin y/2cos y/ 2sin(m/ 2sin y/ 2) dy

Letsinyfﬂ=u:>%cusyf2dy=du

= cosy/2dy=2du

Alsoasy - 0,u— 0andasy — mu — 1

.'_I=j.;2usin[%]du

mz Jz ms[ ]




2

Q. 24. Sketch the region bounded by the curves y = x* and .
(1992 - 4 Marks)

2" Find the area.

{1—%]511.@1’15
Ans.
2

Solution. The given curves are y = x? and Y1452 Here y = x?is upward parabola
with vertex at origin.

2
y= - : :
Also, 1+x° isacurve symm. with respect to y-axis.

Atx=0y=2
dy —4x
E=m{ﬂ for x=0

=~ Curve is decreasing on (0, o)

dy

Moreover & =0 at x=0
dx

= At (0,2) tangent to curve is parallel to x — axis.
Asx > o,y —0
=~y =0 is asymptote of the given curve.

For the given curves, point of intersection : solving their equations we get x =1,y =1,
ie., (1,1).

Thus the graph of two curves is as follows:



(1,1)

0 X

b.:-'?ll

T,

1
. The required atea = 2[ ( 2 3 —xzjdr
0\ l+x

Q. 25. Determine a positive integer n <5, such
1
[ (x-1n"dx =16-6e
that © (1992 - 4 Marks)

Ans.n=3
1
. . j & (x—1)" dx = 16— 6e
Solution. Given that -o

wherene Nand n<5

To find the value of n.
Let L
I, =_|'ﬂg (x—1)" dx
~[(x-1"e*Th - j':n{x— D" e* dx

= ()" j'; a(x—1)""e dx

I =(-y"-n1_,

1
Also, I, =fﬂf(r-1}a‘x

1
=" (-1 - [ e'dr=—(-D- (%
=—{g-1)=2-g



Usingeq. (1), L=(-1P-21=—1-2(2—€)=2e-5
Similarly, I, = (-1)* =3I, =1-3(2e-5) =16-6e
Sa=3

Evalt '[3215+x4—213+212+1ﬁ
te -
v 2 lanatop

Q. 26. (1993 - 5 Marks)

llugﬁ—% 27. 2n+l—cosy

Ans. 2
Solution.

3 4_
I 20 £ 2::3+212+1dr

2 oDt -n

J'3215—2x3+x4+2x2+1dx
2 o2+l
J-E:uﬂ(x? 1)+(x2+1)2

2 (@ +D)P (-

3

-[1{1'2+1)2 -[12 1
3 x?ax 1, x-1
=Jz (x? +1)° +[EmgmL

10
=j u|r:’1f l[lugg—lugl]
5 42 2 4 3

Putx?+1=t,2xdx=dt

Whenx - 2t—5,x—>3,t—> 10
10 3 [ 1)“}1 3
=[] 2-=|dr+ m——l t “log>
I, [r ;2] gy ~leltl+3) +3le;

—log10—log5+— ——
oETmTE +1u 5+21°g



1] 1, 3 1 L
—log2+{— +—log— = {21{:g2+1ﬂg2]—m

10/ 272 2
1 1
"% 10
nm+v
I |sinx|dx=2n+1-cosv
Q. 27. Show that  ° where n is a positive integer and 0 < n <
. (1994 - 4 Marks)

Ans. 2n + 1 - cosy
AV

I |sinx|dx=2n+1—cosv
0

Solution. To prove that

HE+v
Let I=J'u Isinx | dx

v oo HE+V
=J' |smx|a‘x+j. |sinx | dx
o v

Now we know that | sin x| is a periodic function of period 7 , So using the property..
at+nl T
=L Fde=n| f(x)x
where n € | and f (x) is a periodic function of period T

We get, I—rsinxdr+njimsinxdx
o 0
[ |sinx|=sinxfor 02 x£v]

= (—cosx)y +n(—cosx)y =—cosv+1+n(l+1)
=2n+1-cosv=RHS.

Q. 28. In what ratio does the x-axis divide the area of the region bounded by the
parabolasy =4x —x?andy = x2—x ? (1994 - 5 Marks)

Ans. 121 : 4
Solution. The given equations of parabola are

y=4x-x2or(x-22=-(y-4) ... (1)



and }*=Ig—x“r[x_%]g=[y+%] ...... (2)

Solving the equations of two parabolas we get their points of intersection

Here the area below x - axis,

Ya

4 =Ilt—yﬂc&=j;cx—x2}dr
(2 2 1 1
55 e
Area above x - axis,

572 572
AZ:U y].rix—] Yadx

(- 3-E-9G-2)]

25 125 25 1 300-250+75-4 121

218 6 24 T 24




-~ Ratio of areas above x — axis and below x — axis.

Ay :A;=%:%=% =121:4
ke
Let In =J- 1-cosx .
Q. 29. 0 Use mathematical induction to prove that In=m @, m

=0,1,2, ... (1995 - 5 Marks)

1—cosmx

I _ T1—cosmx
Solution. Given " Yo l1-cosx

dx

To prove: Im=mnam=0, 1, 2, ......

Form=0

n]— m —
Ip = 1 msﬂdx=J' 1-1

01l-cosx 01-cosx

-« Result is true form =0

Form=1,

IH 1-cosx
1=

do=[ 1.d
0l-cosx _Jn .

{x}: =n-0=m
~ Resultis trueform=1

Let the result be true for ™=Fie e =km o o)

Tl —cos(k+1)x
K+l =f — &

Consider 0 l-cosx

Now, 1 - cos(k+ 1)x
=1 —cos kx cosx + sin kx sin x
=1 + cos kx cos X + sin kx sin X — 2 cos kx cos X

=1+ cos (k—1) x —2 cos kx cos x



=2 —(1-cos (k—1) x) -2 cos kx cos x
=2 (1 —cos kx cos x) — (1—cos (k— 1) x)
=2 —2cos kx + 2 cos kx — 2 cos kx cos x — [1-cos (k—1) x]

=2 (1 —cos kx) + 2 cos kx (1-cos x) — (1 —cos (k — 1) x)

Ly - j': A1 —coshx)+ Emsk:? ?mm;r} —(1—cos(k—I)x) .

=2J'ﬂ‘-‘l—msh

T Tl — —
dx+2_|' cmmﬁ-J' 1-cos(k—Dx ;.
1-cosx 0

0 l-cosx

in Foc o8
=21,,+2[5m ] _hiy
k /g

=2 (k) + 2(0) - (k - 1)z [Using (i)]
=2kn- kntn = (k +1)m

Thus result is true for m=k + 1 as well. Therefore by the principle of mathematical
induction, given statement is true forallm=0, 1, 2, ..............

Q. 30. Evaluate the definite integral : —L-'JELI
Marks)

(1995 - 5

R %:n+310g3{2+ﬁ}—4ﬁ]
ns. 12-

Solution.

TN S
Let I=J_1£L:?Jmsl[ 2 ]dx

g
1+x°

We know that sin_l[ Ex}

1+x°

]=2tan_1x



Also sin_1y+ms_1y=%

2x

l+x

We get %—ms_l[ 2] =2tan ' x

rcm_l(i] =E—2tan_1x
1+x2) 2

=l e

3 4 1743
LY EAE Y L anlx
2ot N3 1—yt

T 143 x4
=2_§J' Fdx—2x0

— [Using f: £ (x)dx = zj': J (x)dxif fis even]
—0iff is odd

1/3 _1'4

___,=_Ejlfﬁu—x“1—1

0 1-x*

ol e Tl

X

1-¥ 142

1/43
+tan”! xﬂ

0

1+Luf -] 1)
ST J

=_ﬂ{1 1, fV3+1) ’.n:}

&)
=T E+110g(2+-u'r}—\r}

- E[mamg(hﬁ)—aiﬁ]

Q. 31. Consider a square with vertices at (1, 1), (-1,1),(-1,-1)and (1, -1). LetS
be the region consisting of all points inside the square which are nearer to the
origin than to any edge. Sketch the region S and find its area. (1995 - 5



Marks)

1642 - 20

Ans. 3

Solution. Let us consider any point P (X, y) inside the square such that its distance from
origin < its distance from any of the edges say AD

COP<PM or |97 <l-x

or }rz = —2[1(—12] (1)

Above represents all points within and on the parabola 1. If we consider the edges BC
then OP < PN will imply

2 < 2{x+l.]
¥ 2

Similarly if we consider the edges AB and CD, we will have

x 5—2[}'—9 3)

x> < 2[_}'+3 @)

Hence S consists of the region bounded by four parabolas meeting the axes

(21 0 o+
at 2 2

The point L is intersection of Py and Ps given by (1) and (3).

-1,13 B A0LD

[ D
-1 % (-



B

A 3 N

(a:-lf{)ﬂ B
y?-x2=-2(x-y)=2(y-x) 0
LY-XTay=xaxt+2x-1=0= (x+1)*=2

x=+2-1asxis+ve

Lis (y2-142-1)
- Total area = 4[squareuf side(vW2-1)+ 21;32—1 }'dr}
- 4{(@ -0+ EJ-M Ja- h}m—}
V241

[ 22 3/2,1/2
=4_3—2J'—5.5{(1—2x) }ﬁ_l]

=4_3-2f—%{ﬂ-{1-2~5+2}3-’2}

=4_3—2~E+%{3—2J5)3-"1]

=4{3-2J§)[1+‘—;J(3—7M’5}}

~46-24) [léw'i —n}

1642 20
3

=;(3—2ﬁ){1+1ﬁ) =';[(4ﬁ—5)] -

Q. 32. Let An be the area bounded by the curve y = (tan x)n and the linesx =0, y =

1
An+‘4n—2 = n—1

0 and x = n/4. Prove that for n > 2, and

L, !
deduce 2n+2 2n—2 (1996 - 3 Marks)




Solution.

T/ 4
We have A, =J'ﬂ (tan x)" dx

Ya y=(tanx)’

0 /4

Since 0 <tan x <1, when 0 <x <m /4 , we have

0 < (tan x)"** < (tanx)n for each n € N

w4 nil n.'4 n
= J'ﬂ (tan x) dxﬁjﬂ (tanx)" dx
= Ay <4,
Now, forn > 2

x4

Ayt dpey = [ (200" +(tan )" ]dx
4 3
=Iu (tanx)" + {1+ tan” x)dx

n/4
- J'ﬂ (tan X)" + (sec? x)dx

1 ) mid
_ n+
_[(n +1) (tanx) l

[fcx)]"“]
n+l

{'-'fo(x)]"f'(r)dh

1
C(n+1)

(1-0)



Since Apyn <dps) < Ay weget, Ay + Ay <24,

1 1
= n+1{2A":>2n+2{A" (1

Also for 1n1>2, 4y + Ay < Ay + 4y =Ll
n_

= Eﬁu‘ﬁ

1
e S )

Combining (1) and (2) we get

1 1
<d, <——
n+2 2n-2 Hence Proved.




Subjective Problems of Definite Integrals &
Applications (Part - 3)

j-ﬂ 2x(1+ sin x) .
Q. 33. Determine the value of ~~* 1+cos’x (1997 - 5 Marks)

Ans.
Solution.
j' 21(1+5mx} _7 (say)
-T 14+cos?x
2x ® 2xsinx
of [ = +
Jl—-fl+cuszx j.—?rl+m52x
T 2xsinx ) )
I=0+2 3 ax [ 3 lsmoddﬁm::tmﬂ}
0 1l+cos°x 1+cos“x
or I=4‘J.I xsinir
0l+cos"x (1)
_ T(m—x)sinx
o I=4 F{m—x)smimT— x} n( }2 dc
0 1+{cos(m— x}}‘ l+cos”™ x
o 1 " i
o I=dnf —S—de- | i
0 1+cos” x 01+cosx
o I=4 MY -1 [fom(1)]
01+cosx
or 2=4 smxj ax
01+cos”x

Putting cos x =t, —sin x dx = dt

When x — 0,t —1 and when x — p,t — -1



-1 ¢ 1 g 1 gf
> =2n —2=4n —
I 147 “11+¢ 0147

—J=4n [tau‘l r:]: — 47 {tan” (1) — tan "1 (0)}

:::J=¢*Hr[{£—l[]}=:ﬂ:2
4

Q. 34. Let f(x) = Maximum {x?, (1 —x)? 2x(1 - x)}, where 0 < x < 1. Determine the
area of the region bounded by the curves y = f(x), x-axis, x =0and x = 1.

P
Ans. 27

Solution. We draw the graph of y = x?, y = (1- x)? and y = 2x (1- x) in figure.
Let us find the point of intersection of y =x2 and y = 2x (1- x)

The x — coordinate of the point of intersection satisfies the equation x? = 2x (1- x), =
3x2=2x=> 0orx=2/3

~ At B, x=2/3

Similarly, we find the x coordinate of the points of intersection of y = (1 —x)?and y =
2Xx (1-x)arex=1/3andx =1

~AtA x=1/3andatCx =1

A e, e — X
G/] C\‘{x—l}
v=2x(l-x)

From the figure it is clear that



[(1-0)? for 0<x<1/3
F)=42x(1—x) for 1/3<x<2/3
x> for 2/3<x<l

The required area A is given by

A= I:f[x}dx

1/3 23 1
_ _ 2 _ 2
-[, @ dx+j’m 2x(1 x}afx+]'y3;r dx

2/3
1 ; 1/3 , 22 1, 1
=—=(1-x) +HxT——| +|-=x
3 0 3 3 s

1/3

AT o1 F e

1 _1[ 1
t
Q. 35. Prove that Jo tmn 1-x+xt

1
J'ﬂ tan " (1- x+x°) dx.

] dx = zj; tan~" xdx. _
Hence or otherwise, evaluate the

integral
Ans. log 2
Solution.
S I= J';;m =J';tan‘1 xdx-]'; tan™! (x - )dx
1 1
=J'u tan“xdx-]'ﬂ tan 1 {(1-x) -1}

[Usingf: o= f{a—x}dr}

- j';t;m—l xdx__[;(_tau‘l xX)dx = ZJ:tan_l xdx (Proved)

1
= E[xtan_ldx—%lugﬂ +x° )}
0



Now, j.; tan_I{l —X+ xz}dr

1 1 1{11 - 1 ]
-1 1
= I =| |=—tan dx
ncnt " - dx »[u 2 1 )

Q. 36. Let C; and C: be the graphs of the functionsy = x>andy =2x,0< x< 1
respectively. Let Cs be the graph of a functiony = f(x), 0 <x <1, f(0) = 0. For a
point P on C;, let the lines through P, parallel to the axes, meet C, and Cz at Q and
R respectively (see figure.) If for every position of P (on C1), the areas of the
shaded regions OPQ and ORP are equal, determine the function f(x).

(o, 1:“ ! {1,1)

Ca y

(0,0 lo LL]] ] i1, 0)

Ans. f (x) = x3-x?

Solution. f (x) = x3-x?

Let P be on C1, y = X2 be (t, t?)
= Ordinate of Q is also t2.

Now Q liesony =2x,and y =t2

L X =132
2

For point R, x =tanditisony =f(x)



“Ris [t f (D]

s i~ ;
Area OPQ =Iu (:ra—:gjla‘y - I{I [“r _%]@

3 4 (1)

o, v

t h 3
=jur2dx+hnf(r}a‘x‘ =%+

T
Area GPR=J'U yax +
fa

[ 7 e
Equating (1) and (2), we get,

£
i 4

[ 7 ooax

Differentiating both sides, we get,
t2- 1% =-f(t)

(1) =x3- X2

COS X

T
g
L'.m:gﬂ.fe .[ cosX —C05 X .
ne + &

Q. 37.
Ans. /2

Solution.

x Eme

1] gl'_'DSJ.'_'_E—EﬂSI

I=

T g1':1:|45J{,1'|:—x,‘.| T g cosx
=I= == ——
0 ems(n—x}_i_e—ms{n—x} 0 g oosx  geosx

"
Adding, 11=j' dr=n = I[=7/2
0



2x, Ix]£1

)

. . . ¥ +ax+b, |x|=1

Q. 38. Let f(x) be a continuous function given by

257

—— R 'E
Ans. 1024

Solution.

12+m:+b;x-::—1
F(x)=12x —l=x=1

12+m:+b;x::-l
« f(X) iscontinuousatx=—1andx =1
~(-1)?+a(-1)+b=-2and2=(1)>+a.1+bie.a-b=3 and a+b=1

Onsolvingwe geta=2,b=-1

e +2x-1;x<-1
Lo fi0=92x —l=x =l
x2 +2x-1;x>1

Givencurvesarey =f (x), x =—2y?and 8x +1=0
Solvingx=—-2y?,y=x>+2x-1(x<-1)we getx =—2

Alsoy = 2x, x =—2 y? meet at (0, 0)

y=2x and x =—1/8 meet at (-l_—l]
8 4.

The required area is the shaded region in the figure.



L 2

~ Required area

NOTE THIS STEP :

=J'__;[ ——(x2+2x 1}} _]”E[ %‘-zx}ﬁ

_ . 18
1 2 u_x_}_ ) 1 LZ[—I}LE_
_{E E 7% +xl_2+ 53 xi_l

4 8 1 1) I{ﬂ_\i
33y (3+5‘4 2] Lz 1642 64) (3 7Y

={J§—5] _[4+3-13J +[ﬂ{;23] _{53—3]

Nln-

3 3
257
= joy 4 mits
T Int
f@y=[ . fle+r
Q. 39. For x> 0, let +'*" Find the function f[x)J'f[ ] ( )

Here, Int = loget.

Solution.
fo= j —dr forx > 0 (given)

lix Int 1
—|= —d - =
e )

dt = du



e (1) [ 212D
u

=J'x Inu :J‘u—J'x Int dt

1 ufu+l) 1i(t+1)
1 x Int * Int
Now, f{x]'*'f[;_] =j.1 1+rdr+Jl1 t(1+1)

2

=[O [0 L g =gy

1
1 #(1+1) 2

Put x=¢g, hence f(e) + f{i] =%(]ng)z=%

Hence Proved.

Q. 40. Letb# 0 and for j=0, 1, 2, ..., n, let Sj be the area of the region bounded by
LLPNPeL).

the y-axis and the curve xe?y =sin by, & b Show th at S, S1, So, ...,

Sh are in geometric progression. Also, find their sum fora=-1and b = =.

7:(1+e)re"+] 1)
Ans, 1¥7* L e-1

Solution. Given that x =sinby. e® = —e-ay <x <e-%

The figure is drawn taking a and b both +ve. The given curve oscillates between x = e~
Yand x =—e®

v

(7F1)=

Clearly, §i= L;n b sinby.e © dy

[



I=|sinbye™®d
Integrating by parts, J. sooys —

B
Weget [ =— ; 5 (asinby+bcosby)
2 +bh
1 [ L (j+D)m
7 ,7|°
a +b b

{asin{j+1)m

—ajm
+beos(j+1)n—e b (asinjm +bcusjn}]

1| TRy ThE
=8i=~—7 b1y —e ¥ b(-1)
_l!. _a.
bt o [t W

g. E_hjx —
St U
= 5,. 5.5, .S; formaGP

Fora=—landb=% § = 5
Tolsw)
a(l+e) (™ -1
= DSy
=0 (1+x7) f(e-D

(1+¢)

Q. 41. Find the area of the region bounded by the curvesy = x?,y=|2-x*|and y =
2, which lies to the right of the line x = 1.

[i—ﬂ—rlﬁJ 5q. units
Ans.

Solution. The given curves are y = x? which is an upward parabola with vertex at (0, 0)



y=P-|
or yo -2 if —22x<\2
xz—zif:r-r:ﬂ.ﬁarx:-ﬁ

o X=—(y-2); ~2<x<42
a downward parabola with vertex at (0, 2)

B=p+2 x <2, x>42 (3)

A straight line parallel to y — axis

The graph of these curves is as follows.

¥
;rz=_;|,r ' x—_v+2
\ ng x< Ex::-w"—
. 2 _2
“ > _'_I,J_
% < ?
X =N,
if-J2<x< 2™
W =1
F x

=~ Required area = BCDEB
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Q 42. If fis an even function then prove that
ni4
I fleos 2x) cos xdx = 1;"'_ J Fisin 2x)cos x dx

I'\J

Solution. Given that f (x) is an even function, then to prove

f:l:zf(cnsﬁr} cosxdx = JEJ.:‘tf(sinEx} cosxdx

mi2
Let ] =J'u flcos2x)cosxdx . ()

J; el ol 5

|:Usingj: f()dx = jﬂ“f(a - x}dx}
i
- Ju £(—cos2x)sin xdx

"2 i
f=_|'u £(cos 2x)sin xdx

[As fis an even function] Adding two values of | in (1) and (2) we get



= J: " f(cos 2x)(sin x + cos X)dx

=I= %j‘:”ﬂmﬁhj {%sﬂx+%msx]dx
B ﬁ LA

I= ?ju f(cos2x)cos(x -/ 4)dx

Let x-mn/4=tso thatdx =dt

asx > 0,t— -t /4 and as x — /4, t > n/2-n/4 = /4

w4
I=% M_f[cm?{r+1rn‘4}]msm‘:r
—I
1 prid _
=EJ. Mf[—smﬂr]cusm’r
b 4

! J'“"'J' f(sin2f)costdt
=— s5in CDs
J2J-ni4

=%J:Mf(sin2:} costdt

=,,,I'§J'DHHf|[5jn 2x) cos x dx

R.H.S. Hence proved.

,
X~
If y(x)= | Mae,mm&iqu
Q. 43 g 1+sin @ &
Ans. 2n

Solution. We have,

¥ cosxcosyB
Y@=\, ——— =49
%116 1+sin® B

xz B
=cusrj. mﬁ( [+

/1614 sin” B

[+ cos x is independent of 0]



o [cos® scosx | ﬁcmu‘r
T smxj.ﬂzﬂs 1+sin2 8 a0 J' 1161 +

2,

xE
J.'n /16 Cm;; -h_ﬂ:l
1161+ sin’ x (Using Leibnitz thm.)

—— B +msx[

e Jlr 1+sm2-q'r_

_ ayl JrJ' *  cos q'_ {cnsz n)2m
> - x r161+sm2.f' 1+sin’w
=0 +2 =27

=3 r+dr

i “-dx
—xi3 2—mﬁi|x|+;J

Q. 44. Find the value of

An] m:}
tan " 3——
Ans. ‘E[ 4

Solution.

i3
Let 1=[ _omedd

=13 2—m5[|x |+ E)
3

=j-z.-'3 . )a‘x +j-n:f3 4 e

/3 -
" 2—cm(|x|+?; IBE—CDS(|I|+1;]

The second integral becomes zero integrand being an odd function of x.

{using the prop. of even function and also |[x] = x for0 < x <= /3}
Letx+n/3=y=>dx=dy
also asx »>0,y—>n/3asx —>n/3,y—>2n/3

=~ The given integral becomes



J-E’.II.-'S dy _2 J-E’.u'.-'i dy

x/3 2—cosy w3 ) 1-tan® y/2
1+tan® y/2

/3 sec’ y/2
=a| =
LH 3tan® y/2+1

303 tan? yr2+(1/43)2

I 1 N [

_i;m 3_tan~ 1:| j@[ tan~!3— ﬂM]

T
Evaluate IJ‘“H [2 sin [% msx] +3cos [% cusx}] S0 x dx
[/

SEUENER

Solution. Let

Q. 45.

Ans.

I=Iid“’”1 Esin[lcusx]+3cus[lmsx] sin xdx
1] 2 2

'gjmsrl 1 )
J'e-m‘ﬂzsm[ cnsx]smxdx Iﬂ JmE(Ecusx]mnxdx

= I1+l,

Now using the property that

2a a
[, 7@dc=2f s i€7@a—0=1e)

=0if fla-x)=-1(x)
We get, I, =

w2
and I = EI e'“"’“l'_’ams[lcusx] sin x dx
0 2
w2 1 i
= ﬁf e“’”cus[—cm x] sin xdx
0 2

Put cosx =f = —sinxdx=df,
1
I, =6| & cost/2dt
7 .Fﬂ Cos



Integrating by parts, we get
I = 6[(¢ cost/ D} +lfle*smrfza&r]
2 0 2 Jo

_ 1 - 1 1 1 Fd
= ﬁ{ems{lfl}—H E{(e’smrfl}n —EJ'UE cosffﬂdi‘H
I, =06 ecus{l] —1+l{esin[l]—l.ll’2
2 2 27 26
I —ﬁ[ems{lﬂ)—1+l(esmn‘2}—if]
2 2 2472

I+ %Iz =6 [ems(lfi} +%esin(l.-‘2} —1}

51 1
Tz = ﬁ[em{lflhiem’nﬂﬂ)—l}

=1 = z—:{ecus(lf 2 +%esin{%] —1}
Q. 46. Find the area bounded by the curves x? =y, x> = -y and y? = 4x — 3.

lsq_ umits
Ans. 3

Clearly point of intersection of (i) and (ii) is (0, 0). For point of intersection of (i) and
(ii1), solving them as follows

X* -4x+3 = 0 (x-1)(x3 + x2 +x-3) =0

lor (x-1)2(x2+2x+3)=0; = x=1landtheny=1

~ Req. pointis (1, 1). Similarly point of intersection of (ii) and (iii) is (1, — 1). The
graph of three curves is as follows:



We

dy

>

also observe thatatx =landy =1

@ for (i) and (iii) is same and hence the two curves touch each other at (1, 1).
Same is the case with (ii) and (iii) at (1, -1).

Required area = Shaded region in figure = 2 (Ar OPA)

=1

=2

:I;xﬁdx—j;‘iﬂx—a dx}

_rﬁ..lll_ll,z{aix_jjau\ll :|_ "1 l:l

5, a5, |7757s
1 1

et _ 2 .
6 aquME

Q. 47. f(x) is a differentiable function an d g(x) is a double differentiable function
such that [f(x)| < 1 and f '(x) = g(x). If f2(0) + g*(0) = 9. Prove that there exists some
c€ (-3, 3) such that g (c).g ""(c) <O0.

Solution. Given that f (x) is a differentiable function such that f’(x) = g (x), then

[ e@ar=[ reax =1k = 1)~ £

But[f(x) <1 =>—l<f(0)<1L.¥x R
o FA)=f0)e-11)

Similarly



[ sar=]’ re-1r@-rGNe22)

Also given [£(0)] +[g ()] =9
= [gO)F=9-[F(O)F

= [g(0)F=9-1 [ Lf Gl =1]
= g0 =22 =g0)>22 or g)=-22
First let us consider g (0) > 2v2
Let us suppose that g" (x) be positive for all x € (-3, 3).

Then g” (x) > 0 = the curve y = g (x) is open upwards.

Now one of the two situations are possible. (i) g(x) is increasing

:I_:' = g t—xl}
22
---- B
C
x=3
Dl A
3
Mﬂ g(x)dx|> area of rect. OABC
3
ie j'n g(x)dx|> 642 > 2

1
. X)dx (2,2
a contradiction as fﬂg{ Jax £(=2.2)

-~ at least at one of the point c € (-3,3), g" (X) <O0.
Butg (x) >0on (-3, 3)
Hence g(x) g"(x) < 0 at some x € (- 3, 3).

(i1) g (x) is decreasing



y=gx)
PN
; 2
c
x=-3
A o ’
0
‘j' ,£()dx|> area of ect. O4BC
0
iel| L8| >32V7 =642 >2

i}
dx e(-2,2
a contradiction as Lg(x} €2.2)

=~ at least at one of point ¢ € (-3, 3) g "(x) should be — ve. But g(x) >0 on (-3, 3).
Hence g (x) g" (x) <0 atsome x € (-3, 3).
Secondly let us consider g (0) < 22

Let us suppose that g" (x) be —ve on (- 3, 3). then g" (x) <0 = the curve y = g(x) is
open downward.

Again one of the two situations are possible (i) g (x) is decreasing then

x=3_
(8] i
o B
y=g

3 .
fu g(x)dx| > Ar orrect. OABC =322 =632 >2

3
_ dx (2.2
a contradiction as J.f' gMdre-22)

=~ At least at one of the pointc € (- 3, 3), g" (X) is + ve. But g (x) <0 on (- 3, 3).



Hence g(x) g" (x) < 0 for some x € (- 3, 3).

(i1) g (x) is increasing then

A 0 N
B o
h"\
(-242.0)
x=-3
0
M 3g{x}afx > Arofrect. OABC =322 =62>2

0
. | gware-2.2
a contradiction as as

~ At least at one of the point c € (— 3, 3) g" (x) is + ve.

Butg (x) <0on (-3, 3).

Hence g (x) g" (x) < 0 for some x € (- 3,3).

Combining all the cases, discussed above, we can conclude that at least at one point in

(_
3,3), g(x) g"(x) <0.

42> 4a 1 fi-1 3a’ +3a
If | 46° 4B 1{;&}} 362 +3b |, flx)
47 de 1LF@] 3243 ) ) . . )
Q. 48. Is a quadratic function and its maximum

value occurs at a point V. A is a point of intersection of y = f(x) with x-axis and
point B is such that chord AB subtends a right angle at V. Find the area enclosed

by f(x) and chord AB.

E S,q_uﬂjts
Ans. 3



3a% +3a

4a® 4da 1 F(=D)
2 | ap2
We have, 45 4b 1 { F) |=13b" +3b
4t 4c 1 LS 3% 43¢

Solution.

= 4a? f (-1) + 4af(1) + f (2) =3a%+ 3a

4b? f (-1) + 4bf (1) + f (2) = 3b%+3a

Ac? f (-1) + 4cf (1) + f (2) = 3¢?+3c

Consider the equation

4 x%f(-1) + 4 xf (1) +f (2) = 3x2+3x or
[4f(-1)-3]x2+[4f(1)-3]x+f(2)=0

Then clearly this eqgn. is satisfied by x = a,b,c

A quadratic egn. satisfied by more than two values of x means it is an identity and
hence

47(-1)-3=0 =  f(1)=34
4f(1)-3=0 f(1)=3/4
f(2)=0 f2)=0

Let f (X) = px? +gx +r [f (X) being a quadratic egn.]

f(D=3 = p-gr=3

3 3

== = p+g+r==

fO=73 = prg+r=73

(=0 = 4p+2g+r=0
_ﬂ,p=——___r:1

Solving the above we get = 4
flx)= Lo
4
It’s maximum value occur at f* (x) =0 1i.e., x =0then f(x) =1, ~ V (0, 1)

Let A (-2, 0) be the point where curve meet x —axis.



4-m2)
)

As ZAVE = gﬂ . My “Mgy =-1
-1
= (2
—2- h—-0

= lx[ﬂj =-1 = h=8
2 4

- B(8.-15)

(
Let B bethepmntLh

Equation of chord AB is

(-8 = y+15=—2(-9)

=2y+30=-3x+24 = 3y+2y+6=0

If(u i)

.ﬁﬁ%’/’ // (2,0}

2 B(8-15)

Required area is the area of shaded region given by
af 12 ) 8 [ [—6-3x g [ 22 )
=I_2L-T+1de+j_2{-[ 5 ]}cbc—jz{—l—TﬂJ}i:
=2{:[-%+1]dx+%fi{ﬁ+31}dr+ij:(—x2+4)dx
i 2
=12 IIr£+1’] :|+l[ﬁ +£ +l{_—x3+4x]ﬂ
i 127, | 2 2], 43 X

_ 1(-512 8
=1_;—§+2]+%[(43+3x32)—(—11+5)] +[4[T 32] [3 +3H




41 1 1| —432 125
=2 = |+=[130]+=| —— | = == i
[3]+2[1 ]+4[ 3 } 3 5q. units.

1
Iﬂ_xsﬂ}lmdx
The value of 50508—— is.
jﬂ_xsu}ml dx
Q. 49. 0

Solution.
1 100 ! 04101
1£tI=Iuﬂ—150} dx and I =Iﬂ{l—15 YO0 gy
[N 504101
Then, 7 _j'nl_(l 0100
1 1
- [x(l— 15“)““]“ +111|1J'ﬂ 5050 (1= x°°)1%0 gy
_ 1 50, 50,100
—+51]511qu5 (1320100 g
—I'=+snﬁuj';—x5“{1—x5“)1““dx
= 5050 I—I'=5ﬂ50f; 1= %)% g

+595ﬂ_|';[_150(1 _ 550100 dix

1
= 5050 J'u (1— 210 gy — 5050 I*

= 5050 I =3051 I'= 5050 %= 5051



Match the following Question of Definite Integrals &
Applications

Match the Following

DIRECTIONS (Q. 1 and 2) : Each question contains statements given in two
columns, which have to be matched. The statements in Column-I are labelled A, B,
C and D, while the statements in Column 11 are labelled p, g, r, sand t. Any given
statement in Column-1 can have correct matching with ONE OR MORE
statement(s) in Column-1I1.

The appropriate bubbles corresponding to the answers to these questions have to
be darkened as illustrated in the following example :

If the correct matches are A-p, s and t; B-g and r; C-p and q; and D-s then the
correct darkening of bubbles will look like the given.

P49 r s t

09200
@O0 ®
00EGO®
BIO6] - 10)

00w e

Q. 1. Column I Column 1l

T(siux)"”“ [cusxm—lag(smx)m]dx

(A) o (p) 1

(B) Area bounded by —4y? = x and x — 1 = -5y? ()0

(C) Cosine of the angle of intersection of curvesy =3x -1

log x and y = xx — 1is (N6in2
d__ 6

(D) Let ¥ **Y¥ where y(0) = 0 then value of y when

X+y=6Is (s) 4/3

Ans. (A)-p:(B)-s:(C)-p;(D)-r

Solution.
(A) J‘nn.-'ztm X)°%* (cos x cot x — log(sin x)™ ¥ )dx



1
= In du where (sin x)* =¥ =u=1

(A)—=(P)

B) (-4, 1) ¥

(1.0)
=+.-1)

| 1 ;1
- 2 o (x-1 . o
Solving ) =—x and ¥ =—3(-D. o get intersection points as (— 4, + 1)

~ Required area
- [ 0-5y)+ 21y =2fp0 - =,
B)—=()

(C) By inspection, the point of intersection of two curves y =3x-1 logxandy = x*—1
is (1, 0)

x-1
For first curve % =3—+3"‘1 log3logx
x

** M1 = m2 = Two curves touch each other
= Angle between them is 0°
~cosO=1,

(©) ®— (p)



6 _ & 1 _
Cx+y dy

&[S
o =

1
(D) 6
ILF. =gV®

= Solution is xe ¢ = —ye V6 _6e Y% + ¢

> X+y+6=ceV

=>X+y+6=06ey/6. (y(0)=0)

= 12 = 6e¥% (using X +y = 6)

=>y=6In2(D)— (1)

Q. 2. Match the integrals in Column | with the values in Column Il and indicate

your answer by darkening the appropriate bubbles in the 4 x 4 matrix given in the
ORS.

Column I Column IT
1
dx
1 2
) J11+x2 ® g 3)
® i = :
0 1-x2 @ EIDE[EJ
3
o [-=& ™
21—.1{2 ®) 3
2 d
x
) z
‘[x x? -1 © 2

Ans. (A)-s;(B)-s;(C)-p;(D)-r

Solution

- =[tan™ xIL; = tan ™ (1) - tan ™ (1)

T
2
® |2 =[slx] =sint -5 0




T T
===
2 2
3 o 1, [1+x 1
=|=log|l—|| == 2-log3
© f,in [z 1—x£ liog2-logd]
=—log2/3

L, S

Q. 3. DIRECTIONS (Q. 3) : Following question has matching lists. The codes for
the list have choices (a), (b), (c) and (d) out of which ONLY ONE is correct.

List - | List - 11
P. The number of polynomials f (x) 1.8
with non-negative integer coefficients

of degree < 2, satisfying f (0) = 0 and

I;_;I'"I::r]dx= 1is

13,413

Q. The number of points in the interval [ J_‘h_:l 2.2
at which f (x) = sin(x2) + cos(x2) attains its maximum
value, is

2 L2

J- 3x dx equals

l1+e”
r 20+ 3.4

S. 4.0
P QRS P Q R S
@ 3 2 41 y 2 3 41
€ 3 2 1 4 dy 2 3 1 4



Ans. (d)

Solution. P(2) Let f (x) =ax?+ bx + ¢
where a, b, ¢ >0 and a, b, ¢ are integers.
“f(0)=0=>¢c=0

~f (x) = ax? + bx
1
Also| f(x)dx=1
i)

ac bt a

1
— | —+—] =1 :,—+E=l = 2a+3b=6
3 2 0 3 2

Q- aand b are integers
a=0andb=2
ora=3andb=0

=~ There are only 2 solutions.

0(3) fx) = sinx? + cosx?
on

f(x)ismax. /2 atx?= ; or -

— r=t% of i% E;—Jﬁ,\fﬁ]

=~ There are four points.

2 7

3Ix- 3_‘(2

Ry I= dx
(1) [ |

2
l+e” a= Ll;

iUsingj:f{x]ir=ff|:a +b —x)dx



- dx
Sl+e
2 3x? (14 € 2
2r = [ )dx _ [ 3x%ax
R O 5

1z l+x
j ma?xlog( ]a‘:r
-1/2 1-x
S 173 =0

j cusﬁxlug(l"'x]dx
0 1-x

* Numerator = 0, function being odd.

Hence option (d) is correct sequence.



Integer Value of Definite Integrals & Applications of

Integrals
Q. 1. Let f: R — R be a continuous function which satisfies (2009)
f(x) =ff{f}d‘f-
Thenuthe value of f (In 5) is (2009)
Ans. 0
Solution.

Giventhat f(x)= j': F©dt

Clearly £(0)=0.Also f'(x)= f(x) = . &) _4
@)

Integrating both sides with respect to x, we get

I%aﬁr=f1dx

= hf{(x)=x+InC = f{x)=Ce"
Now f(0)=0 = CeX—0 = C=0
f@=0vx=  fn5)=0

Q. 2. For any real number x, let [X] denote the largest integer less than or equal to
X. Let f be a real valued function defined on the interval [-10, 10] by

x—[x] if[x]is odd,
1+[x]—x if[x]iseven

J‘"Ex}={

2 10

T—ﬂ I fix)cosmxdx is
Then the value of -10 (2010)

Ans. 4

Solution.



x—[x] if [x]1s odd

Given function is £(x) ={1+[x]—xif [x] 15 even

The graph of this function is as below

Ao
/\/\T_:I/\/
3 2 -1 1 2 3 4

Clearly f(x) is periodic with period 2
Also cos mx is periodic with period 2
~ f( x) cosnx 1s periodic with period 2
qt alo
S I= ﬁj_m F(x)cosTx dx
_ %xlnﬁf{x}cusmﬂ

=’ Ul(l—x] cos T dx +j.2 (x—1)cos mx dx}
0 1

. 1 .
=2 H(l —X) Smmml +J: sm“ﬂ:r dx} +

lo
{(x psinmf EsmmdrH
- ! |1_.[1 T
qz[(_n_gmy_(_%mf]

= [(—cosm+cos0)—(—cos2m+cosm)| = [242]=4

1 2
The value of £4x3 {%[l—xzf}dx is

Q. 3. (JEE Adv. 2014)
Ans. 2

Solution.



1

{49[;—2{142)1&
- 49[%[1-#]5] 1 —j'{%[l—xi]i]_mzdx

0 0
2 2 st 2y’
— —12x (1-1 ) L+j[1-x ) Ddxdx
1

[x], x=2

0, x=2

(x)= _
Q. 4. Let f: R — R be a function defined by [ where [X] is the greatest

LT e

e} 2+ fix+1)

integer less than or equal to x, if , , then the value of (41 -1) is

(JEE Adv. 2015)
Ans. 0

Solution.

2 2

[ XD
2+ flx+1)
ley<?=0<=x?<4

Also0<x?<1=f(x?)=[x*]=0
1<x?<2=>f(x?)=[x2]=1

2 < x? < 3 = f(x?) = 0 (using definition of f)
3 < x? <4 = f(x?) = 0 (using definition of f)

Ao l=x'=2=1<x= 3

= 2=x+1<,2+1
= flx+1)=0



&
F()= [ 2cos’t(dr) f:[ﬂ, 1}%[0,*‘] be

Q. 5. Let x for all x e R and a continuous

T
HE,ﬂsilifF'{aHE

function. F or is the area of the region bounded by x =0,y =0,

y = f(x) and x = a, then f(0) is (JEE Adv. 2015)
Ans. 3

Solution.

Fo=| f“‘“"ﬁ dcos 1 dt

.
F'(o) =2cos” [“2 +E] 20— 2cos’a

F'(a) +2= [ " f(x)dx
= F'()=f0)
2

o flo) =4{1_2m5[(12 + %).[—sm[a +%):|.2{1

T
+4 cos? (32 +E] — 4cosor (—sinee)

3
© f0)=dcost g =4x 5 =3

1 _ 3
If e = j{egxi'ﬂltm lx} |(12.+gx 1{:&

Q. 6. 0 i

1 N
"7 Where tanx takes only principal values, then
the

in
log |1+ ——}
[ - I 1

value of s (JEE Adv. 2015)

Ans. 9



Solution.

= .[;e{g'xt:!-m_lxj (124957 ) dx

142 J
2
12+9x
Let Ox + 3tam lx=7= 5 dx=dit
1+x*
I in

o4+ 9+
ﬂl=I 4efdt=e 4 -1
0

9+}“ in
l+e 4 -1 —— =9

log, n

L IR — . . . .
Q. 7. S R—R pho 5 continuous odd function, which vanishes exactly at one

X

Fx) = [fodt for all xe [-1, 2]

point and f (1) = 1/2. Suppose that -1
= _ F(x) 1
Jf|f{_f{t}j|dfﬁ3rallxe[—l,2].EE%=H, ;{l] N
1 then the value of "2
(JEE Adv. 2015)
Ans. 7
Solution.

LT B YL
=l Gx) 14 23l Elﬂ FUOd

J’il £(t)dt =0 and jilr| FUA@)|dt=0
f(t) being odd function

=~ Using L Hospital’s rule, we get



f@ 1
()] 14
Ry 1 1/

= [Fow) =ﬁ:" fé]‘ i
W er=) o

Q. 8. The total number of distinct x € [0, 1] for
x .2
[——at=2x-1is
which o!** (JEE Adv. 2016)

Ans. 1

Solution.

2

x 15
I_ﬂﬁx}=J—u mdt—2x+l

2

—fi(x)= ———2<0Vxe[0,]

1+x*
=~ fis decreasing on [0, 1]

Alsof (0)=1

2

1t
and f(1) = jﬂlﬂ:‘ dt -1

2

Foal<t£l=0<s—F <2
1+t4 2

2
1
j t_4d1.¢:l
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=~ f(X) crosses x-axis exactly once in [0, 1]

=~ f(x) = 0 has exactly one root in [0, 1]
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