CHAPTE

Center of Gravity and Moment of Inertia

6.1 Center of Gravity

A point at which whole of the body assumed to be concentrated is known as center of gravity of a bodly.
In case of uniform gravity it is the same as the centre of mass and have only one centre of gravity irrespective of
its all orientation.

6.2 Centroid
The plane areas such as a triangle, quadrilateral, circle etc. have only areas, but no mass. The entire
area of such plane figures may be assumed to be concentrated at a point, which is known as centroid of the area.
Centroid is used for geometrical figure like line, areas and volumes and depend only geometry of the
body. While center of gravity is used for physical bodies like wires, plates and solids and depends upon the
physical properties of the body.

However for plane areas, the centroid and centre of gravity are the same and can be used synonymously.

6.3 Centroid of Given Lamina
Consider the of definite area as shown in figure 6.1. The body
may be considered to be composed of number of small body elements.
Let the area of the small element be ay, a,.... a,and the locations

of the elements in X~ Yplane are (x;, y,), (x,, V), ... (x, ¥,)- The area of the
whole body is A and the centroid of body is G whose location in X - Y

plane s (X,Y) . Now we have to find out the values X and Y for locating G. © Fig.: 6.1

If Gis centroid of the total area A, whose distance from the axis OYis X, then moment of total area about
QY axis is AX . The moments of all the elemental area about the OX axis is
=y X+ 8y X, + 8+
The moment of all elemental area about the axis OY must be equal to the moment of total area about the
same axis. Therefore

AX = ay Xy + X, + 83x5 + ...

v apxy + 82,\72 + 83x3 o
or X = y




8[m|la[’|y V - ay+asy, ; AgYq o

Above two equation gives the location of centroid of body. Following point should be kept in mind while
determining the location of centroid of a body:

o Valuesof ¥,%,,%;,%,.... and ¥,,V,,V5.¥,4.... should be measured on same side of axis of reference. If,

however the figure is on both side of the axis of reference, then the distances in one direction are
taken as positive and those in the opposite direction must be taken as negative.

e |f given section is symmetrical about x axis or y axis, then we only have to calculate either X orY
because centroid or C.G. of the section lies on the axis of symmetry.

6.4 C.G.of a Uniform Rectangular Lamina
Figure 6.2 shows a rectangle ABCD of width b and height h. Consider an element dy at a distance y
from x axis, then the area of this element is
da = bdy y
The moment about the x axis is D b o
=y bdy
The sum of moments of all such elementary area is

h h
zgy-bdyzbgydy &

If ¥ is distance of centroid from x axis then from principal of moment
we can write

—— —»{

h
bhY = bfydy
0 T _ *
SPE Fig.: 6.2
v P
or hY = [2 L 5
_
or Y = *2'
i ;b
Similarly X = 5
6.5 Centroid of Triangular Lamina y

Consider atriangle ABC of base b and height h shown
infigure 6.3. Consider an elemental width of dy at a distance y
as shown in figure whose width is b,.

The area of elemental strip is given by h

da= b, - dy

Considering the triangles ABC and ADE which are
equiangular, we can write




blh - y)

or bl = "_h“"“
Substituting this we get

b

da = —(h-y)ay

Moment of this elemental strip about x axis or base BC is

b

uctie h - d N
h( y)dy -y

The sum of the moments of all such elementary strip of the triangular lamina about base BC
h
b
= [y (h=yay
0

If Y is distance of centroid from x axis then from principal of moment we can write

_op ,
AV = [y 5h-y)dy
0
h
1, 5 b,
or b = iy +(h=y)dy
- .
1,00 1 2 l A
_ = [(hy - P AR A
or Y g(y vy =|n a
1,0 P
—HY = Ll
or ’ 5 5
T
or B 3

Thus height of centroid of any tfiangie fromits baseis A3 If triangle

is right angle then its X can be determine the inspection only. Consider
the right angle triangle AABC shown in figure 6.4. As discussed above, its

centroid ¥ must be at h/3 above from its base. If we consider ABits base
and BC height then its centroid must be b/3 from BC.

Now draw a perpendicular AN from point A on BC in triangle as
shown in figure 6.5. Let AN = h, NB = aand NC = hwhere a + ¢ = b. Now
we have two right angle triangle AANC and AANB whose centroid are
known and shown in figure.

Assume C.G. of the triangle from point B along x-axis is X . Sum
of moments of areas AANC and AANB about y-axis is equal to moment of
area AABC. Therefore h

bhX 1arh 2a X 1'ch{a+ c)
..... T e X—. [ R e
2 3 2 k 3

or bX

i

a><-2~a+c(8+9) |
3 3



6.6

P 0a° +3ac+ ¢®  2&° +2ac+ ac+ ¢

o - 3b 3b
_  (Pa+cla+c) (2a+o)

or X =""3a+0 3
—  (2a+c) (a+a+c) (a+b)

3 3 3
Similarly the C.G. from the point C'is Eg—ﬁ)

Centroid of a Semicircular Lamina
Consider the semicircle shown in figure 6.6. This semicircle is symmetrical about its y axis. So centroid

lie on this axis. Here X = 0 and we have to determined Y . Consider the elemental radial area OPQ at an angle

6 as shown in figure 6.6 whose include angle is d0. This can be considered as a triangle with base PQ =/ d6
and height r.

6.7

do

Fig. 6.6

1

1
Area of OPQ is da = —(rd0)-r = _é,.z . do

no |

The distance C.G. of this area from the point O is %r. The height of centroid from x-axis

= —rsing

Moment of area OPQ about x-axis is area multiply by height. Therefore

~ L2dox 2 rsino = - sinoch
2 3 3
e I’S f3 i o, n/2 o
Moment of whole half circle area = fwsinﬁd@ = ~;~-JSin9d6 =2 f sinedl = =r°
53 20 A 3
If ¥ is distance if centroid from x axis then from principal of moment we can write
7w 23 2 3 — 4/'
— Y = m e
ol =gl Y =gy

C.G. of a Right Circular Cone

Consider a cone of base radius rand height / as shown in figure 6.7. The density of material is p. The

cone is symmetrical about its y axis. So centroid lie on this axis. Thus we have to find out the position of C.G.
frorn the base above the x axis along y axis.



Consider an element volume of thickness dy at a distance y y
from base as shown in figure. The weight of this elemental volume is B KR
dW =nx?- dy-p
Considering equiangular triangles OAB and BCD, we can write
CD OA
E—CE - ﬁ ] dy h
OA cl2\p | 1
or ,.\—b—BBC h(/7—)/) l
Substituting this value we get weight of elemental volume
considered l
2 ) Ol r —» A *
dWw = "‘“h“"'(h”)/) p-dy Fig: 6.7

Moment of this elemental weight about x axis

np(-g)z (h ; yF ydy

i

Total moment of the given cone is

o2 P20
[o{ 5] tr-yPya = mo( £ JUF - 2ty + ey
0 : 0

np(hz)/f[h?y 2hy? + ° ]d

0

il

g np,r2h2
12

p e

If Y is distance of C.G. from x axis then from principal of moment we can write

Ty = DB p2p
3 12
h

or v Y:Z

6.8 C.G. of a Hemispherical Solid

Consider a solid hemisphere of radius r and where
density of material is p. Consider a differential disk elementary
strip of thickness dy at a distance y from x axis as shown in
figure 6.8,

The weight of this elementary strip

dW = prx? - dy Fig.: 6.8
From the geometry of figure 6.8
x2 = (ré-y?) (- equation of circle is: x° + y° = r?) \
Thus dW = pr (r? - y?) - dy

The moment of this weight of elementary strip about x axis

= fpn(r® - y?)ydy = pnjr~ )ycly



If Y is distance C.G. from x axis then from principal of moment we can write

(4 _ "
—*(~n/’3)p]¥ = prf(r’ - y°)yay
2\3 )
!
or _2_,'3 . \7 = j(f2y~y3)dy
3 0
2 47 4
o 255 _ ]fe._xmy—] _
3 2 4y 4
I
or Y = é‘f

6.9 Moment of Inertia

Moment of inertia is a mathematical expression which is related to a body's tendency {o resist rotation.
The moment of force about any point is product of the force and the perpendicular distance between them, it is
also called first moment of forces. If this first moment is again multiplied by the perpendicular distance between
them, then the product so obtained is called second moment of force or moment of moment of the force. If
instead of force we consider the area of the tamina or mass of the body, it is called the second moment of area
or second moment of mass. They are also fermed broadly as moment of inertia.

6.10 Moment of Inertia of an Area y

Consider an area as shown in figure 6.9. Consider an elemental
area dA which is located at y from x axis, then the moment of inertia of dA L. .
about x axis is given by

dl = dA- y?
Total moment of inertia of given area is y
2
= [dAy .
, 5 o)
Similarly 1, = jdA- x 'Fig.: 6.9

Thus, the moment of inertia of an area about the given axis is the sum of moments of inertia of an
elementary area constituting the given area about the given axis,

6.11 Theorem of Parallel Axis

This theorem states that,

The moment of inertia of lamina about any axis in the plane of the
lamina equals the sum of moment of inertia of the area about a parallel
centroidal axis in the plane of lamina and the product of the area of the
lamina and square of the distance between two axis.

As per above statement for the given area as shown in figure 6.10.

we can write

I.o=1,+d?A ¥
Figure 6.10 shows a plane lamina of area A. We have to determine moment of inertia about x” axis.
Consider an elemental area dA located as shown in figure, then we can write



di,

It

dA -y 2

G jdA' "
The moment of inertia of dA about x” axis is

= [+ dPdA=[dA v + [dA- o + [204yd
or = Ig+dP[dA+2d[dA. y,

or [

It

Here jO’A - Y1 s the moment of are about it centroid, that is always zero. Therefore
2
[o=15+d°A

6.12 Theorem of Perpendicular Axis

This theorem states that,

If7 and 1, be the moment of inertia about two mutually perpendicular x axis and yaxis in the plane of the
lamina and 7, be the moment of inertia of the lamina about an axis normal to the plane of lamina and passing
through the point of intersection of the x axis and y axis.

As per statement of theorem

4:§+Q

where z axis is perpendicular to x and y axes.

Consider an area dA from total area A located in the three
dimensions and whose coordinates are x and yin the x ~ yp!ane and
its distance from z axis is r as shown in figure 6.11. f

re = x?+ y?
oL, = dA- = dA (x® + y?) 5
= dA x?+ dA - y?
=T z z
TAUS =], 0A "+ ] dAy /s
or L=1+1, Fig.: 6.11

6.13 Radius of Gyration

The distance from the reference axis to a point where whole area of given lamina-can considered to be
concentrated and produce the same moment of inertia with respect to given reference axis is known as radius
of gyration.

Let Iis the moment of inertia about given axis and K is the distance from axis of rotation at which whole
magnitude of the given area is assumed to be concentrated to have the same moment of inertia as that of the
area about that axis, then,

I=A K2
I
or ‘ K= -
A
If the body is considered solid, then the above equations are written as
I,
K= =
m

where m s the mass and /__is the mass moment of inertia of solid body considered



6.14 Moment of Inertia of a Rectangular Lamina Y
Consider rectangular of bx das shown in figure 6.12, where x and T ’
y axes are located passing through the C.G. of the rectangular lamina. dy
Consider an elemental strip of thickness dy at a distance y from x axis,
then as per definition, the moment of inertia of this elemental area about y
x-axis is given by
dl = dA- y? = (bdy) - y?
a2 de
or 1= [(b-dyy”=2b[ yiay
0 0
> dje . 3
= gbIVX“} P é@(g_) = j—de -
03 o 312 12
. Fig.: 6.12
Similarly, we can also write I, = Edbe’
As per the theorem of perpendicular axis,
I, =1+ Iy
1 2 2
- I = —bdb* +d"
> ;= b )

6.15 Moment of Inertia of a Circular Lamina
Consider a circular lamina of diameter d as shown in figure 6.13

where x and y axes are located passing through the C.G. of the circular
lamina. Consider an z axis perpendicular to x and y axes and passing

through O and then consider an elemental area dA at a distance r of
thickness dr, then the moment of area of dA about the axis zis given by
dl, = dA-r?=(2nr-dr)-r?=2rrd dr

ajlp - 4dl2
| [fiJ rd’

I, = anr3-dr:2n = i
' o 4 fy) 32
But lo+1,=1,
or 2 = Zly =1,
4 4
L:,:;%EQJ:EQ_
o Yoo\ 32 64

If lamina is hollow with outer diameter d, and inner diameter d,, then the moment of inertia is given by

LI
L=1,= 621—(dg ~df) s

 Examp Two isosceles triangles having the same base

b and having heights of 6 cm and 3 cm are attached to each other at the
base as shown in figure. Determine the centroid of combined body.

Solution:

The figure redrawn as shown in figure. Reference axis are chosen as
shown in figure. As the section is symmetrical about y axis, therefore
its center of gravity will lie on this axies.

" Fig.: 6.13

asl =1,

e




The distance of centroid from x axis is

_ A A,
A+ A

where A, and A, are the area of respective triangle ¥, and ¥,
are distance of respective center of gravity from axis x.

Thus

Thus

,
A, = §><b><6 = 3bcm?

A

J

P

1

Yo

= %xbe =15bcm?

T
= §X6 :20m

1

-=x3 =-1cm
3

it

_ 3bx2+1.5bx (-

)

=1cm

3b+1.5b

Thus centroid is at 1 cm above x axis.

the rectal. T

e 1.5

!

The C.G. of lamina shown in figkure lie at the point O. Determine the héigﬂhyt of

Solution:

1

| 3

!

The figure has been redrawn as shown in figure. Here G, and G,
arethe C.G. of the rectangle A, and Trapezium A,. Here O'is the
center of gravity G also.

Thus

C.G. of Trapezium, ¥

0G, =

1l

Q
o)
i

BN
I

2
Q(ZEH b)

3

a+b

hx15=156h

2 2

§(2x3+15)&19
31543 )7

9

(Ej—[z}/? = (?ﬁ) X2 =45cm

1.5

Y




Taking moment of area about point G or O we can write
A, GG, = A, GG,

15x 2 = 10 4525
P 9
10
2z h =259
h TE or cm

An I-section has the following dimension:

Example. 6.3

"Bottom flange 30 cm x 10 cm
Top flange 15cmx5cm
Web 30 cm x 5 cm sl

Determine the position of center of gravity of the section.

Solution:

As per problem statement configuration is shown in figure.
Reference axis are chosen as s own in figure. As the section is %0 |
symmetrical about y axis, bis the web, therefore its centre ' 1
of gravity will lie on this axis. Given section may be dividing into '
three parts. s
1. A, - Bottom flange (30 x '

; ‘1',(’3) " 10} .

2. A,—Web (30 x 5) i 8 ) X
3. A, -Top flange (15 x 5)
To determine the location of the centroid of the plane figure we have the following table:

I 30 |

A | Area (cmz) (A) 37fr6m x AV (cm®)
A, | 30%x10=300 | 5 1500
A, | 30x5=300 | 10+30/2=25 3750

As 15% 5=300 | 10+ 30+ 5/2 =425 3187.5

A = 525 SAY = 8437 5
Thus y o ZAY _BA8IS  6 07 em
SA | B25

Determine the C.G. of the remaining portion of

Example 64

a circular sheet metal of radius 5 cm when a hole of 1 cm radius is cut out

from the circular disc along its horizontal diameter as shown in figure.

Solution:

As the section is symmetrical about x axis, therefore its centre of

gravity will lie on this axis. We have to find out the X on x axis
from axis y. Here the distance along x axis from y axis towards
right are taken as positive and toward, left are taken negative.




Here A, is the area of the whole circle of radius 5 cm and A, is
the area of the cut part of radius 1 cm. Area of cut part is taken
as negative.

The area of both component, the centroidal distance from the y
axis and the moment of both individual component about these
axis are tabulated below.

A Area (cm?) Efromy A:?(cm3) ,
A, n5° 0 » 0
A, 1’ 1 -

TA =24 TAY = -1t

- LAY -n

X= or5s—=—
Thus SA  n24 24 ,
Thus centroid of remainder lamina is at 0.042 cm left to y on x.

=-0.042 cm

- Asemicircular area is remove from a trapezium as shown in figure. Determin

the centroid of the remaining area.

Solution:
Reference axis are chosen as shown in figure. Asthe section
is not symmetrical about any axis, therefore we have to find

out the values of X and Y for the area. The Iaminayis di\)ided il ]
into the three part as marked A,, A, and A,. Here A, is the T e 6
3

area of the whole rectangle of 3 x 8, A, is the area of the
triangle and A, is the area of cut part semicircle of diameter
of 4 which is taken as negative. T 4 | 4 |

The area of these component, their centroidal distance from
the y-axis and x-axis, the moment of both individual component
about these axis are tabulated below.

A | Area(cm?) g Vo A% AV
A, 8x3=24 4 15 96 36
A, | vxex3=12 | B2=533| s+3=4 | 6396 48
A, | —vim2? = -6.283 6 20849 | -37.7 | -5334
e SAT AV
2A=29.17 =122.26 | = 78.666




TAXY  122.26

X = =" =4 114¢
Thus SA 29717 m
5 TAy 78666
= SA T og7iy T ab4rem
Examplé,'6.67' §  Determine the centroid of shaded enclosed by y o

y = ax? and x axis as shown in figure.

Solution:
Consider a element dx as shown in figure. lts centroidal distance are

h
X = X
y o y_a’
S22 x
and its area is ; .
da = ydx = ax? dx
' : 3P 3 = an?
¥da = x:ax?dx
4
b, x| abt .
JAxda = Jo X ax d?c,rw ai:-zl—}o == -
b |
2 2 4
ax 2 ax
da = —— axCx = ——
yaa 5 X 5
- ba’x’ _ a’ [xg’ ]b a’b®
o LFda g e
Therefore X e = "
J’ da abS
_ Vyda 2,5 2
Y o= jA Q10D _3ab” _ 8h since ab? = h

jAda (1/ 3)ab® 10 10

: Examplé"6.7 The figure shows the sectional elevation of
a hemispherical body with a central portion removed in the form of right

circular cone. Find out the C.G. of the remaining part of the body.

Solution: ‘
As the body is symmetrical about y axis, therefore its center of
o o e 10—
gravity will lie on this axis.
' A AN VALY,
We know that AT AR R B4
Vi+V,

where V, and V, are the volume of hemisphere and cone and y, and y, are distance of respective
center of gravity from axis x or bottom



2 y
Thus V, = §n103 = ~—Q—O—O-n cm® il
V, = —%MOQ %10 = ~1990 ¢
_ 3
y|=§><10-:3.750m x
_ 1
7, = 710 =250m
| e 0
fhus YT ae0 dooo <o
3 3

horizontal and vertlcal axis passmg through the oentro; _,

Solution: i o
"As the section’is symmetrsoal about its
therefore enter of gravrty of the sectio

rectangle. It may be easily shown that if two semmxrclesare 5p!acedy .

together, it will form a cwou!ar hole with 5 mm radius:

The moment of inertia of the reotangular section a,,,

axis passing throuqh its centre of gravity, ,
' b 12><(15)
bi=qg="qg -%%76mm

and moment of inertia of the'circular section about a horizbntal faxis passing through its center of gravity.

= 490 87 mm4

Moment of inertia of the wﬁole sebtlm about L1onzontai axis
passing through the centroid of the section,
I o=1,-1,
= 3375 490.87 = 2884.13 om4
Moment of inertia of the rectangular section about the vertical
axis passing through its center of gravity,

db®  15x(2°
[, = —=—7"_=2160 mm*
y1 12 12 ,
and are of one semicircular section with 5 cm radius,
2 2
e w(b)
A = —=—=— =39.27 mm?
2 2

The moment of inertia of a semicircular section about a vertical
axis passing through its center of gravity,

i 12 %

in this problem reference axis x and
y’ are also centroidal axis x’ and y’



Iy, = 0.11r% =011 x (5)* = 68.75 mm*
and distance between centre of gravity of the semicircular section and its base

A AXS oo mm
3n 3n
Distance between center of gravity of the semicircular section and center of gravity of the whole

section,
d, = 6-2.12 =388 mm
and moment of inertia of one semicircular section about center of gravity of the whole section,
I+ Ad? = 68.75 + 39.27 x (3.88)? = 660 mm"

Moment of inertia of both the semicircular section about center of gravity of the whole section,

ly2 = 2 x 660 = 1320 mm* (1)
and moment of inertia of the whole section about a vertical axis passing through the centroid of the
section, :

- = - - 4
I, = I,~1,=2160-1320 = 840 mm
Find the moment of inertia of a section shown e 2 e 2 ]

in figure along its centroidal x” axis.
Solution:
Reference axis are chosen as shown in figure. As the section is 0
symmetrical about x-axis, therefore its center of gravity will lie on this
axis. There is no need to determine the centroid because we have to
find out the moment of inertia about centroidal axis x or x”. We can
write easily the moment of inertia of circular section and rectangular
sectlion about x.
Moment of inertia of circular section about x axis

Iy = 5 x4" = 12566

Moment of inertia of square section about x-axis

4 4
a 1( 2
o= 51l 75) =0

I=1,~1,=12566-033 = 12.236

X X

Example610 Determine the moment of inertia /_of the sphere and express the result in

terms of the tota mass m of the sphere. The sphere has a constant density p.

Solution:
Consider a differential disk element as shown in figure.
The mass of the differential disk element is
dm = pdV = pnx? dy = pr (r” -~ y?) dy
(= x2 4 y2 = 1?) *

The mass moment of inertial of the element is




1 .
= 5pmlr” -y ay
Mass Moment of Inertia of disk is

1, = f —pr(r® ~ y?y? dy-—gnpf’

The total mass of s qphere-ls

m = j pr(r? — x%)2dx = %pnr3

~r

Thus [ = =mr?

homogeneous solid of revolution of mass m. Determine the radsus of gyration k

Solution: :

Consmer a differential disk element as shown in fxgure ’ , oy

The mass of the differential disc elementis o ‘
dm = pdV p X (ny?) dx npx4dx ‘

d

The mass of moment of inertial of the element IS

d]y:; ;;x o‘m 7% o dr— ?pmx d

Mass Moment of Inertia of disk is,

ozl
[ = ;—PTE\ Ox:—pnijdx = lpnl‘f—a\l = ! pT
52 ; C7d

The total mass of sphere is
1

1 5
- Jomstas =pn| £ | 0
0

5 5
o i
]
Thus P N GV S LB 0
y m A_ij V14
5

hjective Brain Teasers

Q.1 Whatis ¥ of quarter of a circle of radius Ras Q.2 Whatis y of shaded area of a triangle?

shown in 8 (a) 2.4cm v T
(a) 0.8R E (b) 1.5cm : 3
(b) 0.75R | (c) 1.33cm | }Q
(c) 0.636R E (d) None of these 3
(d) 0.577R ) |




Q.3 In a thin uniform lamina having symmetrical
central axis as shown in figure. The distance of
centre of gravity from AD is

h=6cm
A B
E Fy
g ———————————————————————————— 1.5cm c
[ce) —
H K A (a) 56.77 cm’ (b) 113.54 cm?
- . 4
8 em | (c) 170.35cm (d) None of these
E Q.2 What is moment of inertia of triangle ABC as
b ¢ shown in figure about base BC. ?
—{2 cm =
2
{(a) 3cm (b) = cm
(c) =2 cm (d) —%; cm
h=8cm
ANSWERS
1. (c) 2. (c) 3. (b)
B
Hints & Explanation () 48.13cm’ (b)  144.26 om*
1. {c) (d) 341.3cm? (d) None of these.
X =0.636A. Q.3 Whatis ¥ of circular arc A, subtending an angle
2. (c) of 60° at O?
(a) 0.985R (b) 0.955R
ao-"xa L, (c) 0.866R (d) 0.75R
Y S U N - ;
y = A A A = area of triangle
4 .
3. (b)

o8 28 7

Q.1 A triangle ABC, has attitude h = 6 crn. What moment \
is of inertia about centroidal axis which is parallel to
base AC? BREEE




