Exercise 14.3

Answer 1E.
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It denotes the rate of change of temperature as longitude varies with latitude and
time fized
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It denote s the rate of change of temperature as latitude varies with longitude and
time fized
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It denctes the rate of change of temperature as time varies with latitude and

longitude fized

(E)

For the given place T = f[158, 21,9)

e 5,155, 21 6) 2 - T U500 219)- 15821
X

h—=0 B

It denotes the rate of change of temperature as longitude varies with latitude and

time fized since the air to the west and south is warm and the air to the north and
east 18 cooler, then as the longitude varies the temperature increases with increase
in longitude and then £, will be positive

Now f£,(158, 21, 9):%:1@3’(153, 21+4, 9)- £ (158, 21, 9)

k=0 B
It denotes the rate of change of temperature as latitude varies with longitude and

titne fized Since the awr to the west and south 15 warm and the air to the north and
east 15 cooler, then as the latitude varies with longitude and time fized, the

temperature decreases with the increase of latitude and hence 7, will be negative

And (158 21, g)zijzlimf(lﬁﬁ, 21, 9+4)— £(158, 21, 9)
£

f—+D i

It denotes the rate of change of temperature as time varies with longitude and
latitude fized. As the time increase from 9 AN then the temperature goes on

increasing and thus gimat 15 [158, 21 9) will be posttive
i



Answer 2E.
! =f[T,H)

. FU9244, 60)— F(92,60
=82 6[]):1&13% ( £ ( )
Tsing values in table 1 and by taking h=2and h=- 2
84 60)— £(92,60 -
520y LOL ) 0200 it
F(90, 601 7 (52, 60) b
e e

3

25

And  fp=(92,60)=

On averaging these walues
Jr (82,601 2,75

Which interprets that when the temperature 15 92°F and relative humidity 15 60%,
the heat index rises about 2.75°F for every degree that the actual temperature
rises.

And 7,92, 5D)=Hmf[92, 60+%)— £(92, 60)

Y Z
Teing the values in table 1 and by taking k=25, -5

792, 65)- £ (92, 60)

Fal(92,60)m -
_ 108-105
5
=06
And  fu=(92,60) f(92’55)_5f[92’ 60)
_103-105
~5
=04

On averaging these values:
fH[EFE, 60) 005

‘Which says that when the temperature 15 92°F and relative humidity 15 60%, the
heat index rises about 0.2 for every percent that the relative humidity rises

Hence we see that the heat index increase rapidly with the increase in
temperature than the increase in humidity



Answer 3E.
The wind-chill index p is the perceived temperature when the actual temperature is T and the
wind speed is v.

wzf'(?".,v}

Where the index J is a subjective temperature that depends on the actual temperature T
and the wind speed v

Consider the following table

Table 1

oy Wind speed (km'h)

S~ 20 3040 [ 50] 60 70
gz[-10[-18 (=20 -21[-22[ 23| -2
Ex[-15| 24|26 27| 29| 30| -30
“IZ|-20|-30[-33]-34]| —35[ 36| -37
S -37 [0 -a|-an|-13]-4

[a} If we concentrated on the highlighted column of the Table 1, which corresponds to a wind
speed of v =30km/h. We are considering wind-chill index as a function of the single variable
T for a fixed value of v.

The derivative of f when T =_15°C is the rate of change of w with respectto 7 when
T=-15C
f(=15+h,30)- f(-15,30)
h
We can approximate f, (—15,3[}} using the values in Table 1 by taking =5 and h=-5

" =[_Ii3ﬂ]z,f(-mﬁ 30);;[-15,31::] : -2{}—5{—26} i

f(-20,30)- f(-15,30) -33-(-26) i
-5 -5 '

fr(~15,30) = !‘I_IH

fr(-15,30)=

4

On averaging these values:
s =[—15‘ 3{]] =1.3
This means when the actual temperature is _j5°¢ and the wind speed is 30 km/h the wind-
chill index rises about 1.3°C for every degree that the actual temperature rises
Now let’s look at the highlighted row in Table 1, which corresponds a fixed temperature
of T=-15C.
The derivative of f when v =30kmvhis the rate of change of w with respectto v

When v=30km/h

£(=15, 313}=|im~f('15*3ﬂ"'j?}-.f(—|5, 30)

Tr—pll h



We can approximate ﬂ(-li,jﬂ] using the values in Table 1 by taking =10 and =10
f{—lS, 4[:-] —f(—l =4 3{}) - =27 - [—Eﬁ]
10 TV

(-15,20)- f(-15,30) _-24-(-26) _
10 N

=-0.1

£.(=15,30)=

2

7.(-15,30) =L

On averaging these values:
f;(—IS, 3ﬂ)=-ﬂ.|5

This means when the actual temperature is — 15°C and the wind speed is 30 km/h, the wind-
chill index decreases by — 0.15°C for each Km/h the wind speed increases.

(b)

g—;__ denotes the rate of change of wind — chill index as temperature varies with wind — speed

fixed. From the table we see that 5—:5 positive

And @denut«es the rate of change of wind — chill index as temperature remains fixed and

wind — speed varies. From the table we see that ?is negative
1

(c)
Since @denntes the rate of change of wind — chill index us temperature remains fixed and

wind speed varies. We see that %decr&as& with the increase in the value of v therefore

. ow
I_|rn— =10
Answer 4E.

a)

The partial derivative % represents the rate of change of wave height as the time
r

remains fixed and speed varies.

The partial derivative Z_k denotes the rate of change of wave heights as the speed of the
f

wind remains fixed and time varies.



(b)
The objective is to estimate  f,(40,15)and £,(40,15).
£(40.15) = i 40+ 1.15) — f(40.15)
fi—sld B
This can be approximated by taking the average of the following two values:
F(50,15)— f(40,15) afiid J(30,15)— f(40,15)
50 —40 30-40

From the table,

£(50,15) =36, £(40,15) =25 and £(30,15) =16

(50,15)— f(40,15) 36-25
50— 40 T
1
10
=1.1
(30,15 - f(40,15) 1625

30-40 ~10
.
-10
=0.9
The value of £ (40,15)estimated as follows:
£.(40,15) ~ 1.1+0.9
=1.0

Therefore, when 40-knot wind has been blowing for 15 hours, wave heights should increase by
about 1 foot for every knot as the wind speed increases.



Compute f,(40,15) as follows:

£(40,15)= lim J(40,15+ ) - f(40,15)

= I

This can be approximated by taking the average of the following two values:

S(40,20)— f(40,15) and F(40,10)— f(40,15)
20-15 10-15

From the table,
£(40,20) = 28, £(40,15) =25 and /(40.10) = 21
£(40,20)— £(40,15) 28-25

20-15 5
_3
5
=0.6

J(40,10)— f(40,15) 21-25

10-15 = =5
_ b
-5
=0.8

The value of f (40,15)is estimated as follows:
£(40,15) 06408
2
=0.7

Therefore, when 40-knot wind has been blowing for 15 hours, wave height should increase by
about 0.7 foot for every knot as the time increases.

(C)

The partial derivate E—H denotes the rate of change of wave heights as the SpEEd of
of

The wind remains fixed and time varies. For fixed values of v the function f{v,r]appear

to increase in smaller interments and becoming nearly constant as t increases.

Thus, the corresponding rate of change is nearly 0 as t increase and hence |im T =1).
= O

Answer 5E.

(A)

since the graph of fincrease, if we start at (1, 2) and mowve in the positive x —
direction, this reflects the positive values of 7,

Then f, |:1, 2) 15 positive



(B)

mince the graph of £ decrease if we start at (1, 2) and mowe in the positive v —
direction, this reflects the negative values of 7,

Then 7, (l, 2) 1z negative

Answer 6E.
A) Since the graph of f decreases if we start at (-1, 2) and move in the positive x direction initially, this
reflects the negative values of fx

Then fx (-1, 2) is negative

B) Since the graph of f decreases if we start at (-1, 2) and move in the positive y direction, this reflects
the negative values of fy

Then fy (-1, 2) is negative

Answer 7E.

The second derivative determines concavity. As we move along the x axis at f(-1.2) the graph
concaves up so (a) is positive

as we move along the y axis at f(-1,2) the graph concaves down, so (b) is negative

Answer SE.

(a)

Around the point (1,2) fx is positive since the value of the function increases as x increases.
Around the point, the slope in the x direction becomes less steep as y increases. So, fxy is
negative.

Near the point (-1,2) fx is negative since the function decreases as x increases. The slope in
the positive x direction becomes more steep (takes a greater negative number) as y increases
so fxy is negative.



Answer 9E.
The partial derivative of the function § of two variables is defined as.

f.(x,y)=lim Hx+hy)-fy)

- h

And,
flxy+h)-f(xy)
I}

Consider the graph of the function given in the problem with surface labeled as, g,b and c.
Observe that both b and ¢ decreases while a increases as the point [3,-3) moves along the

1, (x.3) =l

positive y-direction, also at the point (3,—] .5] a is zero. This show a is definitely a graph of
j;,_
To find the graphs of the surfaces b and c, start at the point (—3,—] .5} and move in the

positive x-direction. Mote that p traces out a line with negative slope while ¢ traces out a
parabola opening downward. This tells us that the surface }p is the x-derivative of ¢. So ¢ is
the graph of f, p isthe graph of f .and a is the graph of f, .

Hence, the surface « is the graph of j; ; the surface ) isthegraphof f and cis
the graph of [ .

Answer 10E.
Consider the contour map for a function £ shown in figure 1:

4 f{22)~8 iR

YV YUY Y
PEDAW %4 ﬂl

WeLYr J
L) Wn (/o xf{_3=1j=sl4
lﬂﬂ.lﬁflﬂ”hﬂ’"ﬂ

f{l,f}ws
Figure 1




Estimate £ (2,1) and f, (2,1):

List some function values at some points (xjy}:
f(31)=14

j'(l,,l)z 10

F(1.1)=8
f£(2,0)=12

f(2.2)=8
The partial derivative of f with respectto x:

F(2+m1)-£(2.1)
. :

1.(2)=

Take h=Axr=1.

f.(21)= f{2+hi?—f{2,1)

= f(3.1)-r(2.1)
=14-10
=4

Take h=Ax=-1,
F(2-1L1)-£(2,1)

f(20)x ==
kf[l,l]—f(?,l}
-1
_8-10
g
=2

Take the average value of these two values.

The partial derivative of f with respect to xat the point [2,]] is calculated as follows:

Jr;{z,z}n“zi

=3
Therefore, £.(2,1)=[3]



The partial derivative of § with respecttio y:

£,(2,1)=lim f(2.] +h}2—f(z,l].

Take fi=Ay=-1.

£(2.1)= P {lﬂ'):lf{ll)
mw

~1
=2

Take h=Ay=1.
ﬁ.(z.a)mf[ll)l—fm]

8§10

1
= =2

Take the average value of these two values.
The partial derivative of f with respectto y at the point [Eﬁ I} is,

_2_2
2

..ﬁ.{z,l)ﬁ
=2

Therefore, f, (2,1)= ‘



Answer 11E.
Consider the function f{x,y)=16- 457 -_,,-1'_

Needtofind f (1,2)and f (1,2).

To find j_'f{.r,y]ﬂrst holding ¥ constant and differentiating with respectto x, get
fo(xx)=-4(2x)
=—8x
At (x,_}::l = {l,Z).
f.(1.2)=-8(1)
=-8
To find j_;,[x,_;r]first holding x constant and differentiating with respect to y, get
fl {LJ") :-E.}I
Al [.‘r,_v)z{l,l}.

£, (1.2)=-2(2)
=—4

The graph of the function 7 is the paraboloid z =16-4x’ __,,-:‘ and the vertical plane y = 2
intersects it in the parabola - =12 _4,2. ¥ = 2 let this curve be C1.

The slope of the tangent line to this parabola at the point (1,2,8)is (£, (1,2)=-8|.

See the below figure:

lis




Similarly the vertical plane y = intersects the paraboloid z=16—-4x® _J,-i’ in the parabola
z=12—-y*. x=1let this curve be C2.

The slope of the tangent line fo this parabola at the point (1,2,8) is | £, (1,2) =—4|.

See the below figure:

Answer 12E.

Flxy)=y4- x =4y’

Differentiating partially with respect to =z,

i:i A —xady
dr  x

=%

o Jamxt—ay?
X

B At =yt

2

|

Therefore, il Oy [
dx
(L)

=




Differentiating £ partially with respect to v,

¥ 8
/Sy YO g |
y ' 7

" 1
P e
1

= -8y
20— x* =4y (=87)

-%[4— % —4;_1:2)

e T
gt iy
Therefore, fy [1,0) =2 {gJ

(Lo}
-4 =0

JA-(-1)" - 4(0y’

=0

The graph of fz v) is the upper half of ellipsoid x* +4y* +2° =4, z = 0 and the
vertical plane ¥ = 0 cuts 1t 1n the semi-circle

P 4zt=4 y=i . 20

i [1, EI) Eepresents the slope of the tangent line to this semi-circle at the point

(0.5

(1.0.43)

Tangen

s
(0.1,0) Ty
(2,0,0)



Plane x =1, cuts the graph of f{zv) 1e., upper half of ellipsoid
P+ =4 . z20
In the semi ellipse +dy* +2° =4 ; x=1

ie. dyi4zr=3 ,  x=1
And f, [1, EI) represents the slope of tangent line to this semi ellipse at the point
(10-5)
Hence,
A(0)=F . £(.0)=0
7

Answer 13E.

Let us sketch the graph for fix, y) = xzyg.




Find £.(x, ») by differentiating the given function with respect to x keeping ¥ as constant.

£z 9) = =)

:21}?

3

Heowr, sketch the graph for fi(x, 20 = 2):);.

Heow differentiate the given function with respect to v keeping x as constant to find

Tl v,
a

f,v(x’ ¥) = 5'[ 23’?3)

o 3?:2_}?2

Sketch fyl':x, y) = 3;{23:2.




Answer 14E.
¥

Let us sketch the graph for § [x, y:l L
1+ x%y

50

Find f.(x, ) by differentiating the given function with respect to x keeping v as constant.
d y
ks, ) =
I: ) el I 4257

2:9?3

(1 + :J:Eyg:l2

Wow, sketch the graph for f, [z, ) = —ﬁ.
143




Now differentiate the given function with respect to ¥ keeping x as constant to find

Jol®, ).
T E(LJ

Al 1+ 2y
Ly
1+ x%y (1 4 Izyg:lz

xoyd -1

(1 + ;':z;w2 :I2

sketch fy[x,y:l = —

Answer 15E.
Gi Sl 2 i)
iven function is j‘( .J”)— yo—3xy
I, 9F= —3p

Fy(my)=sy' -3



Answer 16E.
Given function is (I, y] = x4y3 # 31‘2_}?

j'r(x,yj = 4,1:3_};3 + 16xy

iy (x, y] = 3x4y2 +8x”
Answer 17E.

Given that fx, :j = ¢ 'cosT x
Jalx, 0= —T g7 5inTx

j'r[,:-:, f) = —e¢ ‘cosT x

Answer 18E.
Given function is £ (x, 7) = \Elnr

Fx, 0=~x/t

Answer 19E.

Given function is » = (Zx + 3y) 5

Differentiate the given function with respect to y . we have

dz/ Bx= 20[2:: +3y)°

Differentiate the given function with respect to y . Wwe have

dz/ By = 30[2x +3y)°



Answer 20E.
Given function is » = tanxy

bz

;
= V8ec Xy

ik

iz

ity

L T R
Answer 21E.

Let us start by finding £,

We know that f, = %f{x y).

& x
fx:_(_J
gxl v
1
¥
1
Weget|f, = —|
F

Mow, we have 7, = %f (x »).

g x
Yoyl
x
il
x
Thus, we get| f, = — —|
b




Answer 22E.
To find the first partial derivatives of the function,

¥
2

(x+ )

Quotient rule for differentiation:

i[u(r]} _ v(x)u'(x)—u(x)v'(x)
26} R R

f(xy)=

And,

%[f(]-’-‘]}_(f(lx)f%f )

Differentiate with respect x (Keeping y as constant) on both sides of the function f

fi= ()

) ?[()}

) S (e )

((x + y}‘]z
d

B [x + _}']3 —lr{x + y} ﬁr{x + _y:l

(x+y)
_ (x + y]g =2x(x + y)(1+0)
(x+ y:}4
=[x+_y]-—2.r
I:x+y]'1

it

[x+_y‘]
g el

(I+_}r)3

X

(x-»)
(x + y]z

Therefore, the first partial derivative of f with respecttoxis, f, =|-




Differentiate with respect y (keeping x as constant) on both sides of the function £,

3,
fyﬂgf(xd’)

izel
ov|(x+y)

1

: ] (since xis constant )

_a_
3}
[ (x+y)

_1'+_].-’

- ‘|i2[x+y}al:x+y)j|

(x+y) ady
= ;}" [2(x+»)(0+1)]
2%
(x + »)

Therefore, the first partial derivative of f° with respect to y is,

2x

] e
: (x+¥)




Answer 23E.
Consider the following function:

f(x.y]r-z:g_

The objective is to find the first partial derivatives of the function with respect to xand y

Now partially differentiate the function with respect to x and treat the variable y as a
constant.

) (cx+abz}jx(ax+by)—(ax+by)i(cx+dy] _— [a’ [E]- m':.r—udi«‘]

[c:r+aﬁ:}z delv) v
_ (e dy)(a)~(ax+by) (o
(cx+dbv)
_ [m:r+ ad_‘p')—(aix +."Jr:'_1!)
(ex+dy)

_ aajz—ba:j:

(ex+dy)
- y{ad—b.:‘)

(cx +||r:1';p'}2

(ad = b
The partial derivative with respectto x is f, [-T,}'}=%-
X+ 1



Again partially differentiate the function with respect to y, treat the variable x as a constant.

ax + by
ex +dy

0

FAESY =—[

dy

-

0 i
[cx+djr)5{m +by}—(a\.‘+by]5(c‘x+ dy) e [ o [qu \?dﬁ—udvj

2

[c_r+ d}r)z V v
B (L‘I+dy}{b}—[a‘c+ by}(d}
[cx+a§*}?
B (br:‘;( +haj;} -l:aa'x+ bdy)
[.*::vr+a'}r)2
_ bex —adx
(ex+dy)’
N (bc— ad}x
(cx+dy)’
{.’Jf: —aa’]x
The partial derivative with respectio y is j;.(x.,,lf] e
(cx+dy)
: . _— _ v(ad-be)
Therefore, the first partial derivatives of the functions are f,(x,y =————"and
(ex+dv)

] {bc-ad)x

_,f;_(.r,y:}— {r:'.r+a[v}z z




Answer 24E.

Consider the function,

¥

e

W= :
v

The objective is to find the first partial derivatives of the function.

Differentiate w partially with respect to «, treating v as a constant:

’ d " ’
=¢ -m*a(iw v*) (Chain Rule)

(sr)

Differentiate w partially with respect to v, treating w as a constant:

a( e
Hi‘ = o
4 év(u+vz]

2 (s 2 (e L (it
=ﬁ_‘f‘(€ ]F(W; )_E}] d"( ) (Quotient Rule)
L)) e) )
(u+v?)

g 2ve’

(H+'|JE) (+v? ]2

W

&

Therefore, the first partial derivatives of the function w= are,
u+v
W o= —g" g = e 2ve”
Ty ayi.dal T 2y 2-
' (u-]-v!] L (“‘H’) {u+1,=2)



Answer 25E.
Let us start by finding g,

We know that g, = ig(u, v).
x

8= —(uv=v)
= lﬂluvliugv = v3)4
We get|g, :lﬂuvlzuzv—vzr :

%,
How, we have g,= —g(u, v).
oy (#.7)

d

g, = E(ujv - vz:]j

=5(

Thus, we get|g, = 5(3;2 —31?2)(3;21?—123)4 :

u — 3122:][[:;21) - 1-='3:Idr

Answer 26E.
Let us start by finding &,

We know thatw, = iu [r, 5‘) :

¥

=:[g

ox

a
st g
I &‘SIHEP‘EQS )

o8 [r‘ Cos 5')] cosd

We get

1, EE0s5 (H:l[cos [r Cos 5')] .

Meow, we have u, = iu [r, 5‘).
28

Ty = gsin (rcosd)

[l::n:}s [r COS &?):Ir‘sin g

Thus, we get ju, = —r=n (Hj[cos(r Cos 5':]] .




Answer 27E.
Let us start by finding &,

We know that 7, = %f (x, ¥).

B = ot (pe’)]

2
g

1+p2q4

2
o

We get |R, = ————|

& 4 1+}_:'2.:3r4

Mow, we have R = %R[p, g).

Re= 2 (pe")]

_ _erd
1+p2q4

2
Thus, we get |, = #
1+ p%

Answer 28E.
The given function is

flry)=x

Taking logarithms on both sides
Inf=ylnx - (1}

Partially differentiating both sides with respect to x
18f 1
Y

1E. —=F=

1 — =

1E fx[x,y:l=yx"_l




Now partially differentiating both sides of (1) with respect to ¥

li:lnx
Sy
1B %zflnx

e i (m.y)=x"lnx

Answer 29E.
Let us start by evaluating the integral

%

F[x,y:] = Iccs [er:] cit
[a(=],
Cife") - Cife”)

Weget Fx,y) = (4 (E”:I -4 (E"’),Where C1 iz the cosine integral

Mow, find 7, We know that £, = %f (x, ).

F = %[Ci (¢") ~cife)]
= COF [:é‘x)

We get |7, = cas[exj :

Now, we have 7, = %F[x, ;p‘).

F, = %[Ci(a”j —Ci(e?j]

= —c:-::-sl[é"”)

Thus, we get FJ, = —cos(e:":l,




Answer 30E.
Consider the function F(a, )= j‘ﬁ*.l'ﬁ +1dt
The objective is to find the first partial derivatives of the function.
In order to find the partial derivatives, need to apply the Fundamental Theorem of Calculus.
According to Fundamental Theorem of Calculus we have,
It f(x) is continuous on [a,b]and let F(x) be an antiderivative of f(x) on [a,b]then
&
[,/ (x)dx=F(b)-F(a)

To find the first partial derivative in terms of «. find the derivative of the function in terms of a
treating B8 as a constant.

Fa(a,ﬁ}=£j:\h’+lds

= +1 ﬁi(a] = 1#‘3’ +1 ai[ﬁ} Use Fundamental Theorem of Calculus
o ct

-

%, 0
=~,||a.3+l {'I)_n Uze a[l}:i,a{{'):ﬂ
=|Ja® +1

To find the first partial derivative in terms of 3, find the derivative of the function in terms of 8
treating a as a constant.

Fyla.p)= E%Ew} +1dt

=o' +1 %(a}—ﬁfﬁl +1 6—%(,3] Use Fundamental Theorem of Calculus

s

= 0-F +1(1) Use é(.\'} =1,
|

[c}zﬂ

2o




Answer 31E.
Consider the function f(x,y,z)=xz-5x"y'z".

Need to find the first partial derivatives of the function.

To find the first partial derivative in terms of x, find the derivative of the function in terms of x
treating y and z as a constants.

The function is differentiating by using the power rule.

The power rule is, i(,u-"): nex"!
dx

Fo(xpz —(.t‘z 5x2yt ")

=§[xz]—a%(5x2y3 ")
_z—[.r) 5y°z* Ei{ ]

o

di ., n-
=z-5y"z*(2x) Use power rule, E(.}. ]: nex"!

z-10xy*z*

Il

To find the first partial derivative in terms of y, find the derivative of the function in terms of y
treating x and z as constants.

ﬂ(x,y,z):.;;v(xz_szyzzq]

=Ei-[xz}—§-’(5_r3y‘lz‘)
=0-5xz 4;;[y!)
— _5x7 (3y3)3"‘ Use power rule, ;—i[f)= o x" '%{EJ =0

Il

-15x%y2*




To find the first partial derivative in terms of z, find the derivative of the function in terms of z
treating x and y as constants.

L{I,y,z):ai(;z_:ﬁx!ylzi)
Z

=E{I:)—E—[5I3 sz)
5 , 0
=x5{z]—5 A% E{z"}
=x[|]-512y3(433) Use power rule, %{,1-”]= 7ex™
= x—20x*y'2
=|x-20xy°2’

Answer 32E.
Given function is f'(x, y, z) = xsin(y —z)

Differentiate the given function with respectto . we have
0, v, 2) = sinly —z)

Differentiate the given function with respectto y . we have
I 50y, 2) = xcos(y —2)

Differentiate the given function with respectto -, we have

.Irz(xl ¥ 2:| — _KGQS(_}? _Z]

Answer 33E.
w:ln(x+2y +32)
Differentiating partially with respect to x,

e D
—=—1 + 2y +3
&% Exnlix 4 zj
1
=— 1
x+2y+33[)
1

x+2y+Ez



Differentiating w partially with respect to ¥,

e 3

—=—lIn{x+2y+3z

5 5ok )

1

=——[2
x+2;_u+32|: )
3 2
x+2y+ Gz

Differentiating w partially with respectto z,

gzgln[x+2y=3.z:l

1

-0

x+2y+iz
3

x+2y+iz

o 1 o 2

Hence

E: x+2y+32’$: x4 2y+3z

O

o

3

x+2y+iz

Answer 34E.
Given function is W= :E,f:-"f

W

- . 2 X
dw/ dx=yz e

Xy

. 2
dw/ dy=xz"e

awj. a:= Eh}"f _!_RFZEEF?

Answer 35E.
Consider the function

u=xysin™ (»z).

Find the first partial derivatives of the given function.

Find the partial derivative with respect to X treat ) and Z as constants.




Find the partlE” derivative with rESpEI:t to ¥, treat x and £ as a constants.
c =i
u.. e — _TJJ'EII'_I. (JE}
-2 (i 3]

2 (i R A
=2y {sin” (32)) +sin” (32) ()

="}"ﬁ'§[?z)+5i"_l [y:]x
=Ay-;-z+sin"(}f*]-r

Vo

=—— _+uxsin’ (yz
= (»2)

Find the partial derivative with respectto £, treat X and JY as constants.

Therefore, the first partial derivatives of the given function are,

|

u, = ysin™ (yz),u, = ——2+ xsin™ (3z) 4, =]
: ;l_yzzz r'—']_yzz_
Answer 36E.

%

=2

Taking logarithms on both sides

TR 1 S
=z



Differentiating (1) partially with respect to x,

1oy _» 1

wdr & ox
iy Ly
fr zx
¥
Iz
LE. u;,{:x“}?
e

Differentiating (1) partially with respect to y
1du 1

e

udy oz

e u

—=—lnx
z

¥
. x’i'/
1Le wo=—Inx

H
Z

Differentiating (1) partially with respect to z

1k -
——=—‘J;1nx
e =
; P
1LEe —:—%lnx
o= z
¥
. —x‘(“’/ylnx
1E G, = ————
z
Answer 37E.

Consider £, v, and z to be a constant and differentiate the given function with respect to x
to find &,(x, v, 2, £).

b [x, v, z,.ﬁ) = %I{xzyms[zﬁ))
= Zxycos(z/t)

Mow, find Az, ¥, = £).

Ezy[x, ¥, z,.ﬁ) = %(Iz_}? cos(zfﬁ))

= x° cos (zf¢)

Evaluate k:(x, v, z. £).
Bolx poget) = %(xzy cos (zfﬁ):l

" xgy st [zfﬁjl
£



Find &%, v, z £).
a8
Ps,[x,y, z, E) = E( 2_:nfl::-::-sli_f«:,".if:]:l

x yz sin (zft)
Bl

Therefore, we get |2, [x, s f,) = 2xycos [z,-'fzf:] 1 .-EEJ,IZI, g f,j

;':2 Cos [zl.-"zf:l ]

4

2 i
sz[x, T .t) — —Ln(zﬁ),and Ez,lix,y,z, .ﬁ):

52

xyzsin(zft) |

Answer 38E.
Let us start by finding ¢,

We know that f, = %f{x, ;u').
b= | ax+ ﬁyz
ook ¥z + At

&8
vz + &t

o
Therefore, we get | = ————|
B

Mow, we have ¢, = %;ﬁ[x,y,z, ﬁ).
g i ax +,¢3;|J2
YU y| vz &

2 8y
¥z + &t°

Thus, ';Ef'y 15 obtained as

Answer 39E.

e u=(xf+x§+ ....... +x




On differentiating partially both sides with respectto x

T g

o= S Aen)
. G i
1LE. =

a'xl '\J"x].2+x§+ ......... +x

On differentiating partially both sides of (1) with respect to x,
%:%[xﬁ+x§+ ........ +x3:|_%[2x2)
2

=

i 7
ox; \fxf +x§ F e +x
o e b
Answer 40E.
w=sin{m+2x+... +ux, ) e el )
Differentiating (1) partially with respectto x
E=|::c:Js|:;':1+2;':g+ ............. +?2xx).|:1)
o

Differentiating (1) partially with respect to x2
e
— =cos(m+2x,+
iy

&:cos[x1+2xg+ ........ —I—nx,é:l.?z

ax,

Hence in general

%:ims[x1+2xg+ .......... +szxx)
0%

Whete: =120 0000 b




Answer 41E.

Given function is .f'[-rtyj = ln[x gl 4 +3° J

f'r[x,y]= 1;{;.: +Vx® + ][1 +1f2[x2 +y2j_”2{2x]]
FoG. 4= 1/ +25)[1 +(1/2X1/5)-6]

£33, 4=(1/8)-(1+3/5)

r+(3. 4]= (uaj x[sx5j= 8/40= 1

Answer 42E.
Given function is ¢ (x, y) = arctan(y/x)

.f':[x,yj = [1 A [yfx]z]'( —yf'xzj

r<(23)=[1/1+3/2°]-( -3/4)

J+(2,3)=4/13(—3/4)

.02, 3= =12/52= =3/13

Answer 43E.
Consider the following function:

flxpz)=—2

X+y+:z
Find the partial derivative with respectto’ y".
Use guotient rule of derivative as shown below:

According to the quotient rule of derivative, “If u{x] and u(_r] are two differentiable functions,

then

d ["(I]J _ V{I]i[H(x]]_u{‘r]i(v[ﬂ) is called the quotient rule”

dx v(x) [w{x}]z

ax



Consider the following function:

flxy.z)=

x+y+z

Differentiate the function partially with respect o .

d d
[.r+_u+z}—|:y}—yd—(x+y+z} _

f(xp.2)= Y >
(x+y+z}
- [x+y+ z][l]—_p({}+1+l]:|_
(x+y+zf )
_xty+z—y
[x+y+zf'
X4z
{x+y+zf'

Therefore, the partial derivative with respect to * ¥ ' is given as follows:

X+

£ (xy.z2)=

[x+_y+z]2 '

Consider the point (2,1,~1).

The partial derivative at the point (2,1,—[) is computed as under:

£ (3, 2) =y

: (x+y+z)
2-1

Jﬁ.(l,l.—]]-(zﬂ—_])g_

"

=

Therefore, f}_(z,i,_])z_



Answer 44E.
Consider the following function:

flix,y,z} = \.llsirl2 x+sin’ y+sin’ z
Find the partial derivative with respectio ' z ™

L. o]

I 5 = 1 - 2 a 2
= = = = —{sm X+4sin” y+sin z)
2,/sin” x+sin’ y+sin’ z €2

= l (0+0+2sinzcosz)

2./sin® x+sin’ y+sin’ z

SiNzcosz

Jsin’ x+sin® y+sin® z
Therefore, partial derivative with respectto * z' is as follows:

SiN z cos 2

f(x..2)=

Jsin® x+sin’ y+sin’z
3 ; T
Consider the point [D,{LZ].

Partial derivative at [D,{}*E]is calculated as follows:

: §iNzCosz
f—‘(x!'}:"’z)= il 5 - :
\Isin' x+sin” y+sin” z
: T T
o Z)os(2)
T
f:- [{}uﬂ!_

4]: \/Sin2 (0)+sin” (0)+sin’ [j] |

Therefore, the value of the partial derivative is '_f:_ [{}1 U‘%J —

Sl




Answer 45E.
Consider the following function:
2 2 3
f(xy)=0"-xy
Itis required to find  f, (x,y) and £, (x,y) using limits.

To find the first partial derivative with respect to x, use the following formula:

f[r+h,y]—f[r,y}
h

Evaluate the limit by simplifying the expression.

fi(x.y)=lim-

o Srrhy) - fny) | (h)y = (x+h) v (07 -x'y)

fi—sl) fr ] h
_ (_1:],’2 +hy2)-(x3 +3x" h + 3xh’ +h3)y—[xy2 —_tjy}
-im h

i o+ -y =3ty -3y -Ry—-xt + Xy
- Ill—ﬂ ;r

T, ISR S
e hy =3x hy=3xhyv—-h')

li—) B

Calculate the limit.

F_oule apogdl. pd v =3y =3xhy—hy
lim hy =3x hy-3xh"y-k'y i (} y V= }
i1 h h—s0 h

= lhim[y: ~3x"y = 3xhy —h'y)

=il
=y —3x2y—3x{ﬂ}y—[ﬂ]3 v

Therefore, the first partial derivative with respect to x is the following:

Fo(xpy)=1y -3y

To find the first partial derivative with respect to y, use the following formula:

F(xy+h)=71(xy)
h

f\xy)=lin
Evaluate the limit by simplifying the expression.

" Flxy+h)=f(xy) i (I(JH hy —x*(y +h})—(l’}f‘2 —ﬂv)

Ti—1 h A1) h
(_t{yz +2yh+h1)—xsy-xjh}—(xyz -,rj_}r)
= lim
A0 h

i P H2xvh 4k -y -xh-x’ + x5y
_n—m Fr

2 .3
- 2xvh+xh” —xh

fr—dl




Calculate the limit.

i 2xvh 4 xh’ —x"h_ ) :‘-‘(E.ty+xh—x3]
ﬂlﬂ h i bl-m

= le“(EAy+xh—x3}
== 21}=+x(ﬂ]—13

Therefore, the first partial derivative with respect to y is the following:

£(xy)= 2xy - x|

Answer 46E.
Consider the function

X

flx,y)=

x+y
To find the first partial derivative in terms of x, find the following limit.

(x+hy)-f(xy)
i

Evaluate the limit to find the partial derivative.

f(x.y)=lim !

Start by simplifying the expression.

{.t +fr] T
i S(x+hy)-f(xy) oo (x+h)+y° x+)°
sl b b=l h
'
=lim

(x+h)  x ]
“-'“k((x+h}+y3)h (x+_p3].fr

gy o (e [(x+h>+f]]
0| ((x+h)+p7 Jal x+ y? (x4 )l (x+h)+
=]im(x+h)(x+y1]—x(x+h+_y2)

hath h(r+h+_y1)(x+ _}JI]

Then calculate the limit.

{x+k}{x+y2}—.r(x+k+y3) ) imx3+xh+1ﬁy2+hy2—x3—x}3—;}:3

v h(x+hey)xey') = h(xehyt)(xey?)
=Liﬂh{.x+h+}3:][r+f}
=!,‘ﬂ(x+(u]+§}(x+f}

f(ey)= =L




To find the first partial derivative in terms of y, find the following limit.

f(xy+h)-f(xy)
h

Evaluate the limit to find the partial derivative. Start by simplifying the expression.

f(xy+h)-f(xy)

1, (5:9) =l

lim=

] h
X X
P T ]
X+iv+ X+
i (y+h) ¥
=i Hi
. X X
=lim -

"‘"“h(.x+y: +2vh +Ir3:I h(x+ _]-':]

—_— X {(x+y3)]_h{ 2 [(x+y*+?.yh+h3}]

h-50 fz(x+y2 +2y}3+h3} [x+y3) ,t'+y]] (,1r+y2 +2vh +fr3}

=5 .r((x+y1})-x(,r+y1 +2yh+ hz)
T ﬁ?(:::+.;|r2 +2yﬁ+h3){x+y2)

Then calculate the limit.

$((re0?)-xlx+ 0" 42004 ") 242 -y = Dy -l

i h(x+ 3 +20h+ b )(x+y') s h(x+y*+2ph+ I )(x+)7)
=lim =i Y
] h(_r+_}:'2 +2_}?h +fl2)(.f+_]-’2}
_ ~2xy-x(0)
(w27 +20(0)(0)°)(x+57)
-2xy

S (ny)=

B)




Answer 47E.
Consider the equation x* +2y* +32% =1.

& oz
The objective is to find "é.i and — using implicit differentiation.
x oy

Here zis defined implicitty in terms of x, and ¥ .

Differentiate with respect to x on both sides of the equation x* 4+23* +3z% =1 to get,

2x+0+ 3[22}% =0 (keeping yas constant)

5:%:-2;;
& _ 2
& 6z
e B
T 3z
Thus, E: _i_
cx 3=

Differentiate with respect to y on both sides of the equation x* +2y* +3z* =1 to get,

ﬂ+2[2y]+3[22}% =0 (keeping xas constant)

o

oz

6252—4}-'
oz _ 4y
& 62
_ Ly
T3z
Thus, E:"_z= _E_

ox 3z




Answer 48E.

We can start by rewriting the given equation.

¥y +Fr-2z2-4=0
Let Flx, y,2) =x° -y +2° — 2z — 4,

Ewaluate 7,(x, v, z), Mz, ¥, z), and #p(x, ¥, z).

Flx,y,z)= %[ 2—}324‘32—22—4:]

= 2x

= [x,_}f,z) = %(xg—y2+zg—22—4)

= — 2y

Fx[x,y,z:l = gtxj—y3+zj— 23—4:]

= 2z -2
F(x ¥ Fix vy z
Mow, we know that — = — : (%, 7. 2) and — = — "’[ ». 2)
&% Fx[x,y, z) v Fx(x ¥ z)
524 _ 2% oo _ -2y
ox DglL e Sge 2
Bk F
z -1 gk
s o
Thus, we get the partial derivatives of z as |— = — i and — = 2
ox | pher ]




Answer 49E.

We can start by rewriting the given equation.
g —xz=10

Let Fix, v, z2) =&" — xyz.

Ewaluate 7,(x, v, z), Mz, ¥, z), and #p(x, v, z).

Bt 2= %l{ez—m)
-
d ¢ s
Fy[x,y, z:l = g(é - x}E:l
= e

B s
szx,y, z:l = g(e - ;';;m:l
= g7 — Xy
F
Mow, we know that — = —M and
ox Fx[x,y, z)
W sy
o g — xy
z JE
g — 1y

. . &
Thus, we get the partial derivatives of z as e
%




Answer 50E.

Consider,
z+xlny= z’
Here zis defined implicitly in terms of x, and y.

0z
Use implicit differentiation, to find E and —

ay

Differentiate with respect to x (keeping y as constant) on both sides of the eqguation,
yz+xlny=z*
¢ 7 (s R
—{yz)+—(xlnhy)=—|z"

E’-+In ﬁ—x—h’E
g g gy

cz
(¥ -'=')a ¥

0z | Iny

ar y=2z

Differentiate with respect to y (keeping x as constant) on both sides of the equation,

‘;Lf'.z+_1:1n_3,:=z1

& _ _[;ﬂi]
ay y(y-2z)
Answer 51E.

(A)

z=flx)tely) e ey



Differentiating (1) partially with respect to x-
ez _df X og

or ox ox

But g 1s a function of y only, thenazﬂ

ﬁlﬁfiﬁaﬁ]ﬂﬂﬁﬂﬂﬂflﬂﬂl}’,ﬂm£=£
ox  ox
=f'(x)

Hence %:f'(x)

Now differentiating (1) partially with respect to -
g, M. 08

z=f(x+y) e
Differentiating (2) partially with respect to x:
L. ]
ox ox
Since f=f(x+y)
If we take (x+y)=
& _ored
dx Judcx
.. {1+G}

Then



Now differentiating (2) partially with respect to y:
ey sof
cy oy

Since f = f(x+¥). if we takex+y =u

Thea L7 2,
ey

Answer 52E.
(A)
z=f(x)g(y) (1

Differentiating (1) partially with respect to x
&
% =%g{y}+f(ﬂ£g(ﬂ
=g(y)i(xx}+

ﬁlﬂﬂ*ﬁEZD}
ox

As f1s a function of x only then
o _of
)

Therefore % = g{y}f'{x}

f(x](ﬂ} {5ince g(y) 1s a function of y only

Now differentiating (1) partially with respect to y

g afgf} R gm
& (x)
cy

But =0 (As f1s a function of x only)

g(y) _dg_ .
v oy ZV)
=f(x)g'(»)

Hence

2| &



(B)
z=f(x) @)
Differentiating (2) partially with respect to x
dz _&f
&x  éx
Ncrwfzf(xa*],ifwetakexy=u

af
u
af
&u
af
éu
2

5

=¥

‘-..,H

(o)

cz d
Hence \‘a—yf (I}'}

Differentiating (2) partially with respect to:
oz _&f

& &




Differentiating (3) partially with respect to x-
& _o
&x

Hence

Hﬂﬂ-l:f: 5:_ :fr

Answer 53E.

Given function s f(x, y )= x’y” +2x"y
Fe(xy)=32"y" +8x"y

(% y) = 6xy" +24x%y
Fulxy)= 155" +85°
fo(xny)= 52"yt +2xt
fo(xy)= 205"’

T v (I.-y) = 15x%p* +8x°

.fr x}fl:xi _};] = j' 5 [Ip _,F) b'}" Clairaut's Theorem



Answer 54E.
Consider the function,

f(.‘r, y] =sin” (m_t -r-ny].
The objective is to find all the second partial derivatives of the given function.

Tofind £, take y as a constant and differentiate f(x, y)with respectto x

S50,

fo=2f (%)

¢
iz
=E[sm (m,r+ny}]

=2sin(mx + ny)ai[sin{mx+ ny)| By chain rule
¥
.
= Zsin{mr+ny}~cns{mx+ny]v§[mx+ ny)

d 7,
= 2sin + 0 +mp )| m—(x)+n—(y
51 {m_r HJ.-’:I[: E[HI'.I I‘I‘_}:‘] |:max (I) li‘ax{_} }:|

=2sin(mx +ny)cos(mx +ny)-[m-1+n-0]
=sin2(mx+ny)[m-1+n-0]

= msin 2(mx +ny)

Tofind £, regard x asa constant and differentiate f(x, y)with respectto .

So, f, = ";,—f(x,y:l
= i[sin2 (mx + nv}]
Py !

= Esin{mr + .i?y]a}i[sin (mx +ny)]
= 2sin(mx + ny)- cos(mx +n_p}-§y—-[mx +ny)

= 2sin(mx + ny) cos (mx + ny}-[ﬂig(l’ﬁ ”%{P:}]

= 2sin(mx +ny)cos(mx +ny)-[m-0+n-1]
=sin2(mx+ny)[m-0+n-1]

= nsin 2(mx+ny)



Now find the second order partial derivatives.

For f_ . differentiate f =msin 2{mx+ n_}-)partially. with respect to x.

5]
ﬂ\_at-f;'
a ;
=— 2( m p
ax':msm (mr+m}]
0r .
= n— 2 m }
max[sm (mx+ ny }]

&
=m-cos2(mx+ny)—|2 +
m (mx n_v]&r[ ( rax ny}]
=m-c051{mx+ny]-!-i{mx+ny]

s ,H..;usz(mrﬂ;y].2.|:m;ix{x]+ﬂ£[y}}

=m-cos2(mx+ny)-2:[m-1+n-0]

=2m’ cos 2 (mx +ny)

Thus, | £, =2m’ cos2(mx+ny)

For f,,.differentiate f, = msin2(mx+ny)partially, with respect to y.

a
a,-,-f'

= %[msin 1{mx+ ny):l

Jo=

- m%[ﬁiﬂ Z{J'?ﬂ' + ”}’)]

=m-cos 2(mx + ﬂy]ﬂ[z{’ﬂx""”’]:l
cy

= HT'CDEZ{:m‘: ¥ ”J") 1-%[!}?1"[‘”}"}

= m-cos2(mx +ny)-2 -[m%(x] +n§(_}?}}

=m-cos2(mx+ny)-2:[m-0+n-1]

= 2mncos2(mx+ny)

Thus. |f., =2mncos2(mx+ny)




For f,,.differentiate f =nsin 2(mx+ ny)partially, with respect to y.

d
-'f.‘k‘" o ay j‘l-

= %[nsin 2(mx +-"-'J’]]
- n%[sin 2(mx +-‘1}’]]
= n-cos 2 mx +n_}1]§[2[mr+ ny}]

=n-cos2(mx +ny}-2-i(m~;+”y}

= n~m52[mx+ny]-2~[m§[1)+ "%{J’)]

=n-cos2(mx+ny)-2-[m-0+n-1]

=2n" cos 2(mx + ny)

ThUS: If:]l :2”2 Cﬁsz{m_'[ +H}:]

Answer 55E.
Consider the function.

w= "q'Ii'z + 1?1
First, find W, -

The partial derivative is calculated by treating v as a constant and using the derivative rules for
a power function and the chain rule.

The derivative that remains in the second line is the result of the chain rule.
W, zai:(\W)
1 o 3
=ﬁ-[[2u]+ D}
I

B \HI’E +1.’:



Find w_ by finding the partial derivative of w;, in terms of u.

The partial derivative is calculated by using the quotient rule.

Note that the first partial derivative that results from the chain rule is calculated using the rules
for calculating a polynomial and the second is the same partial derivative from the calculation

of W, -

P
)
{I]Jm—u[%]

u +v

!J'z'i"l-'2
] 2 2
H +v L

2 Tl
u+v {u’+v’)\.{n2+v3

z 2 2
e
[u:+v2)Juz+v2

Vv
(uz +u’]w..f'u2 +vi |

Find W by finding the partial derivative of W, in terms of v.

The partial derivative is calculated by treating v as a constant and using the derivative rules for
a power function and the chain rule.

The derivative that remains in the second line is the result of the chain rule.

I3, u
W, =—| ———
s 3"[wﬁ+v3]

—u ¢

=——"—(0+(2v))
E(H +V :I

—u'l.l‘
== - o=

(ui +v? }3' ;




To find w . first calculate find w;, .

The partial derivative is calculated by treating v as a constant and using the derivative rules for
a power function and the chain rule.

The derivative that remains in the second line is the result of the chain rule.

H",=£[ﬂul+u3)
S SR o -S| [ .
_zm ap(u +v’} Since ﬁx[ﬂnzﬂ]

|
= e . (04 (20)
2wk +v* )
= W
V' +v°
Find w,_ by finding the partial derivative of w, in terms of u.

The partial derivative is calculated by using the quotient rule. Note that the first partial
derivative that results from the chain rule is calculated using the rules for calculating a
polynomial and the second is the same partial derivative from the calculation of w .

_ 0 v
ks 51"[\;";:2 +v' ]
2 () (Va7 )~ (o) 2 ()
Wersg

N +vF =¥ L]
(1 (\Jyz+v!
H2+VI

2
-l.l'u2 + vz v

u+w (uz+v2]\}"uz+v2

- S -
u +v —-v
u + vlJuz +

2
i

(z.rz +v‘°‘]~4’u‘" +




Answer 56E.
Consider the following function

xy
=y

Its need to find all the second partial derivatives of v

V=

First, find v, .

The partial derivative v,_ is calculated by treating yas a constant.

ale)
==
(x=) (1) =% 2 (x~)
T e




Find v_ by find the partial derivative of v_ with respectio x

Ve = (%),

=2y*(x-y)"
_ 2
(x-»)
J?
Thus, = 2)




Find v_ by finding the partial derivative of v, with respectio y

vy =(v),
:ji[ =y ]
ay (_rmy]l
) S )
(=2
:_},:.z[x—y)g(x_y]_[x_y)z‘(_2}’]
(x-»)'
:_yz.E{I'J’){D‘l)—{x-_ﬂz.(_2},}
(x-»)'
zzyl(x—y]+2},{x_y)1
(x-y)
_ (27 +2p(x-y))(x-y)
(x=»)
_ 2y +2y(x-y)
(x-y)
i 2
(x-»)
_— 2xy
Thus, [V, (r—y)?'




The partial derivative ¥ Is calculated by treating xas a constant.

(=)
(x—y)-1-(»)(0-1)

e

Thus, v, = (x—y]z

Find v _ by finding the partial derivative of v, with respectio y

= (v,),




Find v _ by finding the partial derivative of v, with respectto x

Ve =hi),

i
o | (x-)

i et g Ol
(Gl

22 w=0) 2 (x-9)~(x-0) ()
(x=y)’
_ xt2(x—p)(1 —ﬂ')—(x—y]! «(2x)
(x=»)’
_ 2 (x-y)-2x(x-y)
(x-»)’
{2,1'2 —Ex{:r—y})(x—_}?]
(x-y)
B 2x* - 2x(x—y)
(x=»)
22X -2x% 4+ 2xy
(x-y)
2xy
(x=y)

Thus, |V, =




Answer 57E.
You are asked to find all of the second partial derivatives of the following function.

z = arctan
1=xy

First, find z . The partial derivative is calculated by treating y as a constant and using the

derivative rules for a inverse trigonometric function and the chain rule. The derivative that
remains in the second line is the result of the chain rule. The third and fourth lines are
simplifications.

Z, =£ arctan ok
B 1=xy

_» | _i[ri—_y]

N ? oxl1-

|+[I_+_.}j] i
l—xy

) [(1 sy l-lix+_}-'}2 ]i[:ﬂ
(1-xv)

(1-xp)’ 6‘(x+y]

- []-,‘I’_‘P): +(x+ y}z Ox

To calculate the derivative in the second line, use the quotient rule.

I - xy

i[ﬁy}: %iﬂﬂ'(‘-xr)-(xﬂ}-gix(l—xy}
ox {l—.\:y}1

_(140)-(1-xp) - (x+y)-(0-)

(1-xp)’
- 1= xy+xp+ 3
(1-xy)
_ Iy
(1-w)

1=xy




Plug in the second partial derivative calculation into the first to get = .

(1-xy)’ o(x+y) (1-nm) 1+
e ik g (=) +(x+3) (1-9)
1+ y7°
=(1—.:;;,1:']3+[.:r:+jp']2
B I+_y2
_(i—zxy+rzy2)+(x2+yz+2xy]
1+ y°

T+ 1+ 2

=
14+

Tofind z_.find the partial derivative of z_ interms of y.

* 25[;“}
[

Tofind z_, find the partial derivative of z_ in terms of x. The derivative is calculated using the

rule for differentiating a power function, along with the chain rule. The partial derivative in the
second line is the result of the chain rule.

=7
= ol k1

=—-—_I -E[,r:+i)

(x* +])1 ax

=1
=——(2x+0)
(.':IH)

—2x

@}




Tofind z . firstfind z . The partial derivative is calculated by treating y as a constant and
using the derivative rules for a inverse trigonometric function and the chain rule. The derivative
that remains in the second line is the result of the chain rule. The third and fourth lines are
simplifications.

x+y]

?.,=E arctan
4 1-xy

- | 3[1+y]

= -

v\ l-x

7 e
I—xy

[CEmes
(1-x)
_ (-w) ,E"[Iﬂ*]

T +(xty) wl1-x

To calculate the derivative in the second line, use the quotient rule.

E[I"'J’ ]: a%(x +y)-(l—xy}—(x1+y}-§[l —xy)
oy (1-xp)
(0+1)-(1—xy)—(x+»)-(0—x)
[l—xy]}'
=gty
(1-a)
B
(1-x)

1-xy




Plug in the second partial derivative calculation into the first to get =z .

(1-w) _a[m] (-x)  1+e

(I—xy]3+[x+y] v\ 1-xy {l—.ty}1+(x+y) {I—x_jl}z
B 14 x°
(=) (x4 y)
L4 %7

B []—l\:y+ 12y2}+[x+y}
This expression can be simplified.

1+x° _ |
(1—11y+_r2y2)+(x+ y] ¥ +1

To find e find the partial derivative of Z, in terms of y. The derivative is calculated using the

rule for differentiating a power function, along with the chain rule. The partial derivative in the
second line is the result of the chain rule.

) .-
‘.v:»'_a}, _}’24']

-1  Fys
ey A

:ﬁ-(2y+ﬂ]

_2:',-
)

Answer 58E.
Consider the following function:

.‘.I'

y=e™ .
The objective is to find all the second derivatives of the function.

The second derivatives of the function are v_ v v _,v

et P Ve Yy



First, find the first partial derivatives v, and W

To find L differentiate with respect to x treating ¥ as a constant

v, = e [e‘"k ]
fais
=" a[xe:”) Use ;—J:" ) = ge™
=o' 2 (%)
o
- En"'el
=g Use law of exponents

To find v, . differentiate v with respect to y, treating x as a constant.

¢
‘lJ'j =$[EM )
r a ¥ ] 'F iy 413 a
= —{xe ) Use T(‘i‘ }z ae™ and chain rule
ox

+ O
=" xge’
= xe" ¢’
= xe'** Use law of exponents

To find v . differentiate v, with respect to x, treating y as a constant.
d s
v, = W[E‘“y * )
dx

= e-”b'"'%(xe"' +y]

=e.n|...r+_|.- [E;ﬂ?r +i ]
Go g

=™t [e-" 0 X+ ﬂ']
ox

:En-’ﬂ-e_p

= e_l-'l-:r." ¥

T
=g

Hence, |y = g+




Tofind v, . differentiate v, with respect to y, treating x as a constant

1 s
v =5 (€7)
=g ¥ —a—[::ca" + _ﬂ Use ;{w"“ )= ae™and chain rule
’ x
=g™ *’ [Exe" +£.}’]
cy oy

= (xe +1)

I

Hence, [y =™ *Y (xe"+1)

By Clairaut's Theorem,

v, =e= [:(E"' + 1)

¥

(£, (a,b)= £, (a.b))

To compute ¥, . differentiate ¥, with respect to , treating x as a constant

i é
=xe"™ | l+x—e'
[1+s5]

= xe' (l + xe"]

& ¢ ; : ;
Use — {e i } = ge”" and chain rule.

ox

Therefore, |v_ = xe"*™ [1 +x€j] ;

¥




Answer 59E.

Clairaut’s Theorem states that suppose /15 defined on a disk 2 that containz the point
(a2, &) and 1f the functions f, and f,, are both continueous on 2, then fle, &) = f.0a, &).

Let us start by finding 2, by differentiating sz, 3) with respect to x keeping v constant.

We know that £, = %f{x i

_i 4.3 4
ux_ax[.y .:"?)

£5 4.1-3_}?3

Mow, differentiate 2, with respect to v keeping x constant.

5}
By = 5(47.3_}?3:]

= 12x%y*

We get u,, = 12;{3_}?2 :

Meow, find u,.
&
W 5[‘-{43’?3_}?4)
= 3x*y? - 4y

Differentiate w2, with respect to x.

e = %[33:4)?3— 4}?3)

»

= 1227y

We note that i,y =2, Thus, the Claraut’s Theorem 13 verified.



Answer 60E.

The Clairaut’s Theorem states that suppose 71z defined on a disk D that contains the point
(@, &) and if the functions £, and f,, are both continuous on 0, then fola, &) = f.0x, &).

Let us start by finding &, by differentiating w(x, ) with respect to x keeping ¥ constant.

We know that 7, = %f [x, y:l.
Hio= %I{e’“’ siny)
= ye¥siny

Wow, differentiate w2, with respect to v keeping x constant
3, =
o ¥
8, = —|ye" siny
% 8}:'[ :I
= e%sny+ ne”sn ¥y + ye¥ cosy

We get u,, = g” siny + xye” sin y + ye© cosy.
Mew, find i,
= —Iie?“}'siny)

= x2™zin y+ e” cosy

Dufferentiate o, with respect to x.

d

Uy = al{x@’w siny + g n::osy:]

= e%siny + o siny + ye® cosy

We note that u,, =, Thus, the Clatraut’s Theorem 15 verified



Answer 61E.

The Clairaut’s Theorem states that suppose f 15 defined on a disk £ that contains the point
(, &) and it the functions £, and #,, are both continueous on £, then £ (e, &) =f.(a, &)

Let us start by finding u, by differentiating u(x, ) with respect to x keeping ¥ constant.

We lnow that 7, = %f [x, y).
= Zos(#5)]

= —=2xrsin (xjy)
Mow, differentiate i, with respect to ¥ keeping x constant.
2, B
By = a(—?;@:sml[x y:l)
= —2.?:3}?':::-5[;:2;:) = Exsinlzxzy)

We get B, = —Efycas(xjy) - Exsin(xzy).

Mow, find u,.

Dnfterentiate s, with respect to x.
8 p g e
u :—(—x sin :J:y)

= —2x"ycos [xzy) — Z2xsin [xz,}’)

We note that i,y =, Thus, the Claraut’s Theorem 13 verified



Answer 62E.

The Clairaut’s Theorem states that suppose iz defined on a disk D that contains the point
(, &) and if the functions f, and £, are both continuous on D), then £ (e, &) =FAa0a, &)

Let us start by finding &, by differentiating u(x, ) with respect to x keeping v constant.

We know that f, = %f{x}f)
i, = i[ln[;':+2_ju‘):|
Yok
3 1
B X4 2y

Now, differentiate , with respect to v keeping x constant.

H_E 1
oo Bxlx+ 2y

_ 2
(:J:—I-Ey)g

2z

[x + 2}?)2 .

We get w, = —
Meow, find i,
&
1, = —|lnfx+ 2y

2
X+ 2y

Differentiate w4, with respect to x.

o 22
ookl x+ 2y

B 2
(x + 2;;?)2

We note that «,, = u,,. Thus, the Clatraut’s Theorem 1s verified



Answer 63E.

Let us start by finding f.(x. ) by differentiating fx, ) with respect to x keeping v
constant.

We know that 7, = %f{x,_}{].
2 i NC T

fo= 5=y
= dx'y* - 3x'y

Mow, differentiate f, with respect to x keeping v constant.

fu= (4575 = 32)

= 12x°y* — 6y
W
Find — .
bl Bx(f“)
G,
= —[128y* -6
= (12757 6]
= 24n* - &y

Thus, we get | f,., = 2t — 6y

witnilarly, find fo.(x, v,

o Hefz-ni)

= %[Bx{y — 3:1:2)

= 24x*y — 6x

Thus, we get | fy = 24x'y — 6x|




Answer 64E.

Let us start by tinding £.(x, ») by difterentiating fx, ) with respect to » keeping x
constant.

We know that 7, = %f{x »y.

gy = %[sin(?x + 5}:)]

= 5|:c::us[2x + 5}:)

Mow, differentiate #, with respect to x keeping y constant.
d
e 5(5 cos(2x + 5_}?))
= —IUsin[Ex + 5}:‘:]

y 5 §
Find g[fm:l.

e %[—lﬂsin[zx + 5]

= —50cos(2x + 5y)

Thus, we get |, = —30 cos(2x + 5y]|

Answer 65E.

Let us start by finding #(x, v, 2) by differentiating Az, v, 2) with respect to x keeping v and
z constant.

We know that 7, = %f [x, ¥, z:l.

e 3

2
]

Mow, differentiate 7, with respect to v keeping x and z constant.



Find —{ £, ).
= d 2wt 4 mg
For = E(ZE + ni='e )

2 2 2
= 2ze™ + 6nzte™ 4 2xiyizle™

iaiy, e [z + 31}23 + xzygzj:l

Thus, we get | fe = g™ (z + 3z + xgyjzjj :

Answer 66E.

Let us start by finding (7, &, ) by differentiating g7, s, £) with respect to » keeping = and
£ constant.

We know that 7, = %f (E.2)-
J

g, = E[Er 5111 I:.S‘.i:l:l
= ¢ sin (st

Now, differentiate g, with respect to s keeping » and ¢ constant.

g, = %(er Sin I:E-‘f,))

= g'icos (s.ﬁ:l

: w i)
Find — ;
11 azlzg?'.‘)

g, = %(e";cos(sﬁ))

= —& stsin [sf.) + & cos [sﬁ)

Thus, we get |g,, = —¢ stsin(sz) + ¢ cos(st)|




Answer 67E.
Consider the function 4 = " gin 8.

1
The objective is to find 2" for the above function
oried
First differentiate the function with respectto » by keeping @ as constant.
du _ 0 :
e sin @
ar ar‘{ }
: G
=sinf-—|e
ﬁr[ )
=sind-Ge”
= @sin fe”

Again differentiate partially with respect to » by keeping g as constant.

du_ 8 [@]
ar  ar\ or

0 (p o
—Br({?smfi'e :l

) d
=95m9-g[eﬁ'}

=@sind- O™

=@ sin@e”™
Now differentiate partially with respectto @ by keeping r as constant using Product Rule.
ou__ o (o
ar'og a8\ ar’

=%{9*’- sin e )

ag{ﬂ"‘) -sinfe™ +6° - —[smﬁ} e + @ sinf- Efg( )

=28 -sinfe™ +@ -cos@-¢” +& sind-re”

=8¢ (2sin @+ Gcos @+ rdsin )

3 |
Thus, the value of é‘zu IS 6zu =|6¢™ (2sin @+ Ocos 8+ rfsin ).
arcog coreof




Answer 68E.

Z =LAV —W

Differentiating pattially with respect to w.

%—ux 1 x[—l)
chi 2ajv—w
—

2afv—w

Then differentiating partially with respect to v

Fz —u 1 3
= —H——|V—W 1
e LAl &
B 1
4{v- W)%
Differentiating partially with respect to
&z 1

BB oW 4(y—y)A

Answer 69E.
W= — s (1))
v+ 2z

Differentiating partially with respect to x
tw 1
gx  y+2z

Then differentiating partially with respect to v
Fw -
drin (y+ 22)2

Differentiating partially with respect to =
& w (—2)
il E; [2)
oz dv dx (¥ +2z)
Fw 4
dzdvdr (y+ 22)3

Le

Now differentiating (1) partially with respect to y

w x
d (y+ 22)2

Then differentiating partially with respect to x
RV -1

drdy  (y+ Ez)g
& gain differentiating partially with respectto x
Fw

'

=0




Answer 70E.

u=x"y'z
Differentiating partially thrice with respectto z
£ it a b o1
e CE Vo
2
gz—z: sate=1] 2Pyt
3
g’g—f =s(e=1)(c-2) x2y?z
HNow ditferentiating partially twice with respect to v
3
=c(e-1)(c-2)b R
P
Fu
———=cle-1{c-2)b(b-1) e
PEPE
Mow differentiating partially with respect to x
6
E:J:El?y—;if =e(c=1)(c=2)b(a-1)a Faigted o
Fu o [ P
Hence W:ab(b—l)c[c—l)[c—?)x ¥ =
x

Answer 71E.

The Clairaut’s Theorem states that suppose f 15 defined on a disk 2 that contains the point
(., &) and if the functions 7, and £, are both continuous on 2, then £,(a, &) =F.(a, &),
Then, we can say that fig = fe =150

mince the second term of the given function does not contain v term, differentiating
Az, ¥, z) with respect to ¥ males it zero. 5o, let us start by finding #,.

fy = %[1}?223 + arcsin (x\.";:l:l

2rvzt 4 0
3



. &
Mow, let us find £, given by ﬁ[“};]'

= 3| 225
- 2 (27

= 6yz°

SINCe frp =fe We get | fim = 0027

Answer 72E.

The Clairaut’s Theorem states that suppose 15 defined on a disk £ that contains the point
(e, &) and if the functions £, and £, are both continuous on 2, then Fpla, &) =Aala, &)

5‘3g

Fdvdr

We know that g, =

From the Clairaut’s Theorem, we can say that g: = Zop = S Thern,

& &
Enz = M(m) i iz (ﬂ)

oo~ 5 3 7 |+ 3| )
B B,f;z[ ]+;;[§(0)}
=41

Thus, we get goe=0.



Answer 73E.
Consider the table values

2|18 |20 (22
23 125 (102 |83
3.0 |18.1 (17.5 |15.9
3.5 200 (224 | 26.1

Use the table of values of f(x, y)to estimate the values of £, (3,2). £.(3,2.2) and
j;j,[lz}.

Use the definition of partial derivatives

£ (ny)mtim L 22) =1 (x.7)

hi—#0d Ji]

Using the above formula to find the fr[3,2]

F(3+h,2)-£(3,2)
h

£.(3.2)=lim

Using the given table by faking A =0.5,-0.5

'(3.5,2)- f(3,2
£ LERSELES

224175
0.5

, et e s O e )
10.2-17.5
05
=14.6




On averaging these values find

9.8+14.6
T2
244
e
=122

£,(3.2)=12.2

Find f,(3,2.2)
Using the above formula

£(3.5,22)-£(3,2.2)

j;[lli]:: P

_26.1-15.9
T 05

- 10.2
05
=20.4

And

_f(25,22)- £(3,22)
122 0.5

- 93-159

T DS

66

T 05

=13.2




On averaging these values

_20.4+13.2
.

336

i 3

=168
/.(3,22)=16.8

Find f£_(3,2)

Using the definition of partial derivative

Now fq_[x,y}zg[ﬁ[x,y)] and f (x,y) it self a function of 2 variables

Lo (%y)= %Efu (x.5)]

AL R I ALS)

LR h
f.(3.2+h)-

h

f,(3.2) =lim- £(3.2)

To estimate f,_(3,2).first need to estimate £, (3,1.8)

£1(3.5.1.8)— f(3,1.8)
0.5

£.(3.1.8)=

_20-18.1
0.5
=338

£.(31.8) = L2 l-i}}—ﬁf(s,j.g]

=12.5-IS,I
-0.5
=11.2

Averaging these values, get f,(3,1.8)=7.5




Using the above value to estimate f_(3,2) with 4=02 and h=-0.2

I}'-u_(ll} = =

.f...-. (3,2} =

on ave

£(3.22)- £.(3.2)
0.2
_ 16.8-12.2

7(3.1.8)-7(3.2)
02
7.5-122
T 02
=235

raging these values

23.5

_23+
' g

46,5

2
=23.2

Therefore, |f, (3,2)=23.5

Answe

(a]

(k)

(c)

(d)

5

r 74E.

We take v as a constant, and allow x to vary through point P, then we see that the
value ofthe function decreases as we move in positive x direction
o f, will be negative at point P

“We take x as a constant, and allow v to vary through point F, then we see that the
value of the function increases as we move in positive v direction
So f, will be positive at point

oo 15 the rate of change of f, with respect to x, we see that space between level
CUrves INCTEases as we move in positive x direction. So value of £ increases as

we move i positive x direction.
Thus 7 1z positive at point P

Jr 15 the rate of change of f, withrespectto y, we see that space between level
curves decreases in ¢ ditection as we move in positive v direction. So value of
Jodecreases as we move in posttive ¥ direction

Thus f,1s negative at point



(e} S 15 the rate of change of f, withrespectte y, we see that space between level

curves increases in v direction as we mowve in positive v direction. So value of

Jyincreases as we move in positive ¥ direction.

Thus f,1s positive at point I

Answer 75E.
Consider the function:

i e..u-'.'.-"r sin { Iﬂ,} )

The Partial derivative with respect to ' ¢’ is calculated as follows:

=] =
ol [ dpdp . .
—= —(r-: G '5111{&x}}.
ot ot

", = _alkze ek sln{kr}

Find the partial derivative with respect to * x' as follows:

- -
Ol Lo - T S g
— = —(e " sin [!u)]
ox oOx

u, = ke cos(k)-

Once again partially differentiate with respectto’ x':

-

o = a s “:_;..‘r - 2
Ex{”" )= = [ﬁ.e ::ns[k,m]]

i =_-lﬂ.':|'.? okt Si“[k\'}-

i

RHS of the heat conduction equation is as follows:

a’u_, =-a’k’e ™" " sin(kx):

&

is the solution of the heat conduction equation (g y = u, |-

=tk
xx

Hence, |[u=¢ sin ( kx

L SEE

Answer 76E.

ey
3= 4y smmmemmee—- (1)
Differentiating partially with respect to x
o= o

Lgain differentiating partially with respectto x
frer=12



Differentiating (1) partially with respect to ¥

H, =2y
& gain differentiating partially with respect to ¥
B, =2

Now w,tu,=2+2=4%0

Therefore the given function (1) 12 not a solution of equations, +u,, =0

(B)

=x— yi el 24
'Thefl: ma=2%
T SR
And  w,=-2y
Ly, =—2

Since f, +u,=2-2=10

Therefore the given function (2) 15 a solution ofu,, +u,, = 0

(<)

H= R BP cepssnsrsens (3]
Then =3 +3)°
2. =5

And  w, =6y
B, = bx
Mow un+u}w=6x+6x=12xiﬂl

Thus the given function (3) 1s not a solution ofu,, +u,, =0



(D)

w=In Ml'xz +y2 EEOEEOn SR R R Y

11 {(2x)
Then HX_J;;:*.F};? KEJXE_H;?
__ =
x* 432
() (1) - x(2x)
" (R
x4yt 2x
()
_(x-¥)
(R
1 1 (2y)
And i, ,Jx?+f XEJ;{?+};3
=[x2+y2:]|:1)—y|:2y:l
% (2 +5*)
_x2+y2—2}32
= XQ_‘}?:
(x+5))
Now gy, = 2 B Y)

") ()

Thus given function (4) 15 a solution of y,, +u,, =0



(E)

M, = —SIIXCOSAY—COS XSINAY
And  w, =sinxsinhy +cos xcoshy

ti,, =sinxcoshy+cosxsinhy
Now i, +u,, =—sinxcosky—cosxsink y+sin xcoshy+cosxsinhy

=1
Hence given function (5} 15 a solution of equationw,, +u,, =0
(F)

=g cosy—eg’lcosx e e i e e )
Then w©,=—¢ "cosy+esinx

u,=e cosy+ecosx
And  wm, =—g " sin y+e P cosx

My, =—¢ COsy—g CosX
Now u, +u, = g cory+e  Cosx—eg  Cosy—g " CoSX

=1
Hence the given function (6) 15 a solution of equationu,, +u,, =0
Answer 77E.
1
U=
-..';':2 +_;u‘2 +z*
5 m=|(x2+_;u‘2+z'2)}ﬁr
-1 i
Thenr my= EICIE +y° +zg:l ’(5[2.7:)

H=sinxcoshy+cosxsinhy N — )

Then w,=coszxcoshy—sinxsinky

)‘5{5

=—x(x* +y* +2°

Efide  Bga= —Ii;r2 + +zg)_%— x[?}l{xg +y° +22:I_’é(|:2x:1

= —( Py +zz)_§1‘{+3x2 (xz +y° +zg)_%
2)+3:Jf:2
2

)5/5

—(x+y 4z

Iz:c2 +y2+z

x% =yt — 72

%

(xz +y2 +22)



=
And  u, =—%[;{2 4y +22:I A (Zy)

= —_;wl:;':2 +_;|f2 +z'2)_3/‘£

Ly, =—[x2 +;|ﬁ2 +22)_% —y[?](f —I—_)f2 +22:I_;£|:2y)

—(xj +y +22)+3_}?2
)55

(% +)7 +2°
Dy gk o3

)55

[xz +;L-f2 +z2

And  ow =_%|[I2+yz +22)_§5[22)
= —zI:;'r2 +.}’2 +22:I_§£

cofd e 2 2
. (:J: + ¥ +z)+32

= 3
(xz +y2 +22)’£
[232 - x —yj:l
= 3
[xj +_;1-?2 +z2:|’f5
PR S S SN S SR B, - S B
Mow w, +u, +u, = sl i ¥ z% " midk
|[:Jr2 +y2 +22)
=
Hence given function iz a solution of the Laplace equations,, +u,, +u =0
Answer 78E.
(4]
w=sin(x)sin(@kt) - (1)

Then w, =aksin [.55'{) Cos [cxﬁ:ij
B = —a’k? sin () sin ek )
And  u,=kcos [E:::) sin [mi:ij
VL —&* sin Iiﬁ::'f)sin (akﬁ)
Mow 1w, = —a’k? sin () sin (aki) = agu“
2

Hence given function (1) 15 a solution ofu, = a'u



(B)

I[a::f:: - xzjz
=[x +a't")

Giaxal

Dt 2(x"+a't")(24%)
(-2 (@h-2)
—Da’t ICI:;:c:*.iS2 - )+ 2 [xz +a's :l Da’t
(% - )
_ 2’ + 26" +da"xlt + 4a’s
(6 - )
2a't(a +3x)

 (a-2Y

On differentiating (2) partially with respectto x
2t

(aﬂ_ﬁ B xz:lg
_ 2t dtx(-2x)
Y = I[d::z::_ x:’)g - [ﬂzgz _ xz:f
B 2(a’t’ -« ) +8cx"
B [ﬂziz " xz:ﬁ
_ 2att® — 262 +8x?
(.:1252 = xz:l3
2 (2" +32")
(% - 27
2,2 2
How e’ 2t (a’t +3x3:l _
[agzz _ )

Hence the given function (2) 15 a selution ot w,, = o™

Hx:

And

Xy



(<)

3= [x—cx.if)ﬁ +[x+cx.af)'5 S ——— S
Then u,=6{x—at) (~a)+6(x+at) (a)
= —6a(x—at) +6a(x+at)
1y = 300 (x—at)’ +30a* (x+at)’
And  u,=6(x—at] +6{x+aty
u, =30(x—at) +30(x+at)’
Now uy =4’ [30(x-af) +30(x+at) | = a’u,

Hence the given function (3) 15 a solution of u, = a™s

(D)

w=sin{x—at)+ln(x+ar) - (4

Then w,=-acos{x—at)+
Xtk
2

i, =—a’ sin (x—at)—

|:.3:+.:z.i:l2
1
And = =l
f1 u, =cos(x—at) =
Uy, =—sin(x—at)- =
[x+r:1f,)
New u, =a —sin(x—at)- - = a’u_
[x+.:1f,)

Hence the given function (4) 15 the solution of equation s, = o'



Answer 79E.

The given function 1s

u(xt)=f(x+at)+g(x-at) S—— )
Takew =x+ai andv=x—af
Then % =il %zﬂ

o &

v o

—:1? —_ -

o ¢

On differentiating (1) partially with respectto x

e = £ @)D+ ()
ie 1 :f'[x+.:x£:l+g'[x—.:z.t) e %

4

Mow difterentiating (1) partially with respect to £

% dudt dv o
1LE. ur:f'(u)(a)+g'[v)[—cz)

1E. thh= cxf'[x-l—.:zz:l—cx g'[x—cx.f) mmmmmmm e (3]
ﬁ;ndthenuﬁzaﬁ%—gﬁﬁ
i ok dv o

=af"(u)la)-ag"(v)(-a)

= .:zjf"lix+cz£)+czgg" (x—ac.t)

= [f"[x+.:z.ﬁj+g"|:x—.:z£):|

Also differentiating (2) partially with respectto x

= F'(xrayrg"{z- at)
Now u, =a [f"(x+a£)+g" (x—czf.)i|=cz2u“

Hence the given function is a solution of the equation u, = a’u_



Answer 80E.

Bl R Ty senseansan (1)

Differentiating (1) partially with respect to x;

o1 . R b R

e — 2
ox :

Again differentiating partially with respectto )
& u
— = ﬂlﬂ Eﬂ.|3|+ﬂ.-z?f-z+........ﬂn?{n
o

simitlarly differentiating (1), partially twice with respect to xo

2
?u p agﬁgmxﬁa@xﬁ.......mnx"

Z
2
Therefore 1n general
2
71 R R 15/ . P 2 S .
i
Fu  Fu Fiy
ThEﬂ 7 + T S + g
1 ax} ax}!
- I[alﬂ +|:1§ g 4 +|:I: )Eﬂ,x|+ﬂ,;x1+.......+a"xn
Since .:;lcl2 +.:z§ + . +r::;: =g {given)
'y Fu A
Therefore —+—+......... e i e
1 ax:u
'y Fu A
LE — iy



Answer 8S1E.

iven function isz=1n [E” —I—e"’:]

Differentiate z patrtially with respect to x, we have

il = i[ln Izea'” +-§"")]

dr  x
1 i
: [E” +a="”:| E[g +e"’:]
Thus %z 2
dr 2" +e

: : ck : :
now differentiate o partially with respect to x, we have
7

o) 9(
Axloax) Axl et +o?

Izé‘x +e")§[exj—éx§(ex +EJ')

(E‘x-l-é"v :Iz
|[l=3?r +;3'v) (ex:l —jx (ex:l
(E” —I—e"’:l

¥y




Differentiate z partially with respect to ¥, we have

2 :%[In[ex+é‘”)]

ay
1 @ ¢ x
=[EN+EJ':|5[E +g-"]
Thus E=L
gy e +g

: : 24 : :
now differentiate 5 partially with respect to v, we have

Ble|_8( ¢
arlav) &le +e”

g+t | — " |- — 2"+
5

(E”+€J’:I2

Izé‘x +e")(€y)—ey [e'”)

IZE’{ +z* :]2




: : e : ;
now differentiate — partially with respectto x, we have

B
ozl By x4

. Iiea”+e}')£[e}')—é}'a—i[e” +-§"”)
[.;=.':'f+‘=j"”:|2
_ |[.5=,"f +.=3'”) (0)—2” (E”:]
- [E” -I—.;a'"’)2
_E?:'+}'
K Iié'x+e'v)2
Thus &'z = g -
x |:ex+£y)
constder —+%= £ + 2
gx v g+ "+
eyt
e+
—4!
Therefore z=1n (ex +EJ') 15 a solution to the differential equation l;E+E =4
%
2
. Fz &z { 7z T g Tkl gl
consider — +—=— = T = -
ox® xcy [E” +;3'”:| |:‘=3';'r +ey) [ex +a="v:]
EE[:?:’+}':| Eﬂ(x+y}

) (é'x—l—eey)g |[€x+:3y)
=0

2

Az

2 v
; j ; . : z &z
Therefere z=1n (e” +c3y:l 13 a solution to the differential equation + —(

axﬂ ayﬂ

Answer 82E.

s L R

) 1+x% 457

txchy

T:m



(4
Dhfferentiating (1) partially with respect to x
hi 60(—2x)
ox (1+;r:2 +}32:|2
—120x
[1 +x% 457 )2
=120(2
Then [EJ . )
0% Sy |:1+ o +12)
_ =240
36
_ =20
2
Then the rate of change of temperature with respect to distance at the point {2, 1)
in % — direction 1z -20/3

© MNow difterentiating (1) partially with respect to y
T _ 60(-2y)
Y (145 +y1)
I VAV R Y
) [1+x2 49 )2
Then (EJ =—_126[1) -
(2.1 (l-l- 2 +12j
=120
e
—-10
g

Hence the rate of change of temperature with respect to distance at the point (2, 1)
in v direction 15 -10/3



Answer 83E.

Differentiate R = i L on both sides partially with respect fo R,
RR +RR +RR,
oR @ R.R,R,
aHI EHI R.?R} i RI R.‘i + l‘i.'il R.",‘
(Rzﬁ'j + R R, + R,Rz} :’:‘ {R,RERJ_} - R R,R, “i' {RER_,L +RR, + E,R_,_}
. ORI, i,
(R.R,+RR,+RR,)
(R.R,+RR,+RR,)RR,-1- RRR (R, -1+R,-1)
(R,R,+ RR, +RR,)
P (R:RI + R R, + R|RI}R1R_= — RR,R, (R_: & Rz]
(R,R,+ RR, +RR,)
_ RJIRJ: + R,RJRf + R!RZIRH - H,RIRJI - R,R::Rﬂ
(R,R,+RR,+RR,Y
" RE?REI]
(R,R, + RR,+RR,)
Therefore o R
" AR, |(RR,+RR,+RR,) |

Answer 84E.
The given function iz
B BEET  spemsnennns (1)

Differentiating (1) partially with respectto L

g L Ye T i
Al

Differentiating (1) partially with respect to &

aF
B i (e
K #

Consider L %+KE
o,

Ak
=-L{ba* 'K )+ K (b S 1 K°Y)
—ba I KF +b SIFEF
=(a+8)(b 1" KF)

={a+ 5)F

Hence Lﬁ+Kﬁ= |:c:f+ﬁ:lP
AL FK



Answer 85E.

The Cobb — Douglas production function 18
B=bt Bl
If we keep K constant (K = &), P=bL" Kf

Then Ezb&ﬁ“‘lﬂff
7
a i
o 4P _abl' K
L. L
o dB_af
dL L

It 15 a first order differential equation of variable separable form

Then on separating variables

dP  adl
Vi 14
Integrating both sides

In P=aln L+C (&)
Where C 15 a constant of inte gration depending upon Ky

Then InP-aln L=C(XK)
r In L£;=C[KD)

o £ _ o

LI?‘
Pute® = C)( K, )is another arbitrary
Therefore P= I C(X&,)

Or  P(LK)=IC(K,)



Answer 86E.

(a)Let uz differentiate P(L, &) with respect to L, keeping £ as a constant to determine
FriL, X
3,

B(LK) = E(I.DIL&”K”S]

= (1.00(075) 2P EE
= GFsRE R

025
= 0.?5?5[£]
£

Similarly, find Py(L, K)
J 075 0225
Bl = E(11::11.5: i

(Lol [0n)a g
0.252528 B g0

075
0.2525[£J
K
i

025
Thus, we get 7 [L, K) = D.?5?5(E] and

I 075
B (LK) = 0_2525[5] _

(b3The marginal productivity of laber 1 1920 13 given by Fr(1%4, 407,

025
Replace L with 194 and K with 407 in F (L, K} = U.?ﬂ?ﬂ[%] .

025
P, (194, 407) = D.?ﬁ?ﬁ[g]

09116

HNow, tind the marginal productivity of capital 1n 1920 given by Fp(1594, 407

0.75
07575 A
407

P, (194, 407)

0144

These results show that the marginal productivity of labor has increased from 07575 1n

1899 to 0.9116 1n 1920 and the marginal productivity of capital has decreased from
0.25251n 1899 to 0.1448 in 1920



{ciFrom the result obtained in part (b)), we can say that the productivity of 1920 obtained
through labor 13 0.9116 and the productivity obtained by increasing the capital investment
15 1. 1448, Thus, we can say that increase in spending on labor would have benefited the

productivity more.

Answer S7E.
2

We have [P + @J[rf — b} = #RT.
v

: a7
Start by finding —.
¥ 2 ar

a7
|:1+D)|:F—ME:':I = MRE
T V- nb
aF xR
or ¥V kb
37 aR R
Thus, we get — = i—i
a5 »nE R
nia nRT e
We have (P-F—EJI:V—HEJ)ZHRTOI’P: R
I V—unb W

Now, let us find —.
ar

ar —uRT Duta
T .
(1 - wd) g

D a nRT
Thus, we get — = ——— =
F F (¥ — nd)
Answer 88E.
The given relation 13
FPV=mRT - (10
Be e

o



Dhfferentiating partially with respect to WV
F _ mRT )

v
Also from (1) V= %

Differentiating partially with respect to T

I mR
—=— el (]
gr F

Also from (1) T = ﬁ

T

Differentiating partially with respect to P
gy
—=— e -1
aF  mR

Multiplying (23, (3% and (4)
- BT__P?:RT miE

3V 8T a2 V' P mR

s AR
P
=i~}
aF av ar
Hence ———=-
o T aFf
Answer 89E.
The gas law of an ideal gas 13
FV=mBRT - (1}

Where m 15 fized mass of the gas and & 15 gas constant

From (1) P= %

Differentiating partially with respect to 7
of b
ar ¥

Alse from (13, ¥ = %

Differentiating partially with respect to 7T,
Bt
g @



Then consider

Hence |7T—. —= P?’ER‘

Answer 90E.
It 15 given that the wind chill index 1z

w=12124 0621571137 " + 0.30965T"° SRRBRRRIONE.. .

Then differentiating partially with respectto T

M o 0.6215400.39%65°% e (2)
aT

Which denotes the rate of change of wind — chill index s wind speed remains
constant and temp erature varies

And now differentiating (1) partially with respect to v

% =[-11.37(0.16)+0.3965{0.16) T |y oo (3)

MNow whenT =-15C and v = EDMA

:llllﬁ

Then wy (—15,30) = 0.6215+0.3965(30

=19
Hence we see that if actual temperature decreases by 1°C then the apparent

tetnperature decreases by

And  w,(-15 30)=[-1.8192+0.06347 (15} ](30)
=-015

054

since = denotes the rate of change of wind — chill index as wind speed varies

and temperature remains constant, therefore we see that if the wind speed

increases by 1 km/ihr then the wind — chill index decreases by [0.12°C

Answer 91E.

It 15 given that
1 2

F=_mv

st 1]



Differentiating partially with respect to

K 1 4
— =¥
g 2
And differentiating (1) partially twice with respectto v
5}
— =mv
&
2
And l—f =
2
Consider % g
o oW

WL
2
Hence E az—if =K
Sz T
Answer 92E.

How differentiating (1) partially with respect to ¢
oo = =2k [— 5111 ﬂ) %
ok

a4 3 e

1e £l
da  beosin A

How differentiating (1) partially with respect to
2a =—2be [— sifl ﬂ) E
ok

a4 = o

1e R
fa  bheosin A




How differentiating (1) partially with respect to &
0 =2&+D—2¢c¢sﬂ+2&csinﬂ%

E coogd—b

1E. =

b beain A

And differentiating (1) partially with respectto ¢
HES U+Ec—%cosﬂ+2&csinﬁ%

. dd bcoozd--c
1LE. tvidie e lm kol R

A besin A

Answer 93E.
Let us first consider £, [x,y) =x+4y

Then fx}- [x,_y:] =4
How fylix,y):ix—y
Then T (xiy)=3

SifCE fHI:I,}f) and 7, (x,y) both are continuous everywhere
But f}w (x,y) £ fm, [x,yj

So thiz 12 the contradiction with Clairaut’s Theorem
Hence there 15 no function fyx, ») for which

o [x,y) =x+4y, and f, [x,y:l = Ax

Answer 94E.
Consider the paraboloid z =6—x—x° —2)".

The paraboloid intersects the plane x =1in a parabola.

It is required to find the parametric equations for the tangent line to this parabola at the point
(1,2,-4).

Since the tangent ling lies in the plane y = 1. the parameterization of x is y =1.

Since y is an independent variable, the parameterization of y is = 2+1.



Since y =]. the equation of the parabola in terms of z and y is as follows:
z=6-x—x" =2y

3=ﬁ~{|]+[[}: —2y* Substitute 1 for x

=6-1-1-2y"

z=4-2y°
The slope of the tangent line to this parabola is equal to the derivative of the equation of the
parabola. So, differentiate z =4 - zfpartiallﬁ,r with respectto .

gz o E
==
e

e O oy = 0 B . ‘a
=5(4}—2—(y‘} Since é{Cﬂnstanlk 0 and é(}? }: ney
=(0)-2(2»)

Calculate the slope of the tangent at the point [I,E,—fl) 3

For this replace y by 2.
oz

—(L2,4)=—42
5 (:2-4)=~4()

=8
oz
—(,2,-4)=-8
Evlv{ )

Therefore, the equation of the tangent lineinthe y =1 planeis z=-8y+5.



Since the tangent line passes through (1, 2,—4), substitute the coordinates of the point to find
b.
z==8y+b
(-4)=-8(2)+b
-4=-16+b
12=5
Therefore, z=-8y+12
Find the parameterization of z.
z==8y+b
z= _3{2+;}+ 12 Substitute y=2+1

z=-8r-16+12
z=-8t-4

Hence, the equation of the tangent line is r(r] = (l, 2+1,—-8r— 4) i

The graph of the paraboloid, the parabola, and the tangent line is as shown below.

=50

2= =50

Answer 95E.
Plane y = 2 cuts the given ellipsoid 4x* + 2% +2° = 16 in the ellipse

dx* 42y 424 =16, y=2



The slope of tangent line at |:1, 2, 2) 1z the partial derivative of z with respect to x

at (1,2,2) 1Le. (%]
Ox 122

Differentiating 4x° 4+ z*° = 16 partially with respect to x,
3[4,—9 +z%)= E(lﬁ)

ox ax
3, gy O g
— | 4x" |+ 2 |l
2 (12)4 2 (2)
8x+22%:[]
ox
5.4 dx
= —_— =
& ot
- [ﬁ] 2
O ) 122y
. . ; tz
Equation of tangent line at (12,2)is z-2= [—] (x-1); y=2
% Jnam
z—Ez—E[x—l); P= 2
Z—a: pawesil
=—; =2
-2 1 e
Taking t as parameter
x—l_z—E_E. s
1 =2 7
x=14¢; HEEREl SRS a
Hence,

Equati on of tangentlineis

x=1+¢ y=2; 2=2=72f




Answer 96E.

Given T=T,+Te " sin (@ —Ax)
Differentiating T partially with respect to x,

g = %[Tﬁ +Te ™" sin  q - fix):|
= %+T; ié"“ sin { @ — Ax)
ox ox
Y a . . a =A%
= D+T§|:e —s1n[m€—ﬂx:l+s1n [&:ht—fix) —a :|
ox o
= [e"” cos (@ — Ax) [—A) +sin (@t~ Ax). e [—Jfl)]
=—ATe™ " [n::os (@t— Ax)+sin (@ - ﬂx)]
Hence,
T

= B b ot — Ax ) +ein (e — A
a-{ 1EE‘ I:CC'S( I) Slﬂ[ I):|

: o a7 . :
Physical significance: o tells us the rate of change in temperature at different
%

depth on a particular day at given time t

(B) Given T=T,+Te " sin{at— Ax)
Differentiating T partially with respect to t,

a7 d G &
Eza[ﬂ, + T 1 s1n|:&3£—ﬂx)j|
2

a .
= _— T +Te™ _ainfar— Ax
30T A Y [ :'

= 0+Te " cos (@t —Ax) (@)
= @Te ™" cos (@t — Ax)

Hence,
a7
— = @™ cos( @t — Ax)
¥
: WA a7 :
Physical significance: E}_ represents the rate of change of tetnp erature with
i

respect to time t when the depth x 15 fized



(e We have found in part {a)
T =-ATz"" [l::n:}s (@ — Ax)+sin (@ - ﬂ.x)]
Differentiating T, partially with respect to x,

By =i
&
=—,?1T;iE'“[ms[ﬂ—ﬂx)+sin(aﬁ—ﬂxj:|
ax
e O ¥ . .
- —[cas[mﬁ ﬂx:l+s1n|::ﬂf ,Jix)]+
cogpl B
= 1

. a2
@ — Az + @t — Ax —a™F
[n::c-s( xj s1n[ x)] E'IE

o [E‘-M [— sin (@t —Ax) (—A)+cos{ @t — Ax)- (_ﬂ_)] _1
1 {cc.s li.:‘ﬂzf—ﬂ;'f:]-FSin Iimj_ﬂx)} E_“[_A)

5 —sin[mﬁ—ﬂx)+cos [mﬁ—ﬂx)
=ﬂ -EIE—AH .
+c05|i&3£—ﬂx)+s1n[m£— ﬂ.x)

= 2,712?;2_“ COS [mﬁ - ,?i'.x:l

Also, we have found 1n part (b)
a7

T an mﬁé_“cos[mﬁ— ﬂx:l
¢
_ ot
24
= KT

Y

[Efﬂe"” cos | @t - ,Fix)]

ar
Where £ = ? 12 a constant.

Hence T satisfies the heat equation 7; = K7 for a certain constant.



(d)  Wehave 1=02, T, =0, T,=10
Then
T(x,¢)=10e"% sin @ —0.2x)

Mewr wre treat @ as constant

()

The term —Axin the expression sin (mﬁ - ﬂ.x) iz the phase shaft, it represents that the heat
passes slowly through soil and at the deeper point it takes time for changes 1n surface
tetmperature

Answer 97E.
It 15 given that the third order partial derivatives are continuous. This implies that

the second order derivatives 7, and f,, are also continuous

Then by Clatraut’s theotrem

A A )
Differentiating both the sides partially with respect to
& &
By (f ! :I 2 = (f b ]
A P —_ )
Now  fup=|Fn L
. [f ?cv] 5
=t )

Hence equations (2) and (3) combine to give

Fon = Ty = Fopm




Answer 98E.

=y
For a function f of two wariables the second order partial derivatives are
e e e
ie. 27

And the third order partial derivatives are
I R ey S O OO e
ie. 2

And the fourth order partial derivatives of £ are
rwees Ly S s Femges Ty gy n Sy Frogper Ty S+ T
it s o g sl e
ie. 2
Proceeding in the same manner we find that there are 2% o't order partial
dertvatives of a function fof two variables

(E)
If all of these partial dertvatives are continuous then by Clatraut’ s theorem we see
that onlyr,, ,timesandf,,  timesare distinct andrest are all equal That is
only two of the 2% derivatives are distinct

(C)

If 15 a function of three variables say %, ¥, z then the first order partial
derivatives are

Jtys i

So the number of 17 order partial derivatives =3 = 3

And the second order partial denivatives are

f:’:‘.l;”f ?fﬂ?f ?fxz?f Ff Ff ?fm'

=0 the second order partial derivatives are 9= 32

Let us now write down the third order partial denivatives. These are

e R T e R S R R e e S
Pt o e ey g e U v s

The total numbers of 3™ order partial derivatives are 27 = 32
If we wish to find the 4™ order partial derivatives, then each of the 27 dernivatives
of 3 order will give rise to 3 derivatives. So the number of 4™ order partial

derivatives will be 27 % 3=81=3

Hence for a function of 3 variables there will be 3" partial derivatives

Answer 99E.

i (x,y) = :Jf:(:if:2 +y2)_%esh{f’vj



From definition of partial derivatives we know

f,,[1,0)=1imf“”2=03‘f(1:0)

fs i) i

(1+2)(1+ 2] " 11+ 0) 7 2

Hence f,(10)=

Answer 100E.
Flxy)=3x+)

By the definition of partial derivatives

_ F(0+k0)- F(0,0)
;(0.0)=lim .

H0+a)Y +0-0
P

= lim —
hoil 2,

= lim
k=0

=lim]1
b=l

=1
Hence 7, (0,0)=

Answer 101E.

3 _ 3
fla)=f wnr ¥ D)

0 if (zy)=(0,0)




(B)
When (x,;u) % [D, D)

Thesr i [x,y) = %I{f}f— J.;]:E) Iix2 +;_|:2)_
(ijy—f:ll:xj +y2) —2}:[}.’3}:—;{}?3:]
(7o)

_ 3T 3yt = m Bt 220

1

[xz +}“2)2
_ x4y+4x2;_u3 —yj
[xg +y2 :]2
had £ (n3)=(Ry=0?) (2 4)
(f - 33}?2] (Iz +_}=‘2) > [;'.jy— Hz)
IC-TE*‘}’E):
_ 4y =3 a3t - 2yt et
IC-TE*‘}’E):
_ x5—4x3y2 _ 3:}?4
[x:’ -I—;n:g)2
xy4axty” -7
szg +y3)2
35 —4;{3_}?2 E 3:}?4
[xg +y3)2

Hence f,(xy)=

Flxy)=

(<)

Az we know (from defimition)
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P
_ o S(B0)=F(0,0)

Y 2

B0 =k(0)" =0

i B +0°

k=0 b
= lim 0

R0

e £,(0.09=0



= lim DE+;€2
k=0 b
= lim 0
k=1l
=0
Le 7y I:D, EI) —#
™)
i A (0.8)- 7, (0,0)
2% b
0+0-%"
= lim % st s B
. =k
=i
-l ()
=-1

{Using parts (B) and (C)}





