Continuity and Differentiability

Continuity of a Function

e Suppose a function fis a real valued function defined on a subset of real numbers. Let ¢ be a point
in the domain of f. Then, fis continuous at c if

H=ri

lim f(x)=f(c)

o A function is continuous at x = c if the function is defined at x = ¢ and if the value of the function
at x = c equals the limit of the function atx=c¢

~ o dim f(x)=1lim f(x)=1(c)
ie, kv

e If fisnot continuous at point ¢, then fis said to be discontinuous at c and ‘c’ is called the point of
discontinuity of f.

» Consider the function
Atpointx =0,
Left hand limit = lim f(x)=1; Right hand limit = lim f(:l.'] =1

r—il” v—irt

f(0)=0"+2=2

Sim f(x) = lim f(x)#= £(0)

a0 =l
Therefore, fis not continuous at x = 0.
Atpointx =1,
Left hand limit = |I_I.l|'| S (x)=1: Right hand limit = |I_IJI flx)=1

f()=1

~dim f(x)=1lim f(x)= £(1)

x—xl a—xl"
Therefore, fis continuous at x = 1.

e Areal function fis said to be continuous if it is continuous at every point in the domain of f.



e The continuity of function can be written as:

e Suppose fis a function defined on close interval [a, b]. Then, for fto be continuous, it needs to be
continuous at every point of [a, b] including a and b.

lim f(x) =f(a)
Thus, the continuity of fat a means x—a ™ .

lim_f(x) = f(b)
The continuity of fat b means x—b .
e Suppose a function fis defined at a point c. Then, fis continuous in the domain {c}.
e To understand how to check the continuity of a function at a point,
Concept of Infinity

1

fx)=—
e Analyse the function * near x = 0. Here, x can approach 0 either from the left of 0 or from
the right of 0.

e When x approaches 0 from the right, then we have the following values:

X 1{05(025| 0.01=102 | 0.0001=10-% |10

fe 1] 2| 4 102 104 10n

As x gets closer to 0 from the right, the value of f (x) keeps on increasing.
When f (x) keeps on increasing, it is said to approach infinity(oo).

]
_ o _ lim f(x) =20 f(x)==,x=0
Mathematically, it is written as +—= , where X .

e When x approaches 0 from the left, then we have the following values:

X -1 -0.5 -0.25 -0.01=-10"2 -0.0001=10* -10-n




fx) | -1 | -2 —4 ~100 ~10¢ ~10n

e Asxgets closer to 0 from the left, the value of f(x) keeps on decreasing.
When f(x) keeps on decreasing, it is said to approach infinity (-o0). Mathematically, it is

1
lim f(x)=—=0 f(x)==.x=0
written as <= , where X .

Solved Examples
Example 1

Check whether the given function is continuous or not.

—x+1, x=4
flx)=

x=4

e da | —

Solution:

Let us first check the continuity of fat x = 4.

lim f{x) =

vend”

s lim f{l} = !lT _f'[l'} = f'[d'}

v—ad

v d™

|

+1=2. lim f(x)= =2~_f[4)=§+1=2

Hence, fis continuous at x = 4.

Let ¢ be a real number such that ¢ < 4.

U T8

lim £ (x)=5+1=f(c)
Accordingly, 4 .

Hence, fis continuous at all real numbers less than 4.

Let ¢ be a real number such that ¢ > 4.

].. X =E =
Accordingly,..x-lﬂlcf(l) ¢ =S

Hence, fis continuous at all real numbers greater than 4.



Thus, fis continuous at all points. Hence, fis a continuous function.
Example 2

Consider the graph of f(x) given below.

-y

¥

State the conditions of continuity that are not met at each discontinuous point within the interval
[-2, 2].

Solution:

Consider the given function at point x = -2.

fis not defined at point = -2.

Therefore, fis discontinuous at x = -2.

Consider the given function at point x = -1.

Function fis not defined at x = —1. Hence, it is discontinuous at x = -1.
Consider the point x = 1.

The function fis not defined at x = 1. Hence, it is discontinuous at x = 1.

Algebra of Continuous Functions
e Suppose fand g are two real functions continuous at a real number c, then

e f+giscontinuousatx=c



f-gis continuous atx =c
f.g is continuous atx =c
B
&/ is continuous atx = ¢ (provided g(c) # 0)
If fis a constant function, i.e. f{x) = k for some real number k, then
The function f.g = (k.g) defined by (k.g) (x) = k.g(x) is also continuous, provided g is continuous.

8 Kk

The function (g defined by g g(x) is also continuous, provided g is continuous and g(x) #
0.

All polynomial functions, sine function, and cosine function are continuous.

Suppose fand g are real-valued functions such that (fog) is defined at c. If g is continuous at ¢ and
if fis continuous at g(c), then (fog) is continuous at c.

Solved Examples

Example 1:
#in x

fx) =
For what values of x is the function 4=/x*9 continuous?
Solution:
Let g(x) = sin x, h(x) = |x|
Then, numerator of f(x) = |sin x| = h(g(x))
Since g and h are continuous functions, the numeration of f(x) is also continuous for all real x.

[Functional composition of 2 continuous functions is also continuous]

Now, consider the denominator of f(x), which is d-vx" -9

Let g(x) = 4, h(x) =x2 - 9, and k(x) = ¥

Functions g and h are continuous for all values of x since both are polynomials.



Function k is continuous for all x = 0
Now, h(x) =x2-9=(x+3) (x-3)
= h(x) =0,whenx=3o0orx=-3

~h(x)=20forx=23andx<-3
= k(h(x)) =V ¥ =9 s continuous for x = 3 and x < -3

Thus, the denominator of f(x) = 4=x" =95 continuous for x = 3 and x < -3.

However, for the function fto be defined, denominator should never be 0.

if 4-Vx'=9 _ ¢

thenx2-9=16

=>x=%5

Thus, denominator is zero, if x =5 or x = -5.
| sin x|

AL (S, = -5)
“flx)=4-Vx =9 is continuous for x> 3 and x < 3.

Example 2:

-

x sinx

For what values of x is the function f{x) 2 €0SX continuous?

Solution:

2
X

Let h(x) = 2, g(x) = sin x, k(x) = cos x
Now, h, being a polynomial function, is a continuous function.

g and k are continuous functions.

g - g(x) _sinx
:.[k ]{x}— kl[x]  Ccosx

is continuous, provided cos x # 0.



T

Now, cosx=0 forx=(2n+1) 2 nez
) :
Thus, k is not continuous for x = (2n + 1) 2 nez

h +[£] L
= k J is not continuous for x = (2n + 1) 2, n€Z

T

Thus, f{x) is continuous everywhere except at the points x = (2n + 1) 2, n€Z

Differentiability of a Function

The derivative of a real function fat a point c of its domain is defined by

lim

fa—»ll

fle+h)-1(c)
h

A real function fis said to be differentiable in an interval [a, b] if it is differentiable at every point of
[a, b]. Similarly, fis differentiable in interval (g, b) if it is differentiable at every point of (a, b).

If a function fis differentiable at a point c, then it is also continuous at that point.

Every differentiable function is continuous. However, every continuous function may or may not be

differentiable.
Solved Examples

Example 1

Check the continuity and differentiability of the function J(x)= |,r| atx=0.

Solution:

fx)=|x

The given function is

At x =0, it can be observed that



lim f(x)= lim x| =1im (-x)=0. lim f(x) = II_irg|x|= lim(x) =0

|

. lim f{x}— |]I'I'I flxi=f ( }

T=nll”

Therefore, fis continuous at point x = 0.

0+ h 0 0 _
lim f{ * } f{ } 1m| | = lim— h =—]
b= =i fy =

F{0+h)- F(0 h| =
lim - [ ! ?} f{ =llmL=IimE=l
h—l* h =ity 0 fp

i (01 (0)

Therefore, " h does not exist. Hence, fis not differentiable at x = 0.
Example 2

The graph of a function f given as

Y

 J Y
At what points is the function not necessarily differentiable?

Solution:

lim fix)=f(— l}i llrtl f{x}

Consider the function at x = -1. It is seen that !
=~ fis not continuous at x = -1. Hence, it is not differentiable at x = -1.
Consider the function at x = 0. It is seen that fis not defined at x = 0.

=~ fis not continuous. Hence, it is not differentiable at x = 0.



lim f(x) = lim £(x) = £(1)

Consider the function at x = 1. It is seen that =
lim f{x)=1 lim f{x)=1, f(l)=2.
because = w1’
=~ fis not continuous. Hence, it is not differentiable at x = 1.

Thus, the function is not necessarily differentiable at x=-1,x=0and x = 1.

Chain Rule to Find the Derivatives
Chain Rule

Let fbe a real-valued function, which is a composite of 2 functions u and v. i.e., f = vou.

i dv
Suppose t = u (x) and if both dr and 9! = exist, then
df dv dt
de dr dx

The above rule is called chain rule.

Suppose fis a real-valued function, which is a composite of 3 functions u, v, and wi.e., f= (wou) ov.
Ift=v(x) and s = u (t), then

df _d(wou) dt dw ds dt

A di dv ds dt dx
Derivatives of Implicit Functions

When a relationship between x and y can be expressed in such a way that y = f (x), then y is said to
an explicit function of x.

Example:
x*+1-y=0
= y =x%+ 1, which is an explicit function of x.

When a function between two variables x and y is represented by an equation such that x and y are
neither the subject of the equation, the function is said to be an implicit function of x and y.



For example:

x> + 4x%y3 - 3y* = -6 is an implicit function of x and y.
o Implicit function can be differentiated using chain rule.

Consider the equation x> + 4x2y3 - 3y*=-6

dy
We can find 4¥ by differentiating both sides as
fl‘l g ﬂf ] ﬂf 4 fl'l
X )+4 Xy )=3 V)= —
a".l'( ) .n".'r[ ’ ) cx ( ) el { )
= Sx' + dx E(x ')+ 4y %{‘r1 ] -3(4 ] % =0 [Using product rule and chain rule]
= 5x' +4x7 307 & +8xn =123 dy =0
dx dx

{I'r'|' a4 3 i |
= | 12x7 1" =12y )= =Bx)p" =5x

ﬁ".‘r{ ’ ’ ] '

dy E\S.\'_r'; +5x°

de 12x77 =12y

Derivatives of Inverse Trigonometric Functions
Inverse trigonometric functions are continuous functions and hence, differentiable.
Inverse trigonometric functions can be differentiated using chain rule.

Differentiation of various inverse trigonometric functions is as follows:

f(x) sin~1x cos 1x tan1x | cotlx seclx coseclx
,a‘"{ } 1 ~1 1 ~1 1 -1
' V-3 Vi-x | 1+ | 1+ -1 -1

Domain of /"~ (-1, 1) (-1, 1) R R (-0, -1) U (1, ) (-0, -1) U (1, =)




Solved Examples

Example 1:

aﬁ:

Find @¥ from the equation + €05+ + xsin y =0

Solution:

Differentiating both sides of the given equation,

d o d . Il
v—[::nﬂr} FCOSX— ¥+ X—-8in - s;lny-I-:c: 1]

YA elx dx f
:bv[ *;inx}-cmr-f—fyr Tcnqvﬁ-ﬂiﬂ-}-‘:“
T ode T de

. dv .
— —ysm.r+{u:m‘.x+.rc05}']T+5m y=0
dlx

dy  ysinx—siny
3 . T
v CcoOsSX+XxCosy

Example 2:

y= [sin'I (xj ]]4

Differentiate:
Solution:

Applying chain rule, we obtain

L %[[sin (' )}4}

dv oy

Example 3:



PR 3
Find the derivative of © =" (tan (I ]]

Solution:

v d 3
i = i[sec(_tan (1 }ﬂ

= sec { tan ( x’ )) -tan(tan (x° ]}-ﬁ—':_{tall (7 )]

ey

= sec(tan x’ )) -tan[mn ¥ ]}‘5'-"‘-‘: (x i(f )

dr

=3x" sec ( tan { x }) -tan (tun (_r'* ]] .sec” 1:1"]
Exponential Function

v=f(x)=b"

The exponential function with positive base b > 1 is the function -
Some properties of exponential functions are:

The domain of an exponential function is R.

The range of an exponential function is R*.

Point (0, 1) always lies on the graph of exponential function.
Exponential function is always increasing.

For very large negative values of x, exponential function tends to 0.

The exponential function with base 10 is known as common exponential function.

11
I+—+—+...
The number that lies between 2 and 3 and is equal to the sum of the series It 2! is denoted
by e. The exponential function with base e is known as a natural exponential function.

X x
—|e }—— e
The derivative of exwith respect to x is @

Solved Examples

Example 1



v =cos E,r(e*: ')
Find the derivative of )

Solution:

On applying chain rule, we obtain

& =cos Z.Yi(E'T:_I )+ (_e”:" ).%I{COS 2x)

ax a

()ﬁ’_ '?."':I.'} ’1-:| _ . )
L =cos2xee _x+(e }{ 2sin 2x)
Y 21! [ xcos 2x —sin 2x]

fris

Example 2

Show that ¥ =¢ SN gatisfies the equation

Solution:

y=e¢ sinx

; _ . od o
DﬂZ—(t’ 'T)'S]]'I_‘{'+E" T —(sinx)
de oy clx
= & =—¢ "sinx+e cosx
i
:‘;2 =¢ 'cosx—)
dx

ﬁ"'}"(l_ ! ]:{]

We have to prove: &*

dy [ 1 ]
__|_},~ | —_—
Consider L.H.S. as ¥ lanx /

On using (1), we obtain

(1



e " cosy—
tan x

. ¢ "sinx
=¢ Ccosy——-
lan x
=g "C0SX—¢ Cosy

=0
= R.H.S.

Thus, the given result is proved.

Logarithmic Functions
Logarithmic Functions

e Letb>1beareal number. Then, the logarithm of a to base b is x if b*= a. It is denoted by logsa i.e.,
logra = xif b*=a.

e Inother words, if b > 1, then logarithmic functions are defined from positive real numbers to all
real numbers such that

logyr: R* > R
x—logrhx=yifby=x

e Based on their bases, logarithmic functions are of two types.

Base of logarithmic function Name
Base 10 Common logarithmic
Base e Natural logarithmic

e Some observations about logarithmic functions are:

e Domain of log function is R*.



Range of log function is R.

Point (1, 0) always lies on the graph of log function.

Log function is ever increasing.

For x very near to zero, the value of log x can be made lesser than any given real number i.e.,
when x approaches 0, log x approaches the y-axis.

The graphs of y = exand y = log x are mirror images of each other, reflected in the line y = x.

Some properties of log functions are:

logsr pg = logp p +logs q
logpp?=1logy p + logh p = 2 logyp

logr p"=nlogs p
log, [ * ]= log, (x)-log, (v)
¥

x = elogx for all positive values of x.

1 d |
- — { log x] =—
The derivative of log x with respect to xis + i.e,, dx x

Solved Examples

Example 1



Find the derivative of y = log (cos32x).
Solution:

On using chain rule, we obtain

@_ i(ng[CﬂS: {Ex}))

de  dx

1 d0o

dlx CGS"‘[EX) .:."x[ms {_.r})

dv | 5
—=——"—-3-co5 (2x})[—sin(2x})2
&~ cov' (29) cos” (2x)(—sin(2x))
ﬁ=—t’1[:-:-|1 2x

v
Example 2

Find the derivative of y = log (log (log x)).

Solution:

y =log (log (log x))

dy 1 d
——=—————|log(logx
de  log(logx) (a’x( g( & ”
dy _ | 1 'i(lﬂgx]
dv log(logx) logx dx

o 111

dx ]og{lﬂg-\'} logx x

Ay _ |

s x-logxlog(logx)
Example 3

If y = (log x)?, then prove that x2 (y')2 - 4y = 0.

Solution:

2
¥y = (log .r)

ar _ R - 1_2
= — =zlog X (log x) =2log X —xlog x



We have to prove that x2(y') -4y =0

Consider L.H.S.
x2(2xlog x)2 - 4(log x)2x22xlog X2 - 4log x2

2

= 4(logx) —4(logx) =0=RH.S.

Thus, the given result is proved.

Logarithmic Differentiation

vix|
ifr - Sx)= [H{X }] , then by taking logarithm (to base e) on both sides and then differentiating
using chain rule, we obtain

log vy =v(x)logu(x)

v ="{"'}ﬁ*"{-‘}+ V(x)logu(x)
£= V "(-"'—]-ifr[‘f}+‘|"r{x}|ﬂg”[r] }.'JT(“"idt‘d }'F{‘(}}ﬂ and Ef{Y}}ﬂ
de T lu(x) . TAC ;

This process is called logarithms differentiation.

aj:

—=a' loga
Ify = @, where a > 0, then @x

Solved Examples
Example 1:

: dv
11 ¥=10" fing dv .

Solution:
Taking logarithm on both sides, we obtain
log v =x"log10

Differentiating on both sides with respect to x,



Ld—} =2xlogll
v dx

?=2[Iﬂglﬂ}:{v = 2(log10)x10°
A

Example 2:
Find the derivative of y with respect to x, if y = (sin x)*
Solution:
Taking logarithm on both sides, we obtain
log y = log(sin _r)'T

= xlog(sin x) [lﬂg(a”} =n|nga}
Differentiating both sides with respect to x,

I dy

-cos x + log (sin x)

Vv dx §inx

— ﬂ =(sinx)’ [Iﬂg[sin x)+ xml.r]

dx
Example 3:
(x=2)(x+4)
, P ) (x+9)
Find the derivative * of the function y given by (x+1)(
Solution:
Taking logarithms on both sides, we obtain
| { x- 2] (_r + 4]
logy=—log| ———
873 g|:{x+|}(.‘(+5]|
log -lo ga-logh
Now, we know that b and logab =loga +logb

lngg::%[lug{x—zh log(x+4)=log(x+1)- Iug{x+5}]



Differentiating both sides with respect to x,

Lo e, L1 1]
y odv 2 x-2 x+4 x+1 x+5

CL | I U S B (x=2)(x+4)
Tdy 2| x=2 x+4 x+1 x+5 (x+1)(x+5)

Derivatives of Functions in Parametric Form

Differentiation of Functions in Parametric Form

Parametric equations are of the form x = f(¢t) and y = g (t), where t is called a parameter. These
equations are used for establishing a relationship between two variables with the help of a third
variable.

The functions in parametric form can be differentiated using chain rule.

Ifx=f(t) and y =g (t), then

a:e’),-']
& _&r d_Ld
de drodx [ciﬁ.]

5]
dt

ot
8 o
Solved Examples
Example 1
dy s+1

r=
Find 4¥in terms of the parameter

1
__‘.}_l — ——
& s—1

Solution:



de | dx
o)
u&_i{aﬂ] (s=1)(1)- (~+1}{|} s—l-s-1__ 2
ds  ds\ s—1 [.E-I] (.s-l]l {.'y:-l)J
de 1
ds &
2
PE__[S—l}lz 25°
oy _'2 (s-1)
dh s )
a2
Example 2

@

What is the value of 4 in terms of x and y if ¥

Solution:

dy

d”: { ) e +e

dl I —=dr

dlit du ( e

(i J

Ldy _\d e
ey [d ] e —g
Ldv_x

“d:.: )

Example 3

&

— £?n'.l

_ E_"

and x=¢"+e "9

What is the value of @¥ at @ = 60° if x = cos @ and y = sin 2a?

Solution:



— =2cos2a
da
dx .
— =—5in&
dor
dy  2cosla
= —=——""
vy —sina
L
- Lo
Ldv 2eos120° 2cos60° R T
At g =00, —= : =— = = =—
dx  —sin60° J3 NERERNE!
5 2

Second Order Derivatives

Second Order Derivatives

ﬁ:f" _);]
Ify = f(x), then d@x

If f'(x) is a differentiable function of x, then the derivative of f'(x) exists and is called the second
order derivative of y = f{x) with respect to x.

Notation of the second order derivatives depends on the notations of the original functions and
first order derivative.

Original First order derivative Second order derivative
V' "
D D2
y v y
d dx’




y1 Y2
/'(x) f*(x)
)
ﬂ d f
dy dJ.‘ﬁ
Solved Examples
Example 1:
v 2 dv)
}J:E.}.h j—i|—_tﬂ :ﬂ'
If X thenprove that “* dx )
Solution:
y= d +h
X
dv i1
—= ——=——
oy x
d’v  2a
==
v iy
v 2 e
To prove: de’  x\dx)
il _ al 2
= 3{—‘1’] =2 2 _0=RHS
LHS. =X *Y\xv / +» ¥

Hence proved.
Example 2:

Find the second order derivative of y = cos™1 (x2)




Solution:
y =cos™1(x?)

dv _—1(2x) 2«

.ﬂf‘(— "I|—.1'J' - "II—.‘I.'J
N/ (—2}—(—2.1-}[—{ (-4 )._ I . - :

d’y _ “(1-xt) _ (1-x*):
e (1-x*) (1-+)

pi

“2(1-xt) +dxt (2-22 dxt)dxt 2(1420 -4t

(1-x') (1-+) (1-+)

Rolle's Theorem

e Letf: [a, b] = R be continuous in [a, b] and differentiable in (a, b) such that f (a) = f(b),
where a and b are some real numbers.

f(e)=0

Then, there exists some c in (a, b) such that

e The tangent to graph of f where the slope becomes zero at any point on the graph of graph y = f{x)
is the claim of Rolle’s theorem.

o Example:

) — v
Fx)=Nr=x"r>0,xe[-r, r]
f(x) is continuous in [-r, r] and differentiable in (-r, r). o)
Also, f(-r) =f(r)
X ¥ 0 E__.,__-rr X
-~ Rolle’s theorem is applicable for ¢ = 0. "

f'(e)=1"(0)=0 Yy

Here,




fx)=|x[, xe[-1. 1]

fis continuousin [-1, 1] and f (-1) = f(1).
o

However, fis not differentiable in (- 1, 1) as it is not -
differentiable at x = 0.

~ Rolle’s theorem is not applicable.

S 4 3 2 -1 |0

Solved Examples
Example 1
Verify Rolle’s theorem for the function f (x) = x2 - 5x + 4 in the interval [1, 4].
Solution:
The given function is f (x) = x2 - 5x + 4.
(i) f (x) is continuous in [1, 4] as fis a polynomial function.
(ii) f (x) is differentiable in (1, 4) as fis a polynomial function.
(iii) f(1)=12-5(1)+4=0,f(4)=42-5(4)+4=0
~f(1)=f(4)
~The hypothesis of Rolle’s theorem is satisfied.

Thus, there exists c € (1, 4) such that Y {f} =0 .




£(x)=2x-5
£(c)=0
= 2c—-5=10

5
:}cz;e{l,ﬁt}

Thus, Rolle’s theorem is verified.

Example 2

Verify Rolle’s theorem for the function f(x) = 1 + sin2x in the interval [0, mt].
Solution:

The given function is f (x) = 1 + sin2x, as fis a trignometric function.

(i) fis continuous in [0, ] as fis a trignometric function.

(ii) fis differentiable in (0, 1) as fis a trignometric function.

(iii) f(0)=1+sin20=1,f(m)=1+sin?m=1

~£(0) =f(m)

=~ The hypothesis of Rolle’s theorem is satisfied.

Thus, there exists ¢ € (0, ) such that f*(¢)=0.

fe)=0

=2 sin ¢ cos ¢ =0 [f'(z) =2sin = cos x
= sin 2¢=10

= 2c=nm, neZ

=c="5,neZ
Forn=1,c= 35 € (0,)
. f(e)=0 for c= 35 € (0,n)

Thus, Rolle’s theorem is verified.

Mean Value Theorem



Let f: [a, b] = R be a continuous function in [a, b] and differentiable in (a, b). Then, there exists
some c in (a, b) such that

o)=L 11)

Some observations about mean value theorem:

Mean Value Theorem (MVT) is an extension of Rolle’s theorem.

/'(e) is the slope of the tangent to the curve y = f{x) at point (c, f{c)).
f(b)-1(a)

b—a is the slope of the secant drawn between (aq, f{a) and (b, f{b). This can be
diagrammatically represented as

.
A

(e, fieah) (b, fil))

Mean Value Theorem can be described by an example as

Function Graph




Consider f(x) = ¥ x€ [-1, 1]. The
function f does not exist at x = 0.

Thus, it is not continuous in [-1, 1]. Hence,
the hypothesis of mean value theorem is not
satisfied.

Thus, mean value theorem cannot be applied
to the given function.

Consider f{x) = x3, x€[3, 6]. :"
+4 y=X
fis continuous in [3, 6] and differentiable in
(3, 6). 13
Thus, there exists c€(3, 6) such 12
(b= £(
PO A A O RSP i
bh—a
that f(x)=3x" A o 1 2 3 a7
-1
. flb)-fla
f {(‘} — { J { ] )
h— of
i 3
= 3¢” = 6 =3
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Solved Examples

Example 1

Discuss the applicability of mean value theorem for the function f{x) = |sinx| in the interval

53

Solution:




+4
f(x) = |sinx|, x€ 2 2
Let h(x) = sinx, g(x) = |x|
(goh) (x) = g(h(x)) = g(sinx) = |sinx| = f{x)

EE P
Since h and g are continuous in 2 2 , fis continuous in 2 2]

n =N

Now, h(x) = sinx is differentiable in [ - 2} .

Tom
However, g(x) = |x| is not differentiable in [_5 E} .
-+
Thus, f(x) is not differentiable in 2" 2 .
= The hypothesis of mean value theorem is not satisfied.
Thus, mean value theorem is not applicable for the given function.

Example 2

cosa—cosh|<|la—b
Use the mean value theorem to prove that for any two real numbers a and b | ‘ | | | .

Solution:
Let f(x) = cos xin [a, b]
It is clear that f{x) = cos x is continuous in [a, b] and differentiable in (a, b).

Therefore, the hypothesis of mean value theorem is satisfied.

£(c) = S(b)-fa)

Thus, by mean value theorem, there exists c € (a, b) such that ' b-a



o J(b)=f(a)
f{c]_ h—a
. cosh—cosa R
=-=sine=——— [ /(x)=—sinx|
:;=|—sir1 ‘|_ cosh—cosa
‘= h—a

We know that |-sin c| < 1.

cosh—cosa
b—a

|{:{mh - C08 a| = ||E| - al

. <1

or, |cusa— cos E:| < |a— E:|

Hence proved.



