DIFFERENTIAL EQUATIONS WITH VARIABLE SEPARABLE
(XII, R. S. AGGARWAL)

EXERCISE 19A (Pg. No.: 929)
Very-Short-Answer Questions

Find the general solution of each of the following differential equations
dy 2 2

1. —=—=(l+x")(1+y
= (1+¥)(1+57)

Sol. %:(Hf)(H)':)

On separating variables we get % = (I +x2)afr

(1+7)

Integrate on the both sides we get I% = I(l +x° )ai'
+y

3

i
+€ =tan y=x+—+(
3 3

-
= —tan —=x+

de
b
Sol. x*Z=—y
dx 4
: ; dy -y
On separating variables we get P }4
dx X
4 1
-
? dy
Integrate on the both sides we get j%: Iv%dx
y X
dy 1
I_}f *dy = —Ix"‘dx
y =¥ C
y ==x"+C
¥Wati=L
+L_,:(

=l+x+u+xy

=]1+X+y+xy




L
dx

L (1+9)(1+)

=1(1+x)+y(1+x)

On separating variables we get 4 =(1+x)dx

(1+y)

Integrating on the both sides we get _[ 1) = I(I +x )
Yy

log| l+y|=x+%+(?

dy

4. Z=l-x+y-
: y-xy
dy

Sol. ==1-x+

ol ~ X+y—Xxy
dy

——l(l—x)-i-y(l—x]

L (1-x)(1+)

On separating variables we get & = (I —x)dx

(l+y)

Integrating on the both sides we get I(ldy ) = J-(I—x)dx
+y

log|1+y|=x+%+C
dy
5. D=2’y
(x+ )dx )

Sol. (x+l)% =Tty

dy _2xXy

dc  (x+1)

On separating variables we get 4 = -Zi-abr
¥ (x+1)

Integrating on the both sides we get J‘ay I —dx
(x+1)
dy
=2
I j(x+1)

On dividing x’dy(x—1)



Sol.

Sol.

X 3 1
——=x"+x+1+

(x-1) {x=1)

dy ¢ ¥
K=lem

dy > 1
I?}:Zj.[x +x+l+(xl)]dx

3 2
log| y|= 2{%+%+x+log] x—l|}rC

log|y|:2Tx3+2Tx3+ 2x+2log|x-1|+C

loglyl:%+x2 +2x+2log| x—1|+C

d) :
_y . e.‘(!‘l

S &S &

aj" *dy

On separating variables we get o e

Integrating on the both sides we get J'd—“f = Ie”dx

Ie'-"dy = je‘dx
-’ =e"+C
-e?—-e"=C

—(e" +e'-") ={



(e'*+e ")

ﬂi(e.\:_e x)
dx

. - (e" ~e'*’)
On separating variables we get dy = (e* : e“) dx
: E (e‘ —e” )
Integrating on the both sides we get Idy = I—dx

(e‘ +e"‘)
Let (e" +e'”) =1
Diff. on the both sides will respect to t
. dt
dx
dt

dx =

ele-e)  a
Idy“ P X(e‘—e x)
Jar=[ar
y=log|t|+C

Sol.
=e*-e”’ +x’e”

:e'-"(e" +x2)

&S &[S &llx‘} &Ilu%

On separating variables we get %x)_ =¢” (e" +x° )

_Q}_’_ [ .x 2

= —(e +x7 )dx

e“dy= (e" +x° )ah'

Integrating on the both sides we get Je-“c{v = I(e" - xl)d\-

3
g
e =e"+—+(

9. elx--S_;"ir_l_elr—Sx‘jy = O
Sol. ™ ¥dx+e?*dy=0



10.

Sol.

e:y--}.\'ay — -_elr 3ydx

dy e
_‘.h,_ = e:_t'--i,\'
. ) d x _e2xe—3}‘
On separating variables we get — = ———
dx i
e
e‘_’_\‘ __elx
e -3¥ ﬂﬁ/ T dx
el_l‘—.’}_\'dy v _eEx'—chtr
eS_r 2_ H_eSx‘ﬁ.

Integrating on the both sides we get Ie“-"dy = I —e™dx
Iei-"afy = —Ie" *dx
i. = _lei‘ TE
5
ei_\- - _eix T (‘!
ei}‘ +e§x = C
eF+e =C
e* tan d+(1-e*)sec’ ydy =0
e’ tanyobt+(1—e”)sec: ydy =0
(l —e’t)sec2 ydy =—e" tan ydx

Q: —e" tan y
dx (he”)sec:y

On separating variables we get pee X dy=— 5
tan y ( 1-e* )

=)

dx

Integrating on the both sides we get I%fdy = —f

Let tan y =¢
Diff on the both sides w.r. to y

2 dt
sec’ y=—

dt
sec” y

Let (l—e*)zm

Diff on the both sides wr. To x
. _dnm
dx
dm

X

—€

de=



11.

Sol.

sec’y dt e dm
—[ t xsec*‘y _-{_x_

[t = [~dim

4 m
log|t|=log|m|+C
Iog| tany| :Iogil—e"

- IoglC |

log|tany|=logl(1—e“')C|

tan y = C(l —ex)

sec’ xtan ydx +sec’ ytanx dy=0 s
sec’ xtan ydx +sec’ ytan xdy=0
sec’ ytan xdy =—sec’ xtan ydx

dy _—sec’ xtany

dx sec’ ytanx

. . —sec’ xtan
On separating on the both sides we get Y —y
dx  sec” ytanx

seC Yy _ESEC X o
tan y tan x
Integrating on the both sides J-sec’ Y dy = IM
tan y tan x

sec” y sec” ¥
J'—'}d,} = —j.—dx

tan y tan x
Let tany=U

5 ; . du
Diff on the both sides w.r. toy sec” y = s

Ly
_ du
sec’ y

Let tanx =}

Diff on the both sides w.r.t x
v 8
sec’ x=—
dx

dyv

die = ——
Sec™ x

sec’y  du sec’x  du
e e o,

x 2 == 3
U secy Vo sec'x

1 1
IUdr: =—J'de
loqu|=~10g|v|+C
log| tan y |=—log| tan x|+ C

log| tan y |+log|tan x|=C



log| tany-tanx]: 10g|C|
tanx-tan y=C
12.  cosx(1+cosy)dx—siny(1+sinx)dy=0
Sol. cosx(1+cosy)dx—siny(1+sinx)dy=0
cosx(1+cos y)dx =sin y(1+sin x)dy
sin y(1+sinx)dy = cosx(1+cos y)dx
dy _cosx(1+cosy)
dx  siny(l+sinx)
On separating variables we get

dy _cosx(l+cosy)
dx siny(l +sin x)

sin y _ cosx
(1+cosy) = (1+sinx)

Integrating on the both sides we get

sin y cos x
dy = <X
I(l+cosy) * I(l+sinx)

Let (1+cosy)=u
Diff on the both sides w.r.ty 0+ (—siny)= %
du
=siny
Let (1+sinx)=V
Diff on the both sides w.r. tx

dy =

0+cosx=£
dx

dv
dx'=
cosx
siny du cosx dv
[ ——=[—=x
u siny v CcOSX

v Ed”z Ed"
—log|u|=log|v|+C

—Iog[u |—log| vl-—-C
—(log|u|+logv)=C

log| u |+log|v|=C

log|1+cos y|+log|l +sinx|=C

= log|C|

log|(1+cos y)(1+sinx)

(1+cosy)(1+cosx)=C



(1+sin x)(l+c05y)=('

For each of the following differential equations, find a particular solution satisfying the given
condition

13. cos[%)za, cwhere ae R and y=2 when x=0

Sol. cos[giJ =a
dx

. . dy
On separating variables we get E} =cos '@

dy = cos ' adx

Integrating on the both sides we get
Idy = _[cos" adx

y=cos’ aIdx

y=cos ax+C .. (D)

Putting when x=0, then y=2
2=cos'ax0+C

=2

Now putting the value of C =2 equation (i)
y=cos ax+(

y=cos a-x+2

yr=eo8 i

y-=2

-2
X

14 Y_

— =-4yx)” itbeing given that y=1 when x=0

=cos 'a

Sol. —=-4xy"
dy

On separating variables we get e = —4x)°

i —4xdx

==
e

Y dy =—4xdx

Integrating on the both sides we get
j y'dy= j—4xdx

J.y'zdy = —4fx dx

-

—y =l E-4C
# 2



Ao avie .. ()
y

Putting when x=0, they y=1

—%: -2(0)° +C

=1=€ =C=-1
Now putting the value of C =—1 in equation (i)

1 .
(]
=2 +()

1 2
N D
Lo(ar )

2(2.31'2 +I)

< |~

—

2x* +1)y=1
1

Y=7=—2

(2 +1)
15, xdy=(2x*+1)dx(x#0), giventhat y=1 when x=1
Sol. xdy=(2x*+1)dx

On separating variables we get xdy = (2x3 +I)dx
dy (21‘2 + l)

dx X
@2[2x3+1]‘h_

X

" ’ 2x* +1
Integrating on the both sides we get J-dy = I{ 2 }1:

) o
-2k
1
IajzzZdex+I;dx
}’:2%+Iog|1{+C

y=x"+log|q+C =

Putting when x=1 then y=1
1=1+log|1]|+C

1=1+0+C

I=14+0+C

1-1=C

C=0

Now putting the values of C =0 in equation (i)



y=x"+log|x|+0

y=x"+log| x|

16. %zytanx, it being given that y=1 when x=10
(0}

Sol. —=ytanx
a °

On separating variables we get % =ytanx

dy
¥

= tan xdx

Integrating on the both sides we get
IQ = Itan x dx
8

log|y[=loglsecx|+C
y=sgcx+C ... (1)
Putting when x =0, then y=1
1=sec0+C

1=1+C

1-1=€

-, Gl



EXERCISE 19B (Pg.No.: 931)

Very-Short-Answer Questions

Find the general solution of each of the following differential equations
dy x-1

1. —=-=
dx y+2

Sol. Given differential equations 4 = o
y+2
= (y+2)dy=(x—1)dx [separating the variables]

:)I(y-l—Z)dy:'(x—l)d\‘

= L+2y:x—“—x+cl
2 2
= V' +4y =>9° +4y =" 2528
=y +4y—x +2x=2c
= y* +4y-x" +2x=c {Here ¢ =24 this is the required solution of given differential equation

g M. X
B (x:+l)

dy 3

Sol. Given differential equation is — =—
dx x +1

=dy= xdr | separating the variables
Xl
xdx 1 5
= I@:II:+I :>y:510g(x“+1)+c

This is the required solution

3. %zf“r)(l-{-y:)
Sol.. Given, %=(l+x)(1+y2)

= dy=(14x)(1+ ) dx

=% l?‘ ~=(1+x)dx [On separating the variables]
"
= Il +1y3 dy = J(l +x)dx [Integrating both sides] o otan” (y) = x+%— +e
2\ ady

4. 1+x" ==

(1) ==

; 2 dy 5 dy X : -
Sol. Given, (x +I)E =y = (F+)dy=xpde === ldx [On separating the variables]
y X+

1 5 ;
= J— dy = ‘[ 1x dx [Integrating both sides]
y x +1

= logy= %log| x +1 |+logc

. 10g| y: | = Icag{(x1 - l),c}



Sol.

Sol.

Sol.

Sol.

Sol.

rs P =(Jr2 +l)+c

dy

—+y=1ly#1

T P=ly2])

Given, ﬂ~f-y=1 = ﬁ =]=y = i—d.!r [On separating the variables]
dx dx 1=y

= -[1 ly = jdx [Integrating both sides]
_}}
= log|1-y]| !1—y| =x+c

= —log|l1-y|=x+c

c:x+log[1—y|

dy a I-y° -

dc V1-x°

L L

dc V1-x°

= dx 0 [on separating the variables]

Jl Ji-
- IJI_),_» +le_x:

=sin' y+sin 'x=C

=(C [integrating both sides]

Hence sin ' y+sin ' x=C is the required solution

‘b 2
=ty
; y=y

x_b+r 2
; =D

; dy 5
Given, x—+y=y"
P Y=

dy _
= —_— -
X ¥ -y

= .\’dy:( 7 —y)dfr

[Integrating both sides]

I}(y_l) I_
= —logy+log|y—l|:logx+logc

= log|y-1|=log(xyc) .. y-l=xyc

x*(y+1)dx+y* (x—1)dy=0
Given differential equation is x* (y+1)dx+ y* (x—1)dy =0
= ¥ (x=1)dy =—x*(y+1)dx



DIFFERENTIAL EQUATIONS WITH VARIABLE SEPARABLE (XII, R. S. AGGARWAL)

_ Pady_ ¥

dx
y+1 x—1
j-} dy dex
y+1 x-1
:Iy'—l+l by :_Ix"—1+ldx
y+1 x—1
-)(y+1)+1 x—1)(x+1)+1
T S LTI
y+l1 x-1

:>_[{ —1+— =—I{x+l+ﬁ

r

= -—y+logy+l -—%—X~108|x 1]+e
= 3~ 2y 2log|y+1|=—x" ~2x-2log|x 1|+ 2¢,
— x> +y: +2x+2y+2108|(y+1)(x“1)|:

Here 2¢, =¢

This is the required solution of given differential equation

9. =Y _ i+
=)= =x(1+y7)
Sol. Given, y(1-x*)dy=x(1+y")dx = : Y dy— ~_dv  [On separating the variables]
J_)_ _x‘-
—dy = I [Integrating both sides]
1+y

Let I¥y2=t & 1-x’ =2z, 2y:£ & _2x2£ j},ﬁj}}:i & xdr~-£
dy dx 2
= %J}dl=—%jé dz = log|r|+log|z|=logc = [lz)y=¢ ¢ (l+y3)(1—x2)=c
10. ylog ydx—xdy=0
Sol. Given differential equation is y-logdx—x-dy =0
= xdy = ylog ydx

.
ylogy x
dx
:’I}log} I?

= log(log y) =log|x|+logc,

= log(log y) =logc, ||

= (logy)=¢|x| = logy==cx
= logy=cx

{here c=+¢, ,

This is the required solution of given differential equation



1L x(x =2’y )dy+y(y* +x°y )dx =0

Sol. Given differential equation is x(x* —x’y" )dy+ y(y* +x°y*)dr =0
= ' (1=p*)dy+y* (1+x)de =0
= X (1-y)dy =—y (1+x*)ax

(l—-yz) —(1+x:)cﬁr

= = dy= =
¥ X

G
y y X X

ot

:—L—E+log|x| log|y|=¢

2x°
X
¢ 2y vy

This is the required solution of given differential equation
12, (1-¥)dp+xy(1- y)dx =0
Sol. Given differential equation is (1 -x )dy +xy(1-x)dc=0
=5 (I— xz)dy ==xy(1-y)dx
5 B A
y(=y) 1-¥
- J- dy 1 72xc{x
y(l-—y) 27 1-x°

- I{_Jf_} Z_J-—2xdx

= loglt]| =log|l- | = Elogil - x"’| +logg,

—+log

log & Iog(\h—xz)cl
:>——-V—-—C\f] - 5 :>—-‘—y———+cxll X Sy=c(l-y)V1-x*
I=¥ 1Yy

{ where c=+¢,

This is the required solution of given diff equation
13. (l - x:)(l —y)dx=xy(1+y)dy
Sol. Given, (1-x*)(1- y)dx=xy(1+y)dy



DIFFERENTIAL EQUATIONS WITH VARIABLE SEPARABLE (XII, R. S. AGGARWAL)

14.

Sol.

15.

Sol.

16.

Sol.

e 1
5 g, )

X E=p
L1, 1),
X -y

[On separating the variable]

[On intergrading both sides]
:I%cﬁc—jxaﬁr:j%dy+_[%dy :,10g|x|_x_;:_j‘—l{: s
dy+ jl_}__dy

x ~y)-1
:*'°glrl-%-f(lw)azv—noglr—y|-;—]jl &

.[(I »)( I+}’) .[

= log| | =
z 2 1

= lﬂg|x|~%=—y~%~log|1—y|—faj’+j-1_—ydy
2 2

= Iog|x'—%=—y—}?—log|I—y|—y—log|1—y|

= log | x|—%=—2y—}—;—log | l—yl2

= log|x|#log|1-y[ :—Zy—%-t-% log(x(l y) ):__3} = -

2 2
(y+xy)cbr+(x—xy:)dy:0
Given, (y+xy)dx+(x—xy:)dy:0 =5 (y+_ry)cﬁc:—(x—x}-':]dy

= y(l+x)dx= r(} —1)dy _ H-Txdx“Tafy [On separating the variable]

= Il';xdx_-[ylyhldy = j%dx+_“dx—jydy~_[id}’

= log|x|+x=%—log|y|+c Iog|1y|+x—%=c

(x: —yx:)c!y+(y3 +xy1)aﬁr =0
Given, (x*=y Xg)d}'-F()—': +xy:)dx:0 = x*(1-y)dy=—y* (1+x)dx
= ];,yaj = —H—xdx [On separating the variable]

¥y o

l_ydy:

l1+x
x:

= I%a}'—j%a&z—_f%a‘x—jéd\' =3 —%—log|y|=%—log|x|

1 1
=—+—+c¢
x y

= log|x|—log|y|:£+£+c Iog%

(x:}'—xz)dx+(xy3—y:)dy:0
Given, (x?y—x)ds+ (0 = )dy =0 = (¥'y=x")de=—(0" =y’ dy



7

Sol.

18.

Sol.

ﬁ_[(x_l)_(fﬂ)dﬂj‘ﬁ U(J’ )(y+1) +jﬁ

=

= I(x+1)dr+log|x—l|:-—“ y+l)dy+log|y—1|]+c

= §+x+log | x—1|=—|:-};—‘+y+log|y—l |]+c

::>x?-+y?-+x+y+log|x—1|+iog|y—'l|=c

%(xz ) (s p)+log | (x=1)(y-1)| =¢
w1+ y2de + A1+ dy =0
Given, xyfl+ v dx + y\1+xdy =0
e dx:—ymdy

d = ——=2 dy [On separating both sides]

X
J1+x J1+)7
. T O
- j\}1+:c2 I\]I+y:

Let 4" =f & 1+)° =z

dy [Integrating both sides]

= 2x:£ & 2y:£
dx dy
= rdrv-i& afv——d?“

Now, EI—J—;‘df - _*Z—I—J—;dz

=5 _[rédr =—Iz 'gdz

172 l"’

1

+c
1!2 1/2

= Vl+x’ +\fl+y‘ =¢



DIFFERENTIAL EQUATIONS WITH VARIABLE SEPARABLE (XII, R. S. AGGARWAL)

= e Vdy= (e‘ +x° )afx [separating the variables]

=% Ie Ydy = I(e* - xz)dr
S—-e =€ +£j-+C,
J

N P
=2 -‘+?:(., where C=-C,

s sy o B . . .
Hence ¢” +¢ +T=(” is the required solution

dy 3e™ +3e™

19, =
dx ef+e®

A . S £ 5 3™ +3e™
Sol. Given differential equation is E)—)-:—T
dx e +e’

32 3¢

:>afv=—x——j—dr

esee

2x Ax X
m,y:{w P

e +e " e

el 3e™ + 3¢ de
e +1
3¢’ 1+ €’
Gt

= dy =3edx :jdyzxj’ﬁdx
:>_}’:2xx$-e3”+c

Siy=e wc
Is the required solution of given differential equation
20. 3¢ tan ydx +(1=e")sec’ ydy =0
Sol. Given equation is 3e* tan ydx+(1—e“)sec3 ydy=0
= (I —e”)secl ydy = -3¢ tan ydx

=5 sec” ydy _—3e dx
tan y 1-¢'

sec’ ydy -e
I tan y 3-[l e’

= 10g|tany| = 310g‘ 1-¢* |+ loge,

= logl tanyl =logg¢, |1 —e’r

1B
:.>|tany|:ci|l—e“
= tanyzicl(l-e’):‘

= tany :c(l—e")



21.

Sol.

2

Sol.

23

Sol.

24.

Sol.

Where ¢ =*¢,

This is the required solution of given differention equation

¢ (1+x°)dy—Zdx=0

P 4
Given differential equation is e* (l - xl)a}' “Xae=0
Y
= e’ (1+x3)dy = idx = ye'dy = xdx1
14
= e
_fy Ydy = j'H 3

= sfew-[{Lfew a3 [P
=5 y-e‘"-je"a_‘v =Elog(1+x3)+c

T )
= ye’' —e’ =—1| l+x )+c
ye Slog(1+x7)
This is the required solution of given differential equation

&
dx

= eI‘F_P +ex—_r

dy Xd Y x=y

Given differential equation is = e’ +e

:)d_yzex.e-"_g_.e_‘ :.‘:_I'Y—:e" E___j__l,.
dx e’ dx o

d_y eSdx :>I i I *dx = tan ’(e"'):e-“+c

(e)-!-l

This is the required solution of given differential equation

ey+

(e-“ - I) cosxdx+e’ sinxdy =0
Given differential equation is ( e’ + l)cos xdx +e” sinxdy =0

= e"sinxdy=— (e-" 1) cos xdx

e’dy co_sxabr :Ieyd) Icotmfr
e’ +1 sinx

:>log|e- +l|=

=logg,
= 1og|(e-" +l]sinx|: loge, = l(e-" - l)sinxlzc}
= (e-"+l)sinx:1rc] =% (e"' +l)sinx:c {where +¢, - c§

This is the required solution of given differential equation

& Oy _a
dcx xy+x

1
Given, ﬂ+—xy+y=0 :ﬁ— y(x+1) y+ldy [XH

X

Xy +x de  x(y+1)

de [On separating the variables]



DIFFERENTIAL EQUATIONS WITH VARIABLE SEPARABLE (XII, R. S. AGGARWAL)

25,

=5 I g 1 j-ﬂafr [Integrating both sides]

1 1
= I@'*‘j;dy:‘jd""f;dx = y+logy=—x-logx+c .. x+y+log(xy)=

V1—-x*dy = xdx

Sol. Given differential equation is v/1—x"dy = xdx

26.

Sol.

27.

Sol.

:>}-':EIZ-:;in"'z+ci :.>yzé—sin"(23r)+ci

d 5
cosec xlogy—er xy=0

dy

Given differential equation is coseccx-logya+ x’y=0

=¥ cosecx-log_v% =-x'y = f%ﬂdy:j(xz sin x)dx

= Izdx=—[x3_|'sinxdr—I{%:Isinxdx}dx}

{Let z=logyi". de= ﬁ}
}!

= % = —[~x3 cos X+ 2}xcosxa5r]+c

5

= % =x’ cosx—z{x_[cosdr —j{%fcosxdx}dx} +e

5

- -

= "?-*xz cosx—2[xsinx—jsinxdx]+c = “?: x’ cosx—2xsinx—2cosx+c¢

=% %(llogy)2 = (x: -2)cosx=2xsinx+¢ = %(lc'g,y)2 +(2— % ]cosx+2xsinx =
This is the required solution of given differential equation

_}dx+(1+x3)tan" xdy =0

Given differential equation is yd +(1+ x:) tan ' xdy =0

:>(1+x2)tan'1xdy:—ydx :Q: —dx

y (l+x2)tan"x
- (2

= log|yta.n" x|=logcl == lytan"x|=c] =5yl R =4E = yanT k=0

=% log]y|:—log|tan ]x|+10gc,
l+x tan ' x

{where c=*¢, }



28.

Sol.

29.

Sol.

This is the required solution of given differential equation

1

_.Q = tan_l X

x dr

Given differential equation l&_ tan '
x dx

= dy=xtan ' xdx = Iaj,’:.[(tan ix)-erx

= [y = tan"! x| v - j{%(m—i )t

= ‘.‘afy:%tan"x

= Iajz x??tan x'—-—I

1+ x°
o ; l+ —1
ijdyr%tan' —_j' I:x
= I@J:%tan" —-—I{l ——1+-x—}

x 4 1 1 1
= y==—tan x——x+—tan x+c
2 2 2

L, _ 1
= y=—(x’+1)tan ' x——x+c
=y 1 +1) 2
This is the required solution of given differential equation
eIy de+Zdy =0
x
Given differential equation is

e“J1-y desLav=0
X

= Xy =—e*\J1- yidx

=% y =—xse'dx

J1-»°

Integrating both sides we have I—,’Vi; == I x-e'dx
1 r o -

. ‘23"‘5’ [ x-e

Let Z=1-) )
= —%-Zﬁ:—x-e”+e"+('
=S xe*—e" —J1-y’ =C

= e (x=1)—41-)* =C
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This is the required general solution of given differential equation
dy 1-cosx

30, —=—=
dx l+cosx
2sin’ >
Sol. Given,ﬁzlimsx :}@:lfcosxdx - 2
dx l+cosx 1+cosx s
cos
2
o cb/:tan:gcér [On integrating both sides]
) X . .
=5 Idy = Itan‘ de [Integrating both sides]
£
X tanE x
= y=||sec’=-1|dx = y= —x+¢ . y=2fan=—x+c
d I[ 2 ) = YR
2
d.
31. (cosx)—y-i-cost:cosBx
dx
. . . e dy
Sol. Given differential equation is cos x; +c0s2x = cos3x
e

dy

= C0SX¥— = c0s3x —cos 2x
dy

oy cos3x—cos2x
cos2x

4cos’ x—3cosx—2cos” x+1
=dy= dx
cosSX

= dy={4cos’ x—3-2cosx +sec.x}dx

4(] +c0s 2x)

—egly =
p { :

—3—2cosx+secx}dx

= dy:{2+2cosx—3—2cosx+secx}cir
Integrating both sides we have _..dy = _[{2 cos 2x —2cos x +secx— 1 jdx

= y=sin2x—2sin x—x+log]secx+tanx|+('
This is the required grated solution of given differential equation
1+cos2
3, &, (reosty)

dx  (1-cos2y)
Sol. Given’ﬁﬁ_l{»cosZy:O :ﬁ:_l-i-COSZ}' - 1 L 1 :
dx 1-cos2x dx 1-cos2x 1+cos2y 1—-cos2x
St gy L [Onsepomtingthe varablea]

2cos” y ? T 2sin’x

= %secz ydy = —%cosecz xdx [Integrating both sides]

1 - _ 1 2 . -
= EIsec ycﬁz——EIcosec xdx .. tany=cotx+c



ﬂ+cosx51ny o
dx cosy

; . . . . dy cosxsin
. Given differential equation is e AR b AR
cosy

' cosx—siny
4 __cosx—siny

dx cos y
= c_oidy =—cosdx
sin y

= cot y-dy =—cos xdx

Integrating both sides we have Icot y-dy= —Icos xdx

= loglsin y| = -sinx+C

= log|siny|+sinx= €

This is the required solution of given differential equation
cos x(1+cosy)dx=siny(1+sinx)dy="0

. We have cosx(1+¢cos y)dx—sin y(1+sinx)dy=0 ... (i)

cos X B siny
(1+sinx)  (1+cosy)

dy=0

cosx sin y
i —
= -‘.(l+sinx) I(l+cosy

= log|1+sin x| +log|1 +cos )|

);(y =log(C, where C is a constant

=log(’

:>log|(l +sinx)(1 +oosy)| =logC

= (1+sinx)(1+cos y)=C

Hence (1+sinx)(I+cosy)=C is the required solution
sin’ xdx —sin ydy = 0

. Given differential equation is sin’ xdx —sin ydy = 0

=> sin ydy =sin’ xdx

Integrating both sides we have Isin ydy = Isins xdx

= Isin ydy:&_f(lisin x=sin3x )dx
3 1 .

= —cosy =——cos¥ +—cos3x+C,
-4 12

= —12cos y =—9cosx+cos3x+124
= cos3x—9cos3x—12cos y+(C =0
Where 12¢ = ¢ this is the required solution of given differential equation

dy

— +si +y)=si -y
7 sin(x+y)=sin(x-y)

Sol. Given differential equation is % +sin(x+y)=sin(x-y)
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dy

jg+sin(r+y)—sin(x—y)=0

dy

=>—+2cosx-sinx=0
dx
= ﬁ=—2c:0s..!r-siny

dx
= sec ydy = —2cos xdx

Integrating both sides w.r.t x we have
jsec ydy = —25 cos xdx

=5 10g|sec_y+tan y| ==2sinx+C

= log|sec y +tan y|+2sinx =€

This is the required general solution at given differential equation

37 Lood ydy+—l-cos: xdx=0
X Yy
Sol. Given differential equation is l-(‘,05“ ydy +—cos” xdx=0
X ¥

- cos” ydy = —lcosz xdx
X Y

=>yeos’ ydy =—xcos” x

yl+cos2ya§!:_xl+0052rdr
2 2
! Y =X Xxcos2x
= | =+=cos2 V= —— dx
(315 )b ~(3 252

= ydy+ycos2ydy = —xdx—x-cos 2xdx
Integrating both sides we have j. ydy + I ycos2ydy = —dex = Ixcos 2xdx

= y?z+}’jcoszyw-—_[{%_[cos ZY@}GEV = —L;—[IICOSZX —I{%J‘cos,?x}dr}_q

L a2l ¢ ¥ 1. le.
=S i—+—ypsin2y——|sin2ydy =—-———xsin2x+—|sin2xdx
2 2y ¥ 2-[ ydy 2 2 2-[

y: 1 - 1 X i 1
S t—.y.sin2y+—cos2y =-————xsin2x——cos2x+C
g T ) NAYTEEESY 4 :

= x_+}_-+lxsin 2x+lysin 2y+lcos 2y+-1-c052x =G,
2 2 2 4 4

= 2(x* + 37 )+ 2{xsin2x + ysin2y}. +{cos 2x +cos 2y} = C
{where C =4(,
This is the required general solution of given differential equation

dy

38. = =sin’ xcos’ x+xe”
dx

dy

Sol. Given differential equation is == =sin’ x-cos” x +x-¢°



= dy =sin’ xcos’ xdx + xe*dx

= Iafv= Isin3 x-cos’ xdx+Jxe*dx

= Idy = Jsin’ X-Cos’ x-sina!x+_fx-exdx

= Iajz o= I(I —cos’ x)cos2 xsin xdx+jxe“dr

Let cosx=7 = sinxdx =—dz

= [dy=-J(1-2") e x| { £ e

=5 y= -Izzdz+.[z4dz+x-e" —e' +c

o5 s

DN D (x-1)+e
5 5

l 3 I 3 &
= y=—500s +goos’ x+e (x—1)*¢

This is the Required general solution of given differential equation

dy

39.  Find the particular solution of the differential equation e I+x+y+xy , given that y=0 when

¥=]

Sol s

. Given differential equation is E =l+x+y+xy

dv

= a=(1+x)+y(l+x)

:}%_(l+x)(l+_y)

:%z(lﬂr)a‘x

T% = j(l + x )d - {integrating both side}

3

:>10g|1+y|=x+%+c ...... (1)

Putting x=1 and y=0 in (i) we have log[l+0{=1+%+c

>

=0= i+ ¢ >c=—2=
2
Putting ¢ = —-% in (i) we have logll +y| = Jr+£2--—.:g2
This is the required particular solution of given differential equation
40. Find the particular solution of the differential equation x(l +y° )dx— y(l +x° )dy =0, giventhat y=1
when x=0

Sol. Given differential equation is x(1+*)dx— y(1+x" )dy =0
=5 Jr(l+yl )aﬁr :y(l +x3)dy
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ydy  xdx

= ; 3
1+y° 1+x

; : ' d:
Integrating both sides we have j. ¥ —
¥

1+ y? i 14+ x*

2ydy ¢ 2xdx
:I1+y: _-[l+x2

:>Iog|l+y2| = log|l+x3|+logc

=5 10g|1 +y3| = logc|1+x3|

= |1+ =g 1+ ¥

= (I+}-’3]:i(1+x3)

:>(I+y:):c(]+x3) {Let c=xc ........ (1)

Putting x=0 and y=1 in (i) we have 2=¢

Putting ¢ =2 (i) we have (1 + y? ) = 2(1 + xz)

Sy =242l = y =25 ¥l

This is the particular solution of given differential equation
41. Find the particular solution of the differential equation Iog[%} =3x+4y, giventhat y=0 where

x=0

(dy

Sol. Given differential equation is log E]:h 4y

dy e Ay s a
__J;:eltwl} — _i ,-»x‘e-l_-,
dx dx

— e-4_rd}’=e3.r 'd\’

=

Integrating both sides we have Ie"‘-" -dy = Ieh ~dx

Putting x=0 and y=0 we have —l-e{' =;eu+c
2

. i
Putting CZ_E in (1) we have

=>-3e ¥ =4."-7
= 4e*+3e =7
This is the required particular solution of given differential equation

42 Solve the differential equation (r —}af:)aj.’ +(y: +x%y7 )dx =0, giventhat y=1 when x=1

Sol. Given differential equation is x* (1-y)dy+ )’ (l +x3)dx =0



43.

Sol.

44,

Sol.

=x (l—y)djvz—y: (l+x3)dx

:(1—);)dy:‘(1fx2)dx
¥’ x

Integrating both sides we have j. ,, =

= fyjo=tefe

— _l...]oglyl:l-—x-l-c (l)
y X

Putting x=1 and y=1 we get -1-logl=1-1+¢

c=-1

Putting c=-1 in (i) we have —l—iog|y| zl—x—l
y x
= x—l—l—logl y|+] =0 is the particular solution of given differential equation
x y

Find the particular solution of the differential equation e*4/1 - y3dx+idy =0 given that y=1 when
X
x=0

Given differential equation is e*y/1—y dx +Zafv =0
x

= e“\h = yzalr = —idy
X
ydy
\}l—y2

=3 j._x-erdx=.[ m

J1-y°
== xje‘dr—J{%jex‘&}a&:% —2)’61};
= x-e* —e :%2\/1—}-3 e
= e (x-D=y1-y* +c

Putting x=0 and y=1 wehave=c¢c
Putting ¢ =1, in (i) wehave ¢*(x—1)=4/l=y" =1
This is the required particular solution of given differential equation
dy  x(2logx+1)
" (siny+ycosy)’

= xe'dv=-

Find the particular solution of the differential equation given that yz-izr-

when x=1
» o x(2logx+1
Given differential equation is & = w
sin y+ ycos y

= (sin y+ ycos y)dy = x(2log x +1)dx
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45.

Sol.

Integrating both sides we have

j(sin y+ycos y)dy = Ix(Zlogx+ 1)dx

= Isin yaji+jycosycb' = 2leogxdx+jxcir

= —cosy+y‘|.cosydy —I{%J‘cosya{v}aj:

:2[Iongxdx—j{%.[mﬁr}dx]+%+c
. . x’ 12 x
= —cosy+ysin y— |sin =2| —logx— | —dx |[+—~¢
y+ysiny~ [sinydy [z.g I”}z
. . 2
:>—cosy+ysmy+cosy=r-logx—J'xdx+?+c

"

> 3 X X 5
:ysrny:x'logx“7+?+c ez )
Putting x =1 and }fz% we have g-singzleog,w«:

b4
=+c

—y
2

T
S Cc=—
2

Putting ¢ = %h% in (i) we have ysiny = xz-logx+g
This is the required solution of given differential equation

5 ; . d ; :
Solve the differential equation Ey = ysin2x, giventhat y(0)=1

Given differential equation is % =y-sin2x
dy .
=Y _ Sinxedy
y

Integrating both sides we have Iﬂ = Isin 2xdx
}J

:>log|y[=—%c<352r+c ..f)
Putting x=0 and y—1 we have O:—%+c

1

>c=—

2

Putting e (i) we have log|y[:—l<:0s*,2x+l
2 2 2

=2log|y|=1-cos2x =2log|y|=2sin’x

=log|y|=sin’c = [y|=e"*

This is the required solution of given differential equation



46.

Sol.

47.

Sol.

Solve the differential equation (x+ 1)? =2xy, giventhat y(2)=3
o4

Given differential equation is (1+x) % =2xy
== @ — idx
y x+l
Integrating both sides we have f—di = ZIE
¥y xoFl
y x+1

3[%: Zj{l—ﬁ}dx

= log|y| =2x-2log|x+1|+¢,
= log|y|+log(x+1)" =¢, +2x
= Iog|y(:ur+l)z|=Ci +2x

= 5 <[y (x+1)]

=+ .e™ =y(x+1)2
>0 =p(x+1) ... (i)

Putting x=2 and y=3 we get (.‘-e"‘=3(2+l)2
27

e-i

== U

7

Putting Czﬂ in (i) we have 2—3-33‘ :y(x+l):
e e

= Jir+ l): =27
This is the required solution of given differential equation

dy

Solve ?=x(2logx+l), given that y=0 when x=2
e

dy

Given differential equation is B x(2logx+1)
= dy=x(2logx+1)dx
Integrating both sides we have Idy = 2leog xdx +6_[xdx

y= 2[1ongxdx-J{%{logx)jxm}dx} [ xae+C

x° ¥ 1
=2.—logx—-2|—-—-dx+ | xdx+C
2 b J.2 x I

:?y:xz-logx—.l-xah'+_[xdx+('

= y=x"logx+C ..(1)
Putting x=2 and y=0 we have 0=4log2+C



DIFFERENTIAL EQUATIONS WITH VARIABLE SEPARABLE (XII, R. S. AGGARWAL)

= C=-4log2

Putting C =—4log2 in (i) we have y = x”-log x—4log2
= y=x"-logx-4log2

This is the required solution of given differential equation

48. Solve (x +Xx° +x+1)2—2x +x, giventhat y=1 when x=0

dy

Sol. Given differential equation is (x +x° +x+l) =24

T B

X 4x +x+l

Integrating both sides we get
(2v +x)

I X (x+1)+(x+1)

2% +x .
j(Jr x+1 I_y =0

2x’+x A4 " Bx M ]
(x+1_)(x:+l) x+1 x¥*+1 x> +1

= [y

Let

:>2x:+.r=A(r3+l)+Bx(x+l)+C(x+I)
Putting x=-1 we have 2-1=24+0+0

:‘)C:—AI——I-
2

Putting x=-2, wehave 8-2=54+28B-C
= 6=+-5—+ZB'+l
2 2

2 2
= B=z

2
Now 2x" +x _ 1 N 3x B 1

(x+[)(x2+l) 2(x+l) 2(x3+l) 2(x3+l)
(2x1+x)

+])(x:+l)
1 ¢ dx 1 ¢ dx
—[dyzz-[xﬂ _Ix +l_§jx3+1

= =Elog|x+l|+zlog(x3 4%1)—%tam'1 x+C i (L)

Now from (i) jafp = I(
X

Putting x=0 and y=1 we have lzélogl+%log2—%tan'10+('

=1=0+0-0+C

=Si=1



49.

Sol.

50.

Sol.

Putting C =1 in (i1) we have

| 3 5 1
y=—log|x+1|+=log(x” +1)——tan " x+1
y=logc+1|+Zlog(x* +1)-=

This is the required solution of given differential equation

Solve % =ytanx, giventhat y=1 and x=0
3
Given differential equation is % =ytanx
= @ = tan xdx
y

Integrating both sides we get IQ = Itan xdx
y

= log|y| =log|secx| +1logC,
= log|y| = logC, [sec x|
== |Sec‘r|

= y==C secx

= y=2C-seecx *(C =e let

= yeosx=C

Putting x=0 and y=1 we have
IxcosO=e

= &=l

Putting C' =1 in equation (ii) we have ycosx =1
This is the required solution of given differential equation

dy

Solve E =y tan2x, giventhat y=2 when x=0

- . . . . d / by
Given differential equation is E} =y tan2x

= y’dy = tan2x-dx
Integrating both sides we have I yldy= Itan 2x dx

=5 —%:%loglsec,?.xhc

=5 —ji- = —%|cos 2x|

- —l=—110g|0052x[+(? .
y 2

. 1 1
Putting x=0 and y=2 we have ME=~Elog]cos|+C

= —==
2
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Putting C = —% in (i) we get —% = —%log|cos2x|—%

= 2= y{log|cos 2x|+ 1}

This is the required solution of given differential equation
51. Solve %zycot 2x, giventhat y=2 when x:%

X
dy

Sol. Given differential equation is }i-mt 2x

= s =cot 2x-dx
Y
Integrating both sides we have

= Id—fzj.comx-dx

= log|y| = %log]sin x| +logC,

= log|y| = log((f'1 sin’ 2x)

={p}=C,sin’ 2x

heype=fC, sin® 2%

= y==iiigin® 2x {Let +C, =C )
Putting x:.‘}: and y=2 in (i) we have 2:(*sin3§

=(C=2 putting C=2 in (i) wehave y=2sin"2x

This is the required particular solution of given differential equation

52. Solve (i+x3)secg ydy +2xtan ydx =0 given that y=% when x =1

Sol. Given, (1+x3)sec3y dy+2xtany dc=0 = (l+x:)sec3ydy=f2x tan y dx

- sec:ya:v__ 2x PR Isec:ydy__J- 2x

tany = 1+x° tan y 1+x°

Let tany=#& 1+x° =z = sec’ydy=dr & 2xdc=dz
1 1
—dt=—|—dz | | +log| z |=1 cz=
:,-[t 1 Iz = 0g|1|+ og] | oge D= i

= tany.(1+x3)=c (1)

]
t2

Given that yzgwhen i tan[%](lﬂ):c s L 3=e .8
Putting the value of ¢ in equation (1), we get, (I +x2)tany =2,

53. Find the equation of the curve passing through the point (ij whose differential equation is

sin x cos ydx +cos xsin ydy =0
Sol. Given differential equation is sin x-cos ydx +cos x-sin ydy =0

= cosx-sin y-dy =—sin x-cos ydx



sin y sinx

cos y cos X

dx = tan ydy = —tan xdx

Integrating both sides we get Itan ydy= -Itan xdx
logylsecy| = log|sec x| +logC,

= log|sec y| +log|secx| =log C,

=% log|secx- secy| =log (]

= [secx-secy|=C,

= secx-secy =+(C,

=secx>secy=C {Let (| =e¢

- 8
* the curve passing through LO,% )

secO—sec£=(‘
4

=2=C

Hence required solution is secx-secy = 2
54. Find the equation of a curve which passes through the origin and whose differential equation is

dy

—==glsifrx

Sol. Given differential equation is @ =e"-sinx

= dy=e¢"-sinx-dx

Integrating both sides w.r.t x we have
=5 Ia_‘y=j'e"-sinxdx

= p=1+C {Let = [e"sinxdx
Now 7, = [esinxdx

= I, =sinx[e*dx| {gr-(sin x)je“’dx}dr

=1 = ex.sinx-—jcosx-e"dx

=1 =€ sinx—’rcosxj-e‘dt—— H%(cosx)[e”dr}dx]

=1 =€ -sinx—[e" cosx+jsin x-e*'dx]
=>¢ -sinx=e" -cosx—I,

= 21, =e*(sinx—cosx)

= 4 =%-e“(sinx—cnsx) ....... (i)
From (i) and (ii) we have

_y:%e"(sinx—cosx)+(7 ----- (iii)
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Since it passes through origin

50 =%e°(5in0—c050)+C

1 v .
=>0==(0-1)+C =>C==

2 2
Putting C =% in equation (iii) we have

¥ =1 (s;.in:r—cos;r)+l
2 2

= 2y =¢*(sinx—cosx)+1
This is the required solution of given differential equation

55. A curve passes through the point (0,—2) and at any point (x,y) of the curve, the product of the

slope of its tangent and y-coordinate of the point is equal to the x-coordinate of the point. Find the
equation of the curve

Sol. We know that slope of tangent at (x, y) is m= dﬂ
e

dy

According to question y- =" x
= ydy = xdx
Integrating both sides we have I ydy = Ix_cir

=y =aC [let 2C,=C e E)
Since the curve passes through (0,-2)
(—2)3 =0+C
=0 =4
Putting C =4 in (i) we have y° = x* +4
This is the required equation of curve
56. A curve passes through the point (-2, 1) and at any point (x,) of the curve; the slope of the tangent

is twice the slope of the linc segment joining the point of contact to the point (—4,—-3). Find the
equation of the curve

dy

Sol. We know that slope of tangent of (x,y) is m= o

Equation 2 =2 [E)

dx x+4
dy  2dx
y+3 x+4
Integrating both sides we have _f ay = 2! e
y+3 x+4

= ]0g|y+3i = 2]0g|x+-’-‘>|+l-f)g(“1



= log|y+3|=logC, (x +4)°

2

= |y+3|=C, (x+4)
= y+3=12C,(x+4)’

= y+3=C(x+4) {let C=+C,
Since the curve through (-2,1)

s 1+3=C(-2+4)

=4=4C

==

Putting C =1 in equation (i) we have
y+3 :(Jc+4)2

=>y=x+8x+16 3

= y=x +8x+15

This is the required equation of curve

57. Inabank principal increases at the rate of % per annum. Find the value of r Rs. 100 double itself in 10
years..(Given log,2=09631 )

Sol. Let P be the principal at any time #,
LB
dt 100

= d—szdI
p 100

rdt

Integrating both sides we have f <z = I—Ia)—
P

¢4 = "
:>Iog(p)rl?w+( ...... (1)

At 71=0, wehave p=p,
slogP, =C

ri
SloglP =—+1
og 100 og Py

= logp-logp, S
100

2 ri .

= log| — |=— ... 1
g[:"o] 100 i
Putting p, =100,p =2 p, =200
And 7 =10, we have lcg2=%

= r=10log2=6931

58. In a bank principal increases at the rate of 5% per annum An amount of Rs. 1000 is deposited in the
bank. How much will it worth after 10 years? (Given ¢”’ =1.648 )

Sol. Let P be the principal at any instant t
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. _5p

Tdt 50

L dp_sdt
p 100
p 20

Integrating both sides we have I L %J‘dt
P

= ]0g|p|=%+]og(f

At 1=0 we have p=1000
= 1log1000 =logC

i
> log p=—+1og 1000
gp 20 2

Putting 7 =10, we have log p = % +1og 1000

:>log—p “l
1000 2
p ___eilﬁ
1000
= p=1648

Hence p =1648 after 10 years

59. The volume of a spherical balloon being inflated changes at a constant rate if initially its radius is 3
units and after 3 seconds it is 6 units. Find the radius of the balloon after t seconds

Sol. The volume of a spherical balloon of radius ris given by }' = imj
>

V 3 ;
Now, % =—k, where k>0 [note that V is decreasing]

d(4 e 4
= — = =—k = (4ar )| —=—k
dr[Em} )

=5 I(4n‘rz)dr = I(uk)dr

= %zzr“ =—kt+C ... (i), where C is an arbitary constant
Putting =0 and r=3 in (i), we get C =367

%m’3 =—@l+36r ..o (iii)

It is being given that when =3, then r=6

Putting =3 and r =6 in (ii), we get k =—84rx

Putting & =847 in (i), we get 7°* =(63+27) =r =(631+27)"

60. In a culture the bacteria count is 100000. The number is increased by 10% in 2 hours in how many
hours will the count reach 200000, if the rate of growth of bacteria is proportional to the number
present ?

Sol. Let at any time t, the bacteria count be N. then



%x N> %:w = I%dN:Ikcﬁ::s log N =kt +log(C)
At 1=0, we have N =100000

. logC =10g 100000

= lgoN = kt +10g 100000

At 1 =2 , we have N = 110000

11

’ - 1 ;
Putting these values in (i), we get k = EIOgE (1)

L logN = %llog[il—éj +logl100000 ... (i)

When N =200000 . let =7, then log ZOOOOzglog[:—;]HoglOOOOO o T'= T
' Iog( ]



