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1.3 Partial Fractions

1.3.1 Definition

f(x)

An expression of the form m, where f(x) and g(x) are polynomial in x, is called a rational
X

fraction.

f(x)

(1) Proper rational functions: Functions of the form M,where f(x) and g(x) are polynomials

and g(x)# 0 ,are called rational functions of x.

f(x)

If degree of f(x) is less than degree of g(x),then m is called a proper rational function.

Example: is a proper rational function.

X2 +2x+4
(2) Improper rational functions : If degree of f(x) is greater than or equal to degree of g(x),

f(x)

then —— is called an improper rational function.
XS
For example: ————— is an improper rational function.
(x-1)(x—2)

(3) Partial fractions : Any proper rational function can be broken up into a group of different
rational fractions, each having a simple factor of the denominator of the original rational
function. Each such fraction is called a partial fraction.

into different fractions,

1)
X

If by some process, we can break a given rational function
whose denominators are the factors of g(x),then the process of obtaining them is called the

f(x)

resolution or decomposition of ﬂ into its partial fractions.
g(x

1.3.2 Different Cases of Partial Fractions

(1) When the denominator consists of non-repeated linear factors: To each linear factor (x —a)

occurring once in the denominator of a proper fraction, there corresponds a single partial

fraction of the form , wWhere A is a constant to be determined.

X—a
If g(x) = (x—a)(x—a,)(x—a3)....... (x—a,), then we assume that,
f_ A A A

gx) x-a x-a, X —a,
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Where A A, A;....... A,are constants, can be determined by equating the numerator of

L.H.S. to the numerator of R.H.S. (after L.C.M.) and substituting x=a,,4a,......a, .
|/Vok : U Remainder of polynomial f(x), when divided by (x —a) is f(a).
e.g., Remainder of x?+3x—7,when divided by x -2 is (2)>+3(2)-7=3.

px+q __ pa+q pb +q
(x-a)(x-b) (x-a)ya-b) (b-a)(x-b)

Example: 1 The remainder obtained when the polynomial x* +x% +1 is divided by (x +1) is
() 1 (b) -1 (c) 2 (d) -2
Solution: (a) Remainder of x* +x% +1, when divided by x +1 is (-1)* + ()% +1=1-1+1=1.

2X+3 a b

= + , then a+b MNR 1
x+D)(x-3) x+1 (x-3) L 9931

Example: 2

(a) 1 (b) 2 © 2 (d) ‘Tl
Solution: (b) 2x+3=a(x—-3)+b(x+1)

Put x=-1; 2(—l)+3:a(—1—3)31:—4a:a:_71

Now put x=3; 2B3)+3=b(3+1) = 9=4b = bz%

-1 9

Therefore, a+bh=—+—=2.
4 4
Example: 3 23x+a = A - 10 , then
X“=3x+2 (x-2) x-1
(a) a=7 (b) a=-7 (c) A=-13 (d) A=13
3x+a A 10

Solution: (a, d) 5 = -
X“=3x+2 (x-2) (x-1)

= Bx+a)=A(x-1)-10(x-2) => 3=A-10, a=—-A+20 (On equating coefficients of x and constant
term)
=>A=13,a="17.

(2) When the denominator consists of linear factors, some repeated: To each linear factor (x -
a) occurring r times in the denominator of a proper rational function, there corresponds a sum
of r partial fractions.

Let g(x)=(Xx —a)‘(x —a,)(Xx —a,).......(x —a,) .Then we assume that

0)_ A A A B B,

= 5 F e + o+ + e +
g(x) x-a (x-a) (x-a)y (x-a) (x-a)
Where A A,,....., A, are constants. To determined the value of constants adopt the
procedure as above.
3x+4 A B Cc

then A= [EAMCET 1994]

Example: 4 (x +12%(x -1) T (x-1) " (x+1) " (x+1?°



Solution: (¢)

Example: 5

Solution: (¢)
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-1 15 -1
(@) — ®) - (o —+ @ -

3x+4 _ A N B N C
(X+1)>2(x-1) (x-1) (x+1) (x+1)>

We have,

= 3x+4=AX+1)? +B(Xx +1)(x —1)+ C(x —1)
Putting x =1, we get 7 = A(2)> = A:%,
2

X

The partial fraction of —————— are
(x-1)°(x-2)

[IIT 1992]
-1 3 4 4 -1 3 4 4

S T T A P Py ® T Ty o v

-1 -3 -4 4

S T O T Ry

(d) None of these

Put the repeated factor (x-1)=y=x=y+1
) x?2 C(@L+y)? 142y +y?
x-D°(x-2) y(y-1) Y (1+y)

Dividing the numerator, 1+2y+y? by —-1+y till y® appears as factor, we get

2 3
m=(—l—3y—4y2)+i
—1l+y -1+y
Given expression = —-———-—+

NERVER —1+y:(x—1)3+(x—1)2+(X—1)+(X—2)'

(3) When the denominator consists of non-repeated quadratic factors: To each irreducible non

repeated quadratic factor ax®+bx+c, there corresponds a partial fraction of the form

?X—+B , where A and B are constants to be determined.
ax“ +bx+c
4% +2x +3 Ax +B C D
Example :

Wez : 0

Example: 6

(x2+4x+9)(x—2)(x+3): X2 1d4x+9 x—2 x+3

pX+q :_Q_pa+q+ pa+q
x?(x-a) ax? a’x a?(x-a)

pPx+q _ 9 _ q 4 pa+q
x(x—a)’> a’x a’(x—a) a(x-—a)?

px+q _ q  pa’—gx

x(x2 +a?) a’x a’(x?+a?)

The partial fractions of SX—;l are [MNR 1995]
@L-x+x°)(2+x)
X 1 1 X X 1 -1 X

(a) + (b) + (o) - (d) +
(x2-x+1) x+2 xZ—x+1 x+2 x2—x+1 X+2 X2 —x+1 X+2
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3x -1 Ax +B o
+

Solution: (c¢) > =—
L-Xx+Xx)2+x) X —-x+1 Xx+2

= (B3x —1)=(AX +B)(x + 2)+ C(x? = x +1)

Comparing the coefficient of like terms, we get A+C=0, 2A+B-C=3, 2B+C=-1 = A=1, B=0,
C=-1
3x -1 X 1

T -x+x)QR+x) xZ-x+1 x+2°

2
Example: 7 If (;((:j)x :é+%, then sin’l(g]: [EAMCET 1997, 98]
T T T T
a) — b) — c) — d) —
(a) - (b) 2 (o) 3 (d) 2

(x +1)2 _A, Bx+C
x2+x X x%2+1

= x+1)?=Ax*>+1)+(Bx +C)x= A+B=1, C=2,A=1 = B=0

Solution: (a)

Therefore sin™ Alsint[ L2300 -,
C 2 6

(4) When the denominator consists of repeated quadratic factors: To each irreducible quadratic
factor ax?+bx+c occurring r times in the denominator of a proper rational fraction there
corresponds a sum of r partial fractions of the form.

A X+B; N A,Xx+B, A X+B,
ax?+bx+c (ax?+bx+c)? (ax? +bx +c¢)"

Where, A’s and B’s are constants to be determined.

X 1 1 X+1
xample (x—l)(x2+l)2 4{()(_1) x2+J+y eny
d-x) 1-x) 1+x
b — d) None of th
(a) 2<% +1)2 (b) 32 1 1) (c) 207 17 (d) None of these
Solution: (a) X —l{ 1 _ x+1 ]&-y
' x-DxZ+1)? 4|(x-1) x2+1
. 1{ : X+1}+ Ax+B 4x = (x* +1 —(x +1)(x 1) (x* +1)+ 4(AX + B)(x -1)
= = — — = _ _ B ~
x-1)(x*+1)?% 4|(x-1) x2+1] (x2+1)?
— 4A+2=0,4B—4A=4 = A:_?l, B:%

yo AX+B 1 (1-x)
(X% +1)?% 2 (x%+1)?

1.3.3 Partial Fractions of Improper Rational Functions

f(x)

If degree of f(x) is greater than or equal to degree of g(x), then P is called an improper

rational function and every rational function can be transformed to a proper rational function
by dividing the numerator by the denominator.
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We divide the numerator by denominator until a remainder is obtained which is of lower
degree than the denominator.

i.e., 1) = Q(x)+w, where degree of R(x) < degree of g(x).
9(x) g(x)
3
For example,ﬁ is an improper rational function and can be expressed as
X —=5x+
19x — 30 . . . . .
(x+5)+ 2 5xi6 which is the sum of a polynomial (x+5) and a proper rational function
X“ —5x+
19x - 30
X2 -5X+6
x® —6x° +10x -2 A B B
Example: 9 If 2 5y 16 =f(x)+ x_2) + m , then f(x) =
(a) x-1 (b) x+1 (c) x (d) None of these

2 _ x3 —6x2+10x -2 x _1
Solution: (a) X*-5x+6 <

x% —5x2 +6x
— + p—

-Xx2+4x-2

-x2+5x-6

+ - o+
—X+4

o f(x)=x-1.

1.3.4. General Method of Finding out the Constants

(1) Express the given fraction into its partial fractions in accordance with the rules written
above.

(2) Then multiply both sides by the denominator of the given fraction and you will get an
identity which will hold for all values of x.

(3) Equate the coefficients of like powers of x in the resulting identity and solve the
equations so obtained simultaneously to find the various constant is short method. Sometimes,
we substitute particular values of the variable x in the identity obtained after clearing of fractions
to find some or all the constants. For non-repeated linear factors, the values of x used as those for
which the denominator of the corresponding partial fractions become zero.

|/Vok : O If the given fraction is improper, then before finding partial fractions, the given

fraction must be expressed as sum of a polynomial and a proper fraction by
division.

Important Tips

& Some times a suitable substitution transforms the given function to a rational fraction which can be integrated by
breaking it into partial fractions.

Example: 10 The coefficient of X " in the expression % when expanded in ascending order is
+x)L-x
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-2 ()" 11 2 ()" 11 2 )" 1
a) ——+ = b) —+ -= ) ——+—"—-—=
@) 3 2" 3 (b) 3 2" 3 (© 3 3 2"
-4 1
Solution: (a) 5x+6 -_3 3

= +
2+x)@+x) 2+x 1-x

Rewriting the denominators for expressions, we get

ol 1 )

= 4+%:%2(1+§j +%(1—X)_1

2[1+5j X

2

_ 2 3 n
i E S S S ren X +£[1+x+x2+ ....... +x" 4]

3 2 4 8 2" 3

. o 3 . =2 a1 11

The coefficient of x" in the given expression is ?(—1) 2—n+?.

*k%

(d) None of these
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