i STRAIGHT LINE IN SPACE (XII, R. S. AGGARWAL)

EXERCISE 27 A [Pg.No.: 1121 ]
1. A line passes through the point (3,4,5) and is parallel to the vector (2; 27 —3:‘;). Find the equations

of the line in the vector as well as Cartesian forms

Sol. Position vector of point A(3, 4, 5) isOA =3i+4j+5k
Eqn. of live passing through A and parallel to the vector

b=2i+2j-3k is given by,
r=OA+rb
ie r’:(3i+4j+5k}+r[2i+2j—3k}

Cortesion form,

A A A

Eqn. of line passing through (o , B, y) and parallel to the vector b=ai+ bj+ckis given by,

x<a _y-p_z-y
a b c

x—3:y—4:z—5

Hence, required equation is, 5 3
2. Aline passes through the point (2,1,-3) and is parallel to the vector (f -2+ 3k) Find the equations

of the line in vector and Cartesian forms.
Sol. Vectorequation of the given.

The line passes through the point 4(2, 1, —3) and is parallel to the vector m:(f -2}'+3§) also the
position vector of Ais 7 =27 + j - 3k .

. Vector equation of the given lineis 7 =7, + Am

= F:(23+_}—3IE)+A(.?—2}‘+31.:) skl

¥=2 y-1 _F+3

Therefore, Cartesian equation of the given line, 5 =
= 2

el

Find the vector equation of the line passing through the point with position vector (2? +_}'—Sls:) and
parallel to the vector (.f +3)- f;) Deduce the Cartesian equations of the line.
Sol. Vector equations of the given line passes through the point A(Z,l,—S) and is parallel to the vector
= (f+3j' = ﬁ)_ Also the position vector of 4 is 7 = (Zf T = SA:) _

Vector equation of the given line is 7 =7 + Am

f:(2§+_}'-5£)+1(:’+3_}-£) ()

x-2 y-1 z—(-5) L X-2_y-1_z+45

Cartesian equation of the given line, - 1 I "
- 3 =



Sol.

Sol.

Sol.

Sol.

-2 _y-1_2z+45

Hence =
3 -1

are the required equations of the given line in the Cartesian form.

A line is drawn in the direction of (f +j—2£:) and it passes through a point with position vector

(Zf = 412)_ Find the equations of the line in the vector as well as Cartesian forms

Eqn. of line passing through the point having position vector a and parallel to the vector b is given

by, r —a+b

Hence, required vector equation of line is, (21 - 4k] +y.[l+j 2k]

Now, xi+yj+zk=(2+p)i+(-1+p)j+(-4-20)k

SRy =1 B 7= Ay el L Y1 24

1 1 -2
Hence, Cortes ion equation of line is x;z — y? = z+24
: 4 ; x-3 yp+2 z=6 _. ; ;
The Cartesian equations of a line are = = . Find the vector equation of the line.
~5
- z— - —(-2) =z-
Cartesian equations of the line is 3. 2 29 =y & Yo (-2) =
-5 4 2 -5 4

Here, x, =3,3y=-2, z;=6. So, 1, :35—2}+6§
Hereya=2 b=-5c=4 .. m=2-5]+4k
Vector equation of the given lineis F=rf+im = rF= (3f—2j+6};)+/1(25—5}'+4ﬂ:)

The Cartesian equations of a line are 3x+1=6y—2=1-z Find the fixed point through which it
passes, its direction ratios and also its vector equation.
Cartesian equations of the line is, 3x+1=6y—-2=1-z

::>3[x+l] Ly__]:_( -1) :>x[]‘3‘):y_;:z_l

3 6

=] — ;] y— l_ E
Multiplying the denominator by 6, then - SR

= P (—%f . ; J +k] (2.' + 6!«:). So. the fixed point [— IJ

The vector equations of the lineis ¥ =7, + Am — F:(-%f+—}}+f;}+l(2f+}—6§)
£ 3

w|.—

1
B

Find the Cartesian equations of the line which passes through the point (1,3, —2) and is parallel to the
+1 y—-4 z43

x
line given b = ==
¢ ¥ 3 5 -6

. Also, find the vector form of the equations so obtained.

+1 y-4 z+3
5 -6

The given equations of parallel line is =

Here, a=3,b=5,¢c=-6
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Sol.

Sol.

10.

Sol.

Let be the points 7 = (f+3}—2/€) i =(3§+5_}'—6§).
The vector equation of the lineis 7 =7 + Am .
- r':(§+3}—2£)+,1(3:’+5_}—6£) ()

-1, y=3 z¥+d
5 ~6

Cartesian equation of the given line is,

-1 y-3 z+2 ; 5 " - g
Hence — =2 5 Z = 5 are the required equation of the given line in Cartesian form.

Find the equations of the line passing through the point (1,-2,3) and parallel to the line

-6 y-2 =247
3 —4 5
Let the points he ﬁ:(f—2}+3!;)

-6 Yy-24 47
3 -4 5

=> Vector equation of aline is, 7 =7 + A :>F:(f—z}+3§)+.&(35—4}+5§)

=it = (31 ~4] +5k)

5 5 ; B -1 i -
Cartesian equation of the given line is, x“ =2 N B
3 -

=l y+2 z—
=
Find the Cartesian and vector equations of a line which passes through the point (1,2, 3) and is parallel
—x~F y+3 b

S 37

3 ’ . ) .
Hence, are the Cartesian equation of the given line.

to the line

—(¥+2) y+3 2(z-3)
7 3

Let be the points 7 =i +2j+3k and parallel to the line

-2 _y+3 2:-6 _ (x+2) (y+3) (2-3)
1 7 3 i 7 3/2
¥Pe _y+3 28 x+2 _ y43 z-3
-1 7 B2 2 14 3

Vector equation of the line 7 =7 + A => 7 =i +2j+3k+A(~2i +14]+3k)

— m=-2i+14]+3k

=1 -2 2z-3

Hence, 5 . 2 are Cartesian equation of given the line.
Find the equations of the line passing through the point (~1,3,~2) and perpendicular to each of the
ling Z=2 =% g2 Yl =t

1 3 =3 2 5

Let the direction ratios of the required linebe a, b, ¢
This line being perpendicular to each of the given lines, we have
at+2b+3c=0
3a+2b+5¢c=0

b ¢
-10-6 -9-5 2+6

Cross multiplying (i) and (iii), we have =k(let)

—a=4k b=-14k & c =8k



1l

Sol.

12.

Sol.

13.

Sol.

X+1_y-3 _ 242
4k 14k 8k

Since, the line passes through (-1, 3, -2) . eqn. of line is,

X+1 y-3 z+2
4 14 8
Find the equations of the line passing through the point (1,2, ~4) and perpendicular to each of the lines

x-8 :y+9: z-10 and x-15 :_}’—29 _ .:—5'
8 -16 7 3 8 -5
Let the direction ratio of the required line be a, b, ¢ then, this line being perpendicular to each at the
given lines, we have
8a—16b+T7c=0 ...(i) 3a+8h-5¢=0 ...(ii)
a b e
80-56 21+40 64+48

1.€, , this is the required eqn. of line.

Cross multiplying (i) and (ii) we get,
a b ¢

> —=—=—=/1 =a=244,b=614,c=1124
24 61 112

Thus the required lien has direction ratio 244, 61/, 1124 and it passes throngh the point (1, 2, —4).

x=1 y=2 z+d4 5 x-1 =2 z49

244 614 1124 24 61 112

x—~4:y+3: z+1 and x—1 :y+1 :z+10

-4 7 2 =3

Hence the required line equation is.

intersect each other and find the

Prove that the lines

point of their intersection.
xF4 y+3 z+

1 5 .
- 7 =A(say) ..()

The given line are
x-1_ y+1_ 2+10
2 -3 8
P(A+4,-42-3,72-1) in any pointon (i)

and

= u(say) (i)

Q(2u+1,-34~1,81~-10) in any point on (ii)
Thus, the given lines will interest then A +4=2u+1, —44-3=-3u—1, 7T4A-1=8u-10
=2A-2u=-3 .(), —4A+3u=2 (i), 7A-8u=-9 . (i)
Solving equation (i) and (ii), we get A =1, and =2
Also these value of A and u satisfy (iii) hence the given lines intersect.

Putting A=11in P or x=2 in (, we get the point of intersection of the given line as (5, -7.6)

Show thst B Tines X2 = y;Z = 2;3 and x;4 = y;I = z intersect each other. Also, find the point
of their intersection.
The given equation of a line are —a = y;Z = 213 = A (say) .(1)
x—4 y-I
and —=——=z=k (sa cerl2
5 5 (say) (2)

=>x=24+1, y=34+2, z=44+3
P(24+1,32+2,42+3) inany pointon (1) and Q(5k +4,2k +1,k) in any point on (2).

Thus, the given lines will interest if
= 2 +1=5k+4 =24-5k=3 ()
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= 34+2=2k+1 =31-2k=-1 ()= 4A43=k =41-k=-3 ...(ii1)
Solving equation (i) and (ii), then we get A=—-1k=-1.
Also these value of A and £ satisfy (iii) hence the given lines intersect.
Hence, two lines intersect to each other putting the value of A in point P, then putting A=-1in P
or k=-1inQ.
We get the point of intersection of the given line as

P={2(-1)+13(-1)+2, 4(-1)+3} =(2+1,-3+2,-4+3) =(-1, -1, -1)
Hence required point is (—1, -1, —1).

—1 _FHl +1 x+1 y

14. Show that the llnes 7 3 =z and —S— = ~1—-,z =2 do not intersect each other.
s y =1 1 =
Sol. The given line are IT:%=T=Z(say) soalil')

x4+l -2 z-2
< 1 1
P(24+1,32=LA4) inany point on(1). Q(5u—1, u+2, p+2) in any point on(2).

Q)

|

|
o=
s
&
—

If possible, let the given lines intersected.

Then, Pand O coincide form some particular value of 4 and g, in that case, we have,
2A¥I=5u—1,34-1=pu+2, and A=pu+2

=24 5u=-2 1), 3A-u=3 .G) & A-u=2 . (i)

Solving equation (i) and (ii), we get A= 1—3 and u :%
e |

However, these value of 1 and x do not satisfy (ii). Hence. the given lines do not intersect.

15. The Cartesian equations of a line are 3x+1=06y—2=1-z Find the fixed point through which it
passes, its direction ratios and also its vector equation.
Sol. Cartesian equations of the lineis, 3x+1=6y—-2=1-z

:3[”;} (r—Jb(’*l) EXF[;IJ_},I_

Tad | e
ta
|
"

Multiplying the denominator by 6, then 2 - =

12 ] 11
=% F= -—f+ +k 2i+ j—6k Su, the fixed point | ——, —_ 1
( S Py =(2i+j-6k).  So. p [ g ]

The vector equations of the lineis 7 =7 +Am = i"=[—%f+é}'+£)+/{(25+_}‘—6§)
) 3

16. Find the length and the foot of the perpendicular drawn from the point (2,—1,5) to the line
¥-11_ y&2 48
10 -4 -1

2-11_y+2 z48
-4 =il
= x=104+11, y=-44-2, z=-111-8

=2

Sol. The given equation of the line



17

Sol.

18.

Sol.

19.

. Co-ordinate of N(104+11,-42-2,-111-8)
Direction ratios of PN
=(104+11-2),(-44-2+1).(-111-8-5)
=(104+9,-44-1,-111-13) Y

PN L given line 4B (x,3,2)
10(104+9)+(—4)(—42-1)+(-11)(-112-13) =0

= 1001+90+164+4+1211+143=0 =2371+237=0 = Ai=-1

Co-ordinates of N =10(-1)+11,—4(-1)-2,-11(-1)-8 =(-10+11,4-2,11-8 ) =(1, 2, 3)

= length of‘PNzJ(IfZ): +H2+1) +(3-5) =\/(—I)2 +(3)" +(=2)° =V1+9+4 =14 units
Find the vector and Cartesian equarions of the line passing through the points A(3. 4, —6) and
B(5,-2,7).

P(2,-1,5)

Let, A=7 =(37 +4j-ok), B=r,=(5-2j+7k)
= (i —F)=(5I-2]+7k)- (3 +4]-o6k)
. Vector equation of line is. 7 =7, + (£, —F) =F =(3f+4_}‘—6!2)+&(2f—6}+13];)

C = Y o X—X; 4
. Cartesian equation of a line is, = =

x=3 y-4 z—(-6) :>x—3:y—4 Z¥6

5-3 —2-4 7+6 2 -6 13
Find the vector and Cartesian equations of the line passing through the points A4(2,-3,0) and
B(-2,4,3).

Vector equations of the given line
Let the position vector of 4 & B be 7, & r; be the direction ratios respectively then

i =(2i -3j+0k) and 7 =(-2i +4]+3#)
= (5 —7) =(-27 +4j + 3%) - (27 -3]) = (-4 + 7] +3k)

. Vector equation of a line ABis 7 =7 + A(F —F) for some scalar A

ie. :‘-‘:(2?—3_})+/1( —4i +7;+3k) o)
Cartesian equation of a line is, ER - Y Y
Lk J"z o &5
x-2 y+3 z-0 agy X 2 y+3_z
~2=2 443 3-0 —4 i3 3
-2 +3 =z
Hence, x—4 :yT‘ 3 are the Cartesian equation of the given line.

Find the vector and Cartesian equations of the line joining the points whose position vectors are
(f—2}+i€)and (.5+3}—2£).

Sol. Let the position vector of 4 & B be 7, & F, respectively then, 7, = (! —2;+k) & r (1 37— 2!()
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20.

Sol.

21,

Sol.

22,

Sol.

- (r;—ﬁ):(f+3_}—2£)—(3—2}+ﬂ3) = (5}'—312)
. Vector equation of a line is, 7 =7 + A(# —# ) for some scalar 4.

= 7 =(i-2j+k)+2(5j-3k)

3 s 4 i g e
Cartesian equation of the given line is, = =
L% Yamh g

x-1_y-(-2)_ z-1 :x—l y+2 z~I
1-1 3-(-2) -2-1 0 3 -3

=1 y42 FE-

S5 -3
Find the vector equation of a line passing through the point 4 (3,—2, 1) and parallel to the line joining
the points B(-2,4,2) and ((2,3,3). Also, find the Cartesian equations of the line.

1 : ; 2 :
Hence, are the Cartesian equation of the given line.

Let be the points 7 = (35—2_} +A:') and parallel to the line joining the points B =(—2?+4}'+2§) &
¢ :(2§+3_}+3£)
=BC = position vector ot " — position vector of B
=(2i+3]+3k)—(-2 +4j+2k)=(4i - j+k) - m=(4i-]j+k)
*. Vector equation of a lineis 7 =7 +Am = f:(3?-2}+12)+/1(4£-j+12)
Cartesian equation of the given line, i T - T s MU oy 2
a b i 4 -1 1
x-3 y+2 z=1 : 3 5 .
Hence = = are the Cartesian equations of the given line.

-1

Find the vector equation of a line passing through the point having the position vector (f +2}'~3£)
and parallel to the line joining the points with position vector (f —}+5!2) and (25 +3}—4IE). Also,
find the Cartesian equivalents of this equation.
Let be the points 7 = (f+ 2}' ~3§) and parallel to the line joining the position vector A :(f *j'+5£:)
and B = (2:?+3\}"~4A:).
— AB= Position vector of B— of position vector of A

= (2?+3j-4£)-(f—}+5£) :(f +4j-9i£)= i

. Vector equation of aline is, F =7, + Am =>F= ff+2}—3!2)+}{(f+4} _9£)

e B S x-1_y-2_ z+3

. Cartesian equation of the given line is,
a b ¢ 1 4 -5

x=1 y=2 2+3

7 5 are the Cartesian equations of the given line.

Hence,

Find the coordinates of the foot of the perpendicular drawn from the point A(1, 2, 1) to the line joining
the points B(1, 4, 6) and C(5, 4, 4).

The equation of line BC is



23,

Sol.

g1 0= 203 A(1,2,1)
5-1 4-4 4-6

i x—1:y~4:z~621 ()
4 0 =2

The general point on this line is, (44+1, 4, ~24+6). >
N(44+1, 4, —21+6)

Let N be the foot of the perpendicular drawn from the point 4(1, 2, 1) to the given line.
Any point on line BC will be, N(44+1, 4, —21+6) for some value of .
Direction ratio of AN are (41+1-1,4-2,-21+6-1) = (44,2, -21+5)

Direction of given line (1) are 4, 0, -2.
Since, AN perpendicular to given line (1), we have,

4(4l)+0.2—2(—2/1 +5)= 0 =164+41-10=0 =204=10 = A =%
So, the required point of N (3, 4, S).
Hence, the required coordinates of foot of the perpendicular is (3, 4 S),

Find the coordinates of the foot of the perpendicular drawn from the point A4(1,8,4) to the line joining
the points B(0,-1,3) and (2,-3,-1).

The given line BC is
x=0_ y—(-1) z-3 4(1,8.4)
2-0 (-] -1-3
X y+l z-3 ;
= = = Alsay)..(i
e (say)...(i) . ‘
The general point on this line is (24, —24 -1, —44+3). N(24,-24-1,—-41+3)

Let N be the foot of the perpendicular drawn from the point A4(1,8,4) to the given line,

Then, this pointis N (24.—24-1,-44+3) for some value of 4.

Direction ratio of AN are (24-1,-24-1-8,-41+3-4) = (24-1),(-24-9),(-41-1)
Direction ratio of given line (i) are (2, -2, —4)

Since AN L given line (i) we have, 2(24-1)-2(-24-9)-4(-41-1)=0

= 41-2+41+18+164+4=0 = 241+20=0 ::n?:;;zoz%s
So, the required point of N [?—%,?J .

Hence the required co—ordinate foot of the perpendicular is [_TS%%J
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24.

Seol.

25:

Sol.

x+3 _y-1 =14
2 3

(D [P(0,2,3)

Find the image of the point (0,2,3) in the line

x+3 y-1 z+4

2 3
Let N be the foot of the perpendicular drawn from the
point (0,2,3)to the given line.

The given line is

N has the co-ordinate (54-3,24+1,31-4) N(51—3,2;{:+ 1.34-4)

The direction ratio of PN are
51-3-0,24+1-231-4-3

= (54-3),(24-1),(32-7) $M(a.p.7)

Also the direction ratio of the given line (i) are 5,2,3 since PN is perpendicular to the given line (i)

we have 5(54-3)+2(24-1)+3(32-7)=0

= 254-15+44=2+94-21=0 =381-38=0 = A=1
Putting 2 =1 we get the point N(2,3,~1)

Let M (a,3,7) be the image of P(0,2,3), in the given line.
Then N(2,3,-1)is the mid point of PM.

a+0:
2
Hence, theimage of P(0,2,3)is M (4,4,-5).

2, '6;2:3 and }'_;3:_1 =>.a2=4 f=4and y=-5

: : 3 : ; -1 y-2 z-3
Find the image of the point (5,9,3) mthelmex :}3 = 2

The given equation of the line x; = y;Z == ;3

=4 ..(0) P (59,3)

>x=21%1, y=314+2,z=41+3

co-ordinate of 0, (24+1-5),(34+2-9),(44+3-3),
0=(24-4.31-7,44)

A

Q(21+1T32+2,4)L+3)

Since, PQ is perpendicular to the given line (i) we have M(x.y,z)
2(22=4)+3(31-7)+4(42)=0

= 44=8+94=-21+16A=0=294-29=0 =294=29 —=4=1

Putting the value of 4 =1,

we get the point Q0 =(2+1,3+2,4+3)=(3.5,7).

Let M(xl,y;, z,) be the image of 1’(5,9,3] in the given line then N(3,S,7) is the mid point of P.M.

5+x‘=3 =5+x=6 =>x,=6-5 =x=1
and 22N -5 204y =10 ==10-9 =y =1
3+z
and ~2-7 =3+z=14 =z=14-3 =z =11

Hence image of pointis (1,1,11)



26. Find the image of the point (2,—1,5) in the line 7 = (1 1i-2j —8!;) - l(lOf 4} 1 1!;)

Sol.

The given lineis 7 = (1 13—2_}—8£)+A(10E—4}—111?) o)

Cartesian equation the given line.

x-11 y+2 z+8 ..
= ke =2 - (i pP(2,~15
10 -4 11 (W) ( )
Let N be the foot at the perpendicular drawn from the
point -

P(2,-1,5) to the given line.

N{(11+104, 24185, )

M has the coordinate (11+104,—2-44,-8-114)

The direction ratio of PN are,

M (a,B.7)

11+104-2,-2-44+1,-8—114-5 ie; (9+104),(-1=42),(-13-111)

Also the direction ratio at the given line-are 10— 4 —11.
Since PN is perpendicular to the given line (i), we have
10(9+104)=4(-1-44)-11(-13-111)=0

= 90+1004 +4+164¥143+1214=0 = 2374+237=0 =2374=-237 = A=-1

Putting 2 =—1, we get the point N (1, 2, 3).
Let M (c; B, 7} be theimage of P(2, -1, 5) in the given line.
The N(L 2, 3) is the mid point of P.M.

a+2
)

=1 %:2 and %’5:3 = @+2Z2 f-1=4 and y+5=6

= a =0, f=5, and y=1. Hence, theimage of P(2, -1, 5) is M(0,5.1).

EXERCISE 27 B [Pg.No.: 1129]

Sol.

2;

Sol.

Prove that the points 4(2,1,3),8(-4,3,~1) and C(5,0,5) are collinear.
Let A=(2,13), B=(-4,3.-1)& C=(5,0,5)
The equation of the line AB are

x=2 =y—l= z—-3 :xmzzy*lzz—3

—4-2 3-1 -1-3 —6 2 —4
The given points 4, B, C are collinear
= lies on the line AB =('(5,0,5] satisfied (1)
B0 B 8] 8 L B 1 g 1

% 2 4 X 2 =« "B 5 5
Hence the given points 4, B and (' are collinear.

0

Show that the points A(2,3,—4),B(l,—2,3) and C(3, 8,—11) are collinear

Xx-2 y-3 z+4
1-2 -2-3 3-(-4)

The eqn. of line AB is.

X-2 y-3 z+4
= = =
-1 -5 7

(i)
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3-2 8-3 1144

— = 7 which is true

Puttingx =3, y=8 & z=-11 in eqn. (1), we have

Thus, the point e(3, 8, -11) lies on the line AB.
.. Hence, the given points A, B and C are collinear.
3.  Findthe value of A for which the points 4(2,5,1),B8(1,2,-1) and C(3,A,3) are collinear
Sol. The equation of AB is,
e o BTl el
1-2 2-5 -1-1
- points A, B & C are collinear

.. ¢ (3, A, 3) satisfies the equation (1).

:1”_'; £ 72‘:: = _31'_11 :-1:35_‘?5—:3 =X-5 = A=8Ans.
4.  Find the values of A and p so that points 4(3,2,—4),B(9.8,-10) and C(%,1,—6) are collinear
Sol. Eqn. of line passing through A(3, 2, -4) and B(9, 8, -10) is given by

x-3_y-2_ z+4

9-3 8-2 -10+4

Since, the line passes through c(l, u,—6]

A8 _p-2_ -6+4

6 6 -6
= A=3=7 & pn-2=2
= A=5 & 1=4 Ans.

5. Using the vector method. find the values of 2 and u so that the points A(-1, 4, —2), B(A, u, 1) and
C(0,2,-1) are collinear.
Sol. Let, d, b, ¢ be the position vector of the given point 4, B, C respectively then
&:(—.f+4}'—212), b :(i}"+;¢}+§) & E:(Of+2}—§)
= AC = Position vector of C — Position vector of 4
=(2]-k)-(-7 +4j-2k) :(f—2}+i$)
. Vector equation of a line r =17, +!(E)
=X F:(—f+4}—2§)+(tf—2}+§) =7 =i(=i+1)+](4-21)+k(=2+1) (1)
If the line AC passes through the point B we have
b= f(—f+()+_}(4—2l)+£(~2+f) (for some scalar /)
= A +uj+k=i(D10)+ j(#-20) +k(2+1)
Equating coefficient both side 7, j and k we get
= A=—1+1 (A) U=4-21 .(B)
=> 1==2+1 —=1=3
From equation (A), A=-14+3 =>A=2
From equation (B), #=4-2f = pu=4-2(3) =>u=-2. Hence 1=2 and u=-2.



6.  The position vectors of three points A, B and C are (—4f+ 2}—3;(:),(f+3}—2!;) and (—9r?+}—4£:)
respectively. Show that the points A, B and C are collinear

Sol. The co-ordinates of given points are A(-4, 2, -3), B(1, 3, -2) and c¢(-9, 1, -4)
Eqn. of line passing through A (-4, 2, -3) and B(1, 3, -2) is
Xx+4 y-2 z+3
144 %-2 —2+3
- X+4 = y-2 _ z+3

5 1 1
Puttingx =-9,y=1 & z=-4, we get
-9+4 1-2 -443
5 1 1

Hence, the points A, B & C are Collinear.

which is true.thus, C(-9, 1. -4) lies on line AB

EXERCISE 27 C [Pg.No.: 1134]
Find the angle between each of the following pairs of lines

Lo F=(3F+j-2k)#A(7 - -2k) and 7 = (27—~ 5k)+p(37 - 5] - 4k)

Sol. The given lives are of the form,
—p - -y . -k »
r=a,+rb, and r =a,+ab,

A

where, b, =i~} 2k and b, =3i-5j 4k

Let, 0 be theangle between the lines. = beos 1 2L lb b l
lb Ilb |
___4]|3+5+8| et 18 _ 16 483
=68 =cos _—J_J_ = 6 =cos —m:,e cos” 10\6:;»9 cos 15
2 é:—( 4:+2k)+l( ) and F:Sf+u(—f+}+.{:)
Sol. (3:—4;+7 ) ( ) 5: +,u(—r+;+k)
Let, m, = (f+3k) and m (—J+J+k)
~a - i+3k i+ j+k
cosé‘:(MJ = cosd = ( )( J ) -
| JOY £GP (=0 +() ()
= cosf = L - e ‘ :>co‘st9=[—2—~) :>cos€=, 2 J
Ji+9/1+1+1, V1043 30

= 9=COS"[—2~J =g =05 —Z—x@ =6 = co! 230 =@ =cos _J_i—()_
V3o NERNET) 30 T

Hence, the angle between the given line iscos ' [%} I

3. T

(f—2})+1(2§—2}+1§) and, 7 = (3 A?) ?+2}—2£)

(f—2})+,1(2f—2j+£) and 7 =(3k)+ p(i +2j - 2k)

1]

Sol. 7



STRAIGHT LINE IN SPACE (XII, R. S. AGGARWAL)

Let m,:(zf-z}d) & rﬁ3=(5+2_}—2z’;)
- % —2j+k)(i+2] -2k
cost?:[ < ol } = cosf = - ( - )( 11 ) -
it || J@ +(2) +()’ YOy +2) +(=2)°
=5 cosf?:[ s v j :cost?:( _4] :>c059=(_—4} :chos"[i]
Va+4+1J1+4+4 3x3 9 9

Hence, the angle between the given line iscos [—9-) .

Find the angle between each of the following pairs of lines:
x+3 Jy—8 &S

4 e W and
1 1 2 3 5 4
Sol. x+1_y>4 Z=5 and x+3 :X—g: E+5
1 1 2 3 5 4
The directions ratios of the given line (1, 1, 2) & (3, 5, 4)
. : a,fws +i’3lb2 J:c]cl | =eas- : If3)+1§5)+%(4) , ,
R ey VO +() +2) G () +(4)

il J :cas&—(ij :>cosf9—[i‘
J6-/50 JsooJ

=> cost =
[Jl+1+4\/9+25+16 »

:ws&-[v—lé-] :cosé—[——ng :H—COS‘[L}
1073 s\J3 53]

= -1 8 5'\/-3 9 BJ—;

L
Hence the angle between the given linecos ' [ -

X=3 2y+d z-3
1 = 1

-

_4 } &
b :}-4-1: 6and
3 4 5

Xgs 2p+5 =z 8

Sol. x—4:y+1:z—6 and
3 4 5 1 -2 1

. . — -4 y+l z=6 =5 +5/2 z-3

The given equation of a line is, x3 =}: = = & xl = ; = :

The directions ratio of the given line are (3.4, 5) & (1,1, 1)
3(])+4(—l)+5(l)

aa, +bb, +cc,
msg =~ 2 2 ) 2 - - :> COS€= o - 5 a5 - 5
v +B7 46} Yl +57 +e VY +(@) +() Y + (1) +()

3-4+5 ] ﬁcose(ﬁJ :>°°59:(%J

= =
e [J9+16+25J1+I+]
J6 26 (246
:? = Cos |—

= (:05.6‘—i = cost.‘?—Lx—6 = cosé
56 5x6 6 15




Sol.

Sol.

Sol.

Hence the angles between the given lines is cos ' (%}
3—x:y+5:l—z andizl—y:erZ
-2 1 3 3 -2 -1
L B L B
-2 1 3 3 -2 -1

The given equation of the line are, s P

-2 1 3
. ~(x-3) _y+5_—(z-1) _x=3_y+5_z-1
—2 I 3 2 1 =3
- =z S T |
Another given equation of the line are, le_zyz +|2 %: (r - ):z+12
B - 3 o i

The direction ratio of the given lineare (2,1,-3) & (3.-2.-1)

cosd = aa, +bb, +cc, ;
\Jaf +b7 +c] Jaj +b +¢
i 2(3)+1(2) +(-3)(-1) r 6¥2+3
B \J(g) +(1) +#(-3) J( +(2) +(=1) P [J4+1+9\/9+4+1J

= cosf = ‘\/_lll_j acos@:(%] :>9=oos"(%]

Hence the angles between the given lines is cos ™' (ﬂj

14
1 -1 3 4 5
% Z
Direction ratios of line e y=0 arel,0, -1
X y z
Direct tios of line = ===—= 3,4,5
irection ratios of line =7 5are

Let, © = Angle b/ the lines
+  |1X3+0x4+(-1)x5]

.. B=cos _
J12 30? +(—1)2 3%+ 4% 4+ 52
=8=cos’ 2 :>9=c:os‘11 =0=cos Al Ans.
V250 10 5
3 -2 1 3 2
Given lines are,
iz I Lo Y S 0)
3 -2
oo X3 -8 -8 G
1 3 2
. -5 y+3 z-5
f i »
rom (1) 5 . 0

Here, Direction ratios are -3, -2, 0



STRAIGHT LINE IN SPACE (XII, R. S. AGGARWAL)

Sol.

10.

Sol.

11.

Sol.

x-1 y-1 z-5
1 3 2

Here, Direction ratios are 1, -3, 2

Let, © = Angle between the lines.

from (i1),

-3x1+(-2)x(-3)+0x2 =
.. 8=cos’ : i, 2)x( )+ : I .
JEB) +(<2) P +(-3) +22 V1314
a0 B
=0 =cos Ans.
3182
) -3 1 z=2 2 =4 z+45 .
Show that the lines L and e ¥ __Z7 are perpendicular to each other.
2 -3 4 2 4
The given equation of the line are a & = y+31 = 2;2
Another equation of the line are 2 = y;4 = Z;S

The directions ratioof the given line are (2, -3, 4) & (2, 4, 2).
Two lines are perpendicular to each other. So, aa, +bb, +cc, =0
= 2(2)+(-3)(4)+(4)(2)=0 =4-12+8=0 =12-12=0
Hence, the given lines are perpendicular to each other.

Vindalil Value of ¥ for whidi the Eam =X 2 73 g LG 0¥

-3 2k 2 3k 1 5
perpendicular to each other.

. . iy, X—=L__ Y= Z~3
The given equation of the line is = =
e =8 2k 2
; .o kel oy B
= Another equation of the line is = =
3k 1 5
x-—l:y-—l:—(z—ﬁ') :x—l:y—l:z—G
3k 1 5 3k 1 =5

The direction ratios of the given line are —3, 2k, 2 and 3k, 1, —5.
Given lines are perpendicular to each other. So, a,a, +5b, +¢,c, =0

= =3(3k)+2k(1)+2(-5)=0 = 9% +2k-10=0 =-7k=10 :k:'Tw

Show that the lines x=—p=22z and x+2=2y—-1=-z+1 are perpendiculartoeach other

Hints : The given lines are ~ =—==—= and x+2 _y-1_2-1
2 =2 1 2 2 =2
o i b y z
The given lines are X=-y=272 = —=——=—
g v 2" 5 1

and, x +2=2y-1=-z+1
x+2 y-12 z-1
2 9 @ -
Direction rations of linex =-y=2zare 2, -2, 1

Direction rations of livex +2=2y -1 =-z+ 1 are 2,1,-2
Now,2x2+(-2)x1+1x(-2)=4-2-2=0
Hence, both the lines are perpendicular.



12. Find the angle between two lines whose direction ratios are
(i) 2,12, and 4,8,1 (i1) 5,-12,13, and -3,4,5

(iii)1.1,2, and (V3-1),(—/3-1).4 (iv)a,b,c and (b—c), (c—a),(a-b)
Sol. (i) Let, 4=(2,1,2)ie, (4, =2,b,=1,¢,=2) andB=(4,8,1) i.e. (a,=4,b,=8,¢,=1)

— 2(4)+1(8)+2(1) :'cosg_[ 8+8+2 J
\/(2): +(1) +(2) J(4)2 +(8)° +(1)° Ja+1+4/16+64+1

:>c056‘:(\[_;—35] ﬁcos&—(%} :?cosf?—(%) ﬁﬁ—cos"[gj

4

Hence, the angle between the given line iscos ™’ [%J

(ii) 5, -12,13 and -3, 4, 5
Direction ratio of the first line are 5, =12, 13

ot 5x(~3)+(~12)(4) +13x5  —15-48+65

JO 2y < (3) () +(ay +(5)  13V2xs2

2 1 _.][ 1]
—_——=— F=C0§ | —
65.2 65 63

Hence, the angle between the given line is cos™

= cosf =

/l\

\;65)“

Gy Let 4 (112)ie. (& =1, b =1 =2)and [ (V3-1),(-5-1).4]
Le., [a :(«/5— l),b2 :(—Jg_l], Q= 4]

/
a,a,+bb, +cc,
COSQ: 2 2 2 2 2 2
\Jfﬂ +bi +¢ \/a2 +8"4¢;

1(V3-1)+1(~3-1)+2(4)
O+ @ (V5 1) +(5-1) +(4)
( B-1-3-1+8 ]

ST 1+33+1=2S8+3+1+23 +16

= cosf =

= cosf =

= cosf = [ﬂ] = cosf = rij = cosf = [iJ
Jo24 \Viaa 12
= cosé?=[%j — @ =cos '[%) :Hzcos"[cosg) =

3

Wy

Hence, the angle between the given line is %
(iv)4(a, b. c)ie. (a,=a b =b, ¢ =c)

and [(b-c),(c—a),(a—b)] i8: [a: =(b—c),b,=(c-a),c, :(a—b):[



STRAIGHT LINE IN SPACE (XII, R. S. AGGARWAL)

— aa, +bb, +cc, _ a(b-c)+b(c—a)+c(a-b)
'\/0'12 +b°+¢* Ja:?' +8," +& Ja* + b +¢ J(b—c): +(c—a): +(a—b]:

ab —ac+bc+ac—ab—be J

= Cosg_[ 2> 2 2 5 = 5 e 2 3
Jc? +b° +r."\/b‘+(:' +¢”—2bc+a —2ac+a +b +2abb

= cosf=0 =>8O=cos (0) _-,9:%

. . . T
Hence, the angle between the given line is 5

13, If 4(1,2,3),B(4,5,7),C(-4,3,—6) and D(2,9,2) are four given points then find the angle between

the lines AB and CD
Sol. Direction ratios of ABare 4—-1,5-2,7-3
ie 3,3,4
Direction ratios of CD are 2 —(-4), 9—3, 2 —(-6)
ie 66,8
Here, 2.°. .. Both the lives are parallel
6 6 8

Hence, Angle between the lines = 0.



EXERCISE 27 D [Pg.No.: 1143 ]
In problems 1-8, find the shortest distance between the given lines.

1. F:(f+})+ﬁ.(2?—}+i;) F:(2f+}—!;)+u(3.?—5}‘+2!;),

Sol. 7= (r+;)+;t(2: ;+k) (21+; k)+,u(3: 5}+2I§)

Shortest distance = I( r,)(ml ) MTT—)l
| |, = | |
= (R-F)=(20+]-k)-(i+])=(i-%)
i j ok
o A2 =
= (m,xm,)=|2 -1 1 —1[ ; ;l jl3 ;’+k3 _;‘
3 =5 2

=i(=2#5)- j(4-3)+k(-10+3) = (37 - ] - 7k)
= | x| = (@) (=I) +(-7)" =40+1+49 =459
|G-#) (57 -7-74)|

. Shortest distance =
]

3+7| 10

J_ J_ units.

- 3 f:(-4f+4}+£)+1(f+j-/2) (-Jf 8j—3k +;1(2!+3_j+3k)

Sol. F:(—4f+4}+l§)+i(f+}'—§) (—3: 8j— 3k)+,u(2r+31+3k)

_I( — £ (i, x ) |

Shortest distance =
BZE

=> (£, =) =(=37-8]-3k)—(—4i +4j +k) =(i -12j - 4k)
.'1 1’
+k

2 3
:f(3+3)-}(3+2)+l§(3*2):(6f~5}+§)

= |, x| = (6) +(=5) +(1) =36+25+1=+62

1 -1
2 3

P 12j—ak) (61 -5j+F ]
*.  Shortest distance =|(1 ! J)ﬁ-g i )‘_|6+J6t% 4} JEXJJ6:2 = 626\2_ J@ units

3. F:(f+2j+3l;)+l(f—3}+2};), r

Il

(4f+5}'+6/;)+p(2f+3j+£‘)
Sol. f:(f+2}+3f$)+/1(f-3}+212) =(

(7, =7). (o x )|

shortets distance :l h —
o] |

4i +SJ+6I{)+,U(2: +JJTk)

= (K- }):(4f+5}+6§)—(3+2}+3§):(3f+3}‘+3§)



STRAIGHT LINE IN SPACE (XII, R. S. AGGARWAL)

Sol.

Sol.

=i(-3-6)-j(1-4)+k(3+6) =(-97 +3] +9%)

= [, x| = J(<9)” +(3)° +(9) =VBI+9+81 =171 =319

. Shortest distance

r‘:(}"+2}+£)+

=(2ff}'—i;)+

|3:+3;+3k 9f+3}+9£)| |27+0427| |

N

| Wio N T N E T 19|:

A(i-j+k)

u(2§+_}+2}’;)

The give lines are
L:7=[i+2F -H?)+l(f—j‘+§)

L ir :(2?—_}‘—12)+g(2f+}'+2,{:)

The equations are at the form 7 =d, +Ab, and 7 =d, + ub,, where

G, =i+2j%k ,a =2 —j—k

-

b=i=j+k and b, =2i+j+2%k

Now d, ~d, =(27

".‘
And b xb, =|1
2
=(-1-2)i {2

_}u£)~(f+2}+§) =i-3j-2%k

j k
i 3
3

~2)j+(1+2)k =37 +3k

=5 x53|=\/(—3):+3"~' —Joro=i8=32

Now (d, - d)-(5

xb,) =(7=3j-2k)-(-37+3k) =—3-6=-9

X—J—_ units = -ﬁ units
RV

F=(i +2j—4k)+A(21 +3]+6k). 7 =(37 +3] - 5k)+ (27 +3] +3k).

units.

Comparing the given equation with the standard equations 7 =7, + Am,and 7 =7, + um,

. B —F :(33‘+3}-5£)-(f+2}—4£) =2+ ]k

-

i
and m, xm, = 2
=2

W W Sy

k
6|=i(9-18)—j(6+12)+k(6+6) =—9i —18+12k
3



o i x| = (-9) +(-18) +(12)° =B1+324 7144 =53

((~97-18]+12k) (27 + k)| |-9x2+(-18)x(1) +12(-1)|

SD. =
J549 B 3J§

~18-18-12| _|-18-18-12] 16

3\/_6_1 |:| 3J6_I |—J6—10ﬂ1t5

(6.-’+3£)+1(2§-}+6§), f=(—9§+_}—10£)+p(4?+}+6£)

\

6. 7

Sol. 7

(65+3!?)+A(2?—}'+6l;), F :(~95+}'—10£)+p(45+}+61;)

1) (m, }”ﬁ:)1

Shortest distance :l(f: p—
[m1 xm2|

- (F:—ﬁ)=(—9;+}'—10§)—(6f+0}+3£) :(—15:’+j‘—13!?)

i ik
o d-1 4| «f2 I 2 =1
:(mxmz):Z—l 4|=i = +k
) 1 6 4 6 4 1
4 1 6

i(~6-4)—j(12-16)+k(2+4) =(~10i +4] + 6k)
= |y | = [(~10)’ +(4)° +(6)° =100+16+ 36 =152 = 2/38

(—15:"+_}—13£).(—10:’+4}+6}2)|

=+/38

*.  Shortest distance =

238 |:| 238 | |28
7. F=(3-1)i+(4+20)j+(t-2)k, 7 =(1+s)i +(3s-7)7 +(25-2)k
Sol. 7=(3=t)i+(4+21)]+(1-z2)k i, F=(37+4]-2k)+1(~i +2j+k)
F=(145)i +(3547)i +(25-2)k i, 7 =(i = 7]j-2k)+s(i +3]+2k)
Shortest distance = |(r2 & q'q)'(ﬁjl - Ejz)l
I 'mlxm2| |
= (7 —£)=(=7]-2k)- (37 +4] - 2k) = (-2 -11))
i ]k
= (i xni)=|=1 2 1=7(4=3)-j(-2-1)+k(-3-2)=(i+3]-5k)
1 3 2
= |, x| =J(1) +(3) +(-5) =+1+9+25 =35
21 -11j).(7 + Sk il;
|( J)( 3- ] 2 i P =4/35 units

. Shortest distance —|

J35 35

8. 7 =(l—l)f+(l+1)}—(/l+l)k, F =(1—,u)r +(2y—1)‘;+(p+2)£
Sol. f:(A—l)f+(A+1)}—(i+])§ ie. r7=(—f+_}—};)+l(f+}—£)



STRAIGHT LINE IN SPACE (XII, R. S. AGGARWAL)

F=(1—p)i +(2u=1) j+(u+2)k ie, 7 =(i - j+2k)+pu(-i +2]+k)

Shortest distance ~| ) (m] xm |
Im ><m| I
= (% —r}):(f —;+2k)—(—; f-7 ) ( 2;+3k)
i j k
= |mxmy|=|1 1 —1|=i “1‘“.?’1 4 +k : ll
1 8 1 < 1] 2

=i(1+2)— j(1=1)+k(2+1) = (37 + 3k)

= i = [(3) () = VB0 =342

(27 -2j +3k).(37+ 3k) |
. Shortest distance =
W2 l
_ (2!—2]+3k).(3!+3k)| 519 15 & . 5 B s
. Shortest distance = = el W WO i
32 | 3J§ 3J2 2 3 Jn )

9.  Compute the shortest distance between the lines
7 =(?*})+7L(2f—§) and 7 =(2f—_})+u('f—}—£)
Determine whether these lines intersect or not

Sol. Competing the given equations with the standard equations

F=d, +\b, and F =a, ¥ub,
Weget G, =i b, =21~k ,d,=2i—jb,=i—j—k

Now 4, — 4, =(2;*;)_(;‘”;) = a,—a, =i

ik
- 0o -1|. |2 -1]. |2 o —
And B xb =2 0 -1|= i o k =—-i+j-2k
P

:>|!';',x53I=\{(_1)3+13+(—2)3 =JT+1+4=+6
Here (d,—a,)-(b xb,) =i-(-7 +j-2k) ==120
Hence the given lines do not intersect

(a,- ai) bxb |

|6, %8, |
10.  Show that the lines 7 2(3." —IS}'+91§)+A(2?-7}+5!§), and F:(-f+}'+9§)+;:(2§+j-3§) do not
intersect.
Sol. :(3:’- 15}+91€)+1(2f-7}+512) and F:(-f+}'+9§)+y(2}+}-3£)

Now S.D. =




~1). (i i)

I"T’i x'f"zl |

Shortest distance = I(r‘

= (szr;)=(vf+_}'+9§)f(35~15}+9£)=(4f+16})

- - -~

i j k
= (myxm,)=|2 -7 5 |=i(21-5)-j(-6-10)+k(2+14)=(16i +16] +16k)
2 1 -3

= |it, x| = [(16)° +(16)° +(16)° =16¥3

|(~4i 16]) (167 +16] +16k)| |6 19
. Shortest distance =
| 16v3 | 63

Hence the given lines are don’t intersect proved.

11.  Show that the linesF:(Qf -3;2)+x(f +2}'+312) and f:(zi‘ +6}+3§)+p(2§+3_}'1—4£) intersect

Also, find their point of intersection
Sol. Comparing the given equation with the standard equation

F=aq +7J;I and .inc'izﬂ.Ll;2 we get 4, =2§—3i;,5| =f+2}+31;
&2 :2;+6_}+3k’\ and b,_, = 2;+3}+4A:
Now, d;=a;= (27 +6] +3k) (21 —3k) =6j+6k

-

2 3 13,\_ 1 2
g k
I8 4 24 2 3

W N N
s e I/

i
And b xb, =|1
2

=(8-9)i—(4-6)j+(3-4)k=-i +2] -k
Here (@ —a,)-(6,xb,) = (6] + 6k)-(~ +2j-k) =12-6=6=0
Thus the lines do not interest
12.  Show that the lines F:(f+2}+3§)+1(25+3}+4§) and ¥ :(4f+}']+u(5f+2}+§)
Intersect
Also, find the their point of intersection
Sol. 7=(i+2]+3k)#A(27 +3)+4k| and 7 =(4i + )+ u(Si +2j +k)

Shortest distance |- ﬁ)(rﬁv1 s, )|

= (K—F)= (4] + )~ (i +2]+3k) = (31 - j=3k)

3 4| ‘2 4| .Iz 3|
f +k

i Jk
= (M xm,)={2 3 4|= Ho s g 3 & B
5 2 1

:;(3‘3)‘j(2—20)+f(4—15)=(—55+18}~11§)



STRAIGHT LINE IN SPACE (XII, R. S. AGGARWAL)

o

= |;ﬁ‘xﬁ:|:‘/(~5)e+(18]: +(-11)" =4/25+324 4121 =+/470

|(3f‘}~3£)_(~5f+18)‘—1 |i?)| |-15-18+33
Ja70 |1 V470

. Shortest distance = I: 0

Hence, the given lines are intersect to each other. 7 =F
= (?+2_}+3§)+&(2f+3}+4£’)=(43+}]+y(55+2_}‘+§)
= f(l+22)+}+(2+3/1)+];(3+4/1):f(4+5,u)+}'(1+2;z)+£(;r)
Equating co-efficient both side f} and k we get
1422=4+54, 2+3A=14+2u. 3+41l=pu
= 24-5u=4-1321-2u=0=240 =3
= 24-5p=3 ..(4), 31-2F==1 =(B), 4i-p=3 ..(C)
Solving equation 4 and B, we get A =—1, g =-1
Putting the value of 4 in

7 :(£+2}+3£)+1(2F+3}+4£) :(;‘“+2}+3§)-1(2§+3}+4£)
=i(1=2)+j(2-3)+k(3-4)=(-1-j-k) - Point (-1,-1,-1)
13. Find the shortest distance between the lines [, and L, whose vector equations are
F :(f+2}—4§)+k(2?+3}+6£) and 7 =(3§' +3}—5£)+u(2f+3_}+6§)
Sol. The given lines are
7 :(E+2}—4§)+x(2f+3}+6£)
7 z(3}+3}-5£)+u(25+3}+6£)
These equations are of the form 7 =d, + 16 and F =d, + b

Where c'i, =;+2‘}—4]‘(‘ 5 a,_, =3;+3}—5ﬁ: and 5:2;+3}+6£

Clearly the given lines are parallel

-

Now, @, —a, =(3?+3}—51?)F(E+2_}—4§) =27 +j—F

Z 6
2 =i

-

J+

D F
1l

—_— ) N

3 6 i
i—
1 =]

2 3|
lk

;
s bx(a,-ad)=|2 " 3
2

=1

=(-3-6)i —(-2-12) j+(2—-6)k =-97 +14] -4k

Now |5x(ﬁz -a,)| =J(-9)3 +142 (-4 =+/81+196+16 =/293

And |6|=J22+32+62 =J49=7

Shortest distance between L, and L,,




14. Find the distance between the parallel lines Z, and L, whose vector equations are
= (? +2] +3§)+1(;‘ j+k) and F :(2?—_} —ﬁ)+,u(f i +§)_

)
Sel. (r+2;+3k)+l(r—;+ ) F=(2?—_}—E)+g(f—j+i«:)

Shortest distance = |mx(|r?|—ig) =(% uﬁ)z(zf—}'—ﬁ:)—(f +2_}+3§) 2(,23}_4;;)
i
W e g Pk A 1 1 ~1 =1
= mx(f-F)=|1 -1 1 |=i] _ > » +kl .
1

3 -4
= i(4+3)= j(=a-1)+k(=341) =(77 +5] = 2k)
= |iix(7, - ﬁi\/ )Y +(5) +(=2) =49 +25+4 =78

= |n‘1r| = \/(I)2 4 (—I)2 +(I)3 ~J3 . Shortest distance = J; J_}— J26 units.

15. Find the vector equation of a line passing through the point (2,3,2) and parallel to the
line? = (—25+3})+l(2§ — 3}'+6I;). Also find the distance between these lines

Sol. The vector equation of line passing through the point (2,3, 2) and parallel to the line
F=(=2i+3])+1(21-3]+6k) is given by
P = (2? +3j+ 2£)+p(2f’ ~3j+6k)
Comparing the given equations with-the standard equations
F=d +\b and F=d,+ub weget'd'==2i +3],d,=2i +3j+2k and b=2i-3]+6k
Now, d, —a;=(27 +3]+2k)—(-2/ +3) = 4i + 2k

And b=2i —3j4%6k
Pk 3 6|, |2 6| |2 -3
~bx(d,-a)=[2 3 6|= - G417 Tk
? o 2 |4 2[""|4 o

4 0 2

=6 —(4-24) j+12k =6 +20] +12k
Now |b'x(¢'i: —d,)| :J(—cs.)2 420 £12° =36 +400+144 =4/580

And |5|=,/23+(—3)2+63 =7

|bx(a -—al)l
4]

SD = units

16. Write the vector equation of each of the following lines and hence determine the distance between

them
X1 =y—2=z+4 sl x—3:y—3:z+5
2 3 6 4 6 12
Sol. Given lines are




STRAIGHT LINE IN SPACE (XII, R. S. AGGARWAL)

17.

Sol.

Lizx—lzy—i?.:z+4 andLj:x_Bzy_3=z+5
2 3 6 =l 6 12
Vector equations of the lines are

L7 :(f+2}+4i;)+l(25+3_}+6§)

And L, :F :(3£+3}- 5/2)+2u(2f+3_}+61?)
Clearly the given lines are parallel Here 4, =i+2j- 4k | a,= 3+3j= Sk
And b =2i +3]+6k

A

Now, d, —d, :(3f+3}'-51$)-(E+2_}-4§):2}"+}-k

N1
bx(a,-d)=|2 3 6 4 6" ’2 6l“‘+|2 3‘;5
sbxla —a )= = & J
. =12 -1’ |2 %
% F 2

=(-3-6)7 ~(=2-12) j+(2-6)k =-9i +14]j -4k
Now |5 x(d, ~a)|=4/(-9)' +14° +(-4)’ =JB1+96+16 =293
And |5|:J23 +3 46 =J49=7

Write the vector equations of the following lines and hence find the shortest distance between them

x=1_y-2_z-3 - X-2_y-3_z=5
2 3 4 3 -+ 5
x~1_y*2:z~3 I _x—2:y-3=:~5
2 3 4 "7 3 4 5
Vector equations of the lines are

L :F:(f+2}+3ﬁ.:)+u(2f+3}+4§)

Given lines are L, :

And L, :F=(2f+3j+5§)+6(3f+4j‘+51;)
Here d =i +2]+3k,d, =2 +3]j+5k , b, =2i +3] +4k,b, =3i +4] + 5k

Now d, -4, :(2}' +3}+5f2)-(f+2}+31?):f+}+2§

i j k 9
o 3 4. 2 4 |2 8.
And b xb, =(2 3 4| = == I¥. k
- 4 5 3 5 3 4
3 435

=(15-16)i —(160-12) j+(8-9)k =-i+2j-k
o (d,~a,) (B xb, )= (i + j+2k)- (- +2]-k) =-1+2-2=-1

And |6, xb, ]:J(—1)3+23+(—1): =6
|(é2_a1)'(b'1)(5:)|:|——1|_ 1 \/_ J_

= ——X——=—— units

|, <8, | Jo o 6 o

=,
(o)

SD. =




Find the shortest distance between the lines given below
x—]:y+2:z—3 il x—l=y+]=z+1
=1 1 -2 1 2 -2

Sol. Given lines are
L :x—]:y-i-z:z—.) L x—-1_y+l1_x+1
-1 1 -2 = 1 2 -2
The shortest distance between the skew lines
e WO i s e W | R A A

a, b, & a, b, c,

18.

| a b, &
J(a1bz —-ab, )3 +(b,c3 =by ): +(a1c: -G )2
1-1 1-2 1-(-3)
-1 1 =2
1 2 -2

Is given by S.D.

. SP.= 3 1 :
V(=132 -1x1)° #(1x-2-2x-2)} +(-1x-2-1x-2 )}

1 =2 -1 2 -1 1
0 +1 +4
2 =2 1 -2 1 2 (2+2)+4(=2-1) .
= - = units
Jo+4+16 V29
<|2=t2 units *’_—8 units———x—'z9 units ¥, units
V29 V29 29 429 29
19. x—lZ:y—lzz—S - x—23:y—19=z—25
-9 4 2 -6 -4 3
g . - -1 z-5 -23 -19 z-
Sol. GwenhnesareL,:r L and »‘Z_,:"r o A
—9 - 2 © =6 —4 3

Vector equations of the lines are

L :'r‘:(12;’+j+5§)+6(—9f+4}'+2}?) , L, :f:(23;’+19}+25£)+u(—6}’-4}+3£)
Here, G, =127 % j+ 5k, d, =231 +19]+25k , b =-9i +4]+2k and b, =—6i —4 ] +3k
Now, a':—d,=(23f+19}+25£)—(12f+}+5£) =117 +18 )+ 20k

i J k
% u 4 2|, |-9 2]. |9 4]|=
And b xb,=(-9 4 2| = 22 Jj+ k
-4 3 -6 3 -6 4
-6 -4 3

=(12+8)i —(-27+12) j + (36 +24)k =20i +15] +60k

Now (d,—d,)-(B xb,) = (117 +187+20k)-(20i +15 +60k )

= 11x20+18x15+20x60 = 220 +270+1200 = 1690

And |6, xB, | =207 157 +60 = [5* (42 +37 +127) = 51169 =5x13=65




STRAIGHT LINE IN SPACE (XII, R. S. AGGARWAL)

SD. = = units = 26 units

b-|><b':

(d,~a,)-(b x5, ) ‘ 1690

EXERCISE 27 E [Pg.No.: 1150 ]
Find the length and the equations of the line of shortest distance between the lines given by

L X-—3:_}-‘“8:z_3 il x+3:y+7:z—6
3 -1 -3 2 B
Sol. The given equations are
x=3 p-8 2z—3 . XF3 kel z=6 s
= = =A ...l = = = ... (u
3 | 1 ® = 2 4 ' G

P(30+3,-1+8,A+3) isanypointon (i)

O(-3u—3.2u—7,44+6) is any pointon (ii)

The direction rations of PQ are (—3u—31—6,2u+A—154u—1+3)

It PQ is the shortest distance then PQ is perpendicular to each of (i) and (ii)
5 3(-3u—-3A-6)%(-1)-(2u+A1-15)+1-(4u-1+3) =0

And =3(-3u-3L—6)+2(2u+A—15)+4-(4u—A+3)=0
=—11A=7{i=0 and 7A+29=0

Solving these equation we get A=0 and p=10

Thus PQ will be the line of shortest distance when A=0 and u=0
Substituting A=0 and w=0 in P and Q respectively we get the points
P(3.8,3) and Q0(-3.-7.6)

. shortest distance = PO

= JE3-3)+(-7-8) +(6-3)’ =/36+225+9 =330 units
3 y-& z-3
323 <18 63
= 3 :}’—8 Z—3 > x—3 :y—SZ:—S

Equation of line of shortest distance is

-6 =15 3 2 5 =1
s 2=3_y-Mege2 L x-1_y+T-ga2
=1 e 1 1 3 2
Sol. The given equations are
x-3 y-4 =242 ;
= = = A(sa .Q
x=1 y+7 z+2 .
= = = u(sa ...
= ) (if)

P(—A+3,24+4,4-2) is any pointon (i), O(u+1,3u—7,2u—2) is any point on (ii).
The direction ratio of PQ are (-A+3—u—1,24+4-3u+7,A-2-2u+2)

= (-A-u+2, 2A-3u+11, A-2u)

If PO is the line of shortest distance then PQ is perpendicular to each of (i) and (ii).



—“1(-A-p+2)+2(22-3u+11)+1(A-24)=0

= A+ u-2+41-6u+224+A-2u=0=>6A-Tu+20=0 ...(iii)
1(-A-pu+2)+3(24-3u+11)+2(A-24)=0

= —A-pu+2+64-9u+33+24-4u=0 =71-14u+35=0

= A-2u+5=0 ...(1v)

Solving equation (iii) and (iv) then we get A =—1, =2

Thus, PO will be the line of shortest distance when A=—1 and y=2.

Substituting A=-1 and x=2in P and Q respectively. We get the point P(4,2,-3) and 0(3,-1,2).

SD.=PQ =|[(3-4) +(-1-2)+(2+3)’ =V1+9+25 =435 unit

Equation of the line of shortest distance means equation of PQ given by

x-4 y-2 243 :>x—4=y—2=z+3

34 -1-2 243 1" B s
3 x+1=y—1:z—9 and x-—3:y+152£9
2 1 -3 2 -7 5
Sol. The given equation are
x+1 y-1 2-9 z
= = = A(sa ikl
2 1 ~3 (say) ®
x=3 3y z-59 ..
= = = sa —
g == #(say) (ii)

P(ZA —1,/1+I,—3/1+9) is any point on (i), O(2x+3,- 7,&1—]5,5p+9) is any point on (ii).

The direction ratio of PQ are (24—-1-2u-3,A+1+7u+15-32+9-514-9).

= (24-2u—-4, A+ Tu+16,-3u—5u)

If PQ is the line of shortest distance then PQ is perpendicular to each of (i) and (ii).
2(22-2p=4)+1(1+Tu+16)-3(-31-5u)=0

= 4A=4u-8+A+Tu+16+9A+15u=0 =144+18u+8=0

= JA+9u+4=0 ...(iii)
2(2A-2u~48)=7(A+Tu+16)+5(-34-54) =0

= 44-4y-8=~TA-49u-112-154-251=0= —184—-78u-120=0 =>92+394+60=0

= 31+13u+20=0 . (iv)

Solving equation (iii) and (iv) we get A =2, and A=-2.

Thus, PQ will be the line of shortest distance When A =2 and x=-2.

Substituting 2=2, z=-2in P and O respectively. We get the point P(3,3,3) and O(-1,-1,-1).

" SD.=PQ =/(-1-3)’ +(~1-3)" +(~=1-3)’ =16 +16+16 =48 = 4V/3 units

Equation of the line of shortest distance means equation of PQ given by

x_3:y_3:z_3 :>x_3:y_3:2_3 :>X—3=y—_):z—_,
43 ki -3 % B 4 R R
x=3,y=3,z=3 Hence, x=y==z.




STRAIGHT LINE IN SPACE (XII, R. S. AGGARWAL)

4.

x—6=y—7=z—4 and_x_:y+9:z—2
3 -1 1 -3 2 4
Sol. The given equation are
x=6 y=71 z—4 .
= = =2 (sa e
3 5 " (say) @
x y+9 z-=-2 g
ST = = sa g
s A A L @)

Sol.

P(3}1+6,—}£ +7,/1+4) is any point on (i), Q(—.’Sy, 2;:—9,4;:+2) is any point on (i1).

The direction ratio of PQ are, (34+6+3u, —A+7-2u+9, A+4-4u-2).
PO(BA+3u+6, —A—2u+16, 1—4u+2)

If PO is the line of shortest distance then PQ is perpendicular to each of (i) and (ii).
3(3443u+6)-1(-A-2u+16)+1(A-4u+2)=0

= 9A+9u+18+A+2u—16+A—-4u+2=0

= 1IA+7u+4=0 ...(1i1)
—3(3A+3u+16)+2(-A-2u+16)+4(A-4u+2)=0

= -94-9u—18-24—-4u+32+4A-16u+8=0

= ZTA=294+22=0 (@v)

Solving equation (iii) and (iv) then we get A=—L u=1.

Thus, PO will be the line of shortest distance when A =-1, z=1.

Substituting A=~-1, and A=1in P and Q respectively.

We get from point P(3,8,3) and Q(-3,-7,6).

SD.= PO =4/(-3-3)" +(~7-8)’ +(6-3) =36+225+9 =270 =330 units
Equations of the line of shortest distance means equation of PQ given by

®—3 : F-8 z-3 :>x—3:y—8:z—_) :x—3=y—8=z—3

-3 -7-8 %-3 -6 15 3 2 5 -1
. X y=2 z43 =2 y=b 2z-3 . w :
Show that the lines T 2 and S 3 & intersect and find their point of
o
intersection.
. . x y—27 gz+3 .
The given lines are T =A(say) ...(1)
X—2 ys6 z-3 ;.
- - = u(sa ... (1)
2 3 4 #lsay)

P(A,24+2,32-3) is any point on (1) Q(2u+2, 3u+6, 4+3} is any point on (ii) if the lines (i)
and (ii) intersect. then P and O must coincide for same particular value of 4 and x.
This give, A=2u+2, 2A+2=3u+6, 34-3=4u+3

A-2u=2 .0)
2A-3u=4 (i)
34-4u=6 (i)

Solving (i) and (ii) we get A =2, =0 and these value of A and u also satisfying (iii).



Hence, the gives lines intersect. The point of intersection of the given lines is (2, 6,3), which is
obtained by putting A=2 in P or #=0 in 0.

6.  Show that the lines x3—1 AL el and ol W G

2 5 2 3 -2

Do not intersect each other
Sol. The equations of the given lines are
x—1 +1 z-1 )
l’l : = = y — = = )L ______ ([)

3 2 3

X2 _yol_z+]
I 3 =2
Any point on the line (i) is P(3A+1,2A-1.31+1)

=u (ii)

Any point on the line (ii) is Q {2 +2,3u+1,—2p+1}

It both the lines intersect the P and Q must loinlide for some particular values of A and p

Now 3A+1=2u+2%> 3% —2u =1 . (i)
20— Y=3pSl—@) -3u=-2 .. (iv)
A1 = —2u FIE=3A 21 =0 W)

Adding (iii) and (v) we have 6A=1= 7&.=%

Putting 7\.=—(15 in equation (iii) 3xé—2|.1 =]

1 1 1
> —l=2r= --=2u>pu=——
5 1 3 p=p=—g

) 1 I ... 1 W)
Putting A=—& u=—— in(iv) 2x——3x| —— [=-2
B a=s Bl g ( 4J

-

-;-+ -j— =-2 which is false Hence, the given lines do not intersect each other

EXERCISE 27 F [Pg.No.: 1151 ]

1.  If aline has direction rations 2,—,1,—2 then what are its direction cosines ?
Sol. Direction rations of the line are 2, —1-2

5 ) 2 1 2
N “4+(=1) +2° =49 = == m=— -
ow \12 +(=1) + Jo =3 3,mr ; and n=-=

S

. . . 2 B 2

Hence direction cosines are —, y i

5 |

: 2o B g 4—-x y 1=z
2. Find the direction cosines of the =
2 6 3

Sl Crislia g B4 ¥ -1
6 3 -2 6 -3

here, direction ratios of the line are —2,6,-3

Now y(~2)} +6" +(-3)" =7



STRAIGHT LINE IN SPACE (XII, R. S. AGGARWAL)

Sol.

Sol.

Sol.

= —E,m -—-E and n= —1 Hence direction cosines are —EE —2
j 7] 7 7 7

=X y+2 ztd

— - , find the direction cosines of line parallel to the
-3 L

if the equations of a line are

given line
Given line is 3—x:y+l:z+2 ie. x—3:y+222+2
-3 -1 6 3 -2 6

Direction ratios at a line parallel to given line are 3,-2,6

Now 4/3° +(-=2)’ +6> =/49 =7

AR

. : ; 3 6
m=— and n=— Hence direction cosines are e

= z+
Write the equations of a line parallel to the line x 22 = y;3 AT

(1-2.3)

and passing through the point

x-a_y-B_z-v
a b ¢

Equation line parallel to the line
by

x"xlzy")"i _<-5

a b ¢

and passing through the point (x, y,z) is given

=2 y+3 z+45
-3 2

Therefore equation of line parallel the line and passing through the point
(L-2.3) is

-1 _y+2 73

=3 2 6

Now, position vector of the point (1,-2,3),d =i -2 +3k
Anda vector 11 to the line is b =37 +2 + 6k
Hence vector equation of line 7 = (f -2j+ 3&) + u(—3f +2]+ 61‘;)

find the Cartesian equations of the line which posses through the point (—2,4,—5) and which is
+3 _y=4 2z+5

parallel to the line x

-5 6
Equation of line parallel t¢ the line ra. }";B =27 passing through the point (xl,yi,zl) is
a &
given by
X=% Y-V ™
a b e
. . . X3 ep=4 z+8 . .

There force equation of line parallel to the line 5 = - = z and passing through the point

m(-2,4,-5) is given by
X432  y=4 T¥5
3 -5 6




Sol.

Sol.

Sol.

Sol.

10.

Sol.

4§

Sol.

X-5_ y+4 6-z
7 32

Write the vector equation of a line whose Cartesian equations are

x-5_y+4_ 6-z - L:x—SIy+4:z~6
7 2 3 7 -2
Clearly (5,—4,6) line on the line position vector of 4(5,-4,6) is a= Sf~4}'+6£:

Given lineis L :

A vector parallel to the line b =3i +7] -2k
Hence the vector equation of lineis 7 = (Sf —47+ 61?) - p(3f +7 ]~ 212)

3-x y+4 2z-6

-
i

the Cartesian equations of a line are . write the vector equation of the line

4 z-3

3—x y+4 2z-6 g X—=3 ¥r
7 4 -5 ¥
Clearly (3,-4,3) lies on the line

Given line is

-2

Now position vectorof (3,-4.3) is d=3i =4 +3k

A vector parallel to the given line b =—5i +7j+2k

Hence equation of lineis 7 = (3..3 ~d4j +3!1:) + u(—Sf +T I+ 212)

Write the vector equation of a line passing through the point (1,—1,2) and parallel to the line whose

- s y-1 z+1
equations are = =
1 2 —2

Position vector of the point (1,-1,2) is d=i=j+ 2k

_ ; 8 el Bl L E A e B
A vector parallel to the line whose equations are xls:yz = = 18.b=i+2j-2k

Hence vector equation of line is 7 = (f e 21;) + u(f 2] —2!;)
If P(1,5.4) and O(4,1,-2) be two given points find the direction ratios of PQ
Given points are P(1,5,4) and Q(4,1,-2)

Direction ratios of PQ are 4—1,1-5,-2—-4 ie 3,-4,-6

- '+3  z ’ 5 ; : <
= =2 = 8 = Jlrz. Find the direction cosines of a line parallel to this

The equations of a line are

line

458, y+3 zé2 - x-4 y+3 z+2
2 1 -2 2 1
D.r’s of line parallel to the line are -2, 2,1

Now yf(-2) +2° +1 =40 =3
2 2

1 N .
W —E,m =5 and n= 5 Hence direction cosines are —

Given line is

? ?

w |
W |t

£

3

=1 y+2 3-2
S

the Cartesian equations of a line are Find its vector equation

1 y+2 3-—3 e 1 yt& 35
3 1 8 3 -1

Given line is

Clearly (1,—2,5) lies on the position vector of point (1,-2,5) is @ = P-2]+5k



STRAIGHT LINE IN SPACE (XII, R. S. AGGARWAL)

12.

Sol.

13

Sol.

14.

Sol.

15.

Sol.

16.

Sol.

D.r.’s of line are 2,3, -1

. A vector parallel to the line is b=2i +3_}—§

Hence vector equation of line is 7 = (f ~2 4 Sﬁ:) + p(zf +3]~ i;)

Find the vector equation of a line passing through the point (1,2,3) and parallel to the vector
(37 +2]-2k)

Position vector of the point (1,2,3) is d=7+2; +3k

Equation b =3i +2j—2k is vector parallel to the line

Hence required equation at lineis F =d+ub ie. 7 :(J +2}+3£)+u(3;+2}'— 21:')

The vector equation of a line is ¥ :(2f+}' —4)1:) - l(f —J ~L:) Find its cartesion equation
Given lineis 7 = (Zf +] —4!2) # l(f - }—J;:)
= xi + )§+£=(2+1)5+(1—1)}+(—4—1£)
=2 y-1_z+t4
1 ~1 ~1
_y-1 z+4
-1 -1
Find the Cartesian equation of a line which passes through the point (—2, 4, —5) and which is parallel

=>x=2+Ay=1-X and z=—4-A =

. g T
Hence Cartesian equation of line is

x+3 _y—-4 z+8

to the line =
5 6
) : : . X=X, _y-), _z-7Z .
Equation of line passes through the point (o,B.,y) and parallel to the line = is
a ¢
given by

x-g_ yB z%v
a b c

+3 _y—84 245

5 6
Find the Cartesian equation of a line which passes through the point having position vector
(2f —}+4!;) and is in the direction of the vector (f+2j—i;)

. equation of line passes through (—2,4,—5) and parallel to the line -

The required line passes through the point (2, —1,4) and it has direction ratios 1,2, -1

@ g i L, 2=4
. it equationis = =
2 —1
Find the angle between the  lines = (2? ~5] 4 12) + /1(35 + 2}' - 6}:) and

f:(?f-6£}+p(5+2}+2£)
5B,
Bl

The angle between the linesand ¥ =@, +Ab, and F =a, + /’15 is given by cosf =

|3J+2j+6k )-(7+2]+2k) (3+4+12) 19 19
P - =— ﬁ-a:COS_I[‘—'J
{ {Jl +2%4+2° (7x3) 21



3 y=1 243
T 5 4 1 1 2
Sol. Hence (a,)=3,5 =5,c,=4 and (a, =1,b,=1,c, =2)

17. Find the angle between the lines

|a,a2 +bb, +cc, |
NG +B +c }{Jaj +b3 +c§}
|(3x1]+(5x1)+(4x2)| - 16 16 ]

:{J33+53+43}{\/I"‘+13+23} _(\/l_x 6) 10\/5:5\/3_
:Q—COS'I[LxﬁJ—COS'I[ﬂE]

18. Show that the lines f—_;— =

S cosf =
{

Sol. Here (¢, =7,5, =-5,¢, =1) and (a,=1b;=2,c,=3)
(@a, +bb, +ce,)=(Tx1)+(-5)x2+(1x3) =0

Hence the given lines are at right angles
19. The direction ratios of a line are 2,6,—6. What are its direction cosines ?

Sol. We haveyf2® +6°+(-9)° =121 =11

d.c.’s of the given line ar i,i,_—g
11 13111
20. A line makes angle 90°135° and 45° with the positive diectins of x-axis y-axis and z-axis
respectively. What are the direction cosines of the line ?

Sol. D.c’s of the line are c0s90°, cos135° and cos45°, ie. (O,_—l, ! J
Bz

21. What are the direction cosines of the y-axis ?
Sol. Clearly, the y-axis makes an angle of 90°,0°,90° with the x-axis y-axis and z-axis respectively

So, its d.c.’s are cos90°, cos0% cos90°, ie. 0.1,0

22. What are the direction cosines of the vector (2f g 21;) ?

Sol. D.r’s of the given vector are 2,1,-2 and 1}23 +1* +(—2)3 =J8.=r3

. d.c’s of the given vector are %%%2

23. What is the angle between the vector 7 = (43 8]+ i;} and the x-axis?

Sol. D.r.’s of the given vector are 4.8.1 and V4% +8° +1* =+/81=9
.. d.c’s of the given vector are iil
999

Let & be the angle between the given vectors and the x-axis

The cosa = s = a=cos’ [i}
9 9



