For example,

f‘/x2—25 dx=f‘/x2—52 dx
=%m—%log‘x+m‘+c
=%m-2—;log‘x+M‘+c

2 2

2
?2) _[ X +a® de = £yx*+a +a7log|x+ x?

2
+a
5 | + ¢

J.‘/x2+a2-1 dx
‘/x2+a2 _[1 dx — I(%‘/x2+a2 fl dx)dx
x\/x2+a2 —fzxiﬁx dx
xyx+d® _J% dx
x> +a
_ 2, 2 ((P+ad)-a’
et - [
=x‘/x2+a2 — j‘/x2+a2 dx+a2fﬁ
1 =x‘/x2+a2 — 1+ d?log|x + x2+a2|+c'
21=x\/x2+a2 + @ log |x + Yx* +d?| + ¢

2
=2 x? +a? + &-log [x + yx

2
f‘/x2+a2 a’x=%‘/x2+a2 + %log|x+ ‘/x2+a2| + ¢

This formula can also be obtained using substitution x = a tan® (a > 0).

For example, j\/x2+4 dx J\/x2+22 dx
2 2 2 2 2
=%‘/x +2 +2710g’x+‘/x +2 ‘+c
=%\/x2+4+210g‘x+\/x2+4’+c
3) f‘/az—xz dx = %‘/az—xz +"—22 sin_lﬁ + c
Proof : I = J\/az—xz «1 dx
= ‘/az—xz _[1 dx — f(%‘/az—xz J'l dx)dx

Proof : I

2+az|+c

(@ > 0)

(a > 0)
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S e P
x\/az—xz —I+a2sin_1( )+c’
x‘/az—xz + a2 sin”! (%) + ¢

= 2?2 + €t (&) 4 (
f\}a —x% dx Z%Va —x? +—szn —+c

_
[
Q |

21

N1}
Il
I
pa——

Remark : What difference will it make if a < 0 ?

For example,

f 9—x? dx =

|
—
o
[\S)
I\‘
=
S}
&

=Z2yo-x + %sin_1 (%) + ¢
This formula can be proved using substitution x = a sin8 also.
@ U@ + f1@lde = ef () + ¢
Proof : 1 = [e& [f(x) + f'(x)] dx

= [efdx + [ f1(x)dx

= f [erdx — f(%f(x)]exdx)dx + [e - fix) dx

= f@) e — | f1(x) e dx + [f(x) e dx

= &' f(x) + ¢
For example,

€)) Je"secx (1 + tanx)dx = Je"(secx + secx tan x) dx

_[ex [secx + %(secx)] dx

esecx + ¢
x—1 _ 1 1
?) fex(xz)dx—fex(x xz)a’x
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)

><|~

Jel

(3) Jx-e¥de=][(x— 1)+ 1]e dx

Lo
X

- o=+ Le-1|ea
f[ dx ]

=e'x—1) +c

ax

5 Ie"x-sin(bx + k) dx = ﬁ la sin(bx + k) — bcos(bx + k)] + ¢, a, b * 0

Proof : 1 Ieax°sin(bx + k) dx

= sin(bx + k) Jeax dx — f (% sin(bx + k) _[ ex dx) dx

ax eax
= sin(bx + k)&= — J(b cos(bx + k)-T)dx

e . b
= - sin(bx + k) — chos(bx + k) e™ dx

= % sin(bx + k) — %[cos(bx + k)J.eax dx — J(% cos(bx + k) J e a’x) dx]

= % sin(bx + k) — %[cos(bx + k) % - f(—b sin(bx + k) %) dx]

ax 2
= 67 sin(bx + k) — % e cos(bx + k) — %

P ax . sin(bx + k) dx

— eax . b2 '
I = ? [a sin(bx + k) — b cos(bx + k)] — ?I +

b2 e“x . '
PrRy [a sin(bx + k) — b cos(bx + k)] + ¢

I+

(@ + b2 1 = e™ [asin(bx + k) — b cos(bx + k)] + a*c'

ax ZC'

I = ﬁ [a sin(bx + k) — b cos(bx + k)] + ¢, where ¢ = 2112 >i)

Now, we will express this result in another form.

- e [ b
s [ sintes + o = g coston + 0] + ¢
Here a # 0, b # 0. Hence,
0< ‘_a <l.0< ‘#
\/Clz + b2 ’ "az + b2

2
b )=1.

2
Now (,/a;ir b? ) + (,/az b2
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So, there exists O € (0, 2T), such that

a b
cosOl = , SinOl = .
Ja’ +b? Ja2 +b?

ax
I = ﬁ [sin(bx + k) cosO. — cos(bx + k) sinQl] + ¢
a” +

eax . a . _b
—— sin(bx + k — ) + ¢, where cosQl = T=——=, sin0Q. = .
a’ +b? ( ) Ja? +b? Ja? +b?

ax

ﬁ (asin(bx + k) — bcos(bx + k)) + ¢, a, b # 0

e - sin(bx + k) dx

e .
e —0 sin(lbx + k — o) + ¢
a

—a . ___b
where cosol = ‘/m, sinolL = ,/m' a € (0, 2m)
2X

2
For example, _[ezx-sin 3x dx = 228T32 (2sin 3x — 3cos 3x) + ¢ = % (2sin 3x — 3cos 3x) + ¢
Another form for J’er - sin 3x dx.
Let cosOL = ===, sin0L = o=, so tan0, = 2
et cos /i3 Sin 713 SO fan 5
= (a1 3 s
o = tan > o<a< 5
: fe2x-sin3xdx=ez—xsin(3x—tan_1§)+c
oo JE B

ax

(6) Ie“x cos(bx + k) dx = ﬁ [a cos(bx + k) + bsin(bx + k)] + ¢, a*0,b #*0

eax
= _2+b2 cos(bx + k — o) + ¢
a

—a .o _ b
where cosOl = W’ sinol = Jm a € (0, 2m).

Proof : I = Jeax cos(bx + k) dx

= cos(bx + k) _fe“x dx — J(% cos(bx + k) fe“x dx) dx

odx . X
= cos(bx + k) . - - j(—b sin(bx + k) . 7) dx

edx b .
= cos(bx + k) + “ _[ e sin(bx + k) dx
= % cos(bx + k) + % [sin(bx + k) _[ e dx — f (% sin(bx + k) _[e“x dx) dx]
ax b . ax ax
= ea cos(bx + k) + “ [szn(bx + k). 67 - J(b cos(bx + k) . 67) dx]
e b : b?
= cos(bx + k) + 22 e sin(bx + k) — Z f e - cos(bx + k) dx

70
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b? ,
?I+c

e b .
I = — cos(bx + k) + 22 e - sin(bx + k) —

P+ Ep- & bx + k) + bsin(bx + k)] + ¢
2 P [a cos(bx ) sin(bx )] + ¢
(@ + b1 = ™ [acos(bx + k) + bsin(bx + k)] + a*c'

ax 2cv

a .
I = ﬁ [a cos(bx + k) + b sin(bx + k)] + ¢, where ¢ = m @)

Another Form :

a b
There exists O € (0, 27), such that cosOl = T=——, sinQl = T——7=.
( ) Ja +b? Ja® +b?

ax
I = ﬁ [cos(bx + k)-cosOl + sin(bx + k)-sinQl] + ¢
a” +

e cos(bx + k — Q) + ¢
a” +

ax
je“x cos(bx + k) dx = ﬁ cos(bx + k — o) + ¢

a b
where cosQt = , sinOl =
Ja® +b? Ja® +b?
—X
e eos X gy = —e - (= TN P o
Forexample.je coszdx 2( lcos2+2sm2)+c

e

—X
= 4e5 (—cos% + %sin %) + c

Another form for I e~ cos % dx.

—2 . 1
Here cosOl = f’ sinQl = f So tanl = —%, % <ALKT

o I tan (2)

Je_x cos % dx =

= —% e *cos (% + tan”! %) +c

2.4 Tntegrals of the type : (1) [Jal +bx+c dx @) [(Ax + B) Jal +bx+c dx

(1) If we express ax2 + bx + c in the form of a perfect square, the integral can be obtained
using standard forms (1), (2), (3).

(2) We will find out two constants m, n such that
Ax + B = m(derivative of ax? + bx + ¢) + n

Ax+B=m(%(ax2+bx+c))+n

Ax + B = mQax + b) + n
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Comparing coefficient of x on both sides we get

m=2Aandn=B—mb
a

Now, J(Ax + B)\/axz +bx+c dx = J[m(2ax + b) + n] \/axz +bx+c dx
mJ(Zax+b) ‘/axz +bx+c dx+n_[\/ax2+bx+c dx

= mI1 + nI2

1
where 1; = _[(ax2 + bx + ¢)? (Qax + b)dx

1
= f(ax2+bx+c)2 %(ax2+bx+c)dx

1

L

(ax* + bx +¢)2

= T +c
s+1 1

3
2 2 2
E(ax + bx +c)° + ¢

and I, = j \/axz +bx+c dx

I, can be obtained using method (1).

Example 8 : Evaluate : Jx 1’x4 —25 dx.
Solution : I = fx 1/x4 —25 dx

Let x2 =¢. So 2x dx = dt i.e. xdx = %dt

I=fm-xdx

- JJEsta
=%[§m—%mg|z+ 2_2|+ec
L2 —05 — Blog |1+ |2 25| +¢
— 2[4 05— Blog |2+ [t os|+e

2

:xT xt—25 — %log =2+ 1’;64_25)+c, as x2 > 0

Example 9 : Evaluate : j (x=3)(7T—x)dx. B<x<7)

Solution : I =J (x=3)(7-x) dx
= [ Jlox— 22 21 ax
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Now, 10x — x2 — 21 = —[x2 — 10x + 21]
= —[x2 — 10x + 25 — 4]

= —[x — 5)* — 4]
=4 — (x—5)?

I =,[‘/22—(x—5)2 dx
= x;S V22— (x—57% + %sin_l(x;5)+c
= x2—5 Jx-3)(T-x) + 2sin_1(x2_5)+c

1+ sinx cosx
Example 10 : Evaluate : fex (—2) dx

CcoSs "X

. _ 1+ SinX cosx
Solution : I = jex o5 2e ) dx

SINX COSX
=feX( L_ 4 ‘ )dx
cos °X cos “x

= jex (sec*x + tan x) dx

d_
f ex (tan x + dx(tan x)) dx

=eftanx + ¢

1+ cosx

Ji-sinx X
Example 11 : Evaluate : fﬂ e 2dx, 0 <x< %

’1 —_
Solution : J sinx

1+ cosx

j ‘/cos2£+sm ——2smx cosZx

2
2
e 2 dx
2cos? x

"COS—"—SHb—

2x
2cos >

X _ i X
Jcos2 sin 3 x

e 2 dx

2c0s2%

Let —? =, —dx = 2dt. So dx = —2dt.

cost+sint
I = —J 3, e (Q2d)

2cos-t

sint
~ [ (o + ) et
cost cost

(since 0 < X
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= —j (sect + sect tant) e dt

f(sect + a7 (sec t)) el dt
= —sect-e + ¢

X
= —p 2. X X)) = X
e sec(2)+c (sec( 2) secz)

Example 12 : Evaluate : J e sin’x dx

Solution : I = f e sin’x dx

%jexdx - %Jex-cos2x dx

=Ll -] - 2x + 2sin2x)| +
=3 |2+ (cos2x Sin2x) c

e)C

X
=5 - % (cos2x + 2sin2x) + ¢

Example 13 : Evaluate : _[ 2% cos?x dx

Solution : I = _[ 2% cos?x dx
_ fzx(1+cos2x) dx
2
= %J.Zxdx + %J.Zxcos2x dx

= %J‘Z"dx + %J‘ex'loge2cos2x dx

1 X | x log, 2
T2 Tog.2 5 (log, 2)2 [(log,2) cos2x + 2sin2x)] + ¢
e e
2x—1 1 2x .
I= log,2 + 4+ (log,2)? [(log,2) cos2x + 2sin2x)] + ¢
e

Example 14 : Evaluate : J x —5) %+ x dx

Solution : Here, we find m and »n such that,

x—5 m[%(x2+x)]+n

mQ@2x +1)+n
x—=5 =2mx+m+n

Comparing coefficients of x and constant terms,
2m=1and m+n=-5

m 2andn 5 > >

—

_5=-1 _
x—5=2tox+ -4

74 MATHEMATICS 12 - IV



I =f(x—5)‘/x2+x dx
J[%(2x+l)—1—21] Va2 +x dx
%j(2x+ 1) ya?+x dx—%f\/xzﬂc dx

:%j(xz +x)%.% (x2 + x)dx — 171 fJ(x+%)2_(%)2 "

3
2

X2+ x X+ [
%—1—21 [# X% +x —%log‘(x+%)+ X% +x ‘+c

2
3
12402 - 1 M‘/Z 1 1 ‘/2 ]
3(x + x) 2[ 7] x“+x 8logx+2+ x“+x +c

Exercise 2.2

Nl»—t

Integrate the following functions w.r.z. x considering them well defined over proper domains :

Lo Joo 2 2. 22410
3. 523 4. Ja-zx-22
7. cosx m 8. e (log sinx + cotx)

1— sinx 1+ sin2x

9. e Tconx 10. T cosax ©
xet x*—x+1
1. =57 12, S
) (x*+ 1?2
1—Xx 2
13. ex(1+x2J 14. x\/1+x—x
15. Bx — 2)Wx2+x+1 16. (2x — 5)y2+3x—x>
_X
17. e sin 4x 18. ¢ 2 cos*x
19. 3% sin’x 20. e sin3x sinx
%

2.5 Method of Partial Fractions

Now we shall study the method of integrating rational functions. If p(x) and ¢(x) are two
(x
polynomials, then _lq)( x)) , q(x) # 0 is called a rational algebraic function or a rational function

of x. We know how to simplify algebraic operations on rational functions.

I 5 1 5(x=2)+Lx—3) 6x—13
For example, +75 + 3—5 = x—3)(x—2)  (x—-3)(x—-2)

hink the oth _6x-13 . he f h) 1 5
Let us think the other way round. Can we put x—3x -2 in the form T7=—5 + T—5 7

The method of expressing a rational function as a sum of other rational functions in this way

is known as the method of partial fractions.
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6x—13 5

Expressing =2 3 x-3 + xiz’ its integration will become very simple.

Let us try to understand this method :

p(x)
q(x)

(1) If the degree of p(x) < the degree of ¢(x), then is called a Proper Rational

Function.

5—3x 2x2 +3x+7 3x+2
X3 4+3x4+27 B _7x+2  xXP-6x?+11x—6

For example, are proper rational functions.

X
(2) If the degree of p(x) = the degree of g(x), then % is called an Improper Rational
Function.

x> +1 xX2+x+1 x—6x2+10x-2

For example, S s
x2-2x+1 x>+3x+2 x2-5x+6

are improper rational functions.

X
If _‘Z(( x; is an improper rational function, we divide p(x) by g(x) so that p(x) = g(x) s(x) + r(x),

X
where r(x) = 0 or degree of r(x) is less then that of ¢(x). The improper rational function % is

expressed in the form s(x) + % where r(x) and s(x) are polynomials such that the degree of r(x)

r

X) . . .
(_x)) is a proper rational function or 0. For example, let us

is less than that of g(x) or r(x) = 0. Thus, 4

" 4x3 = x? +1
consider ——5———
x? -2

We should divide p(x) = 4x3 — x2 + 1 by g(x) = x> — 2.

4 —1

X2 =243 =2+ 1

4x3 — 8x
- +

—2 + 8x + 1

—x2 + 2
+ J—

8x — 1

Quotient s(x) = 4x — 1 and remainder r(x) = 8x — 1

N 4x3 — x? +1 8x —1
Thus, 25 —(4x—1)+x2_2.
. . . . Sx — 1 . . .
Here, the quotient 4x — 1 is a polynomial function and 2, IS a proper rational function. Now

we study the method of integrating a proper rational function.
P(x)
q(x)

. . . . p(x
is a proper rational function. The resolution of

Suppose 7(x)

into partial fraction depends

mainly upon the nature of the factors of ¢(x) as discussed below.
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Case 1 : Real, Linear and Non-repeated Factors :

Let g(x) have n real, linear and non-repeated factors x — O}, x — 0O,,..., x — O,. i.e.

g(x) = (x = O(x — 0h)..x — O). (a; # Q; for i # j)
p(x)
Then we can express g(x) 8
(x) A A A
Z(x) = x—locl + x—ixz + ...+ x_’&n , where A, A,..., A, are constants. We can always

determine A, i = 1, 2,..., n uniquely and integrate function on the right hand side easily. Let us take
an example to understand this method.

2x —3
(x = D(x =2)(x = 3)

Example 15 : Evaluate : f dx

2x —3
(X =D(x -2)(x-3)

Solution : I = J dx

We can see that given rational function is a proper rational function and in the denominator, we

have real, linear and non-repeated factors.

2x—3 A B C .
X hx-x-3 x-1 " x-2 T x—3 ()

L

where A, B, C are constants. Multiplying both sides by (x — 1)(x — 2)(x — 3) we get
2x =3 =Ax—2) x> —3)+Bx— Dx—3)+ Clx — I)(x — 2) (i)
Now we can find constants A, B, C by any one of the following three methods.

First Method :

Denominator of the rational function (x — 1)(x — 2)(x — 3) has three zeros 1, 2, 3.

Let x = 1, 2, 3 in equation (ii) by turn and we get the values of A, B, C.

1 gives 2(1) — 3 = A(—1)(—=2). Hence A = —%,

B(1)(—1). Hence B = —1.

X

x =2 gives 2(2) — 3

x = 3 gives 2(3) — 3 = C(2)(1). Hence C = %
Second Method :
2x—3 A B C ..
We have =55 57=3 ~x—1 tx—2 T -3 (i)

To find A, we select the factor x — 1 in the denominator of A and put that factor equal to zero

2x—3
(i.e. x — 1 = 0) and obtain the value of x (i.e. x = 1). Replace x by that value in m, obtained

2() -3

after removing x — 1 from L.H.S. Then A = T-a-3 — —%. Similarly to obtain the value of B, we
2x—3 2(2)-3

substitute x = 2 in m So B = @—(l;m = —1. To obtain value of C, we substitute x = 3

_ 2x —3 23 -3 4

L T ) R A € ) B

Thus, A = > B 1 and C 5
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Third Method :

From (ii) we have,
2x—=3)=Ax —2)x—=3)+ Bx — D(x—3) + C(x — D(x — 2)
2x — 3 =A@ — 5x + 6) + B(x? — 4x + 3) + C(x?2 — 3x + 2)
2x —3=(A+ B+ C)x* + (—5A — 4B — 3C)x + (6A + 3B + 2C)
Comparing the coefficients of x2 coefficients of x and constant terms on both sides we get,
A+B+C=0,-5A—-4B—-3C=2,6A+3B+2C=-3
Solving these equations, we get A = —%, B=—1and C = %
We can use any of the above three methods, whichever seems simple for a particular problem.

Now, substituting values of A, B and C in (i) we get,

1 3
D —2x—3  x-1 T x-2 T 31=3

2x—3 _ 1 1 1 3 1
f(x—l)(x—Z)(x—3) dx ——Efx_l dx—fx_z dx + ij_e, dx.

=—2log|x—1|—log|x—2]+ Jlog|x—3]|+c

Case 2 : Real, Linear Repeated and Non-repeated Factors :
If g(x) = (x — A (x — 0y) (x — Oy)..(x — O), then let

2O _ Ay A2 M L B B +(B_noc>
T (-
n

q(x) ~ X—o T g toot x—ok X T X0,

Corresponding to non-repeated linear factors we assume as in case (1) and for each repeated
factor (x — Oc)k,, we assume partial fractions,

Al Ar As Ak
+ + ot ——,
T a—o? -’ (x -k

where A, A,, As,..., A, are constants. Let us
take an example to understand this method.

Example 16 : Evaluate : f —
(x—D%>x+2)

Solution : I = J+ /X
(x—D3(x+2)

Let X A B C @)

x—DXx+2) X1 Tt T IR
Multiplying both sides by (x — 1)2 (x + 2), we get
x=Alx — D(x +2) + B(x + 2) + C(x — 1)2

Now, x = 1 gives 1 = B3). So B = %

x = —2 gives =2 = C(9). So C = —%

Comparing coefficient of x2. A + C = 0. So A = —C.

=l
A3
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Substituting values of A, B, C in expression (i),

X -2 4 1 _ 2
(x—D2x+2) 9Xx=D 7 3x—1? 9(x +2)

—xdx R (R _2f(_u
x—D2x+2) 1T 3| -2 dx T 9| xygdx

_2 _ 1 x=n7
—910g|x 1|+3 —

O

%10g|x+2|+c

=5 log ‘ X+2 ‘_B(x—l) te

Case 3 : One Real Quadratic and Other Linear non-repeated factors :
If g(x) = (ax®> + bx + ¢) (x — o) (x — Oy)... (x — O), then let

p(x) __Ax+B Al A Ay
q(x) — ax*+bx+c + X — 0 + X — 0y Tt X -0,

where A, A,, As...., A, are constants to be determined. Let us take an example to understand

this method.
x dx
Example 17 : Evaluate : m
xdx
Solution : I = f m
X A Bx +C

t =
@Bx*P+2)(x—2) Xx—2 3x2+2

Multiplying by (3x2 + 2)(x — 2) on both the sides,
x=AGBx2+2)+ (Bx + O)(x — 2)
x = AGx2 + 2) + Bx(x — 2) + C(x — 2)
x =2 gives 2 = 14A. So A = 1.
Comparing coefficients of x2 on both sides,
3A+B=0.SoB=-3A

Comparing coefficients of x on both sides,

C—2B=1.SoC=1+2B=1-—

] loN

:l
7

_ 1
C=7

1

x dx _ %dx N (%x+7)dx
3Bx% +2)(x—2) X —2 3x2 42

1 (_dx , 1 (Bx—Dhdx
_7jx—2dx 7f 332 +2

3xdx dx
1
S n-Li(S5=+1(F
7)x=2 71 3x*+2 7] 3x°+2
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1 1 | ([ 6xdx ([ —dx
N 7jx—2 dx = HJ w2 T 7[ W) + (27 O

7log|x 2| 1410g|3x +2|+7Jgtan (_)+c

V2

_1 Co - L 2 g Bx 2>
7log|x 2| 1410g(3x +2)+7Jgtan ﬁ+casx_0
x* dx

Example 18 : Evaluate : f m

x° dx

Solution : I = Jm

Here all the indices of x are even. Write x2 = ¢ in the integrand. (It is not a substitution).

X t

2+ +4)  GHDI+4)

f __A B
Let Thna+a ~7+1 T 742

=A@+ 4)+ B+ 1)

Taking 1 = —1, we get =1 = 3A. So A = —1.
Taking 1 = —4, we get —4 = —3B. So B = 1.
Substituting values of A and B in (i)
_1 4
t ——3 4 3
G+D(E+4) — t+1 " t+4
2 -1 4
_ 2 X _ 3 3
Now, #=x"thus, "o o = 21 ¥ 2+4
2
oo (x4 (_dx 4 (_dx
- f<x2+1)<x2+4) dx =3 jx2+1 *3 fx2+4
=—% tan 1x+%><%tan_l(%)+c
B 2 -1 (X
1= 5 lan x + 5 tan (2) + c

x2

Ot s W

Example 19 : Evaluate : J

.X2

Solution : I = fm

dx

Let x3 = £, So 3x2dx = dr. Hence x2 dx = %dt

IZLJL
3 @ +2)(t—5) "

| A B
Let 77 37=5 ~“7+2 t 7—5

1 =A@ —5)+ Bt +2)

t=—2 gives, 1 = —7A. So A = —%

t=5gives,1=7B.SoB=%
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-1
7

1 _
G+20—5 ~1T+2 1t 71

[ |~

50
1 -1 L
S ()
S T [ |
= _ﬁfwz dr + ﬁjt—s dt

=L € —
=37 log |t +2]+ > log|t—5|+c¢

_ 1 =5
T 21 og‘x3+2‘+c
X+ x+1
Example 20 : Evaluate : J x_1 dx
) (X Hx+d
Solution : I = J_(x—1)3 dx

Letx—1 =1t dx = dt.

dt

243t +3
=j—dt

- 14,3 . 3
f(t+t2+t3)dt

(1 - _
—ftdt+ 37 2de+3[3dr

[ - j F+D> 4+ +D+1

=log|t|+3(_71)+3(j)+c

=1og|t|—%—§+c

2
3 3
—1 — 2+C

=10g|x—1|—x -1

2
Xhx+t A B C

(x-1° peil (x —1)? * (x-1?3

This sum can also be done using partial fractions.

tan® + tan>0

Example 21 : Evaluate : f PP

tan® + tan’0

Solution : I = f PR

tan® (1 + tan’0)
f 1+ tan’0

tan® - sec *0
- f Rl L

1+ tan®0
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Let tan® = . So sec?0 dO = dr

j tdt
I =
1+

tdt
B f t+DA>—t+1)

t
Let Cipa2—r+1 —

A

Bt +C
r+1 +

t2—t+1
t=AE—t+ D)+ B+0O)@+1)

t=AZ—t+ D)+ Bt + 1)+ Ct+ 1)
t =—1 gives —1 = 3A. So A = —

W=

Comparing the coefficients of /2 on both sides, we get A+ B = 0. So B = —A
. =1
<. B =3

Comparing the constant terms on both sides, we get A+ C = 0. So C = —A.
° = l
S C=3

14 _
t+DE2—t+1)

_1 Lpgd
3 + 3t+3
r+1 72—+
14 1 r+1
1 =-1 dr+ L
3Jt+1 3Jt2—t+1
1 #d 1 2t +2
= —— t+_
3jt+1 6Jt2—t+1
| 1 L[ @2t=D+3
—_gft+1dt+ gj t2_t+1 dt
o dt | (2t —1)dt
=3 71+1ts

3 dr
Zor+1 T EJ r

—r+1
1 dr 1 (Zt—l)dl
Eft ! f

1 dt
o) Por+1 T 2f(t_

I =

=1 1 2 _ L -1
3)log|t+l|+6log|z‘ t+1|+J—tan (

2t—1)+
ﬁ C

L, _1(2tan9—1j+
JE an Jg c

—%log|tan9+1|+%log|tan29—tane+1|+
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11.

13.

Exercise 2.3

Integrate the following functions defined over a proper domain w.rt. x :

x> +4x—1
X —x

x3—6x2+10x—2

x2—5x+6

x2+1
2 2
(X2 +2)2x% + 1)

X2+ x+1
(x+D%*x+2)

1
6e** +5¢* +1

I B
X+ +0

1
Sin x — Sin 2x

Miscellaneous Examples :

2
Example 22 : Evaluate : f(x + D]’fctz dx

Solution : I = f(x + 1)

|
-

2.
4.
6.
8.
10.
12.
14.
sk
x+2
) dx
x+2  x+2
—J(x+1) ~— XT3 dx
X+ D(x+2)
—F—dx
VX -4
x2+3x+2
—— dx
x> -4
X = +3x+6
J Jxi-4 ’

X
f x2_4dx+3j‘/xz—_4dx+6f

f 24 dx+%f(x2—4)_%(2x) dx+6j

X

2

2 4 2 3L
-4 —5log|x+ Jx*—4 [+ 5

3x+2

(X =Dx=2)(x—3)

x2

Qx>+ D% -1

X3

X2+ 2)x* +5)

5X

X+ D(x*+9)

sec’0

tan’0 — 4tan © + 3

)C2

x—D3x+0D

1

sin x(3 + 2cosx)

x> 2

dx

Jx2 -4

N =

4

=] |

df x < -2 )

(x > 2)

dx

Jx2 -4
+ 6log|x+"x2_4 | + ¢
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% 2_4 +4log|x+ ‘/x2—4|+3‘/x2—4+0

(%+3)m+410g|x+ 24| +c

(A + sinx) dx

Example 23 : Evaluate : J sinx (1+ cosx)

1+ sinx) dx
sinx (1+ cosx)

sinx (1+ cosx) 1+ cosx

Solution : I = f

dx _ dx

Let I =1, +1, wherel = fsinx(1+cosx)’ L= 1+ cosx

I = dx
1~ sinx (1+ cosx)
sinxdx
N j sin’x (14 cosx)

sinxdx
a f (1-cosx)(1+ cosx)’

Now, cosx = t gives sinx dx = —dt

I, = f——dt
1 A—=1)(1+1)>

—1 __A B C
t 2
(1—0)(1+1)

ST T g2
—1=A0+H2+BU—0(1+5H+CU1 -1
r=1 gives —1 = A(4). SoA=—%

t=—1 gives =1 = C(2). So C = —1

t = 0 gives (or any convenient value of 7 can be taken)

—-1=A+B+C

4l
B=-1+4+1
B

-PI»—

1 -1
4

2
T Gty

—1 -
= -
(1-Ha+n* 1-1

-1 1 I - 1 -

ENJ

e | 2 —
_Zog‘tH’ 26+1) €l
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cosx — 1

. _ 1 1
. II_ZIOg cosx + 1 ’+2(c0sx+1) + ¢
Now, I, = +dx= +dx=l sec? X dx
> 2 1+ cosx 2c052§ 2 )
tan =
1] — 2
= = 1 + c
2 = 2
S L =tan% + ¢
I =1+1,
1 cosx — 1 1 ¥
S 1= Zlog cosx + 1 cosx+n T tan = +c
=4 2x +++ <+
7 108 tan > ’ 4 cos? tan c
-1 X 1 o2 X X
2log tan 5 ‘+4sec > tians +c
Second Method
X = 2x. L=
Let ran > 1, so sec” s 2dx dt
2
Hence dx = 24L  sinx = 2L and cosx = =2
1+t 1+£2 1+£2
B (1 + sinx) dx
I= sinx (1 + cosx)
1+—
_ 1+t  2dt
1t 1+12
1+t l+t
_ 1+t + 2t - 2dt
2t (1412 +1-1%)
+2t+t2
dt
_ 1 1
L |loglri+20+2
=3 ogltl+ t+7 + ¢
_ 1 1.2
=2 logltl+r+g1°+ ¢
=1 X X 4 12X '
2log‘tan2 ‘+tan2 + o tan” 5 t+c
:l X X l (seczl_l) '
Observe that | > log | tan S| tans + 4 5 +c
=1 X X 4 1 21__
2log tan = +ta2+4sec2 + ¢’
-1 X x 4 1 2x
2log tan = +tcm2 + g osecty e

Thus, we can see that answers obtained by both the methods are same.

(¢ + ¢y =

<)
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Example 24 : Evaluate : f(log (log x) + 1 ) dx, x> 1

(log x)?

Solution : T = J(log (logx) + (loglx)z ) dx

Let logx = ¢ So x = ¢’

dx = el dt

I = f(logt+ %2) eldt
= f(logt+% - % + %2) el dt
[lbers -G~ B
= f(logt+ %) eldr — J(% - %2) el dt

=el logt—e’% + ¢

X
log x

=x log (log x) — +c

N
Example 25 : Evaluate : j sin_Jx — cos x dx
sin'Wx + cos 'Wx

. sin~'Wx - cos "Wx
Solution : I = dx
sin~'Wx + cos Wx

B J sin~Wx - (%— sin~'Vx)

X

Il
—
[\)
23
S
N
bop)
|

o
2

% fsin_lw/; dx — jdx

Let I, = Jsin_lw/; dx

Let sin 'Wx = 0. Sox =sin®0, 0< 0 < %
dx = 2sin0 + cosO dO

S L= f 0 25inO cosO dO
= _[ 0 sin20 J0

= _9002s29 + %_[cos29 do

__90 sin20
= cos20 + 3

= —% (1 — 2sin?0) + %sine - cos9O

(sin_lw/; + cos_lw/;

(\/;>0.So,0<9<%)
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11.

13.

15.

17.

19.

20.

= —L s Wx (1 —20) + 2Vx JT—

2

= —% sin Wx + xsin"Wx + %‘/x_xz
fsin_lﬂdx - de

[+

I =

4
T
4
T

sin_lw/; + xsin_lw/; + %"x—xz] —x+c

Exercise

2

Integrate the following functions defined on proper domain w.rt. x :

2 1

x sin” 'x 2.
X —Sinx

1—cos x 4.
log (x + Jx? +4?) 6.

sin~'Wx

e 8.

log x —1

(log X)? 10.

x\/2ax— x2 12.

R SR

COS X COS 2X 14.

Sin x

Sin 4x 16.

R S 18

sinx\/cosq’x )
1+ sin x

sin x (1+ cos x)

Select a proper option (a), (b), (¢) or (d) from

‘/1 + sin2x

N T x
1+ cos2x ¢

1
log x

log (log x) +

x =23 x> +x

1
sin x + sin 2x

cot 1 (1 — x + x%) 0O<x<1

sec X
1+ cosec x

given options and write in the box given on

the right so that the statement becomes correct :

1) _[cos (logx) dx =
(a) % [cos (log x) + sin (log x)]
(©

2) Iexsinx cosx dx =

% [cos (log x) — sin (log x)]

X
£ _ _ —1
(a) Wl 2x — tan'2)

2
e .. -1
(©) Wkl (2x + tan'2)

(b)
(d)

(d) 5\@

[

% [cos (log x) + sin (log x)]

5 [sin (log x) — cos (log x)]

X
£ _ o _ —1
(b) Wik (2x — tan™'2)

2Xx

sin (2x + T — tan” 12)
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3) Jexsecx (1 + tanx) dx = ... + c ]
(a) e¥secx tanx (b) e tanx (c) e*secx (d) —€* secx
(5+log x) dx -
“) f Gtlogn? +c ]
1 X e*
(a) Mgeﬁ (b) 5+ Tog, x (©) Tog,x+5 (@) Tog, x¥5
etan_lx 5 B
(5)f1+x2 (1 +x+ x%) dx = ...... +c ]
-1 etan_lx —1 x —1
(a) etan X (b) 1+x2 (C) x.etan X (d) T etan X
1+ sinx
(6) fex(1+cosx) dx = ... +c ]
X
(a) e*cotx (b) &* cot % (c) e tan % (d) e? - tan %
1+ xlogx
7 fex — | dx = ... +c ]
(a) ¢ log x (b) x-e&* (©) % log x (d) e logx
)] J‘(logx+%)e"dx= ...... + c ]
(a) & (logx + %) (b) &* (logx + i) (c) & (logx — %) (d) e* (logx — i)
X X
x—1
) f(xz)exdx= ...... + c ]
1 1 1 1
(@ 25 e (b) 7 e © —Le @ —% e
(10)f(x6+7x5+6x4+5x3+4x2+3x+1)e"dx= ...... + ¢ ]
7 6 6 6 .
(a) 2 x'e (b)y X x'e (c) 2 ie (d) X (xe)
i=1 i=1 i=0 i=0
(11) ftan_lx dx = ... + c ]
-1
(a) x tan”'x — % log |1 + x2| (b) x tan”'x + % log tla_'r_z xf

() x tan x + % log |x2 + 1|

(d) —

14 x?
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Summary

We have studied the following points in this chapter :
1. Rule of Integration by Parts :

If (1) fand g are differentiable on I = (a, ) and
(2) f' and g' are continuous on I, then _[ fx)-gx) de = f(x) glx) — J. f'(x) g(x) dx
If we take f(x) = u and g'(x) = v, then f'(x) = % and g(x) = J.v dx

Then the new form is _[uv dx = ufv dx — J(%IV a’x) dx.

2. Standard Forms of Integration :

2

a) j1lx2—a2 dx = & x? —a? — L log |x + *—a’| +c
2

) J x2+a2dx=% x> +a? +aTlog|x+‘/x2+a2|+c

2
@) [ya?-# dx=§\/a2—x2 + & s 4 @ > 0)

@ [&UE +@lde = &f(x) + ¢
eax
a? +b?

——— sin(bx + k ) +
sin(bx - c
‘/a2+b2
a

where cosQl = m, sinQL = ﬁ. o € (0, 21)

(5) | e™-sin(bx + k) dx = [asin(bx + k) — bcos(bx + B)] + ¢ (@#0,b#0)

ax

(6) Ieax cos(bx + k) dx = ﬁ [a cos(bx + k) + b sin(bx + k)] + ¢ (@#0,b+#0)

eax
m cos(bx + k — Q) + ¢

a b
where cosOl = ‘/27 sinQl = . o e (0, 2m).
a’ +b? Ja? +b?
3. Integrals of the type : (1) j ‘/axz +bhx+c dx (2) J (Ax + B) ‘/axz +bhx+c dx

4. Method of Partial Fractions.
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DEFINITE INTEGRATION

Calculus required continuity and continuity was supposed to require the infinitely little;
but nobody could discover what the infinitely little might be.
— Bertrand Russell

*

All great theorems were discovered after midnight.
— Adrian Mathesis

3.1 Introduction

We have already studied integration (antiderivation) as an operation inverse to differentiation.
From the historical point of view, the concept of integration originated earlier than the concept of
differentiation. Infact the concept of integration owes its origin to the problem of finding areas of plane
regions, surface areas and volumes of solid bodies etc. Firstly the definite integral was expressed
as a limit of a certain sum expressing the area of some region. The word integration has originated
from 'addition' and the verb 'to integrate’ means 'to merge'. Later on, link between apparently two
different concepts of differentiation and integration was established by well known mathematicians
Newton and Leibnitz in 17th century. This relation is known as fundamental theorem of integral
calculus and we will learn it in this chapter.

The calculations of area, volume are done using integration. In the 19th century, Cauchy and
Riemann developed the concept of Riemann integration.

Now in this chapter we shall understand the idea of definite integration as the limit of a
sum and how it is helpful to find out the area as well as how it can be linked with differentiation.

3.2 Definite Integral as the Limit of a Sum

You have studied in std. XI that restoring force acting on spring-mass system is given by

F = —kx, where k is force constant of the spring. If we consider only magnitude, we may consider
F
the force. As per definition of work, work done by the system at a particular moment is,

kx. If k = 10, then F = 10x. Here we would find the work done, if displacement occurs due to

w = Force acting at a particular moment X displacement due to force.

Now F = 10x shows that force changes with displacement. So, how would we find the work
done during the displacement of 10 units ?

As per a common estimate for work done during the displacement,
Initial force X displacement < w < final force X displacement

Let us calculate w for the above mentioned example. First displacement occurs in [0, 10]. In this
case for x = 10, force i1s maximum i.e. 100 units and for x = 0, it is minimum i.e. zero. So in this
interval, work w satisfies,

0X0<w<100X 10 wXd=0Xx0and w X d=100 x 10)
For work done in interval [0, 10], 0 < w < 1000 @)
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Now to get a better estimate of work (w), let us divide the interval [0, 10] into two congruent
subintervals i.e. [0, 5] and [5, 10]. Suppose in the interval [0, 5], the work done is wy, then since

maximum force is 50 units and minimum force is 0 unit in this interval, so for interval [0, 5], work

done w satisfies,
0<w <50X5
0<w, £250
Similarly, if the work done in the second interval is w,, 250 < w, < 500
Total work done w = w, + w,

250 < wy + w, < 750

250 < w < 750 (i)
Here it can be seen that result (ii) gives a better estimate than result (i). If the interval [0, 10] is
divided into three subintervals [0, %], [%, 2—39], 2—30, 10], work done in each interval would be as
follows :
Taking x = % in F = 10x, we get maximum work w = % X % = %
1000
0<w < o
o 1000 « . < 2000
Similarly 5 SwW S5,
2000 3000
Asw=w1+w2+w3,so,%ﬁw3&;0
3333 < w < 6662 (iii)

It is seen that result (iii) is still a better estimate than result (ii). Thus more and more divisions of

the intervals lead to better estimates of the work. If [0, 10] is divided into » equal intervals viz, [0, %],

[ 2} (2 2. [22-2. 10]

ith interval in this partition would satisfy [—10(ln_ D R 1—2’]

Taking x = 1—2l in F = 10x, we get maximum work w = 10 X % X % = 1(’)1020’
. . . . 1000 — 1 1
The work done in this subinterval would satisfy % Sw, < 1(’)1020’

n n
Total work will satisfy 1220 ‘21 i—1H<w< %‘21 i
L= 1=

Here, the difference between the maximum and minimum values of work is

n n n
1000 % ;100 ¥ ;)= 1000 F - 1000, _ 1000
n i=1 n- j=1 n

i=1 n? n

As value of n increases, this decreases and the difference tends to zero. In other words

n n
lim 1000 %, fjm 1000 .21 (=1
1=

n —> oo n i=1 n— oo n2
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Since the value of w lies between these two, as per sandwich theorem, true value of w will

be the value of this limit.

n
w = lim @ > ;= lim 1000 (n(n2+1)).

n—oe N -1 n—oo N>

= lim 500 (1 + 5) = 500

Thus w = 500 which is the correct value of work done. Thus we have carried out integration in

10 10
the interval [0, 10] w.r.t. x, which is known as j fx)dx = J 10x dx.
0 0

Here we are using the concept of the limit of a sequence. If (S,) is a sequence and as n
increases indefinitely | S, — / | becomes arbitrarily small for a definite real number /, we say the

sequence is approching / as n tends to infinity and write lim S, = /. We had intuitively seen this
n— oo

concept in the introduction of e in semester III. We will not study this concept in detail.

b
Generally, to evaluate j f(x)dx, [a, b] is divided into n congruent sub-intervals. Each interval will
a

). Now [a, b] can be partitioned into [a, a + k], [a + h, a + 2h],...,

_(b—a
have length /& = ( —
[a + (n — DA, a + nh].

b—a
n

b=a 3 e+ ih

n i=1

n b
2 fla+ (= DAl S [ f@dx <

b B n
and we can take J'f(x) dx = lim b—a ,Zlf(a + ih). From these concepts and
1=

n— oo n

a
understanding, this conclusion will be accepted as a definition.

Definition : Let f : [a, /] — R be a continuous function. For positive interger n, let

h = b—Ta. If we partition [a, b] into n sub-intervals of equal length, then the dividing points

are a, a + h, a + 2h,..., a + nh = b.

[ o o o < o
a a+h a+ 2h a+nh=>4
Figure 3.1
b—a & .
Let S, = — Z fla + ih)

i=1
Thus we get a sequence {S,} based on function f and partition of [a, b]. We assume that

for a continuous function, this sequence has a limit and this limit is called definite integral

b
of f over [a, b]. It is denoted by J [ (x) dx.

a

RN

b _ n
[reac= tm (229) 5 ra o+ iny @
a i=1

a is called the lower limit and b is called the upper limit of definite integration.
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n—1 b
.Zof(a + ih) is also equal to _[f(x) dx.
1 =
a
Above definition is called the definition of definite integral as the limit of a sum. The above

b—a
n

Also, we can prove that lim
n— oo

process of linking a function f with its definite integral is called evaluation of definite integral as a limit
of a sum.

b
Note : j f(x)dx can be defined for certain functions which may not be continuous. But at
a

present we will not discuss them.
Symbol : Integrand
Upper limit of integration — p d dx suggests
_[ f(x) dx < integration is carried out w.rt. Xx.

Lower limit of integration — d

Integration of f from a to b.
3.3 Some Important Results

n
M 1+2+3+.4+n =3 i="000
i=1
@) R+2 43R4 2= 3 P IOEDORED
' c
i=1
z n2(n +1)>2
() P+ +3 4+ +nd= 3 P=l
i=1
n _
@) at+ar+a?+.+tarm” ! =—a(:_11) r#1)
(5) Let S, = sin(a + h) + sin(a + 2h) +...+ sin(a + nh), where h # 2nT. n € Z
To find this sum let us multiply both sides by 2sin % So, we have
2sin % .S, = [2sin(a + h) sing + 2sin (a + 2h) sin% + 2sin(a + 3h) sin% +

...+ 2sin(a + nh) sin %]

= |c by _ cos(a + 3L cosla + =%) — cos(a + 2=
[cos(a + &) = cosfa + )] + [cos(a + L) = cos(a + J)] +
[cos(a+ %) —cos(a+%)] +...+ [cos(a+nh— %) —cos(a+nh+%)]
2sin%-Sn = [cos(a+ %) —cos(a+nh+ %)]
+L4)— +nh+L
s -l )zﬂ( i +4) (sin & # o)

2
If h = 2nT, S, = nsinna

(6) LetS, = cos(a+ h)+ cos(a+ 2h) + cos(a + 3h) +...+ cos(a + nh), where h # 2nTt. n€ Z

To find this sum let us multiply both the sides by 2sin % So, we have
2sin % .S, = [ZCos(a + h) sin% + 2cos (a + 2h) sin% + 2cos (a + 3h) sin% +

...t 2cos(a + nh) sin %]
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= [sin(a + %) — sin(a + %)] + [sin(a

i) - sin(a + %)] +
a

+
2
[sin(a + %) — sin(a + %)] +...+ [sin( + nh + %) — sin(a + nh — %)]

2sin % .S, = [sin(a + nh + %) - sin(a + %)]

sin (a + nh +%)—sin (a +%)

L
2

S, = (sin 2 = 0)

28in
If h = 2nm, S,, = ncosna

3
Example 1 : Obtain j x dx as the limit of a sum.
1

Solution : Here, f(x) = x is continuous on [1, 3]. Divide [1, 3] into » congruent sub-intervals

Here, a =1, b = 3 and f(a + ih) = f(1 + ih) =1 + ih

According to the definition,

3 n
dex= lim A Y, f(a + ih)
1 n— oo i=1
2 n
= lim < X f(1 + ih)
n— oo i=1
2 n
= lim = Y (1+ih)
n—» oo i=1
2 n n
= lm = [ S1+4n 3 z']
n— oo i=1 i=1

- 1 2 2
= Ilim n[”+n

n— o

= tm [2+2(1+7)

n—> oo
=2+ 2(1 + 0)
=4

2
Example 2 : Obtain J (3x%2 — 2x + 4)dx as the limit of a sum.

0
Solution : Here, f(x) = 3x2 — 2x + 4 is continuous on [0, 2]. Divide [0, 2] into »n congruent
sub-intervals and the length of each sub-interval is given by 4 = b —4
_2-0_ 2
h====u
=2
h=5

Here a = 0, b =2, f(x) = 3x2 — 2x + 4
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fla + ihy= (0 + ih)
= f(h
=3i2h? — 2ih + 4

According to the definition,

2 n
| Gx* = 2x + 4)dx = lim h X f(a + ih)
0 n— o i=1
n
= lim 2 X G2R - 2ih+ 4)
n—ee =1
2 L n n
= lim ;[3;122 2—2nY i+ X 1]
n—>eo i=1 i=1 4=1
= 2 [r.4 (ntH2n+D)H _ , 2 nn+l
nh_r:lw n [3 2 I 2 nT 5 + 4n]
- 1 1) _ 1
_nhfw[4(1+")(2+”) 4(1+5)+ 8]
=41+ 0)2 +0)—4(1 +0)+ 8
=8—4+8
=12

1
Example 3 : Obtain j a* dx as the limit of a sum. (a > 0)
-1

Solution : Here, f(x) = &* is continuous on [—1, 1]. Divide [—1, 1] into » congruent

Here, a =—1,b =1, f(x) = a*
fla + ih)= f(—1 + ih)

— g tin

= a

|
IS}

fla + ih)= 94—

Asn —> oo, h — 0

1 n
Now, _[axdx= lim & Y, f(a + ih)

21 h—0 ;=1
n ih
= lim A z a__
h—0 ;=1 @

- lim & [d" + a® + & +..+ ™"

h—0 da
— lim h [ah(a”h—l)]
h—0 a al —1
h, 2

= lim 1 =—— (nh = 2)
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1 ad’@® -1

- z ) log,a
= (aZa—l) log e
(a —é) log e

b
Example 4 : Obtain _[ sin x dx as the limit of a sum.
a
Solution : Here, f(x) = sin x is a continuous function on [a, b]. Divide [a, b] into n congruent

sub-intervals. Length of each sub-interval is 7 = b;a.

nh=5b—a, a+nh=>=5
Also f(a + ih)= sin(a + ih)
Asn — oo, h — 0.

b n
Now, I sinxdx = lim h X f(a + ih)
h—>0 i=1

a

n
= lim h X sin (a + ih)
h—>0 i=1

h]jmo h [sin(a + h) + sin(a + 2h) + sin(a + 3h) +...+ sin(a + nh)]
%

lim &

h—0 L

[cos(a+%)—cos (a+nh+%)]
2

2s8in

2

= lim (a + nh = b)

- h
h—0 sin=

h

2

cosa—cosb Lo .
= — (as cosine is continuous)

= cosa — cosbh

Note : Since # — 0, we can have |h| < 2T < 2|k | T, k € Z — {0}.

cos(a+h)—cos(b+%)

Exercise 3.1

Obtain the following definite integrals as the limit of a sum :

2 4 3

1. | (x+ 3)dx 2. | (@2x = ldx 3. | @x* + Tydx
0 2 1
3 1 1

4 _[ (% + x)dx 5. _[ e’ dx 6. J e =3 dx
1 -1 0
5 log, 5 5

7. | 3% dx 8. | erax 9. [ (&5 — x)dx
1 log, 2 0
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log, 4

2 b
10. J a* dx 11. j (6x2 — 2x + 7)dx 12. J' cos x dx
logaZ 0 a
T
b > 3
13. J sin x dx 14. _[ cos x dx 15. _[ x3 dx
0 0 1

3.4 Fundamental Principle of Definite Integration

From what we have learnt, we can definitely say that to obtain definite integral as the limit of a
sum is not so simple. In fact it is tedious. We will see that this task becomes very simple using

fundamental principle of definite integration.
The following principle is called fundamental principle of definite integration.

Principle : If function f is continuous on [a, b] and F is a differentiable function on

(a, b) such that Vx € (a, b), % [F(x)] = f(x), then

b
[ f@) dx = F(b) — F(a)

b
Here, F(x) is a primitive of f(x). F(b) — F(a) is expressed as [F(x)]a.

With the help of this result, we can obtain definite integral by taking difference of values of its
primitive at the end-points of given interval. Newton and Leibnitz independently obtained this result.
This principle establishes a relation between the process of differentiation and integration. This result

is accepted without proof.
Note : (1) Here Vx € (a, b), % [FCo)] = f(x).

So, f f(x)dx = F(x) + ¢, where ¢ is an arbitrary constant.

b
But [ f(x)dx = [F(x) + c]z

= [F(b) + ¢c] — [F(a) + ¢]
= F(b) + ¢ — F(a) — ¢
= F(b) — F(a)

Thus, in definite integration arbitrary constant is eliminated and we get the definite value
of integral.

Definite integral is a finite definite real number. Hence the process of obtaining such an

integral is called definite integration.
b a
(2) If a > b, then we define | f(x)dx = —[ f(x)dx
a b
Also, we will accept that for a = b,

b a
[f&)dx = | f(x)dx =0
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b b
3) j fx)dx = I f (@) dt, where f is continuous on [a, b].

Let F(x) be a primitive of f(x). Then by fundamental principle of definite integration,

b

[ () dx = [F(x)]z = F(b) — F(a) and
b b

[ r@dr = [F()] = Fb) = F(a).

b b
Hence, I fx)de = J f@dt.

Thus, the value of definite integral does not depend upon variable with respect to which
integration is carried out.

Earlier in this chapter, we have learnt how to obtain value of definite integral as the limit of a
sum. Now we will see how easily we can obtain the value of definite integral using the fundamental
principle of definite integration.

Now, we will review examples 1 to 4 using the fundamental principle of definite integration.

3 3
o Jxac (][5 5] 344

? 2 _ [3x3 2x> 2 _ _
Q) (j)(sx —2x+4)dx—[T——2 +4x]0—[8—4+8]—12

1 x a1 . -
(3) | adx = [locgl7] 1 = Tog,a (@ —al= (a—%)logae.
_1 -

b b
4) j sinx dx = [—cos x]a = —[cos b — cosa]l = cosa — cos b
a

3.5 Working Rules of Definite Integration

(1) If functions f and g are continuous on [a, b], then
b b b
J U@ + gl de = [ fx) dx + [ g(x) dx.

Proof : Let F(x) and G(x) be primitives of f(x) and g(x) respectively on [a, b].
F(x) + G(x) is a primitive f(x) + g(x).

According to the fundamental principle of definite integration,

b
[ V@ + gw)] dx = [F(x) + G(X)]z

= [F(®) + G(b)] — [F(a) + G(a)]
[F(b) — F(a)] + [G(D) — G(a)]

b b
If(x)dx + jg(x)dx
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b b
(2) If f is continuous on [a, b] and k is a constant, then f kfx)dx = k j S (x) dx.

a a

Proof : Let F(x) be a primitive of f(x) on [a, b] and k is any constant,
kF(x) is a primitive of Af(x).

According to the fundamental principle of definite integration.

b b
| kf(x)dx [kF(x)]a

KF(b) — kF(a)
k[F(b) — F(a)]

b
kjf(x)dx

(3) If function f is continuous on [a, b] and a < ¢ < b, then

b c b
[f@de = | f@) de + [ f(x) dx.

Proof : Let F(x) be a primitive of f(x) over [a, b]. Then by the fundamental principle of definite

integration,

b
J Fedv = [F@), = Fb) = F
J 7@ dx = [FI° = F(e) — Fa)

b
[ f@)ds = [F1. = F(b) = F(o)

c b
Now, [ f(x)dx + [ f(x)dx = F(c) — F(a) + F(b) — F(c)

F(b) — F(@)

b
j fx) dx

b c b
Thus, if a < ¢ < b, then [ f(x)dx = [ f(x)dx + | f(x)dx.
a a c
The same result holds for any finite partition of [a, b]. For instance, if a < ¢ < d < b, then
b c d b
jf(x)dx = J' fx)dx + Jf(x)dx + jf(x)dx.
a a c d

Even if ¢ is not in between a and b, and a < ¢ and f is continuous on [a, ¢], then also this result

is true. If a < b < ¢, then
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b c
jf(x)dx + If(x)dx
a b

Jf(x) dx

b c c

[ f@dx = [ f)dx — [f(x)dx

a a b

b c b

If(x)dx = _ff(x)dx + jf(x)dx
i s
2 4

Example 5 : Evaluate : (1) J cos>x dx  (2) j 1—sin2x dx

0 0

Solution : (1) 1 =

I
2
0
s
2
J' cos3x +3cosx
= _dx
0

-4 §) =2
4 \3 3
i
4
2 1 = _[ 1—sin2x dx
0
s
4
= J Jsin2x+c052x—2sinxcosx dx
0
s
4
= _[ ‘/(cosx—sinx)2 dx
0
s
4
= [ lcosx — sinx| dx
0
s
4
= cos x — sinx) dx As, 0 <x < L; cosx > sinx
4
0
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= [sinx + cos x]

s
4
0

= (sm = + cos —) — (sin 0 + cos 0)

4

4

=(ﬁ+%)—(0+1)=%—1=ﬁ—1

Example 6 : Evaluate : (1) j — 1 @) j Syzc-:i Jx
X
0

Solution : (1) I

3

‘/xz +2x+3

3
J dx
0 x?2 +2x+3

. 1
B -(!. Ja+12+ (W22

3
[log [x+ 1+ Jx+ )2+ (¥2)> I]O

3
= [log 1+ 2 42x43 )] (x € (0, 3))
0
=log (4+ J9+6+3) — log (1 + v/3)
=log (44 3J2) = log (V3 + 1)
. 4432
- Og(ﬁﬂ)
2
Sx+2
1= T4 dx
0
2 2
- 2+4 J 2+4
0 0
2 2
:i
2..- x2+4 dx + 2 j 2+22
0 0
-5 2 1 x1?
=3 [log (x +4)] [tan 3]0
= 2 [log 8 — log 4] + [tan (1) —tan_l(O)]
_5 8 T o_
=3 log (3) +[F — 0]
_(5 T
—(2 log 2 +Z)
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sinx, 0<x<m
l+cosx, TS x<2T

o7
Example 7 : Evaluate : _[ f(x) dx, where f(x)

2T
Solution : (1) J' f)dx = | f(x)dx + I f(x)dx
0 b8
om
sin x dx + I (1 + cos x) dx
T

S —a3a O —3

= [—cosx]g + +-sh1x]in

= —[cosTt — cos 0] + [(2TC + sin 2T0) — (T + sin T0)]
= —[=1 — 1] + [T + 0) — (T + 0)]
—24+TM=T+2

3.6 Method of Substitution for Definite Integration
We have learnt the method of substitution for indefinite integration. We have seen that if the
integrand is not in standard form, then the method of substitution is very useful to obtain certain

integrals.
We can use it in combination with the fundamental principle for definite integration. Let us see

the rule of substitution for definite integration.
Rule of substitution for definite integration :

Let f : [a, p] = R be a continuous function and g : [®,, B] —> [a, b] be increasing or
decreasing (monotonic) function. x = g(#) is continuous in [0, ] and differentiable in (o, P).
g'(?) is continuous in (O, B) and g'(®) #0, V¢ € (a, PB). a = g() and b = g(P).

b B
Then, [ f(x) dx = [ f(g@) g'(0) dt
o

Let us understand this method by some illustrations.

9

n n
2 2
sin 2t
Example 8 : Evaluate : (1) I J. —dx J. —_—dt
2cos x + 4sin x sin t + cos [
1 0 0

9
Solution : (1) I = J —dx__
R

Letx =17 (t>1), dc=2tdt
When, x =1, 7= 1sincex=rand 7> 1and ifx=9, 1=3 as x = 12

x = g(f) = 12 is increasing for £ > 1. It is continuous in [1, 3] and differentiable in (1, 3).
g'(t) =2t # 0 in (1, 3)

a=1,p=3
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H

— e

2J. 1 di
1
3
= 2flog (¢ + 1)],

= 2[log 4 — log 2]
=2log?2

dx

S T

Let tan £ = ¢, dx =

2

When, x =0, = tan 0 = 0 and when x =

LESIE]

dx

L]
.;ﬂo

1

2cos x+4sin x

i t=tan£

2cos X +458in x

 JUN

dt
J 1= +ar

dt

dt

0

1 |

25 |08

e S
2J5 [log ‘ J5+1 ’

o 1—12
2 4| =2

J 5—@?—4r+4)

W52 —(t-2)?

Jea-2)
5—(—2)

—log | 55

1 J5-1
ﬁlog(

Gl X o2

Wx=t=1ast>1

DEFINITE INTEGRATION
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SIE}

3) I:J' sin 2t it

sin’t + cost
0

Let sin’t = x, 2sint cost dt = dx. So sin2t dt = dx

When,t=0,x=0andwhent=%,x=1 (@ =0PB =1
Y
2

sin 2t

b= —m——=d
J  sin't +cos™t
0
:

_ dx

— ) FPra-x?
0
:

B dx

T ) o2xr-o2x+d
0

[tan ' (2x — 1)](1)

tan V(1) — tan (1)

:E_(_E):E
4 4 2

104
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3.7 Method of Integration by Parts for Definite Integration

We have studied the method of integration by parts to obtain indefinite integral of product of two

functions. We can also use integration by parts for definite integration.
To use method of integration by parts in definite integration, we use following formula.

f(x), g(x), f'(x) and g'(x) all are continuous on [a, b].

b b b
| f) gy dx = [f(x) gl = | /') g(x) dx

b b
J f) gy dx = [£(b) gb) — f(a) g@] — | fi(x) gkx)dx

Now, we will understand this method by some examples.

1

2

i -1 i sin”'x J-l xdx
Example 9 : Evaluate : (1) j X tan  'x dx ?) J. 7 dx (®)) m
0 (- )2 0

1
Solution : (1) 1 = _[ x tan x dx

0

1

_(m.1_4)_ 1 X2+ —()
(4 2 0) ZJ- x2+1 dhx
0

1
_ 1 —1
= — = |x — fan x
s ol 1

=% =3[0 = tan™'1) = (0 — 1an”'0)]
_E_1(j_x

F-a(-9)

4 2
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2 1=

P
sin_'x
T dx

(1-x%)2

1
\/J?
0

.- . 1
Let sin 'x =1, x = sint, dx = cost dt, x € [0, f],te

—

i
0, 2]

When, x = 0, ¢ = sin 10 = 0 and when x = ﬁ, t = sin~ 1

S
~la
—
Q
Il
N
-
Il
NP
—

P
Sin_ X
— —gdx

(1-x2)2

Il
) !—..sl‘.—

. T - cost dt

(1— sin’)?

t sec?t dt (cos t> 0 in [0, %])

O'—'-MF! o'—”;m

T

=[t-tant]* —
0

tan t dt

i i
=[t-tanf]* + [log |cost|]"
0 0

== r _ ) _
= (4 tan <, 0) + [log (cos 4) log (cos 0)]

_x A
= + log > log 1
- _ 1

= 2logZ

1
xdx
o1 -] TEes
0

For x = 0, let x2 = 1, 2x dx = dt. Soxdx=%dt
When, x =0, =0 and when x = 1, r = 1
1 1

J‘ xdx 1 J. dt

I = - a5 5 = = —_—

A+ x5H2+ x%) 2 T+ +2)
0 0
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1 A

B

Now let G2 = 7+1
1 =AG¢+2)+ B¢+ 1)
Ifr=-2,1=-B. SoB=-1

Ifer=—-1,1=A. SoA=1

1 1
T+DI+2)  1+1 T TF2

1

1
[ = ;J. —dr iJ.
2 T+ D +2) 2
0 0

t+2

r+1 !

t+2 0

2 _ 1
3 log 2]
4

3

-1
=3 [log‘
-1
=3 [log
-1
=3 10g<
2n
Example 10 : Evaluate : j sin ax « sin bx dx, a b e N
0
27
Solution : I = j sin ax * sin bx dx
0
Case 1 : a#b
27
I = % J 2sin ax - sin bx dx
0
271

= % I [cos(a — b)x — cos(a + b)x] dx

0

2T

2 a—>b a+b
=1
=Lo-0
I =0

Case 2 :a=0»
271
I = _[ sinax dx
0
21

_ J. (1—cz2)s2ax) e

0

_ 1 [sin(a—b)x B sin(a+b)x]
0

(@#*band a+ b #*0asa b € N)

(Why ?)
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_ 1 [x _ Sin2ax
2 2a 0
_ 1 sindma
L|(om - sinna) — o - o)]
= %(27‘5) (Why sin 41ta = 0 ?)
I =1
27
_f sinax-sinbx dx =0 if a#b
0
T if a=5»
Example 11 : For o0 > 0, if f(x + &) = f(x), Vx € R i.e. if f has period O, prove that
no. o 10w
| f&)dx =n | f(x)dx, where n € N and hence obtain [ |sinx]| dx.
0 0 0
no
Solution : 1 = j fx)dx, n € N
0
o 200 3o (k + Do no.
= j fx)dx + j fx)dx + _[ fx)dx +...+ _[ f)dx +..+ J f(x) dx
0 o 200 ko (n—-1o

o
We shall prove that each of these integrals is equal to j f(x)dx

0
(k + DHa
Now let I, = [ f(x)dx [k =1, 2,.., (n — 1)]
ko
Let x = kOL + ¢, dx = dt
When x = k0, t=0and x = (k+ 1) 0O, 1 = X
o
I, = [ fkou + 0)dr
0
If & is a period of f, then kOl are periods of f. (k € N)
SO+ 1) = f(0)
o o
I, = jf(t)dt = _[f(x)dx
0 0
(k + DHa o
ie. [ fdx= | f(x)dx [k=1, 2, 3,.., n — 1]
ko 0
I =

Tf(x) dx + ‘O[cf(x) dx +...+ Tf(x) dx (n times)
0 0 0

n T ) dx
0
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107
Now I = f | sin x| dx.

0
T
=10 _[ | sin x| dx (period of |sinx| is T)
0
T
=10j sin x dx (for 0 < x < T, sinx= 0)
0

T
= 10 [—cos x]
0

= —10 [cosTT — cos 0]
=—10(—1—-1)
=—10(=2)

=20

3
Example 12 : Evaluate _[ | 2x — 1] dx
-1

Solution:2x—120<:>x2%
|2x — 1| =(2x—1 xZ%
1 — 2x x<%
Now—1<%<3
3
I = [ |2x—1]dx
-1
s
2
= [ |2x—=1]dx+ | |2x = 1]
-1

W= —w

3 3
= [ Q—20dc+ | @x—1)dx
-1 1

1
5 3
=[x —x2]21 + [x2 —x]1

2

B R (e N Ca )
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Evaluate (1 to 35) :

1
[
Jirx-x

0

)
e YR

Exercise 3.2

Ei
2
1. tan’x dx 3. J. sinx dx
0
T
¥s ¥Is Y
4 2 ¢
4. J. tan x dx 5. 1—cos?2x dx 6. j ‘/l—sian dx
0 0 %
V2 5 1
> * oy 2x +3
7. 2 _ x> dx 8. ) 52 n 9. sx2 41 dx
0 2 0
z 1 9
sin*x dx J. dx
10. J. (1+cosx)2 dx 11. J‘ m 12. 1+\/;
0 0 0
¥
4 1 1
COSX dx —1
13. J. m dx 14. J. g 15. J' tan  'x dx
0 0 0
I 1
2 2 .
16. J. —dx 17. J. x2cos 2x dx 18. % dx
‘/12+4x—x2 J Ji-x
0 0 0
¥is s
2 4 ” 1
dx —_— . —1 X
19. J. 3+ 28inx + cosx 20. J. 2 + 3cos’x 21. J s T+1 9
0 0 0
¥is
; 2
1—x cos X
22. J i 23. T+ S0 @ + st 1 sy
O o
i 2 I
sin x + cos x 1 2 )
24. J. T coosox dx 25. ) v dx 26. }[ cos 2x + log sin x dx
0 1 ry
i ks
2 4 1 271
1 -
27. J. IT 2cosx 9x 28. J. asin’x + scos?x 9% 29. _[ | cosx | dx
0 0 0
4 2x+8 1< x<£2
30. | f(x)dx, where f(x) = 6r 2<ax<4
1
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Sinx OSxS%

9
31. Jf(x)dx, where f(x) = 1 L<x<s
0 e£7 5<x<9
1 2
32. | |5x —3|dx 33. [ [x2+2x —3|dx
0 0
2n
34. j sinax cosbx dv Va b € Z — {0}
0
2n
3s. j sinmx cosnx dx Ym, n € N
0
k
36. If J d_zx =£, obtain k.
N xyxt—1 12

k
dx
37. If j s = %, then find .
0

TC
a 2 a+1
38. If J' Jx dx = 2a I sin3x dx, then obtain f x dx.
0 0 a

*

3.8 Some Useful Results about Definite Integration

a a
Theorem 3.1 : If f is continuous on [0, a], then jf(x)dx = Jf(a — X)dx
0 0

a
Proof : Let I = Jf(x) dx
0

Let x = a — t. So dx = —dlt
x = g(¢) is monotonic decreasing and continuous in [0, a].

Now, % = —1 is continuous on (0, a).

Also,x=0=t=aandx=a=1t=0.So0d=a, =0

0
1= [ fla— n=dn
0
=—[ fla—1dt
= ]zf(a — 1) dt
0
= ]lf(a — x) dx
0
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i.e. Tf(x)dx = (J%f(a — x) dx
0 0

Now to understand this theorem, let us take an example.

2%
Evaluate : j cos
0

3x sindx dx

27
I = _[ cos3x sindx dx
0

2n
= J' cos32T — x) sind(2T — x) dx
0

21
_[ (cos3x) (—sin’x) dx
0

2%
= —_[ cos
0

1 =-1
21 =

3x sindx dx = —1

0
I =0

b b
Theorem 3.2 : If f is continuous over [a, b], then j' f(x) dx = _f fa+ b — x) dx

a a
b
Proof : Let I = I f(x) dx

a

Letx=a+ b — (. So dx = —dt

x = g(t) = a + b — t is decreasing and continuous in [a, b].

Also, % = —1 1is continuous on (a, b).

Here, x=a = t=hbandx=b =t=a Soo=hband B =a

I T fla+ b — t)(—df)
b

—Tﬂa+b—0w
b

Qe Q=

fla+b—1)de

fla+ b — x)dx

b b
i.e. j f(x) dx = J' fla+ b — x) dx

a a
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(See that in theorem 3.2, if @ = 0 and b is replaced by a, we get theorem 3.1)
Now, to understand this theorem, let us take an example.

2
Jx
Evaluate : —F dx
1 ,/3—x+s/;
2
Jx
I = — dx
?,‘b_x+J;
2
B " Ja+2)—x
") B 2om+firz—x dx
1
2
,/3—x d
= —— dx
" w/;+,/3—x
Adding (i) and (ii), we get
2
Jx+3-x
2= T — dx
1 w/;+,[3—x
2 2
=[1ax=k=2-1=1
1
21=1
_ 1
I =3

Theorem 3.3 : If the function f is continuous over [0, 2a], then
2a a a
Jfe ax =] fo) dx + | fQa - x) dx
0 0 0
Proof : Here 0 < a < 2a

2a a 2a
[ f) ax =] f) dv + [ f(x) dx
0 0 a

2a
Now, let I = _[ f(x) dx
a

Let x = g(f) = 2a — t. So dx = —dt
dx _

x = g(¢) is decreasing in [a, 2a]. === = —1 is continuous in (a, 2a).

dt
Now, if x =a, t=aand if x =2a,t=0

0
I = | fQa — t)(—dr)
aO
=—[fQa —tadr
= | fQa — tydr
0
I = ]%f(2a — x)dx
0

@

@+b=1+2=3)

(i)

@

(@ =aand B =0)
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Substituting the value of I in (i), we get

2a a a
[ f) ax = {) F) dx + g fQa — x)dx
0
2a a
Corollary : If Vx € [0, 2a], f(2a — x) = f(x), then I fx) dx = ZI f(x) dx
0 0

2a
If Vx € [0, 2a], fQa — x) = —f(x), then [ f(x) dx = 0
0

2a a a
Proof : j fx) dx = J fx) dx + J fQRa — x)dx @)
0 0 0

Now, taking f(2a — x) = f(x) in (i), we get

2a a a a
[ f@ de =] fx) dc+ [ f(x) dx = 2] f(x)dx
0 0 0 0

Now, if f(2a — x) = —f(x), we get

2a a a
[ feyax=1] fa)de — | f&x) dx =0

i.e. Zflf(x) dx = zg f(x)dx, if f(Qa—x)=f(x)
i 0, iffRa-x)=—f(x)

X

as

in

(1) We will see in chapter 4 that the area enclosed by the curve y = f(x), lines

b
I f(x) dx |. With this reference we interpret the above theorems
a

= a, x = b and X-axis is

follows.
2) If f(2a — x) = f(x), then the graph of f(x) is symmetric about x = a as shown

figure 3.2. v
A A
2 a i i
| fxydx = g Jx) dx Jf(odx T 2jaf(x)dxi

a X' s 0 o a o X
2a a © E E
[ feyde = 2] f(x) dx : :
0 0 . .
v : \:/
x=0 xX=a x =2a
Yl
Figure 3.2
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If f(2a — x) = —f(x), then the graph of f(x)

J@&) dx = =] f(x)dx Y

O —= 3
D[R —3a

f)dx + fx)dx =0

S =
RER—3A

T

I fexyax =0
0

wla

A
\
>

Figure 3.3

Now, to understand this theorem, let us take an example.

271
Evaluate : j cos3x dx.
0

2n
I = J' cos3x dx.
0

Let f(x) = cos3x. Then
fQRT — x) = cos’2M — x) = cosx = f(x)

2n b
J' cosxdx = 2 j cos3x dx (a=Tm7, fQa — x) = f(x)
0 0

Now, f(Tt — x) = cos) (T — x) = —cos3x = —f(x) (a = %, fQRa — x) = —f(x))

T
j cos3x dx = 0
0
27 T
Hence, _[ cos3x dx = 2 j cos3x dx =2 X 0=0
0 0

We have studied about even and odd functions. Let us recall them. Let f: A — R be a

real function of a real variable. Let Vx € A, —x € A.
G If f(—x) = f(x), Vx € A, then f is called an even function.

(i) If f(—x) = —f(x), Vx € A, then fis called an odd function.

2 3

For example cosx, secx, x= are even functions and sinx, tanx, x> are odd functions.
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a a
Theorem 3.4 : If f is an even continuous function defined on [—a, a] J S x) dx =2 f f(x) dx
—a 0

Proof : Here —a < 0 < a.

a 0 a
[ fooax= [ feoax + | f() ax ()
—a —a 0

0
Let 1 j f(x) dx

—a

Let x = —t, dx = —dt

Also when x = —a, t = a and when x =0, r = 0
Here % = —1 is continuous and non-zero on (—a, 0)

—
I

0
[ f=ix=an

0
—[ f(=0) dr

[ f=o dr
0

f(@) dt, as fis an even function.

S R

I = [ f) dx
0

Substituting the value of I in (i), we get

[ 70 ax = [ fooyax + | £ ax
—a 0 0

2| f(x)dx
0

Now, let us understand this by an example.

y = cos x is continuous even function in [—%, %]
b i
2 ’ y14 y14
J' cosx dx = [sin x| =sin=- —sin[—=)=1+1=2
_ 2 2
_ 2

2
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I

2 | cosx dx = 2[sin x]7 = 2 [sin % —sin0] =2(1)=2
0

b
2

]

0

z fud

2
2

Thus, jn cosx dx = 2 I cosx dx
-z 0

a
Theorem 3.5 : If f is an odd continuous function on [—a, a], j' fx)dx = 0.
—a

Proof : Here —a < 0 < a.

a 0 a
f fx)dx = j fx)de + j f(x) dx @)
—a —a 0

0
Let I = [ f(x)dx

Let x = —1, dx = —dt
Also, when x = —a, t = a and when x =0, t = 0

dx

Here di

= —1 is continuous and non-zero on (—a, 0)

0
_[ Ffx)dx

—a

Ll
I

0
[ f(=0) (=dn)

0
— [ f(=ndr

| f=ndt
0

a
- I f (@ dt, since fis an odd function.
0

—J f(x) dx
0

Substituting the value of I in (i), we get,

a a a
f fx)dx = —J fx)dx + _[ f(x) dx
—a 0 0
a
j fx)de =0
—da
Now, let us understand this by an example.
y = sin x is an odd continuous function on [—%, %]
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I T
2 2
j sinx dx = [—cos x| o =— cos% — cos (—%)] = —[cos% — cos% =—(0—-0)=0
2
E
s
2
Hence [ sinx dx =0
_r
2
1 a a—x
Example 13 : Evaluate (i) _[ sindx cos*x dx (i) _[ T dx (a > 0)
-1 —a
1
Solution : (i) I = j sin3x cos*x dx
-1
Here f(x) = sin’x cos*x
f(=x) = sin3(—=x) cos*(—x)
= —sin’x - cos*x
= /()
f(x) = sin’x cos*x is an odd function on [—1, 1]
1
_[ simdx cos*x dx = 0
-1
<
.. a—x
g I = ] T dx
—a
1
a-x_a—x
o atxXa—x &
—a
<
a—x
=‘ mdx (Sincex<a,‘/(a_x)2=|x—a =a—x)
—a
(,1 a
a X
~ a’>—x* dv = J. a’> —x? e
—da —a
a a
I =al; = 1,, where I; = m x and I, = = X
—a —a

Let f(x) = ﬁ and g(x) = ﬁ

Then f(—x) = Ja2 —1(—x)2 = ,/azl—xz = f(x) and

f(x) is an even function and g(x) is an odd function.

a
1
I =2J—dxandl =0
! 0\/a2—x2 2
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1
I =2a f— dx
) [i2 — 2
a
= 2a [sin_lﬁ]o
= 2qa [sin" 11 — sin”10]
= E
2a [ > ]
= aTt
s
. Xtanx .o 1 2 1 ? .
Example 14 : Evaluate (i) Secx T fanx dx  (ii) _[x (I —x)% dx (iii) I sin 2x log tan x dx
T
0 0 <
T
. . xtanx
Solution : (i) I = Secx T tanx dx
0
T
B xsin x y )
N 1+ sinx & ®
0
Replace x by T — x in (i)
&
B (T — X) Sin (t — X)
L= J 1+ sin(x — Xx) dx
0
&
_ (T —X) sin x
o 1+ sinx dx
0
IC T
T sin x X sinx
~ ) T+sinx dx — J. Ttsinx &
0 0
T
sin x X
IZRJ.—H_sinxdx—I (by (1)
T
sin x
=T T+ sinx
0
T
1+ sinx —1
=T j Trsx .
0

T
dx
nj dx—TCJ- 1+ sinx
0 0
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T
T dx
Tlx]) — @ J‘ 1+ sinx
0

T
> dx
T TEJ‘ 14+ sinx
0

Now let, I} =

2dt 2t

Let, tanXx = ¢, dx = =142 in [0, ]

Whenx=%,t=tan%=landwhenx=0,t=0.

S
J (+1)
0

1
:4|:_ 1}
L+1 ],

A ald) -2

21 =12 — 21 = (T — 2)

1 =2 @m-2)

(since f(2a — x) = f(T — x) = f(x))

T

atx=3,1—sinx =0

Multiplying and dividing I; by 1 — sinx, the calculation seems to become simpler but

1 1
(i) T = [xX(1 —x)? dx
0
Replace x by 1 — x.

(1—x2[1 -0 - x)]% dx

Ll
I
O — =

1
(1 —2x + x%) - x2 dx

Il
QO — =

3 5

1 3 2
2 —2x2 +x?) dx

(x

Il
O — =
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3 3 141
= [%xZ — %xz + gxz]
0
=(2_4 4 2)- 16
B (3 5 1 7) 105
s
3
i) I = _[ sin 2x log tan x dx @)
T
T T _ .- _
Replace x by st —x=5—xin (1)
o
3
I = _[ sznZ(% —x) log tan(ﬂ —x) dx
T
i
3
= I sin 2x log cot x dx (ii)
3
Adding (i) and (ii), we get,
s
3
21 = j sin 2x [log tan x + log cot x| dx
T
pI
3
= J' sin 2x log (tan x - cot x) dx
t
s
3
= | sin2x-log 1 dx
o
6
21 =0
I1=0
Exercise 3.3
1. Evaluate :
1- a T
X X . 3
(6)) ] —az—xz dc (@>1) (2 J. 24 o8 dx &) J- 1/5+x4 sindx dx
-1 -a -7
1 n I
[ 3—x 2 2
“@ log (3+x) dx S | sin®x dx 6) | cosx dx
121
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2. Evaluate :

T 2T
(€)) J' sin®x cos3x dx ?2) _[ sin’x cos*x dx
0 0

Prove the following (3 to 15)

n n
2 2
,/sinx il Jx 3
3. e =L 4. S L =L ne N) 5. J-—dx=—
JJcosx+Jsinx 4 .[ sin'x + cos"x o ) ! S-xdx 2
0 0
T
1 3 4 £COSX - 3 144\/_
6. (j)x(l—x)zdx=§ 7. | Tow o, gew =% 8 jx2(3—x)2dx— ==
0

1+ sin x
I 10.
1+ Jcotx 12

A ey |y

)
o —rld opte—— Ly
—

12. | log (1 + tanx) dx = % log 2 13.
I

14. J' x sindx dx = 2Tn 15.
0

Miscellaneous Examples :

Example 15 : Prove that SIx -)lfcosx

Sy NP

T
)
J. cosx+smx dx
0

Solution :
b
2 T
L _
(3-)
I = T - dx
J cos(;— )+sm( —x)
0
T
2 s
¢ (5
- cos x +sinx X
0
s s
2 z 2
- cosx+smx J. c0sx+smx dx
0 0

log (1+c0sx

)

|

[ 3
no g e

o.

b
x dx
¢ 11 J 1+ sinx
0
xsmyzc x=713_2
1+cos“x 4

sin’x
Sin x + cosx

dx = 3 log (V2 + 1)

dx = 23/‘5 log (V2 + 1)

@
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1

1

cos x + sinx Ax

1

cos x+simx dx — 1

n
f
0
n
2
ZE
a5
0
T
J2
0

e f
ﬁ(ﬁ COSX + —= sinx
T
P
b1y 1
I= dx
a2 J (cos x cos T+ sin x sin %)
0
Fid
¢
b1y 1
= dx
a2 J cos (x - %)

0
il
2
T 3
= m{) sec(x—4) dx
s
_n_ _z _I 2
=i _log sec | x 4) +tcm(x 4)‘ ]o
T T T T yis s
= m _log sec (3—7) + tan (?_T)‘ — log‘sec (—7) + tan (—T)H
=%:log sec%+tan%‘ —log‘sec%—tan%u
__7.c — —
—4ﬁ(log|ﬁ+l| 10g|a/5 1|)
n L2412+
T a2 log(ﬁ—l X Tr W2 > 1
- I 2
o5 log (2 + 1)
T
=Elog(ﬁ+1)
i s
4 4 |
Example 16 : Prove that _f tan"x dx + j tan” =2 x dx = 1.7 € N — {I}.
0 0
s s
4 4
Solution : 1 = j tan"x dx + j tan™ ~ %x dx
0 0
il
4
= j (tan”x + tan" ~ 2x) dx
0
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1
Example 17 : Evaluate : _[ cot {1 — x + x2) dx

Solution : I

tan" = %x (tan*x + 1) dx

s

4
=]

0

g
4
= j. tan™ ~ 2x (sec’x) dx
0
I
p d
= I (tanx)" — 2 d—(tan x) dx
0 x
il
3 [(tanx)"_l]4
a n—1 |

n—1
= nl_l [(tan %) — (tan 0y" — !

n—1

0

cot’ {1 — x + x2) dx

S =

0<x<1
0<1—x<1

0 < x(1

—x) <1

0<x—x2<1
0<1—x+x2

!

—_

P —

(=]

Il
Q== O O

tan™! (ﬁ) dx
tan™! (Tll—x)) dx
tan™! (%) dx
(tan'x + tan” V(1 — x)) dx

1
tanx dx + J tan (1 — x) dx
0

1
tanx dx + j tan (1 — (1 — x)) dx

0

(cot‘lx = tan™! i for x > 0)

0O<x<1,0<1-x<10<x1—x) <1
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1 1
_[ tanx dx + _[ tan~x dx

0 0

1
2 f tanx+ 1 dx
0

1
1
2 [xtan'x] — 2 J‘ 2 5> dx
0 1+ x
0

1

1 2x
=2 [x tan_lx]o - I 2 dx
0

1 1
=2 [x tan_lx]o — [log |x% + 1 1,

=2 [tan "1 — 0] — [log (1 + 1) — log (0 + 1)]

=2 (%) — (log2 —log 1)

- _
5 log 2
T
2x (1+ sin x
Example 18 : Evaluate : J‘ (—2)dx
1+ cos *x
—Tt
T
A 2x (1+ sin x
Solution : I = (—Z)dx
o 1+ cos“x
—Tt
T T
2% 2x sin x
— ) 1+cos?x dx + 1+ cos 2x 9
-7 -7

T T

2x 2x sin x
I =1, + I, where I, = I+ cos2x dx and I, = L+ cos 2x 9
- -

2x 2x sin x
Let f(x) = T cos 2y and gx) = T 5020

2(=X) —2x
Then f(—x) = T o005 2—x) ~ 1+cos’x — —/(x) and

2 (—X) sin (—Xx) 2x sin x
&%) = Ticosi—n) T 1+cos’x _ 8%)

f(x) is an odd function and g(x) is an even function.
T

Il=0and12=2J.
0

2Xx Sin x
1+ cos *x
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T
~

X sin x
12=4‘ L+ cos 2x dx @)
0
I
(Tt — X) sin (T — x)
=4~ 1+ cos? (L —x) dx
0
T
(T — Xx) sin x
:4~ I+cosx
0
IC T
T sin X X sin x
=4 J 1+cos’x dx — 4 1+ cos 2x X
0 0
I
Sin x
I,=4m J Ticosx dx — 1, (Re (i)
0
I
Sin x
. 212=4TE. 1+ cos °x dx
0

Let cosx = t, —sinx dx = dt, sinx dx = —dt. When x = 0, t = 1 and when x = T, r = —1

o —ar
L2, =4n [ L
1
b _ar
=4n | 7o
-1
1
= 4T [tan™ 1]
= 4T [tan (1) — tan~\(=1)]
— T T
“m (% + 2)
21, = 2m?
— 2
Now, I =1, + I,
1=0+m
I =m2
I

2
Example 19 : Prove that : j log sinx dx = —% log 2.
0

Solution : I = log sinx dx @)

O'—-NI?—I

Then, 1 = log sin (% - x) dx

o — ]
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log cos x dx

¥
2
1= |
0

Adding (i) and (ii) we get

L
2
I
0

n
2
I
0
i
2
I
0
n
J
0

s
2
I
0

Iz
2
I
0

log sin 2x dx

I

2
2l = | log sinx dx + f log cos x dx

0

(log sin x + log cos x) dx

log (sin x - cos x) dx

28I X COS X
log | =) dx

Sin2x
log ( > ) dx

I
2

log sin 2x dx — I log 2 dx
0

Let I} =

o — |3

b
2

21=Il—log2j dx
0

Now, I, = | log sin2x dx

O’——.NI?—I

Let 2x = ¢, we get a’x=%dt
Whenx=0,t=0andwhenx=%,t=TlZ.

— - 1
I,= ] log sznt-idt

oS —a3a

log sin t dt

Il
[\)|»—-
O —3a

log sint dt

l\)lr—
\S)
o —wla

I

(ii)

(iii)

T 2
(log sin (T — ) = log sint. So j log sint dt = 2 I log sint dt)

0

0
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log sin t dt

log sinx dx =1 (Definite integral does not depend upon variable)

s
2
]
0

I
2
J
0

So, from (iii) we get,

2I=I—%log2

=_I
I > log 2

Not for examination :

Infact log sinx dx is not a definite integral in usual sense. The function log sin x is

O'—.Nl:l

unbounded near end point 0 of [0, %] Such integrals are called improper integrals.

TT
7'[ L5
2

Actually 1lim J' log sinx dx = I log sin x dx.
t— 0+ 0

(=5

J‘szx
0

It is improper integral of first kind. Integrals like dx are called improper integrals of

second kind.

If either function is unbounded in [a, ], a € R, b € R or interval is unbounded like (—oo, a),

(a, o), (—oo, oo) the integral is an improper definite integral as against definite integral studied
in the chapter.

Sometimes regarding an improper integral as a definite integral would give incorrect results.

fﬂ

We could get P [log | x| ]3 = log3 — log2 = log%
-2

But % 1s unbounded at x = 0.

3 0
dx _ dx
=15+

dx
X
-2

S —Ww

lim j 4x 4 jim J dx
hH—>0- 5 1, — 0+ ty
does not exist.

T T
| sec’x dx = [tanx]0 =0 — 0 = 0 is incorrect.
0

sec is unbounded at x = %
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10.

12.

14.

16.

18.

Exercise 3

i
4
If I, = f tan”x dx, then prove that n (I, _ | + 1, ) =1
0
b a+b b
If f(x) = f(a + b — x), prove that f x f(x)dx = 5 f f(x) dx.
a a

T T
Prove that J x f(sinx) dx = % I f(sin x) dx and using this evaluate
0 0

X
1+ sinx

T T
(i) _[ x sin®x dx (i) _[ dx
0 0

n n 1
Prove that j fx) dx = 2 j f@+r—1)dt
0 r=1

0
n+1 4
If _|' f(x) dx = n3, then find J' fx) dx,n e Z
n —4
T
2
Prove that : I log cosx dx = —% log 2
0
a 5 . 2q"+3
Prove that : J(; x“(a — x)"dx = CEDCERCEE)

Evaluate (8 to 17) :

n
log 2 4 4
X
—X
E'; xedx 9. a’ cos*x — b*sin*x
0
2 I
) 2
x°+1 o . 5
_!- P11 dx 11. ] ( 5 —X )cos2x dx
0
o o
4 2
in? ¥ cos x
sin’x
J‘ T+ sinx cosx 9% 13. T cosx + six. X
0 0
‘ 3
j log (1+1) 15 dx
1+¢2 ) X+
0 1
g
5 2 . 2
x> sinx )
j Qx-ma+cosin © 17. j | sinx — cosx | dx
0 0
3

Evaluate : f (x2 + x) dx as the limit of a sum.
1

(@a>b >0
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20. Prove that

4
19. Evaluate : ,[ (x + %) dx as the limit of a sum.

0
ki
2
]
0
R

log tanx dx = 0

T

2
21. Prove that J (2 log sinx — log sin 2x) dx = —% log 2

0

22. Select a proper option (a), (b), (c) or (d) from given options and write in the box given on
the right so that the statement becomes correct :

)

)

&)

C))

)

(6)

@)

®

T

3

[

4 1+% ...... .
6

@ L (b) & © &
_e[ log x dx = ...... .
1
(a) 1 (b) e + 1 (c)e—1
T 1
J. Trcotx 9% = e
0
(@) & OR © Z
IfJ. 1+11x2 dx=%, then a = ... .
0
@ % (b & © 5

3
3x +1

J. > dx = ... .
X“+9

0

@ I +10g2v2) () L +10g2V2) (©) L + log V2

1

_[ [1 —x|dx = ... .

-1

(a) —2 (b) 2 © 0

1
If [ 3x?> + 2x + k) dx = 0, then k = ...... )
0
(a) 1 (b) 2 () =2

a
If [ (3x?> 4+ 2x + 1)dx = 11, then a = ...... )
1

(@) 2 (b) 3 (c) =3

=

(0

d T

(d) 1

]

() L +1og2V2)

(d) 4

(d) 4

2
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0
9 | Ix|dx= ... )
-1

(@) —% (b) 3 (© 1

(10) _}1 log (;Iﬁ) dx = oo .

(@1 (b) O (c) 2

b1

3
(1) [ cotx dx = ... )
TT

4
@3ee(3) o3 © Flog L

2x+8 1<x<£2

k
(12)J fx) de =47, f(x) = { 6x 2<x<k’ then £ ...... .
1

(a) 4 (b) —4 © 2

(@ L O ©Z

(a) log (%) (b) % log (%) (c) 2 log (17)

ﬁ 2
(15) [ y2-x" dx = ... .
0

(@ L b (©) 0
2a f(x)dx
16 | Tt rea—m = = -
(a) —a (b) a © <
a7 T sindx cos3x dx = ... .
0
(@) T (b) - ©Z
k
(18)If [ (2x + 1) dx = 6, then k = ...... .
2
(a) 3 (b) 4 (c) —4
1
dx _ _
(19) {) o .
(a) log 2 (b) log 4 (c) log 3

) 2

(d) —2

(d) 2 log 3

(d) —2

) £

(d) log (17)

@z

@) %

(0

(d) —2

(d) — log 2
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T
3 3+ 2\/_
(20)Ifj oo — dx = k log |5 |, then k = ....... ]
@ % (b) 3 © 7 d)
@
Summary
We have studied the following points in this chapter :
1. f:[a b] — R is a continuous function. Divide [a@, b] into n sub-intervals of equal length given
b—-a b b—a i
= ; = lim — 7
by A - .Thenjf(x)dx S — izlf(a+zh).
a
2. Fundamental theorem of integral calculus : If the function f is continuous on [a, ] and F is a
differentiable in (a, b) such that
b
Vx € (a b), [F(x)] f(x), then _[ f(x)dx = F(b) — F(a)
a
b b
3. j fx)dx = j f (@) dt, i.e. definite integral is independent of variable.
a a
b a
4. [f@x)dx = =] f(x)dx (a > b)
a b
b c b
5. If fis continuous on [a, b] and a < ¢ < b, then j'f(x) dx = j' f)dx + j f(x) dx.
a a @
a a
6. If fis continuous on [a, b], then _[ fx)dx = _[ fla — x)dx
0 0
b b
7. If fis continuous on [a, b], then j f(x) dx = _[ fla+ b —x)dx
a
2a a a
8. If fis continuous on [0, 2a], then j fx) dx = I fx) dx + I fQRa — x) dx
0 0 0
2a a
If f(2a — x) = f(x), Vx € [0, 2a], then f fx) dx = 2J fx) dx
If f2a — x) = —f(x), Vx € [0, 2a], then j f(x) dx =
a a
9. If fis an even continuous function on [—a, «a], then ,[ fx)dx =2 _[ f(x) dx
—a 0
10. If fis an odd continuous function on [—a, a], then _[ f(x) dx = 0.
—a
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AN APPLICATION OF INTEGRALS

Music is the pleasure the human soul experiences from
counting without being aware that it is counting.
— Gottfried Wilhelm
.

There are no deep theorems - only theorems that we have not understood very well.
— Nicholas Goodman

4.1 Introduction
Integration and differentiation are basic operations of calculus having numerous applications in
science and engineering. Integrals appear in many practical applications.

If the archways of a building has triangular shape or semi-circular shape or rectangular shape and
we need to fix glass in the archways, then we can use formulae of elementary geometry to decide
how much glass material is needed. But
if the archways are in section of an
elliptic shape, then we have to resort
to integration to find out the quantity of

glass material needed. Figure 4.1

We need to know the area under a curve for this purpose. Before integration was developed,
one could only approximate the area. Method of approximation was known to the ancient Greeks.
A Greek mathematician Archimedes, worked-out good approximation to the area of a circle. Finding
the area of a region is one of the most fundamental applications of the definite integral. The concept
of integration was developed by Newton and Leibnitz.

4.2 Area Under Simple Curves

In the previous chapter, we have studied how to find the value of a definite integral as the limit
of a sum. Let us study how integration is useful to find the area enclosed by simple curves, area
between lines and arcs of circles, parabolas and ellipses. We shall also discuss how to find the area
between two curves.

We will assume following property of a continuous function defined on a closed interval :
A continuous function defined on a closed interval attains maximum value at some point of interval
as well as minimum value at some point of interval.

Case 1 : Curves which are Y
entirely above X-axis :

Let f be a continuous function
defined over [a, b]. Assume that

f(x) = 0 for all x € [a, b]. We want to

find the area A enclosed by the curve
y = f(x), the X-axis and the lines x = a

and x = b. (The coloured region in the
figure 4.2(a) and 4.2(b).)

A

>

Figure 4.2(a)
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We first divide the interval [a, b] into n
subintervals determined by the end-points
a = Xy, X1, X,..., X, = b. Since f(x) is continuous

on each subinterval [x x;l, i =1, 2,..., n, there

i—1
exists a point x;' € [x; _ |, x;] such that f(x;) is
minimum value of f(x) in this subinterval. Also,

there exists a point x* € [x x;] such that

i- 1
S (x;*) is maximum value of f(x) in this
subinterval. Let Axl. =x; — x; _ 1. We construct a
rectangle with f(x')) as its height and
Axl. (i=1, 2,..., n) as its breadth. (as in the figure
4.3). The sum of the areas of these rectangles
is clearly less than the area A we are trying

to find.

ie. S FE) AL <A ()

i=1

n
This sum 2 f(x',) Ax; is called a
i=1

lower sum.

We construct a rectangle with f (xl-*) as
its height and Ax; = x;, —x, _ | (i =1, 2,..., n) as
its breadth. (as in the figure 4.4)

The sum of the areas of these rectangles
is clearly greater than the area A we are

trying to find.

ie., i &5 Ax, 2 A

i=1

n
This sum ), f(xl.*) Axl. is called an upper sum.

i=1

Thus, from (i) and (ii) we have

2 f@) A, S AS ;1 f&) Ax,

i=1

N

Figure 4.2(b)

37
A
[ y=/x)
[~
) O a Xi-1 % b > X
v
Figure 4.3
Y
A
= =f(x)
] Rl
-0 a b > X
v
Figure 4.4
(ii)

The area is equal to the limit of the lower sum or of the upper sum as the number of subdivisions

tend to infinity and maximum of Ax; — 0 provided upper sums and lower sums tend to a common

limit and can be written as follows :
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A= lim X J&') Ax,‘ = lim X f(x,‘*)ij

n—e j=1 n—o =1

b
As discussed in previous chapter, the above expression is j f(x) dx.
a

b
Thus, area A = j J(x) dx.

a

Case 2 : Curves which are entirely below the X-axis

If the curve under consideration lies A%
A

below the X-axis, then f(x) < 0 from 5
a

X = a to x = b as shown in figure 4.5. DS, > X

Then the sum defined in (i) and (ii) will

be negative but the area bounded by the

curve y = f(x), X-axis and the lines
x = a, x = b is positive. In this case we y=f{x)

take absolute value of the integral
b v
ie., |_[f(x) dx| as the area enclosed.

Figure 4.5
a

b
Thus, area A = |1| where | = Jf(x) dx.
a
Case 3 : Curves which intersect X-axis at one point :

Y
A

y =/

(¢, 0)

< b > X
O a
v
Figure 4.6

Let the graph of y = f(x) intersect X-axis at (c,0) only and a < ¢ < b. Let
f(x) 20 Vx € [a c], f(x) £ 0 Vx € [c, b]. Then the area of the region bounded by y = f(x),
x = a, x = b and X-axis is given by A= |1, |+ |1, |.

c b
where 1, = _[f(x) dx, 1, = jf(x) dx.
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we can have

Even if the curve intersects X-axis at finite number of points ¢, ¢5...., ¢

n?
Ck+1

n
I, = .[ f(x)dx and Area = [1]. (¢g = a, ¢, . = b)
Cr k=0

As above,
(1) Let x = g(y) be continuous function of y over [c, d] and g() = 0 or g() < 0, Vy € [c, d].
Then the area of the region bounded by x = g(3), y = ¢, y = d and Y-axis is A =| 1 |.

d d
where 1 = jxdy = j g(y) dy.
C C

Y Y
A A
y=d y=d
/V x =gy x =g “\\
S > X < 5" X
v v
Figure 4.7 Y
- y=d
(2) Let the graph of x g0
intersect Y-axis at only (0, e¢) and x = a)

¢ < e < d. Then the area of the region
bounded by x = g(y), y = ¢, y = d and (0, e)
Y-axis is given by A= | I, [+ ] 1, |,

e
where 1, = J‘ g(y)dy and
C

y=c
d < 0 > X
I, = dy. M
2 {g(y) 4 Figure 4.8
(3) If the curve and the region Y

bounded by the curve are symmetric
about X-axis and if one part of the area
is in upper semi-plane of X-axis and the

second one is in the lower semi-plane

N
of X-axis, then the total area of the 0& .
4

region will be two times the area in

the upper semi-plane. This method can

also be applied to calculate the area of

\

a region symmetric about Y-axis. Figure 4.9

136 MATHEMATICS 12 - IV



(4) If the curve and the region bounded by the curve are symmetric about both the axes, then

its area can be calculated by considering the area of the region in the first quadrant and multiplying

the same by four.

Y Y

A

A

v
>~
A

0 /S
\\

Figure 4.10

Region bounded by circle, ellipse are examples of this type.

Example 1 : Using integration, find the area of the region bounded by the line 2y = —x + 8, X-axis
and the lines x = 2 and x = 4.

Solution : Required area = ||, where
4
I = jydx
2 Y
A
T (=x
= -[ (T+4) dx
2 AN
. ©.4 D2, 3)
- [i+4x:| c@.2)
4 2
x=2
—(4)? —2)? x =4
= T T16| — —— 8 < > X
O] A0 B@o0) 8,0
v
=(—4+16)—(—1 + 8
1o —17 Figure4.11
=5

. Required area = 5

Area of trapezium ABCD

% (Distance between parallel sides)(Sum of lengths of parallel sides)

24 =2)3+2)=>5

Example 2 : Find the area of the region bounded by the curve y = 4 — x2, X-axis and the lines
x =0 and x = 2.

Solution : Here y = 4 — x2
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x2 =
Its vertex is (0, 4). Parabola opens downwards.
Required area A = ||, where

2

_[ ydx
0

2
[ @ =) ax
0

[4x—%}

:—6
3

A:

wl’a‘\ wloo

—(y — 4) which represents a parabola.

Y
A

A

0, 4)

o

Il
=
(-2,0) l O 2,0)
v

Figure 4.12

Example 3 : Find the area of the region bounded by y = x> — 1, X-axis and y = 8.

Solution : Here the curve y = x2 — 1 is symmetric
about Y-axis. So its area can be calculated by
calculating the area enclosed by the arc in the first

quadrant and then multiplying the same by 2.

Now, y =x2 — 1. So x2 =y — (=1)

and it opens upwards. The limits of the region bounded
by the curve in the first quadrant and Y-axis are
y=0and y = 8.

This is a parabola whose vertex is (0,

Area A = 2| 1]
8
whereI=J xdy
0
8
=£ ,/y+1dy
318
=3 lo+177
3
SIGEDEE

Az a() -

2
Example 4 : Find the area enclosed by the ellipse x_2 +
a

Y

y

N

A

I y=8

y=

A

1, O)Q

(1,0)

v

0:_1)

Figure 4.13

(x > 0 in the first quadrant)

2
Yoo
b

Solution : The ellipse is symmetrical about both X-axis and Y-axis.

Required area = 4 X Area OAB in the 1st quadrant

a
=4|I|,whereI=_[ydx
0
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