Apphcatmn of Derivatives: Tangents
and Normals, Rate Measure




5.2 Calculus

'EQUATION OF TANGENTS AND NORMALS
Let P(x,, y;) be any point on the curve y = £(x).

y=f(x)

.X/

A
Fig.5.1
Ifa tangent at.P makes an angle @with the positive direction of .
dy
-axis, then — =tan 6.
the x-axis, th e :

Equation of Tangent:
Equation of a tangent at point P(x;, y;) is

y=-n= (_ (x—x)
ax ), m) |

Equation of Normal: "

- . . . dx .
Equation of a normal at point P(xy, y;) isy—y; = | —— x—x)
. ‘ - . (x01) .

Fw 5.2

. lf there isa tangent to.an’ even ﬁmctton atx = 0 then it
s always parallel to the X-axis .

Example 5. 1 Find the total number of para]lel tangents of
Fio= X *landfz(v) ©-x*-2x+1.

Sol. 'Here,

fiI®=2-x+1 and fyx)=x-F-2x+1

= fG)=2x-1 and f)(x) =3x22—-2xz—,2
Let the tangents drawn to the curves y = £,(x) andy = £,(x)
at(x,, fi(x;))and (x,, f5(x,)) are parallel.
= 2x—1=3x%"=2x0~20r2x; = (3x,2— 2x,~ 1)
which is possible for infinite numbers of ordered pairs;
= Infinite solutions. '

Prove that the tangent drawn at any point to the

curve f{x)=x"+ 30 +4x+8 wou]d make an acute -

angle with the x-axis.

Sol. f)=x+33+4x+8
= fix)=5x*"+92+4

Clearly, f(x)>0Vxe R
Thus, the tangent drawn at any point would have positive

.slope and hence would make an acute angle with the
X-axis. :

Example5.3 (a) Find the equation of the normal to the curve
: =p%—|x|]atx=—
(b) Find the equation of tangent to the curve
y=sin" 2x2 at x=43 -
‘ . : 1+x : :
Sol. (a)Inthe neighbourhood of x =— 2, y=x*+x.
Hence, the point on curve is (- 2,2).
Do = 2|
dx : dx ‘

x=-2

So the slope of the normal at (— 2, 2)is % .

Hence, the equation of the normal is % x+2)=y-2.

= 3y=x+8

(b)y=sin"! 2x2 =g—2tan 'x, forx>1.
+x '

& 2

dx  1+x?

(dy) .
T )y 143 2

_ Alsowhenx=+f3,y= 7r——2—735:.=—;E

Hence, equation of téngent is y—g = —% (x~ NG) )

|Beh IR Find the equation of tangent and normal to the
- curvex =2afi(1 + ), y=2aP/(1 + A) at the
point for which ¢ = 1/2.



Sol. Given that
x=2a(1+8),y= 2at3/(1+t2)
Att=1/2,x=2a/5,y=al5

_ . , ) ,
Cdx - Adat dy 2at (3+t)
: AISO—“=—-——23nd—::_——2—
. dt (l+t2) . .dt (1+t2)
d_dldt 1, )
d de/dt 2V
Lo 1.8
27dx 22 4) 16
The equation of the tangent when ¢=1/2'is
y—al5=(13/16) (x—2a/5) =13x- 16y=2a..
And the equation of the normal is
y—a/5)(13/16) +x—2a/5=0
= 16x+13y=9a

e Rl Find the equation of the normal to y =x*— 3x,
which is parallel to2x+ 18y=9.

Sol. The curveisy=x"—3x ' ‘ (1)

= dyldx=3x"-3
" The normal is parallel to the line 2x + 18y 9, then the

1
(dy/dx)
= dyldx=9 = 3F-3=9 = x= +2
From equation (1), whenx=2,y= 2andwhenx=-2,y=
~2. :

" Hence, the required normals are
y—2=—(1/9)(x~- 2)andy+2——(1/9)(x+2)‘
= x+9%= 20andx+9y+20 0

Example 5.6 If the tangent at any point (4m 8m3) of ¥—y*=0

When t=

slope of the normal =— = -—_6 (Slope of the line)

is a normal to the curve - y =), then find the
value of m.
Sol. Here,y?=x> : )
dy
= 2 = 3x
Y ix
352
slope at (4m2, 8m3) = [—;—} =3m
Y (4m?,8m%)
2.0 3. Y~ 8m’
Equation of the tangent at (4m®; 8m’), —— = 3m
o xf4m
=  .y=3mx—4m’ @)
For another point, solving equations (1) and (2), we get
B = Bmx—4m*y
=  x=4m,m

A4, 8y and B(m?, — )
= Slope of the tangent at B, .

(dy) (3x2 ) -3
—_ =] — =—m
dx (m?, -m*) 2y (m?, —m®) z

2

= Slope of the normal at B= —

Application of Derivatives: Tangents and Normals, Rate Measure 5.3

Since tangent arid normal coincide, we get

.£=3m=> m? =z:>m= i\/z :
3m 9 9

| RCIGRNSE For the curve xy = c, prove that the portion of
: the tangent intercepted between the coordinate
axes is bisected at the point of contact.

Sol. Letthe pomt at which the tangentls drawn be (¢, B) onthe

curvexy=c¢

d
- (_YJ=_E

) o
Thus, the equation of the tangent is
' ' - B

—_— = _ — .—a
| y-B a(x ).
=. ya-of=-xBtaf
- 4+ XL

2a 2[3

Ttisclear that the tangent line cuts x- and y-axes atA(2a, 0)
and B(0, 2B), respectively and the point (o, ) bisects AB.

.Ta}ngent from an External Point

Given apoint P(a, b) which does not lie on the curve y = S (), then
the equation of the possible tangents to the curve y = f(x),

passing through (a, b) can be found by solvmg for the point of
contact Q.

Q (X1, y1)

® P(a, b)

y=fx)
Fig. 5.3

Let point O be (x}, yy)- Since Q lies on the curve y; = f(x)) -

M
n-b =(d_y)
xn—a \dx (o0,

Example5.8 ILLEIE equatioh of all possible norrhals to the
parabola x* = 4y drawn from the point (1,2).

- Also, the slope of PO = (Q) S
_ dx (x> 7))

o » o :
Sol. Let point O be (h, —4—] and point P be the point of
contact on the curve.
Now, mpg = slope of thenormalat Q. v )}

Differentiating v2.r.t. x = 2x=4 % =

§~|‘§“
I

= Slope of the normal at =~ ﬁ =_
dy x=-h
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. |
2, -
= ‘111 7 ='—Z - [from equation (1)]
3 - :
h 8 = h=2

= 7-2;; =_2r+2 = K=

Hence, the co-ordinates of point Q is (2, 1), and so the
equation of the required normal becomes x +y =3.

Example5.9  ESILRGT point on the curve where tangents to
' thecurveyz—2x3—4y+_8=0pas_sthrough(1,2).
Sol. y*—2x>—4y+8=0
Let a tangent is drawn to the curve at point O(c, f) on the
curve which passes through P(1, 2).

Differentiating w.rt. x, 2yz 6x* — dy —=0

dx
"
N .dlz 3x
dx y-2
. dy
Now, slope of line PQ = —
\ dx(a, B)
B-2_ 3ad’
a-1 B-2
= (B-2*=3cX(a-1) } W

Also (¢, P) satisfies the equation of the curve.

= p’-20’-4B+8=00r(B-2y’=20’-4 (2

From equations (1) and (2), 30 (a—1)=20>-4

= a3—3a2+4-00r(a 2)(? - o - 2)=0or
(o—2) (ot H=0

When a=2, (B-2)*=120r f=2%23

When o=—1, (B—2)? =~ 6 (not possible)

- (a,p)s(z,zizﬁ)

Example5.10 R3] the equation of the normal to the curve
' x3 +y* = 8xy at the point where it meets the

curve y2 4x other than the origin.

Sol The curves arex’ +3° =8xy . ()]
- and y* = 4x ©
Solving equations (1) and (2), we get X+ y 4x= 8xy
= X=4dxy
xX}=A4x 2\/;

=

=- x?E2-8)=0

= x=0o0rx?=8=23

=  x=0orx=22=4,

Now whenx=0, we gety=0

and whenx=4, we gety* =16 ory = 4.
But x = 4 and y = — 4 does not satisfy equation (1)

Thus, (0, 0) and (4, 4) are the points of intersection of
equations (1) and (2).

: o dy _8y-3x
Differentiating equation (1), we get —— =
dx  3y°—8x

dy
at(4,4),—=-=1
44,20 ==1
Hence, the equation of the normal to (1) at (4, 4)is
(y-4=1x-4ory—-x=0

Condition for Which Given Line is Tangent or
Normal to the Given Curve .

Q (x1, y1)

ax+by+c=0

Y=
" Fig.5.4

Let the pomt on the curve be P(x,, y,) where a line touches the
curve.
Then P lies on the curve = y, =

S . 1)

Also P lies on the line = ax, + by, +c=0 )
Further, slope of the line )
= slope of tangent to the curve at point P
= _2- (L‘Z) | | o
b \dx ),y :
‘ Eliminating x; and y, from the above three equatlons we get
the required condition. '

B Example AVl Show that the straight line x cos a+ysina=p-

touches the curve xp = a2, if p? = 4 cos asin ¢
Sol. Let the line touches the curve at point P(x;, y,) on the

curve »
= x cos o:+yl sin o= p ' (Y
and x; y; = a ¥3)
Differentiating xy=a® w.r.t. x, we get y__ 2
dx x

Now, slope of the line = slope of the tangent to the curve at
Py, 1) ‘

B% cosQ ’
= = ®

x sinq .

From equations (1) and (3), x, cos @+ x, cos a=p
= 2cosax;=p

And 2sin ey, =p

= (2cosa) (2sin @) (x;, y;)=p*

= p*=4d’cos asina

Example5.12 B3 the line x cos 6+ y sin 8= P is the normal to
the curve (x + a)y = 1, then show

¢ (2nn+§, (2n+1_)7r)

-3
(W) (2mz+7n, (2_n+2)7tj,ne Z



Sol. Here,y= 1 = iy—=-- 1 5
x+a dcx  (x+a)”
Slope of the nbrmal is(x+a)’*>0 (forallx)
x cos O+ y sin 8= P is normal if — cos6 >0
sin

or cot <0, i.e., Olies in Il or IV quadrant.
- So, 0€ (Zmr + % (2n+ l)n) U (Zmr + 3—275 @2n +2)7z)

wheren € Z.

1. Show that the tangent to the curve 3xy? - 2x2y =1 at
" (1, 1) meets the curve agam at the point (- 16/5, — 1/20).

2. The normal to the curve x=a (1 +cos 6), y=asin fat
0. Prove that it always passes through a fixed point and
find that fixed point.

3. If the curve y = ax” — 6x + b passes through (0, 2) and

* has its tangent parallel to the x-axis at x = -5, then find

the values of a and b.
" 4. Find the equation of the tangent to the curve (1+x )y
=2 —x, where it crosses the x-axis.
5. If the equation of the tangent to the curve Y=a’+b
~ atpoint (2,3)isy=4x—5,then find the values of 2 and b.
6. Find the value of n € N such that the curve
n n
(5) + (Z ) =2 touches the stralght line —-+% =2at
a
the point (g, b).
1. Find the condition that the line Ax + By = 1 may be

normal to the curve a” Vy=x"

~ LENGTH OF TANGENT, NORMAL, SUB-TANGENT
AND SUB-NORMAL

Y

X/ —

Fig.5.5
(a) Length of Tangent:
PT is defined as the length of the tangent
In APMT, PT=|y cosec 0|

= /(1 +cot? ) |

st

t

Application of Derivatives: Tangents and Normals, Rate Measure 5.5

5\
=> Length of tangent = |y 1+[d—) }
y

(b) Length of Normal:
PN is defined as the length of the normal.
In APMN, PN = |y cosec (90° — 0)|
= |y sec 0| -

-2

= Length of normal= |y {1+(%) }

(¢) Length of Sub-tangent:
TM is defined as sub-tangent.

In APTM, TM = |y cot 8] = J——l: yZ
dy
= Length of sub-tangent = y—l
()] Length of Sub-normal:
MN is defined as sub-normal.
In APMN, MN = |y cot (90° — 8)| = | y tan 8| = ly%i.
= Length of sub-normal = ’ y Ey‘
v' e 0 ENKE Find the length of sub-tangent to the curve
. y ex/a
Sol. Here,y=e"" : ¢)) |
dy _ xla 1 .
ey Y _plal _ :
' dx ¢ G @
And we know that the length of the sub-tangent = y?
' Ly
a @ : ¢
=" ——=a _ fusing (1) and (2)]

Example5.14 Deterrmne p such that the length of the sub-

tangent and sub-normal is equal for the curve
y=e” + px at the point (0, 1).

d
Sol. Ey = pe” +p at point (0, 1) =2p

' Sub-tangent =

y & , Sub-normal = ’ y Q\
dy dx

~ Given, sub-tangent = sub-normal

= Q=i1 ='2p==1 =>p=il
© dx 2

JRCS SN ER  Find the length of normal to the curve,
i3

x= a(9+sm 0)y a(l—cos 6),at 0= 7

dx
Sol. Here, 0 = a(l+cos@) and g—é = a(sing)
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asin@
a(l+cos0)

dy dy/d9
dx dx/d6
sinz/2

(d_YJ - _
\dx ), p;» 1+cosm/2
and the length of normal is
: 2
¥y 1+(%) —a(l cos )\/1+12 J—a

0=r/2

T LAl In the curve x” " = a™~" y*" Prove that the

mth power of the sub-tangent varies as the nth
* power of the sub-normal.

“Sol. Givenx ™" =g" " y*" : n
Taking logarithm of both sides, we get
(m+n)lnx=(m- nlna+2nlny
Differentiating both sides w.r.t. x, we get
m+n) _,,2ndy &y _(miny

x y dx dx 2n  x

5
W " (Sub-tangent)” dy _ yrr.
(Sub-normal)” (y dy ) ( dy )"‘*".

dx dx
) ym—n xm+n am—n
= (m+n) Z m+n m+n)m+n y2n ‘(m+n)m+n
2n  x 2n 2n
{from (1)}

= constant ({ndependent of x and y)
" = (Sub-tangent)” < (Sub.-normal)"

1. Find the length of the tangent for the curvey = x3 +3x

~ +4x—1atpointx=0.

2. For the cutve y=a ln (x2 a®), show that the sum of
lengths of tangent and sub-tangent at any point is propor-
tional to product of coordinates of point of tangency.

3. For the curve y = f(x), prove that

(length of normal) sub-normal
(length of tangent)®  sub-tangent '

4. If the sub-normal at any point on y = a
. constant length, then find the value of 7.

ANGLE BEMEEN THE CURVES

C,

1-nem is of

T3

(‘]
—T

(x1, N
C.

2

Fig. 5.6

Angle between two intersecting curves is defined as the acut
angle between their tangents or the normals at the point o
intersection of two curves. ’ N
| m—m,
|1+mlm2
the intersection point (xy, y)-

tan 8= , where m, and m, are the slopes of tangents a

e RNV Find the angle between curves y2 = 4x anc
-x/2
y=e " .

Sol. y=e?

p ¥ =4x

X
y
~ Fig.57
Let the curves intersect at point (x;, y;)
fory*=4x, & -2
& e

and fory=¢"*", @ _l_e—’ﬁ/z: N

dx (%11) 2 2

= mjm,=—1 = Hence, =90°.

IRCUINCERCE The cosine of the angle of intersection o
curves f(x)=2"logx and g(x)=x"—11is
Sol. Clearly, (1, 0) is the point of intersection of the given curve

2X
Now,f(x)= — +2" (log,2) (logx)
x ) ,
-, Slope of tangent to the curve f(x) at (1,0)=m; =2
b 2, d 0g X
Similarly, g'(x)= = (eF1B* ) =x* [2xxl+2 logex)
x

*. Slope of tangent to the curve g(x) at (1, 0)=m, =2 -
since m; =m,=2
= Two curves touch each other, so the dngle between the
is0. '
Hence, cos 8=cos 0=1



' -Ex_ample 3.19:

Find the values of  if the curves X/ + /4= 1
andy® = 16x cut orthogonally

Sol. The two curves are

2l + A= 1 ' )]
y=16x : @
Differentiating (1), dy/dx=—4x/(a’y)=m,
Differentiating (2), dy/dx=16/(3y")=m,
The two curves cut orthogonally,

Y m1m2—~1

[~ 4x/(a y)] [16/(3y N=-1
64x=3d" y = 64x= 34% 16x, using (2)
a*=4/3 -

a== 2/\/5

R

‘Example5.20 Fmd the acute angle between the curves .

=|x>—1jandy = |x2 — 3| at their points of
mtersectlon

Sol. y=h’-1] . | )

andy=|x*-3| - [v)
" They intersect when |x2 —1=|x*-3|

o 1-#=¥-3 = #=2 o x=%2

. = The points of intersection are (i V2, 1) .

‘Since the curves are symmetrical about the y-axis, the

angle of intersection at (—\/5, 1) = the angle of .

‘intersection at (J_ 1)

At (V2,1),m=2x= 3, my=—2x=— 22
=EI.2_=ﬂ_\/_§. = —1-4—\/:

6=tan
1-8 7

Example5.21 Fmd the angle at which the two curves

3xy +2=0and 3x2y y3 2 =0 intersect.

Sol. We have x° —3xy +2=0 ¢))

“and, 3x%y - y -2=0 ¥))
Differentiating equations (1) and (2) with respect to x, we
-obtain

2.2 _
(gfz) zz_y_a-nd(iy.) _ 2y
Ndx ), 2xy d), 22—y

2
(9)2) -
dx ), \dx/,
Hence, the two curves cut at right angles.

Exerclse 5 3

1. Fmd the angle of intersection of y = &" and y = b
2. Fmd the angle of mtersectlon of the curves xy a and
xZ+ y =24

Applicatioh of Derivatives: Tangents and Normals, Rate Measure = 5.7

" 3. Find the angle at which the curve y = Ke® intersects
the y-axis.
4. Ifthe curve ay + x3=7 and x> =y cut orthogonally at (1
1), then find the value a.

5. Find the angle between the cufves X - !3— =q* and
C,: x»=c
6. Find the angle between the curves 2y%=x" and y* =32x.

MISCELLANEOUS APPLICATIONS

Exaple5.22 Find possible _‘ values of p such that the
L‘_\ ) equation px? =log,x has exactly one solution.

Sol. Two curves y = px2 and y = logx must intersect at only .
one point. _ )

y =logex

P>0
Fig. 5.8

Case 1: Ifp <0, thenthere is only one solution (see Fig. 5.8).

Case2: If p > 0, then the two curves must only touch
each other, i.e., tangent at y =px* and y =Inx -
must have the same slope at point (x;, ). »
Differentiating the given relation on both sides

w.r.t. x, we get
2px, = 1 = x= L )]
! X ) P

Also (x;, ) lies on the curves

= y1=pr = yﬁPG;) [(from (1)]

= y1=% @

and y,=log.x, = % =log x,

= x;=e" 3)

Hence, x12= —l—— = e=L =>p=i_
©2p 2p 2e

Hence, possible values of p are (— o0, 0] U {2—} .
: e
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TR TSILRER) Find the values of a if equation 1 — cos x

= _23_| x|+a,xe (0, m)has éxacﬂy one solution.

Sol. {’
e .
f y=1-0C0SX
g e A , .................
- ! L X
9 x iz 2n =
A 3 2 3
y’ .
: Fig. 5.9

1 "—cos‘x=‘ —23—|x|+a has root when y = 1 —cos x and

3
y= _2_|x|_+a intersect.

~ For one real solution, consider the case when two curves
touch each other.

' ' e
Slope of C; is sin x and for x > 0 slope of C, is - Thus,
for the point of contact

. 3 T 2r.
sinx= — = x=— 0o —|—.
-2 3 3

- (2 .
Hence, the point of contact is —75, 1 or —”, 3
A3 2 3°2

For(zr~ 1) we eta=l——ﬂ—
3 ) BT
(27: 3) : 3w

For| —, - |, wegeta=———F%.

3°2) 2 B :
IRCUNN LY. Find the lotus of point on the curve
y2=4a(x+asin£) wﬁere tangents are parallel

a .

to the axis of x. -

Sol. We havey”=4a (x +asin i) ' )
- : a
' ) . dy x
Differentiating w.r.t. x, we get 2y o =4a|1+cos—
: a
For points at which the tangents are parallel to x-axis,
fX =0 = 4a(l+cos£)=0
dx ' a
= cos—{=— = £=(2n+1)7r'
. a a : .

. Cx
For these values of x, sin —=0.
a

Therefore, all these points lie on the pérabola ¥ = dax:
[Putting sin x/a = 0 in equation (1)]

Shortest Distance between Two Curves -

The shortest distance between two non-intersecting curves is -
always along the common normal (wherever defined).

Find the shortest distance between the line
y=x—2 and the parabolay = x>+ 3x +2.
Sol. Let P(x;,y;) be a point closest to the line y =x —2.

y .

Example5.25

y=x2+3x+2

Y

) y
Fig. 5.10
Then & .=slope of line
(x> 3) :
= 2x,+3=1
= x=-1
= y,=0 ‘

Hence, point (- 1, 0) is the closest and its pe_rpendiculér
distance from the line y = x — 2 will give the shortest
distance.

= Shortest distance = 3

| V2
Examle EI¥T3 Find the point on the curve 3x” —4y* =72 which

isnearest to the line 3x+2y+1=0. .
Sol. 3x+2y+1=0

Fig. 5.11

Slope of the given line 3x + 2y + 1 = 0is (- 3/2).

Let us locate the point on the curve at which the tangent is
parallel to given line.

Differentiating the curve on both sides w.r.t. to x, we get

dy '
6x-8y —=0
Y P

_ (éz) 3 _ 3
dx 5> 1) 4y 2

[since parallel to 3x + 2y + 1 = 0]



R ¢

N
Also the point (x;, yl) lieson 3x2 —4y* =172
' 2. 12
= 3Z-4y=T2 > 38 4= @
" o
= 3@4)-4= lg— {from (1)]
)’1

= »}=9 = y=%3

The required points are (- 6, 3) and (6, - 3).

Distance (— 6, 3) from the given line
184641

S

and distance of (6, —3) from the given line

|18-6+1] :
S el

" Thus, (- 6, 3) is the required point.

Wﬂe tangent at any point on the curve x =a cos’ 6,

y=a sin> Omeets the axes in P and Q. Prove that
the locus of the rmd-pomt of PQ is a circle.

Sol. The givencurveisx=a cos 6,y=a sin® 6.

AN
d_y__(dﬂ) _ 3asin® O cos
Then dx (ﬂ) " 3gcos? O(-sin6)
de). -

Ay
Q

=—tan@

" Fig.5.12

v Equation of tangent at 6is
S y—a sin> @ =—tan O (x—a cos® 6)

= .y —asin®?@=- +acos’ 0
sinf - cosf
x y x y

= ——+4-—=—=gqor +—= =
cos9 sinf (acosf) (asinb)

P=(acos 6,0)and 0=(0,asm 6)
If mid-point of PQ is R(h, k), then
2h=a cos Gand 2k=asin 6
Qhy+ kP =d or 2+ =d’l4
Hence, the locus of mid-point is 2+ y = a*/4, whichis a
circle.

Application of Derivatives: Tangents and Normals, Rate Measure 5.9

-INTERPRETATION OF dy/dx AS A RATE
MEASURER , -

Recall that by the derivative ds/dt, ‘we mean the rate of change of
distance s with respect to the time ¢. In a similar fashion, whenever
one quantity y varies with another quantity x, satisfying some

- muley= f (x), then % (or £(x) represepts the rate of change of y

with respect to x and (Q) (or ' f(x,)) represents the rate of
dX Jy—y, ' :

‘change of y with respect to x atx= Jéo

Further, if two variables x and y vary with respect to another
variable ¢, i.e., if x = f(f) and y = g(p), then by chain rule
dy _ dyldt dt if dx '
dc dx/dt’  dt
respect to x can be calculated using the rate of change of y and
that of x, both with Tespect to .

#0. Thus, the rate of change of y with

TR Displacement s of a particle at time ¢ is

1 . .
expressedass= — £ — 6t. Find the acceleration

at the time when the velocity vanishes (ie.,
velocity tends to zero).

Sol. s= 16
2

n ¥ ds 32
Thus velocity, v= — =| — —6
o Ri dat ( 2 )
2
and acceleration, a = & ﬁl—; =3¢
, dt dt

: 2
: . . ¢
Velocity vanishes when 37 -6=0
= P£=4 =1t=2
Thus, the acceleration when the velocity vanishes is
a =3t =6 units. _ -
|Re R PAlR On the curve X =12y, ﬁnd the interval of

values of x for which the abscissa changes at a
faster rate than the ordinate?

Sol. Givenx>=12y; differentiating w.r.t. y, we get

3o
dy .
de_ 12
dy 3x*
Now if abscissa changes at a faster rate than the ordinate.
then we must have |—| >1
'y
= 12 >1
3x?

= |x}<4,x#0
= —-2<x<2,x#0
= xe(-2,2)-(0)



5.10 Cal(;ulus

Exampl k(I A man 1.6 m high walks at the rate of 30 m/min

away from a lamp which is 4 m above the

ground. How fast does the man’s . shadow
lengthen" :

Sol. QN

P XA 1
. Fig. 5.13 v
Let PO =4 m be the height ofpole and AB=1.6 mbe the

height of the man.
Let the end of a shadow is R anditisata dxstance of [ from

" A when the man is at a distance x from PQ at some instant.

7 Since, APQR and A ABR are similar, we have Q = ﬂ‘i
AB AR
4 x+l
1.6 {
= 2x=3l .
dx__dl dx :
= 2—=3— iven — =30m/min | -
a Cdt [g Al }
a._ —%x30 m/min= 20 m/min
dt- 3
IEWCERINN  If water is poured into an inverted hollow cone
O whose semi-vertical angle is 30°, show that its

\

© the rate of 1 cm/s. Find the rate at which the
volume of water increases when the depth is
24cm. '

Sol. D .

Fig. 5.14

Let A be the vertex and 4O the axis of the cone.
Let O’A = h be the depth of water in the cone.

InAAO’C, tan 30° = o’c
h .
= O'C= —= =radius
NG

V= volume of water in the cone= %n(O’C)Z X A0’

2
=l7zh—xh
303

“depth (measured along the axis) increases at -

o y=Ep o Y _Zpd 0
_ 9 a3 dt :
But given that depth of water increases at the rate of
1 cm/sec -
- dh '
= — =lcm/s 2
I @
2
From (1)and (2), dl:—’%
When 4 = 24 cm, the rate of increase of volume
dV 71'(24) ~192 cm /
dr 3

IBe RPN Let x be the length of one of the equal sides of

an isosceles triangle, and let 0 be the angle
between them. If x is increasing at the rate
(1/12) m/h, and @is increasing at the rate of /180 -
radius/h, then find the rate in m%h at which the

" area of the triangle is increasing when x= 12 m
and 6= r/4..

Sol.

Fig. 5.15

A= lxzsinB = 24=x*sin@

N

= 2ﬂ =x? cos g ﬁ+sin9 2xﬁ
dt dt dt .

dd i | 1
= 2— =(14 x2x12x—
dt (149 (J‘ )180 N7
' 127 N 2
15v2 2 \
a_2m 1 2 V2 _ﬁ(”+1
dt 52 V2 52
B eV IREM A horse runs along a circle with a speed\ of
: 20 kmvh. A lantern 1s at the centre of the circle.
A fence is along the tangent to the circle at the
point at which the horse starts. Find the speed
with which the shadow of the horse moves
along the fence at the moment when it covers
1/8 of the circle in km/h is

=

Sol

———— e
Q
v >

=
-

Fig. 5.16



. tan O=x /r =>x=rtan O
.y dxldt = rsec? 0(d0ds) = rosec* 0=vsec’ 0
where@=27/8 = dx/dt =v sec’(m/4) = 2v=40 km/h;
6=45°

N

1. The distance covered by a particle moving in a straight
line from a fixed point on the line is s, where S2=at*+
2bt -i; ¢, then prove that acceleration is proportional
tos .

2. Tangent of an angle increases four times as the angle
itself. At what rate the sine of the angle increases w.r.t.
the angle? - - ‘

3. Two cyclists start from the junction of two perpen-
dicular roads, their velocities being 3u m/min and 4u
m/min, respectively. Find the rate at which the two

- cyclists separate.

4. A spherical iron ball 10 cm in radius is coated with a
layer of ice of uniform thickness that melts at a rate of
50 cm®/min. When the thickness of ice is 5 cm, then
find the rate at which the thickness of ice decreases.

5. x and y are the sides of two squares suchthaty=x -
Find the rate of the change of the area of the second
square with respect to the first square.

6. Two men P and Q start with velocities u at the same
time from the junction of two roads inclined at 45° to

“each other. If they travel by different roads, find the

rate at which they are being separated.

APPROXIMATIONS

Let f:A—>R,ACR,bea given function and lety = f ). LetAx
denotes a small increment in x. Recall that the increment in y

corresponding to the increment in x, denoted by Ay, is given by

Ay= f(x+ Ax)— f(x). We define the following

() The differential of x, denoted by dx, is defined by dx = Ax.
(ii) The differential of y, denoted by dy, is defined by

dy= f'(x)dxordy = (%)Ax

Y{n'
Q(x+Ax, y+Ay)

S(x+dx, y+dy)

—TAy
d
rn” Y1 T
' /dx=Ax_ »\—R
X — —X

Fig. 5.17

In case dx = Ax is relatively small when compared with x, dy is
a s0od approximation of Ay and we denote it by dy=Ay.

Application of Derivatives: Tangents and Norm_als, Rate Measure 5.11

IR EKLM Find the approximate value of V36.6.

Sol. Consider the function y = N
Letx=36and Ax=0.6.

Then Ay =% + Ax— v/x = /36.6 — /36 = V/36.6 — 6

or v/36.6 =6 + Ay
Now dy is approximately equal to Ay and is given by
dy 1, '
cdy= (—) Ax =——=(0.6) = 0.05 asy =

Thus, the approximate vé_lue of 36.6 is 6 +0.05=16.05. .

1
IRELTICEREN Find the approximate vatue of (25)3 .
Sol. Consider the function y = %
Letx =27 and let Ax=-2.
1
3

. . . i . 3 »
" then Ay= (x+ Ax)} — = (25) —(27) =(25)" -3

or (25)° =3 +Ay
" Now dy is_approxima_tely equal to Ay and is given by

dy 1 3
dy= (—d—x) a=—(2) . . (@sy=x)
' 3x3 ’
At x=27
. | ) |
dy= ———(-2)= 5% = —0.074
o 3@n?Y

1
Thus, the approximate value of (25)° is given by
3+(=0.074)=2.926.

Find the approximate change in the volume 14
of a cube of side x metres caused by increasing
the side by 2%.

Sol. We havé volume ¥ = x>

= dV= (ﬂ)Ax
dx

=(3x) Ax

= (322 (0.02x)

= 0.06x* m’ (as 2% of x is 0.02x)
"Thus, the approximate change in the volume is 0.06x° m’.

‘Example5.3¢

EthpleS.ST In an acute triangle ABC if sides a, b are
constants and the base angles 4 and B vary, then

dd dB

show that =
\/;2 —b2sin’ 4 ‘\lbz —a*sin’ B




-5.12 Calculus

a b

1. = _
S_o sin.{i sin B
or . bsind=asin B
bcosAdA=acosBdB
dA _ dB
acosB bcosA _
'=> 4 dd . _ - -dB
a1-sin? B byl-sin® 4
dA - daB
= - = =
b*sin? 4 a*sin’ B
a b
dd - dB

= = —
\/a2 —~b*sin® 4 \/bz—(z2 sin? B

1. Find the approximate value of f(3.02), wheie
fG)=3x+5x+3.

- 0f0.03 cm, then find the approximate error in calculating
its volume.

3. Find the approximate value of (1 999)

4. If 1° = cr radians, then find the approximate value of
‘cos 60° 1",

2. If the radius of a sphere is measured as 9 cm with an error |.

MEAN VALUE THEOREMS

In calculus, the mean value theorem, roughly, states that in a
given section of a smooth curve; there is a point at which the
derivative (slope) of the curve is equal to the “average” derivative
of the section.

This theorem can be understood concretely by applylng it to
motion: if a car travels 100 miles in 1 hour, so that its average
speed during that time is 100 miles per hour, then at somc\:ftxme its
instantaneous speed must have been exactly 100 miles per hour.

Rolle’s Theorem
Statement:
If a function f(x)is
() continuous in the closed interval [a, b}, i.c. contlnuous at
each point in the interval [a, b]

" (i) differentiable in an open interval (a; b), 1.e., differentiable
at each point in the open interval (a, b)

(i) f(a)=1(b), _
then there will be at least one point ¢ in the interval (a, b)
such that f’(c)=0.

Geometrical Meaning of Rolle’s Theorem

Y : Y
TP T ’ E
A B[ TN\y=rw S
’ A \/ 8 -
f(a) f(b) o , D
flay. . |fw)
o) L M X o L M X
a b a b
Fig. 5.18 Fig. 5.19

Ifthe graph of a function y = f(x) is continuous at each point from
the point 4(a, f(a)) to the point B(b, (b)) and the tangent at each

. point between 4 and B is unique, i.e. , tangent at each point

between 4 and B exists and ordinates, i.c., y co-ordinates of points
A and B are equal, then there will be at least one point P on the curve
between 4 and B at which tangent will be parallel to the x-axis.

In Fig. 5.18, there is only one such point P where tangent is
parallel to the x-axis; however, in Fig. 5.19, there are more than one

~ such pomts ‘where tangents are parallel to the x-axis.

E\ample X1 Discuss the apphcablhty of Rolle’s theorem for
the following functions on the indicated
intervals:

O f®=|x|in[-1,1]
@) =3+ (x-2)in[1;3]
(i) /(x)=tanxin[0, 7]

2
@) f () = log{ﬂ} ‘in [a, ], where
: x(a+b)
0<a<b.
Sol. () f(x) =|x| is continuous but non-differentiable in
[~ 1, 1], hence Rolle’s theorem is not applicable, -

@ f()=3+@-2" = OR # Thus

f {x) is continuous but denvatlve does not exist at
x=2. Hence, Rolle’s theorem is not applicable.

() f(x)=tanxin [0, 7] is discontinuous at x = 7z/2. Hence
Rolle’s theorem is not applicable.

x“+ab

(V) f(x)= log { w(@+h)

} n [a; b], where 0 <a < .



~ For0<a< b, f(x) is continuous and differentiable.

o a’+ab | _ a@+b)| _ i 3¢
fl@= log{a(a " b)} = IOg{—’a(a +b)} =logl=0

and

O T U £l A S
7 (b)—10g{b(a+b)}_10g{b(a+b)}—logl o

~ Hence fl@y=f®), and Rolle’s theorem is applicable.
f the function f(x) = — 6"+ ax + b defined

on [1, 3] satisfies the Rolle’s theorem for

23 +1
N

c= , then find the values of a and b.

Sol. Since £ (x) satisfies conditions of Roll’s theorem on [1, 3]
~ fO=S0G)
1—6+a+b=27—54+_3a+b

— 2a=220ra=11
Since f(1)=f(3)is independent of b
a=1landbe R

Let ()= (x— @) (x— b)(x — ), a< b <c, show
- that f’(x)=0hastwo roots one in (a, b) and the

' ~ otherin (b, ). ’
Sol. Here, f(x)beinga polynomial is continuous and diffe-
rentiable for all real values of x. We also have f(a)=f b)

/ = f(c)- Rolle’s theorem is applicable to f (x)in{a, bl and -

[b, c). We observe that f'(x) =0 has at least one root 1n
 (a,b)and atleastone root in (b, ¢). Butit isa polynomial of
- degree two, hence f(x)= 0 cannot have iore than two
roots. It implies that exactly one root of f/(x)=0would lie
in(a,b)and exactly one root of f’ () =0 would lie in (b, ).

‘Example5.41 [l 3p + 6¢ =0, then prove thatat least one
* root of the equation ax? + bx + ¢ =0lies in the

interval (0, 1).

3 bx2

Sol. Consider the function f(x) = %—+—2—+'cx +d.
We have f(0)=dand '
2a+36b+6c+d _0+d=d

a b
‘()= —+=tctd=
J=3+3

(- 2a+3b+6c=0)
Thus /(0)=f(1)=d- Consequently, there exists at least one
root of the polynomial f "(x)= ax? + bx + c lying between 0

v

~ Application of Derivatives: Tangents and Normals, Rate Measure 5.13

W Show that between any two roots of ¢*—cosx=0,

there exists at least one root of sinx - er=0.

Sol. Let f(x)=¢€ " —cosx and let oand Bbe two of many roots
of the equation e™* — €0 x=0
= f(0)=0and f(B)=0
Also f(x)is continuous and differentiable.
Then, according to the Rolle’s theorem, there exists at
least one ¢ € (a, b) such that f(c)y=0,or
o+~ —sin ¢ = 0 or ¢ is root of the equation e*—sinx=0.

m Let P (x) be a polynomial with real coefficients.

Leta,be R,a<b,betwo consecutive roots of
P(x). Show that there exists ¢ such thata<c<b
and P’(c)+ 100 P(c)=0.
Sol. Consider f(x)=ée 100x p (). v
Now fl@=f®)=0 (as P(a)=P (£)=0)
Also as P (x) is polynomial = f(x) is continuous and
differentiable in [a, b]
— Rolle’s theorem can be applied
— 3Jce (a b)suchthat [ (c)=0
Now f* () = €'®* (P’ (x) + 100 P(x))
= (P’ () +100 P(c)) =0, '
. = P(0)+100xP)=0" (as €' £0)
If the equation @® + bx + ¢ = 0 has two positive
e and real roots, then prove that the equation ax”
) +(b+6ayct+(c+3b)=0 has atleast one positive
real root. B
- Sol. Consider f(x) = & (ax* + bx +¢)
f(x) =0 bas two positive real roots.
Using Rolle’s theorem, \
We can say f'(x)=0bhas at least one real root between two
roots of f(x) =0. '
= e3"(a.):2 +(+6axtct 3b) = 0 has at least one ppsftivc
real root. ' .
= al+(b+6ayx+ct3b=0 has at least one positive real
root.

Let f(x) and g(x) be differentiable functions
such that f’(xy g(x) = fix) &'(x) for any real x.
Show that between any two real solutions of -
f(x) = 0, there is at Jeast one real solution of
g(x)=0.
Sol. Let a, b be the solutions of f(x)=0.
Suppose g(x) is not equal to zero for any x belonging to
[a:b] ’ )
Now consider A(x) = f(x)/g(x)
Since g(x) not equal to zero, h(x) is differentiable and
continuous in (@, b) ’ :
h(a) = h(b) = 0 (as f(a)=0 and f(b) = 0 butgla) or
g(b)#0) _
Applying Rolle's theorem
1(¢)=0 for some c belonging t0 (a,b)
Fo)g =1 )g0)

This gives the contradiction.
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Lagrange’s Mean Value Theorem

Statement:
If a function f(x)is ,
(i) continuous in the closed interval [q, 4], i.e., contmuous at
each point in the interval [a, b]
(i) differentiable inthe openinterval (g, b),i.e., dJﬁ'erentlable at
each point in the interval (a, b)

Then, there will be at least one point ¢, where a <¢ < b

such that '
ro- LO-1@
_ -a

Proof: - '
. (Using Rolle’s theorem) ,

Let  F)=Ax+f(x) _ )
_ where 4 is a constant. We choose 4 such that F(a) = F(b)

= da+ fla)=4b+ f(b) or A= —f(b;;f(a) @

- Now since f (x) is continuous in the closed interval [a, b] and
x is continuous everywhere; therefore, F(x) is continuous in [a; 5).
Again since f(x) is differentiable in (a, ») and x is differ-
entiable everywhere; therefore, F(x) is also differentiable in (a, b).
Also for the value of 4 given by (2), F(a) = F(b). Hence, all the
conditions of Rolle’s theorem are satisfied for F(x) in [a, b];
therefore, there exists at least one ¢, where a < ¢ < b, such that
F'o)=0 ' : 3)
From (1), differentiating w.r.t. to x, we get
Fo)=A.1+ f(x) = Flc)y=4+f(c)

From(3),F'(c)=0 = A+ f'(c)=0

or, f(c)=—4= f(b) f( ) wheré a<ce<b. {from (2)]
Another Form of Lagranges Mean Value Theorem
v Statement:
If a function f (x) is

() continuous in the closed interval [a, a + A]
(i) differentiable in the open interval (e, a + A)

 that
fla+h)= f(a)+hf(a+6h)
Proof:

Putting b = a + h in the above theorem, there w1]l be at least one ¢,
a<c<a+hsuchthat

o= L@D=1@ _fari)-f@

at+h-a h
Letc=a+ 6h
Then,a<c<a+th = a<a+6h<ath
= 0<8h<h = 0<0<1

fla+h)-[f(a)
h

®

from (1), f'(a+ Ok)=

or, fla+h)= f(a)+hf'(a+ Oh), where 0< 6< 1

then there exists at least one valie 6, where 0 < <1 ’such

Geometrical Meaning of Lagrange’s Mean Value
* Theorem '

)
\ . y .
' 8 b EL B b, f(b))
P% BN <
/ 1
@r@) /|~ |®fo) !
~J 1
/s 8| (ara) ab !
7 ! i
o { 17(b)
— > X 1 X
OH L ¢ M o} L M
a b a b

(@) ] (b)
Fig. 5.20

-Let A(a, f(a)) and B(b, | f(b)) be two poiﬁts on the curve y = f(x).
 ThenOL=a,0M=b,AL= f(a), BM= f(b).

Now the slope of chord 4B, tan 8= BK _ M (D
AK b-a

By Lagrange’s mean value theorem,

S(B)-f(a)
© b-a .
from (1), tan 6= slope of tangent at P
slope of chord AB = slope of tangent at P
Hence, chord 4B || tangént PT.

Thus geometrical meaning of the mean value theorem is as
follows: If y= f(x) is continuous and differentiable in (a, 5), then
there exists at least one point P on the curve in (g, b), where
tangent will be parallel to chord 4B. In Fig. 5.20(a) there is only
one such point P where tangent is parallel to chord AB but in
Fig. 5.20(b) there are more than one such points where tangents
are parallel to chord 4B.

Consider the function f(x)=8x*—7x+ 5 on the
interval [~ 6, 6]. Find the value of ¢ that
satisfies the conclusion of Lagrange s mean
value theorem.

Sol.  f'(c)=16c-17 .

= f’(c) = slope of tangent at point P(c, f(c))

_ f6)-f(-6)
12
_ (8x36-7X6+5)-(8%x36+7x6+5) _
12

= c=0

JORTSIENEM | ctf be differentiable forall x. If J(I)=-2and
S (x)=2forallxe [1, 6], then find the range of
values of f(6).

Sol. By Lagrange’s mean value theorem, there exists ¢ e (1, 6)
such that

SO-fO _ f©O+2,,
6-1 5

.(-; S(x)=2forallxe [1,6])

— FIANLDSIN . frenNo©

fo=



'»Ex’apl;'e WLl Letf:[2,71— [0, <) be a.continuous and
Then show that

differentiable -function.

e oy fO (T
sy Fan LI ()

=5£2c)f (), wherece 2,7}
Seol. We have to prove that :

' 2 24 () f(
- sy I + @)

=570 »
N3 3 : :
or (f(7))7 —(Zf(z)) = 3f2 (c)fl(c) |
Then consider the function g(x) =(f (x))3 which is conti-
nuous in [2, 7] and differentiable in (2, 7)-

Then from Lagrange’s mean value theorem there exists at
least one ¢ € [2, 7] such that

_gM-g@
7-2

. ' 3 _ (£
= 3f0ro= gy -0

Example 547

v thatlcosa—cosblsla—b_l. _

Sol. Consider f(x)=c0s X in [a, b] which is continuous and
differentiable. . _ o
Hence, according to Lagrange’s mean value theorem there
exists at least one ¢ € (a, b) such that

, b)- fla

o= 191
-a

. cosb—cosa

or —sing= ———
S b—a

cosb—cosa .
= COSO P T |=|-sinc|<1
b—a

= |cosb—cosa|sla—bl

Let f(x) and g(x)‘be differentiable functions in

(a, b), continuous ata and b and g(x)#0in [a, b].
g(a)f(b) - f ()2 (b)

Then prove 8% %10 (e) -/ () &'(€)

W Eiample 5.50 -

_ (i—‘a);g_&z)’g’(l& for at least one ¢ € (a, b).-

T (gle)

£(@)f ()~ Fl@)z(®)

2O/ -1 ()

(b-a) g(a) g(B)
()

"Sol. We have to prove

Using Lagrange’s mean value theorem prove

Application of Derivatives: Tangents and Normals, Rate M.easure 5.15

After rearranging,
fb) _fla)
2(6)  gla) _gl)f(e)-7 (©)g’{c)
(b-a) (g (c))2
f(x)

Let A(x)= ——=
Toel)
As f(x)and g(x) are differentiable functions in (, b), h(x)
- will also be differentiable in (4, b). ' '
Further, # is continuous at & and b. So according to
Lagrange’s mean value theorem, there exists one ¢ € (@, b)

, h(b) —h(a) . .
such that K'(c) = ———_—a—‘ , which proves the required
tesult. ' ’ '

b
m Using mean value theorem, show that

U ﬂ—o; <tan™ p-tan” 0t <
1+ :

p-o
2

,B>a>0.
1+o

Sol. Let f(x =tan x = ()= ——=
f(.) ' f (1+x?)
By mean value theorem for f(x)in[os B
B -1 _ 1 '
= c)=
5o FO=r
a<c<ﬂ
o R<d<f or 1+at<1+<1+p
S S - '
1t 142 1+p
1 1

or < f'(e)<
1+ 82 7@ 1402

1 <f(ﬂ)—f(Ot)< 1
1+p° B-a l+a

. (B-o) _ (f-0)
= L p <f(B)-fl)<

a+o’)
- (B-a) (B-a)
- (+B%)

_wherea<c<b _ )

- -1 -1
<tan~ f—tan o<
' 1+a?)

(¢ fE)y=tan”'x;
Cauchy’s Mean Value Theorem - ”

Cauchy’s mean value theorem, also known as the extended mear
value theorem, is the more general form of the mean valu
theorem. It states that if both f(f) and g(¥) are continuou
functions on the closed interval [a,b], differentiable on the ope:
interval (a,b), and g'(£) is not zero on that open interval, then ther

o) _ f®)-f@

 exists some c in (a,b), such that ===

g gb)-g@
Proof: _
The proof of Cauchy’s mean value theorem is based on the sarr
idea as the proof of the mean value theorem. First, we defineane
function h(?) and then we aim to transform this function so that
satisfies the conditions of Rolle’s theorem.
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s

Leth(?) = f (8) — mg(t), where m is a constant. We choose m so

- S®)-f(a)
thath(@)=h(b) = m=222"719)
@=n _ g(®)-g(a)
Since 4 is continuous and h(a)= h(b), by Rolle’s theorem, there
~ exists some c in (a, b) such that h’(c) =0, i.c.,

Ki)y=0=f '(c) - %g’(@ as required.
S _ f)-f (@)
g’ gb)-gla)

Let f(x) and g(x) be two differentiab_le functions
‘ o inRand f(2)=8,g2)=0, f(4) =10 and
\/ g(4) =8, then prove that g x)=41"(x) for at least
' onexe (2,4). _ S
Sol. Consider h(x) = g(x)—4 f(x)in [2, 4]
also 1(2) = g(2)-4£(2)=-132, h(4)=-32 _
= W' (x)=0foratleast onex e (2, 4) using Rolle’s theorem.
Alternatively, using Cauchy’s mean value theorem, there
exists at least one ¢ € (2, 4) such that -

[© _ fA-f2) _10-8 1

g) g@-g2 8-0 4
= 470=2'©) |
=4 f (x) =g ’(X), (rep]acing c by x)

Example 5.53

Suppose @, B and 9 are angles satisfying

' T sino—sin 8
0<a<@<f< =, thenprove that Smo—sin f
2 cos B—cosq

=— cot 0.

Sol. Letf(x)=sinx and g(x) = cos x, then fand g are continuous -

and derivable.
(=
Also, sinx # 0 forany x & (O, E)

fB)-1@ _ £/0)
P e B-g@ " g10)

So by Cauchy’s mean value th

1. Prove that the equation of the normal to x23 + yR=ais

¥ cos 8—x sin 6= a cos 26, where 8is the angle which the
., 'normal makes with the axis of x.
x;_v-2‘. Show that the segment of the tangent to the curve

. [2 2 : '
+ -_— - .
y = gln[a a-x ]—\/az -x2 contained between

a— \Jaz —x2

the y-axis and the point of tangency has a constant length.
3. Ifthe tangent at (x1, ) to the curve x> + y3 = a® meets the

x—2+&=—1.

curve again in (x,, y,), then prove that
: N

sinB-sin  cos@
SpTsmae

cosB—cosax -sing

ESRITY i iatat

1. Find the condition if the equation 3x° + 4ax + b = 0 has
at least one root in ©,1). , -

2. Find ¢ of Lagrange’s mean value theorem for the

function f(x)=3x*+ 5x+ 7 in the interval [1,3].
3. Let f(x) and g(x) be differentiable for 0 <x <2 such that
f(0)=2,g(0)=1 and J(2) = 8. Let there exist a rea]
number ¢ in [0, 2] such that S(€)=3g"(c), then find the
value of g(2). _
4. Prove that if 242 < 15a, all roots of x° — ag* + 3ax3
+bx+ex+d= 0 cannotbe real. It is given that ay,a, b,
c,de R,

3. If £ (x) is continuous in [a, 5] and differentiable in
(a, b), then prove that there exists at least one ¢ e (a, b)

/() _7®)-1(a)

3¢ v -as

such that

6. Using Lagrange’s mean value theorem, prove that
b-a ' v
b

7. Let f(x) and g(x) are two functions which are defined
and differentiable for all x > X If f(x5) = g(x,) and | -
S ®)>g'(x)forall x> Xo, then prove that f(x)> g(x) for
allx>x, ' : -

8. If f(x) and g(x) are continuous functions in [a, b] and
are differentiable in (a, b), then prove that there existsat
least one ¢(—(a - b)) for which

f@ f®)|_ f@ £
—(b—a) ,
ga) g'(c)

< log(!)-) < E,_where'o <a<b.
a) - a :

where_a <c<p.

gla) g(b)

EXERCISES

. If the area of the triangle included between the axes and

any tangent to the curve x"y = ¢" jg constant, then find
the value of n. i

- Show the condition that the curves ax? + 8” =1 and

a’x* + b’%* = 1 should intersect orthogonally is
1.1 1 1 -

a b o b

. Find the angle of intersection of curves, y = [|sin _xf+]cosx|]

and x* + V= 5, where [.] denotes the greatest integral
function.

- Tangents are drawn from the origin to curve y = sin .

: 2
. o x
Prove that points of contact lieony? = 2 5 -
I+x




L\ 11.

. Application

Find the minimum value of
2

: 2
o -x) + [%—\/(17“7‘2)(3‘2 '13)],

wherex,e R',x, € (13,17). _

Sand is pouring from a pipe at the rate of 12 cm’/s. The

falling sand forms a cone on the ground in such a way that

the height of the cone is always 1/6th of the radius of the

base. How fast does the height of the sand cone increase

when the height is 4 cm?

CLet-% A B2y
n+l n n-1

exists at least real x between 0 and 1 such that aO{' 5.

+a tapti e+, =0 o

Let a, b, ¢ be non-zero real numbers such that

a1

+a, =0. Show that there

j; (+cos® x)(ax® +bx+c)dx - .

2 8 2
= Io (1+cos” x)(ax +bx+¢)dx =0,

then show that the equation ax? + bx+ ¢ =0 will have one

* root between'0 and 1 and other root between 1 and 2. .
\,}2/ If fis continuous and differentiable function and f(0) = 1,
‘ f(1) = 2, then prove that there exists at least one
¢ e [0, 1] for which (&) (F(@)"™ > 2t wherene N.
1% Leta, b, c be three real numbers such thata<b<ec,f(x)is
continuous in [a, ¢] and differentiable in(a, c)- Alsof7(y) is

* strictly increasing in (a, c). Prove that (b— of(a)+(c-a) - 8.

. f®)+@-b)f(e)<0.
\}4' Prove that the portion of the tangent to the curve
x+\/a2—y2 1 a-+ az—y2
X = =Tlog,-

2 Be . y

the point of contact and the x-axis is constant.
Find the condition for the line y = mx to cut at right angles
the conic ax* +2hxy + by =1. .

how that for the curve by =(x+ a)’, the square of the
sub-tangent, varies as the sub-normal.

intercepted between

o

16

: 2
17. An aeroplane is flying horizontally at a height of 3 km

. with a velocity of 15 kn/h. Find the rate at which it is
receding from a fixed point on the ground which it passed
over 2 min ago. '

31 . Use the mean value theorem to prove €' 21 + x, VxeR,

7 page 5.28

I*\

Objective Type.

Each question has four choices a, b, ¢, and d, out of which only
one is correct. : :
1. The number of tangents to the curve £+ yz’/2 =2a"%,
a > 0, which are equally inclined to the axes, is
a. 2 b. 1
c. 0 d. 4
- 2. The angle made by the tangent of the curve x=a (¢ + sint cos?);
y=a(l+ sint)2 with the x-axis at any point on it is '

10.

11.

of Derivatives: Tangents and Normals, Rate Measure 5.17
1 ’ 1—-sin?
a — (75 + 21) b
4 cost
1 1+sint
c. —(2t-m)
4 cos 2t

. If mis the slope of a tangent to the curve d=1+x, then

a jm>1 hm>1 cm>-1  djm<l
If at each point of the curve y=x> —ax* +x+1, the tangent
is inclined at an acute angle with the positive direction of
the x-axis, then
b a< \/5

d N(_)ne> of these

a.a>0
c. -3 Sas+3

The slope of the tangent to the curve y = \/4—_x2 at the

. point, where the ordinate and the abscissa are equal, is”

. bh1.
d. None of these

a -1
c. 0

. The curve givenby x +y = €? has a tangent parallél to the

y-axis at the point ,
a. (0,1) h (1,0)
c. (LD , d None of these

If the line joining the points (0, 3) and (5, -2) is a tangent

: c
to the curve y = 1’ then the value of ¢ is
x

al b -2
c. 4 d None of these
/ 2
. —x*, -for x<0 :
Letf(x)=y , . . Then x-intercept of the
: x*+8, for x20

‘fine, that is, the tangent to the graph of f(x) is |

a. Zero h-1 c. -2 d-4

. The distance between the origin and the tangent to the

curve y = ¢ +x* drawn at the point x=01s

N 5
-1 2

e — il
V5 ]

The point on the curve 3y = 6x — 5x°, the normal at which
passes through the origin, is L

a. (1,1/3) h (1/73,1)

c. (2,-283) d None of these
The normal to the curve 2x* + y* = 12 at the point (2, 2) cuts
the curve again at

(23 b (22
9° 9 9°9

¢ (-2, -2) _d. None of these

. 2
Wat points of curve y = 3 2+ —;— ;cz , the tangent makes

the equal angle with the axis?

a.(l"—s—)and(—l——l—b. l—{ d(-1,0
2)24 ) 6 2)9 an (— > )

1 1) 1 1 4 1
P al-3, = dl=,— i
(3 7) o ( 2) (3 47)and( 1 3)
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13.

14.

15.
'

- 16.

17.

The equation of the tangent to the curve y = be™ at the
point where it crosses the y-axis is

x_ X

Q ——=

h ax+by=1
a b '

¢ ax—by=1 d 2422 R
a b ‘
The angle of intersection of the normals at the pomt

5 3
of the curves x? —y 8 and

(&%)
9% +25)°=225is |
N 3 T T
h — . = d —

2 ¢ 3 4
A function-y = f(x) has a second-order derivative

a 0

- f7(x)=6(x—1).Ifits graph passes through the point 0

and at that point tangent to the graph is y = 3x~ 5, then the
value of f(0) is _

a l b -1

c?2 40
Ifx +4y =14 is anormal to the curve y* = o> - Bat (2, 3),
then the value of ot + Bis :

a9, h-5 c7 d -7
The curve represented parametrically by the equations

.x=2Incott+1andy=tant+cott

18.

19

a. tangent and normal intersect at the point (2, 1)
h. normal at = 7/4 is parallel to the y-axis

c. tangent at ¢ = 7/4 is parallel to the line y = x

d tangent at /= 77/4 is parallel to the x-axis

.The abscissa of points P and Q on the curve y = &* + ¢™ -

such that tangents at P and Q make 60° with the x-axis

J’+J’J dm(ﬁ+£]
2

-a In

h In

\/54_,\/7]

2

¢ In

fﬁ—ﬁ]

5 d £ (—ﬁ+ ﬁ) |

If a variable tangent to the curve x? 'y = ¢’ makes intercepts

. a, b onx-and y-axes, respectively, then the value of a2b is

20.

21.

4

a.27c3 bh —¢
27

Let C be the curve y = x* (where x takes all real values).
The tangent at 4 meets the curve again at B. If the
gradient at B is X times the gradlent at 4, then K is equal to

dl
4

c——c3 dc-"

a 4 h2 c.—-2

A curve is represented by the equations x = sec? ¢ and
y=cott, wheretisa parameter. If the tangent at the pomt
Pon the curve, where t = 71/4, meets the curve again at the
point O, then | PQ | is equal to .
53 55 25 35
a — b — ¢ — d —
2 2 3 2

22.

23.

25.

26.

217.

28.

29.

30.

31.

32.

The x-intercept of the tangent at any arbitrary point of the

-a b . N
curve x_2'+ y_2 =1 is proportional to

a. square of the abscissa of the point of tangency

b square root of the abscissa of the point of tangency

¢. cube of the abscissa of the point of tangency

d cube root of the abscissa of the point of tangency
At any point on the curve 2x2 -xt= ¢, the mean
proportional between the abscissa and the difference
between the abscissa and the subnormal drawn to the
curve at the same point is equal to _

a. ordinate b radius vector 2y

¢. x-intercept of tangent d. sub- -tangent

- If the length of sub-normal is equal to the length of sub-

tangent at any point (3, 4) on the curve y = f (x) and the
tangent at (3, 4) to y = f(x) meets the coordinate axes at Y.
and B, then the maximum area of the triangle OAB, where O °
is origin, is
a. 452 h 4972 c. 252 d 812
The number of points in the rectangle {(x, V-12<x<12
and -3 <y <3} which lie on the curve y=x-+ sin x and at
which the tangent to the curve is ' paralle] to the x-axis is
a0 h2 e 4 48
Tangent of acute angle between the curves y=[*-1}and

7-x* at their points of intersection is

2 2 '4" 4

The lines tangent to the curves * —xy+ 5y—2x=0 and.
-+ 5+ 2y'=0 at the origin intersect at an angle 0

equal to

a.f- h
6

The two curves x =y,
then 42 is equal to
a % b3 c.2 d 1
The curves 4x2 +9%=72andx’-y* =5 at (3, 2)
a. touch each other b. cut orthogonally
c. intersect at 45° d intersect at 60°
Letf(1)=—2and f"(x) > 4.2 for 1 <x<6. The smallest
possible value of /' (6)is
a9 h 12 c 15 da19. .
If fO)=x>+Tx~ 1, then f(x) has a zero between x = 0 and
=]. The theorem that best descnbes thlS is
a. Mean value theorem %
b Maximum-minimum value theorem
¢. Intermediate value theorem
d None of these

4 7
¢ — d —
3 2
xp=a’ cut orthogonally at a point,

s

N

xsinZ > for x> 0
Consider the function f x)=

0, for x=0
the number of points in (0, 1) where the derivative f (x)
vanishes is
a0

then

infinita

hi c.? A
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\133'. Let f(x) and g(x) be differéntiable for0<x<1,such that

- £(0)=0,g(0)=0./(1)= 6. Let there exists a real number ¢ in
(0, 1) such that f'(c)= 2g(c), then the value of g(1) mustbe
a1 . b3 ' '
c. =2 : d -1 _

34. 1f3(a+2¢) = 4(b + 3d), then the equation o3+ bl +ex

© +d=0willhave
a. no real solution_ 7 ‘ .

. b atleast one real root in (-1, 0) '
¢. at least one real root in (0, 1)

d. none of these

35. If the function f(x) = ax® + bxz’_'j!- 11x — 6 satisfies

P 1
conditions of Rolle's theorem in [1,3)forx= 2+ —\/—3— ,then

value of @ and b, respectively, are
a =3,2 b 2,4 ‘
e 1,6 d None of these
36. A value of C for which the conclusion of mean value
theorem holds for the function f' (x)=logxonthe interval
[1,3}is - -
b log,e
"¢ log 3 v d 2log,® ..
37. Letfix)bea twice differentiable function for all real values
© ofx and satisfies f(1) = 1,f(2) =4,/ 3)= 9.
Then which of the following is. definitely true?
-a.f"(x)=2,for‘v’xe'(1,3) »
b f7(x)=f(x)=>5for somex€.(2,3)
' c_.f"(x)=3Vxe(2,3) _
d f/x)=2 forsomexe(l,3) e .
38. The value of ¢ in Lagrange’s theorem for the function
‘ f(x)=logsinxin the interval [75/ 6, 5t/ 6]

1
a —log3
7 OB

a. w4 b2 .
c. 2n/3 d None of these
39. In which of the following functions is Rolle’s theorem
‘ applicable?
<x<1
2 f@=1" on[0,1]
0, x=1 _
sin x
: -r<x<0
b= x *<7 onf-1,0]
: 0, x=20
Xt —x-6 -
¢ fX)= on[-2,3]

x—1

£ -2 =546 ey on(-2,3]
d f)= x =1
. -6, if x=1
40. A point on the parabola y2 = 18x at which the ordinate
increases at twice the rate of the abscissa is

a. (2,6) b (2,-6)

(00 d.(a,g)_
8 2 8 2

Application of Derivatives: Tangents and Normals, Rate Measure 5.19

41.

43.

44.

45.

46.

47.

48.

U

‘ G ——1—- radian/s
625 -

* distance from the circle L+ y+ 6)2 = 1 is minimum is

The rate of change of the volume of a sphere w.r.t. itss
surface area, when the radius is 2 cm, is e
b2
d4

a1
a3

. Ifthere is an error of £% in measuring the edge of a cube,

then the percent error in estimating its volume is

ak b. 3k
k
c. -5 d. None _of these

A lamp of negligible height is placed on the ground £
away froma wall. 4 man {,m tall is walking at a speed of
‘ 7

’ % /s from the lamp to the nearest point on the wall.

When he is midway between the lamp and the wall, the rate
of change in the length of this shadow on the wall is

24
a —él—zm/s b ——2m/s R
2 5 .

c. —E—Zm/s d —£2—m/s

.2 5
A man is moving away fromatower 41.6m high at a rate of
2 1/s. Ifthe eye level of the manis 1.6 m above the ground,
then the rate at which the angle of elevation of the top of
the tower changes, when he is at a distance of 30 m from
the foot of the tower, is ' '

a. ——4—. radian/s b. ——2— radian/s . .
125 25 Sz

d None pf these

The co-ordinates of a point on the parabola y2 = 8x whose

Qg
a (2,4) b (2,-4) "
c. (18,-12) d 8,8 .

At the point P(a, a”) on the graph of y= X" (ne N)inthe

first quadrant, a normal is drawn. The normal intersects

the y-axis at the point (0, b). If lirr(x) b= %, then n equals
. a—> :

a l b3 R - 44
Suppose that fis differentiable for all x and that f'(x) <2 for
allx.If f(1)=2andf(4)=38, thenf (2) has the value equal
to .

a3 h 4 c. 6 a8 '
The radius of a right circular cylinder increases at the rate
of 0.1 cm/min, and the height decreases at the rate of
0.2 cm/min. The rate of change of the volume of the
cylinder, in cm>/min, when the radius is 2 cm and the
height is 3 cm is '

a —2p b.—§5E
c.—z)zc- d.EE
5 5
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2

4/

<

v

49.

50.

5k

52.

53.

55.

Multiple Correct

Answers Type

54.

A cube of ice melts without changing its shape at the

uniform rate of 4 cm®/min. The rate of change of the
surface area of the cube in cm?min, when the volume of
the cube is 125 cm3, is

a -4 —16/5
Te. —16/6 - d —8/15
The tangent to the curve y = ¢ at a point (0, 1) meets the

fe t
’ s

x-axis at (g, 0) wherea € [~2,— 1], thenke
a [-1/2,0] b [-1,-1/2] °
¢ [0,1] d [1/2,1]

Let £(x) = ¢ and f(0)=10. If4 < f(1)<B can be
concluded from the mean value theorem, then the largest
value of (4 - B) equals :

ae hl-e
c.e—1, dl+e
If f be a continuous function on [0, 1], differentiable in
(0, 1) such that f(1) = 0, then there exists some c € (0, 1)
such that
a cf(0)-flc)=0
c. flc)-cflo)=0

. x+2
Given g(x) = Y1

b f(c)*+cf(c)=0
d cf(c)*+flc)=0
1 and the line 3x + y— 10 =0, then the
line is '
a. tangent to g(x)
¢. chord of g(x)

. normal to g(x)
d. none of these

Let fbe a continuous, differentiable and bijective function. -

If the tangent to y = f(x) at x = a is also the niormal to y = f{(x)

at x = b, then there exists at least one ¢ € (g, b) such that _

a f(e)=0 b f(c)>0 _

¢ f(0<0 d None of these _
If f(x) and g(x) are differentiable functions for 0 < x < 1
such that f{0) =10, g(0) = 2,f(1) 2,g(1)=4, thenin the
interval (0, 1)

a. f'(x)=0forallx _

b f7(x) +4g'(x) = 0 for at least one x

¢. f(x) =2g’(x) for at most one x

d none of these

Each question has four choices a, b, ¢, and d, out of which one or
more answers are correct.

inclined at an angle of % to the x-axis are
2 .
da [—ﬁ , ?J .

a (0, 0)

<O

Cu

- Letthe parabolas y = x(c—x) and y= x2 +ax+ btouch each

<o°\

- In the curve y = ce™, the

a. sub-tangent is constant
b sub-normal varies as the square of the ordinate

€. tangent at (x,, y,) on the curve intersects the x-axis at
a distance of (x, — @) from the origin

d equation of the normal at the pomt where the curVe .

cuts y-axis is cy +ax=¢c?
Letf(x)=ax’ + ax*+ ay>+apl? + ayx, where a;s are real
and f(x) = 0 has a positive root o). Then
~ a f(x)=0hasaroot , such that 0< o, <
b f7(x) =0 has at least one real root
¢. f”(x) =0 has at least one real root
d None of these -

other at the point (1, 0), then
aatb+te=0
e b-c=1

ha+b=2
dat+tc==2

. Which of the following pair(s) of curves is/are orthogonal?

a Y =4ax;y= e
b 3 =4ax; x> =4ay at (0, 0)
Cxy=as@—y=p
dy=axx+)P=¢?
The co-ordinates of the point(s) on the graph of the

- 5 ’ L
function f(x) = x? - % + 7x — 4, where the tangent

*drawn cuts off i mtercepts from the co- ordmate axes which

are equal in magnitude but opposite in sign, is
a (2,83) b. (3,7/2)
c. (1,5/6) d. None of these

- The abscissa of a point on the curve xy = (a + x>, the

10.

normial which cuts off numerically equal intercepts from
the coordinate axes, is :

a.—i h\/fa

7 d-+v2a

c.T

- The angle formed by the positive y-axis and the tangent to

y=3"+4x—17 at (5/2, - 3/4) is

a tan’'(9) b. %—tan_l ©)

c. g +tan™'(9) d. None of these

. Ifthe tangent at any point P(4m 8m’) of x° ~y?=0isalso

a normal to the curve x> ~ y =0, then the value of m is

a.m=£ b.m—éﬁ
3 3
c.m= 3 d 3
. m=—= .m=——
V2 V2

The an°le between the tangents to the curves y=x*and
x= y at(l,1)is

a. COSl

C. tan

-b-lw U\I.h

3 2 . A




11. The angle between the tangents at any point P and the
line joining P to the origin, where P is a point on the gurve
In (2 +y)=ctan" 2 ¢isa constant, is o
xv .

a. independent of x
b independent of y
c. independent of x but dependent on y
d independent of y but dependent on x

a - (BB a0

1 i
12. Given f(x)= 4—(——x) ,g()= x s
. : 2
v , ~ x=0

h@)= s, k)= 5

thenin [0, 1] Lagrange’s mean value theorem is NOT app-
licable to the (where [-] and {-} represents greatest inte-
ger functions and fractional part fanctions, respectively)
Toa hg ek  dnh :
13. Which of the following is/are correct?
S a. Between any two roots of e*cosx = 1, there exists at
least one root of tanx=1.

b. Between any two roots of & sinx = 1, there exists at

least one root of tanx=-1.
¢. Between any two roots of e cosx = 1, there exists at

least one root of €*sinx=1

d Between any two roots of e*sinx= 1, there existsat

least one root of & cosx=1.

14. Which of the following pair(s)of curves is/are orthogonal? ‘
© h yP=dax;¥*=4ayat(0,0)

a. yz=4ax;y=e"’2".

cxy=a2;x2—}ﬂ¥b2 d.y=ax;x1+y2=(;2

Reasoning Type

Each question has four choices 4, b, ¢ and d, out of which only
one is correct. Each question contains STATEMENT 1 and
STATEMENT 2. o .
a. ifboth the statements are TRUE and S_TATEMENT 2is
the correct explanation of STATEMENT 1 -

bh. ifboth the statements are TRUE but STATEMENT 2is .

NOT the correct explanation of STATEMENT 1
c. if STATEMENT 1 is TRUE and STATEMENT 2is
- FALSE ' '
d if STATEMENT 1 is FALSE and STATEMENT 2is
TRUE C

'01. Statement 1: Lagrange’s mean value theorem is not
\V applicable tof(x) = x— 1] (x~ 1). .
. Statement 2: jx— 1} isnot differentiable atx=1.
2. Statement 1:1f27a+ 9b+3c+d=0, then the equation f(x)
= 4ax® + 3bx® + 2cx + d=0has at Jeast one real root lying
" between (0,3). ‘ '
Statement 2: If f(x) is continuous in [a, b), derivable in(a,
b) such that f (a) = f (b), then at least one point
c € (a, b) such that f*(c) = 0. ,
. 3. Statement 1: If both functions Sf) and g(?) are continuous
\> on the closed interval [a,b], differentiable on the open
interval (a,b), and g’(¢) is not zero on that open interval,
then there exists some c¢ in (a,b), such that

Application of Derivatives: Tangents and Normals, Rate Measure 5.21

f© _ fB)—-f(@)
g  gb)-g@ _
Statement 2: If f(¢) and g(f) are continuous and
differentiable in [a, b}, then there exists some ¢ in {(a. b)
s tat £ = LOLD o )= 5020
—a —a
from Lagrange’s mean value theorem.
4.- Statement 1: The maximum value of

(V=3 +4x~x* +4)? +(x—5) (where 1 Sx<3)is 36.
Statement 2: The maximum distance between the point
(5,—4) and the point on the circle (x —2+y*=1is6.

5. Statement 1: If g(x) is a differentiate function g(2) # 0,
\> g(-2) # 0 and Rolle’s theorem is not applicable to fix)

2 ¥
-4 ¥
x ( inf2, 2], then g(x) has at least one root in (2, 2):
glx - _

Statement 2: If f(a) = f(b), then Rolle’s theorem is
applicable for x € (a, b). 7 o

6. Statement 1: The tangent at x = 1 to the curve y = X
_x + 2 again meets the curve atx = 0.
Statement 2: When the equation of a tangent solved with
the given curve, repeated roots are obtained at point of
tangency. :

7. Consideracurve C:y= cos”!(2x — 1) and a straight line

5% L:2px—4y+2n—p=0 '

Statement1: The set of values of ‘p’ for which the line )
[ intersects the curve at three distinct points is [-27, — 4)
Statement 2: The line L is always passing through point
of inflection of the curve C. : o

8. Statement 1: If f(x) is differentiable in [0, 1] such that f{0)
=£(1)=0, then for any A & R, there exists ¢ such that f'(c2
=Af(c),0<c<l. ' "
Statement 2: If g(x) is differentiable in [0, 1], where g(0)

__'x2

- = g(1), then there exists ¢ such that g'(¢) =0,0<c<1..

\>9. Statement 1: For the function f(x)=x*+3x+2,LMVT is
applicable in [1, 2] and the value of ¢ is 3/2 because
Statement 2: If LMVT is known to be applicable for any~
. quadratic polynomial in [a, b] then ¢ of LMVTis(a+b)2
10. Lety=/(x) is a polynomial of degree odd (= 3) with real
'\/\ coefficients and (a, b) is any point K
- Statement 1: There always exists a line passing through
(a, b) and touching the curve y = f(x) at some point
Statement.2: A polynomial of degree odd with real
coefficients have at least one real root

Linked Comprehension §
Type - JehNE
Based upon each paragraph, three multiple choice questions
have to be answered. Each question has four choices a, b, c and d,
out of which only one is correct.
For Problems 1-3 .

\ Tangent at a point P, [other than (0, 0)] on the curve y =x
meets the curve again at P,. The tangent at P, meets the
curve again at P; and so on. o
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1 If Pl has co-ordinates (1, 1), then the sum lim z— is

R 1 Xn
(where x, x,, ..., are abscissas of P, P,, ..., respectively)
a.-2/3 h 1/3 c. 1/‘2. d 32
2. If P, has co-ordinates (1, 1), then the sum lim 2—-— is
A—doo r=1 Y n
(where yy, y,, ..., are ordinates of Py, P,, ..., respectively)
a 1/8 b.1/9 c. 8/9 d.9/8"
3. The ratio of area of AP, P,P; to that of AP,PyP, is
a 1/4 b.1/2 c. 1/8 d.1/16
ForProblems4—6 i ’

8

“point (1 — 37, t—3£) inclined at art angle Gto the positive
x-axis and another tangent at pomt P (-2, 2) cuts the curve

again at Q.
| \/ 4. The value of tan 8+ sec @ 1is equal to
a 3t b.¢ c.t—1 d.2-2¢
5. The point Q will be _
1 2
a (1,-2 b.|-=,—=
(-2 o on(-2-3
c. (=2,1) : d. None of these »
6. The angle between the tangents at P and Q will be : -
T z
ek b.Z
* 7 >
o b3
z P,
« 3

\gor Problems 7—8 -
A spherical balloon is being inflated so that its volume
\/mcreases uniformly at the rate of 40 cm®/min.

7/ At r =38, its surface area increases at the rate
a. 8cm%min b. 10 cm*min I
¢. 20 cm?*/min d.None of these
BY s 8/ Whenr=8, thenthei increase in radms in the next 1/2 min is
a. 0.025cm b.0.050cm
¢. 0.075cm

‘Matrix-Match Type

Each question contains statements given in two columns which
have to be ma’tched. Statements a, b, ¢, d in column I have to be
matched with statements p, q, r; s in column I1. If the correct
matcharea—p,a—s,b-r,¢c—p,c~qand d—s, then the correctly
bubbled 4 X 4 matrix should be as follows:

d.0.01 cm

P 9 r s

®Q0O6
®OOO
®O06
dEPOO®

[ =20 V]

(2]

Consider the curve x = 1-32,y= 138 1fa tangent at

1.

WV,

Column I

-sucha Way that its c1rcum-rad1us o
.~ remains constant, 1f ‘

then the values of m 1s

va. ‘The sides of  triangle Vary Sllghtly in S

_b “The length of sub tangent to.the cu.rve f
‘x2y =16at the pomt (—-2 2) is [kl, v
_then the value of kis:

c. The curve y 2e _intersects the
..y-axis atan angle cot‘l |(8n 4)/3]
- then the value of nis.

d. Thearea of a triangle formed by normal
_ v.'; at the point (1, 0) on.the curve x = "V -

= value of t is’

" -with axes is|2¢ +- 1//6s sq umts then the |

Column I

o ColumnII

A c1rcu]ar plate is expanded by heat ﬁ'om

p.5

If thfe»irate‘ of ‘deefease"lbf _ % z 2x\ :

equal to (rate of decrease is non-zero)

case of x, then x 1s; L

d. The rate of mcrease m the area. of an

equallateral triangle of side 30’ cm,
““when each side i mcreases at: the rate of

: 0 I cm/sis

 ColumnI: Curves

Column I0: Angle
between the curves

'ja..))z=4xandx2=4y 'p.90°

‘b2y*=x and y2=32f'

1
tan™!(163)

-¢ any one of tan™! % or

cxy=dandx?+y*=242 | r.o°

_‘d._y2=x and x3+y3 =3xy

at other than origin




Integer Type

B
I

x2 and a pomt

L There is a point (p, g) on the graph of f(x)

(7, s) on the graph of g(x) = —, where p>0andr>0.If the
x

~ line through (p, g) and (7, s) is also tangent to both the
" curves at these points, respectively, then the value of p +
. ris
\2. Acurve is defined parametnca]ly by the equatlons x=7
\/ and y= £. A variable pair of perpendicular lines through
the origin ‘O’ meet the curve at Pand Q. If the locus ofthe
point of intersection of the tangents at P and Q is ay2
= px — 1, then the value of (a+b)is
\/\ 3. Ifd is the minimum distance between the curves f1 (x) &
and g(x) = log, x, then the value of dis
\ 4. Let f(x) be a non-constant thrice differentiable function
W Gefined on (—es, oo) such that f(x) =(6—x) and £(0)=0
=£(2)=/"(5).If nis the minimum number or roots of 8E33)
+£%x) f(x)= 0 in the interval [0, 6], then the value of n/2
is
5. At the point P(a a") on the graph of y=x" (n € N) in the
- first quadrant a normal is drawn. The normal intersects the

y-axis at the point (0, ). If limd =, thenn equals
a0 2

\96. A curve is given by the equations x = sec? 6,y =cot 6. Ifthe
" tangent at P where 0= 7/4 meets the curve again at Q, then
[PQ} is, where [ - ] represents the greatest integer function,
07. Water is dropped at the rate of 2m’/s into a cone of semi-.
\/ - vertical angle 45°.1f the rate at which periphery of water
surface changes when the height of the water inthe cone

is 2 m is d, then the value of 5d is

8. If the slope of lme through the origin which is tangent to -

the curve y=x 3.+ x + 16 is m, then the value of m—4 is
, \9. Let y=7(x) be drawn with f(0) =2 and for each real number
U the tangent toy=f(x)at(a, f (), has x intercept (a—2).1f

f(x)is of the form of k &, then (lc—) has the value equal to
AP .
10. Suppose a, b, c are such that the curve y = ax® + bx+cis

tangent toy =3x—3 at (1, 0) and’is also tangent toy =x +

1 at (3, 4), then the value of 2a—b— 4c) equals

a+bx?

11. Let Cbeacurve definedbyy= €’ .The curve Cpasses
through the point P(1, 1) and the slope of the tangent at
P is (-2). Then the value of 22 —3b is

12. If the curve C in the xy plane has the equation L4xy+
y* =1, then the fourth power of the greatest distance of a
pointon C from the origin, is

|
Subjective
c,‘,m’l For all-x € [0, 1], let the second derivative f”(x) of a

function f{x) exist and satisfy | / (x)| < 1.If f(0)=f (l), then
~ show that | f(<1forallxin[0,1].

Solutions on page 5.42

(U T-JEE, 1981)

: L‘9- If | ) = [l < Oy -
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_S P\Z. If £ (x) and g(x) are differentiable functions for 0 <x < 1

such thatf(0) =2, g(0)=0, f(1)=6; g(1)=2, then show that
there exists c satisfying 0 < ¢ <1 and f'(c) = 2¢'(c).
‘ _ : © (OT-JEE,1982)
3. Find the shortést distance of the point (0, ¢) from the
parabola y =x, where 0 <c<5. (IT-JEE, 1982)
" 4. Find all the tangents to the curve y = cos (x + y), where
—2x<x<2m, that areparallel tothelinex+2y=0.
(OT-JEE, 1985)
5. Find the equation of the normal to the curve y = (1 +x)’
+sin™ (sin® x) atx=0. (IT-JEE, 1993)
6. The curve y = ax® + bx*+ cx + 5 touches the x-axis at
P(-2, 0) and cuts the y-axis at a point Q where its gradient
is3. Finda,b,c. (T-JEE, 1994)
59\7. Ifthe function f: [0, 4] — Ris differentiable, then show that
fora, b, € (0,4),f( @)Y~ (f(0))’=8f"(a)f(b) and j f t)dt
 —2afe)+BAAIVO<ap<2  (UT-JEE, 2003)
B US., Using the I}/ﬁge s theorem, prove that there is at least one
_ root in (45 , 46) of the equatlon
Px)=51x"""—2323(x)!®—45x + 1035 =0. (IT-JEE, 2004)

x,)%, forall x;, x, € R. Find the
equation of tangent to the curve y = f(x) at the point (1, 2).
(IT-JEE, 2005)

10 For a twice dxﬂ‘erentlable fu.nctlon f(x), g (x) is defined as

»' SP\g(x)—f 2 +f"(X)f(x)on[a, el. ffora<b<c<d<e,f(a)

=0,f(b)=2,f(©)=-1,f(d)=2,f(e)=0, then find the
minimum number of zeroofg (x). - (HT-JEE,2006)

Objectives

| 'Ftll in the o |
thethe curvey3 3xy+2= 0.If Histhe set of points on

the curve C where the tangent is horizontal and ¥is the set of
points on the curve C where the tangent is vertical, then
H=____  _andV=___ (IT-JEE, 1994)
Multlple choice questions with one correct answer
1. Ifa + b + ¢ = 0, then the quadratic equation 3ax” + 2bx
+c=0has '
a. at least one root in [0, 1]
b oneroot in [2, 3] and the othérin [-2, - 1]
¢. imaginary roots
d none of these " (OT-JEE,1983)
2. The normal to the curve x = a (cos 6 + 6 sin 6),
y =a (sin @— 6 cos 6) at any point @ is such that
a. it makes a constant-angle with the x-axis
" b it passes through the origin
€. it is at a constant distance from the origin
d none of these (IT-JEE, 1983)
3 The slope of the tangent to the curve y = f(x) at [x, f (x)] is
L 2x + 1. If the curve passes through the point (1, 2), then-
the area bounded by the curve, the x-axis and the line
x=1is
5

a — b.

6 d6

(ITT-JEE, 1995)

wilo
o]
| =
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4.

If the normal to the curve y = f(x) at the point (3, 4) makes

an angle :%;z with the positive x-axis, then f’(3) is equal to

ho3
4

dl

(IIT-JEE, 2000)
The triangle formed by the tangent to the curve f(x) =x* +
bx—b at the point (1, 1) and the co-ordinate axes lies in the
first quadrant. If its area is 2, then the value of b is
a —1 b3
c. -3 a1 “(IIT-JEE, 2001)
The point(s) on the curve y* + 3x2 12y, where the tangent

is vértical, is (are) ,
b, [i H, 1]
3 .

a(i%,__z)

1 c3
AT "5

Iff(x) =x*log x and f 0)= 0, then the value of o for thch

' Rolle s theorem can be applied in [0, 1]

2 -2 b 1

c. 0 d 12 (IT-JEE, 2004)
If P(x) is a polynomial of degree less than or equal to 2 and
S is the set of all such polynomials so that P(0) = 0, P(1)
=1land P (x)>OVe [0, 1], then

aS=¢ '
“hS= ax+(l—a)x2Vaé(0,2)

e S=ax+(1-a) @ Vae (0,)

d S=ax+(1-8)x*Vae (0,1) (IT-JEE, 2005)

Subje’cﬁve Type

1. Wehavexm+ 23 = 23

(1)
leferentlatmg, we get dy/dx YB3 !
.. Slope of the normal = dx/dy x”3 /9" =tan 0

/(x1/3)2 + (yl/3)2
\/sin2 0 + cos® 0

1/3

/3
X 1

_Y
cos @

or —
sin @

’

. (0,0 d [+—,2
= 00 +57
: © (IIT-JEE, 2002)
. In [0, 1], Lagrange’s mean value theorem is NOT -
applicable to
l—x,x<—
(x) 2 1
—=x{,x2—=
' (2 ) 2
Sinx X 0 Y
b f(x)=y x
1, x=0
¢ f(x)=xlx|.
d f(x)=|x| (I'T-JEE, 2003)

ANSWERS AND SOLUTIONS

10. The tangent to the curve y = ¢* drawn at the point (c, ¢
V'
intersects the line joining the pomts c-1,¢ ) and
(C + 1, ec+l)

a. ontheleftofx=c b. on the right ofxéc

c. at no point _ d. atall point
' (IT-JEE, 2007)
Multtple chotce question with one or more than one correct
‘answer _ Ly
1. If the line ax + by + ¢ = 0 is a normal to the curve xy =1,
then
2.a>0,b>0 b.a>0,b<0
c. a<0,b>0 d.a<0,b<0" -
e. None of these _ (IT-JEE, 1986)
2. Whlch one of the following curves cut the parabola
= 4ax at right angles?
ax+yt=q hy=ev
c.y=ax d xX’=4qy

. (UT-JEE, 1994)

Linked comprehension type

" Read the passage given below and answer the questions that
follows

(UT-JEE, 2007)

If a continuous fllIlCthIl /. defined on the real line R, assumes
positive and negative values in R, then the equation f(x)=0 hasa.
root in R. For example, if it is known that a continuous function f
on R is positive at some point and its minimum value is negatl.ve
then the equation f(x) = 0 has a root in R.

Consider f(x) = ke* — x for all real x, where k is a real constant.

1. The line y=x meets y = ke* for k< 0 at

a. no point b. one point
¢. two points d. more than two points
- 2. The positive value of k for which ke* — x = 0 has only. one
root : .
- ,
a ; b.1 _te d.log2

3. For k>0, the set of the vafues of k for Which k" —x=0has -
two distinct roots is

0 () e(be) eon
e e e .

(a 2/3) 43
. x=asin’ 6, y=acos> 6
equatlon of the normat whose slope is tan 0 is
y—acos® 0= tane(x a sin®, 1 8) ‘
=y cos 8—a cos® 6= x sin 6— asm 0 -
=>ycos(9 xsin 8= a(cos 6— sm 0) B
—a(cos 6+ sm 0) (cos’6—sin® 6)
=acos2 8

, using (1).




p—

2.

. Slope of the tangent at (x;, y)) =

) a+va?-x*
Giveny= —;-ln[————}—\/az —x?

02 —x2

Letx= asing - o )

.;.y= gh(m)—aeostp=,—alntan(¢/2)—-acos¢-
2 1—co_s¢_ o '

£) o
Ly d¢ ;_—acosectl)+asin¢=

“-dx—(ﬁ)— acosf
d¢

Equiation of the tangent at P (x;, y;) is

Y- J’1“‘°0t¢(x x) ‘
Point on y-axisis @ (0, y; +x; cot é) -

~cotg

(from (1))

PQ= xl +x1 cot® ¢

= x cosec ¢ =a = constant.
2
X
T2

J’l

“The tangent cuts the curve again at (x,, y3)

Y2 ‘Jﬁ

.. Slope of the tangent =
Xy T X

5 -
X Y2—¥
o A nTh
N 2%

Also, X +y; =’ and S+ys=a

f G ER =X 4P
R
3
X -x
V=N
=TT, 2
X=X yNty;+tn
q

2,.2

x
J’12 Y1 +YZ +1)2

= xl }’1 +x1 ¥ +J“1 N2 —}’1 xl +x2y1 +)’1 x1x2

= xz}’1 ‘}’211 =[xy, —xnl

= Xy TV =X

xlz -i-x% + X%,

BaP2-
ST
. Let P(x,, ;) be any pomt on the curve x"y = a".
Then,
'y =d ' @

Now,xy=a"=n""1y+x" = 0 (dlfferentlatewrt X)

d —_
=>ffz=_nz:,(—y) -
e x \d&u,y. A

dy a’
(o) i
(xlvyl) xl

The equation of the tangent at P(x;, ;) is

[Using (1)]

mmy=—1=
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n

na
y=n= —xl"“ (x—x)

- This meets the co-ordinate axes at A (
na"

na"\|
B| O,y +>
( g xr.)

. areaof AAOB= %(OA X OB)

yl +x, 0] and

—' 5 )
bxl " Ya* na L
(7‘”‘1)(7"' n) [Using (1)]

For the area'to be a constant we must have 1 -n=0, 1.e.,
=1,

-5, The given curves are-

althf=l M
ax+ by =1 ' _ )
dy
leferentlatlng (1) E ——b—y =m, (say)
Differentiating (2), b __ax =m, (say)
g dx bl m2 y S N

If the curves (1) and (2) intersect at P(x;, yl), then at this
point Py

’
axy e _ a x

. m, 7
_ by, by
If the curves (1) and (2) intersect orthogonally, at P, then
v 2
aa xl » N
=—1 (3
bb'y ‘ - ( )

Since point P(x;; ;) lie on both (1) and (2),
- axt byt =1 and ax? + byl =

my

Subj:raeting, we get(a—a’) .xl2 ;I-(b -b" }’12 =
x bbb

ylz a—a’

~ Substituting in equation (3), we get

(aa')' _b—'b’ 1

bb’ a—a_’

b-b" a-da 1 1 1 1
= =

bb’ aa’ ¥ b a a
1 1 1

1
:> —_—
a b a b

6. We know that,

1 <[sinx|+|cos x| < V2
=y =|sinx} +|cosx|]] =1
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N--]

X2+y2=5

g
s\ &
' o

xY -

Fig. 5.21

_ Let P and O be the points of intersection of given curves.
Clearly the given curves meet at points wherey =1, so we.

get
P+1=5=x=%2

Now,P(2,1)and 0(-2,1)

D1fferen’t1atmgx2+y2 5w.rt. x, we get 2x+2y§—x—=0

d : d
=>Q=—£=>(—y) =—2and(—y)" =2
da y \dx)gy dx Je20)

Clearly, the slope of line = 1 is zero and the slopes of the
tangents at P and Q are (—2) and (2), respectlvely
Thus, the angle of intersection is tan™ 12).

. Let P(h, k) be a point of contact of tangents from the

origin (0, 0) on the curve y =sinx
Since P lies on the curve = k=sink, M

Also d—y=cosx = (dy) =cosh @

Slope of the line joining O(0, 0) and P(h, k) is %

Given that cosh = % ’ S €))

Squa.ring and adding (1) and (3), 2+ —:7 =1

X ” X ’ _'xz.
=;>hkz+k2 & =>k2— - =)=
1+hA 1+x

. The given expression resembles with (x; — xz) +(— yz)

L2

where y; = 1266 and y,= ,/(17 xz)(x2 —13)

-. Thus, ‘we can ‘think about two points Pl(xl, yy) and

Py(x,,y,) lying on the curves x*=20yand (x— 152 +y* =4,
respectively. Let D be the distance between P, and P,,

. then the given expression simply represents D~
. Now, as per the requirements, we have to locate the points

on these curves (in the first quadrant) such that the
distance between them is minimusm. '

Since the shortest distance between two curves always
occurs along the common normal, it implies that we have to
locate a point P(x;, y;) on the parabola x* = 20y such the
normal drawn to the parabola at this pomt passes through
@15,0).

Now, the equation of the normal to the pparabola at Ger D)

2 . )
is (y____) = -7x—(x—xl). It should pass through (15,0).
l .

10.

11.

= x+200x,-3000=0=x =10=>y, =5

D= J10-157 +5% —2=(5v2-2).

=» The minimum value of the given expression is

(5v2-2)%

. Let 4 be the height and r the radms of the cone, then
o
h
A > - B
Fig. 5.22
h= lr (given)
6 g
=r=>6h . ' 1))

= Volume V= %n'rzh

1 ' ‘ L
= §7r(6h)2h =121h’ (From (1))
= v _ 36 h? dah
dt dt
12=36mt P | (-.-ﬂ—lz cm3/s]
. dt dt
dr 1
= —=—
dt  3mwh®
When 4 =4 cm, then ﬁlﬁ: 1 m/s.

=—oc¢
dt  3m(4y 48w
Hence, the rate, at which the height of the sand cone

increases when the height is 4 cm, is —‘%— cm/s.

Letf’(x)=apx"+a; X" ' +a, " 2 +. ~ta; yxta,
Integrating both sides, we get
n+1 n—1
alx X A, 1%
= = + .
&= ( +1) 7 o1 +a,x+d
= f)=d .
and f(1)=-20 48, B o Gl yd=0+d=d
n+tl n n-1 2 g
' (given)
=f(0)=f(1)

Now, since f(x) is a polynomial, it is continuous and
differentiable for all x. Consequently, f(x) is continuous
in the closed interval [0, 1] and differentiable in the open
interval (0, 1). '

Thus, all the three conditions of Rolle’s theorem are
satisfied. Hence, there is at least one value of x Lri the open

- -interval (0, 1) where f'(x) =0, i.e., aof‘+a1x" + ay”

+-+a, x+a, =0."

Letf(x)= J a+ cos® ,\:)(ax.2 +bx+c)dx




o f7(x)=(1+cos®x) (@’ + bx+¢) 0
From the given conditions _
f-f©)=0 =f0)=f(1) : 0)

and £(2)—f(0)=0 =f0)=f2) G
From (2) and (3), we get f(0) =/(1)=f(2)

By Rolle’s theorem for f(x)in [0, 1]: /(@) =0, atleast one &
such that0 < <1

By Rolle’s theorem for f(x) in{1,2}: f "(8)=0, atleast one B

such that 1 < 8<2

Now from(l) F(0)=0=>(1+cos’ &) (aa2+ba+ c)=0-
(-1 +cos® a#0)

=>aa’+ba+c=0, ‘

i.e., otis a root of the equation a?+bx+c=0.
Similarly, Bis a root of the equation ax*+bx+c=0.

But equation ax® + bx + ¢ = 0 being a quadratic equation

cannot have more than two roots.
Hence, equation ax* + bx + ¢ =0 has one root abetween 0
and 1, and the other root ff between 1 and 2.
12. Letg(x)=(f(x))". Givenf(x) is continuous and . d1fferent1a1
- then g(x) is also continuous and differentiable.
Then from Lagrange’s mean value theorem, there exists at
least one ¢ € (0, 1) for which .

TR sy —(f(O)) _y '1

o +2" D)

=nfQ)(fe) =

1
>(1.2..2" 1)

(assAM.>G.M.)

1+2+22+---+2”'1

=)=

SOy > V2
13. By Lagrange’s mean value theorem in [a, b} forf,

__—f(b; f(a) =f'(u), wherea<u<b
a

and applying Laigrange’s mean value theorem in [b, c] ,

f() - i(b) —f(v) where b<v<c

Smce 7 (x) is strictly i 1ncreasnng
= W</ ()
b)— f(a c)—f(b
.:,; f(;_i’( ) < f(Z—l]:( )
= () (c~b+b-a)-f(a) (c-b)-f(©) (b-2)<0
= (b-Af(@+(c-a)fB)+(a-b)f()<0

14. Substituting y =a sin 8 : ()]
x+acosf a+acosf 14+cos@
a asinf sin8

= 1oge (cosec G+ cot 8)

- I= log(cosec 6+ cot 6) —cos 8
a

Application of Derivatives: Tangents and Normals, Rate Measure 5.27

1dx —cosece(cosece +cot8)
a dG cosecO+cotd

= +sin 8

=_cosec 8+ sin 6=sin 8- ——1

sinf
_ cos’ 8
~ sinf
| dx __acosze - :
do sin@ : O
also -‘% =acos 67 - o (¥))
dy  acosfsinf '
— = =—tan 8
dx —acos” 0
Y
N
p(x1, 1)
o T(x1,0)

Fig. 5.23 : \
Equation of tangent at point P(xy, y,) is

-y
Fig. 5.24

y—'y;=—tane<x—x1)

or y-y=- == (—1)
\/az—M
‘y=0 = x=x1+.\/a2—'yl2

PTz=az—y2+y2,
= PT=a= constant.
15. ¥
X
Fig.5.25
a +2hy+by’ =1 M
dy ] dy .
= 2ax+2h|x—+y|+2by—=—=0
[dx y ydx
dy _ ax+hy
dx hx +by

Now line y = mx and curve mtersect at nght angle.
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. , .
m ax+hy =1 Hence, e -1 =g°>1, forx>0
hx+by x .
: e -1>x
Puty=mx o &>x+] forx>0 ()
P — Again considt?r the function
We have m Py b S&x)=¢-1 in [x,0] wherex<0
, ' Using LMVT 3 some ¢ € (x, 0) such that
= m(a+thm)=h+bm _(x X x
= mh+(abym—h=0 1= 0 (_e 1)=1 e _e 1
16. We have to prove that T | -x x
( Y Jz dy . Butf'(c)=¢". Hence < —! =¢°<1 forc<0
= 'y — x
(dy/dx) dx (& ~1)
3 Hence <1 for x<0
dy X ,
or y=k (a) = (€-1)>x (asxis—ve) )
: From (1) and (2) '

Differentiating by* = (x + a)* w.r.t. x, we have
dy N2
2by — =3(x+
y - =3x+a)
dy _3(x+a)
dx 2by

Yy @ s 8
(dy/ax) - 27(x+a)® 2767y 27

- Hence proved.

17. 15 km/h

! h=2/3km .

P 500m =1/2km

Fig.5.26
P=p*+x*
¥ g &
dt dt
dl  x dx
ﬁ — T — —
: d 1 dt

2.a
thenl=-1—+i=§—km
4 9 6
dt 25 '

18. Consider the functionf(x)=¢"—1 in{0, x] V, where x> 0.
Therefore, fis continuous and differentiable. Hence using

LMVT Isomece (0,%)

o (E-D-0_e -l f()-1(0)
r@= =— =0 ]

-
but f* ’(c.) = ec;. '. '

‘ Objective Typ

1b. Given curve is x

e>x+1 for x#0
forx =0 equality holds
&>2x+1 forxe R

v

32 + y3/2 =), a3/2

M

3 3 —dy
2 Jx + 5\/; A (Differentiate w.r.t. x)

dx
dy _ \/;

Ta

Since the tangént is equally inclined to the axes

[+ Vx>0, y >01]

=x=y

Putting [y =/x in(1), we get
2P =20 5 B3 =a
s x=agandsoy=a.

dx a

T =q+ 5 2cos2t=a [l + cos2f] = 2a cos’t
d
and 7}; =2a(1+sint)cost

N d_y _ 2a(1+sint) cost _ (+sing)
dx 2acos t
Then, the slope of the tangent

_ (cos(t/2)+sin (t/2))2
cos” (1/2) —sin® (¢/2)

cos¢




6.b.

7.c.

aaenr

t

. _1+tan5 T t
- A VR
1—tan—

2
T +2t
4

= 0=

3.d. Differentiating w.rt.x, we gete’ % =2x

dy 2x
= =
dx  1+x

2)x|
1+x H+|xP
But 1+ —2pd=(1-p)?20
o1+ P22,
smls1

T 2x
—=>m= 5 or ml:

Q =3x> —2ax+1
dx

Given that 220

=53.);L2ax+ 1>0forallx.
—D<0ordd?-12<0

3 <a<\3
Herey>0. Putting.y=xiny‘= \],4—_x2 , we get
x=~2,- 2. '

"So, the point is (J_ «/_)
Differentiating y ?+x2=4 wrt. X,

dy ) dy x
2p-=+2x=0o0r =-=——
'y X or

'=>at(-«/-2_., V2), %j—-—l

. . dy ( dy)
Differentiating w.r.t. x, weget 1 + —=¢&” | y+x——|or
T g get ax J’_ ix
N2 i

B 1-xe”

—‘1}1590 =1-x?=0
dx

This holds forx=1,y= 0.

+2
The equation of the line is y — 3 = -3(;——(x 0), ie.,
x+y—-3=0 )
y=—5 c Y dy —c
x+l de o (x+1)
Let the line touches the curve at (&, ).
=a+p-3=0, (dy) — 5 =—1and = —

(:P=1+2)

—1orﬁ =cor(3=ay=c=(a+1)

C
=3
(c!BY
=>3-a= ﬂ:(a+1)or3 a=a+1l
=a=1. So,c= (1+1) =4

y}\

8.b.

Fig. 5.27
Lety%mx+cbea-tangenttof(x)
y=x*+8forx>0
mx+c=x*+8 :
x2 mx+8 c= O(forthe line to be tangentD 0)

.m>=48-c)
Agamy——xz,forx<0 _
mx+c=—x
L+mx+c=0
D=0=>m’=4c
From (1) and (2), we get
‘c=4,m=4.

y=4x+4
Puty 0=>x=-1.

. Putting x = 0-in the given curve we obtam y=1
So the gwen point is (0, 1)

Now,y=e +x2=>-——2e2"+2x=>(dy) o =2
dx oD

dx

" The equation of the tangent at (0, 1) is
Cy—1=2(x-0)=>2x-y+1=0

Application of Derivatives: Tangents and Normals, Rate Measuré 5.29

ey

@

)

“Required distance = length of the 1 from (0, 0) on (1)

1

5
Let the réquired point be (x;, y;)
Now, 3y=6x—5x

= Q-=6—1sx2
dx c.

10. a.

= Yy sy
dx

d .
(—y) C =2-5x7
dx (. 3)

The equation of the normal at (x,, y;) is

Y-y, = > (x—x)

2— 5xl
If it passes through the origin, then



5.30_ Célculus
br— = 0-x )
Y 2— 53c1 ( !

—X; B

= n= s o
2-5x

Since (Jél, ) lies on the given curve. :
Therefore, 3y; = 6x; — 5x; @

11. a.

12, a..

Solving equations (1) and (2), we obtain x; = 1 and y, =1/3
Hence, the reqmred point is (1, 1/3).

dy 2x
22+ y2 2= 2
&y’
.1
Slope of normal at point 4(2, 2) is 3

Also pomt B (——292 ——3—) lies on the curve and slope of

. 2—(-29) 1
ABis = ———C=—
2-(-22/9) 2

Hence the normal meets the curve againr at point
2 __?-)
979

. dy §3x +;2x 2x2+x

" Since the tangent makes equal angles with the axes.

13.d.

14.b.

dy
= — =4+]
dx

= 2% +x=x+1 ,
=2x*+x— 1=0(2.x24_-x+1=0hasno real roots)
= (2x-1(x+1)=0

1 )
=>x=_—orx==1
2

y=be meetsthe y-axis at (0, b)
d —x/a 1)
iCAN _b _
Again e ( o)
dy of 1 b
O,b,_—‘:b —_— = — =
At( ) . ( a) .
. b y
required tangentisy—b=— — (x—0)or — + s =
dy X ] y
7'— —8=>— bt —_——_— e e
* de y dy/dx x .
At the point (—— i) 1 _ =32 3
P 2°2) dytde —~5/{2 5

Also 9x% +25)2 =225
dy

18x+50y—= =0
=18 _Oydx.

16.2. 2= o3

Cdx_25x3/\2 _ 15, 5

dy 9(-5/[) 9 3
Since the product of the slopes = — 1. Therefore, the
normals cut orthogonally, i.e., the required angle is equal
4

to —.
2

15.b. Wehave f”(x)=6(x—1)
Integrating, we get £'(x) = 3(x— 1)*+¢ )
At(2,1),y=3x—5 is tangent to y = £ (x)
f@=3 '
From equation (1),3=3(2 - 12 +c=3=3+c=¢=0
S@)=3(x-1y
Integrating, we get f)=(x—1>3+¢
Since the curve passes through (2, 1)
C1=@-1p+I =0
) =(e=17.
f(0)=-1
=Y dy 3ox?
a2 5%
= Slope of the normal at (2, 3) is
2x3 11

%) |
= 5 = _
dy 23 . 302 2¢ 4
= a=2

Also, (2, 3) lies on the curve

=9=8a- ﬁ=>ﬂ 16-9= 7=>a+ﬁ 9.
17.d. x=2Incott+1,y= tant+cott

Slope of the tangent
(@) _ sec’ ¢ — cosec? t ~0
&)z S cosec? ¢
cot t

~
n
'Y

18.b. y=&'+e* = % =¢" —e * =tan@, where 0is the angie of

the tangent with ihe X-axis
For 0=60°, we have tan60° = " — ¢~
=¥ - 3-1=0
+ -
== _\/5_;\/_7—_ :>x=loge(\/§-; ﬁ)

19.c. xzy =¢’
Differentiating w.r.t. x, we have

XZZ+ny 0P 2

x .
Equation of the tangent at (h, k) y—k=— Zh—k x-h)

h : :
y=0givesx= 3—2- =a,andx=0givesy=3k=5




20. a.

21.d.

22.¢c.

23. a.

2 ‘ :
9h 27

= ——3k 2k=
Now, b= vy 2

Fig. 5-28 :
dy =3x2= 3t2 atA
dx

3 .3

T-t

= T2+ Tt-2t*=0
=>(T—t)(T+2t}-—0=>T torT——2t

3f= =T+ Tt+f

(T tis not possible)

Now, mA~3t ande—ST2

, Fig 5.29

) Eliminating ¢ gives y Px-1)=1"
Equation of the tangent at P(2, 1) is x- + 2=
Solvmg with curvex=5andy =— 172

35
=>Q(5,—1/2)=}PQ= —2‘/:
‘%+% =1=ay* + b’ =5 ‘ ¢y
x y E
2a 2bdy dy _ ay’
. ——————— = => —_— =
X _ y* dx. dx bx®

3

o ) . k
... Equation of the tangent at (&, kisy—k=- %— (x—h)

PE
for x-intercept, puty =0 :
3 : 2 4 ak? -h2k2 3
=x= —%—+h = x=h bh +:, =h 5 =X
a 2 ak ak a

= x-intercept is proportional to the cube of abscissa.

Y

(using T=-2£)

24.b.

- 25.a.

26. c.

531

.Application of Derivatives: Tangents and Normals, Rate Measure
Given curve is 2x°y* —x* =c- _ M
. Sub-normal at P(x,y)= y% ‘ @ -
‘ ' 20 Y o 2 3 _
From (1), we get 2| x 2ydx+2xy -4x" =0
. 2.2 ‘
S oY) )
dx x°y
, dy
Now, x(x—yy )=x2—xy(—lx— .
=2- ) [from (3)]
=y ’

=> Mean proportion = \[x(x—yy) =y

Length of sub-normal = length of sub-tangent = % =z]

If % =1, equation of the tangenty —4=x-3

. =>y—x=1,area of AOAB = —;-xlxl=%

If % =—1, equation of the tangentis y—4=-x+3

=y+x=7,area= l><7><7=£
‘ 2 ’ 2
. dy
y=x+sinx=1If o = 1+ cosx = 0, then cosx = —1

=Hx=+mE3T..

Alsoy==*m,=+ 37:

But for the given constramt on x and y, no such y exxsts
Hence, no such tangent exists.

Solvingy= X2 — llandy= \/7,—-;:2

we have |x2— 1= \/7—x2

‘=>x—2x2+1—7 »
= -P-6=0

=E2-3)(2+2)=0

'%x=:bﬁ

Points of intersection of the curves y = Ix?>— 1} and

7-x% are & \/— 3,2).
Smce both the curves are symmetrical about the y-axis,’
points of intersection are also symmetrical.

Now,y=x2—1=>%=2x
7
= ml=—Z —2\/5
&l 5,2
and y= 7 —x =>%=—i
Y
By _ B3 53
= m= =—— = tanf=|—-
dlpy 2 4
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27.d.

Differentiating y* —x%y+5y—2x=0w.rt x, we get
3y% —2xy—x*y + 5y -2=0

r__2xp+2 P
= y—3.y2_x_2+5 =>y(o,0)—2/5
Diﬂ‘efentiatin’g =+ 5x+2y= Owrt.x,
we have 4x° —3x2y2—2x3w’+5+ 2y’'=0
- 3x%y? 4x3—5 ,

28.d.

‘Thus, both the curves intersect at right a.ngle

Solving the curves, we get point of intersection (2%, a)

. Forx—'y2 Z = 51; »
d 1
At (2% a), E}; = o
Forxy=d3_,d2x}—) =—§ 1
: a
At(d%, a), —dlx =_a_2='_;

o Sincethevcurbves cut orthogohally

29.b.

g ix—l——1=>2a —1=>a

4x2+9y2 72

MI»—-A

" Differentiating w.r.t. x, we have

30.d.

31.c

32.4.

—0=>Q——
dx

ol s

= 8x+ 18y Zx

&y 4.3

» 2
At(3,2), ZL=-Zx==-Z%
( )dx 3

9 2

: dy
Alsox? —y2=5= =
sox’ ' dx

x
y

N[ W

= AL(3,2),
y

&I&

-. the curves cut orthogonally
Usmg Lagrange s mean value theorem, for some ¢ € (1 6)

ity = LOLQ SO 5,
=f(6)+2221 '
=f(6)=19
fO=-1;f()="1. Sof(O)a.ndf(l)haveoppos1te51gn
S (x) vanishes at points where
) %51n£-—0 ie., ———kn‘ k= 1234
x x
Hencex= l
k .

Alsof” (®)=sin = — Zcos & ifx 20.

x x x

33.b.

Since the function has a derivative at any interior point of
the interval (0, 1), also continuous in [0,1] and f(0) =£(1).
Hence, Rolle’s theorem is applicable to any one of the

1 11 ' 1 1
interval 1 s | ——,— .
3’2 k+1 k
Hence, there exists at least one ¢ in each of these intervals
where f” (c)=0 = infinite points.

Applying Rolle’s theorem to F ) =f(x) -2 g(x), we get
F(0)=0,

34.b.

35.d.

- 36.d.

37.d.

F(M=f1)-2g(1)
= 0=6-2g(1)
= g(1)=3. .
Letf(x)— E‘..}..li + C_)Z_ +dx
4 3 -2
which is continuous and differentiable.
a b ¢
0)=0 —l——-——+——d
fO= f( ) 313
1
Z(a+2c)——(b+3d) 0

So, accordmg to Rolle’s theorem, there exists at least one

root off*(x)=01n.(-1, 0).

fO)=a’+bx*+11x-6

satisfies conditions of Rolle’s theorem in [1, 3]

= fI)~fB)-

= a+b+11-6=27a+9b+33-6 , :
= 13a+4b=-11 - _ 1))
and f'(x)=3ax* + 2bx + 11

= f’(2+%]=3a(2+%)2‘+2b£2.-+ %}11 =0

= 3a(4+%+%)+2b(2+%}+11=0 ' '(;2)

From equations (1) and (2), we geta=1,b= —6

Here, J(x)=logx
b)- f(a 1 .log,3 -1 :
.'.f(c)?%lﬂ:—=—————oge og. 1.
v . -a < 3-1
r 1
=>—=—loge3 =c=2log,e.
c

Let g(x) =f(x)—x*. Wehaveg(1)=0, 22)=0 g(3) 0
[ f(D)=1,(2)=4,13)=9] _

From Rolle’s theorem on g(x), g (x) 0 for at least
x€ (1,2). Letg'(c;)= Owherec, € (1,2).

Similarly, g(x) = 0 for at least onex & (2,3). Let g(cz) 0
where e (2,3)

glc)=¢ (Cz) 0 :
By Rolle’s theorem, at least one x € (c;, c,) <uch that
g®=0=f"x)= 2 forsomexe (1,3).

(5= 5t :
38.b. fi—|=lo ! —=log—=—
N f[ 5 J gsm( 5 ) ogsm < log log2

f(%)ﬂogsin% =—log2.

i ,
f€)=——cosx=cotx
sinx

By Lagrange’s mean value theorem,

f(5m16)—f(m/6)
(5716)—(x /6)

=cotc

T
=cotec=0=c= —

2
Thus,c=§ e (n/6,57/6).



40.d.

- Putting in (1), we get -84—1 =18x = x=

39.d. a. Discontinuous at x =1 => not applicablé;

b F(x) is ot continuous (jump discontinuity) at x = 0.

c. Discontinuity(missing point) atx= 1 =>not applicable.

d Notice that 3 —2x2— 5x +6=(x—1) (x*—x—6).
Hence, f(x)=x*—x—6ifx=1 andf(1)=-6.

=> fis continuous atx = 1. Sof(x) =x*—x—6is continuous

inthe interval [—2,3]. : :

Also, note that f(—2)=f(3)=0. Hence, Rolle’s theorem .

applies f'(x)=2x—1.
Setting f’(x)= 0, we obtain x = 1/2 which lies between
—2and3.

‘We have y* = 18x ' ' 6]

N | o

Givenﬂlat%=2=:>2=2=>y=

oo |\

' N 9
- Hence, the point is (—9—, —). _

41.a.

42.b.

43.b.

8 2/
4
V=3 nr,S=4nr
fl’_ =4'nf,,g§=8nr
dr - dr
av _avidr _4nr’ _r
ds dS/dr. 8mr 2
whenr=2, EK = 2 =1
S ds 2

V= and the percent error in measuring x = & x100=%
‘ X

“The percent error in measuring volume = -d?/V; %100

Now,££/-=3x2
. dx ]
' 2
= dV=3xPdx = ‘—iK=3x3d"-=3E
14 x x
iri><100=3éx—x100=3k
14 . 4
A
Q
I
B P (0]

.Applicatioh of Derivatives : Tangents and Normals, Rate Measure 5.33

Let BP =x. From similar triangle property, we get 1412 = ll
. x

. 1

= A0= =,
v . T R when
= ll, _____d(AO) =—£l£m/s.
2 da - 5

44.a. Let CD be the position of man at any time ¢. Let BD=x,
then EC=x.Let ZACE=0 '

A——
416
cfe_ x .
16
X .
L B
Fig. 5.32

Given,AB=41.6m,CD=1.6 mand %x_ =2m/s.
] _ t

AE=AB—EB=AB—CD=41.64 1.6=40m

‘We have to find %?— whenx=30m

AE 40

From A4EC, tan = —— = — ' )
EC x _ .
Diﬂ'erentiatihg w.rt. tot,sec’ 0 40 _ —40dx
. . dt x2 ) df
do -40 '
2
=>sect @ —=—X%X2
dt x2
do -80_ 80 x?
— = e 0=-7—
d =x x? +40?
[ cos@ = __x__.
Vx? +40°
=>,£l_9___ 80 - ’
dt x2 +402 ( )
when x=30m, 40 _ 8 __ 4 radian/s.

dt 30°+40° 125
Any point on the parabola y?=8x(4a=8ora=2)is (et
2at) or (2t%, 4. .
Forits minimum distance from the circle means its distance
from the centre (0, — 6) of the circle.
Let D be the distance, then
7= D?=QR2+(4+6)P =4 (#+4r+12t+9)

dz

Z =44P+8t+12)=
& ( )=0
16(£+2t+3)=0

16 (¢+1)(F—t+3)=0
t=-1

45.b.

tud



5.34 Calculus

46.c. y=x"

“d?z B .
— = 16 (3t2 +2)=+ve, hence minimum.
dt : '
.. pointis (2,—4).
z_Iy_ =nx""'=ng""!
dx
' _ 1
Slope of the normal = - o
y i
A
(0.b)
(a, a")
y=x"
P
/ .
X" 0 —>-X
y’
Fig. 5.33
1
Equatien of the normal y—a"=- — (x-a)
put x =0 to get y-intercept
— . — :
y=a"+ — hence, b=a"+ =
0, if n<2
Lo 1 ..
imb={ =, if n=2
a—0 2 .

o, if n>2

47 b. Using Lagrange’s mean value theorem for f in[1,2]

force (1,2), f(2; lf(l) =f" ( )<2
= f@)-f)=2
.= f(2)<4 Q)]
again using Lagrange’s mean value theorem in [2, 4}
SO-f@ _
@2
= f@-f@)<4
= 8-f(2)<4 _
= f@)24 )
from (1) and (2), f(2)=4.

forde (1,2), -2

48.d. Given, V=nr’h

Differentiating both sides, we get

& _ ﬁ(rzc—iﬁ+2 drh) nr(r%+2hdr)

dt dt di dt
ar 1 dh 2
dt 10 dt 1

e

Thus, ‘when’r= 2 and h=3,

7r(2) 2
—2+3
‘ dt — (= )
49.b. -‘?—V- =4 cm’/min; é‘g =9 when V=125 cm®
.odt dt
y=x; 5=67 NIRRT
dt dt
dx ) .
—4=3x = , : 1
7 ¢y
Also B 1%
dt dt
§=~ E; when V=125=x = x=5
o dt X

51,

53

al Uiy

.4, g(x)=

B (_dﬁJ 6,
= dt s —"‘? m mm

50.d.

d . .
Ex)i = ke®™ = kat (0, 1). Equation of the tangent is y— 1 = kx.

Point of intersection with x-axis is x. = —% , vwhere
o<-Leiore [
.k - 127 _
b. Applying LMVT in [0, 1] to the function y = f(x), we get

VG f(l) f()

& = f(l)—lf ©

f(1)=10=¢° forsomece (0; 1)

, forsome ce (0, 1)

U

R

butl< e’ <em(0 1)

1<f(1)-10<e

11<f(1)<10+e

A=11,B=10+e

A-B=1-¢

Consider a function g(x) = x f(x)

Since f(x) is continuous, g(x) is also continuous in [0, 1]

and differentiable in (0, 1)

Asf(1)=0

. g(0)=0=g(1)

Hence Rolle’s theorem is applicable for g(x). _
Therefore, there exists atleast one ¢ € (0, 1) such that
g)=0

= xf()+fx)=0

= cf(c)+flc)=0

x+2

(x -1y

= gx)=




-3
(x-1°

Slope of given line=-3 ==

= x=2,alsog(2)=4
(2, 4) also lies on given line. ,
~ Hence the given line is tangent to the curve.
54.a. Since the same line is tangent at one point x = a and
" pormal at other point x = b v
= Tangent atx=b will be perpendicular to tangentatx =a
= Slope of tangent changes from positive to negative or
_ negative to positive. Therefore, it takes the value zero
somewhere. Thus, there exists a point.c € (a, b) wheref(c)
=0 .
55.b. We know that there exists at 1east one xin (0, 1) for which

fO-f© _ f&)
g)-g0 g™

or g——lq=f—,(-£)- orf ’(x)+4g’(x)=0for at least one x in
4-2 g'(x) S

oD

Multiple Correct

Answers Type
1.a,b,d.

f)=

X

1-x°

1+x°

(-#)

= The points are (0, 0), (i\ﬁ, $—\/2§]

S f0)= —1,ie,x=0,— 3,43

Lmhqi_ .
We have y = ce”
Qz_c_e-x/a_:)_d._}\'_:ly
dx a dx a

y
dyldx

= sub-tangent = const.

=g =const.

=

2
= Length of the sub-normal =y %X =y 24 =\,Z— o< (square
" dx a

of the ordinate)
Equ-at_ion of the tangent at (x,, ¥) I8y~ = Zal—(x -x)
This meets the x-axis at a point given by '

—N= %(X—’ﬁ) =x=x—a

The curve meets the y-axis at {0, ¢).

dx m A\
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So, the equation of the normal at (0, c) is
Cy—c= ——I—(x—O) Sax+cey=c
cla .

3.a,b,c.

Clearly, f(0)=0. So;f(x)=0hastwo real roots 0, 0> 0).
Therefore, f(x) =0has areal root o lying between 0 and
0y S0,0< oy <0, -

Again, f(x) =0 is a fourth-degree equation. As imaginary
roots occur in conjugate pairs, f”(x) = 0 will have another
real root ¢, Therefore, f”'(x) =0 will have a real root lying
between ¢; and . Asf(x)=0isan equation of the fifth
degree, it will have at least three real roots and so f*(x) will
have at least two real roots. ‘

4da,c,d.
y=x(c~%) )
y=F+ax+h - | e

Siope of (1) curve=c—2x
And at (1, 0), c—2=m, (say)
Slope of (2) curve =2x+a
at(1,0),2+a=m; (say)
Curves are touching at (1, 0)
= my=m, '
= 2+a=c-2 )]
Also (1, 0) lies on both the curves
= 0=c—land0=1+a+b @)
Solving (3) and (4), we get
a==3,b=2,c=1
5.a,b,c,d.’
a y=dax S>m=y'= —Zyﬁ
y=e"2a = my=y' =- Lef"lz" L
- 2a 2a
m,m, =— 1. Hence, orthogonal.

h y*=4dax

Y

2
= = =2 =22 notdefined at (0, 0)
2y »n '

’ 2'xl X
= y'="L="2=0at(0,0
V= e "2 0200
. The two curves are orthogonal at (0, 0).
c. ch=a2,Jc2—y2=b2

a® a®

mm,=—- —— =— — =—1= orthogonal. .

XN a

d y=ax, >y =a
x2+y2=02=>y'=—- i
- N
mymy=— L = — A
h N
6.a,b. Since the intercepts are equal in magnitude but opposite
in sign '
L d

LY

dx|p

=—1 = orthogonal.

=1
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7.a,¢.

now _{y_ =¥ -5x+7=1
dx .

=x*-5x+6=0

=x=2o0r3.

wy=(a+x)
;>y+xy'=2(a+x)

» Nowy ==1

8.b,c.

" 9.a,b.

=y+xx=2(a+x)

(a + x)2

X

+x=2(a+x)
(a +x)2
x

—+x=(a+x)(x—a)

—Sixr=x —az‘

;):t:x=2(a+x)—

a
'=>2x2=a2=>x=:b——

Ji .

y=x+ax-17 =>%=2(x+2) = (%yx—)

5
x==
2

— tan@=9, where 8is the angle with positive direction of
x-axis. - : :

‘ ' 7. -
_=>Anglewithy-axisis’zr2—:t9 =2 st g,

$-y'=0 _ _ )

Cooyx Doy
dx .

3x?

Py fcam?,8m%)

Slope of the tangent at P = %yx_

» Equation of the tangent at Pis »

y—8m®=3m(x—4m) or y=3mx— 4m’ @
Tt cuts the curve again at point Q. Solving (1) and (2), we
getx= am?, m ) :

" _Putx=m’ in equation (2)

= y=3m(m’)~4m’ =’ -, Qis (m’,—m’)

3(m*) -3

' d
SlopeofthetangentatQ=—Z = =—m

Dl iy 2X(m®) 2,

1 2 -
latQ= ———=7""-
Slope of the normal at O C3/2m  3m

B i ) 2
Since tangent at P 1s normal at 0 = 3——=3m
al -

= 9m? =2

10.a,b, c.

. dy
. =x2:>——-=2.x=2at 1,1 .
y ! )

» r

1

= 2 =—==—at(l],1

dc 2dx 2 a1

— _ ,_1 3
= tan §= —F= =lf_1=—3-
1+2(——) 4
=>0=tan'1§-=cos_lf‘-=sm;"§—
‘ 4 5 5
11.a,b. :

LetP(x,) bea point on the curve In P+ =c tan™ 2

x -

Differentiating both sides with respect to x, we get

2x+2yy _ c(’-y) e 2x + ¢y

= =m, (S&
@y (F+yH T oy 152

Slope of OP = £ =m, (say) (where Ois origin)
' x .
Let the angle between the tangents at P and OP be 0

: 2x+éy__'-z - )
=>tan9=|ml —'mzl___ cx—2y 'x =2:
. - A mm, 1+2xy+cy2 c
' o’ ~2xp |

v 2\ : -
= @=tan"’ (—) which is independent of x and y.
C B

12.a,b,d.

_' fis not differentiable at x = %

g is not continuous in [0, 1]atx=0
~ his not continuous in [0, 1] atx =1

k(x)= (x+3)™% = (x + 3)p, where 2 < p <3, which is_
_ continuous and differentiable.

13.a,b,c .

a Let flx)=¢ cosx—1
= f(x)=€(cosx—sinx)=0
- “tanx = 1, which has a root between two roots of f(x) = 0
b Letf(x)=¢'sinx—1,
f()=¢(sinx+cosx)=0
= tanx=—1, which has a root between two roots of f(x)=0

¢ Letf(x)=e"—cosx,

f(x)=—€"+sinx=0
— ¢ = sin x, which has a root between two roots of f{(x) =0

14.a,b,¢,d.

a y*=4ax and y =
2a 1 —x/2 1
r=22 and r=___ex a__
V=3 y=—goe e

Let the intersection point be (x;, y,)

, 2a , , 1
S y=—ady =-——y
: N 2a




mlmz——l Hence oxthogonal
b y =4ax and X*=4ay

4 i .
¥ = i:zg,notdeﬁnedatx=0
C 2y _Y1
X .
y= h A Oatx=0
© 4da 2a

. The two curves aIe orthogonal at (0,0)
¢ xy= & and Z-y* =0
L2 2
mym, = SR —-32— =—1 orthogonal
25041 a '

d y=ax and 2+yt=c

. y =a and y’=—ﬂ
N

mymy =-— o WP/ B orthogonal
b4} X

Reasoning Type

1.d. Though |x— 1} is non-differentiable at x = 1, (x Dlx—1]is
differentiable at x = 1, for which Lagrange’s mean value
theorem is apphcable

. Cons1der f (x) 4ax® + 367 +2cx+d
=f(x)=ax frblteoxttdete

" f(0)=eandf(3)= 81a+27b+9c+3d+e
—3(27a+9b+3c+d)+e e
Hence, Rolle’s theorem is applicable for f(x),
= there exists at least one ¢ in (4, b) such that f’(¢) =0.
. Statement 1 is correct as it is the statement of Cauchy’s
- mean value theorem. Statement 2 is false as it is necessary

) = ﬂ!’g_:_f@
' _ -a

that ‘c' in  both “and

_____g(b)‘— g(a) is same.

g)=
. Lety= \/—3+4x x?

=3+ - 4x+3=00r point (x, y) hes on thlS circle.

Then, the given expressionis (y + 4)? +(x— 5) ‘whichis

the square of distance between point PGS, —4) and any
point on the circle Pty —4x+ 3 0 which has centre C(2,
0) and radius 1.

Now CP =5, then the maximum distance between the point
P and any point on the circles is 6.

—» Maximum value of (\/ “3+4x-x> +4) +(x-5) i
36.

. Statement 1 is correct as f (- 2) = £ (2) = 0 and Rolle’s
theorem is not applicable, then it implies that either f(x) is
discontinuous or f”(x) does not exist at at least one point
in (—1, 1). Since it is given that g(x) is differentiable, g(x)
=0 has at least one value of x in (1, 1)

Statement 2 is false as f(x) must be dlfferentlable in(a,b)
is not given.
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6.d. whehx= 1,y=1

7.b.

Y o3P 21 = (d—y) o =0

dx ' o \dx ) 4

= Equation of the tangent isy = 1.

Solving with the curve, ©-xr-x+2=1
= —x*—x+1=0= x=-1, 1 (1 is repeated root)
-. the tangent meets the curve again atx =—

. statement 1 is false and statement 2 is true.

3

Point of inflection of the curve is (% EJ and this
satisfies the line L

Y
(0, m)

P A |

Fig. 5.34

Slope of the tangent to the curve C at (; 721:)

dy ~ -2 ~1 -
Ez\/r—‘(zx-ly " ix =~
dy_1 (-29 _. 1

e 2 (x_xz')a/z e )

i R

dxx=1/2

" As the slope decreases from -2, line cuts the curve at

three distinct points and the minimum slope of the line
when it intersects the curve at three distinct points is

—e[—n =2}= pe[2n,—4)
X Con51der Fx) = =e*f(x),Ae R

F(0) =f(0)=0
F1) = f(1)=0 ‘

. ByRolle’s theorm, F’'(c)=0

e |

F(x) =€(f ()= )

Fl©)=0 = ¥ (f()-Af(e)=0
, f©) =Af(c),0<c<l.
Verify by taking f(x) = lx* + mx+ nin[a, b]

" Equation of a tangent at (h, k) on y = f(x) is

y—k=f ) x-h) M

_ Suppose (1) passes through (a, b)

b—k=f'(h) [a - h] must hold good for some (4, k)

Now hf*(k)—f(h) - af (h) + b= 0 represents an equation of -
degree odd in A.

.. Jsome ‘h’° for which LHS vanishes
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Linked Comprehension

For Problems 1-3
la, 2.c, 3.d.

Sol.
1 a.

- Tangentat P, isy —£; =

Let P2, tl) 1s a point on the carve y= x3
. b '
dx

%)
36 (x- 4)-

The intersection of (1) and y = 13
=x —tl =3 (x—1) -

M

2 e-t) (P xn + ) -3(x—1)=0

= (x—1)°(x+21)=0

. If Py(t,, £3), then

Ifxl -

3.d. ..

(tz — 1) (,+24)=0
o, =—21) (1, #¢,).

Sumlarly, the tangent at P, will meet the curve at the point
Py(t; 7)) when £, = — 2t, = 4¢, and so on.

The abscissae of Py, P,, ..., P, are
t,—2t;,4,...,(-2)""'t,inG.P."
chob b

: =...==2 (r say)
h L 4

l,thenxz——2, t3—4-,

t2 rand t4— t3r

Then hm 2 —‘ = sum of infinite G.P.. with common ratio
n—3oe r=1 Xn

(—1/2) with first term 1

2
3

. Then lim 2— =sum of mﬁmte G. P with common ratio

n—yoo r=1 yﬂ

(-1/8) with firstterm 1
1

e
8
n o1 ”1

Area of AP,P,P, = % L8
' t, £ 1
=7* (Area of (AP, P,P;)

_Araof (ARRR) 1 _ 1 - 1

" Area of (ABBP) A (2 16

8
9

r3ll3 1

331

1
I} = —{rt, rt2

ry r t3 1

For Problems 46

4.a,5.b, 6.c.
Sol.

4.a,

dy 1-9°
& -6t ,
=9 _6tanf.t-1=0
= 3¢t=tan @+ sec O

" = tan O+ sec H=3¢.

C dy 4
5b. P(-2,2)=>t=-1 = = =— =
b P(-2,2) s T3
. N 4 .
Equation ofthetangenty—2=—§ x+2)
) 7 .
=>t—3t3—2=—§ (1-37+2)
=9 +124-3t-6=0
=32 +44-1-2=0
=>(3t2+t—2)(t+1)=0_
= (3t-2)(+1)%=0
==
I 2
: ,__,__
o=(-3-3)
6o Y .3
- Aoy =7
- mygmg=-1= angle 90°
For Problems 7-8
7b, 8.a.
Sol. Let be the volume and r the radlus of the balloon at’ any

’

time, then

V= (ijﬂ:r3

3
AV (4. L, dr
= '_(3)(37" )dt

. ‘ bd

= ‘—;K =4xr? - 40 (given)
dr 10 .
dl 7'[r2 ' ( )

Now let S be the surface area of the balloon when its
radius is 7, then S= 4y

das dr
= —=87r—

i |
From (1) and (2), % = gy 10 _ 80
dt zrl r

@

When r = 8, the rate of increase of § = %0- =10cm?/ min.

. 1 s
=>Increase of S'in 5 minute =10 x (—;—) =5 cm?/min.




'If 7, is the radius of the balloon after (1/2) min, then

4rnri=4x @)Y +5

orr’ -8 = -‘-15—= 0397 nearly or r,2 = 64.397 or
74 _

r; = 8.025 nearly.

- => Required increase in the radius =r, — 8 =8.025-8 )
=0.025cm.

Matrix-Match Type

1. g—-)p,q;b—-)r,s;c—)r,q; d—p,s;
a b c

sinAzsinB:'sinC':_:“)'R
. da=2RcosA dA
db= 2Rcos B dB

dc = 2R cos C dC

da db - dc
+ +:
cosd cosB cosC
Also A+B+C=mx So, d4+dB+dC=0 2
From equations (1) and (2), we get '
da  db dc

a. Given

. (say)

—2R(dA+dB+dC) (1)

+ +1=1
cosd cosB cosC -
=m==%1 ’
b X?=16 =xy==4 : 1))
y
L =
ST dy/dx\

Differentiating (1) w.r.t.x, we gety +x/ =0 =)/ = —=
. P

» y
L= = =] = Lgr=2
ST y/xl ixl ST

=k=%2. , ‘
c. .y= 2¢* intersects y-axis at (0,2) = -
—dl=4e21 - 4
dx dx

=4

atx=0

». Angle of intersection with y-axis = %— tan™! 4 =cot™ 4
‘=> n=2or -1
d % =& cos y: siopé of the normal at (1, 0)=—1 a
eqﬁation of the normalisx +y =1 -
Area= %

=>t=1,-2.
2. a—>q;bor;cop;d—s;
a r=6cmoér=0.06

A=1r* = 84=2nrbr=2m(6)(0.06)=0.727.
h V=x3,6V=3x"x

'5.39
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¥ 100=32% x100=3x2=6.
vV x :

e @ ZE3E
d = dt

=x=5

=>dA ﬁ(x£)=£x30x-l—=3—é._
dt 2 10 2
3. aop,g;bop,s;eordog

a % =4xandx? = 4y intersect at point (0, 0) and (4, 4)

Cp: Y =4x szx2=4y
w_2 . d_x
dx y dx 2
d_y — g}_] ’ =0
dx lo,o dx 1,0
Hence, tan 8= 90° at point (0, 0)
—dl =_1_
dx |44 2

SN
tan 8= 2_|=2 -

1 4

b SolvingI: 2y*=x> and II: y*=32x, we get (0, 0), (8, 16)

and (8, 16)
: dy
at (0,0) — =0 for I
" dx 0,0 -
dy
at(0,0) — =oo for II
dxlo,0)

Hence, angle = 90°

d 3 364
now—y' =——=——=3 for |
dx(s,ls) 4y 416
d 32
-—y =—= E =1 for Il
dx @®16) - 2y 16
143 4 2

=> angle between the two curves at the origin is 90°.

¢. The two curves are
2 .

xy=a )
P+y =24 @
Solving (1) and (2), the points of intersection are (a, a) and
(— a,— a)
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Differenftiating (1), dyldx=-y/x=m, (say)
Differentiating (2), dy/dx=—x/y=m, (say) .
Atbothpoints, m; =—1=m,

Hence, the two curves touch each other.

- d y2=x,x3+y3=3xy

dy dy 1
For the 1st curve, 2y— =1 X =
dx dxlp  2xn
. 2
X
Again for the 2nd curve, —@ = y_l
P )’1 %
solvmgy =x and X’ +)*= 319;,
Y+ =3 =y’+1=3 = y’=2
“ = =21 and x,=2%".
14
11 2323
Nowml= _-—l = -?;mzz ﬁ —> co
2x23 23 23 _93
-7 i
tan = | 20| = " | = —1— 23 =163
l+m1m2 _l_+m ml
‘m,.
1
o @=tan"'(16%)

Integer Type

: 8 ' 8 SRR
1-(5)y=x2andy=—;; q?P_zandF—; 0))

Equating % at 4 and B, we get

2= M
= pr=4
y
fix)=x2 |
‘ . fAp. q)
X
B(r,s)
/
Fig. 5.35
q-s p2+§
v - r
N = = 2p=
oW mp oy J] por
16
r r
1—6-=E= =r=1(z0 = p=4
4y
v or=1,p=1
Hencep+r=>5
2.(7) x=Fy=>r

L Y
dt dl

& _3
dx—2
y-£= (x -7)
2k~ 2:3 3th— 3:3

: Fig. 5.36
. P-3th+2k=0 : PR ¢ )}
© htoty =—2k (put’ tltz-——l) hence t3"2k
Product of roots
‘Now #; must satisfy equation (1)
= (2k)3 320k +2k=0
= 47 3x+1=00rdy*=3x-1

= at+b=7

3.(8)

Fig.5.37

Since the graphs of y=¢* and y = log x are symmetrical
about the line y = x, minimum distance is the distance
along the common normal to both the curves, ie., y = x
must be parallel to the tangent as both the curves are
mverse of each other.

dy
dx

= x,=0 and y, =1
= A4=(0,1)and B=(1, 0)

= AB=12 | -
4.(6) fx)=f(6-x) ‘ ey
On differentiating (1) w.r.t. x, we get
S@)=-f(6-x) @
Putting x=0, 2, 3, 5 in (2), we get
S©O)=-f(6)=0
Similarly f* (2)=-f"(4)=0
AC
F)=-r1m=0 .
» LO=0=Q)=B)=5)=(1)=14) AC)
*. f'(x)=0has minimum 7 roots in [0, 6]
Now, consider a function y = f'(x)
As f(x) satisfy Rolle’s theorem in intervals [0, 1], [1, 2],
[2;3],[3,4],[4, 5] and [5, 6] respectively.
So, by Rolle’s theorem, the equation f' () =0 has minimum
6 roots.
Now g(x) = (/" ())* + /() (x) = = '(x), where h(x)
=)/
Clearly A(x) = 0 has minimum 13 roots in [0, 6]
Hence again by Rolle’s theorem, g(x) = K'(x) has minimum

12 zeroes in [0, 6].
52) y=x"

& nx"!=npg"!

dx




Siope of normal =—

, nan—l

1

nan—l

(x—a)

Equation of normal y —q"=—

" putx =0 to get y-intercept

1_2 ; Hence b=d"+
na na

.y=d'+ n~2

6.(3) —d—=1=—lcot39‘=—%ait9=
Also the point P for 0= m/4is (2,1)

L. 1
"Equation of tangentisy— 1= -3 (x-2)

or x+2y—-4=0 . . 0y
This meets the curve whose Cartesian equation on
eliminating Oby sec? O—tan? 0=11is
Y=— @
x—- .

: : o
Solving (1) and (2), we gety=1,— 5 -
sox=2,5 '

Hence Pis (2, 1) as given and Q is (5, —-%)

. po- [B35
J b ' \ 4 2 .
7.(5)
We have
LIy SN 1(1 m’) =2 [Here r=h, as 6=45°)
dt de\3
dr dr 2
— = _— — 1
= i @
Now, perimeter =27 =p(let)

d 2 4
= —@QanN=2n|—F |=—
dt( ) (ﬂ:rzj r

Whenh=2m =>r=2m

(2) (Using equation (1))

Hence d—p=i=1 m/s.
oo d 4
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8.(9) y=x+x+16 , o

(d_y) = 3x12. +1
dx -"l:y_l

|3 +1=2
|

= 3x13 +x =xl3 +x +16

= 2x =16
= x=2 = y =26
s om=13 .
9.(4) Wehave f(0)=2
Now y—f(a)=f'(a) [x-a]
For x intercept y =0, so
— _Zfi) =q-2
f@)

f1@_1
fl@) 2
*. On integrating both sides w.r.t. a, we get

fa)

x=a =

lnf(a)=%+C

fla)=Ce™
fx)=Ce?
f0)=C = C=2
s fm)=2" T e—

N

Hen"ce'k=2, p=

10.(9) y=ax2+bx+c;

&

=2ax+b

Whenx=1,y=0 = a+b+c=0 ¢))

& =3 and &
dx| dx

- 2a+b=3 , o Q)
6a+b=1 o ®
Solving (1), (2) and (3)

1 o~
a=——;b=4,c=—z
2

=1

x=3

7 2a-b-de=-1-4+14=9

11.(5) y= €™ | passes through (1, 1)
= ="
= at+b=0

d ' .
also (_y) =-2
dJa,

2 .
ea+bx 2bx=-2

=

= *0.2p(1)=2
= b=-landa=1
= 2a-3b=5
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12.(4) Let x=rcos 6,y=rsin 8
= (1 +cosfsinf)=1

5 2
= r= -
2+sin28
2
= rnzmx =T

Arc_hives

Subjective
-+ f () exists for all x in [0, 1] \
- f(x) and f*(x) are differentiable and continuous in [0, 1]
- Now f(x) is continuous in [0, 1] and differentiable in (0, 1)
andf ©0)=/1)
-. By Rolle’s theorem, there is at 1east one ¢ such that
f (¢)=0,where0<c<1
Casel: Letx=c, then
f@=f)= 0=/ (9=10]=0<1

Casell: Letx>c. By Lagrange s mean value theorem for

f&)in{ec,x]
ﬂi)_—f—(fl = f"(a) forat ieast one @, c< 0<Xx
x— _
or f(®)=(-0)f"() [ f(e)=0]

or |f@)I=b~cllf" (o)
Butxe [0,1],ce (0,1)

o lk—c|<1-0=>|x—c|<1andgiven|f"()| < 1,

Vxe[0,1]
s (alsl

~AfGI<1.1 : ¢ 1/ =ke—clLf (),

or|f’x)<1V xe[0,1].
Case ITI: Let x<c, then

SO - @) = el = ko= 1 (@)

= |F@I<1x1=|f()|<1
" - Combiningall cases, we get | f’ ‘o)) <1V xe[0,1].
‘2. Given that f(x) and g(x) are differentiable for x € [o, 11
such that
FO)=21(1)=6
g(0)=0;g(1)=2
Consider A(x)=f(x)—2g(x)

" Then h(x) is continuous on [0, 1] and differentiable on (0 1)
Also A(0)=£(0)-2g(0)=2-2x0=2
r(1)=f(1)-2g(1)=6-2x2=2
- h(O)=h(1)

- All the conditions of Rolle’s theorem are satisfied for
h(x)on[0,1]

- there exists at least one ¢ € (0, 1) such that A'(c) = 0.

= A2 (V=0="(c)=22(c).

3.

4.

x+2y= 3
2
5. Atx=0,y=1.

(0,c)y=»%,0<c<5

Any point on the parabola is (x, %)

Distance between (x,>2) and (0, Q)is D =4 /xz + (x2 - c)2
To find D, we consider DP=x'—(Qc-1)2*+ e

s 2e-1Y 1 ... .. -
=¥ -3 +c—zwh1chxsm1mmumwh_cn

x2 _ 2c-1 =0
1
=D c—=
min ™ 4
Slope of the given line is —1/2, 1)

= Slope of the tangent = (%) =-1/2

The equation of given curve y = cos (x +)
Differentiating the curve w.r.t. x, we get

dx dx l+sin(x+y)
= slope of tangent ' Vi)
From(1)and ), —S20*2) _ 1
1+sin(x+ y) 2

=sin(x+y)=1 3)
= cos(x+))=0 '
From the given curve y =.cos(x + y) =>y=0 . @
andsin(x)=1 ‘ [using (3) and (4)]

m . 3
=x=—,——

2

— The points are P(%/2, 0), O(37/2, 0).

. ' i1
Tangent at Pis x + 2y = 2 and tangent at Q is

Hence, the point at which normal is drawn is P(0, 1)
Differentiating the given equation w.r.t. x, we have

(1+x) {1og(1+x)— —Z—}

dx 1
d 1
‘—y+—-—~ 2sinxcosx=0
dx 1-sin® x
(“_0) 2sin0
:(gﬁt’_) = 1+0 1-sin®0 =1
- \dx g 1—(1+0) logl
= Slope of the normal = —

=> Equation of the normal having slope — 1 at point P(0, 1) |
isgivenbyy—1=—(x-0) >x+y=1.

6. Since the curve y = a+ b +ex+5 touches x-axis at

P(-2, 0), then x-axis is the tangent at (- 2, 0). The curve
meets y-axis in (0, 5). We have



d—y=3dvc.2+2bx+c

=>iy-| =0+0+c =3 (given)
dxl,s) ' '

=c=3 | o

and Q‘ =0
dx (=2,0)

= 12a—-4b+c¢=0 _

= 12a—4b+3=0 [From(1)] (¥
and (— 2, 0) lies on the curve, then -
0=—8a+4b-2c+5 .

- =0=-8a+4b-1 (v c=3)

=8a-4b+1=0 )

1 3
From (2) and (3), we geta= —3 b= ~a

1 3
= —— b=—— and ¢=3.
Henc;e,a > 2

. (i) Given that f(x)is a differentiable function on [0,4]
~. It will be continuous on [0, 4]
. By Lagrange’s mean value theorem, we get -

(@) -s(0) _
4-0

Agam since f’ is continuous on [0,4] by intermediate mean
value theorem, we get

f'(a), fora e (0,4) ' )

/@70 - IO _rpyrrbe 0y @
Multiplying (1) and (2), we get

2 2 ' »
Lf (4] . SO _ oy sty;abe 0,4

or [f @F -LfO))*=8"(a)f(B)
(ii) To prove I: f(e)dt -.—-2[0: f (‘az) +Bf (52 )],

‘ V0<a, <2
Let 1=, f(t) dr |
Lett=u2:>dt=2udu
—_ 2 £{,2
o= jo S )ouau )]

Consider F(x) = rf( 2) 2udu |

Then clearly F(x) is dlfferentlable and hence continuous

on {0, 2.
By Lagrange’s mean value theorem we getsome, pLe (0,2)
oy F)-F(0)
such that F’(p) = o
(u”) 2u du
=f?)2p= j—fu——li— @)

2

: =>F’@)
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Again by intermediate mean values theorem, there exist at
least one @, Bsuchthat 0 < @< < f<2

F'(a)+ F’(B)
2
[as fis continuous on [0, 2] = F is contmuous*on [0, 211

f@®) 20 +f(B*) 28
=) 2n= 5 %)

=f () 2u=0af (@) + BB ©)
From (4) and (5), we get

joz £ () 2udu =2[0f @)+ Bf (B)), where 0 < o <2

= [0 £ () de=2laf (e + BABI), 0< 0, f<2.

. Given that

P()=51x""-2323x"% _45x+ 1035
To show that at least one root of P(x) lies in (45 1100 46),
using Rolle’s theorem, we consider anti-derivative of P(x),

: 102 101 2
232
ie. con51derF(x)—- _BBx | 45x

2 101

Then being a polynomial functlon F (x) is contmuous and
dlﬂ'erentxable

+1035 x+c

S . 2
Now, F(45"1%) = (45)10  2323(45)100 45 (45)10
’ 2 101 2
' 1
+1035(45)10 + ¢
45, L
= 7(45)100 — 23X 45(45)100
i‘ 1
100 —_
- i“%_ +1035(45)190 +c
=c
and F(46)= (46)102 2323(46)‘01 _45(46)°
101 2

+1035 (46)+ ¢
=23(46)""" - 23(46)"“ 23 x45%x46+1035x46=c

1 . . '
F [45“’0 ] =F(46)=c -

- .. Rolle’s theorem is applicable.

Hence, there must exist at least one root of F'(x) =0

i.e., P(x) = Ointhe interval (45", 46).

. Given that|f(r;)~f(5) | <0 —%)2 V xp,x,€ R

Letx, =x+ hand x, = x, then we get

St h)-fG) <K
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= | fx+h)—f@|<Ih}-
- |lf(x+hz —f(x)} <|h|

" Taking limitas A — 0 on both sides, we get
i L2 f(x)% 0

h—)O
= @) <0

= ®)=0
=f (x) is a constant function.
Letf(x)=k,ie,y=k
As f(x) passes through (1,2) = y=2

" - equation of the tangent at (1,2) isy—~2=0(x—1), 1.e.,
y=2.

10, g6) =@+ )= < (S 6

Let h(x)=f()f" (x) -

Since f(a) =0,/ () =2.f()==1.f(@=2./(e)=0
f(x)=0has fom'roots namely, a, &, B, ewhercb< a<cand

c<fp<d.

And f” {x) =0 at three pomts ky, ko, k3 wherea <k < a,
@<k <B B<k<c .

[ Between any two roots of a polynom1a1 functlon f(x)=0

_there lies at least one root of, f (x)=0j

- . There are at least 7 roots of f(x) /() =0
=> There are at least 6 roots of gx— @ x)=0
ie.,of g(x)=0.

Objective '

Fill in the blanks

1. ThegivencurveisC:y3-'-3xy+2=0

- d d
Differentiating w.r.t. x, we get 3 y2 Ey -3x Ex)—) -3y=0

- 2= Y
dc  —x+y*
‘ S _d
. Slope of the tangent to C at point (x;, ;) is Y _.l—z—
dx  —x +y

For horizontal tangent % =0= =0

Fory, =0in C, we getno value of x |
-. there is no point on C at which tangent is horizontal
. H ®.

For vertical tangent éy— —> oo
dx
'=>—xl + 32 =0

=X = J’1

T 3

2.3 LN P =1 =13y =

Multiple choice questiohs with one correct answer
-1.a. Consider the function f(x) = ax® + b +ex+don |0, 1]

4.d.

. x=a(cos 6+ Osin 6), y = a (sin 68— @cos 6)

. Slope of the tangent at (x, f(x)) is 2x + 1

Slope of the tangent y = f(x) is % = f*(x) G.4)

Therefore, there is only one point (1, 1) at which vertical
tangent can be drawn '

LV={(1,D}.

then being a polynomial, it is continuous on [0, 1] and
differentiable on (0, 1) and f(0)=f(1)=d. ,
f0)=d,f(1)=a+b+c+d=d[asgivena+b+c=0]
. By Rolle’s theorem, there exists at least one x € (0, 1)
such thatf” (x) =0

=3ax’+2bx+c=0

Thus, equation 3ax” + 2bx + ¢ = 0 has at least one root in
[0,13. '

% = a(—sin 6 + sin 8 + Ocos 0) = a6 cos 6 Q)
dy " .
E=a(cos@—cos9+esm9).=a Osin 6 )

= % =tan 6 (slope of the tangent)

= Slope of the normal=—cot 0 .
.. Equation of the normal is

y—a(sin 86— Ocos 6)=—

=>y sin 0—-a sm 0+ a9s1n Ocos 7]

=—xc0s 8+ a cos? 8+ a Bsin Bcos &
= xcos @+ysin 0=a
As 0 varies, inclination is not constant. Therefore, (a) isnot
correct . ’
Clearly, it does not pass through.(0, 0)
Its distance from the origin = | — i | =
|\/c0s2 6 + sin® 0|

which is a constant.

=/ (x)=2x+1

=fx)=F+x+c

Also the curve passes through (1, 2) Therefore, f(1)=2
=2=1+1+tc=c=0= f(x)= X+x

= Required area = _[; (x + x) dx

1
% x2 1 1. 5
=} — 4 — =_+_=__
3 20 3 2 6

Therefore, slope of the normal = — L

=/1'(3)=1.
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se yeRthiobo Y x=12 |
5.¢. y= +bx—b=>2x—=2x+b a, x<1/2
“=> Equation of the tangent at(1, 1) is Also f’(0)= 1 o
_ : -2| — x>1/2
y-1=Q2+b)(x—1)
=(b+2x-y=b+1 _ : : 1 | 1 | 1 ’
: b+1 : Here f’(—] =—1 and f'(1/2+)=- 2(—-—) =0
x-intercept = —— =04 . S 2 2 2
b+2 | | ] :
andy-intercept——-(b+ 1)=0B ' - Since f '(17);# f ’(1/ 2+) , f is not differentiable at
YA : ' ’ 7 .
y=x2+bx-b le 0.1
| | 50D |
/ >X _ " - Lagrange’s mean value theorem is not applicable for
/ A ' this function in [0, 1].
o ~ 8.d ForRolle’s theorem in [a, ]
f(a)=f(b) In[0,1]=£(0)=/(1)=0

. The function has to be continuous in [0 1]

Fig. 5.39 . = f( )_ Ilm f( )
Given area of triangle O4Bis=2 ' . '

1 = limx® logx=0
=>5'0Ax OB =2 x—0

bt = lim 01°g" =0 |
+ . : X0 x T '
(b 2)[‘_” +1)] =2 Applying L’ Hopital rule, we get -
. ’ L
=b*+2b+1=—4(b+2) : = lim ———1/3_1 =0==—=0 >0
9 . x>0 —orx a
=b"+6b+9=0
: ) _ _ = d is the correct optlon
- =((0+3) =0=b=-3. - 9.b. Let the polynomial be P(x) = ax 24 bxte
6.d. The given curve is Y +3x*=12y Given P(0)=0and P(1)=1
d dy S . =>c=0andat+b=1=a=1-b
2 a4y _17 4 .
=3y G o=y , , o P()=(1~B) % +bx
P  SPORA-bxeb
T a4 , GivenP’(x)>0, V x¢€ (0,1)

=2(1-b)x+b>0,V xe (0,1)

] dy
For vertical tangents —- —><° - Now whenx=0,b>0and whenx=1,b<2

'=>4—y2=0 - =0<b<2
Cyy=12. ‘ : _ s S={(1-a)P+ax,ae (0,2)}.
24 -8 16 4 10. 2. Slope of the tangent to y = € at (c, €°) is given by
Fo =2, x2=———=— =2Dx=+ —
ry 3 .3 \/5 o m; =[%) = e
24 +8 ol ) (c ) )
-~ 2 —_
Fory=-2.x 3 ve (not possible) Also the slope of the line joining the points
4 _ i oe=1 c+l1
Hence, the required points are [-_F —_, 2). _ (C_ Le ) dr(c +], € )
. -l \/g : ec+] et
7.a. It can be easily seen that functions in options (b), (c)l and my = —
(d) are continuous on [0, 1] and differentiable in (0, 1) _ (c+1) ~(c-1)
1 : & +1 ec—l
(—2—-—x),x<1/2 ' ) —-——2—‘

In (a), f _(x) = : ) which is continuous at . »
(:—x] ,x21/2 , = ec[ }
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we observe m, > m,

= tangent to the curve y = * will intersect the given lme
to the left of the line x = ¢ as shown in Fig. 5.40.
4

0 (c+1,es*)

—_

7]

-
@

0

1

-

-~

X
NS
Q)
0 -~
Y
>

Y
Fig. 5.40

Multiple choice question with one or more than one correct
answer . : :

1.b, c. Let the line ax + by + ¢ =0 be normal to the curve xy =1.
Differentiate the curve xy =1 w.r.t. x, we get
dy dy ¥y
+x=—=0=->==-=
> ax x

dx (y) X

~. Slope of the normal = 2L
B4

Slope of the given'line = %a

leen that 2L = —2 _ )]
Y b

Also (x;, y)) lies on the given curve = xy; = 1 V)

From (1) and (2), we can conclude that @ and b must have

opposite sign.

2.b,d.

x-axis is tangent at (0, 0).

For y? =4ax, y-axis is tangent at (0, 0), while forx* =4ay,

Thus the two curves, cut each other at right angles.

. Alsofory2=4ax, %=2—4 =m,
: y

Fory=e™%, dy _—le“X/Zé:i =m2>
dx  2a 2a
=4 mlmz—_l

= y*=4axand y =™ intersect at nght angle.

Lmked comprehenswn type

1.b. Fork=0,liney=xmeetsy=0,i.e. x-amsonlyatonepomt.
For k<0, y=ke" meets y=x only once as shown in Fig. 5.41.

Fig. 5.41

2.a. Letf(x)=ke*—x
- Now forf(x)=0 to have only one root means the line
y =x must be tangential to the curve y = ke".
Let it be so at (x;, y,), then '

[Q) ke =1
dx X

1

el =% alsoy, = ke™ andy, =x,

=>x1—1=>1 =ke=>k=1le.
3.a. " Fory=x to be the tangent to the curve y = ke*, k= l/e
. For y = k" to meet y = x at two points, we should have ..

k< 1 =ke (0, l) ask>0.
e e '



