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3.2 Coordinate Geometry

INTRODUCTION

Let / be a fixed vertical line and m be another line intersecting
it at & fixed point ¥ and inclined to it at an angle .. Suppose
we rotate the line m around the line / in such a way that the
angle « remains constant. Then the surface generated is a
double-napped right circular hollow cone herein after referred
as cone extending indefinitely far in both directions. The point
V is called the verfex; the line [ is the axis of the cone. The
rotating line m is called a generator of the cone. The vertex
separates the cone into two parts called nappes.

Generator

(b)

Fig. 3.1

If we take the intersection of a plane with a cone, the-
section so obtained is called a conic section. Thus, conic
sections are the curves obtained by intersecting a right circular
cone by a plane. We obtain different kinds of conic sections
depending on the position of the intersecting plane with
respect to the cone and the angle made by it with the vertical

axis of the cone. Let 8 be the angle made by the intersecting

plane with the vertical axis of the cone. The intersection of the
plane with the cone can take place either at the vertex of the
cone or at any other part of the nappe either below or above
the vertex.

(©)

Fig. 3.2

Circle, Ellipse, Parabola and Hyperbola

When the plane cuts the nappe (other than the vertex) of the
cone, we have the following situations:

a. When f = 90°, the section is a circle.

b. When a < < 90°, the section is an ellipse.

¢. When § = ¢, the section is a parabola (in each of the
above three situations, the plane cuts entirely across one
nappe of the cone).

d. When 0 < f < a; the plane cuts through both the nappes
and the curves of intersection is a hyperbola.



Conic Section as a Locus of a Point

The locus of a point which moves in a plane such that the ratio -

of its distance from a fixed point to its perpendicular distance
from a fixed straight line not passing through given fixed point
is always constant, is known as a conic section or conic.

The fixed point is called the focus of the conic and fixed
line is called the directrix of the conic.

M P

S (focus)

Directrix

Fig. 33 »
Also this constant ratio is called the eccentricity of the
conic and is denoted by e.

If e = 1, the conic is called parabola.

If e < 1, the conic is called ellipse.

If e > 1, the conic is called hyperbola.

If e = 0, the conic is called circle.

If e = =, the conic is called pair of straight lines.

In Fig‘. 33 %= constant =e or SP = ePM

Equation of Conic Section
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Fig. 3.4

If the focus is (a, B) and the directrix is ax + by + ¢ =0 then
the equation of the conic section whose eccentricity = e 1s

lax + by + c|
\/(x-a)er(y—ﬂ)z:eW
A&+w+#

or x—ay+(@y-pY=e @+ b))
Important Terms

Axis: The straight line passing through the focus and perpendicular
to the directrix is called the axis of the conic section.
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Vertex: The points of intersection of the conic section and the
axis is (are) called vertex (vertices) of the conic section.

Focal chord: Any chord passing through the focus is called
focal chord of the conic section.

Double ordinate: A straight line that is drawn perpendicular
to the axis and terminates at both ends of the curve is a double
ordinate of the conic section.

Latus rectum: The double ordinate passing through the focus
is called the latus rectum of the conic section.

Centre: The point that bisects every chord of the conic
passing through it is called the centre of the conic section.

Noté: :
Parabola has no centre, but circle, ellipse, hyperbola have
centre.

STANDARD EQUATION OF PARABOLA

Consider the focus of the parabola as S (a, 0) and directrix be
x + a =0, and axis as x-axis.

x=—qak AY
M N P(x, y)
x  Z| 4\ S@0) X
2 = 4qx
\A '
Fig. 3.5

Now according to the definition of the parabola, for any
point on the parabola, we must have

SP=PM

= @x-a’+@-0'=PN+NM=x+a
= x—a)’+)y" =(a+x)
= y2 =(a.-i-x)2—(x—a)2
= y* =4dax
Vertex: 0, 0)
Tangent at vertex: x=0
Equation of latus rectum: x=a
Extremities of latus rectum: (a, 2a), (a,— 2a)
Length of latus rectum: 4a
Focal distance (SP): SP=PM=x+a

x =at’ and y = 2at, where
t is parameter

Parametric form:
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Oth er Standard Forms of Parabola

y2v= _ 4ax Y

Y
A
M =
m) y=a
X — 4 — X
L ,
PS(O’ ) X' =—4ay
v
Fig. 3.8
Equation of curve: y-2 =~dax |P=4ay |¥’=-4ay
Vertex: (0, 0) (0, 0) (0, 0)
Focus: (—a,0) ©,a) ©0,—a)
Directrix: x—a=0 |y+a=0 |y—a=0
Axis: y=0 x=0 x=0
Tangent at vertex: |x=0 y=0 y=0
Parametric form: | (- af, 2a1) |Qat, af®) |(Q2at,—af’)

If focus and vertex of the parabola are (p, 0) and (g, 0),
then its equation is
¥* =4(g - p)(x - p)(when p < )
ory* = ~4(p — g)(x — p) (Where g <p)
If focus and vertex of the parabola are (p, 0) and (g, 0),
then its equation is
¥’ =4(g-p)y - p) (When g > p)
or x* = ~4(p — g)(x — p) (when ¢ < p)

‘Find the equation of a parabola

i. having its vertex at 4 (1, 0) and focus at S (3, 0)
ii. having its focus at S (2, 0) and one extremity of its
latus rectum as (2, 2)
iii. having focus at (0, — 3) and its directrixisy =3

Sol. i. Clearly the axis of the parabola is x-axis.

Corresponding value of @ =3 — 1 = 2. Thus equation
of the parabola is y* = 8(x — 1).

ii. Clearly the other extremity of latus rectum is
(2, -2). Its axis is x-axis. Corresponding value of a=
% = 1. Hence, its vertex is (1, 0) or (3, 0). Thus
its equation is y* = 4(x — 1) or y* = — 4(x — 3).

ii.

y=3

(0,-3) ) P(x,y)

\4

Y

Fig. 3.9
Let P (x, y) be any point on the parabola.

Then by definition \Rx 02+ + 3)2 =y-3
x*=—12y.

2 A beam is supported at its ends by
two supports which are 12 m apart. Since the load is
concentrated at its centre, there is a deflection of 3 cm
at the centre and the deflected beam is in the shape of a
parabola. How far from the centre is the deflection 1 cm?

Sol.

A
D L LT 12m---f-cememaaeeie s >
AN f o]
AB
3cm
B/' 2 cml
eal >
m 0 X

Fig. 3.10

Let the vertex be at the lowest point and the axis vertical. Let
the coordinate axis be chosen as shown in Fig. 3.10.
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T he equation of the parabola takes the form X’ = 4ay. Thus, the coordinates of the focus are (— 1, 0).
Since it passes through (6, %), we have 6° = 4a x 1—35’ ie., Let P (x,y) be':% point on the parabola.
3 O om Then by definition
a= .
\]x+12+ 2 = (x + 5)
I_et 4B be the deflection of the beam which is ﬁ m ( ) yz ( )
) = Y =8(x+3)
Coordinates of B are (x, 10—0)
2 Example kKXW The chord 4B of the parabola y* = dax cuts
Therefore, ) x* =4% 300 % 755 100 =24. the axis of the parabola at C. If 4 = (af, 2at ), B= (at;, 2at )
= x=2V6m and AC:AB = 1:3, then prove that ¢, +2¢, =0.
] : e 3.9 . If the two ends of the latus rectum are Sol.
given. How many parabolas can be drawn?
Sol. A(at?, 2at)
4 »
X
B(at}, 2at,)
Fig. 3.12
Fig. 3.11 , , » £=1:>_C_l
L, L' are the ends of the latus rectum. S bisects LL VSV is AB 37 BC 2
the perpendicular bisector of LL', where VS = 4 LL = VS. Here c _( 2af, + af, 4at, + 2‘”2)
’ B 3 3
tw 1 . .
Cleary, ‘ o prabo as are possible It lies on y=0
FE Find the coordinates of a point on the dat +2at
‘ : — =01 +21 =0
parabola y* = 8x whose focal distance is 4. " 3 2 1
Sol. If the coordinates of a point on the parabola y* = dax are Example M is the foot of the perpendicular from a
P (x, y), then its focal distance is SP=x + a. point P on a parabola y* = 4ax to its directrix and SPM is
Here : a=2and SP = 4. an equilateral triangle, where S is the focus. Then find SP.
. 4=x+2 Sol.
= x=2 zZA Ay
= y2 =8x2 M| 60° £
= y=+4 30 /
Thus, the coordinates of the required point are (2, +4). < .
X Z| 4\s X
1 If the vertex of a parabola is the point
(—-3,0 and the directrix is the line x + 5 = 0, then find its y' =dax
equation. Ny
Sol. Since the line passing through the focus and perpendicular Fig. 3.13
to the directirx is x-axis, therefore axis of the required parabola » o
is x-axis. From the definition of the parabola, we have
Let the coordinates of the focus be S (g, 0). . . SP =PM
] ) ] SPM is an equilateral triangle.
Since the vertex is the midpoint of the line joining the Therefore,
focus and the point (— 5, 0) where the directrix x + 5 = 0 meets SP=PM=SM
the axis. = ZPMS = 60°
Therefore, = ZLSMZ = 30°
_3=a—5 In ASMZ, we have
2 SZ

= a=-1 Sln30°—m
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1_2a
= 2" SM
= SM=4aq
Hence, SP=SM=4q

parabolﬁ”y ;— dax, such that one vertex of this triangle
coincides with the vertex of the parabola. Then find the
side length of this triangle.

Sol.
YA A
M >
0 X
B
Fig. 3.14

If triangle OAB is equilateral then O4 = OB=AB =p.
Thus 4B will be a double ordinate of the parabola.

ZAOM = /MOB ="

Thus 3

=

V3p p

7 : LT

OM=p cos gandAM=ps1ng
2 ’2)

2

A lies on the parabola, thenp =d4a——

Then 4 has coordinates (

\Fp

p=83a

Example 39 BN quadrllateral is inscribed in a parabola

y* = 4ax and three of its sides pass through fixed points
on the axis. Show that the fourth side also passes through
fixed point on the axis of the parabola.

Sol.
Y A(t)

A -
B(t/

(d,0)

AN

D()

e, 0)
‘ ( 0) ~~~-

C(t,

Fig. 3.15

Equation of chord 4B is
2x ~ (t1 + t2)y + 2at1t2 =0

It passes through the point (¢, 0),

then given th=-g @
Similarly for chord BC, £, =— 3 (ii)
And for chord CD,  tf,=-¢ (i)

Multiplying (i) and (iii), we get

t112t3[4'“+a—

d) ec

= tt'(—— =<
. _ e
- t1t4 ad

Hence, chord 4D passes through the fixed point.

E)‘ia:l"np_l‘(;}_.;lyoy‘ Find the locus of middle points of chords
of a parabola y* = 4ax which subtend a right angle at the
vertex of the parabola.

af, + at, 2at +2at,
Sol. Here, 1 = 5 k= 5 = a(z‘1 + tz)
4 P (at, 2at)
< —> X
(at,, 2at,)
Fig. 3.16
2at1 -0 2at - O
Also, —5 1
at,—0 at2 0
= t,=—4
2h _ o, 2
Now, =LA L= ) =21

(£Y -2 4

Therefore, the locus of (A, k) is

2

Y
=>+8
a2

2
a

which is a parabola.

xa ; Let there be two parabolas y* = 4ax and
y* =—4bx (where a # b and a, b > 0). Then find the locus of
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the maiddle points of the intercepts between the parabolas g,

made on the lines parallel to the common axis. K
Sol. I et the line parallel to common axis be y = 4. - -
h2 h2 P (t > 2t)
"Thencoordinates of 4 and B are (—, h) and (— T h),
4a 4b
respectively. o X'y X
. _1(H B
- If P (e, P) is a midpoint of 4B, thena =5 (4a 4b) and
B=h
. B B o1 . Q0 (a, 2at,)
20=g{3 ) Y
Hence, locus of P is , Fig. 3.18
V11 Let P be (7, 21)
x=7 (5 - 3) 2
Slope of AP =7
) ? A right-angled triangle ABC is inscribed in = Slope of BP=~— %
parabola y° = 4x, where A is vertex of parabola and ZBAC ) _ ) p s
=n/2.1f AB =45, then find the area of AABC. = Equation of line BPis y -2t =—5 (x— ¢ )
Sol. = Point Bis (7 + 4, 0)
' P4 Now let centroid of APAB is (h, k)
B(%,20) 2
N poltl+a g 2
3 3
o3k}
— »X = 3h-4=2(3%)
Hence, the required locus is
9y
p Ix-4=—5-
‘ C(,2t) 2
Fig. 3.17 which is a parabola.
From the figure, AB =45 . ) )
. Position of a Point With Respect to a Parabola
= f+4r =5 2
y° = 4ax
= F-1)(F+4)=0 v
= t=+1 v 4 P(xl)yl)
= B=(1,2) Q (x, 3,
Alsom ,xm =-1
g . 3 =_] X' A M > X
t
=4
= C has coordinates (16, — 8) er, = dax
Now AC =~256 + 64 =320
: Fig. 3.19
. LT AN vy
Then, the area of ZABC'is 5 ‘\/§ 320 =5 V1600 = 20. Let P (x,,y,) be apoint in the plane (in 1st or 4th quadrant)

N—— From P draw PM L AX, meeting the parabola y* = 4ax at Q.
DS bd AP is perpendicular to PB, where A is  Then the coordinates of Q be (x, y,). Since Q lies on the
vertex of parabola y* = 4x and P on the parabola. B is on  parabola, we have y. = Aax -

the axis of parabola. Then find the locus of centroid of
APAB.

Now, point (x, ) will be outside, on or inside the
parabola y* = 4ax according to
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PM>,=or< QM

=> PM >, =or < QM
= yi>, =or<y,
= yf>,=0r<4axl

ForP lying in 3rd or 4th quadrant, yf —4ax >0 (- x,<0)

E}xa'mpe EBEY The equation of a parabola is y* = 4x.

P (1, 3) and Q (1, 1) are two points in the xy plane. Then,
for the parabola
a. P and Q are exterior points
b. Pis an interior point while Q is an exterior point
c. P and Q are interior points
d. Pis an exterior point while Q is an interior point

Sol. d. Here, S Ey2 —4x=0
$(1,3)=3-41>0
=> P(1, 3) is an exterior point.

S(1,1)=1*-41<0
= Q(1, 1) is an interior point.

IBEV A OIENEL: The point (a, 24) is an interior point of the
region bounded by the parabola y* = 16x and the double
ordinate through the focus. Then find the values of a.

Sol.

14\ S| Focus

A
L=
i 8 j
[\
)
[N
5
[
LR
—
=
=
y

Fig. 3.20

(a, 2a) is an interior point of y* — 16x = 0 if
(2a)* —16a<0,i.e.,a’ —4a<0

7(0, 0) and (a, 2a) are on the same side of x — 4 = 0.
So,a—4<0,1ie,a<4.
Now,
a—4a<0
= 0<a<4

Equation of Parabola When Vertex is (h, k)
and Axis is Parallel to x-Axis

The parabola :
¥ =dax ()
can be written as

(v - 0)* =4a(x - 0)
The vertex of this parabola is 4 (0, 0).

Now when origin is shifted to 4’ (&, k) without changing
the direction of axes, its equation becomes
-k =4a(x— h) (ii)
This is called general form of the parabola Eq. (i) and
axis AX || AX with its vertex at 4’ (k, k). Its focus is at
(a + A, k) and length of latus rectum = 4a.

The equation of the directrix is
x=h-a
or x+ta-h=0

Equation of Parabola When Vertex is (h, k)
and Axis is Parallel to y-Axis

Ya %

A by
’ 7 D/l\fectrlx y=k-a
X 7 >
vy
Fig. 3.22

The equation of parabola with vertex (4, k) is
(x —hY =4a(y — k)
Its focus is at (h, a + k) and length of latus rectum = 4a.
The equation of the directrix is
y=k—a
or : yta-k=0



Parabolic Curve
The eqquations y = Ax*+Bx+ Candx=4y*+By+ C(4#0)
represent parabola and are called parabolic curve.

Now,
y=Ax*+Bx+C

~af2+ Gy £l
(r+ 2 - 25+

2272579

AZ_i( BZ—4AC)
or ("+2A) =4\ T4

Comparing it with (x — hy’ = da(y — k) it represents a

2
parabola with vertex at (4, k) = (— 21134 , — Z%Q

=4

), axis
parallel to y-axis, latus rectum = I—A}—T and the curve opening

upwards and downwards depending upon the sign of 4 (for
A >0 curve opens upward, for 4 <0 curve opens downward).
Similarly, x = 4y* + By + C can be simplified to

(e de ) =g ler P)

Comparing it with (y — k)* = 4a(x — k) it represents a

2
parabola with vertex at (%, k) = (— B—_‘JA—C, - EBZ) axis
parallel to x-axis and latus rectum = ﬁ and the curve opening

left and right according to 4 < 0 and 4 > 0 respectively.

Note:
Parametric form of the parabola (y — k) = 4a(x — h) is’
x=h +at2andy=k+2at.‘

Exa : ple316 y* + 2y — x + 5 = 0 represents a-parabola.
Find its vertex, equation of axis, equation of latus rectum,
coordinates of the focus, equation of the directrix, extremities

of the latus rectum and the length of the latus rectum.
Sol.

Y
A
X’ >X
0,1 A y=-1
@D (4,1 1—7,—1)
4
v
Y’ _15
4

" Fig. 3.23

Parabola 3.9

y2+J2y—x+5 =0

= y2 +2y+1l=x-4

= G+ =x-4)

Comparing this equation with (y — k)* = 4a(x — h) we have
a= Z

Vertex: (4, —1).

Equation of axis: y+1=0

Equation of latus rectum: x — 4 = % orx= 14—7

Focus: Intersection point of axis and latus rectum - is

17
(1)
Directrix: x—4=—zlf or4x—15=0

Extremities of its latus rectum: These points lie at
distance 2a from the focus on the latus rectum line which are

(oY) or (7.3 ol 2.3

2 4° 2
Length of its latus rectum: 1 unit.

axis parallelto y-axis and which passes through points
(0,2), (-1, 0) and (1, 6).

Sol. General equation of such parabola is
y=Ax*+Bx+C

It passes through points (0, 2), (- 1, 0) and (1, 6). Then
we have,

c=2 (i)
A-B+C=0 (if)
A+B+C=6 (iii)

Solving (i), (ii) and (iii) we get C=2,4=1and B = 3.
Hence equation of parabola is
y=x"+3x+2
: Prove that the locus of centre of circle which
ouches given circle externally and given line is parabola.
Sol.

Y

A Tx -
xl + yZ = al J

v hk '

¥ (, k)

Fig. 3.24
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L et given circle be x* + y* = 4* and given line be x = b.
From the diagram radius of variable circle is b — .

If it touches L+yt=d,
then

a+(b—h) =K+ P

=(a+ by -2a+bh+W=K+F
Y =(a+by—2a+bx
which is equation of parabola.

=

IFBLY: Ifon a given base BCa triangle be described
such ‘that the sum of the tangents of the base angles is m,
then prove that locus of opposite vertex A is parabola.

Sol.

A
A(x, y)
- |B,0) @0)
v
Fig. 3.25

Let the given points B and C are (0, 0) and (a, 0).
According to the given condition

tan o + tan 3 = m (where m is constant)

Y Y

= xta=x=m
= yx(a—x)zm
= ay = mx(a —x)

which is equation of parabola.

Lxample The parametric equation of a parabola is
x= t2 + 1, y= - 2¢+ 1. Then find the equation of directrix.

Sol. Eliminating 7, we have

or
-1)P=4(x-1)
Putting y—1=Y, x -1 =X, the equation becomes
=4X
So, the equation of the directrix is
X+1=0=x=0

Example 321 Find the points on the parabola y* -2y — 4x
= 0 whose focal length is 6.

Sol. 3* -2y —4x=0

- 0r .
y-1P=4x+1
or

o-17=fer}

Vertex of parabola is ( e ) Corresponding parabola
with vertex at origin is y* = 4x.
For point on this parabola having focal length 6, we have
6=a+x=1+x
or
. x=35
Hence points on this parabola are (5, + 2v5).

Hence corresponding points on the parabola

(y—1)2=4(x+%)are(5—%,li2\/§)

Sol.

Fig. 3.26
Obviously, maximum lengths of chord occur when the
parabola passes through (0, 2) and (0, -2).

Hence, from y* = 4 (x — &) we have,
4=40-h)

= h=—1

Concept Application Exercise 3.1

1. If the focus and vertex of a parabola are the points
(0, 2) and (0, 4), respectively, then find its equation.

2, Find the coordinates of any point on the parabola
whose focus is (0, 1) and the directrix is x + 2 = 0.

3. Find the length of the common chord of the parabola
¥ =4(x + 3) and the circle x* +3? +4x=0.
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4. Find the vertex of the parabola x* = 2(2x + y). By definition,

. . o SP=PM
5. Find the equation of the directrix of the parabola

X —4x—3y+10=0. = |x+my+n|
. . = . (x - a) + (y - b) = 2" 2
6. The vertex of a parabola is (2, 2) and the coordinates @ +m)
of its two extremities of latus rectum are (-2, 0) and
(6, 0). Then find the equation of the parabola. Ix + my + n)?
= (x—a)2+(y—b)2=w

7. Find the length of latus rectum of parabola whose fo- (P +m)
cus is at (2, 3) and directrix is the line x — 4y +3 = 0. .
= m*x* + I’y* — 2mxy + x term + y term + constant = 0

8. Find the angle made by a double ordinate of length 8a )
This is of the form (mx — Iy)" +2gx + 2y +c=0

at the vertex of the parabola y* = dax.

9. LOL' and MOM are two chords of parabola 37 = 4ax with This equation is the general equation of parabola.
vertex A passing through a point O on its axis. Prove that Note:
the radical axis of the circles described on LL' and MM

i 7 [ equati arabol
as diameters passes though the vertex of the parabola. Second degree terms in the general equation of a parabola

Jorms of a perfect square.
10.If (a, b) 1s the midpoint of a chord passing through the

vertex of the parabola y* = 4(x + 1), then prove that oY .
: . Recognition of Conics

2Aa+1)=p"

11.Find the range of values of A for which the point The equation of conics represented by the general equation of
(A, -1) is exterior to both the parabolas y* = [x]. second degree

12. Prove that the locus of a point, which moves so that its ax’ +2hxy + by* + 2gx + 2fy + ¢ =0 @
distance from a fixed line is equal to the length of the can be recognized easily by the condition given in the tabular
tangent drawn from it to a given circle, is a parabola. form. For this, first we have to find A = abc + 2fgh — af * — bg”

— ch?. When A # 0, Eq. (i) represents the non-degenerate conic

13.Prove that the locus of the centre of a circle, which
whose nature is given in the following table:

intercepts a chord of given length 24 on the axis of
x and passes through a given point on the axis of ,
distant 5 from the origin, is parabola. "Condition Nature of conics

A#0,h=0,a=b A circle

GENERAL EQUATION OF A PARABOLA 7000 P =0 (- 3nd dogree | A parabola

Let S (a, b) be the focus and Ix + my +n = 0 is the equation of | terms form a perfect square)-

the directrix. A#0,ab—h >0 . .| Anellipse or empty set
LetP(x,y) ‘;e any point on the parabola. Az 0. ab— 1< O : A hyperbola
4 A#0,ab-h <0anda+b=0 | Arectangular hyperbola

Ie+my+n=(

5_ Find the value of 1 if equation 9x* + 4y” +
2Axy + 4x — 2y + 3 = 0 represents parabola.

Sol. Comparing this equation with ax” + by* + 2hxy + 2gx +
2fp+c=0wehavea=9,b=4,c=3,h=A4g=2,f=-
L.

. If the equation 9x™+ 4y* + 2Axy + 4x — 2y + 3 = 0 repre-
sents the parabola then its second degree terms must form
the perfect square.
= A* =136 (using #* — ab = 0)

Fig. 3.27 = A=+6
Also for these values of A, A # 0.




3.12 Coordinate Geometry

| Find the value of A if the equation (x - 1)*

+ (@ — 2 =A(x + y + 3)? represents a parabola. Also, find
its focus, the equation of its directrix, the equation of its
axis, the coordinates of its vertex, the equation of its latus
recturm, length of the latus rectum and the extremities of
the latus rectum. .

Sol. (x — 1>+ (y =2 =A(x+y+3)*=24 (%)2

Vet 2 =2i 3
=17+ -2 =2 —5

This represents parabola if V24 = 1

-1

= A= 5
Its focus is (1, 2). Tts directirx is

x+y+3=0.

Axis of parabola is a line through focus (I, 2) and
perpendicular to the directrix x+y+3=0

Hence, its axis is the line y = x + 1.

Axis y=x+ 1 and the directrix x + y + 3 = 0 meet at (-2,

—1), thus its vertex is (12;2, 2—5—1), Le., (— %, %)

Its latus rectum will be in the form of x +y + b =0,

which passes through focus (1, 2). Hence its equation is
x+ty—3=0

Distance between focus and directrix is ll—+72§+—3| = %
Thus length of its latus rectum is %, i.e., 6\2 units.

If (x,, y,) 1s the extremity of its latus rectum, then

x1—1=y1—2

1

V2
= (xl,yl) is(-2,5)or(4,-1)

_, 6
1 %
N3

Find the equation to the parabola whose

focus is S (-1, 1) and directrix is 4x + 3y — 24 = 0. Also find
its axis, the vertex, the length and the equation of the latus
rectum.

Sol. Let P(x, y) be any point on the parabola. Since the distance
of P from the focus is equal to its distance from the directrix,

i'e"PSZPQ()rPSEZPQz , [(@x+3y—24)P
et - =

ie., 9x* + 16)° — 24xy + 242x + 94y — 526 =0

or

®

This is the required equation of the parabola.

Fig. 3.28

The axis is a line through S (-1, 1) and L to the direcirix
4x + 3y — 24 = 0. Thus the equation of the axis is

3(x+1)—4(y—1)=0 or 3x—4y+7=0 (ii)

The axis and the directrix intersect at B. Solving them,
we get B (3, 4).

The vertex 4 is the midpoint of S (-1, 1) and B (3, 4)

. 5
Thus vertex 4 is (1, 7) (ii)
Iz (Y ] _5
Also AS = [2 +(2) =5
Hence length of the latus rectum = 445 =10 @iv)

> Now, latus rectum is a straight line through the focus §

~ and parallel to the directrix.

Hence its equation is 4x + 3y +1=0

™)
Properties of Focal Chord

Any point on the parabola y* = 4ax can be taken as (af’, 2af),
where ¢ is parameter and 7 € R. Any line passing through the
focus of the parabola is called focal chord of the parabola.

74

P(at} 2at)

Xaty, 2at)

Fig. 3.29

1. Ifthe chord joining P = (af), 2a;l) and 0= (at;, 2at2) is the
focal chord then 1nt,=-1

Proof:
P = (ar,, 2at)and 0= (af, 2at )



Parabola 3.13

Sihce PQ passes through the focus S (a, 0) Proof:

0, S, P are collinear PQ is focal chord.

.-. Slope of PS = Slope of S
2at1—0_0—2at2 1.1 1,1 1

a

SP=a+at2andSQ=a+z2

= sptso~ ~a
== af—a  a-af SP'SQ qa+af a+alf
2w 2 25P x SO
1 2 = 2a=—<cpion
= +
= 721 o1 ) SP+S8Q
' 5. Circle described on the focal length as diameter touches
= tl(f2 -)= tz(ﬁ -1 the tangent at vertex.
_ ' L Y P(af’, 2at)
= 11,(t,~1)+(t,=1)=0 1 .
tz_tl #0 .. tlt2+ 1=0
_ -_1 -
= -lort,==¢° @
which is the required relation. | o s@o -
- Note:
If one extremity of afocal chord is (atf, 2atl) then the other . I
extremity (at,, 2at) becomes (% - 2t_a) .
noh Fig. 3.30
2. If point P is (af’, 2at), then length of focal chord PQ is Proof:
a(t 41 )2 Equation of the circle described on SP as diameter is
! (x— aP)(x - a) + (y - 2af)y — 0) = 0
Proof: » Solving it with y-axis, x = 0, we have
‘ a
PQ=SP+SQ=a+af +a+3 (0 = a?)(0 - a) + (v — 2af)(y — 0) =0

or y'—2aty+ a*#* = 0 which has equal roots.

2
)
Hence, y-axis touches the circle.
3. The length of the focal chord which makes an angle 6 with Also point of contact is (0, af).

positive direction of x-axis is 4a cosec’ 6. . . .
6. Circle described on the focal chord as diameter touches

Proof: e directrix.
Po=dlt+}) Y
. A
2 : XxX=—-a
Now slope of PQ=—=7 =tan 0
{— 5
{
1 P(at’, 2at)
= 2cotf=1—7 /
2 2
= Po=dlr+if=al(= ) +4] 1
= al4 cot’ 6 + 4] \
= 44 cosec’ 0
From this we can conclude that the minimum length of
focal chord is 4a, which is the length of latus rectum.
4. Semi-latus rectum is harmonic mean of SP and SQ, where il

P and Q are extremities of focal chord.
Fig. 3.31
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P roof:

E quation of the circle described on PQ as diameter is
(x - az‘z)(x - 4) - 2ai)(y+28) =0
Solving it with x = — a, we have

(—a- atz)(—a - %) +(y-— 2at)(y + ZTa) =0

or y’ — 2a(t - %)y + az(t - %) = 0, which is the perfect
square.
Hence, x = —a touches the circle.

. If the length of a focal chord of the parabola

y* = 4ax at a distance b from the vertex is c. Then prove
that b%c = 4a’.

Sol.

P(at}, 2at)

6
NN/ 1~ S(a, 0) i

~ Qlat;, 2at,)

Fig. 3.32

In the figure, OM = b = distance of focal chord from
vertex.

Now let focal chord makes an angle 6 with positive
X- axis.

Then its length, PQ =4a cosec’ 0

Now in right-angled triangle OMS, sin 6 = OO—ASJ g
2_4
= PQ =4a (%) b—‘;,le b =4a’

: If (2, —8) is at an end of a focal chord of the
parabola ¥y =32, then find the other end of the chord.
32x,a=8.

Then any point on the parabola is (87, 167).

Sol. For y* =

Comparing this with point P (2, —8), we get 1= — %

Now if PQ is the focal chord and point Q is (8t?, 162 ), then

_ 1
1 =-1=2

Hence, point Q has coordinates (32, 32).

' Circles are drawn with diameter being any
focal chord of the parabola y* — 4x — y — 4 = 0 will always
touch a fixed line, find its equation.

Sol.y —4dx-y-4=0

1_,. .17
= yi-ytg=dxt+y

- 3=l

being any focal chord of the parabola always touches the
directrix of the parabola.

% 6) circle drawn with diameter

Thus circle will touch the line x + }Z

+33=0.

-1, ie., 16x

"If AB is a focal chord of xX*—2x+y—-2=10
whose focus is °S”. If AS'=/, then find BS.
Sol.x* —2x+y-2=0

= ¥-2x+1=3-y

=N Cx=1)Y==(@-3).

Length of its latus rectum is 1 unit.

Since A4S 1 BS are in H. P thus

523
1_24S xBS
2 AS+BS
ll
= . BS=(4114_1)

Concept Application Exercise 3.2

1. Circle drawn having its diameter equal to focal
distance of any point lying on the parabola x* — 4x
+6y+10=0 will touch a fixed line, find its equation.

2. Acircle is drawn to pass through the extremities of the
latus rectum of the parabola y* = 8x. It is given that
this circle also touches the directrix of the parabola.
Find the radius of this circle.

3. Ifafocal chord of y* = 4ax makes an angle @ € [O, '% ]

with the positive direction of x-axis, then find the
minimum length of this focal chord.

4. Ifthe line passing through the focus § of the parabola
y=ax* + bx + ¢ meets the parabola at P and Q and if
SP =4 and SQ = 6 then find the value of a.

5. The coordinates of the ends of a focal chord of a
parabola y* = 4ax are (x Y 1) and (xz, y2), then find the
value ofx1x2 tyy,




Intewrsection of a Line and a Parabola

A

»X
/ / 0 K
D<0 £ _ ”
D=0 D>0
Fig. 3.33
Let the parabolabe  y* =4ax 1)
and the givenlinebe y=mx+c¢ (ii)

Eliminating y from (i) and (ii), then (mx + ¢)* = 4ax
or m*x*+ 2x(mec - 2a)+ ¢*=0 (iii)

This equation, being quadratic in x, gives two values of
x and shows that every straight line will cut the parabola in
two points may be real, coincident or imaginary according as
discriminant of Eq. (iii) is greater, equal or less than 0.

That is, 4(mc — 2a)* — 4m*c* >, =,< 0

or 4a* - damc >, =, < 0 in equation (ii),

or a>, = <mc

(iv)
Equation of Tangent

Equation of Tangent at Point P(xl, yi) to Parabola
y? = 4ax

A
Px,, y)
v
Fig. 3.34
Differentiating y* = 4ax with respect to x, we have
d
2y —d—z =4q
N b _2a
de Y

then equation of tangent at point P is
2a
y=y =y 6-x)

or W, - 2ax =yf - 2ax1

-
(adding —
=

2ax . both sides)

Y, - 2ax —2ax, =yf - 4axl

W, — 2a(x+x1) =0

Parabola 3.15.

@

(since point (x , ,) lies on the parabola)

Hence, equation of tangent at point P(x P y_l) is given by
=0 '
where T is an expression which we get by replacing y* by

W and 2x by

'x+x1.

Equation of Tangent at Point P(t) or P(at’, 2at)
In Eq. (i) replace y . by 2at and x . by at

we have

2aty =2a(x +at’)or ty=x+ar

(i)

Equation of Tangent if Slope of Tangent is m

In Eq. (ii), slope of tangent m = %

In Eq. (ii) replacing ¢ by % we have y = mx + % which is
equation of tangent in terms of siope.

This is tangent at point (

a2_a)

2
m

s m

If line y = mx + c touches parabola y* = 4ax we must have

Note:

c= % (comparing equation with y = mx + %)

» Equation of tangent to the parabola (y — kY = 4a(x - k)
having slopem isy —k=m(x—h) + -%.

Equation of tangent at point p(t) on different parabolas:

o | EQuatibns of | Parametric co- | Tangent at P(f)
parabola ordinates ¢
y =4ax (at, 2ai) L ty=x+at
¥ =—dax (—af, 2at) ty=—x+al
X' =4ay (at, at’) - x=y+at
X’ =—4ay (2at,— af) t=—y+at
Equation Pointof | Equation | Condition
of contact in of tangent | of tangency
* | parabola terms of in terms of for line
' slope () slope (m) | y=mx+c¢
2 a 2a o a _a
Yy =4dax (_2>W) y=mx+y c=1
2
o () ot | 8
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T o | ye=m— |
=4 -
Aday | @aman’) | VT | == am
e (- 2am, - y=mx+ _
x 4ay amz) | an? c=am

Pair of Tangents from Point (x Y, )

Let 77 (A, k) be any point on the pair of tangents PO or PR
drawna from any external point P(xl, yl) to the parabola

y2=4ax.
Equation of PT'is
Fig. 3.35
k-y
Y=y, =5y &%)

k-, hy, - kx,

or YN T T
: 1 i

which is tangent to the parabola ¥ =4ax

3
C=m
or cm=a

hy1 - ,’oc1 k -\
o \Thex [\n—x]"¢
1 1
or  (k-y)(y ~kx)=ah—x)
.. Locus of (4, k), equation of pair of tangents is
»-7) (v, —xy) =alx—x )
or  (F—4ax)(y, - 4ax)) = {Ooy, - 2a (x+x)}’
or SSI = Tz,

where S = )* - 4ax, S =yf—4ax1 and T=yy —2a(x+x)

30 Find-equation of the tangent to the parabola

y* = 8x having slope 2 and also find the point of contact.
Sol. Equation of the tangent to y* = 4ax having slope m is
—

Hence, for the given parabola, equation of the tangent is

y=2x+ % ory=2x+1and péint of contact is

(o #)-(275)- ()

Find the equations of the tangents of the

pérabola y* = 12x, which passes through the point (2, 5).
Sol. Equation of the given parabola is y* = 12x (i)

Comparing with y* =4ax, we get a=3.
.. Let the equation of the tangent from (2, 5)

3

ie., y=mx+i; (ii)
Eq. (ii) passes through the point (2, 5), then
5=2m+
= 2m*=5m+3=0
-1 3
= m= 1, 2 .

Therefore, From Eq. (ii), the equations of the required
tangents are ’

y=x+3and2y=3x+4.

Ef.xfal'tip‘le. 332 If the line y = 3x + ¢ touches the parabola

y*=12x at point P, then find the equation of the fangent at

point O where PQ is a focal chord.

Sol. Line y = 3x + ¢ touches 3 = 12x then we must have ¢ = 1

Torc= % = 1 and the point of contact is

A4 58) = 375 = #(5.2)

Comparing this point to (a?’, 2af), we have 2az =2
= t= 3

Hence, point P has parameter %, then point @ has

parameéter —3.
Now tangent at point Q is (—3)y = x + 3(=3)
or x+3y-27=0.

fxample ‘Find the equation of tangent to paraboléy
=x?—2x+ 3 at point (2, 3).

Sol. Since the equation of parabola is not in the standard form,
we use calculus method to find the equation of tangent.

y=x"-2x+3
. . dy
Differentiating, w.r.t. x, we have - =2x-2

We want to find tangent at point (2, 3)

Then (ﬂ) =2(2)-2=2
ax )23)



Hence using point slope form equation of tangent is
y-3=2(x-2)ory=2x-1

Xz Ple334 “Find the equation of tangent to parabola
x=y> + 3y + 2 having slope 1.
Sol.x=y2+3y+2
Differentiating both sides w.r.t. x, we have
1=2 yQ +3 id
dx  dx
y_ 1
dx 2y+3
Now slope of tangent is 1
d_ 1 _
dx 2y+3
= y=— 1, which is the ordinate of the point on the curve
where slope of tangent is 1.
Putting y = — 1, in equation of parabola we get x =0
Hence using point-slope form we have y — (- 1) = 1(x-0)
orx-y—1=0

ple35 Find the equation of tangents drawn to
parabolay = x* — 3x + 2 from the point (1, - 1).

Sol. Tangents are drawn to the parabola from the point (1, —1).
Now equation of line from (1, — 1) having slope m is
y-CD=m@x-1)
ormx—y-m—-1=0o0ry=mx—m-1
Since this line touches the parabola, when we solve line

and parabola and the resulting quadratic will have equal
roots

Solving we have mx —m — 1 =x*—3x+2
X-B+mx+3+m=0

This equation has equal roots

= (m+3Y—-4m+3)=0

= m=-3orm=1
Hence equation of tangents are y + 1 = — 3(x — 1) and
y+ 1=x-1

or3x+y-2=0andx-y—-2=0

L Find the shortest distance between the line
y =x—2 and the parabola y = x* + 3x + 2.
Sol. Let P(x, y,) be a point closest to the line y=x-2
d . .
then 2 = slope of given line
(x5:)

Parabola 3.17

y=)_c+3x2+2

yEx—2
x x
\/\y
y,
Fig. 3.36
2x1+3= 1=>x1=~1 =>y1=0

Hence point (- 1, 0) is the closest and its perpendicular
distance from the line y = x — 2 will be the shortest dis-

tance = Shortest distance = i
V2

y* = 4ax and x* = 4ay.
Sol.

A

ytx+ta=0

Fig. 3.37

Equation of the tangent to 3y = 4ax having slope m is
y=mx+ %-

It will touch x* = 4ay, if x* = 4a (mx + %) has equal
roots.

Thus, 16a*m* =16 %2 (- D=0)

= m=-1.

Thus, common tangent is y +x +a= 0.

|BerTITIRER] A tangent to the parabola y* = 8x makes an
angle of 45° with the straight line y = 3x + 5. Then find one
of the points of contact.

Sol. Equation of the tangent to the parabola

y* =4dax at (af’, 2af) is
ty=x+at

Here a = 2, so the equation of the tangent at (27, 41) to
the parabola _ '
Y =8xisty=x+2¢ 0
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S1lope of Eq. (i) is % and that of given line is 3.

!
-3,
= ——*1——itan45°—il
' I+5x%3
-_1
= t 2or2
For . t__f’ tangent is

i.e., 2x +y+1=0 at point of contact (%, —2).

For ¢ =2, tangent is 2y = x + 8, at point of contact (8, 8).

Show that x ces a + y sin @ = p touches the

parabolay”=4daxifpcosa+a sin’ = 0 and that the point
of contact is (a tan’ «, — 24 tan a).
Sol. The given lineisxcosa +ysina=p

or y=—xcotatpcosesa
m=—cota and ¢ =p cosec @

since the given line touches the parabola
a
c=morcm=a

= (pcoseca)(—cota)=a
and the point of contact is

_ _2a
cot

( ‘:2 , )E(atanza,—Zatana)
cot” a

The tangents to a parabola y* = dax at the
y point P meet at Q. If S be the focus, then
prove that SP, SO, SV are in G.P.

Sol. Let the parabola be y* = 4ax. ‘
Q is the intersection of the lines x = 0 and tangent at point
P(af*, 2a1), ty=x+ af’.

Solving these, we get Q = (0, af). Also S={(a, 0).

Now focal length SP=aq+ at’
SQ*=d"+dt*=d(t*+1)
and SV=a
SQ* =SP x SV

= SP, SQ, SV are in G.P.

';-; Parabola y = 4x and the circle having

1ts centre at (6, 5) intersect at right angle. Then find the
possible points of intersection of these curves.

Sol. Let the possible point be (¢%, 2¢). Equation of the tangent
at this point is yr =x + 1%

It must pass through centre of the circle (6, 5).

£ ~5t+6=0
r=2,3
=> Possible points are (4, 4), (9, 6).

-
=

._»:ample _> 42 .If a tangent to the parabola y = 4ax meets

the x-axis at T and intersect tangent at vertex 4 at P, and
the rectangle 74PQ be completed. Then find the locus of
point 0.

Sel.

OB | Bt 200

Fig. 3.38

The tangent at any point B (at’, 2af) to the parabola is
ty=x+at. @)

Since tangent at the vertex 4 is y-axis, so T and P are
2 0) and (0, ar), respectively. Clearly 4-is (0, 0).

If Q be (h, k), then h = AT = —at*and k=AP=at
Eliminating ¢, we get k> + ah = 0.

(—at

Hence, the locus of O is y* + ax =0,
which is a parabola.
D EVINIRRE] Two tangents are drawn from the point

(;2, -1) to the parabola y* = 4x. If a is the angle between
these tangents, then find the value of tan a.

Sol. Here a = 1. Any tangent having slope m is y = mx + %
It passes through (- 2, —1)

= 2w —-m—1=0
- 1
= m—l,—2
1+3
= tana——1=3
1-3

4 If two tangents drawn from the point

(a, p) to t\hekparabola y* = 4x be such that the slope of one

tangent is double of the other, then prove that a = % i

Sol. Any tangent to the parabola y* = 4x having slope  is



y=mx+
It passes through (a, 8), therefore,
B=ma+y;

am* —Bm+1=0
A ccording to the question, it has roots m P 2m |

or

Now, m +2m =g andm - 2m, =%,
By_1 _2p
= f) ~a=a=58

A pair of tangents are drawn to parabola
¥ =4.ax which are equally inclined to a straight line y = mx
+ ¢, whose inclination to the axis is a. Prove that the locus
of their point of intersection is the straight line y = (x — a)
tan 2.

Sol.
» X
Fig. 3.39
‘We have 9=al—a=a—a2
2a=a1+a2
ml+m2
= tan 2a =tan (o, +a,) “T—mm
mlmZ
but (&, k) lies on y=mx+3<
= mh—km+a=0
Hence m +m =kandmm =4
> 1 2 h " B
k
_ h _ k
tan2a—1_g—h_a
h
= y = (x—a) tan 2t

Example 3.46 § Tangents are drawn from the point (-1, 2)

on the parabola y*=4x. Find the length that these tangents
will intercept on the line x = 2.

Parabola 3.19

Sol.
x=2
x=-14a
- /
X'e 5 »X
§(2’ yZ)
Fig. 3.40

Equation of the pair of tangents from point (x,, y,) is SS1 =T*
or (740 0] 4x) =0y, - 20 +x))’
Then equation of the pair of tangents from (-1, 2) is
0" - 4x) (4+4) =2y - 26~ DT’

=4(y ~x+1)
or 207 -4x)=(y—-x+1y
Solving with the line  x =2, we get .
26°-8) =01
or Y +2y-17=0
where y1+y2=—2andy1y2=—17
Now b =y,f=0,+2) -4,
=4-4(-17)=172
b, -yl = V72 =6V2

Properties of Tangents

Point of Intersection of Tangents at Any Two Points
on the Parabola

Y

P(at}, 2at))

R
(atty, a(t, + 1,))

Qlat;, 2at;)

Fig. 3.41
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L et the equation of the parabola be y* = 4ax

"The two points on the parabola are P = (a7, 2at ) and
O= (atz, 2at2)

Equation of the tangents at P and Q are

ty =x+atf

@)
and
ty=x + aé (i)
Solving these equations, we get
x=att,y= a(t1 + tz).

Thus, the co-ordinates of the point of intersection of
tangents at (atf, 2atl) and (ati, 2at2) are (atltz, a(t1 + tz)).

Note: ,

& The geometric mean of the x-coordinates of P and Q

(ie, Vaf xaf = att)is x-coordinates of the point of
intersection of tangents at P and Q on the parabola.

o The aritkmetic r};eaﬁ of the y-coordinates ofP and Q

2at, + 2at

(ie —4 2
3

the point of intersection of tangents at P and Q on the
‘parabola. o e R

=a(t + tz)) is the y-coordinate of

Locus of Foot of Perpendicular From Focus Upon Any
Tangent is Tangent at Vertex

Equation of the tangent to parabola j* = 4ax at point P(¢) is ty
=x+ ar’
It meets y-axis at Q(0, at)

Now m, =

Slope of the tangent PQ is % Hence, SQ is perpendicular
to PQ.

S(a, 0)

Fig. 3.42

Length of Tangent Between the Point of Contact P(t)
and the Point Where it Meets the Directrix Q Subtends
Right Angle at Focus

Ya
P(at’, 2at)
Q<
X401~ 5@, 0) X
v,
Y
Fig. 3.43

Equation of the tangent to parabola y* = 4ax at point
Pt is ty =x + ar*

2
It meets at_-g)

x=—aat(—a, 7

_2at-0_ 2

SPoaf—qa 2

Now the slope of SP =m

2
at a_O

_ i _1-7
SlopeofSQ—mSQ —a—a = 7

Hence, SP is perpendiéular to SQ.

Tangents at Extremities of Focal Chord are Perpendicular
and Intersect on Directrix
Slope of the tangent at point P(¢) is %

If PQ is focal chord then point Q has parameter — %
‘Then slope of the tangent at point Q is — ¢
Y4

O(alt', 2alf)

Fig. 3.44

Hence, the tangents are perpendicular.



Moreover, the point of intersection of the tangents at point
P(t1 ) and Q(tz) is

Cartyatt, + 1)) =(at . dr _}))‘E (caya(c-1))

Thus, tangents intersect on the directix.

» LYE Find the points of contact O and Rofa
tang >nt from ‘the point P(2, 3) on the parabola Y =4dx.

tlt2 =2
=3

Sol.

=f=1landt =2
£t I 2

Y4 (2,3

Y =4x
Fig. 3.45
Hence, points (tf, 2t ) and (t;, 2t ). i.e., (1,2) and (4, 4).

ple EFTd Two straight lines (v — b) = m & + a) and
+ a) are the tangents of y* = 4ax. Prove

Sol. Clearly both the lines pass through (- a, b), which is a
point lying on the directrix of the parabola.

Thus,

Because tangents drawn from any point on the directrix
are always mutually perpendicular.

Mutually perpendicular tangents 74 and

TRB are drawn to y* = 4ax, then find the minimum length
of AB.

Sol. Chord of contact of mutually perpendicular tangents is
always a focal chord. Thus, minimum length of 4B is 4a.

p | Tangents P4 and PB are drawn from
pomt P on the directrix of the parabola (x - 2" + (v - 3)°

(5x-12p+3)" _. ) ‘ .
=169 - Find the least radius of the circumcircle
of the triangle PAB.

Sol. Tangents from any point on the directrix are perpendicular
and the corresponding chord of contact is the focal chord
which is the diameter of the circumcircle of the triangle PAB.
The least value of the diameter is the latus rectum.

For the given parabola, focus is (2, 3) and directrix is

5x-12y+3=0
_110-36+3]_23
Hence, latus rectum = — 13 "13

Parabola 3.21

Tangents are drawn to the parabola

S 3x — 4y — 6)* :
(x- 3P+ (x+ 4 = (x_%_) at the extremities of the
chord 2x -3y —18 = 0. Find the angle between the tangents.

Sol. The given chord 2x — 3y —18 = 0 satisfies the point (3, —4)
which is focus of the given parabola. Hence, it is focal chord
and tangents at extremities are perpendicular.

Locus of Point of Intersection of Tangent under
Different Conditions

Tangents to the parabola y* = 4ax at points P(atf, 2at1) and
Olat,, 2at) are ty = x + af, and ty = x + af, respectively.
These tangents intersect at point R(atl . a(t1 + tz)). If we want
to find the locus of point R under some conditions then let point
R has coordinates (h, k). We have h =at 1, and k= a(¢ T tz).

, 2 Find the locus of the point of intersection
of tangents to the parabela y* =4dax.
a. which are inclined at an angle 6 to each other

b. which intercept constant length c on the tangent
at the vertex

¢. such that area of AABR is constant ¢, where 4 and
B are the point of intersection of tangents with y-
axis and R is a point of intersection of tangents.

Sol.
° 1
tl

t—l‘
1+tt

1
Z‘1
a. Given that tan 6 =

= tan’§ (1 +1) =, - ty
= tan’f 1+ =+ ty +ar,
B - (o

= @’ (x + a)’ =y +4dax

= tan26(1+

v
P(af’, 2at)
A
RG B B g
\B >
Olat, 2at)

Fig. 3.46
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b. P oints 4 and B have coordinates (0, atl) and (0, atz)
Given

2r 2 _ 2
= ] [(t1 + tz) —411{2] =c

= d(&f-4h]-

= y* — 4ax = c* which is a parabola.
¢. Points 4 and B have coordinates (0, atl) and (0, at)

Given area of triangle ABR = ¢

— %ABxRM=c

AB=cor lat1 —atzl =c

= %Iatl —at)(at ) =c
= a*[(t, + 1)~ 411 )(1.1 ] =4S

NE -] -

0F = dax)x* = 4

'

- Concept Application Exercise 3.3

1. Find the point on the curve y* = ax the tangent at
which makes an angle of 45° with x-axis.

2, Flnd the equatlon of the straight lines touching both
x2+y'=24" and y* = 8ax.

3. Flnd the angle at which the parabolas )* = 4x and
x? =32y intersect.

4. How many distinct real tangents that can be drawn
from (0, -2) to the parabola y* = 4x?

5. The tangents to the parabola y* = 4x at the points
(1, 2) and (4, 4) meet on Wthh of the following

lines?
a x=3 b. x+y=4
c. y=3 d. y=4

6. If the tangents at the points P and () on the parabola
y* = 4ax meet at T'and S is its focus, then prove that
SP, ST and SQ are in'G.P.

7. If the line x + y = a touches the parabola y = x — x?,
then find the value of a.

8. From an external point P, pair of tangent are drawn to
the parabola y* = 4x. If 9 and 9 are the inclinations of

these tangents with x-axis such that 0 + (9 4 , then
find the locus of P.

9. Find the angle between the tangents drawn from
(1, 3) to the parabola y* = 4x.

10. Find the slopes of the tangents to the parabola y* = 8x
which are normal to the circle x* +* + 6x + 8y — 24 = 0.

11. Find the angle between the tangents drawn to y* = 4x,
where it is intersected by the line y =x — 1.

12. Find the locus of the point of intersection of the per-
pendicular tangents of the curve y* + 4y — 6x — 2 = 0.

13.From a point P on directrix, tangents P4 and PB are
drawn to the parabola y* = 16x. Find the minimum
radius of the circle circumscribing APAB.

14.Find the angle between the tangents drawn from the
origin to the parabolas y* = 4a(x — a).

15. Find the locus of point from which the two tangents
drawn to a parabola y* = 4ax are such that slope of
one is thrice of the other.

Equation of Normal

: P(x, »)
Tangent

Fig. 3.47

&
Differentiating y* = 4ax with respect to x, we have dJ}c; 2ya

The slope of the tangent at (x ¥y, )=~
Since the normal at (x o )is perpendlcular to the tangent
at(x, )
Y
2a
Hence, the equation of the normal at (x py)is

. Slope of normal at (x , y,) = —

Y, .
Y=y ==3,(-x) ®

Parametric Form
Replacing x, by at* and Y, by 2at, then Eq. (i) becomes

y=2at=—t(x—at’)ory=—tx+2at+at

The equations of normals of all standard parabolas are as
follows:

Equations of Parametric Normals at ¢
parabola coordinates ¢
y*=4ax (at’,2af) Y+t =2at+ af
v =—4ax (—dtz, 2at) y—tx=2at+af
x*=4aqy Qat, ar®) x+ty=2at+at
x*=—4ay (2at, - ar®) x—ty= 2at + at3 »




Slope Form

The equation of normal to the parabola y* = 4ax at (at’, 2ar)
is
y=—tx+2at+ar @
Since m is the slope of the normal, then m = — ¢
T hen equation of normal is
(i)
" Thus y = mx —2am — am’ is a normal to the parabola
y* = 4ax where m is the slope of the normal.

y=mx—2am—am3.

The coordinates of the foot of normal are (am?, — 2am).

Comparing (i1)) with  y=mx+c

c=-2am-am’
which is the condition when y = mx + ¢ is the normal of
y2 =4ax.

Equation of normal for all parabolas in terms of m.

Equations | Point of con- | Equations of | Condition
of pé;rabo- tactin terpis normalsin terms.| for line y
l@s of slope (m) '| of slope (m) =mx+cis
. - normal
yr=dax (am2, —2am) | y =mx—2am c=—2am
e —am’
Y= ~dax (— am®,2am) | y=mx + 2am c=2am+
‘ A +am’ am’
x> = 4ay ( _2___(1_) y=mx+2a c=2a
Tome 2 a - a
m +-2 a
: " )
x*=—dqy (2a i) y=mx-— ¢c=-2a
’ me>—_ 2 a
m 2a-24 -4
a= 3 "

: JdEREk? Three normals to y* = 4x pass through the
point (15, 12). Show that one of the normals is given by
y=x -3 and find the equations of the others.

Sol. Equation of the normal to y* = 4x having slope m is

y=mx—2m—m3.

If it passes through the point (15, 12), then
12=15m-2m-m’

= m —13m+12=0
=>m-1D)m-3)(m+4)=0
= . m=1,3,-4

Taking m = 1, the equation of normal is y = x — 3, which
is one of the normals.

Taking m = 3, and — 4, the equations of other two normals
are y=3x—33 andy + 4x=72.

Parabola 3.23

NSIREM Find the equations of normals to the

parabola y* = 4ax at the ends of the latus rectum.

. .- 2 dy 2a
Sol. Differentiating y° = 4ax w.r.t. x, we have T
Hence, slope of normal at point P(a, 24) is ~ %% =—1
-2

Slope of normal at point O(a, — 2a) is — 2—aa =1

Hence, equation of normal at point P and @ are

x+y—3a=0andx—y—3a=0.

Exa ple 3 s If y=x + 2 is normal to parabola y* = 4ax,

then find the value of a.

Sol. Normal to parabola y* = 4ax having slope m is y = mx —
2am — am’
Given normal is y=x+2 = m =1 and — 2am — am® = 2
= —2a(l)-a(1)’*=1
= a=-153

E*(ample356 'Find the equation of normal to the parabola
y=x*—x—1 which has equal intercept on axis.

Also find the point where this normal meets the curve
again.

Sol.

Normal has equal intercept on axis, then its slope is —1.
Now differentiating y = x* — x — 1 w.r.t. x both sides

we have % =2x—1, which is the slope of the tangent to

the parabola at any point on the parabola.
Now Slope of normal to curve at any point is

dx 1
m= ——z=
dy 1-2x
1
Then we want slope of normal as —1:>1 5 =-1
: -2x
=x=1

—y=—1(fromy=x*—x—1)
Hence from point — slope form equation of normal is
y—(-1)=-lx-Dorx+y=0
Solving this equation of normal with the equation of pa-
rabola.
—x=x*-x-lorx’=1lorx=x*l
Hence normal meets parabola again at point whose ab-
scissa is —1, for which ordinate is 1

Thus normal meets parabola again at (1, —1).

Find the minimum distance between the

curves y* = 4x and x> + y* — 12x + 31 =0.



3.24 Coordinate Geometry

Sol. Centre and radius of the given bircle is P(6, 0) and V5, Let this normal meets the circle on SP as diameter in N,
respectively. then ZSNP = % (angle in a semicircle)
Now the shortest distance always occurs along common PN* =5P% - SN?
normal. SN is perpendicular to the normal
Y ‘r Y| Now SP=a+at’
{at —2at — at’|
and SN=—F—--—"
Vi+72
0 /60 % —ar1+7

PN’ =1+ - Pl + 1)

= (1+)[1+7 -]

v =d(1+1%)
Fig. 3.48 PN=ali s 7
Differentiating y* = 4x with respect to x, we get Properties of Normal
% = 2 . 1. ‘Normal other than axis of parabola never passes through
Y . s s the focus.
Then the slope of normal at point 4 (y,/4, yl) i85 Proof:
Also from definition, the slope of AP is given by Let normal at P(am’, — 2am), y = mx — 2am — am’® passes
¥, - 0 ¥ ‘ through the focus (a, 0).
v =7 Then - 0 =am - 2am — am’
1
4~ 6 , = m* + 1 = 0, which is not possible.
= y,=0ory =4 Hence, proved.
Hence, the points are O (0, 0), 4 (4, 4), C (4, — 4). 2. Point of intersection of normal at point P(af,, 2at,) and
st distance is 4P — V5 = V20 — V5 =+5. Q(at;., 2at,): _ ,
Prove that the length of the intercept on Solving normal at point P, y = —7,x + 2at, + af, and nor-

the normal at the point P (af’, 2af) of a parabola y* = 4ax
made by the circle described on the line joining the focus

and P as diameter is avl +¢£2.

mal at point Q, y = — tzx +2at + at,,
we have point of intersection, which is [2a + a(t? + ti +
tt),—att (£ +1)]

Sol. - 3. Normal at the point P(tl) meets the curve again at point
Q(tz) such that ’
P(af, 2at) _ 2
t=—t - =
2 1 t1
Proof:
Ya
N
s 1atD
<+ » atys
S(a, 0) X it
—
X'a 7 > X
Fig. 3.49 Hag, 73
Equation of normal at P (af?, 2at) to the parabola

v
y2 =4ax is Y

y =—tx+ 2at + a’ (i) Fig. 3.50



For the parabola be y* = 4ax, the equation of normal at
P(at,, 2at) is

y=—tx+2at +at, (i)

Since it meets the parabola again at O (atz, 2at ) Eq. ()
passes through Q(atﬁ, 2at,).

o 2at,=- atlt; +2at + ati

=> 2a(t, - t) +at (5~ £)=0

=a(t,— )2+, +1)]= 0

R a(t,
2+¢ (t,+1)=0

- t1) #0 (1 and 1, are different)

In the parabola y* = dax, the tangent at P
whose abscissa is equal to the latus rectum meets its axis

at T and normal at P cuts the curve agam at Q. Show that
PT: PQ=4:5.

Sol. Let Pbe (ar’, 2a). Since ar’ = 4a, t==+ 2. Consider =2,
and P(4a, 4a). Tangent at P is 2y = x + 4a which meets x-axis
at T(— 4a, 0).

If coordinates of Q are (af 2at ) then f=—t=F=- 3
so  Qis (9a,— 6a)

(PO)* = 1254* and (PT)" = 80d°
or PT:PQ =4:5

If the normal to the parabola y* = dax at
e parabola again at point z,, then prove that

point z, cuts
£>8.

Sol. A normal at pomt t, cuts the parabola again at 7, then

- 2
=—0-1
z -_—
= L+11,+2=0
Since, ¢ is real, discriminant > 0
! 2
= L—-820
= £>8

2838 Find the length of normal chord Wthh
subtends an angle of 90° at the vertex of the parabola y=4x.

‘Sol.
1 =—t—% also, 1, =—4
(- OP L OQ)

Parabola 3.25

YA
P, 20)
—» X
0
o)

Fig. 3.51
= 2o
= =2
= t = -2\2
= ' 0=(@8,-42),P=(1,2)

= PO= TP +2+4/2) ={85+16J2

_Etample 362 Find the locus of the point of intersection
of the normals at the end of the focal chord of the parabola
y? = dax.

Sol. Point of intersection of normal at point P(atf, 2at 1) and

O(at,, 2at ) is

=Ra+a(,+4+11),—att(t +1)]=(h k)

Also PQ is focal chord, then #7, = -1

Then
and

k=a(t +1) 6]

h=2a+al(t,+1) -11]
=2a+al(t, +1) +1] (ii)

Eliminating 1+t from Egs. (i) and (ii), we have

2
h=2a+a(k—2+1)
a

= y* =a(x - 3a)

_Exam )le 3. 63 Find the locus of the point of intersection
of two normals to a parabola which are at right angles to
one another.

Sol. The equation of the normal to the parabola ¥ =dax is
' y =mx — 2am — am’®
It passes through the point (&, k) if
k = mh - 2am — am’
= am’+m2a-h)+k=0 (i)
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X et the roots of the above equation be m,, m, and m,.

I et the perpendicular normals correspond to the values of
m, and m, SO thatm1m2=— 1. -

Q&

From Egq. (i), mm,m, =—

Since mm, =—
Since m, is a root of.Eq. (i), we have

a(Ef + £ 2a_my+i=0

= k2+a(2a—h)+a2=0
= K =a(h-3a)
Hence, the locus of (4, k) is

=a(x— 3a)

Example 3.64] Prove . that the locus of the point of
intersection of the normals at the ends of a system of
parallel chords of a parabola is a straight line which is a
normal to the curve.

Sel. Consider a chord PQ joining pomts P(at,, 2at) and
Qat,, 2at ,) on parabola ¥* = dax.

If slope of PQ is m, then we have
m =2a(t, - t a(t, - £))
=2/(t,+1) )
Normals at P and Q are
y+itx=2at + at,

and y+tx=2at+at3

Let the normal meet atA(x,y) thenx —2a+a(t +t +
tt)—2a+a[(t+t) —1t]

and » (i)

=—ati(t +t)
Using Eq. (i) and (ii), we getx, - 2a=a [4/m’ +y m/2a ]
1 4a
The locus ofA(xl, yl) s5my=x— 2a -5
m

2

ie., y—(2) =-32-% (ii)

Putting — % = 1, locus of Eq. (ii) can be expressed as

y+mx=2at+ at3, which is normal to the parabola.

Co-normal Points

Let P(h, k) be any given point and y* = 4ax be a parabola.

The equation of any normal to y* = 4ax is

y =mx ~2am - am’

If it passes through (4, k) then

k=mh~2am - am®

Y
4 P(h, k)
A
N X
Fig. 3.52
= am+mQa-h)+k=0 , @)

This is a cubic equation in . So, it has three roots, say

m, m, and m,. :
ml-+m2+m3 =0,

(2a—h)

+mm, + =
mm,«mm, m,m, a

(ii)
Hence, for any given point P(h, k), Eq. (i) has maximum

three real roots. Corresponding to each of these three roots,
we have one normal passing through P(#, k).

Hence, in total, we have maximum three normals P4, PB
and PC drawn through P to the parabola. Points 4, B, C in
which the three normals from P(h, k) meet the parabola are
called co-normal points.

Note:

1. The algebraic sum of ordinates of the feet of three
normals drawn to a parabola from a gzven pointis 0.

. Proof:
Let the ordinates of 4, B Cbe yl, y2, y3 respectzvely Then*
y = 2am oY= 2am ‘and, (y, == 2am
Therefore algebrazc sum- of these ordmates is
nty,ty, :
= —2am 2am —2am
= —2a(ml+m2+m3)
=-2ax0
= y1 + y2 + y3 = O .
2. Centroid of the triangle formed by the feet of the three '
normals lies on the axis of the parabola.
Proof: )
fAx,y), B(x,, y2) and Clx,, y,) be vertices of AABC,
then its centroid is
(xl Tty ty, +y3) _ (xl Xty 0)'
3 ’ 3 3 >
Yty ty, =00

{from Eq. (i)}

" Since



7 herefore, the centroid lzes on the x-axis OX whzch is the
) kof the parabola also:. S S

“three normals drawn to ‘any parabola yz dax ﬂom a
iven point (h k) be: real then h>2a..

roof

; en normals are real then all the three roots of Eq (i)
e real and m that case o ;

+m +m >0 oranyvalueom »m).
2 "3 3/

’(m +m +m) 2(mm +mm +mm)>0

2
O __2(2a h)

=>h=2a>0
- =h>2a

Flg 3. 53

As shown in Fig. 3.53, point (h, k) must lie in the shaded
region, from which we can draw three normals to the
parabola y* = 4ax. :

Exépié KHE] Find the number of distinct normals that
can be drawn from (-2, 1) to the parabola y* — 4x — 2y - 3
=0.

Sol.
Y
A/
21 LD /
X'« » X
\\\\\\\\
v
YI
Fig. 3.54
Here, —2y+1=4(x+1)
or

-1} =4(x+1)

So, the axis is y—-1=0.

Parabola 3.27

Also (-2, 1)-lies on the axis, and it is exterior to the
parabola because 12—~ 4(=2)-2(1)-3>0.
Hence, only one normal is possible.

e VL RRad If two of the three feet of normals drawn
from a point to the parabola y* = 4x be (1, 2) and (1, -2),
then find the third foot.
Sol. The sum of the ordinates of the feet=y +y, +y,=0.
2+(2)+y, =0
y,=0
third foot is (0, 0)

IREIGTILKE YL If three distinct normals can be drawn to
the pai‘abola_ y* — 2y = 4x — 9 from the point (2a, b), then
find the range of the value of a.

§§§N

2,0
CH 0)

X'

v
Y

Fig. 3.55
Sol. Given parabola is (y — 1)*
2, 1.
Focus is (2, 2). Hence, all the points (24, b) must lie in
the shaded region

= 2a>4
= a>2

Example KR2.2 If (4, k) is a point on the axis of the parabola

2(x-1)*+2 - 1)=(x+y+ 2)’ from where three distinct
normals may be drawn, then prove that 2 > 2.

Sol.

= 4(x — 2). Hence, vertex is

Y
2,
X ¢
x+y—-4=0
x+y-2=0
y, x+y+2=0
y y

Fig. 3.56
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parabola y =d4x cut the line x =2 in points whose ordinates

We have, 2 (x = 1)* + 2y - 1P =(x+ y+2) Let A(am ~ 2am ) B (am,, 2am ) and C(ama, 2am )
— > be the three points on the parabola y* = 4ax Since the point of
= \Vx -1+ @-1) R ’ intersection of normals at these points is (4, k)
xty+ . .
T Loam+Qa-hm+k=0 (1)
. ) o = m+m +m =0 : (ii)
Focusis (1, 1) and directrix isx +y +2=0 T2 3 QRa-h)
mm,+mm +tmm ="—4g (iit)

Equation of latus rectum is x + y — 2=0

‘Then the required points lie above the linex+y -4 =0 and mmm _k (iv)
which intersect the line x =y (axis of parabola) at (2, 2). T T a -
Hence, h>2 Let the equation of the circle through 4, B and C be
Py +2gx+ 2/ +c=0 )

If the normals from any point to the
If the point (am’, — 2am) lies on it, then

are in A.P., then prove that slopes of tangents at the co- (am®)* + (—2am)* + 2g(am®) +2—2am) + ¢ =0

normal points are in G.P.

Sol. Equation of the normal to the parabola y* = 4x is given

by

Circle through the Co-normal Points

To find the equation of the circle passing through the three (co-
normal) points on the parabola, normal at which pass through
a given point (4, k)

or a’m*+(4a’ + 2ag)m® — dafm +c=0 (vi)

This equation has four roots m, m,, m and m 4,such

22 73

y=—tx+2u+1 (i)- that the circle passes through the points 4 (amf, - ?.aml ),
Since it intersects x=2,wegety=" B (am; = 2am2), c (ami, - 20’”3) and D (ami, - 2am4).
Leet the three ordinates be 7, £, 7, are in A.P. mtmytmtm, =0 (V.")
’ s s 0+ m4 0 {From Eq. (i)}
= 26=1+1, -0
—- + 3 _ + . 4
(¢, ) =31, 0.t +1) (i) - (amj, —2am )_ ©.0)
Now LHLTE=0 Thus, the circle passes through the vertex of the parabola
= hrL="4 = 4ax
Hence, Eq. (ii) reduces to c=0
2, =(- f2)3 3 (-t) From Eq. (vi), a’m" + (4a® + 2ag) m* — 4afin =0 ‘
= —t; + 3tl Lt =am’+ (4a + 28)m—4f=0 (viii)
3_ 2 Now, Egs. (i) and (viii) are identical
= =31t =>0=11
0GP _da+t 2g 4_f
=1,t,1 arein G.P. =527 K
Hence, slopes of tangents %, %, % are in G.P. 28=—Qa+h),2f=-k2

.. The equation of the required circle is

X +y —(2a+h)x—ky 0

A circle and a parabola y* = 4ax intersect at

v four points. Show that the algebraic sum of the ordinates of

4 P(h, k) the four points is zero. Also show that the line joining one
pair of these four points are equally inclined to the axis.
Sol.

d .’

Fig. 3.57



x*+y*+2gx+ 2 +c=0
Solving it with x=at’,y=2at
att + 4d? + 2gat®* + daft + ¢ =0

a‘tt+2aQa+ gt +aafi+c=0 .

Hence, t et = 0 6]
or 2a(t +t,+1,+1)=0.Hence, proved
Slope of line joining
2 2
t,t = =_
] Z‘1 + t2 l‘3 + 2‘4
=m, [using Eq. ()]
Slope of line joinin Lot = Z_ m
P J & A A 2
Hence, m, + m, = 0

Reflection Property of Parabola

The tangent at any point P to a parébola bisects the angle
between the focal chord through P and the perpendicular
from P to the directrix.

Let the tangent at P (af?, 2at) to the parabola y2>= 4ax
meets the axis of the parabola, i.e., x-axis ory = 0 at T.

The equation of tangent to the parabola y* = dax at
P(ar?, 2at) is ty =x + at’. o

For co-ordinate of T solve it withy =0

T(—at* 0)
v
&
M| ‘ 2 Incident ray
Normal
S@0)
TV

/%\ Reflected ray

£

A A

x=-a
Fig. 3.59
ST=8V+VT=a+at*
=a(l+7)
Also, SP=PM =a+a’=a(l+1)
SP=S8T

Parabola 3.29

ie. ZS8TP= £SPT
But ZSTP = ZMPT (alternate angles)
ZSPT= ZMPT

Thus, if any light ray is sent along a line parallel to the
axis of the parabola then the reflected ray passes through the
focus, as the normal bisects the angle between the incident ray
and reflected ray.

A ray of light moving parallel to the x-axis

gets reflected form a parabdlic mirror whose equation is
( - 2)> =4 (x + 1). Find the point on the axis of parabola
through which the ray must pass after reflection.

Sel. The equation of the axis of the parabolais y —2 =0 which
is parallel to the x-axis. We know that any ray parallel to the
axis of a parabola passes through the focus after reflection.
Hence, it passes through focus (0, 2).

If incident from point ( -1, 2) parailel to

the axis of the parabola y* = 4x strikes the parabola, then
find the equation of reflected ray.

Sol. Incident ray as shown in the figure strikes the parabola
at P(1, 2).

Reflected ray passes through the focus

Hence, equation of reflected ray is x = 1.

Y
3

» -

P(1,2)
(0,2

Fig. 3.60

Concept Application Exercise 3.4

1. Prove that the chord y — x¥2 + 4aV2 =0 is a normal
chord of the parabola y* = 4ax. Also find the point on
the parabola when the given chord is normal to the
parabola.

2. Ify= 2x+3isa tangent to the parabola y? =24x, then
find its distance from the parallel normal.

3. Find the point where the line x +y = 6 is a normal to
the parabola y* = 8x.
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4. Find the locus of the midpoints of the portion of the
normal to the parabola y* = 4ax 1ntercepted between
the curve and the axis.

5. Find the angle at which normal at point P(at’, 2af) to
the parabola meets the parabola again at point Q.

6. If tangents are drawn to y* = 4ax from any point P on
the parabola y* = a(x + b), then show that the normals
drawn at their point for contact meet on a fixed line.

7. If normal to parabola y* — 4ax = 0 at @ point intersect
the parabola again such that sum of ordinates of these
two points is 3, then show that the semi-latus rectum
is equal to —1.5a.

8. If the parabolas y* = 4ax and y* = 4c¢ (x —b) have a
common normal other than x-axis (a, b, ¢ being
distinct positive real numbers), then prove that

b
a-—c

9. If a normal chord subtends a right angle at the vertex
of the parabola y* = 4ax, then find its inclination to
the axis.

Chord of Contact

Let PQ and PR be tangents to the parabola y* = 4ax drawn
from any external point P(h k), then QR is called chord of
contact of the parabola y* = 4ax.

Let Q= (xl, y)andR=(x,y))

00, y1)
Chord of contact

P(h, k)< —

»X

R(x,, y7)

Fig. 3.61
Equation of the tangent PQ is

w,=2a(x+x) @
and equation of the tangent PR is

w,=2a(x+x) (ii)

Since Eqgs. (i) and (ii) pass through (4, k)
| ky =2a(h+x) (iii)
and ky,=2a(h+x) (iv)

Hence, it is clear that Q (x,s yl) and R(x,, yz) lie on
yk=2a(x + h) which is chord of contact of OR.

’Exampl‘e 3.73 - Tangents are drawn to porabola y2 =4ax at

point where the line Ix + my + n = 0 meets this parabola.
Find the point of intersection of these tangents.

Sol. Let the tangent intersect at P(h, k), then Ix + my + n =0
will be the chord of contact of ‘P’. That means Ix + my + n=0
and yk — 2ax — 2ah = 0 will represent the same line. Thus,

k _—2a_—-2ah
m~— ] T n
2 h_ ,k__2¢;m

Example.’a *£% 1f the chord of contact of tangents from
a point P to the parabola y* = 4ax touches the parabola

x* = 4by, then find the locus of P

Sol. Chord of contact of parabola *
P(xl, y)is

= 4ax w.rt. point

w, =2a(x +x) @

This line touches the parabola x* = 4by
Solving Eq. (i) with parabola we have
x*=4b [(2a/y Y(x+x )]
or ylx2 — 8abx — 8abx =0
According to the question, this equation must have equal
roots.

= D=0
= 64d°b’+32abx y, =0
= XY, =—2aborxy=-2ab

which is a rectangular hyperbola.

llnex + 4a 0 to the parabola y* = 4ax. Then find the angle
subtended by the chord of contact at the vertex.

Sol. Let P(af,, 2at ) and Q(at., 2at ,) be the points of contact
for tangents drawn’ from any point on the line x + 4a= 0. Their
pomt of intersection will be on this line.

att +4a=0

or tt—4

This is also the condltlon for chord PQ to subtend a right
angle at the vertex.

Equation of Chord Whose Midpoint is (x , y.)
Ox,, )

P(x, y)

(x5 ¥3)
Fig. 3.62



Equation of the parabola is
¥ =dax (i)
L_et OR be the chord of the parabola whose midpoint is
Px, »))- :
Since Q and R lie on parabola (i)

. V= 4ax, and yi= 4ax,

¥; —¥; =4a(x,~ x))

or y3—y2= 4a _ 4a
x.3——x2 y3+y2 2})1

(~*P(x,, y) is midpoint of OR)

Y37,

*3 7%,

= % = slope of R
1

= Equation of QR is
2
Y=y =y @-x)

2
= yyl—y1=2ax—2ax1
= yjyl—2a(x+x1)=yf—4ax1

(Subtracting 2ax . from both sides)

L= T=S1
where T= »y, —2a(x+x1)
and S, =y —4ax,.

Example k%3 Find the locus of midpoeint of chords of the
parabola y2 = 4ax that pass through the point (3a, a).
Sol. Let the midpoint of chord be P(%, k), then it’s equation is
T=S5 '
ie., vk = 2a(x + h) = k* —4ah
It must pass through (34, a), hence
ak—2a(3a+h) =k*— 4ah
Thus, locus of ‘P’ is

¥ —2ax — ay + 6a* =0.

parabola y* = 8x meets the parabola y*=8x +5 at Q and R,
then find the midpoint of chord, OR.

Sol. The equation of the tangent to * = 8x at P(2, 4) is
4y =4(x+2)orx—-y+2=0

®
Let (xl, »,) be the midpoint of chord QR. Then, equation
of QR is '

Example 3.77 IR T tangent at the point P(2, 4) to the

Parabola 3.31

yy, —A4x+x)-5 =yf—8x1—5
4x’—yy1 - 4x1 +y? =0 (ii)
Clearly, Egs. (i) and (ii) represent the same line. So,

a__ N "
1 -1 2

= y]=4

and 8=—4x1+yf

= y =4andx =2

[EITTERL] Find the locus of midpoint of normal chord
of parabola y* = dax.
Sel. Normal at point P(f) meets the parabola again at point
o, =—1t-2.-

Let its midpoint be R(%, k), then we have

at2+atf
2
2at +2at '
- 1_ 2 2a
—f-a(’—’—z)
- _2a
= t= %

o e af;atf=at2+a(2—t—7)2

- % () et

and

= B ()3

which is required locus.

1. TP and TQ are tangents to the parabola, y* = 4ax at P
and Q. If the chord PQ passes through the fixed point
(—a, b), then find the locus of T.

2. If the distance of the point (¢, 2) from its chord of
contact w.r.t. parabola y* = 4x is 4, then find the value
of a.

3. Find the locus of the middle points of the focal chord
of the parabola y* = 4ax. -

4. From a variable point on the tangent at the vertex of
a parabola y* = 4ax, a perpendicular is drawn to its
chord of contact. Show that these variable perpen-
dicular lines pass through a fixed point on the axis of
the parabola.
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Subjective Type :

1.

10.

11.

12.

13.

Prove that line joining the orthocentre to the centroid of
a triangle formed by the focal chord of a parabola and
tangents drawn at its extremities is parallel to the axis of
the parabola.

. A line 4B makes intercepts of length g and » on the

coordinate axes. Find the equation of the parabola pass-
ing through A4, B and the origin, if AB is the shortest focal
chqrd of the parabola.

. From a point on the circle x>+ y* = &, two tangents are drawn

to the circle x* + y* = b* (a > b). If chord of contact touches a
wvariable circle passing through origin, show that locus of the
centre of the variable circle is always a parabola.

. Show that the common tangents to the parabola

% = 4x and the circle x* + y* + 2x = 0 form an equilateral
triangle.

. The vertices 4, B and C of a variable right triangle lie on

a parabola y* = 4x. If the vertex B containing the right
angle always remains at the point (1, 2), then find the
locus of the centroid of the triangle ABC.

. If a leaf of a book be folded so that one corner moves

along an opposite side, then prove that the line of crease
will always touch parabola.

. A parabola of latus rectum / touches a fixed equal pa-

rabola. The axes of two parabolas are parallel. Then find
the locus of the vertex of the moving parabola.

. A variable parabola touches the x and the y-axis at

(1, 0) and (0, 1). Then find the locus of the focus of the
parabola.

. Let N by the foot of perpendicular to the x-axis from point

p on the parabola y* = 4ax. A straight line is drawn paral-
lel to the axis which bisects PN and cuts the curve at g; if

NO meets the tangent at the vertex at a point 7, then prove

thatAT=%PN.

Two lines are drawn at right angles, one being a tangent
to y” = 4ax and the other to x* = 4by. Then find the locus
of their point of intersection.

Find the area of the trapezium whose vertices lie on the
parabola y* = 4x and its diagonals pass through (1, 0) and

having length 24—5 unit each.
Find the range of parameter a for which a unique circle
will pass through the points of intersection of the hyper-

bola x> — y? = 4” and the parabola y = x*. Also find the
equation of the circle.

Find the radius of the largest circle, which passes through
the focus of the parabola y* = 4(x + y) and also contained
in it.

-EXERCISES

14. A tangent is drawn to the parabola y* = 4ax at P such that it

cuts the y-axis at Q. A line perpendicular to this tangent is
drawn through O which cuts the axis of the parabola at R. If
the rectangle PORS is completed, then find the locus of S.

15. Tangents are drawn to the parabola at three distinct points.

Prove that these tangent lines always make a triangle and
that the locus of the orthocenter of the triangle is the
directrix of the parabola.

16. A series of chords are drawn so that their projections on

the straight line, which is inclined at an angle @ to the
axis, are of constant length ¢. Prove that the locus of their
middle point is the curve

(* — 4ax) (y cos a + 2asina)’ + a’c® = 0.

17. A parabola is drawn touching the axis of x at the origin

and having its vertex at a given distance k form this axis.
Prove that the axis of the parabola is a tangent to the
parabola x* = — 8k (y — 2k).

18. Prove that for a suitable point P on the axis of the

parabola, a chord 4B through the point P can be drawn
such that (ﬁ) + (?)
the chord.

is the same for all positions of

Objective Type

Each question has four choices a, b, ¢ and d, out of which
only one answer is correct. Find the correct answer.,

1. The equation of the parabola whose vertex and focus lie
on the axis of x at distances a and a . from the origin re-
spectively is

a, )= 4(a1 —a)x

b. y* = 4(a1 —a)(x—a)
c. y'= 4(a1 —a)(x— al)
d. none of these

2. The vertex of a parabola is the point (a, b) and latus rec-
tum is of length /. If the axis of the parabola is along the
positive direction of y-axis, then its equation is

a (x+a)=1@-2p)
b. (x—a) =% (2y-2b)
e (r+af =7 (2y-20)

d. (x—af =% 2y -20)

3. Which one of the following equations represented para-

metrically equation to a parabolic curve?



10.

11.

»

. x=3cost;y=4sint

b x2—2=2cost;y=4cos2—%

c. Vx=tant; \y =sect
d. x=\ll—sint;y=sin%+cos%

. The equation of the parabola whose focus is the point

(0, 0) and the tangent at the vertex isx —y+1=01s
a xX2+y —2y—4dx—4y—4=0
b. ¥’ +y —2xy+4x—4y—4=0
c. x> +y*+2xy—4x+4y—4=0
d. X’ +y +2xy—4x—4y+4=0

. The curve represented by the equation \px + \/_
wherep, g € R,p,q>01is
a. acircle b. a parabola
c. an ellipse d. ahyperbola

. If parabola y* = Ax and 25[(x — 3)’ + (v + 2)"] = 3x — 4y

— 2)? are equal, then value of A is

a. 9 b. 3. c. 7 d. 6

. The length of the latus rectum of the parabola whose fo-

2 2 2
. u . _u . .. _u .
cus is (—Zg sin 2a, 2% cos 2a) and directrix 1s y 2 is

2 2
a. %‘ cos’ ¢ b. u? cos 2a
2
C. 2?ucos 2a d. Zg cos’a

. If the segment intercepted by the parabola y = 4ax with

the line /x + my + n = 0 subtends a right angle at the
vertex, then

a. 4al+n =0 b. 4al+4am+n=0

¢. dam+n=0 d. al+n=0

.Thegraphofthecurvex2+y2—2xy—8x—8y+32=0

falls wholly in the
a. first quadrant b. second quadrant
¢. third quadrant  d. none of these

A point P(x, y) moves in xy plane such that x = a cos’ 0
and y = 2a sin 8, where 6 is a parameter. The locus of the
point P is

a. circle

b. ellipse

¢. unbounded parabola

d. part of the parabola

Locus of the point V34, Y3k + 2 if it lies on the line
x—y—1=0isa

12,

13.

14.

15.

16.

17.

18.

19.

20.

Parabola 3.33

a. straight line b. circle

c. parabola d. none of these

A water jet from a fountain reaches its maximum height of
4 m at a distance 0.5 m from the vertical passing through
the point O of water outlet. The height of the jet above the
horizontal OX at a distance of 0.75 m from the point O is

a. Sm b. 6m ¢c. 3m d. 7m

Vertex of the parabola whose paramefric equation is
x=r—t+1,y=r~+t+1;teR,is
a. (1,1) b. (2,2)

11

e (L3) d. (3,3)

The ratio in which the line segment joining the points
(4,-6) and (3, 1) is divided by the parabola y* = 4x is

—20++155
a. :
T
—2i2\]15
b. 1 -

c. —20+2v155: 11

d. —20 £+V155: 11

If (a, b) is the midpoint of a chord passing through the
vertex of the parabola y* = 4x, then

a. a=2b b. 2a=b c. a’=2b d. 2a=¥

A set of parallel chords of the parabola y* = 4ax have their
midpoints on

a. any straight line through the vertex
b. any straight line through the focus
¢. astraight line parallel to the axis
d. another parabola

A line L passing through the focus of the parabola
y* =4(x — 1) intersects the parabola in two distinct points.
If ‘m’ be the slope of the line L then

a. —1<m<1 b. m<-lorm>1
d. none of these

If PSQ is the focal chord of the parabola y* = 8x such that
SP = 6. Then the length of SQ is

a. 6 b. 4

c. 3 d. none of these
The circle x> + y2 +2Ax = 0,1 € R, touches the parabola
y* = 4x externally. Then

a. A>0 b. A<0

c. A>1 d. none of these
If y,y, and y, are the ordinates of the vertices of a

tnangle inscribed in the parabola y* = 4ax, then its area
is

c. meR
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a. ﬁ(y1 =2,)0, = y)0, =)
b. =0, - )0, -9)0,~)

. 50 -2)0, -3 )0, -

d. none of these

21.If a# 0 and the line 2bx + 3¢y + 4d = 0 passes through
the points of intersection of the parabolas y* = 4ax and
x2 =4ay, then

a. d*+(Q2b+3¢)’=0
b. d*+(3b+2=0
c. d*+(2b-3¢)l=0
d. none of these

22, Let P be the point (1, 0) and Q a point on the locus
y* = 8x. The locus of the midpoint of PQ is

a. Y’ +4x+2=0 b. y’—4x+2=0
c. xX-4y+2=0 d. x*+4y+2=0

23. The locus of the vertex of the family of parabolas
3.2 2 :

_105 _3
- W=64 b =7

_35 _ 64
c. Xy=7¢ d. X =105

24. A circle touches the x-axis and also touches the circle
with centre (0, 3) and radius 2. The locus of the centre of

the circle is
a. acircle b. an ellipse

¢. aparabola d. ahyperbola

25. Parabolas y* = 4a(x — ¢ ) and x> = 4a(y - c2), where ¢ | and
c, are variable, are such that they touch each other. Locus
of their point of contact is

a. xy=2d" b. xy=4d’
c. xy=a

26. The locus of a point on the variable parabola y* = 4ax,

whose distance from focus is always equal to %, is equal

to: (a is parameter)
a. dxi+y —4kx=0
b. x*+3—4kx =0
¢ 2%+ 4"~ 8hkx=0
d. 4 —y*+4kx=0

d. none of these

27. If the line y — V3x + 3 = 0 cuts the parabola y* = x + 2 at
P and Q, then AP-AQ is equal to [where 4 = (V3, 0)]

42 -2) 4(V3 +2)
«—3 4T3

28. A line is drawn form A (- 2, 0) to intersect the curve
y* = 4x in P and Q in the first quadrant such that

21? + i < %, then slope of the line is always

1 1
a. >3 b. <\/§ e. >\2 d.>_\/§

29. Let y = flx) be a parabola, having its axis parallel to
y-axis, which is touched by the line y = x at x= 1, then

a. 2f(0)=1-f" (0 b. AO)+f(O)+1"(0)=1

e f(H=1 d. £ (0)=£"(1)
30. An equilateral triangle S4B is inscribed in the parabola
y* = 4ax having it’s focus at °S’. If chord AB lies towards
the left of S, then side length of this triangle is

a. 2a(2-3) b. 4a(2-+3)

c. a2-3) d. 8a(2-+3)

31. Let S be the focus of y* = 4x and a point P is moving on
the curve such that its abscissa is increasing at the rate of
4 units/sec, then the rate of increase of projection of SP
onx+y=1whenPis at (4, 4) is

a. V2 b. -1

3
c. —V2 d'_\/f

32. Two parabolas have the same focus. If their directrices
are the x-axis and the y-axis, respectively, then the slope
of their common chord is

4
a. +1 b. 3
c. % d. none of these

33. C is the centre of the circle with centre (0, 1) and radius
unity. P is the parabola y = ax?. The set of values of ‘a’ for
which they meet at a point other than the origin, is

a. a>0 b. ae(O,%)

11 1
e (32) a. (3 =)
34. The length of the chord of the parabola y* = x which is
~ bisected at the point (2, 1) is
a. 23 b. 43 ¢ 3¥V2 d 2V

35. The circle x* + y* = 5 meets the parabola y* = 4x at P and
Q. Then the length PQ is equal to

a. 2 b. 22
c. 4 d. none of these



- 36.

37.

38.

39.

40.

41.

42,

43.

44,

T he triangle POR of area ‘A’ is inscribed in the parabola
3% = 4ax such that the vertex P lies at the vertex of the
parabola and the base OR is a focal chord. The modules
of the difference of the ordinates of the points Q and R is

A a4
a

a.%

If A B, and A, ,B, are two focal chords of the parabola
3 = 4ax, then the chords 4 A,and BB, intersect on

b4 o« a

a. directrix b. axis

c. tangent at vertex d. none of these

If a line y = 3x + 1 cuts the parabola x> —4x -4y + 20
= () at 4 and B, then the tangent of the angle subtended by
line segment 4B at origin is

83 b, 803
a 7205 209
C. %—g— d. none of these

P(x, y) is a variable point on the parabola y* = 4ax and
O(x + ¢, y + ¢) is another variable point, where ‘c’is a
constant. The locus of the midpoint of PQ is

a. parabola b. ellipse

¢. hyperbola d. circle

If g and c are the lengths of 'segments of any focal chord
of the parabola y* = 2bx (b > 0), then the roots of the
equation ax* + bx +c=0are

a. real and distinct b. real and equal

¢. imaginary d. none of these
AB is a chord of the parabola y* = 4ax with vertex 4. BC
is drawn is drawn perpendicular to 4B meeting the axis at
C. The projection of BC on the axis of the parabola is
b. 2a d. 8a
Set of values of & for which the point (a, 1) lies inside the
curves cl:x2 +y*~4=0and cz:y2 =4x is

a. a ¢c. 4da

a. la)<V3

b. la| <2
c. %< a <3 d. none of these

If P be a point on the parabola y* =3(2x - 3) and M is
the foot perpendicular drawn from P on the directrix of
the parabola, then length of each side of an equilateral
triangle SMP, where S is focus of the parabola is

a. 2 b. 4 c. 6 d. 8

If y = mx + ¢ touches the parabola y? = 4a(x + a), then
a. c=% b. c=am+—%

a
¢ c=atyy d. none of these

45.

46.

47.

48.

49,

50.

51.

52.

53.

54.

Parabola 3.35

The angle between the tangents to the parabola
y* = dax at the points where it intersects with the line
x—y—a=0is
4 T -z
a. 3 b. Z C. g
The area of the triangle formed by the tangent and the
normal to the parabola y* = 4ax, both drawn at the same
end of the latus rectum, and the axis of the parabola is

a. 2V2d*

c. 4d
Double ordinate AB of the parabola y* = dax subtends
an angle 7/2 at the focus of the parabola, then tangents
drawn to parabola at 4 and B will intersect at

a. (—4a,0) b. (—24a,0)

. (3a,0) d. none of these
y=x +2 is any tangent to the parabola y* = 8x. The point -
P on this tangent is such that the other tangent from it
which is perpendicular to it is

a. 2,4 b. (-2,0)

c. (-1,1) d. (2,0)

The tangent and normal at the point P(af, 2at) to the
parabola y* = 4ax meet the x-axis in Tand G, respectively,
then the angle at which the tangent at P to the parabola is
inclined to the tangent at P to the circle through P, 7, G
is

a Z
© 2

b. 24°
d. none of these

a. tan ' () b. cot (e tan ' (Hd. cot ()
Angle between the tangents to the curve y = x*—5x+6at
the points (2, 0) and (3, 0) is

4 T T T
a 5 b. 3 ¢ % d. 4
Radius of the circle that passes through origin and touches
the parabola y* = dax at the point (a, 2a) is

4 :
a. za b. 242 a e 5a d'\/fa

If the line x + y = 1 touches the parabola yr-y+x=0,
then the coordinates of the point of contact are
b. (3.4) e D d (1,0
Two straight lines are perpendicular to each other. One
of them touches the parabola y* = 4da(x + a) and the other
touches y* = 4b(x + b). Their point of intersection lies on
the line

a. x—a+b=0 b. x+a—b=0

c. x+tat+th=0 d. x—a—-5b=0
The mirror image of the parabola y* = 4x in the tangent to
the parabola at the point (1, 2) is

a. (1, 1)
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55.

56.

57.

58.

59.

60.

61.

“a. H5+1

a. @-1=4(p+1)

b. x+1’=4@+1)
c. (x+1)’=4(p-1)
d- - 1’=4@-1)
Consider the parabola y* = .4x. A=(@4,—4)and B= (9, 6)

be two fixed points on the parabola. Let ‘C’ be a moving
point on the parabola between 4 and B such that the area
of the triangle ABC is maximum, then coordinate of ‘C’

is

e (3]
c. (3,2V3)
min (=5 + (5 + {15 - @5, | v, x, € Ris
b. 45 -1

b. (4,4)

d. (3,-2V3)

. V5 +1 d V5-1

Two mutually perpendicular tangent of the parabola
= 4ax meet the axis in P and P, 1f S is the focus of the

S S
parabola, then (5P

1
is equal to
) (57

1
4a
A tangent is drawn to the parabola y* = 4ax at the point
‘P’ whose abscissa lies in the interval (1, 4). The maxi-
mum possible area of the triangle formed by the tangent
at ‘P’ ordinates of the point ‘P’ and the x-axis is equal to

a, & b. 16 c. 24 d. 32

Qs
[

b. c. % d.

a.

A parabola y = ax” + bx + ¢ crosses the x-axis at (a, 0)
(8, 0) both to the right of the origin. A circle also passes
through these two points. The length of a tangent from the
origin to the circle is

d V&

a. \[%? b. ac c. 2

The straight line joining any point P on the parabola
»* = 4ax to the vertex and perpendicular from the focus
to the tangent at P, intersect at R, then the equation of the
locus of R is

a. xX’+27—ax=0

b. 2x*+y*—2ax=0
c. 2x°+2%—aqy=0
d. 2x*+y*—2ay=0

Through the vertex O of the parabola y* = 4ax, two chords
OP and OQ are drawn and the circles on OP and OQ as
diameters intersect in R. If 9[, 02 and ¢ are the angles

62.

63.

64.

65.

66.

67.

68.

69.

made with axis by the tangents at P and Q on the parabola
and by OR, then the value of, cot 8 | Hcot 02

a. —2tan¢ b. —2tan (7 — ¢)

ce. 0 d. 2cote

Aline of slope A(0 <A < 1) touches parabola y + 3x*= 0 at
P. If S is the focus and M is the foot of the perpendicular
of directrix from P, then tan £ MPS equals

21
.21
2 -1+ 27
c. 4 _'122 d. none of these
1+4
If y = 2x — 3 is a tangent to the parabola y* = 44 (x - %),
then ‘a’ is equal to
22 ‘b — 14 =14
a. - b. -1 ¢. 3 d. 3
AB is a double ordinate of the parabola y* = 4ax. Tangents

drawn to parabola at 4 and B meet y-axis at 4 and B,
respectlvely If the area of trapezium 44 BB is equal to
124%, then angle subtended by 4 B, at the focus of the

' parabola is equal to

a. 2tan™' (3) b. tan (3)
c. 2tan () d. tan”' (2)
Ify+3=m (x+2) andy+3=m(x+2) are two tangents

to the parabola y* = 8x, then
a. m1+m2=0 b.’mlm2=—1
c. mm = 1 d. none

The tangent at any point P on the parabola y* = 4ax
intersects the y-axis at Q. The tangent to the circum circle
of triangle POS (S is the focus) at O is

a. a line parallel to x-axis

b. y-axis

c. a line parallel to y-axis

d. none of these ,
Ify= mx +candy= m.x + ¢ are two tangents to the
parabola y* + 4a(x + a) = 0, then

a. m +m =0 b. 1+m1+m2=0

¢. mm,—1=0 d. 1+mlm2=0
If the parabola y = ax” — 6x + b passes through (0, 2) and
has its tangent at x = % parallel to the x-axis then

a. a=2,b=-2 b.a=2,b=2
c. a==-2,b=2 d. a=-2,b=-2
If the angle between the tangents from the point (4, 1) to -

the parabola y* = 16x be % then A is

a. 4 b. -4 c. —1 d. 2



70.

71,

72.

73.

74.

75.

76.

77.

T8

Minimum area of circle which touches the parabolas
y:x2+ landy*=x—11is

a. gl%sq. unit b. % 8q. unit

c. 9% $q. unit d. %T” sq. unit

If the locus of middle of point of contact of tangent drawn
to the parabola y* = 8x and foot of perpendicular drawn

from its focus to the tangents is a conic then length of

latus rectum of this conic is

9
2 7

d 2

b. 9 c. 5

18

If d is the distance between parallel tangents with positive -

slope to y? =4x and x> +y* — 2x + 4y — 11 =0, then
10<d<2 " b, 4<d<6
c. d<4 d. none of these

If bisector of the angle APB, where P4 and PB are the
tangents to the parabola y* = 4ax, is equally inclined to
the coordinate axes, then the point P lies on

a.

a. tangent at vertex of the parabola

b. directrix of the parabola

c. circle with centre at the origin and radius a
d. the line of latus rectum

The locus of the centre of a circle which cuts orthogonally
the parabola y* = 4x at (1, 2) will pass though points

a. (3,4 b. 4,3) ¢ (53) d (2,4
From a point A(f) on the parabola y* = 4ax, a focal chord
and a tangent is drawn. Two circles are drawn in which
one circle is drawn taking focal chord AB as diameter
and other is drawn by taking intercept of tangent between
point 4 and point P on the directrix, as diameter. Then the
common chord of the circles is

a. line joining focus and P

b. line joining focus and 4

c. tangent to the parabola at point 4

d. none of these

The normal at the point P(ap’, 2ap) meets the parabola
y* = 4ax again at O(aq?, 2aq) such that the lines joining
the origin to P and Q are at right angle. Then

a. p =2 b. ¢"=2 ¢. p=2q d. g=2p
The set of points on the axis of the parabola y* = 4x + 8
from which the three normals to the parabola are all real
and different is

a. {(k,0)k<-2} b. {k,0)|k>-2}
e. {(0,k)|k>-2} d. none ofthese

Tangents and normal drawn to parabola y* = 4ax at point
P(at?, 2ar), t # 0, meet the x-axis at points T and N,
respectively. If °S” is the focus of the parabola, then

Parabola 3.37

a. SP=ST+#SN b. SP#S8ST=8N
c. SP=ST=SN d. SP#£ST#SN
79. Locus of the midpoint of any normal chords of y? = 4dax
is
a. x=a 4% 2+ y_22
y 2a
9 2
b. x=a (ﬂ% +2+ —y—z)
y 2a

80. Normals 40, AAl, AA2 are drawn to parabola y2 = 8x
from the point A(A, 0). If triangle O4 1A2 is equilateral,
then possible values of ‘A’ is

a. 26 b. 24
c. 28 d. none of these

81. If 2x +y + 1 =0 is a normal to the parabola y*=—8x, then

Als .
a. 12 b. ~12 ¢ 24  d —-24

82. At what point on the parabola y* = 4x the normal makes
equal angle with axes?

a. (4,4) b. (9,6) ¢ (4,—4) d. (1,£2)

83. If the normals to the parabola y* = 4ax at three points P,
Q and R meet at 4 and S be the focus, then SP.SQ.SR is

equal to
a. a’SA b. SA4°
c. aS4? d. none of these

84. If the normals to the parabola y* = 4ax at the ends of the
latus rectum meet the parabola at O, O', then Q0 is

a. 10a b. 4a c. 20a d. 12a

85. From a point (sin 8, cos ) if three normals can be drawn
to the parabola 3 = 4ax, then the value of ‘a’ is

L) e[ do)

1 1 1

e [31] a. (-3.0)0(0.3)

86. If the normals at points ‘7’ and ‘7" meet on the parabola,
then ’

- 2
a. tltz- 1 b. tz— tl tl
c. tlt2=2 d. none of these

87. Length of the normal chord of the parabola y* = 4x which

makes an angle of y with the axis of x is

a. 8 b. 8V2 ¢ 4 d. 42
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88. If the normal to a parabola y* = 4ax at P meets the curve

again in Q and if PQ and the normal at () makes angle

< and f, respectively, with the x-axis then tan a (tan a
+ tan f) has the value equal to

a. 0 b. 2 —% d. -1

89. If two normals to a parabola y* = 4ax intersect at right
angles, then the chord joining their feet passes through a
fixed point whose co-ordinates are

a. (-2a4,0) b. (a,0) ¢ (2a,0) d. none
90. PQ is a normal chord of the parabola y* = 4ax at P, 4
being the vertex of the parabola. Through P a line is
drawn parallel to AQ meeting the x-axis in R. Then line
length of AR is

a. equal to the length of the latus rectum

b. equal to the focal distance of the point P

¢. equal to twice the focal distance of the point P
d

. equal to the distance of the point P from the
directrix

91. Tangent and normal drawn to parabola at A(ar’, 2af),
# 0 meet the x-axis at point B and D respectively. If the
rectangle ABCD is completed, then locus of ‘C” is

a.y=2a b.y+2a=c
b.x=2a d.x+2a=0 _
92. An equation for the line that passes through (10, - 1) and

2
is perpendicular to y = 4 -2 s

a. 4x+y=239 b. 2x+y=19
c. x+y=9 d x+2y=8

93. P, O, R are the feet of the normals drawn to a parabola
(v —3)* = 8(x — -2). A circle cuts the above parabola in
points P, O, R and S. Then this circle always passes
through the point :

. a. (2,3) b. 3,2) ¢ (0,3) d (2,0

94. Normals at two point (x, y,) and (x,, »,) of parabola
»” = 4x meet again on the parabola where x +x, =4, then
v, *,| equals to

a. V2 b. 232
c. 42 d.

95. The end points of two normal chords of a parabola are
concyclic, then the tangents at the feet of the normals will
intersect at

none of these

a. tangent at vertex of the parabola
b. axis of the parabola
¢. directrix of the parabola

d. none of these

96. The set of points on the axis of the parabola (x — 1y
= 8(y + 2), from where three distinct normals can be
drawn to the parabola is the set (4, k) of points satisfying

Ca h>2 b. h>1
e k>2 d. none of these
97. The shortest distance between the parabola 2)* = 2x — 1,
2x*=2y—11is
1 \/ﬁ
2 . JRTEL]
a. 2v2 b N © 4 d

98. Atangent and normal is drawn at the point P = (16, 16) of
the parabola y* = 16x which cut the axis of the parabola at
the points 4 and B, respectively. If the centre of the circle
through P, 4 and B is C, then the angle between PC and
the axis of x is

a. tan_l% b. tan'2 c. tan_l% d. tanflg
99. Length of the shortest normal chord of the parabola
y =daxis
a. 2a\27 b. 9a
c. aV54 d. None of these

100.From the point (15, 12), three normals are drawn to the
parabola y* = 4x, then centroid of triangle formed by three
co-normals points is

16 26

a (10} b 40 « (T’ 0) d. (6,0

101.° 1 and “7” are two points on the parabola V' =dax. If
the focal chord Jjoining them coincides with the normal

chord, then
a (1 +1)+2=0b. 1 +1,=0

et =-1 d. none of these

12

102. The line x — y = | intersects the parabola y* = 4x at 4 and
B. Normals at 4 and B intersect at C. If D is the point at
which line CD is normal to the parabola, then coordinates

of D are ,
a. (4,—4) b. (4,4)
c. 4,-4 d. none of these

103. If normals are drawn from a point P(#, k) to the parabola
»” =4ax, then the sum of the intercepts which the normals
cutoff from the axis of the parabola is '

a. (h+a) b. 3(h+a)

c. 2(h+a) d. none of these

104.The radius of circle touching parabola y* = x at (1, 1) and
having directrix of y? = x as its normal is



5V5 10v5
a. g . b. —"3_
c. §4ﬁ d. none of these

105.Normals drawn to y* = 4ax at the points where it is
intersected by the line y = mx + ¢ intersect at P. Foot of
the another normal drawn to the parabola from the point
¢ P:v iS

v (B) w2

4a 4a
@ (35 )

106.1f two different tangents of y° = 4x are the normals to
x? = 4by then '

c. (am?, —2am)

1 1
a. |b|>—2 2 b. |b|<——2 5
C. |b|>—1 d. |b|<—1

N2 V2

107. Maximum number of common normals of y* = 4ax and
x> = 4by is equal to :
a. 3 b. 4 c. 6 d. 5
108. A ray of light travels along a line y = 4 and strikes the
surface of a curves y” = 4(x + »), then equations of the line
along which reflected ray travel is
a. x=0 b. x=2
d. 2x+y=4
109.The largest value of a for which the circle Xy =d
falls totally in the interior of the parabola Yr=d(x+4)is

a. M3 b. 4 c. 4—\/7E d.

c. x+y=4

243

110.1f two chords drawn from the point 4(4, 4) to the parabola
x? = 4y are bisected by line y = mx, the interval in which
m lies is

a. (-2¥2,2V2)

b. (—o0,~V2) U (V2, %)

c. (-0, =2v2-2) U (2V2 - 2, )
d. none of these

111. The point of intersection of the tangents of the parabola
y? = 4x, drawn at end points of the chord x + y = 2 lies on

b. x+2y=0
c. y—x=0 d x+y=0
112. The number of common chords of the parabolas
x=y’—6p+11 and y=x>—6x+ 1 are
b. 2 c. 4 d. 6

a. x—2y=0

a. 1
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113. Two parabola have the focus (3, —2). Their directrices are
the x-axis, and the y-axis, respectively. Then the slope of
their common chord is

a. — 1 b. —
V3

2
114.1f the tangent at the point P(2, 4) to the parabola y*=8x
meets the parabola y* = 8x + 5 at O and R, then the mid-
point of OR is

a 4,2)

Multiple Correct |
Answers Type o

Each question has four choices a, b, ¢ and d, out of which
one or more answers are correct.

b|—

d. none of these

b. (2,4) ¢ (7,9 d. Noneofthese

_Soluﬁons on.page 371

.1. The equation of the directrix of the parabola with vertex
at the origin and having the axis along the x-axis and a
common tangent of slope 2 with the circle x*+y'=5
is/are ' .

b. x=20 ¢. x=-10d. x=-20

2. Tangent is drawn at any point (xl, yl) other than vertex
on the parabola y* = 4ax. If tangents are drawn from any
point on this tangent to the circle x*+y? = &’ such that all
the chords of contact pass through a fixed point (x,, ¥,
then

a. x=10

a. x,a,x, are in G.P.

}7
b. 7‘, a, y, are in G.P.

}'l xl
c. — 4,5, % arein G.P.
Y%

_ .2
d. xx,*yy,=a

3. If the focus of the parabola x> —ky+3=0is (0,2), then
a value of k is/are .

a. 4 b. 6 c. 3 d. 2

4. Let P be a point whose coordinates differ by unity and the
point does not lie on any of the axes of reference. If the
parabola y* = 4v + 1 passes through P, then the ordinate
of P may be

a. 3 b. -1 c. 5 d. 1

5. 1f y = 2 be the directrix and (0, 1) be the vertex of the

parabola x* + Ay + u = 0 then
a. 1=4 b. =8 ¢ A=-8 d. u=4

6. The extremities of latus rectum of a parabola are (1, 1)
and (1, —1), then the equation of the parabola can be

b. y'=1-2x

d. y’=2x—4

a. ' =2x—1
c. Y¥P=2x-3
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7.. Parabola y* = 4x and the circle having it’s centre at (6, 5)
intersect at right angle. Possible point of intersection of
these curves can be )

a. (9,6) b. (2,¥8)c. 4,4 d. (3,243)
8. Anormal drawn to parabola y* = 4ax meet the curve again

at O such that angle subtended by PQ at vertex is 90°,
then coordinates of P can be

a. (8a, 2a) b. (8a, 4a)
¢ (2a,-22a)  d. (2a,2V2q)
9. A quadrilateral is inscribed in parabola, then
a. quadrilateral may be cyclic.
b. diagonal of the quadrilateral may be equal.

c. all possible pairs of adjacent sides may be
perpendicular.

d. none of these

10. The locus of the midpoint of the focal distance of a
variable point moving on the parabola, y* = 4ax is'a
parabola whose

a. latus rectum is half the latus rectum of the original
"~ parabola.

b. vertex is (%, 0).
c. directrix is y-axis.
d. focus has the co-ordinates (a, 0).
11. Which of the following line can be tangent to parabola
? = 8x?
a. x-y+2=0 b. 9% -3y+2=0
c. x+2y+8=0 d.x+3y+12=0
12. Which of the following line can be normal to parabola
Y =12x?
a. x+y-9=0 b.2x-y-32=0
¢ 2x+y-36=0 d3x-y-72=0
13. A square has one vertex at the vertex of the parabola
¥* = 4ax and the diagonal through the vertex lies along

the axis of the parabola. If the ends of the other diagonal
lie on the parabola, the coordinates of the vertices of the

square are
a. (4qa,4a) b. (4a, -4a)
c. (0,0) d. (8a,0)

Reasoning Type RERE s onp

Each question has four choices a, b, ¢ and d, out of which
only one is correct. Each question contains Statement 1
and Statement 2 .

a. Both the statements are true and Statement | is the
correct explanation of Statement 2

b. Both the statements are true but Statement 1 is not
the correct explanation of Statement 2

¢. Statement 1 is true and Statement 2 is False
d. Statement 1 is false and Statement 2 is True

. Statement 1: Slope of tangents drawn from (4, 10) to

parabola y* = 9x are %, %
Statement 2: Two tangents can be drawn to parabola
from any point lying outside parabola.

. Statement 1: Through (A, A + 1) there can’t be more than

one normal to the parabola y* = 4x, if 4 <2.

Statement 2: The point (1, A + 1) lies outside the parabola
foralld £ 1. '

. Statement 1: In parabola y* = 4ax, the circle drawn taking

focal radii as diameter touches y-axis.
Statement 2: The portion of the tangent intercepted

~ between point of contact and directix subtends 90° angle

6.

7.

9.

10.

at focus.

. Statement 1: The line joining points (8, — 8) and (%, 2),

which are on parabola y* = 8x, passes through focus of
parabola.

Statement 2: Tangents drawn at (8, — 8) and (%—, 2) on the
parabola y* = 4ax are perpendicular.

. Statement 1: The normals at the point (4, 4) and (%, - 1)

of the parabola y* = 4x are perpendicular.

Statement 2: The tangents to the parabola at the end of a
focal chord are perpendicular.

Statement 1: The line y = x + 24g touches the parabola
2 =4da(x + a).

Statement 2: The line y = mx + am + a/m touches
¥y =4da(x + a) for all real values of m.

Statement 1: Equation (5x — 5)*+ (5y + 10’ = (3x + 4y
+ 5)*is parabola.

Statement 2: If distance of the point from the given line
and from the given point (not lying on the given line) is
equal, then locus of variable point is parabola.

. Statement 1: Length of focal chord of a parabola y* = 8x

making on angle of 60° with x-axis is 32.

Statement 2: Length of focal chord of a parabola
¥* = 4ax making an angle a with x-axis is 4a cosec? .

Statement 1: Circumcircle of a triangle formed by the
linesx=0,x+y+1=0and x —y + 1 =0 also passes
through the point (1, 0).

Statement 2: Circumcircle of a triangle formed by three
tangents of a parabola passes through its focus.

Statement 1 : The point of intersection of the tangents at
three distinct points 4, B, C on the parabola y* = 4x can
be collinear.



Statement 2: If a line L does not intersect the parabola
y = 4x, then from every point of the line two tangents can
‘be drawn to the parabola.

11. Statement 1: There are no common tangents between
circle x* + y? — 4x + 3 = 0 and parabola y* = 2x.

Statement 2; Given circle and parabola do not intersect.

12. Statement 1: The line ax + by + ¢ =0 is a normal to the
parabola y* = 4ax, then the equation of tangent at the foot
of this normal is y = (b/a)x + (a*/b)-

Statement 2: Equation of normal at any pomt
P(a’, 2at) to the parabola y* = dax is y = — tx + 2at + ar’.

13. Statement 1: The values of & for which the point (@, @*)
lies inside the triangle formed by the linesx=0,x+y =2
and 3y =x1is (0, 1).

Statement 2: Parabola y = x* meets the line x +y = 2
at(1, 1).

14. Statement 1: If there exists points on the circle
x? +y* = g* from which two perpendicular tangents can
be drawn to parabola y* = 2x, then a > 1/2.

Statement 2: Perpendicular tangents to parabola meet on
the directrix.

15. Statement 1: If straight line x = 8 meets the parabola
= 8x at P and Q, then PO substends a right angle at the

ongln
Statement 2: Double ordinate equal to twice of latus
rectum of a parabola subtends a right angle at the vertex.

16. Statement 1: Normal chord drawn at the point (8, 8) of
the parabola y* = 8x subtends a right angle at the vertex of
the parabola.

Statement 2: Every chord of the parabola = dax
passing through the point (4a, 0) subtends a right angle at
the vertex of the parabola.

17. Statement 1: If end points of two normal chords 48
and CD (normal at 4 and C) of a parabola y* = 4ax are
concyclic, then the tangents at 4 and C will intersect on
the axis of the parabola.

Statement 2: If four point on the parabola y* = dax are
concyclic, then sum of their ordinates is zero.

18. Statement 1: If parabola y* = 4ax and circle x* + Y+ 2bx
= 0 touch each other externally, then roots of the equation,
Aix)=x"—(b+a+ 1)x+ a=0 has real roots.

Statement 2: For parabola and circle externally touching
a and b must have the same sign.

19. Statement 1: Line x — y — 5 = 0 cannot be normal to
parabola (Sx — 15)° + (5p + 10)* = (3x — 4y + 2.
Statement 2: Normal to parabola never passes ‘through
its focus.

20. Statement 1: 44’ and BB’ are double ordinates of the
parabola. Then points 4, 4, B, B’ are concyclic.

Statement 2: Circle can cut parabola in maximum four
points.

Parabola 3.41

Linked Comprehension

Type

Based upon each paragraph, three multiple choice
questions have to be answered. Each question has four
choices a, b, ¢ and d, out of which orly one is correct.

For Problems 1-3

A tangent is drawn at any point P(f) on the parabola y* = 8x
and on it is taken a point Q(a, 8) from which pair of tangents
QA and QB are drawn to the circle x* 4+ y* = 4. Using this
information answer the following questions

1. The locus of the point of concurrency of the chord of

contact AB of the circle x> +y* = 4 is
a. ) —2x=0 b. y'-x*=4
c. Y +4x=0 d y* -2x*=4

2. The point from which perpendicular tangents can be
drawn both to the given circle and the parabola is

a. (4,+V3) b. (-12)
e. (=V2,-V2) d. (-2,£2V3)
3. The locus of circumcentre of AAQB ift=2 is
a. x—2y+2=0 b. x+2y—4=0
c. x—2y—4=0 d. x+2y+4=0
For Problems 46

Tangent to the parabola y=x+ax + 1, at the pomt of
intersection of y-axis also touches the circle x*+y* =7 Also
no point of the parabola is below x-axis.

4. The radius of circle when a attains its maximum value
1 1

Tl b. w . 1 d. V5

5. The slope of the tangent when radius of the circle is
maximum is
a. —1 b. 1 c. 0 d. 2

6. The minimum area bounded by the tangent and the
coordinate axes is

a. | b.

b}
I

1
3 c.
For Problems 7-9

If the locus of the circumcentre of a variable triangle having
sides y-axis, y = 2 and Ix + my = 1, where (/, m) lies on the
parabola y* = 4x is a curve C, then

7. Coordinates of the vertex of this curve C is

a (-23) b2 -3
e (23) d (-2 -2

8. The length of smallest focal chord of this curve C'is
a. 1 b. L 1 L

4 _1_ C.g d.ﬁ



3.42 Coordinate Geometry

9. The curve C is symmetric about the line

3 3 3 3
a. x=§ b y=—§c. x=—§ d.y=§
For Problems 10-12
y=x is tangent to the parabola y = ax* + ¢
10. If a =2, then the value of ¢ is
_1 1 1
a. 1 b. 5 ¢ 3 d. q
11. If (1, 1) is point of contact, then a is - )
1 1 1 1
a. g b. 3 ¢ 3 d. 6
12. If ¢ =2, then point of contact is
a. (3,3) b. 2,2) ¢ (6,6) d. (4,4

For Problems 13-15

If [, m are variable real numbers such that 5/ + 6m” — 4lm
+ 3/= 0, then variable line Ix + my = 1 always touches a fixed

parabola, whose axes is parallel to x-axis.

13. Vertex of the parabola is

a (35 w33

e (3¢  alz-3)
14. Focus of the parabola is V

a [G-3) (3

e (3-3) e (33
15. Directrix of the parabola is

a. 6x+7=0 b. 4x+11=0

c. 3x+11=0 d.
For Problems 16-18

Consider the parabola whose focus is at (0, 0) and tangent at
vertexisx—y+1=0.

none of these

16. The length of latus rectum is

a. 12 b. 2¥2 ¢« 82  d. 3\2
17. The length of the chord of parabola on the x-axis is
a. 42 b. 2V2 ¢ 8V2 d. 3\2

18. Tangents drawn to the parabola at the extremities of the
chord 3x + 2y = 0 intersect at an angle

b.

W]

d. none of these

NE oy

For Problems 19-21

Two tangents on a parabola are x —y =0 and x + y = 0. If
(2, 3) is focus of the parabola, then

19. The equation of tangent at vertex is
a 4x-6y+5=0 b, 4x—6y+3=0
c. dx—6y+1=0 d. 4x—-6y+32=0
20. Length of latus rectum of the parabola is

2 6 b, 10
R K]
2
c. NI d. none of these
21.If P, Q are ends of focal chord of the parabola, then

I S
SP TS0

2 23 b. 23

c. @ d. none of these

For Problems 22-24

y* = 4x and y* = — 8(x — a) intersect at points 4 and C.
Points O(0, 0), 4, B(a, 0), C are concyclic.

22. The length of common chord of parabolas is

a. 2V6 b. 43 ¢ 6V5 d. 82
23. The area of cyclic quadrilateral O4ABC is

a. 24\3 b. 482 ¢ 126 d. 185

24, Tangents to parabola y? = 4x at A and C intersect at point
D and tangents to parabola y* = — 8 (x — a) intersect at
point E, then the area of quadrilateral DAEC is

a. 96V2 b.: 48v3 ¢ 54V5 d. 36V6
For Problems 25-27

PQ is double ordinate of the parabola y* = 4x which

passes through the focus S. APQA is isosceles right angle

triangle, where 4 is on the axis of the parabola. Line P4

meets the parabola at C and 04 meets the parabola at B.
25. Area of the trapezium PBCQ is

a. 96 sq. units b. 64 sq. units
¢. 72 sq. units d. 48 sq. units

26. Circumradius of trapezium PBCQ is

a. 65 b. 36 ¢ 2¥10 d. 5V3
27. Ratio of inradius of A4BC and that of APAQ is

a. 2:1 b. 3:2

c. 4:3 d 3:1

For Problems 28-30

Consider the inequality, 9" — a. 3" ~a + 3 <0, where ‘a’ is
a real parameter.



28. T'he given inequality has at least one negative solution for
a € .
a. (_ @, 2) b. (3, OO) ¢ (_ 2700) d. (27 3)
29. The given inequality has at least one positive solution for
a € :
2. (_ @, — 2) b. [3: (1)) C. (27 OO) d. [_ 2: OO)
30. The given inequality has at least one real solution for a €
a. (_ 0, 3) . b. [2: OO) c. (39 00) d. [_ 25 OO)

Matrix-Match | R Titions ok page 3719

Each question contains statements given in two columns
whichh have to be matched. Statements (a, b, ¢, d) in
columan I have to be matched with statements (p, g, I, S) in
column IL If the correct matches area —>p,a—>s,,b— ¢,
b — r, ¢ = p, ¢ — q and d —> s, then the correctly bubbled
4 x 4 matrix should be as follows:

P g I s
POOG
ololelo
IROOG

1. Consider the parabola (x — 1)+ (y—2) =

169
Column I Column II

a. Locus of point of intersection | p. 12x—5y-2=0
of perpendicular tangent )

b. Locus of foot of perpendicular | q. 5x+12y—29=0
from focus upon any tangent '

¢. Line along which minimum { r. 12x-5y+3=0
length of focal chord occurs

d. Line about which parabola is | s. 24x—10y+1=0
symmetrical

2. Consider the parabola ¥ =12x.

Column 1 Column II

a. Equation of tangent can be p. 2x+y-6=0

b. Equation of normal can be q. 3x—y+1=0

¢. Equation of chord of contact w.r.t. x—-2y—12=0
any point on the directrix can be
d. Equationofchord whichsubtends | s. 2x—y—-36=0

right angle at the vertex can be

Parabola 3.43

3.
Column I Column II
a. Tangents are drawn from point (2, 3) | p. (9,-6)
to the parabola y*= 4x, then points of
contact are
b. From a point P on the circle x+y*=5,

q. (1,2
the equation of cherd of contact to the | . :
parabola y* = 4x is y = 2(x — 2), then
the coordinate of point P will be

c. P4, —4), Q are points on parabola T -2, 1)
y* = 4x such that area of APOQ is 6
sq. units where O-is the vertex, then

coordinates of O may be

d. The common chord of circle ¥+y*=5
and parabola 6y = 5x* + 7x will pass
through point(s)

s. (4,4)

_(12x-5y+3)

Column I - Column I1

a. Points from which perpendiculartangents | p. (—i, 2)

can be drawn to parabola y* = 4x

b. Points from which only one normal can | q. (3,2)

be drawn to parabola ¥ =4x

¢. Point at which chord x —y +1 =0 of

r. (-1,-5)
parabola y* = 4x is bisected :

d. Points from which tangents cannot be | s. (5,-2)

drawn to parabola y* = 4x

Integer Type

1. If the length of the latus rectum of the parabola 169 {(x
~ 1+ (y = 3)%} = (5x — 12y + 17)" is L then the value of

13L
— is
4

Solutions on page 3.80

2.y = x + 2 is any tangent to the parabola y* = 8x. The or-
dinate of the point P on this tangent such that the other
tangent from it which is perpendicular to it is

3. The focal chord of y* = 16x is tangent to (x — 6 +y* =2,
then the possible value of the square of slope of this chord
is
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4.

"T'wo tangents are drawn from the point (-2, —1) to the
parabola y*=4x. If is the angle between these tangents
then tan 0=

. The equation of the line touching both the parabolas y* =

Ax and x* =— 32y is ax + by + ¢ = 0 then the value of a +
b tcis

. If the point P(4, — 2) is the one end of the focal chord PQ

of the y* = x, then the slope of the tangent at Q is

. If the line x + y = 6 is a normal to the parabola y* = 8x at

point (a, b) then the value of a + b is

. The locus of the mid-points of the pdrtion of the normal

to the parabola y* = 16x intercepted between the curve
and the axis is another parabola whose latus rectum is

. Consider locus of center of circle which touches circle x”

+ ¥* =4 and line x = 4. The distance of the vertex of the

10.

11.
12.

13.

14.
15.

16.

Archives i

locus from origin is

If on a given base BC (B(0, 0) and C(2, 0)) a triangle be
described such that the sum of the tangents of the base
angles is 4, then equation of locus of opposite vertex 4 is
parabola whose directrix is y = £, then the value of 8k —9 is

PQ is any focal chord of the parabola y* = 8 x. Then the
length of PQ can never be less than

If the length of focal chord to the parabola y* = 12x drawn
from the point (3, 6) on it is L then the value of L/3 is

From the point (-1, 2) tangent lines are drawn to the pa-
rabola y*= 4x. If the area of the triangle formed by the

chord of contact & the tangeﬁts i8 A then the value of A
is V2
Line y = 2x — b cuts the parabola y = x* — 4x at points A
and B. Then the value of b for which the Z4OB is a right
angle is ‘ '

A line through the origin intersects the parabola 5y = 2x*
—9x + 10 at two points whose x-coordinates add up to 17.
Then the slope of the line is

If circle and (x — 6)* + y* = #* and parabola 3 = 4x have
maximum number of common chord then least integral
value of 7 is

Subjective Type

1.

Suppose that the normals drawn at three different points
on the parabola y* = 4x pass through the point (%, k). Show
that 2> 2. (IIT-JEE, 1981)

2.

10.

11.

A is a point on the parabola y* = 4ax. The normal at 4 cuts
the parabola again at point B. If AB subtends a right angle
at the vertex of the parabola. find the slope of AB

(IIT-JEE, 1982)

. Find the equation of the normal to the curve x* = 4y which

passes through the point (1, 2). (IIT-JEE, 1984)

. Three normals are drawn from the point (¢, 0) to the curve

y* = x. Show that ¢ must be greater than 2 One normal is
always the x-axis. Find ¢ for which the other two normals

are perpendicular to each other. (IIT-JEE, 1991)

. Through the vertex O of parabola y* = 4x, chords OP and

OQ are drawn at right angles to one another. Show that
for all positions of P, PQ cuts the axis of the parabola at
a fixed point. Also find the locus of the middle point of
PQ. (IIT-JEE, 1994)

. Show that the locus of a point which divides a chord of

slope 2 of the paraBola y* = 4x internally in the ratio 1:2
is a parabola. Find the vertex of this parabola.

(IT-JEE, 1995)

. Points 4, B and C lie on the parabola y* = 4ax. The

tangents to the parabola at 4, B and C, taken in pairs,
intersect at points P; Q and R. Determine the ratio of the
areas of the triangles 4BC and PQR.

(IT-JEE, 1996)

. From a point 4 common tangents are drawn to the circle

x* + y* = a*/2 and parabola y* = 4ax. Find the area of the
quadrilateral formed by the common tangents, the chord
of contact of the circle and the chord of contact of the

parabola. (II'T-JEE, 1996)

. The angle between a pair of tangents drawn from a point

P to the parabola y* = 4ax is 45°. Show that the locus of
(IIT-JEE, 1998)

Let C and C2 be, respectively, the parabola x* = y — 1

the point P is a hyperbola.

and y2 =x — 1. Let P be any point on C1 and Q be any
point on C, Let P and 0, be the reflections of P and
0, respectively, with respect to the line y = x. Prove that
P, lies on C2, Q1 lies on C1 and PQ > min{PPl, QQI}.
Hence, or otherwise determine points P and g, on the
parabolas C , and C, respectively, such that PO <PQ

for all pairs of points (P, Q) with P on C ,andQonC ”
(IT-JEE, 2000)

Normals are drawn from the point P with slopes m,m,

m, to that parabola y* = 4x. If locus of P with m m=a is

a part of the parabola itself, then find a. (IIT-JEE, 2003)



12. Tangent is drawn to parabola y -2y -4x+5=0ata
point P which cuts the directrix at the point Q. A point R
is such that it divides QP externally in the ratio %: 1. Find
the locus of point R. (IIT-JEE, 2004)

Objective Type
Fill inthe blanks

1. The point of intersection of the tangents at the ends of the
latus rectum of the parabola y* = 4x is

(UT-JEE, 1994)

Multiple choice questions with one correct answer

1. Consider a circle with its centre lying on the focus of the
parabola y* = 2px such that it touches the directrix of the
parabola. Then a point of intersection of the circle and
parabola is

v Br)alBs) b (5

|
cth) a5
(IIT-JEE, 1995)

2. The curve described parametrically by x = £+,
y=t£—t+ 1 represents

a pair of straight lines
an ellipse

a parabola

o B

a hyperbola
(IIT-JEE, 1999)

3. If x + y = k is normal to y* = 12x, then k is
a. 3 b. 9 c. -9 d. -3
(IIT-JEE, 2000)

4. If the line x — 1 = 0 is the directrix of the parabola
y* — kx + 8 = 0, then one of the values of k is

1 1
a. g b. 8 c. 4 d. 4
(IIT-JEE, 2000)

5. The equation of the common tangent touching the circle

(x — 3)* + y* = 9 and the parabola y* = 4x above the

x-axis is
a. V3y=3x+1 b. V3y=—(x+3)
c. 2y =x+3 d. 3y=—(03x+1)
(IIT-JEE, 2001)

6. The equation of the directrix of the parabola 2+ 4y + 4x
+2=0is

__ - __3 3
a. x=—1 b. x=1 c.x—zd.x2

(IIT-JEE, 2001)
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7. The locus of the midpoint of the segment joining the focus
to a moving point on the parabola y* = dax is another
parabola with directix

a, y=0 b. x=-a
c. x=0 d. none of these
(IIT-JEE, 2002)

8. The focal chord to y* = 16x is tangent to (x — 6 +3y*=2,
then the possible value of the slope of this chord, are

a. {-1.1} b. {-2,2}
e (2.4 d. 2,-7)
(IIT-JEE, 2003) -

9. The angle between the tangents drawn from the point
(1, 4) to the parabola y*=4dxis

T T T T
a. ¢ b. 4 ¢ 3 d. 3
(IIT-JEE, 2004)

10. Tangent to the curve y = x* + 6 at a point (1, 7) touches
the circle x> + y* = 16x + 12y + ¢ = 0 at a point Q. Then
the coordinate of Q are

a. (-6, -11) b. (-9,-13)
c. (-10,-15) d. (-6,-7)
(T-JEE, 2005)

11. The axis of a parabola is along the line y = x and the
distance of its vertex and focus from origin are V2 and
242, respectively. If vertex and focus both lie in the first
quadrant, then the equation of the parabola is

C ) =E-y-2)
L@y =ty-2)
c. x—yY=4@x+y-2)
d. x-y) =8@x+y-2)

12. Consider the two curves C,:y” = 4x, Cyx*+y* —6x+1
= 0. Then

0

[~

a. C and C, touch each other only at one point
b. C, and C, touch each other exactly at two points

c. C . and C N intersect (but do not touch) at exactly two
points

d. C ' and C R neither intersect nor touch each other

(IIT-JEE, 2008)

13. Let (x, y) by any point on the parabola y = 4x. Let P be
the point that divides the line segment from (0, 0) to (x, y)
in the ratio 1 : 3. Then the locus of P is

a. x’=y b. ' =2x
c. yY'=x d. x¥*=2y (IIT-JEE, 2011)
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Multiple choice questions with one or more than one correct

answer

1. The equations of the common tangents to the parabola
y= x*andy=—(x— 2)? is/are
a. y=4x—-1 b. y=0
c. y=—4(x~-1)  d y=-30x—50
(IIT-JEE, 2006)

2.Let P (xl, y,)and Q (x,, v.), ¥, <0,y, <0, be the end

points of the latus rectum of the ellipse x> + 4y* = 4. The
equations of parabolas with latus rectum PQ are

a. x*+2V3y=3++3
b. x*—2V3y=3++3
¢. x’+2\3y=3-+3
d. x*-2V3y=3-3 _
(IIT-JEE, 2008)

3. The tangent PT and the normal PN to the parabola
y* = 4ax at a point P on it meet its axis at point 7 and N,
respectively. The locus of the centroid of the triangle PTN
is a parabola whose

a. vertex is (%, 0)
b. directrixisx=0

¢. latus rectum is %

d. focusis (a, 0) (IIT-JEE, 2009)

4. Let A and B be two distinct points on the parabola y* = 4x.
If the axis of the parabola touches a circle of radius # hav-
ing AB as its diameter, then the slope of the line joining 4

and B can be
a. —l b. l
r ¥
2 2
c. — d = (I1T-JEE, 2010)
r ¥

5. Let L be a normal to the parabola y* = 4x. If L passes
through the point (9, 6}, then L is given by

a. y—x+3=0 b. y+3x-33=0

d y—2x+12=0
(IIT-JEE,2011)

c. y+x—-15=0

Match the following

1./(3, 0) is the point from which three normals are drawn to
the parabola y* = 4x which meet the parabola in the points
P, Q and R. Then (IT-JEE, 2006)

Column 1 Column I1
i. Area of APQR , a2
ii. Radius of circumcircle of APQOR b. %

<o
~——

iii. Centroid of APQR

e

WIN | N[
<
——

iv. Circumcentre of APQR

-

Comprehension based questions

Consider the circle x* + y* = 9 and the parabola y” = 8x. They
intersect at P and Q in the first and the fourth quadrants,
respectively. Tangents to the circle at P and Q intersect the
x-axis at R and tangents to the parabola at P and Q intersect
the x-axis at S. (IIT-JEE, 2007)

1. The ratio of the areas of the triangles PQS and POR is
a. 12 b. 112 ¢ 14 d. 1:8
2. The radius of the circumcircle of the triangle PRS is

a. 5 b. 3¥3 ¢ 3V2 d 2V3
3. The radius of the incircle of the triangle PQOR is

a. 4 b. 3 c.§ d. 2

Assertion and Reasoning
' 2
—x

1. Statement 1: The curve y = +x + 1 is symmetric

with respect to the line x = 1.
Statement 2 : A parabola is symmetric about its axis.
a. Statement 2 is true, statement 2 is true; statement 2 is
a correct explanation for statement 2
b. Statement 2 is true, statement 2 is true; statement 2 is
NOT a correct explanation for statement 2
c. Statement 2 is true, statement 2 is false
d. Statement 2 is false, statement 2 is true.
(IIT-JEE, 2007)

Integer type

1. Consider the parabola y* = 8x. Let A, be the area of the
triangle formed by the end points of its latus rectum and

. 1
the point P [E 2) on the parabola, and A, be the area

of the triangle formed by drawing tangents at P and at the

. A
end points of the latus rectum. Then —- s
2

(IT-JEE, 2011)
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ANSWERS AND SOLUTIONS
1
Z A

Subjective Type NI , Equation of the 4B is & + %
X
a
1. | 1/az ¥ P2
R

Equation of the directrix is
b Y By definition of parabola BD =BM=——>

P(a?’, 2af)

.><V

(a,0)
O(alt', -2al?)

= 2(1 —A) ab = +(d* + b%)

~(@-by (atby
= or

= 7 A=""2ab 2ab
Fig. 3.63 )
Let the parabola be y* = 4ax. = Directrices are % + % = :%)—,
APQR is right angled at R as tangents at the extremities of
the focal chord meet on the directrix at right angle. « v (a+b)
and a*tp = 2ab

Also coordinates of points P and Q are P(af’, 2at) and"

(ﬂ ‘zTa) respectively. => Two parabolas are possible whose equations are

7 given by
Hence, point of intersection of tangents at point P(?) (£+ v, (a— b )z
1) . 1 . . ay ( Q)2 a b 2ab
and Q( - 7) is (— a, a(t - 7)) and the coordinates of the (x - 2) Y=5) = .1
a b
1 1
centrOId(G)ls( (r —?—1),a(t—7) ) (£+X (a+b)2)2
(Y~Q)2+(y——)2: a4 b 2ab
Hence, the slope of line RG = 0 (R is orthocentre). 2 2 L? + Lz
a b

P(a cos 8, d sin 0)

>+ Bv =1
Fig. 3.65
Fig. 3.64 Let centre of the variable circle be (4, k) and the point

. 2, . 2_ 2 .
AB is the shortest focal chord of the parabola, i.e., it is the taken on the first circle x” + " = a” be (a cos 6, a sin 6)

latus rectum.

= Focus of the parabola is the midpoint of 48 (a cos )x + (asin O)y = b’
. 2

:(gé) = xcose+ysin9:%

Equation of the chord of contact AB will be
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As this is tangent to the variable circle, centre of variable
circle is at a constant distance » from 4B and O where is
the radius (variable).

Hence, locus is a parabola.

Fig. 3.66

As circle is (x + 1) + y* = 1, one of the common tangent
is along y-axis.

Let the other common tangent has slope m,
Then, its equationis  y =mx + %
Solving it with the equation of circle,
2
x2+(mx+%) +2x=0

= (1+m)x*+4x+-L =0
m

As the line touches the circle, D=0 ‘

= 16— 1+ =0 dm’=1+m
m
1
=4 —
= m Nl
ie. ZBOA = ZOAC= %
Hence, the triangle is equilateral.
5.
Y
Y ,
B(l, 2) A(tl! 2tl)
X » X
v C(8, 2t)
v
Fig. 3.67

Let points 4 and B be (tf, 2tl) and (t; 2t2),

then m m_=-]

= (t+1)'(t+1)=_l

= toHt et ==5 )

Let the centroid of the AABC be (, k), then

2
_n+h+ ]
h=t—g—
2t1+2t2+2
and k=—3— (ii)
From Eq. (ii), we get
3k-2
tf+t§=3h—landt1+t2=T
(iii)
or (t,+e )y -2 =3h-1
k-2 _
o (E2V g =341
3k—2Y?
ks (5 )‘(3}1‘1)_
Hence, from Eq. (i), - 5T 3 =—

) 3y -2\
Hence, locus is 3y — 2 + 5 -Bx-1)+10=0

v

A4 p E®0) B

Fig. 3.68
Let ABCD be a page with AB = a, BC=b.
The corner B of folded leaf is moving along 4D.
Let 4 be origin, AE = A, then equation of crease EF is

y=(x—h)tan6 6]
Now L AEB =7 —20
g P
= cos (7 20)-a_h
tan’60-1
= tan”0+1 a—h
2p__ a
= tan e_a—Zh
J’Z a .
= (x——h)2=a—2h [fromEq.(l)],



= (a—2h)" = a(x — bY’
— gl + 207 —ah+alx’ =y =0

For two coincident lines, discriminant D =

4(y° —axy - 4x* -y =0
= Y - 2m+a)=0

0

Therefore, the crease is tangent to y?—2ax+ a* =0, which

is a parabola.
7. Let the fixed parabola is

y2=4ax

Fig. 3.69

“and moving parabola is

(y— k) =—4a (x—h) (D)
On solving Egs. (i) and (ii), we get

2
2 _ y
ot —sa{3-1)
= y2—2ky+k2=—y2+4ah
= 2} -2ky+k*—4ah=0

Since the two parabolas touch each other, so D=0

= ak* — 8(k* — dah) =0
= —4k*+32ah=0
= k* = 8ah

— Locus of the vertex of the moving parabola is

y* = 8ax.

8. Since the x-axis and the y-axis are two perpendicular
tangents to the parabola and both meet at the origin, the

directrix passes through the origin.
Y

;

B(0, 1)
F(h, k)
X 150 —»X
Y
Fig. 3.70

@
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Let y = mx be the directrix and (h, k) be the focus

= FA =AM

Ty _ m .
= Jr-1P+ R ‘ L mZ\ @
and FB=BN

1

= N+ (k-1 =|7=—=
k-1 =150

Squaring and adding Egs. (i) and (ii), we get
-1+ K+ k=1 =1

(1)

= 222 +2 -2+ 1=0, which is the required
locus.

. Tangent at the vertex is y-axis or x =0 )]

t

-

P
M
X'— 7 —»X

=

Y
, Fig. 3.71
Let P be any point (af*, 2at) on the parabola.

So, PN = 2at and coordinates of N are (at’, 0).

(atz, 2at)

1£ Mis the midpoint of PN, then NM =% PN = at.

As MQ is parallel to x-axis, its equation is

y=at (ii)
Solving (ii) with parabola a‘t* =4dax
_1 2
= x=7 at

So, the coordinates of Q are %atz, at).

Equation of NQ will be
-0
-0 =75 (x-a)
Zat —at
_-4 2 i
= Y= (x—at) (i)

If NQ meets the tangent at the vertex, i.e., x =0 at 7, then

on putting x = 0 in Eq. (i), we gety = &g_t.

So the coordinates of T are (0, %) or AT = %-

= AT=—23— x PN
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10. y=mx+g (i) S4(1+22 - 251+ ) +25 =0
1is a tangent to y2=4ax and, ={(1 +t2)—5}{4(1 +t2)—5} =0
) b .
x=mly+ﬁ1: (i1) - 1+t‘—5,4i
1is a tangent to x” =4by. _4 1
I_ines (1) and (ii) are perpendicular. = "4
' 1
= mxp =1 = t=%2,%3

! Thus, the coordinates of 4, B, C, D are

= m =—m
. ! . . " 4=01 ,B=(4,4
Let (h, k) be the point of intersection of Egs. (i) and (ii), (174, 1) 4,9,
then - C=(4,-4
k=mh+ % andh=mk+:5 and D =(1/4,- 1)
4 Z AD =2, BC = 8 and distance between AD and BC
= k=mh+77,—andh=—mk—m i5
= m*h—~mk+a=0 =4
and wmik+mh+b=0 Therefore, area of trapezium ABCD
2 ’ 1 15
m __m __ 1 =2+ 8) x=—
= “kb—ah dk—-bh R4 228 xY
75 .
[By cross-multiplication] =4 sq.umts
Eliminating m, we have 12. The given curves are x* — y* = o* @)
— (W + k%) (kb + ah) = (bh — ak)’ and y=x (i)
= & +y)(ax+by)+(bx-ay)’ =0 Solvmg Egs. (i) and (ii) for y, we find that
11. AS =1+7 (focal distance of any point on the parabola x2— y =4
=4ax is a + at®) = y—y=d
Y 2 2 _
= -y+a =0
+ a2 7 . . r e
- Since y is real, 1 >4a
1 1
= 2 54%3
o The equation of any conic through the point of intersec-
0 tion of hyperbola and parabola is

(xzn— PV -d)+Ay—xH) =0
= x*(1-2)—y*+Ay—d* = 0 which is circle, then
l-A=-1=4=2
Hence, the equation of the circle is
x*+y?P =2y +d* = 0.

13.
AC is a focal chord. K
1,1 1
= ASTCs T a
-1,2)
1 1 B o
= + =1 : _
2 T =2
1+¢ %—(l‘i*‘tz) 2 / Y
’ .4
ol 4 T
1+7 25-4(1+19) J
= 2541+ +4(1+) =1 +25-4(1 + 1Y) - v



14.

15.

) and

¥ =4x+y)
= =2 =4@x+1) ®
Its focus is (0, 2).
I_et radius of the circle is
T hen, equation of circle is
G- +(-27 =7 (ii)

Solving Egs. (i) and (ii), we have
x—rP+ax+1) =7
X+(@-2x+4=0

(4-2rY —-16 =0 [ D=0]
= 4-2r ==+4
= r=4

From the property of parabola, R is a focus.

P(at’, 2at) .

S(h, k)

1 _
and A =35>t K

So the required locus is

(20(252) - #)= @ T2 (o (252 - )
¥ = (x— a)alx - @) - Y (2 + 2a))

=

Let the three points be 4 (af,,
C (atj, 2at3)

Tangents at these point are

2at), B-(at, 2at),

1y = x+atf, t2y=x+at§

Ly =x+ ati
Since ¢, 1, 1, are distinct, no two tangents are parallel or
coincident.
Hence, these tangents will form a triangle.

The vertices of the triangle are [aff, a(t, + ¢)], [at.t,,
12 1 2 23
a(t2 + 13)] and [at}tl a(t3 + t1)]' :

Equation of the two altitudes are
y- a(t2 + t})] = tl(x - atztz)

v— a(t3 + t1)] = t2(x —at, t1)

®
(i)

16.

17.

Parabola 3.51

Subtracting Eq. (ii) from Eq. (i), we getx=-a

Hence, the locus of the orthocenter is x + a = 0 which is
the directrix of the parabola.

P(at}, 2at))
O(at, 2at,)

Fig. 3.75

PQ =% = (af, - af)} + 2a(t, ~ 1 )]
Also midpoint of PQ is (A, k).

= 2h =a(f+5);a(t, +1)=k

Also projection of v on AB =c
v.4B

—
|4B|

U

=C

| a (ti— tf) cosa +2a(t2 —tz).sina I=c
a @, —'t])2 [a(z, + 1) cos a + 2a sin al’=¢

& [(t2 + tl)2 - 4t1't2] [a(f2 + tl) cos a + 2asina]’ = ¢

O

(* —4ax) (y cos a + 2asina) + a’c? =0

Fig. 3.76
Equation of ON is

=—%x0rx+my=0

Solving it with y =mx+c,

coordinates of N are ( —Lm < )

L+m*’ 1 +m?

Also TA = AN
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i} 1+m* ™
¢ _
and l+m2—2k
= c = 2k(1 +mP
Y
N

Fig. 3.77
Hence, equation of the axis of symmetry is

y = mx + 2k (1 + m)?

or 2k’ +mx+2k-y =0 - @)
This family of lines touch a curve which is obtained by
equating to zero the discriminant of Eq. (i).
Hence, x*—8k(2k—~y) =0
or x* = = 8k(y — 2k)

18. Let the point P be (p, 0) and equation of the chord through
P be

cosg@ " g =r(reR) (1)
(r cos  + p, r sin 6) lies on the parabola y* = 4ax

r* sin® 6 — 4ar cos 0 - 4ap=0 (ii)

IfAP=r,BP=—r , then r, and r, are roots of Eq. (if)

N 4acosg —4ap

r +r = JFP P =

2 sin’ @ 2 sin’@
1 1 1,1

Now AP BP AT

2
_ (ry+r) =2rr,

22

. F.

12

_cos’6  sin’ 0
| P 2ap
ii;ze ﬁ + ﬁ should be independent of 6, we take p

Then ﬁf I_S’IF = tz- (cos® 0 + sin® 6)
-1
1 i 4q*
Hence, P + B is independent of 6 for all positions of

the chord if P = (2a, 0).

Objective Type

1. b. The coordinates of the focus and vertex of the required
parabola are S(al, 0) and A(a, 0), respectively. Therefore,
the distance between the vertex and focus is AS=a. —a
and so the length of the latus rectum = 4(a . a).

Thus, the equation of the parabola is
¥ = 4(al —a)(x—a).
2. d. Parabola having axis parallel to y-axis is
(x—a)* = 44(y - b).
According to question, length of latus rectum 44 = /.
Hence, equation of parabola is

(-af =4 0= )

or (- a) = £ 2y-20)
3.b.x=3cost,y=4sin¢

Eliminating ¢, we have

, 2
% + }1}—6 = 1, which is ellipse

x*-2 =2cost;y=4c052%

= y=2(1+2cost)

which is parabola
X =tan £y =sect
Eliminating ¢, we have
y—x = 1, which is straight line

x=~1-sint;y

y =sin ZL + cos %
Eliminating ¢, we have
x*+y*=1—sinz+ 1 +sin t =2, which is circle.

4. c. Tangent at the vertex is
x—y+1=0 @)



Y x—y+2=0

A LM
x—-y+1=0
zZ
CP(xy)
A
v
Y’
Fig. 3.78
Therefore, equation of axis of the parabola is
' x+y=0 (ii)

Now solving Egs. (i) and (i), we get A(— %, %)
S Zis(-1, 1) '

Now directrix is

x-y+tk=0
But this passes through Z(-1, 1)
= : k=2
= Directrix is x—y+2=0
Therefore, by definition equation of parabola is given by

OP =PM
= OP* = PM*
x—y+2\
() e

= '(x—y+2)2=2xz+2y2

=x?+y? +4 -2y +dx— 4y = 26 + 2
=x’+y + 2y —dx+4y—4=0
5. b. We have, \px + gy =1

= (PE + a7 ) = 1
=  pxtgy+2{pgy) =1
= (px+qy - 1) = 4pg)(xy)

= P -2(g)w) + 4y -2px-2qy+1=0
On comparing this equation with the equation
ax® + 2hxy + by* +2gx + 2fy + ¢ = 0, we get

a=p2,b=q2,c=1,g=—p,

Parabola 3.53

f=—qandh=-pq

A = abc+2fgh—af*—bg*
' —ch?
='¢-20d -'T -r's
-r'd
= —4p2q2 #0

and, _ W—ab=pq-p’q =0

Thus, we have A #0and ¥’ =ab

Hence, the given curve is parabola.

6. d. Two parabolas are equal if the length of their latus rec-
tum are equal.

Length of the latus rectum of y* = Ax is A.
The equation of the second parabola is

25{(x— 37+ (y +2)2} = (3x—4y—2)*

[3x — 4y — 2|
= x-3»+(y+2)Y =—F—F—=—
VPO T
Here focus is (3, — 2) and equation of the directrix is
3x—4y-2=0.

Therefore, length of the latus rectum = 2 x distance
between focus and directrix

_,|3x3-4xE2 -2
V32 + (- 4)
Thus, the two parabolas are equal, if 1 = 6.

7. d. Length of latus rectum
=2 x distance of focus form directrix

2 )
—g—cosm-—g—
-7 x g g
il
2
=%Tucosza

8. a. Make homogeneous and put 4 + B=0

7 = tar(E57)
dal+n =20

9. a.x>+y*—2xy—8x—8y+32=0

= - @=y) =8x+y-4)
is a parabola whose axis is x — y = 0 and the tangent at the
vertexisx+y—4=0.
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10.

11.

12.

A#Y

—» X

x+y—4=0
v
YI
Fig. 3.79
Also, when » =0, we have
-8 +32=0

which gives no real values of x.

when x = 0, we have y* —
values of y.

8y + 32 =0 which gives no real

So, the parabola does not intersect the axes. Hence the
graph falls in the first quadrant.

d. Eliminating 8 from the given equations, we get

= —da(x — a);
which is a parabolabut 0 < cos’0 <1
= 0<x<a »
and —1 <smf<1
= —2a<y<2a

Hence, the locus of the point P is not exactly the parabola,
rather it is a part of the parabola.

c. (V3r,\3k+2 2) lies on the linex—y—1=0

= (V3h) = (Bk+2+1)
EN 3h=3k+2+1+2V3k+2
= B¥h—k—172 =22 (\3k+2)

= O+ 7+ 1 = 2hk— 20+ 2k) = 4(3k + 2)
= 9P+ — 18y~ 18x+6y+1=0
I =aband A0

Therefore, locus is a parabola.
c.

Now

Y4

B (0.5, 4)

> X

Fig. 3.80

13.

14.

15.

16.

The path of the water jet is a parabola.
Let its equation be

y=ax’+bx+c
It should pass through (0, 0), (0.5,4),(1,0)

= c=0,a=-16,b=16
= y =—16x" + 16x
Ifx=0.75, we get y = 3.

a. x=—t+1L,y=~+r+1
= x+y =2+ 1)andy —x=2¢
= ()

= : G-x) =2x+y)—4

= (-2 =20+y-2)

Vertex will be the point where lines y —x = 0 and x + y —
2 =0 meet, i.e., the point (1, ).

¢. Let the point P(%, k) on the parabola divides the line
joining 4(4, —6) and B(3, 1) in ratio A.

34+4 —6)
A+1°2+1

) =

This point lies on the parabola,

=) -3

Then, we have

= A —6) =43l +4HA+1)
= 11A% + 404 —20 = 0

, _ —20+ 2155
= A= — 1

d. Let P(x, y) be the coordinates of the other end of the
chord. OP.

Then : X er 0_ a, )%O =
But (x, y) lies on the parabola
Yy =4x
= (2b)* = 4(2a)
= b =2a

c. Let pomts P(al‘l, 2at) and Q(ai,, 2af) lie on the
parabola y* = 4ax.

Here points P and Q are variable but slope of the chord

PQ,

m_ = 2
PQ t[ + 12
Now let midpoint PQ be R(h, k),
_ Zat[ + 2at2
2
or k=a(t +1)=5
2
= . Y = s

which is a line parallel to the axis of parabola.



17. . Any line passing through focus other than axis always
rxeets parabola in two distinct points:
Hence, m € R— {0}.

18.
pnonic mean between the segments of any focal chord of
a parabola, therefore SP, 4, SQ are in HP.

_ 25P.SQ
= - 4=5p+50
_ 2(6)(SQ)
= “6+50
= 24+ 4SQ) = 12(SQ)
= S0 =3
19. a. The graph shows 1 > 0.
Fig. 3.81
20. ¢. Let X, X, and X, be the abscissae of the points on the

parabola whose ordinates are y , y, and y,, respectively.
4ax3. Therefore, the
area of the triangle whose vertices are (x, ) (xz, yz) and
(x,, y3) is

Then y; = 4ax , V= 4ax, and yi=

S
J
—_——

- ), =y

0, =y)
21. d. The given parabolas are
y2 = dax
and x* = day
From Eq. (ii),

(i)

c- Since the semi-latus rectum of a parabola is the har-

22.

23.

Parabola 3.55

Putting in Eq. (i),
.
x

=4
162
= x=0orx=4a
When x=0,y=0,
. _16a _
and when _ x =4da,y= %a =4a

Thus, Egs. (1) and (ii) meet at (0, 0) and (4a, 4a).
Now 2bx+3cy+4d =0
passes through (4a, 4a) and (0, 0).

= d=20
and 2b(4a) + 3c(da) =

= ' 26+3¢=0
= F+@2b+3e) =d

b. Let R(h, k) be the midpoint of PQ. Therefore, Q is

(2h — 1, 2k)
Since Q lies on ' =8x

k72 = 82h— 1)

Y4
0
R(h, B)
P(1,0) X
Fig. 3.82
Hence, locus of Q(h, k) is
’ Y =202x-1)
or yr=4x-2
= Y —4x+2=0
PN R
a. The family of parabolas is y = 3x aT —2aq and the
vertex is A 1=k R
(2A 44 ) &
-2 __ 3
= h=- 2-0—3 " 4a
3
(a_Z)Z 44’ (-2a)
and k= 227 3 3 3
44
3
-_3 __35a
= h=- ia and k=— i

Eliminating a, we have 7k = 105/64.
Hence, the required locus is xy = 105/64.
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24, c. Let Cl(h, k) be the centre of the circle.
CCircle touches the x-axis then its radius is r = k.

~ Also circle touches the circle with centre C (0 3) and

-radius r,= =2,

.. IC, C,| =rtr,
= V(h - 07 + (k= 3)% = |k +2|
Squaring

W —-10k+5 =0

= Locus is x> — 10y + 5 = 0, which is parabola.

" 25. b. Let P(x, y) be the point of contact. At ‘P’ both of them

must have same slope. We have,
dy D
ZyE = 4a,2x—4a£
& 2
Eliminating a2 veeget xy =da’.

26. a. Let the point be P(ar?, 2af).

Then according to question, SP=at* +a=k )

Let (a, B) is the moving point, then a = af®, B = 2at
a

" = =
p

and a=

(v point (a, B) lies on y* = 4ax)
On substituting these values in Eq. (i),

/32 40’
I 1+ 7 =k
= B+ 40” = 4k
= 4x* +y? — 4o = 0 is the required locus.

27. d.y — 3 x + 3 = 0 can be rewritten as

y-0 _x-3_ 0
32z T

On solving Eq. (i) with the parabola y* = x + 2
3r2 = + V3 +2
= 3r2—2r—(4\/—+8) =0
= APAQ = ]r1 7,
_4 (V3 +2)
3

(product of roots)

28. a.Let P(—2 +r.cos 6, r sin 6) and Q lies on parabola

< : »X
X 4(-2,0) O _

Fig. 3.83

= rzsin20—4(—2+rcose)=0

- N _4cos6 8
¥ tr =——— =—
L "2 sin?@ sin’ @

N 1,1 "t cosé

ow yT A To R

- A L 1
Given that 2P 0 <3
= cos 0 <3
= tan 6 > V3

(" cos 6 is decreasing and tan 6 is increasing in (0, 77/2))

= m >3

29. a. The general equation of a parabola having its axis par-
allel to y-axis is

y=ax*+bx+c @)
This is touched by the line y = x atx = 1.

Therefore, slope of the tangent at (1, 1) is 1 and, x = ax?
+ bx + ¢ must have equal roots.

= (%)M = land (b— 1)’ =4ac

= 2a+b =1and (b-1)*=4ac

Also, (1, 1) lies on Eq. (i)

= atb+tc=1

From 2a+b=1anda+b+c
=1, a-c=0

= a==«c¢

Then from atb+tc=1, 2¢c+b=1

= 200y +1'(0) = 1

[~ A0)=candf'(0) = b]



30. .

31.

S

2 S(a,0)
B
Fig. 3.84
Let 4 = (af,, 2at)), B = (at,, — 2at).
We have
- S
My~ tan( 6 )
2at 1
= ==
at,—a V3
= f+2\31-1=0
= t = —~3+2
Clearly t, =—3 -2 isrejected.
Thus, = 2-3)
Hence, AB = 4at =4a (2 -3)
e V=(P-1i+21] '

-> N n
n=j-1

. . - -
Projection of ¥ on n

Fig. 3.85

en X _ 4. _ 2
Given i 4;butx=T

dx _ 5pdl
= & =T
When P(4, 4) then T=2
= 4=20%

ar _
= dr - 1

dy _(—2T+2\ dT
Now _dt—(——_\lf )—67

v.n_(-7)+2r
|7 | N3

Parabola 3.57

Therefore, at T=2,

P _ _
V2o =-4+2=-2

= _ % =-2
32. a. Let focus be (q, b).
Equations are
S, ix—al+@-bF =x
and S : (x—a)2+(y—b)2 =y°
Common chord S, — S, =0 givesx?—y*=0

= y==xx

33.d.Putx’= Ja} in circle, x> + (y — 1) = 1, we get

(Note that for @ < 0 they cannot intersect other than

origjn)%+y2—2y=0. Hence,wegety=00ry=2—%

Substituting
y
A
©, blc
X' ¢
Fig. 3.86
1
ax2 =2- a
2a—1
= =250
a
1
= a > 5
— -1
34. d. Chord through (2, 1) is2=2 =2 =

cosf sinb

¢ A

2,1
ey,

Fig. 3.87

Solving Eq. (i) with parabola y* =x, we have

(1 +rsin8)* =2+ rcos 6
= sin*@r*+(2sinf—cosG)r—1=0

y=2—% iny=ax2,weget
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This equation has two roots r ,=ACandr,= - BC

Then, sum of roots rotr, = 0

— 2sin0—cos€=0:>tan6=%
AB=|r1—r2|

= 41— =25
sin“ @

35, ¢. Solving circle x* + y* = 5 and parabola y* = 4x, we

have

X' +4x-5=0
= ' x=1
or x = — 5 (not possible)
= Y =dory==+2
=> Points of intersection are P(1, 2); O(1, — 2)
Hence, - PO =4

36. ¢. Difference of the ordinate”

d= (2aé+270 =2a‘t+%’

Y glat’, 2at)

Fig. 3.88
at” 2at |
Now area A4 =% ’% —%‘1 1 =a2(t+7
o o1
= 2a(t+%)=27‘4

37.a. AB is a focal chord, then 4 (af,, 2at) and

a —2a
b (2=2)

1
1

. 2 a — 2a
A sz is a focal chord, then Az(atz, 2at)) and B, (? 5 )

Now equation of chord 44, 1s

y(t1 + t2) - 2x —2at1t2 =0 (i)

ChordBleis
o) 222 (1)
771 2x2a(-+]|{ -+]=0
y( Lo f L
or y(tl+t2)+2xtlt2+2a'=0 (i1)

For their intersection, we subtract them and get

2x(12,+1) +2a(12,+1) =0
or o (x+a)(1+t_112)=0

= x+a=0

Hence, they interset on directrix.

. b. Joint equation of OA4 and OB is
x* = dx(y = 3x) — 4p(y — 3x) + 20y ~ 3x)’ =0

Making equation of parabola homogeneous using straight
line.

= x*(1+12+180) —y*(4 — 20)~ xp(4 ~ 12+ 120) = 0

= 193x*+16y*—112xy = 0

2k —ab

tan 6 = Py
_2V56° - 193 x 16 _ 8V3
193 + 16 209
39. a. Let the midpoint of PQ be (a, §)
= a=x+% andﬁ=y+%
c\ _ c
= (B-3) =4a(a=73)
cy _ c
= (r=3) =4a(x-3)

which is required locus.

1 ) 40. c. Latus rectum of y* = 2bx is 2b.

Semi-latus rectum is b.

We know that semi-latus rectum is H.M. of segments of
focal chord.

Then %4—%:%
_ 2ac
= b_a+c
Now for ax’+bxtc= 0,
D = b —4dac
2ac \?
_<a+c) 4

Hence, roots are imaginary.



41. c. tan = %
Projection of BC on the x-axis

y )
4 B Y =4ax
(] 90°—6
A S
L C >X
Fig. 3.89
[C=— 2=yt
tan (90°—0) 7
2
%=4a
42.c.a’+1-4<0
= a® <3, la| <3
= 1-4a <0
: ' 1
=4 a>4

43.c.y*=6(x-3)

Equation of directrix is

Let coordinates of P be (% + %tz, 3t)

Therefore, coordinate of M are (0, 3¢)

= MS =9 +9¢2

4=1+7¢
Length of side = 6

44, d. Equation of tangent to given parabola having slope m
is

y =mx+a)+qr
or y=mx+amt -,%
Comparing Eq. (1) with y = mx + ¢, we have
c=am+ %
45. d. The coordinates of the focus of the parabola y* = 4ax
are (a, 0). The line y —x — a = 0 pass through this point.

Therefore, it is a focal chord of the parabola. Hence, the
tangent intersect at right angle.

Parabola 3.59

46. c.
y. P(a,2a)
7 o s w X
Fig. 3.90

One end of the latus rectum, P(a, 24).
The equation of the tangent PT at P(a, 2a) is

2ya =2a(x +a),ie,y=x+a
The equation of normal PN at (g, 24) is '

ytx=2a+a,ie,y+x=3a

Solving y=0and y=x+a, we get
x=-ay=0.
Solving y =0,y +x=3a, we get

x =3a,y=0.

The area of the triangle with vertices P(a, 2a), T(—a, 0),
NQ3a, 0) is 4d”.

47. a. Let A = (af?, 2at), B = (at*, —2at).

2 =2
Moy T Mo T R
e Q)E)—
= =

Thus, tangents will intersect at (— 4a, 0).

48. b. Clearly Pisthe point of intersection of two perpendicular
tangents to the parabola y” = 8x.

Hence, P must lie on the directrix x +a=0orx+2=0
. ' x=-2.
Hence, the point is (-2, 0).
49, c.
Y P(af,2at)

G (2a + af’, 0)

Fig. 3.91
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Tangent and normal at P(at’, 2at) to the parabola y* = dax is

v =x+ar @)
and y =—tx+2at+at® (i)
Equations (i) and (ii) meet the x-axis where y = 0
From Eq. (i), x = —at®
= Tis (=af, 0)
From Egq. (i), & =2at+af®

= Gis Qa+ar, 0)
Midpoint of TG = (;a_Jrazia_tz, O)

: =01{a,0)

Since LTPG = 90°, therefore centre of the circle through
PTGis (a,0).

If 6 is the angle between tangents at P to the parabola and
circle through P, T, G, then (90° — 6) is the angle between

PT and OP,
2at _1
Slope of PT = a1
2at 2t
I f OP =
Slope o af-1) P-1
1 2t
tan (90° - 6) = % -1
l+—(—’—)
t\F-1
cotf = :>tan9*t
= 6 =tan™' (1)
a
50.2. 22 =2x-5
dy
m = (dx)(z 0)—4—5 =-1 and
o dy) _ _
m, _($ (3.0)_6_5_1
=>mm,= —1 = angle between tangents =%
51. a.
Y y—x—-a=0
4
(a, 2a)

< »X
X N

Fig. 3.92

Equation of tangent of parabola at (a, 2a) is 2ya = 2a
(x+a)ie,y—x—a=0. :
Equation of circle touching the parabola at (a, 2a) is
x-a+@y-2a’+Ay-x-a)=0

It passes through 0,0)

= a* +4d° +ﬂ.(—a) 0=A4A=5a

Thus, required circle is x4y —Tax—ay=0

. e 4149 o i_i
it’s radius is 49 +4 —ﬁa

52. c The required point is obtained by solvingx +y =1 and
e —y+x=0.

53. c. Any tangent to y* = 4a(x + a)is
y=m@+a)+a @
Any tangent to y* = 4b(x -+ b) which is perpendicular to
Eq. (i) is

L (x+b)—bm

(i)

y =
Subtracting, we get

(m+ )+ @+ B)(m+%) =0

or x +a+ b =10 which is a locus of their point of intersec-
tion.

54. c. Any point on the given parabola is (£%, 27).
The equation of the tangent at (1,2) isx—y+1=0
The image (h, k) of the point (>, 2/) inx — y+ 1 =0 is
given by

2012-2t+1)

k-2t _
T+1

h—t* _
1 -1

h=F-£+2-1=2-1
k=2t+7-2t+1=1+1
Eliminating ¢ from #=2¢— 1 and k= #* + 1, we get
(h+ 1) =4k-1)
The required equation of reflection is (x + 1)* = 4(y — 1).
55. a.

and

Y
ry
B(9, 6)
C .
Y'e oD,
) X
v A
X 49
Fig. 3.93



56.

Area of triangle ABC is maximum if CD is maximum,
because 4B is fixed.

That means tangent drawn to parabola at ‘C” should be
parallel to AB.

_6t4 _
Slope of AB =q—4=2

2, Y _2_
For _ y—4x,dx—y—2
= y=1

-1
:> x—4

b.Lety =5 +\/_1_—7fandy2= 4x, or

X +(y, -5’ =1landy, =4,

Thus (xl, yl) lies on the circle x* + (y — 5)* =1

and (x,, y,) lies on the parabola y* = 4x.

Thus, given expression is the shortest distance between
the curves x* + (y — 5)* = 1 and y* = 4x.

Now the shortest distance always occur along common

normal to the curves and normal to circle passes through
the centre of the circle.

Normal to the parabola y* = 4x is y = mx — 2m ~ m’ passes
through (0, 5) gives

m® + 2m + 5 = 0, which has only one root m=-2.
Hence, corresponding point on the parabola is (4, 4).

Thus, required minimum distance = V42 + 82— 1 =415
—1.

57.¢.SP, =a(1+1£); SP,=a(1+17)

= tt =—1

(a,0)P,[ P

(-at;, 0)
Fig. 3.94
11
SP - g(1+7)
1 1 _ 4
SP, a(1+t§) a(tf+1)
1 1 _1
5P TSP "4

Parabola 3.61

58. b. Tangent at point Pis fy=x+ # , where slope of tangent

istan @ =%.

Now required area is 4 = % (AN) (PN) = —é— 220

Ya (tzs 2t)
P
/{ i N
: » X
K 7.0 NS00
Fig. 3.95

4 =20=2)"

Now 7 € [1, 4], then Amax occurs when =4

= A =16

max

59. d. OT*=04-OB=af =5 = OT= \jg

Fig. 3.96

60. b. Tangent at point Pis ty =x + ar’.
Line perpendicular to Eq. (i) passes through (a, 0)

Fig. 3.97
Ly—-0=-tfx—a)ortx+y=taory=t(a—x)
Equation of OP

y—%x = Oory=%x
From Egs. (ii) and (iii), eliminating #, we get
¥ = 2x(a - x)
or 22 +yP —2ax =0

61. a. Slope of tangent at P is —tl— and at 0 is tl
. 1 2

(M)

(i)

(iii)



3.62 Coordinate Geometry

(at}, 2at)

»X
(at, 2at,)
Fig. 3.98 _
= cot 01 =1t andcotf = A
Slope of PO = 2
P L+,
[I + 12
= Slope of OR is — 5 =tang

(Note angle in a semicircle is 90°)

__1
= tan ¢ ~—§(cot01+cot92)
= cot01+cot02=—2tan¢
62. b.
AY
M » Directrix

/
X' /4 24

P
B
Y,
Y
Fig. 3.99
Slope of line A =tan0
' 7T
= tan(£MPS) = tan 2 (5 - 0] = tan (x — 26) = ~tan 26
_ 24
-1
63. c. Solving y = 2x — 3 and ) = 4a (x - %), we have

)

(ST

(2x - 3) = dax-

= 4x?+9 — 12x = dax - 32

=443 +a)x+9+ 38 =g

This equation must have equal roots = D =0

- 16(3 +a)2—16(9+%g) -0

= 9+a*+6a =9+
= a+ 1da _ 0
3 14
= a=0ora= 3
64. c.
X
Fig. 3.100
Let A= (atf, 2atl),
B = (at?, —2011)
Equation of tangents at 4 and B are,
ty =xtat
and _ -ty = x+ atf, respectively. .
These tangents meet y-axis at ’
4, ‘E (0, at)
and Bl = (0, —atl).

Area of trapezium A4 B B = % (AB +A131) x 0C

. 1
= - 244" = (4at, +2at ) (ar})
= f=8=1=2
= 4, =(0,2q)

If £0SA, =6 = tan6=20=)
= 6 =tan "' (2)

Thus, required angle is 2 tan™ (2).

65. b. Here a = 2 for parabola and the two tangents pass
through the points (-2, — 3), which lic on the directrix,
then tangents are perpendicular or mom, =~ 1.

66. b.

>

Fig. 3.101



“Tangent at P intersects y-axis at Q = (0, af).
Also circle with PS as diameter touches the y-axis at

(0, an).

—> y-axis is the tangent to cxrcummrcle of APQS at Q.

67. d. Tangents y = m Xtcandy= mx + ¢ intersect at (0, ¢)

which lies on the dlrectrlx of the given parabola.

Hence, tangents are perpendicular for which, m m,

68. b. y = ax’ - 6x + b passes through (0, 2)

Here,

Also,

@
dx

69. b. Since tangents are perpendicular, they intersect on the

directrix.

1

2 =a(02)—6(0)+b'

b=2
d—i}'=2ax—6
=3
)x:%‘za(z)‘
=3a-6=
a=2

= (4, 1) lieson the linex = -4
-4

=

70. b. Parabolas y=x*+landx= y” + 1 are symmetrical

abouty = x.

Therefore, tangent at point 4 is parallel to y = x.

=

dy

dx

=2x=2x=1

Fig. 3.102

6

0

=-1.

Therefore, area = 33

Parabola 3.63

71. b.

Fig. 3.103
Let middle point of P and T be (4, k)
2h = af’
and 2k = 3at
2h = a ﬂ
94°

Locus of (h, k) is 2y* = 9ax
As a=2.:y"=9
72. c. Tangent to parabola y* = 4x having slope m is
y = mi+ g
Tangent to circle (x — 1)* + (y + 2y’=16 haviilg slope m is
»+2) =m(x— 1)+4\/.1 +m

Distance between tangents

_ #4\/1 tm—m-2— l/ml

- ‘4_ 2 _ Vi + 1
ET—
As m>0=d<4
73. d.
Y
A
e 45° %
Iy
v
Y’ B
Fig. 3.104
‘ 7T
Here ti= tan(z+0)

i



3.64 Coordinate Geometry

7w
annd %=tan(z—9)
So, t1t2=1
P=att =a.

—> the x-coordinate of A

74. a.

-+

(1,2)
/] 9

<&
«

Fig. 3.105

Tangent to parabola y* = 4x at (1, 2) will be the locus

ie., 2y =2(x+1)
= y=x+1
75. c.

Circle Sz’ taking focal chord 4B as diameter will touch
directrix at point P and circle S, taking AP as diameter
will pass through focus S (since 4P subtends angle 90° at

focus of parabola).

Fig. 3.106
Hence, common chord of given circles is line AP (which
is intercept of tangent at point ‘4’ between point 4 and
directrix).

76. a. Since the normal at (ap”, 2ap) to y* = 4ax meets the

77.

78.

79.

parabola at (aq’, 2aq),

2 o
9=-p-p o)
Since OP 1 0Q,
-0 2a9g-0
2a€ OX a(2] — 1 Spg=—a.
ap"-0 ag"-0
2 L
= p(—p—ﬁ) =-4 [Using (i)]
= pr=2

d. Given parabola is y* = 4x + 8 or Y =4(x+2).
Equation of normal to parabola at any point P(f) is
y=—tx+2)+2+ £,

It passes through (k, 0) if th= 1> = (> — k) = 0

Hence, it has three real values of ¢ if £ > 0.

¢. Equations of tangent and normal at P(af’, 2af) are
ty=x+at*andy=—x + 2ar + af’, respectively.

Thus, T = (—at*, 0),
N = (2a+at’, 0)
Also, S=(a0)
Hence, SP =g+ at2, ST=a+ at
and SN = a+ at?
Thus, SP =ST=SN

b. Let AB be a normal chord where 4 = (af,, 2at1),
B = (at,, 2at). Ifit’s midpoint is P(h, k), then

2h

a(4+4)

a[(tl + t2)2 a 2't1t2 ]

and 2k = 2a(tl + t2) -

We also have

-y 2
tz— tl tl
= t+t =2 andrs =—F—2
172 Z 12 1
2a 2
.= 4 =—?andh=a(tf+2+?l)
2 2
Thus, required locus is ~ x =a(ia2—+2+L2-).
y 2a



. 80,

81.

82.

83.

Ca
Y 4,
X
0 A(h,0)
4,
Fig. 3.107
Let 4, =(2af, 4t ), 4,=(26,4t,)
- JT
Clearly, AAIOA =%
2_ 1
— 2_ 1
AN}
= t =23

Equation of normal at A isy= “tx+ 4tl + 2tf

= h=4+24=4+2(12)=28
¢. y=mx + c is a normal to y* = dax if ¢ = — 2am — an’,
y=—2x—4

= m=-2,a=-2

= —A=—2am—am’ = -2(-2)(-2) — (-2)(-2)’ = 24
= A=24

d. We havea=1
Normal at (m%, — 2m) is y = mx —2m — m’

Given that normal makes equal angle with axes, then its
slopem=+1
Therefore, point P is (m?, — 2m) = (1, £ 2).
c.Letd=(a,p)
The normal at (a?, 2af) is y = — tx + 2at + at®
a’+Qa-a)t-f=0
t, be roots of Eq. (i), then
af’ +Qa-a)—p =a(1-1) (1) (1)

(if)
LetP= (atf, 2at1 ), 0= (ati, 2at2 ), andR= (atj, 2at3).
Since the focus S is (a, 0)

SP=a(f+1)

(M

Let tl, tz,

Similarly, SQ = a(f,+ 1),
and SR = a(f, + 1)
Put t=1i

=+ -1 in Eq. (ii), we have
—ait+QRa-a)i—f = a(i=t)(i=t,) (i~ 1)

84.

85.

86.

87.

Parabola 3.65

= a—a)i—pl =al(i-) (i) (i)
= Va-af +F =a1+7 \1+£1+ £
= aV(a-a)P+B =\a+af Ja+al \a+af
= aSA* = SP-SQ-SR

d. Ends of latus rectum are P(a, 2a) and P'(a, —2a).

Point P has parameter t = 1 and point P’ has parameter t,
=-1.

Normal at point P meets the curve again at point Q whose

parameter tl' =t - _t2_ =-3.
1
Normal at point P' meets the curve again at point Q'
7
. ! [ —_——— =
whose parameter ¢, L—-f =3

2
Hence, point O and Q' have coordinates (9a, —6a) and
(9a, 6a), respectively.

Hence, Q0 = 12a

d. Point (sin 6, cos 6) lies on the circle *+y'=1forve
eR.

Now three normals can be drawn to the parabola y* = 4ax
if x = |24 meets this circle.

Hence, we must have cos 6 > |24]|.

=0<[2q/ <1

=0<a<3

~ael-o)ofod)
¢. Normal at point P(t1) meets the parabola again at point

R(2), then
3

=t —2

3 v

Also normal at point Q(tz) meets the parabola at the same

point R(t}), then
2

=t —%
3 I
Comparing these values of #,,we have

2 2
t t2

ortt = 2
b. Normal at point (£, 2£)is y = — tx + 2t + £
Slope of the tangent is 1.

—t=1=¢=-1

=> Coordinates of P are (1, —2).

Hence,

Hence, parameter at Q is ==t 2/t1 =1+2
=3



3.66 Coordinate Geometry

Y4 Q(9, 6
45° N
S >X
90°
(15_2)
Fig. 3.108

T herefore, coordinates at Q are (9, 6).
(PQ) = V64 + 64 =82

88. b.tana=—7 andtanf=—1,

Y
4
i)
’ £ » X
o)
Fig. 3.109
: 2
also L, =1 7
te L= -2
tana tan B+ tan’ @ = — 2
89. b. Slope of normal at point P( 1) and Q(tz) is— 1 and — L

respectively.
Equation of chord joining P () and Q (%) is

y—2at =?F_%72(x~aﬁ)

or 2x—(tl+z‘7)y+2atlt2 =0
But te, =- 1
Chord PQ is 2x — (5,4, p- 2a=0
or (2x—2a)—(tl+t2)y =0
* which passes through the fixed point (q, 0).
90. c. 7, =1 —72— =it =—1-2

2 1 2

Equation of the line through P parallel to AQ

Y
ry ,
P (ati, 2at)
,A R »
X'« P <X
y O 2an)
Y/

Fig. 3.110

y—2at, =t2—2(x—az‘f)

Put ' ' y=0=x =af —att,
= at?—a(—Z—tf)
= 2q+2af
=2a+af})

= twice the fpcal distance of P

91. b. Equations of tangent and normal at 4 are yf = x + at*
andy =—tx + 2at + ar
= B=(-at,0),D=(2a+ar’,0). If ABCD is a rectangle,
then midpoints of BD and AC.will be coincident.

(af’, 2af)
"y
X
Fig. 3.111
= h+at’ =2a+af —af, k+2ar=0
= h=2a,i——A
92.d.4y=x"~-8
dy
45 =2x
Y
A
Plx, y)
/4
X'« o » X
NI/ 4a0,-D
(0,-2)
v
M
Fig. 3. 112

Therefore, slope of normal = — x;; but slope of normal
1 .

y, 1
xl—l()
y t1 _ 2
xl—IO __xl
= Xy, tx =—2x1+20

= Xy, +3x1 =20



Parabola 3.67

2 2 2
-8 =_=% =_2
Substituting y = i 7 = Lt 3 andt, +, l]
! Adding,
~ (from the given equation)
2o ! 2(k+f) -0
x\—=7—+3]=20 L3
= xl(xf+4)=80 = (=0
— xi " 4x1 _80 =0, = Point of 1ritersectlon of tangents at f and L
) _ (att, a(t1 + t3)) = (at1t3, 0).
which has one root x =4 '3
Hence, x, = 4; y, = 2 => This point lies on the axis of the parabola.
. P=(4,2) 96. c. Axis of the parabola is x = 1. Any point on it is (1, k).
Therefi . P ’ Now distance of (1, k) from (1, — 2) should be more than
erefore, equation o 18 v the semi-latus rectum and (1, k) should be inside the pa-
y+1 =—%(x—10) rabola, hence k> 2.
Y
A
= y+2=—x+10 ‘
= x+2y—8=0 (h, k)
93, a. A circle through three co-normal points of a parabola
always passes through the vertex of the parabola. Hence, X
the circle through P, O, R, S out of which P, O, R are co- 0 §i1,0)
normals points will always pass through vertex (2, 3) of
parabola. N
94. c. Normal at point P(x ,y, )= (af}, 2at ) meets the parabola v| (1,-2)
2 3
at R(at?, 2ar)
2 . _ x=1
= t=—t T @)
. . ! Fig. 3.113
Normal at point Q(x 2 ¥,) = (ati, 2at2) meets the parabola
at R(af*, 2af) 97. b.
_ 2 . ‘
= | 1=—t - ‘ (ii)
From Egs. (i) and (ii)
2 2
—t - ==t —F
(I 2 L
= tt, =2
Now given that x tx, =4 X
= L+ =4
= (r +1)Y =4+4=8
b M W =2u~1
= lt +1) =232
Fig. 3.114
= b, +,l =42 &

Given parabolas 2y> = 2x — 1, 2x* =2y — | are symmetrical

95, b. Let the concyclic pointsbe 7, ¢ , ¢ and ¢ :
3 4 about the line y = x.

1) 2)

= LA+t =0 Also shortest distance occurs along the common normal

Here, 7, and ¢, are feet of the normals. which( perpendicular to the line y = x.

2 2 . -
. t,=-t - ﬁ and ¢ Mk S ;; Differentiating 2 =2x-1wrt.x,



3.68 Coordinate Geometry

100. c. The equation of any normal be y = — tx + 27 + £*

ZyE =1
we have Smce it passes through the points (15, 12)
& 1 c1op-l - 12 =—15t+2t+ 7
a2y 2 = £-13t-12=0
Hence, points are as shown in the figure. One rootis — 1, then
ben. the shortest di F 1 E+ D +£-12) =0
} =A==t
T hen, the s ortest distance,d 16116 =2 = t= 1,34
98. d. Therefore, the co-normal points are (1, — 2), (9, — 6),
(16, 8).
Therefore, centroid is (23—6, 0).
101.d. For a focal chordt t,=—1and for the normal ¢ (7t )
P(16, 16) +2=0.
/ G+1+2=0=7f=—1
Ae Therefore, 7, is imaginary. -
102.b. Solving the line y = x — 1 and parabola y* = 4x, we
have
16x : (x— 1)2 =5
Fie. 3115 = 2 -6x+1=0
lg.' U _ = x=3++8
By property centre of circle coincides with focus of pa-
rabola y=2++8
= C=(40) Suppose point D is (x3, y3), then
tana=slopeofPC=% »Fy, Ty =0
I (4) = 2+V8 +2-V8+y =0
= a = tan 3 3
, = y, —4, then x, =4
99.a. Let 4B be a normal chord where 4 = (af’, 2ar),
B =(af, 2at). Therefore, the point is (4, 4).
We have L=t % 103.c. Equation of normal y = mx — 2am — am’
1
’ Put =0, we get
Now, AB? = a7~ )P +da’(t— 1 ) ¢ 7 g
- , , , x, = 2a+am,
=a(—1) [(r+1) +4] x2=2a+am§
' x, =2a+am’
“ (e o2 (44 ) : :
a (t T ) £ 4 where X, X,, X, are the intercepts on the axis of the
164° (1 + £ parabola.
- A The niormal passes through (k, k).
3 — =
d(ABY? L (P13 + B 20— (1+ 2. 48 = am+Qa-hm+tk=0,
Z  léa A which has roots m, m,, m, which are slopes of the
normals.
2 2
- 32a2(1+[2)2(3_t—t25——2f) = m +m,+m =0
2a-h
and mm tmm +mm ===
T (Rl S, R
£ :>m+mz+m3—(m +m, +m)—2(mm +mm,
+m.m ) :
d(AB’ .
For % =0 = ¢ =2 for which 4B” is minimum. __2Qa-h)

a

4 )
Thus, ABmin = Ta(l + 2)3/2 = 24V27 units = X +x, tx = 6a—2(2a—h)=2(h+ a)



104.c-

P~

5 P(1, 1)
C(-1/4,7/2) :
/, : »X
x="1/4
Fig. 3.116
Equation of normal at P(1, 1) is
y-1=-2(x-1)
or y+2x =3 1)
Directrix of the parabola y* = x is
__ 1 .
x=-y (i1)

Centre of the circle is intersection of two normals to the
cirele, i.c., Eqs. (i) and (i) which is (- 3, 7).
Hence, radius of the circle is

{03 - i %58

105.d. Let y = mx + c, intersect y* = 4ax at A(atf, 2at ) and
B(at, 2at)).
2

Then, =m
4+,

-2

= Lt =7

Let the foot of another normal be C(ar, 2at3).

Then,
l‘1 +t2+13 =0
- -_2
= t, = (t1+t2)——m
Thus, other foot is (4—65, #)
m

106.b. Tangent to y* = 4x in terms of ‘m’ is

_ 1
y—mx+m

Normal to x2

= 4by in terms of ‘m’ is
y =mx+2b+i2
- m

If these are same lines, then
1

m =2b+%
m

Parabola 3.69

= 2bm* —m+b =0
For two different tangents
1-8">0
1
< —_—
= 4 3

107.d. Normals to y* = 4ax and x> = 4by in terms of ‘m’ are
y =mx—2am— am’

and y=mx+2b+—b§-

m
For a common normal,
2b + bim® + 2am+am® =0

= am’ +2am> +2bm*+b =0

This means there can be most ‘5’ common normals.

108. a.
T4

0.9

A 4
0,2)

' Fig. 3.117
Given curve is =27 =4x+1)
Focus is (0, 2).
Point of intersection of the curve and y =4 is (0, 4).

From the reflection property of parabola, reflected ray
passes through the focus.
x = 0 is required line.
109.d. Solving the equations,

2 +4(x+4) =

If circle and parabola touch each other, then

D=0
= 16 —4(16 —a*) =0
= a=23%

110.c.

(s ¥1)
X'

1
- »X
N
¥
Fig. 3.118




3.70 Coordinate Geometry

P oint (4, 4) lies on the parabola.

L et the point of intersection of the line y = mx with the
chords be (a, ma), then

4+Jcl
¢="3
= : x =2a-4
and 4+y1
ma = —x
= y, =2mo-4

as (xl, yl) lies on the curve ,
(a4 =4Q2ma - 4)

= 4a* + 16 — 16a = 8(ma —2)
=  4*-8a2+m)+32=0
For two distinct chords
D>0

B2 +m))’ - 4(H(32) >0

= Q+mP?-8>0
» 2+ m>2\2

or 24m<-22
= m>2V2 -2
or m<-=222-2

111. c. Let point of intersection be (a, ).
Therefore, chord of contact w.r.. this point is

By =2x +2a
which is same as x+y=2.
= . a=p=-
which satisfy y—x=0.

112.d. The given parabolas are symmetrical about the line
y =x as shown in the figure.

YA

Fig. 3.119

They intersect to each other at four distinct points.

Hence, the number of common chords = 4C2 =4 ; 3_ 6

113.a. Let the focus be F. The parabolas are open down and
open right, respectively. Let the parabolas intersect at
points P and Q. From P perpendiculars are drawn on the
x-axis and y-axis at 4 and B, respectively, then

PA =PF=PB

= Plies on the liney = —x.
Similarly, Q lies on the line y= ~ x
= slope of PQ =~1

Y

A

3,0
/(‘) A x

;/g<\

114. b.

B P
Fig. 3.120
Equation of tangent to the parabola y*=8xat P(2, 4) is
4y =4(x+2)
or x-y+2=0 (i)
P=8x+5
F y
y
F = 8x

Fig. 3.121

Equation of chord of parabola y* = 8x + 5 whose middle
point is (h, k) is T = Sl.

ie., ky —4 (x + h) =5 = k* ~8h -5
or dx —ky+k*—4h =0 (ii)
Equations (i) and (ii) must be identical
4 _k _K -4k
N 171 2
By comparing Egs. (i), (ii)
k=4
and 8 = k*—4h

Hence, the required point is (2, 4).



Mut tiple Correct

Answers Type

1. &., ¢. The line y = 2x + ¢ is a tangent to x* + y* = 5.
If ¢ =25

= c =45
L et the equation of parabola be y* = 4ax. Then

a _
5 +5
= a =10

—> Equation of the parabola is y* = +40x.
—> Equations of the directrix are x = +10.
2. b., ¢, d. Let (x , y)) = (ar’, 2a)

Tangent at this point is #y = x + at’.

Any point on this tangent is (h, (h +tat2))‘

Chord of contact of this point with respect to the circle
2 2_ 2- ’
x“ty'=a1s

or (ay-d)+h(x+Y)=0
which is a family of straight lines passing through point of
intersection of

y—a= Oandx+¥ =0

So, the fixed point is (— %, gt_)

=4 ., -4
% t2’y2 t
Clearly, xx, = —d, yy,= 24
xl
Also, z=—t
} 2
yl _ 2
j,—z‘ =2t
* + Y1\ _
= 4 x,*\y,) = 0
3. b., d. Given parabola is
x*—ky+3 =
or Xt = k(y—%)
Le x=Yy-3=x
then the parabola is "
Y = kX

whose focus is (0, %)

Parabola 3.71

Therefore, the focus of x* = k(y— %) is

(0.2+%) = 0,2)
%+§=2
= 12+ 7 =8k
= K—-8k+12=0
= k-6)(k—-2)=0
= k=2,6
a,c.P=(a,a+1)wherea#0,—1
or P=(a,a—1)wherea#0,1
(a,a+1)ison Y =4x+1
= (@+1P?=4a+1
= o’ ~20=0
= ‘ a=2 (v a=0)
Therefore, ordinate of P is 3 '
(@,a—1)isony* = 4x+1
= (@a—1)P=4a+1
= a?—6a =0
= a=6 (v a=0)

Therefore, ordinate of Pis 5 -

5. a., d. Here x*==1 (y + %)

Therefore, vertex = (0, - lﬁ)
And the directrix is
)t
Comparing with the given data, — ﬁ—‘ =1 and 'lﬁ— —%
L ~1-4=-_2
or : A=4=>pu=4,

. 4., ¢. Given that the extremities of the latus rectum are

(1, 1) and (1, -1)
= 4a=2= a=%
= The focus of the parabola is (1, 0).

= The vertex can be (%, 0) and (%, 0).

= The equations of the parabola can be

p-2(e-4)
or ) y2=2(x—%)
= yr=2—1

or ¥ =2x-3
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7. a., ¢. Let the possible point be (£, 21) Equation of tan-
gent at this point is

yt=x+t.

I't must pass through (6, 5). (Since normal to circle always
passes through its centre)

= £ =5t+6=0
= t=2,3
=> Possible points are (4, 4), (9, 6).
8. c.,d
‘ -y _2
L= 2
' 2qt1 2at2
Also, ' = X—~=-1]
ar, ar,
= tt, =—4
-4 _ 2
7= f
= f+2=4andt ==\2

So point can be (2a, + 2V2a).

9. a., b. As a circle can intersect a parabola in four points, so

quadrilateral may be cyclic.

The diagonals of the quadrilateral may be equal as the
quadrilateral may be an isosceles trapezium.

~ Fig.3.122
A rectangle cannot be inscribed in a parabola. So (C) is
wrong.
10. a., b., c., d. Any point on the parabola is P(at’, 2at).
Therefore, midpoint of S(a, 0) and P(at?, 2at) is

f(5 af

(h, k).

b= a+af
2
Eliminate ‘¢

s k=at

2

2
ie., 2x=a(1+y—2)=a+%
a
ie., 2ax = a2+y2
. 2 _ _a
ie., y" =2a (x 2)

It’s a parabola with vertex at ( ok 0), latus rectum = 2a
Directrix is

c-4__a
2 2
ie., x=0"
Focus is
x-2_4a,
2 2
ie., x=q
ie., (a, 0)

11. a., b., c. Equation of tangent to parabola y* = 8x having
slopemisy=mx+

N[ —

Options (a), (b), (c¢) are tangents for m =
respectively.

1, 3, -

12. a., ¢., d. Equation of normal to parabola y* = 12x having
slope m is y = mx — 6m — 3m’. Options (a), (¢), (d) are
normal for m — 1, — 2 and 3 respectively.

13. a., b, c., d.

Y
B
' & C B
X'e— X
} D
YI
Fig. 3.123

AC is one diagonal along x-axis, then the other diagonal
is BD where both B and D lie on parabola. Also slope of

AB is tan %t = 1. If B is (a?*, 2ar) then the slope of 4B

_2at_2_,
a1
t=12

Therefore, B is (4a, 4a) and hence D is (4a, — 4a).
Clearly, C is (84, 0).

Reasoning Type

1. b. Any tangent having slope m is

_ a
y=mxtyy

9/4
or y=mx+5;
It passes through the point (4, 10), then

10 = 4m + 24

= 16m* — 40m+9 = 0



g m_ = Z 2y T4
—> Statement 1 is correct.
Also statement 2 is correct but it does not say anything

about slope of the tangents, hence it is not correct
explanation of statement 1.

2. b. Any normal to y* = 4x is
y=—tx+2+7
If only one normal can be drawn to parabola from
A, 4+ 1), thenA<2.
Hence, statement 1 is true.

Statement 2 is also true as (1 + 1)*> 41 is true VA € R—{1},
but does not explain statement 1, as it is not necessary that
from every outside points only one normal can be drawn.
3. b. Both the statements are true (see properties of focal
chord), but statement 2 is not correct explanation of
statement 1.

4. a. Differentiating y* = 8x w.r.t. x, we have

d
2 =8
dy _4
- &Y

Now slopes of tangents at (8, — 8) and (—;—, 2) are —% and
2. Hence, tangents are perpendicular.

Also tangents at the extremities of the focal chord are
perpendicular and meet on the directrix. Hence, both the
statements are true and statement 2 is correct explanation
of statement 1.

5. a. For parabola y* = 4x, (4, 4) and (%, -1 ) are extremities
of the focal chord. Hence, tangents are perpendicular.

Then obviously normals at these points are also
perpendicular.

6. c. Any tangent having slope m is
y= i)+
a
or y=mxtam+ g

is tangent to the given parabola for allm € R — {0}.

Hence, statement 2 is false.

However, statement 1 is true as when m = 1, tangent is
y=x+2a

7. d. Statement 2 is true as it is the definition of parabola.

From statement 1, we have

1P+ (+2) = ——‘3“;‘” 3,

Parabola 3.73

which is not parabola as point (1, —2) lies on the line
3x + 4y + 5 = 0. Hence, statement 1 is false.

. d. Statement 2 is correct (see properties of the focal

chord).

Then length of the focal chord according to the statement
lis

. a Let parabola be y* = 4x

Clearly x = 0 is tangent to the parabola at (0, 0).

Andlinesy=-x—1andy=x+ 1 are tangents to the parabola
at (1, 2) and (1, —2) which are extremities of the latus
rectum. These tangents meeton the directrix atrightangle at
(~a, 0). Hence, circle passing through the point 4, B, C
also passes through its focus, as shown in the figure.

Fig. 3.124

Now consider a parabola y* = 4ax
Let P(tl), Q(tz) and R(t}) be three points on it.
Tangents are drawn at these points which intersect at
As(mémq+gn
B =(att, a(t + t3))

Cs= (atztB, a(z‘2 + t3))

Let ZSAC = aand £ SBC =0
14t
ottt —1
- tana = |——t2 =11
1(4h 5 1
L Py
217172
. 1
Similarly tanf = |7
1
= a=foratf=n

= A, B, C and S are concyclic.
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10. di. Area of the triangle formed by the intersection points
of tangents at point A(tl), B(tz) and C(ts) is

-1
1 It~ tlle, — 1| #0.

Hence, statement 1 is wrong. However, statement 2 is
correct.

11. b. Statement 2 is true as circle is lying inside parabola
without intersecting it.
But this cannot be considered the explanation of the
statement 1, as even if they are not intersecting we can
have common tangents as shown in the figure.

Y

A

Fig. 3.125
12. a. Let the foot of normal be P(at’, 2at), then

ax+by+c=0

and y=—tx+2at+a’
are identical line, ;
1 t_2at+at
= 4.
3 b
i€ 24
Thus ‘P’ is (bz’ b )
Hence, equation of required tangent is
ty =x+ ar*
a. _ ay?
o 2y -xva()
2
or y= gx + %

13. a.

Y
\4
y=x
(1’ 1) 3y=x
+ ' »X
0
x+y=2

Fig. 3.126

Point (@, @) lies on the parabola Y =x

+ As shown in the figure, we have to find the value of &
for which the part of the parabola lies inside the triangle
formed by three lines.

Now line x + y = 2 meets the parabola at point (0, 0) and

(1, 1).

Hence,a € (0, 1)

14. a.

Y
<< "
Y
Directrix, x = %
Fig. 3.127

Statement 2 is true as it is the property of the parabola.

Now such points exists on the circle x* + y* = &? if it
meets the directrix at least one point, for which radius of
the circle a > 1/2.

15. a. Let y* = 4ax be a parabola. Consider a line x = 44 (this

is a double ordinate which is twice of latus rectum), which
cuts the parabola at 4(4a, 4a) and B(4a, ~4a).

Slope of

Slope of

04 =1,
OB = — 1, where O is given.

Therefore, AB subtends 90° at the origin.
= Statement 2 is correct and it clearly explains statement

1.



16. d. Statement 1 is false

Since here =4

T herefore, the normal chord subtends a right angle at the

focus (not at the vertex).
However, statement 2 true (a standard result).
17. a. Let normals at points A(atf, 2at ) and C(ati, 2at )

meets the parabola again at points B(af, 2at) and

- 2 - 2
D(at,, 2at ), then L=-t-% and 7, = 41
: - 2_ 2
Adding z‘2+z‘4——t1—t3—tl—t3
~_2_2
— A R N
1 3
=% tl+tl=0
1 3
= f+1,=0

Now, point of intersection of tangent at 4 and C will be
(at t,a(t +1))
Since L= 0, so this point will lie on x-axis, which is
axis of parabola.

18. a.
t

ah
N

(-, 0)

Fig. 3.128

As shown in the figure, circle and parabola touch when a
and b have same sign.

Now for

fx)=x*~(b+a+1x+a,
= 0) = a
and A)=1—(b+a+1)+a=-b
= AOVAL) = —ab<0

Hence, one root lies in (0, 1).

= Both the statements are true and statement 2 is correct
explanation of statement 1.

19. ¢. Statement 2 is faise, as axis ‘of parabola is normal to
parabola which passes through the focus. However,

Parabola 3.75

normal other than axis never passes through focus.
Statement 1 is correct as x — y — 5 = 0 passes through
focus (3, —2), hence it cannot be normal.

20. b. Obviously, statement 2 is true, but it is not the correct
explanation of statement 1 as 4, 4’, B, B' form an isosceles.
trapezium, hence points are concyclic.

Linked Comprehensio

Type

For Problems 1-3

l.c.,2.d., 3. a.
Y
4 P
» X
0 ; 5
Fig. 3.129 -
Sol. 1. c. Equation of the tangent at point P of the parabola y*
=8xis
yt=x+28 6)

Equation of the chord of contact of the circle x* + y* = 8

w.rt. O(a, B) is

xx+yB =8 (ii)
Q(a, B) lies in Eq. (i)
Hence, Bt=a+2 -

| (iii)
wa +y (§+21)~ 8 =0 [from Egs. (ii) and (iii)]

Ay-H+a(x+L) =0

For point of concurrency
Y _4
x=—Fandy=+
Therefore, locus is y* + 4x = 0

2. d. Required point will lie on the director circle of the
given circle as well as on the directrix of parabola.

= xf+yf=16andx1+2=0
= 4+y =16
= y=:i:2\/§_

Therefore, point is (— 2, £ 2V3).

3. a. Equation of circumcentre of AAQB is

X+y =4+ Axa+yB—-8) =0
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Because it passes through (0, 0), i.e., centre of circle It is minimum when a = 2
Therefore, minimum area = %

prsmand ] A= —%
For Problems 7-9

I_et circumcentre be (4, k).

7.a.,8.¢,9.d.
_a,_B
h="%k=3
— ‘o =4h B=4k -
Also Bt = a +27
or a-26+8=0 (v t=2) I+ my = 1
Substituting & = 4k and § = 4k, we get
h—2k+2 =0 Fig. 3.130
2yt =0, i
Therefore, locusisx —2y+2 =0 Sol. C = (0, _’}7) B= (1 lzm, 2),A =(0,2)
For Problems 46
4b,5.c,6.d LeF (h, k) be the circumcentre of A 4BC which is mid-
. ) . i point of BC
Sol. 4. b. Since no point of the parabola is below x-axis 1—2m 1+ 2m
D=a244§0 = h= 2 sh= 2m
Therefore, maximum value of a is 2. = m= 2k1— 5 [= 3 h]El: _21)

Equation of the parabola, when a = 2, is
Given that (/, m) lieson  y* = 4x
y = ¥+ 2x+1 :

2 _
It intersects y-axis at (0, 1). m =4
Equation of the tangent at (0, 1) is 1 V_ k-2
= (3r) =4 (-1

y=2x+1
Since y = 2x + 1 touches the circle x* +y* = r° = h = 8(K —3k+2)

.= 1 Therefore, locus of (4, k) is

V5

_ = Q2 —
5. ¢. Equation of the tangent at (0, 1) to the parabola x =8("~3y+2)

2 .
=x"+ax+1is 3¢ _ 1
’ | . b3 Lo
y—1=10a(x-0) ; 3
Therefore, vertex is (— 2, 5).

ot ax-y+1=0 Length of smallest focal chord = length of latus rectum
As it touches the circle, = %

1 From the equation of curve C, itis clear that it is symmetric

NSy

Radius is maximum when a =0
Therefore, equation of the tangentis y = 1.
Therefore, slope of the tangent is 0.

. d. Equation of tangent is y =ax + 1.
Intercepts are — 7 and 1.

Therefore, area of the triangle bounded by tangent and

the axes=%[_zli.1‘=ﬁ

about line y = %

For Problems 10-12
10.d.,11. c., 12. d.
Sol.10.d.y=ax’+c

@ _.,
a =2ax=1
Therefore, point of contact of the tangent is (%, 11; + c)
Since it liesony=x
: c=i thusc=lfora=2
4q° 8 )



11. <. If (1, 1) is point of contact, then a =%

12, d.If ¢ =2, then point of contact is (%, 4—1a + 2),
Since it lies on line y = x,

11
%_4a+2’ .
. _1
i.e., a=g

Therefore, point of contact is (4, 4).

For Problems 13-15
13. a.,14. b, 15. c.
Sol. Any parabola whose axes is parallel to x-axis will be of

the form , ‘
(v —a)’ = 4b(x —c) @)
Now, Ix + my = 1, can be rewritten as
y—a =—%(x—c)-|—1_;',’,’,7—_£
(i)
Equation (ii) will touch Eq. (i) if
l—am—Ilc __b
m —Iim
_1l__ bm
= : m= 1l-am-Ic
= c>—bm*+alm—1=0 (iii)
But given that 5/* + 6m* — 4lm +31=0 (iv)
Comparing Eqs. (iii) and (iv), we get
c_=b_a _=1
56 -4 3
= c=—5,b=2anda=%

3
So parabola is (y §) =8 ( %) whose focus is (% %)

and directrix is 3x + 11 = 0.

For Problems 16-18 -
16. b.,17.a.,18. c.

Fig 3.131

Parabola 3.77

Sol. The distance between the focus and the tangent at the

o-0+1

Vertex=W—\ﬁ.

The directrix is the line parallel to the tangent at vertex
and at a distance 2 x —\/1—5 from the focus.
Let equation of directrix is

x—y+i =0,
h A 2
where =-=
= A=2
Let P(x, y) be any moving point on the parabola, then
OP =PM
s o [x-yt2 )2
= Xy = —
g ( e
= 2+ 2t = (x—y +2)

=x?+y'+ 2y —4dx+4y —4=0.

Latus rectum length = 2 X (distance of focus from

directrix)
=2\0—0+2
Vi2+ 12
=22
Solving parabola with x-axis,
—4x-4=0
= e \/_ =222V2

= Length of chord on x-axis is 4\/— .
Since the chord 3x + 2y = 0 passes through the focus, it is

- focal chord.

Hence, tangents at the extremities of chord are
perpendicular.

For Problems 19-21
19. a., 20. b., 21. c.

=y
X
x+y=0

Fig. 3.132
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Sol. We know that foot of perpendicular from focus upon

tangent lies on the tangent at vertex of the parabola.

Now, if foot of perpendicular of (2, 3) on the line
x —y=0is (xl,yl), then

xl_2 y1—3=2_3

1T~ -1 2

=3 =2
= % =3 andy =3

If foot of perpendicular of (2, 3) on the line x + y = 0 is
(x,,7,), then
x-2 , 3 2+3

I ~ 71 7 2

= x =

1 =1
2 -5 andy2—2

Now tangent at vertex passes through the points (%, %)
and( ; 2) Then, its equation is

or 4x—6y+5=0

Latus rectum of the parabola
= 4x (distance of focus
from tangent at vertex)

L 181845 [_ 10
4"{ J NE

Also, distance between the focus and tangent at vertex

13

Since tangents x + y = 0 and x — y = 0 are perpendicular,
they meet at (0, 0) which lies on the directrix.

Also, it is parallel to the tangent at vertex, hence its
equation is 4x — 6y 0

We know that ﬁ + S_Q = 61,, where g is (%)th of latus

A

Fig. 3.133
Hence, Z0AB must be right angile.
= Slope of O4 x Slope of AB=-1

\j%\jﬁ
2a

= a=12

= Coordinates of A and B are (8, 4v7) and (8, — 4\2)
respectively

= Length of common chord = 8v2.

Area of quadrilateral = % OB x AC

:%XIZX&E

= 48V2

Tangent to parabola y* = 4x at point (8, 4V2) is 4V2y
= 2(x + 8) or x — 2v2y + 8 = 0 which meets the x-axis at
D38, 0).

Tangent to parabola y* = — 8(x — 12) at point (8, 4v2) is
42y =—4(x + 8) + 96 or x + Y2y — 16 = 0, which meets
the x-axis at £(16, 0).

rectum. Hence, area of quadrilateral DAEC = % DE x AC
1,1 _2V13
= SPTS0 T 5 =1x24x8v7
For Problems 22-24
22.d., 23.b., 24. a. =96V2

Sol. Solving given parabolas, we have

—8(x—a) = 4x For Problems 25-27
_2a 25.b., 26. c., 27. d.
- x = T

g Sol. For y* = 4x, coordinates of end of latus rectum are P(1,2)
= Points of intersection are ( 3>t \j? ) and Q(1, -2).

Now OABC is concyclic.
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Y B For Problems 28-30
A —
28.d., 29. ¢., 30. b.
Sol.9x-a.3-a+3<0
b Lett=3
' =>Ff-at-a+3<0
+“—5 > X orf+3<a(t+1)
y wheret € R for Vx eR
Y
Af() f=£+3
v (/\
Fig. 3.134 4,4
APAQ is isosceles right angled. Therefore, slope of PA is
— 1 and its equationis y—2=—(x—1)orx+y—-3=0. ©, 3):
Similarly, equation of line QBis x —y -3 =0. '
Solving x + y — 3 = 0 with the parabola y* = 4x, we have , \ R
2 2 1 0 1 -
B-x)=4xo0orx"—10x+9=0
. x=19
Therefore, coordinates of B and C are (9, — 6) and (9, 6) :
respectively. _ Fig. 3.135
Area of trapezium PBCQ = %  (12+4) x 8 Let /() be £ +3 and (9 be at + 1)
= 64 sq. units 28. d. From x < 0, ¢ € (0, 1). That means (1) should have at

Let the circumcentre of trapezium PBCQ is T(h, 0) least one solution in £ € (0, 1).

From (1), it is obvious thata € R".

Then PT=PB
Now f(#) = a(t + 1) represents a straight line. It should
= \/(h —1Y+4 = \f(h -9 +36 meet the curve.
= —2h+5=—18h+81+36 fl(t)=t2+3,atleastonceinte(0,1).
= 16k = 112 L0 =3,/(1)=4,f(0)=a,f(1)=2a.
— h=1 I££0)=£0) = a=3;iff()=f(1)=a=2

Hence, radius is V40 = 2v10 Hence, required a € (2, 3).

. 29. c. For at least one positive solution, ¢ € (1, «0). That means

Let inradius of AdPQ be r , then r, = 3 graphs of /() =£ + 3 and £(#) = a (¢ + 1) should meet at
‘ 1 4x2 least once in ¢ € (1, o).
= X X
__2 If a = 2, both curve touch each other at (1, 4).
4+2v4+4 Hence, the required a € (2, ).
=7 +1 o V2 -1 30 b. In this case, both graphs should meet at least once in
. ) t € (0, ).
Let inradius of A4BC be r 2 then A For a = 2, both curves touch; hence, the required
r, = s_2 a e [2, o).
= 2
% x12x6 Matrix-Match
T 12+2V36+36 Type F
=1+3\/§=3(\/7—1) l.a.—>r,b.>s,c.>p,d —>q.

, Sol. Locus of point of intersection of perpendicular tangent is
2 directrix which is 12x— 5y +3 =0.
=3

1
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Parabola is symmetrical about its axis, which is a line

passing through the focus (1, 2) and perpendicular to the

directrix, which has equation 5x + 12y —29=0.
MMinimum length of focal chord occurs along the latus
rectum line, which is a line passing through the focus
and parallel to directrix, i.e,. 12x— 5y -2 =0.
T _ocus of foot of perpendicular from foucs upon any
tangent is tangent at the vertex, which is parallel to
directrix and equidistant from directrix and latus rectum
line, ie, 12x—5y+A=0

] 1A+ 2l 1

= — :> A’ = e

V122 +57 122+ 57 2 ,
Hence, equation of tangent at vertex is 24x - 10y +1=0.

where

.a.>q,b.>s,¢c.o>p,d or _
Equation of tangent having slope m is y = mx + %
Line 3x —y + 1 =0 is tangent for m = 3.

Equation of normal having slope m is y = mx — 6m

—3m’. )

Line 2x — y — 36 = 0 is normal for m = 2.

Chord of contact w.r.t. any point on the directrix is the

focal chord which passes through the focus (3, 0).

Line 2x — y — 36 = 0 passes through the focus.

Chords which subtends right angle at the vertex are

concurrent at point (4 x 3, 0) or (12, 0).

Line x — 2y — 12 = 0 passes through the point (12, 0).

.a.—>(q,sb.—>r;c.>p,q;d.—>q,r

a. Tangent to parabola having slope m is 1y =x + 7, it
passes through point (2, 3) then 3r=2 + F=rt=1or
2 = point of contact (F+20)=(1,2) or (4,4)

b. Let point on the circle be P(x, y), then chord
of contact of parabola w.r.t. P 1s W, = =2(x +x )
Comparing with y = 2(x — 2), we have y, =1 and x,
= -2, which also satisfy the circle.

¢. Point O on the parabola Q(#, 27)

0 0
Now area of triangle OPQ is|1|4 4| =6= 8
+4r=%12 21 2t

0 0

For# +2t-3=0,(t—1)t+3)=0,then =1
ort=-3,
Then point Q are (1, 2) or (9, - 6).

d. Points (1, 2) and (- 2, 1) satisfy both the curves.

4. 2. > p,r;b. > p,ric. > q d. — q, S.

Points through which perpendicular tangent can be
drawn to the parabola y* = 4x lie on the directrix. Points
(-1, 2) and (-1, -5) lie on the directirx. Also from these
points only one normal can be drawn.

Integer type &

2
5x—12y+17}

1. (7) Here, (x — 1)2 +(y— 3)2 _ ) 5x-12y+17
| 5+ 12

the focus = (1, 3) and the directrix is 5x — 12y + 17
=0

- The distance of the focus from the directrix

5x1-12x3+17| 14

- V5% +(-12)° 13

14 28
latusrectum =2 X —=—
13 13

. (0) Clearly P is the point of intersection of two perpen-

dicular tangents to the parabola Y =8x,4a=8ora=2.
Hence P must lie on the directrix x + a=0orx+2=0
. x = — 2. hence the point is (-2, 0)

. (1) Focus of y* = 16x is (4, 0) .

Any focal chord is y—0=m@x-4)
ormx-y—4m=0 ~
This focal chord touches the circle (x — 6)* +y* =2

Then distance from the center of circle to this chord is
equal to radius of the circle

or |6m 4ml 20r2m \/_ \/m +1
\/m +1
or 2mt =mr+ 1l =>mi=1

m=+1

. (3) Any tangent to parabola Y =4x,(a=1)is

y=mx+ 1 . It passes through (-2, — 1)
m

n—l==2m+ 1 or2m*-m—-1=0
m

. Or@2m+1)m—1)=0

Orm=12andm=1
Then angle between lines is

tan@ = m =3
—
. (3) Equation of tangent in tenns of slope of parabola
Y =4xis
1
y=mx+ —
m

.+ Eq. (i) is also tangent of ¥=-32y

then x* = -32 (mx + l)
m

= x>+ 32mx + 32 =
m

Above equation must have equal roots,



Fence its discriminant must be zero

= (32m)=4.1. 2

From Eq. (i), y = -’25 +2

=x-2y+4=0

6.(4)y'=x . da=1,
P (af?,2at) =(4,-2)
Sot=—4
Also t,t,=—1as PQis a focal chord.
Slope of tangent at 7, istl =-1= 4
2
7. (6) Slope of the line — 1
dy 4

From the curve, —=-—
dx y

Hence slope of normal = —-% =-1lory=4.

Putting y = 4 in equation of curve we have x = 2
Hence point is (4, 2)
8. 4

Fig. 3.136
Consider the parabola y* = 4ax

We have to.find the locus of R(#, k), since Q has ordinate

‘0, ordinate of P is 2k.

Also P is on the curve, then abscissa of P is k*/a.

Now PQ is normal to curve

Slope of tangent to curve at any point % = 2a
Y

Hence slope of normal at point P is _k
a

Parabola 3.81

2k—k
Also slope of normal joining P and R(h, k) is 2 Y

a

Hence comparing slopes —
k

LI
a

Ory*=a(x~-a)

For y* = 16x, a = 4, hence locus us y* = 4(x - 4)

9.3
y .x=4
A

-

»

(h, k)

Fig. 3.137
Radius of variable circle is 4 — &
It touches x* + y* = 4 7
s 2+4—h=~K+k
orx* +y* =x*— 12x + 36
= P=-12x-3)
The vertex (3, 0)

10. (8)
y
*,)
o B
B(0, 0) 2,0
Fig. 3.138
Giventan - tan =4
:>y.l+—y—:4:>y=2x(2—x)
x 2-x _

=>—22)-=x2—2x=(x—1)2—1

= G- =-2(-2)
17

1
= Directrixy— 2= —=>y= —
Y s 0 8

11. (8) Length of focal chord having one extremity (af’, 2af) is

b
aft + -
t

2
r o+ %22=>a(1 + %) > 4q= 8 = length of coal

chord )</ 8.
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12. (44) a = 3, comparing point (3, 6) with (3¢, 67); we have ¢
— 1,

2
then length of chord = _a(t + ;) =31+1)* =12

13. (8) Chord of the contact w.r.t. point O(-1, 2) is
y =@x-1) (using yy,=2a(x +x1))
solving y =x — 1, with parabola, we get the points of in-
tersection as
P(3+24/2,2+2/2) and Q(3-24/2,2- 242)
L PQ?P=32+32=64 '
~PO=8
Also length of perpendicular from O(~1, 2) on PQ

4

V2

Then required area of triangle is
A= %8(%) =82 $q. units
14. (7) Liney=2x-5
2x-y
b
Homogenising parabola with line

2 (Zx—y) y(Zx—yj 0
b b
Since ZAOB = 90°

-. coefficient of x* + coefficient of y* = 0

8 1
= l-—+-=
b b

= 1

= b=1 )
15.(5) Let the line be y = mx : (1)
Solving it with
5y =2x"—9x + 10, we get
Smx=2x*-9x + 10
2x* = (9+5mx+10=0
9+5m

sum of the roots = =17

=9+5m=34
= 5Sm=25
= m=35

16. (5) For maximum number of common chord, circle and
parabola must intersect in 4 distinct points.
Let us first find the value of » when circle and parabola
touch each other.
For that solving the given curves we have (x — 6)° + 4x = ¥
orx’—8x+36-r =0
Curves touch if discriminant D = 64 — 4(36 — ") = 0 or
#=20 . :

Hence least integral value of » for which the curves inter-
sect is 5.

Archives

Subjective Type

1. The equation of a normal to the parabola y* = 4x in its
slope from is given by
y = mx —2am— am’®
Therefore, equation of normal to y* = 4x is,
y=mx—2m-m" @)
Since the normal drawn at three different points on the
parabola passes through (4, k), it must satisfy Eq. (i).
o k=mh—2m-n’
= m—(h—-2m+k=0

This cubic equation in m has three different roots say
mm,, m,.
m +m,+m =0 (ii)

mm, +mm ==(h~-2) (iii)

+
1 23 m3m1

Now, (m +m +m) =0 [Squaring Eq. (ii)]
= : mf+m§+m§ = —2(m1m2+m2m3+ m.m )
= m, +m, + m: = 2(h—2) [Using Eq. (iii)]

Since LHS of this equation is the sum of perfect squares,
therefore, it is positive.

o h—2>0
= h>2
2. Normal at point A(af,, 2at ) meets the parabola at point
B(at;, 2at2).
= L=—t -7 @)

Also AB subtends right angle at vertex,

= 1t =—4 (ii)
Eliminating t from Egs. (i) and (ii),

4 2
= =t -5

: tl 1 ¢ ]

2
= &=t

l‘1 1

Then slope of 4B = slope of normal at 4 =+ V2

3. Equation of normal to the parabola x* = 4y having slope
mis
x=my-2m-nm

Since it passes through the point (1, 2), we have



1 =2m-2m-nm’

= m=-1
Hence, equation of normal isx=-y+2+lorx+y-3
=0,

. Using the result of problem 1,

We have & > 2a, if three normals can be drawn to y* = 4ax
from (h, k)

Hence for the given question ¢ >2(1/4) or c 2

Nlr-‘

Altexrnative Method:

‘We know that from any point normal.to y* = 4ax is given
byy=mx—2am—am3,herea=%,
3

Normal isy='mx—%—m—

This normal passes through (c, 0)

3

= me -7 T4 = 6))
1 _m|_

= mjc— 2‘4] 0

= m=0

o o= 4(e-3)

m = 0 shows normal is y = 0, i.e., x-axis is always a
normal

Also m: >0
= 4(c—%)20

: 1
= CZZ

At c=1, from Eq. (), m=0

Therefore, for other real value of m, ¢ > %

Now for other two normals to be perpendicular to each
other, we must have m - m, =~ 1.

= Product of roots of the equation

2
mo 1

T 12 c=0is—1.
3-¢)
==C
2 =
= 1 =1
4
1 1
= 5— =-2
=3
= C—4

Parabola 3.83

Y
P yz =4x
X< 0 T —> X
)
Yl
Fig. 3.139

Chord joining P(tf ,21) and Q(ti, 2t2) subtends right angle
at origin.
= 1t =- 4
Also slope of the chord = 7 3_ 7
1 2

= Equation of chord PQ is
2
y—2t1 = t1+t2 (X“t?)

or (t, + 1)y —26-211t, = 2(x~ £)

or (¢ +t)y—26+8 =20-1)
or (t1 +t2)y+8 =2x
or 2x-4) =( 1)y

which always passes through point (4, 0).
If (b, k) is midpoint of PQ, then

0+
h= a\ndk=t1+t2

2
2
_ (tl + tz) B 2(’1t2)
= h= 2
_K+38
2 N
or ¥ =2(x—4)
. Let P(tf, 2t1) and Q(ti, 2t2) be the ends of the chord PQ
of the parabola
= 4x. (i)
Therefore, slope of chord PQ =7 ;2, =2
2 1
= L= 1 (ii)
Y
P
1
I R(xl! yl)‘
X< 2] 2 > X
o
YI

Fig. 3.140
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If R(xl, yl) is a point dividing PQ internally in the ratio
1 :2, then

_n+2t
AU I A .
1(21,) +2(21))
Y1 = 1+2
= 6+2f =3x, (iii)
Gy) _
and L+2t = 5 (iv)

Substituting in Eq. (iii), we get

(235 235, -1) -3,
= (%)"/?—4)’1:)[1_2

0=5) = (5)--3)

Therefore, locus of the point R(x 1, yl) is

=8 -(5)x-3)

which is a parabola having vertex at the point (%, g)

7. Let the three points on the parabola y* = 4ax be

A(atf, 2at1 ), B(at;, 2a12) and C(atj, 2at3).
Then equations of tangents at 4, B and C are

X .
y=ita, - ()
y=%+tar (ii)

2 .
y=5+ at, (iii)

3

Solving the above equations pairwise, we get the points

P(atltz, a(t1 + tz)), Q(atzt3, a(t2 + 13)), R(at3t1, a(t3 + t1))

tZ
1 1

Now area of AABC = % 1 af, 2at,
1 -

=, - L)t~ 1)1~ 1))
(@iv)
1 at, at +1)
1
Also area of APQR = 5|1 &f alt,+1)
1 a3t1 a(t3 +t1)

11, 4+

1 t2t3 z2 + t3

1444 +

'
2

2 0 (tl N t3)tz Lt

=710 (tz_ tl)t3 L4

11 t3[1 t3 + tl

Expanding along C,

2
% (h—5)(4L 1 ) t3)’
v)

From Egs. (iv) and (v), we get '

AY(AABC) _ | (H,—L)(L=1)( - 1)|
AX(ABC) ~ 72
% l(tl L)%, - t3)(t3 - tl)l

=2

1
Therefore, the fequired ratio is 2:1.

8. Equation of any tangent to the parabola y?*=4axis

_ a
Y =mxt

Fig. 3.141
_a

This line will touch the circle x* + Y= >

if %=i%\/m2+l
[c=£ M1 +m?]

2 2

= =S
m

= 2 =m'+m’



= m+m—2=0
= W+ m-1)=0
fen g m=l,—1

Thus, the two tangents (common one) are y = x + g and

y=-x—a

These two intersect each other at (—a, 0).
T he chord of contact of circle w.r.t. A(—a, 0) is

Cax+ Oy -9

or x=-42
2

and the chord of contact of parabola w.r.t. A(— a, 0) is
0y = 2a(x —a)
or x=aq

Note that DE is latus return of parabola y* = dax,
therefore, its length is 4a.

Chords of contact are clearly parallel to each other, so
required quadrilateral is a trapezium.

Ar(tcap BCDE) = 5(BC + DE)x KL

basol)

_ 154
4
. Point of intersection of tangents at poinis P(atf ,2at) and

O(at, 2at) is

R(h, k) = (at t,,a(t, +1.))

_k _h
= t 1, =gandit =g
1 1
tl_tZ
Now tan 45° =
I+op
12
r -1 |
= 1 =25
tlt2+1!
2
ZJQ+Q—%5
tlZ‘2+1
K h
~5-4a
a
= 1= A
a+l
= K —4ah = (h+ a)*
= X -y +6ay+a’ =0

which is parabola.

Parabola 3.85

10. Given that C: X=y-1,C )" =x-1

Here C1 and C, are symmetrical about the line y = x.
Let P(x,x, + 1) on C, and QG +1,y") on C,

Then image of P iny =x is P (x, + 1, x ) on C, and image
of Qiny=ux1is Ql(yz,yz +1)onC.

Y
C, A 1
. y=x
)
(0, N/ "7~ -2
0
P

<&
<

Fig. 3.142

Now PP, and Q0, ‘both are perpendicular to mirror line
y=X.
Also M is midpoint of PP,

(P is mirror image of P in y =x)

1

pM=1pp
In APML, PL > PM

= PL> 3PP, Q)
Similarly, Lo >100, (i)

Adding Egs. (i) and (ii), we get

| PL+LQ > 3(PP, +00))
= PQ >+ (PP, + Q)
= PQ is more then mean of PP and Q.

= PO > min(PPl, QQI)
Let min(PPl, QQI) = PP1
Then
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=fx)
= : fx) =4 +1-x)@2x - 1)
= 124 3)0,
- 4((x1 - 2) * 4)(2x1 D

fx) =0 whenx =4

8]

f’(xl) <0 ifx1 <

[NSTECS N

fix) > 0ifx >
= f(xl) is minimum when X, =%
~ Thus, atxl=%, point Pis P on C,
1 (1Y (L5
2, (% (3) +1)=(%3)

Similarly, Q, on C, will be image of P, with respect to
y =x

Any point on this parabola is P( + 1,2¢+ 1), t € R
Equation of tangent at P(Z* + 1, 2t + 1) is
y-1)=@-1) +7

or x—ty+(F+1~-1)=0 )
= Tangent meets directrix at 210, ﬁ-!-tt—_l)
Now @ is mid point of PR
h+§+1=0
and k+22t+1=t2+tt—1
= =—1-h
and ft+20+1=20+2t-2
= | F=—1-h
and 2=11-%k

Eliminating ¢, we have
4=(1-h(A-k

1 — 132 _
- ‘ QOE(%’E) or x+D@-1)y+4=0

11. Equation of normal to parabola y* = 4x having slope m is Objective Type
y=mx=2m—nm’ Fill in the blanks
It passes through the point P(, k) 1. T:'mgel?ts at the extremities of the focal chord inte?rsect on
directrix and tangents at the end of latus rectum intersect
= mh—k—2m—m?=0 at foot of directrix (- 1, 0).
S k=0 .. Multiple choice questions with one correct answer
— + =
= m+( m @ 1. a. The focus of parabola y* = 2px is (‘g, 0) and directrix
which is cubic in m and has three roots such that product x=— E_
of roots 2
mm, m, =~k (from Eq. (1))
But given that mm,=o
__k
m, =-g
But m, must satisfy Eq. (i)
- * +@-nEE) k=0
a
Fig. 3.143
= K-20"—ha*-a’ =0 i P p
Centre of circle is (5, 0) and radivs =5 +5 = 5
o Locus of P(h, k)is > =a?x+(a® - 2d%) Y
Equation of circle is {x -5 | +)°=
But given that, locus of P is a part of parabola y* = 4x, quation ot cirele 1s (x 2) Yo
therefore comparing the two, we get or 4 + 4y2 —d4px-3 p2 =0
a’=4anda’~2a*=0
- a=2 Solving this circle with the given parabola, we have
. . . liminati
12. Parabola is (y — 1)* = 4(x - 1) whose directrix is y-axis or (climinating y)
x=0. 4x* + 8px — dpx — 3p* = 0



= 4% +4px-3p° =0
= (2x+3p)(2x—p)=0
_3pp
= ¥=7.3
= y* = =3p? (not possible),
= y* =2p. % =>=%p

x+y

=y
2. c. 5

=t2+1,—2—=t

Eliminating £, 2(x + y) = (x — y)* + 4
Since 2™ degree terms form a perfect square, it represents
a parabola (also A = 0).
3.b. y = mx + ¢ is normal to the parabola y* = 4ax if
¢ =-2am~ am’
Herem=-landc=kanda=3
¢ = k==203)-1) -3(-1)°

=9
4.c.y’ =hx—8
8

= . yzzk(x_;)
Directrix of parabolais x = 4

_ . ) 8 k
Now x = 1 coincides w1thx—;—z
= %—§= 1,wegetk=4

5. c. Equation of tangent to the given parabola having slope
mis
= 1 :
y=mity @
Equation of tangent to the given circle having slope m is
y=mx-3) 3N +m’ (i)
Equations (i) and (ii) are identical,

L 3T+

=

= 1+ 3m? = +3m\1 + m®
= 1+ 6m® +9m* = 9(m* + m*)
= 3m* =1

= m=ﬂ:%

Hence, equation of common tangent is V3y = x + 3 (as
tangent is lying above x-axis).

Parabola 3.87

6. d. Y +ay+4x+2 =0
Y +dy+4=—dx+2

o +27 =—4(x~-1/2)
It is of the form ¥? = 44X whose directrix is given by X = 4
Required equation is x — % =1

=3
= X—2

7. ¢. If (h, k) is the midpoint of line joining focué (a,0) and
O(af’, 2at) on parabola then

h =%ﬁ k=at

Eliminating ¢, we get,

2h=a+a(§)

= = a(2h - a)
= | ¥ = 2a(h-5)
Therefore, locus of (4, k) is

¥ =2a(x— %)
whose directrixis  (x — %) = %

= x=0
8. a. For parabola y* = 16x, focus = (4, 0). Let m be the slope
of focal chord, then equation is
y=mx—4 @
Given that above line is a tangent to the circle (x — 6)* + 3
= 2 for which centre C(6, 0) and radius » = V2

Therefore, length of perpendicular from (6; 0) to
Eq. )=~
|6m ~4m| _ N3

= e 2
= 2m? =m*+ 1
= m* =1
= m==1

9. c. y =mx+%
Above tangent passes through (1, 4)
= 4=m+s
= m—4m+1=0

Now angle between the lines is given by

m—m,
1 +tmm

tan9=‘
2
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JT
- 9=§

Altermative Solution:
The combined equation of tangents drawn from (1, 4) to
the parabola y* = 4x is
A @ —4x 1) =y x4 -2+ )P
[Using SS, = 7°]

= 1207 = 4x) = 42y —x — 1)?
= v 3(yz—4x)=4y2+x2+1—4xy+2x—
4y

—_—>x2+y2—4xy+ l4x~4y+1=0
Now we know angle between two lines, given by
ax2+2hxy+by2+2gx+2]fv+c=0is )

_1(2\/h2—ab)
atb

0 = tan

The required angle is

2\/22—1x1)

|
0 = tan ( T+1

=tan"' (V3) = /3

10. d. The given curve is
y=x'+6

Equation of tangent at (1, 7) is
$0+7) =x(1)+6

- 2 -y+5=0 )

According to question, this tangent Eq. (i) touches the
circle x* + y* + 16x + 12y + C =0 at O (centre of circle

(-8,-6))
Y

Q

P(1,7)

Fig. 3.144

Then equation of CQ which is perpendicular to Eq. (i) and
passes through (-8, - 6) is

y+6=-2x+8)

= X+2y+20=0 (ii)
Now Q is point of intersection of Egs. (i) and (ii),

ie., x==6,y=-7

Therefore, required point is (=6, — 7).
11. d. Vertex is (1, 1), focus (2, 2), directrix x +y =0
.. Equation of parabola is

w2+ o-27 = (]
= X+y -y =8(x+y-2)
= (x=yY =8(x+y—2)

12. b. Solving the curves, we have

x2+4x—6x+1_ =0

or (x—1=0
or x=1.
Hence, two curves touch each other. Forx =1,y =+ 2.

The circle and the parabola touch each other at the point
(1,2) and (1, — 2) as shown in the figure.

Fig. 3.145

13.c. y'=x

and Q will lie on it
! |

|
0(0', 0) P(hi k) Q(4}1, 4k)
Fig. 3.146

= (4k)*= 4 x 4h
=)’ =x (replacing 4 by x and & by )

Multiple choice questions with one or more than one correct
answer
1. a, b. If y = mx + ¢ is tangent to y = x°, then x> — mx — ¢
= 0 has equal roots.



= m?+4c=0
. 2
- M. .
- C = 4 ,
y=mx—7

is tangentto y =x? -

- This is also tangent to  y = — (x — 2)°

2
= mx — mT = — x% + 4x — 4 has equal roots.

2
= x>+ (m—4)x + (4 - mT) = () has equal roots.

= (m—4)2—4(4_§) =0

= m-8m+16+m*-16=0

= - m=0,4"
= y=0
or y = 4x — 4 are the tangents.
2. b.,c. -
Y
3
X'« > X
R
Q00x y,) Plx,, y1)
v
Y,
Fig 3.147
3 2
x Y
Z + —1' =1
B =d*(1-¢
- 3
)
1 1), .
=P (\/5, ~7)and O {-+3, - 5 ) (given y, and y, less
than 0).
Coordinates of midpoint of PQ are R = (0, - %)

PQ =23
= length of latus rectum.

=> Two parabola are possible whose vertices are

(0.5~ 3)ma(0.3-3)

Parabola 3.89

Hence, the equations of the parabolas are

x2—2\/§y=3+\/§

and x2+23y =3-43
3.a,d
Tangent at point P(az’, 2at) is
ty =x+ at’.

It meets the x-axis at (—at?, 0)

Normal at point P is y = —tx + 2at + af’
It meets the x-axis at (2a + af*, 0)

Let centroid of triangle PNT is G = (h, k)

= h 3

T(-at’, 0)

Fig. 3.148

(3h;2a)=%

=
- 4d’

= Required parabola is

= y=T

Vertex = (2%, 0); focus = (a, 0)
4, c., d.
A=(18,24)B = (2,2t,)

2.2
t+t
Centre :{ : 5 Z ,(t1+z‘2):l

L+t =%r
_Amn) 2,2
-1 4+ r
5. a, b, d.
3 =4x
Equation of normal is y = mx — 2m — m’.
It passes through (9, 6)
=>m-Tm+6=0
=>m=1,2,-3
=y-x+3=0,y+3x-33=0,y—-2x+12=0
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Matc#z the following
1. i. 2 agii o bsiii > d.jiv—oec.
E quation of normal to y* = 4x is

y =mx-2m—-m’
As it passes through (3, 0), we get m =0, 1, -1

Then three points on parabola are given by (m?, — 2m) for
m=0,1,-1

. P0,0),0(1,-2), R(1, 2)
: 1 001
AreaofAPQR=5x 1 2 1{=2 sq. units
1-21
R = abc _ «Exﬁx4 _5
4N 4x2 T2

Centroid of A POR = (% ) (where a, b, ¢ are the sides
of A POR)

Cucumcentré (g, O)

. Comprehension based question:s'

Sol. Solving circle x2 + y =9 and the parabola y* = 8x

x*+8-9=0
= x=1,-9
= ~ x=1(x= -9 not possible)
= y =8
= y =+2\2
Hence, points of intersection are P(1, 2v2) and
0 (1,-2V2).
Y
4
A
/ r :
Z< NG

Fig. 3.149

Tangent to the parabola at point P is
2V2y =4(x+1)

It meets the x-axis at S(-1, 0).
Tangent to the circle at point Pis (1)x +2v2 y=9
It meets the x-axis at R(9, 0).

Ar(APQS) %PQ x ST

1.c =
APOR 1

ArAPOR)  1pg x 1R

ST _2_1
TR

2. b. For APRS, 8 4

AX(APRS) = A=% x SR x PT

=%x10x2w/§

A=10V2,a=PS=2V3

b=PR=6\2,c=SR=10

*. Radius of circumference = R = ‘é—gc

_ 23 x6\2x10

axiovz 3B

3. d. Radius of incircle of triangle POR is

_ Area of APQR
" Semi-perimeter of APOR

A

TS

We have @ = PR =62, b= QP = PR =62 and ¢ = PQ
=42

Also A =L xPQxTR=16V2
R RN
16 _,
8V2

Assertion and reasoning

1. a. The given curve is

2
y =—x7+x+l

or (x—1)2=_2()’_%)

which is a parabola, so should be symmetric with respect
toitsaxisx—1=0.

.. Both the statement are true and statement 2 is a correct
explanation for statement 1.



Parabola 3.91

Integer type A = Area of AABC
1. 2 = l(g)(z_l] =6
' 2 2

y
e A, = Area of ACQR

o A4(2,4) . .
Now tangent at point A(2, 4) isdy=4(x+2)ory=x+2

212
\/ PQA/242) Tangent at point (2, 4) is—4y=4(x +2)ory=—x -2
X

(9] Also tangent at point P(1/2, 2) is '2y = 4(x + 1/2)
Solving for Q and R we get (1, 3) and R(-1,-1)
@, _4)N Hence area of ACOR is

-1 -1 1

Fig. 3.150 1 1

s -1 3 Ilf==(3+2+6+1)=3
Y =8x=42x ,

-2 0 1

Tangents at end points of latus- rectum meet

on directrix on x-axis (-2, 0) Hence the ratio of area is 6/3 =2






