Integration

9.01 Introduction

We have already studied how to find the derivative of a given function. As a consequence, a natural
question arises : given a function say f (x), can we find a function g (x) such that g’ (x) = f (x). If such a
functions g (x) exist, we shall call it anti-derivative of f (x) or indefinite integral of f (x). Therefore, integration
is an inverse process of differentiation. It is also called antiderivative or primitive.

9.02 Integration of a function

If the given functionis f(x) and its integralis F'(x), then

d
—[F(0)]=f(x) ))

dx
Here, F(x) is called integration of function f(x) with respect to x. In symbols, it is expressed as
[ fodx=F(x) )

where symbol I is used for integration and dx means to integrate with respect to variable x. Also, the

function f(x), whose integration is to be done, is called Integrand and F'(x) is called integral.
Since integration and differentiation are inverse process of each other. Therefore, then differentiating
eq. (2) with respect to x, we get

d d
[ x| = F o)
d
or E[If(x)dx} =f(x) [From (1)]
For example: i(sin X)=COS X SO Icos xdx =sin x
dx
%(Xz) =2x ) I2xdx =x

Remark : If I f(x)dx=F(x), then f(x) is called integrand, F(x) is called integral and the process of find-

ing the integral is known as integration.
9.03 Indefinite integral and constant of integration
We know that differential coefficient of any constant is zero.

That means, di(c) =0, where c is any constant
X
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Let 4 IF)1= £ ()
dx

d d d
then, E[F(XHC] _E[F(X)HE(C)
=f(x)+0
d
SO —I[F(x)+c]l=f(x)
dx

On integrating both sides with respect to x,
d
J‘[—{F(x) + c}} dx = If(x)dx
dx

or [ fode=Fx)+c, (by definition)

where c is an arbitrary constant, which is called coefficient of integration. This is independent of x.
Antiderivative of any continuous function is not unique. Actually, there exist infinitely many anti-derivatives of
each of these functions which can be obtained by choosing c arbitrarily from the set of real numbers. In fact, ¢
is the parameter by varying which one gets different antiderivatives (or integrals) of the given function.

For example, di(x2 +)=2x=> IZxdx =x"+1
x

i(xz+4)=2x:j2xdx=x2+4
dx

but (x*+1) and (x> +4) are not same, they are differ by a constant.

Remark : In indefinite integration, the constant of integration should be added at the end of the pro-
cess of integration.

9.04 Theorems on Integration

Theorem 1: For any constant k, IK’ f(x)dx = KI £ (x)dx

The integration of product of a constant function and variable function is equal to the product of con-
stant function and integral of variable function.
Proof : We know by theorem of differentiation

a4 k| f(x)dx |= ki f)dx |=k f(x) [by definition]
a’x[ I } dx

Integrating both sides,
| %[k | f(x)dx} dx = [ k f (x)dx

k j f(x)dx = j k f(x)dx
or jkf(x)dxzkjf(x)dx
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Theorem 2 : (At f,(0)]dx=[ f,(x)dxt [ £,(x)dx

The integral of sum or difference of any two variable functions is equal to the sum or difference of their

integrals.
Proof : Let Iﬁ(x)dx =F(x) and Ifz(x)dx =F,(x)
d d
—[F()]=fi(x) and —[F,(X)]=f(x)
dx dx
d d d
Also, E[Fl(x)in(x)] ZE[FI(X)]iE[Fz(X)]

= i) £ £, (x)
Integrating both the sides,

[ 1RG0 £ G0l = [ 1,0 £, (0] dx
dx

or, F(0)*F,(x0) = [[£,(0)* f,(x0)]dx
or [[AG0 £,(0)ldx = F,(x) + F, (x)
= [ £y dx [ £, (x)dx

This rule can be applied for two or more terms but not necessarily applicable on sum of infinite terms.
Generalization

[l fi0) £k, £, (0 1dx = [k, f(0dx £ [ &, f, (x)dx
=k [ fi()dx £k, [ £, (x)dx

9.05 Standard formulae of Integration

We already know the formulae for the derivatives of many important functions. From these formulae,
we can write down the corresponding formulae for the integrals of these functiosn, as listed below which will
be used to find integrals of other functions.

n—-1

F ! — (X" =nx""(n#o0
or example I ( ( )
= J.nx”’ldx =x"+c
Putting n as (n +1)
n+l
n X
jx dx="—+c(n#-1)
n+l1
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10.

11.

12.

13.

14.

15.

16.

Similarly following formulae can be proved

Derivatives
d
—()=0
a’x( )

d
—(x nx"", nz0
a’x( ") =

i(10g|)c|):l, x#0
dx X

d X X
—(e') =e
a’x( )

d
—(a@")=a"log a
dx( ) g,

d .
—(sin x) =cos x
a’x( )

d .
—(—cos x) =sin x
a’x( )

4 (tan x) =sec” x
dx

d
—(—cotx) =cosec’x
dx

d
—(secx)=secxtan x
dx

d
—(—cosecx) =cosecxcot x
dx

i(sm x)= | x|<1)
i(cos x)= | x|<1)
d O 1

—(tan =

dx ( *) 1+ x7

d

—(—cot” x)=——

dx (-cot™ )= 1+x7

d 1

—(sec ' x) = ——=

dx xvx =1
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Integrals

IO -dx=c
xn+1

jx"dx= +c¢, nz-1
n+l

Ildx:10g|x|+c, x#0
x

Iexdxzex+c

X

a

jaxdxz +c

log, a
cosxdx=sinx+c

sin xdx = —cosx+c¢
sec’ xdx =tanx+c
cosec’xdx=—cotx+c
sec xtan xdx =sec x+c¢

J
J
J
J
J
J

cosecxcot xdx =—cosecx+c¢

I dx=sin"x+c

1 X

-1 = cos
J‘m x=cos x+c

dx=tan' x+c

I1+X2

1
I —dx=—cot” x+c
1+x

1
—  dx=sec'x+c
Ixsz -1



1

d 1

17. E(—cosee 1x)zT\/z__1 N J‘T\/z__lz—cosec 'x+c

18. %UF%’()”&O) — I%dx=|x|+c, x#0

Particularly i(X) =1 - I ldx=x+c

dx
d d
Note (@) ——[ f(0dv=f(x) ®) [ fdx= e
X RS
hence there is a difference of integral constant between differentiation of integral and integral of deriva-
tive.

Remarks :

(1) We should not conclude for formula 12 and 13 that sin™' x = —cos ™' x because they are differ by con-
stant term only, because we know that sin™' x+cos ' x=7/2.

(2) Inpractice, we normally do not mention the interval over whcih the various functions are defined. How
ever, in any specific problem one has to keep it in mind.

9.06 About Differentiation and Integration

(1)  Both are operations on functions, the result of each is also a function.

(2) Both satisfy the property of linearity.

(3) All functions are not differentiable and integralble.

(4) The derivative fo a function, when it exist, is a unique function. The integral of a function is not so due to
integral constant.

(5) We can speak of the derivastive at a point. We never speak of the integral at a point, We speak of the
integral of a function over an interval on whcih the integral is defined.

(6) The derivative of a function has a geometrical meaning, namely, the slope of the tangent to the corre-
sponding curve at a point similarly, the indefinite integral of a function represents geometrically, are of
some region, or area under curve.

(7)  The derivative is used for finding some physical quantities like the velocity of a moving particle, accelera-
tion whereas integration is used for finding, centre of mass, momentum etc.

(8) The process of differentiation and integration are inverse operation of each other.

9.07 Methods of Integration

@
(D)
(II)
V)
I

Some prominent methods to find out the integration are :

Usign standard formulae

Integration by substitution

Integration using Partial fractions

Integration by parts

Integration by the use of standard formulae

Here by using the standard formulae or other trigonometric formulae, We can find integral of given func-

tion. We can illustrate with the following examples.
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Ilustrative Examples
Example 1. Integrate the following functions with respect to x

. . L X+
i x° (ii) Vx (i) —
. " x"+1
Solution : We know that jx dx = +c,n#-1
n+l
x6+1 X7
i Let I =|x%x= +c=—+c
® j 6+1 7
1/2+1 3/2
i I= \/;dx: x"2dx = a + X c=
@ Lt J J a/2+1 372
I_x2+1d_ led_ld 1d
(111) Let —j _x4 X—j ?4‘? X—I? X+I? X
= j x2dx+ j xtdx = 2 + 2 +c
-2+1 —4+1
xt X7 1 1
= t+—+c=————+cC
-1 -3 x 3x
1 x—1/2+1
: [=|—=dx=|x"dx= +c
() Let Nkl {—1/2+1}
1/2
=2 +e=2Mx+c
1/2)
ax* +bx+c
Example 2. Evaluate j—dx
X
ax’ +bx+c ax* bx ¢
Solution : I—dx = I {— +—+ _}JX
X X X X
=J‘(ax+b+£jdx
X
zjaxdx+jbdx+jgdx
X
1
=alxdx+bldx+c|—dx
Jxdcebfdee]-

2
=%+bx+clog|x|+k

[236]
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sin” x

Example 3.  Evaluate j T+ cos x dx
sin® x 1—cos®x
.o _ d
Solution : '[ 1+ cosx '[ 1+cosx *
_.[ 1 CoS X 1+cosx)dx
1 +cos x)
= I(l—cosx)dx = Il.dx—fcosx dx
=x—sinx+c
2
Example 4. Evaluate j 1 dx
X
2 2 1) +1
Solution : J. xx+ 1 dx = I%dx

I_xz—l 1
= +——dx
| x+1  x+1

_(x_l) (xi1)}dx I[X 1+1ix]dx

2
:%—x+log|x+1|+c,(x¢—1)

Example 5. Evaluate I A1+sin2x dx

Solution : .[\/l +sin2x dx = j \/[(sin2 x+cos” x)+ 2sin xcos x] dx

= sin x+cos x)° dx
J )

=j(sinx+cosx) dx

=—cosx+sinx+c

1—cos2x I

Example 6. Evaluate I [+ cos 2x

jl—c052x .[2s1n X

Solution : ['vcos2x=1-2sin’* x =2cos” x —1]

1+cos2x 2cos’ x

:jtaln2 x dx :j(se,c2 x—1dx
=tanx—x+c¢
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Example 7. Evaluate I —dx
1+sinx
1 1 1-sinx
Solution : I —dx = I —— X ———dx
1+sinx l+sinx 1-sinx

_J~1 smxd J~1 smxdx

1—sin® x

1 sin x
= I 2 2 X
COS X COS Xx

= I (sec” x —sec x tan x)dx

COS X

=tanx—secx+c¢

d 3
Example 8. The slope of a curve is given by d_z =2x = It passes through (1, 1). Find the equation of

curve.

Ldy 2_1

2
" dx X

Integrating both the sides with respect tot x

I%dx=j(2x—3x2)dx

Solution :

— Idy = ZI xdx—3j xdx
= y > 1
, 3
= y=Xx +—+4+cC
X

It passes through (1, 1)
, 3
I=1)"+—4+c=>c=-3
@)
-, required equation of curve

y=x2+§—3
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Exercise 9.1

1.  Integrate the following functions with respect to x
() 3x® (ii) & (iii) (1/2)" (iv) @
Evaluate the following :
2. J‘(Scosx—3sinx+ 22 jdx 3. j dx 4. Iseczxcoseczx dx
cos” x
x2
5. [a+x)xdx 6. [a'da 7. j1+x2dx
2
8. j COS- T 9. Isec x(sec x+ tan x) dx
1+sinx
10. J.(sin*l x+cos”' x) dx 11. dx
dx
2 2 - @ @ @
12. Itan x dx 13. ICOt x dx 14. jm_\/;
i 1
15. J.(tanzx—cot2 x) dx 16. sm‘x dx 17. I dx
1+sinx 1—cosx
18 '[_1+ ! + 3 +2% |dx 19 Icot x(tan x —cosecx)dx
B B B | '
1 2
20. I \/;+—j dx 21. Ilogxxdx 22. IVI+C0$2x dx
Jx
2. I ‘ 3082)62 i o4, 3C?S§+4dx
sin” xcos” x sin” x
II Integration by substitution
(a) Substitution of Variables : The given variable cna be transformed into antoher form or in-
dependent variable, then doing integrationis called integration by substitutiion.
Theorem : If x is substituted by new variable in I f(x)dx then x=¢(t)
’ ! d
[ £y de=] foi}g'()dt, where ¢'(1) = =
d d . .
Proof : Let I f(x)dx=F(x) then d—j f(x)dx = d_F (x) (From differentiation) (1)
X X

Now if

x=¢(t) then o P'(t)
dt
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again %F(x) =%F(x> % (Chain rule)
~ £ (0. 40
= f{p}¢'(1)

Now by definition of integration

J<LF(x)di=[ £ ()} (1)

Or F(x)=[f{p(t)}¢'(r)dt
Or If(x)dx = If{(b(t)}.qb’(t)dt
Some integrands for substitution
(a) I j;((;c)) dx =log| f(x)|+c
g _ Lo
(b) [T s dv =222 ke
(c) For linear function f (ax+b)
If(ax+b)dx=M+c
a
whereas If (x) dx = F(x) +c
Formulae for linear functions

If a#o then

) n _(ax+b)"+1 B
() I(ax+b) dx _—a(n+1) +c, n#
.. 1
(i1) Iax+bdX—alog|ax+b|+c, a>0
(i) [ e = e

a
‘ , cos(ax+b)
(iv) js1n(ax+b)dx=——+c
a
sin(ax+b)
V) jcos(ax+b)dx=—+c
a

[From (1) and (2)]

(Let f(x)=t etc.)

(Let f(x)=r etc.)

(where a, b are constants)

Remark : There is no general ruel for substitution, it depends on the nature of integral. The success of
substitution method depends that we make a substitution such that a function whose derivative also occurs in

the integrand in product form.
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Ilustrative Examples

Example 9. Integrate the following functions with respect to x

_ cos[log(x)] Lo L. sinx ) 1
® x @ NIEES (@) Jx v cos’(5x+2)

. . 1
Solution : (i) Let logx=¢ then —dx=dt
x

I :.[de:.[costdtzsinﬁc :sin(logx)+c
X

esilf1 X
i I = dx
e =

1

dx =dt

Let sin” x=t=
1-x*

ol
I:Ie’dt:e’+c:eSI“ “+e

sin\/;
.o I — dx
(i) | N
&:t:Ldpdr:idx:zdr
Let 2Jx Jx

Izjsintxzdzzzjsinzdz

=2x(—cost)+c=-2cos \/;+c

1

) ot

®) Icos2 (5x+2) dx
=jsec2(5x+2) dx

Let 5x+2=t:5dx=dt:dx=édt

I :jse:c2 txldt
5

:ljsec2 tdt:ltant+c:ltan(5x+2)+c
5 5 5

Example 10. Integrate the following functions with respect to x

) oglr Vi) (i) secx log(sec x+ tan x) (i)
1 1) SeC X Og sec x+ tan x m
\/1+x2

1+tan x
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dx

i Ilog[x+\/1+x ]
Vi+x?

Solution : (i)

Let log[x++v1+x*]=t

1 2x

x| 1+
x+V14+x’ { 21+ 7
1 [V1+x? +x]dx

}dx=dt

X =dt
= crv1+2°] 144
———dx=dt
= 1+ x°
I:Itdt
2
=—+c
2
1
zz[log{x+m}]2+c
(i) 1 :Isecx.log(secx+tan x)dx
Let log(sec x+tanx) =t
1
-, ———————x(sec x tan x + sec” x)dx = dt
(sec x+ tan x)
sec x dx =dt
I—jt dt—ﬁ+c—l[log(secx+tanx)]2+c
2 2
1 1 Ccos x
(iii) Izj dx=j - dx=j —dx
1+ tan x 1+ sin x COS X+ sin x
COS X
B j 2cos x B j cosx+s1nx (cosx—sinx)
cosx+s1nx Ccos X +sin x
__Icosx+smx _J«cosx smx
COS X+ sin x cosx+smx

3 Id J«cosx smx
cosx+smx
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In second integral, Let cosx+sinx =t

(—sin x +cos x)dx = dt

Izlj.dx+l ﬂzlx+llog|t|+c
2 29t 2 2

x 1 .
——+—log|cosx+smx|+c
2 2

(b) Integration of trigonometric functions tan x, cotx, seCx and cosecx

sin x
i I=|tanxdx = dx
@  Let | | o~
Let

COSX =t = —sin x dx = dt = sin xdx = —dt

I:I_—dl:—log|t|+c:—log|cosx|+c
t

= 10g|sec x| +c

Itanxdx:10g|secx|+c:—10g|cosx|+c

(i) Let I =[cotxdv=[=>dx
sin x
Let sinx=t=>cosx dx=dt
I:.[ﬂ:log|t|:log|sinx|+c
t
Icottdx:10g|sinx|+c
/ jsec J jsecx(sechrtanx)
e = xdax = X
(i) Let (secx+tanx)
Let

secx+tanx =t

(sec xtan x +sec’ x) dx = dt = sec x(sec x + tan x)dx =dt

dt
I:I—:log|t|+c:10g|secx+tanx|+c
t

1 sin x
=log +

COSXx COSX

1+sinx

=log

COS X

.2 X ) X .oX X
sin 5+cos —+2sin—cos—

=log

X . .X
cos’ = —sin® =
2 2

[243]
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2
X .X
COS —+sin —
( 2 2)
X .X X . X
COS —+8in — || COS ——sin —
[ e o3 -3

1+tanx/2‘
— — "l+c

=log +c

=lo
g 1-tanx/2

=log tan +c

T X
_+_
4 2

Isecxdx=10g|secx+tanx|+c=10gtan +c

T X
_+_
4 2

(iv) Let I Icos ocx di = .[ cos ecx(cos ecx —cot x) 0
(cos ecx —cot x)

Let cosecx—cotx=t = (—cos ecx cot x + cos eczx) dx=dt
cosecx (cosecx—cot x) dx = dt
dt
I= I—:log |t |+c :10g|cosecx—c0tx|+c
t

1 CcOoS X 1-cosx

=log c=log

sinx sinx sin x

1-1+42sin*(x/2) |
2sin (x/2)cos (x/2)|

=log +c =log +c

X
tan —
2

Icos ecx dx :10g|cosecx—c0t x|+c = log|tan x/2| +c

(- cosecx —cotx = tan x/2)

1
Example 11. Integrate m W.I.t. x

1 1
. . I = dx = dx
Solution : Let I J1+cos 2x '[ \/2 cos® x

dx secx dx

1 1 1
~Float=75]

1
=—1log|secx+tanx|+c

V2
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Example 12. Integrate v/secx+1 with respect to x

Solution : Let I=I\/SCCX+1dx=j [ ! +1jdx

COS X
2 2 2
:.[ /1+cosxdx:j / 2co§ 5/2 dxzj V2 cosx/ d
COS X 1-2sin" x/2 \/1—{\/§sin(x/2)}2
Let J2sin (x/2) =t = V2 cos (x/2)x 1/ 2dx = dt

= V2 cos (x/2)dx = 2dt
I=J‘ 2di =251n’1t+=2sin’1(\/§sinx/2)+c

NI

(¢) Using substitution method by trigonometric identities.

Many times when the integrand involves some trigonometric functiosn, we use some known identities to
make it integrable and then find integral by suitable substitution.

Ilustrative Examples
Example 13. Evaluate the following:

(i) [cos3xcosdx dx (i) [ sin® x dx (iii) [ cos’ x dx (iv) [sin* x dx
Solution :(1) Let I= Icos 3xcosdx dx = %IZCOS 4xcos3x dx

1

in7
:lj(cos7x+cosx)dx:— st 7y
2 2

+sinx}+c

I—cos2x 1
i I =|sin®xdx=|——""dx=—|(1-cos2x)dx
(ii) Let jl xxj : xzf( )
1 sin2x
=—|x— +c
2 2
3 1
(ii1) Let Izjcos deZZI(cos3x+3cosx)dx

( cos3x =4cos’ x—3cos x = cos’ x =1/4(cos3x +3cos x))

l[sin3x . }
=— +3sinx |+c¢

1-cos2x Y
cos xJ i

@iv) Let I = Isin“ xdx= I(sinz x)*dx = I( 2

:ij(1+c0522x—20052x)dx
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:lj pplroosdx 5 o ox dx:lj(3+cos4x—4cos2x)dx
4 2 8

8

Exercise 9.2
Integrate the following functions with respect to x

= l[3x + sm44x —2sin Zx} +c

1. () xsinx® (i) xvx*+1
5 _ e"—sinx ) e*
. _ i) 77—
e’ +cosx Vi+e*
Jx Jx
e cose
3.0 () Ve +1 (i) T
1 1+1og x)?
4 () ——— (i) L1080
x(1+logx) x
) mtan”" x Sinp X
5. () o (i1) o x
6 ‘ 1 _ 1+cosx
) @ V1+cos2x (it sin xcos x
7. (1) sin3xsin2x (i) /1—sin x
8. (1) cos* x (i) sin® x
9 ‘ 1 _ (I+x)e’
- O sin xcos’x t cos’(xe")
0. 1 . 1
- @ 1—tan x (it 1+cotx
~sectx . 1-tanx
- Jtan x W ftanx
_ sin(x+a) _ sinx
2.0 Gnx—a) ) Gn(x—a)
‘ sin2x sin2x
3. @ sin Sx sin3x

[Hint =sin 2x = sin(5x —3x)]

(i1) - -
sin(x—j sin(x+ J
6 6
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1 1

4 () g [Hint: 3=rcos6,4=rsinf] (i) Sin(x—a) sin(x—b)
i sin x cos x . secx
15. () 3 — (i) —= .
acos” x+bsin” x \/sm(2x+a)+sma
6 G 1 . Ccos2x—cos2a
- O \/cos3xsin(x+a) W osx—cosa

(d) Integration by substitution of variables by trigonometric functions.

1 1 1
Wle—w  O7ns Wiee

~dx

0

. I:
0 Let J=

If, x=atan® then dx = asec’ 0d0O

Now I_j asec’0d0 j _sec’f 20
a’+a*tan’ 6 1+ tan? 9

=_jsec i e_ljd9=l(9)+c=ltan*‘f+c
Sec a a a a

1 1 X
I ——dx=—tan" —+c¢
a’+x a a

1
ii [ =|—=dx
) Let J
If x=asin@ then dx=acosOd6

Ij\/

acosBdo :J-acosede :J‘d0:0+c:sin*1£+c
acos® a

—a’sin’ 6

1 X
I—dx=sm1—+c
2 2 a

a —x

1
) Let [=|——=dx
i J =

Let x=atan@ = dx=asec’ 0d6

:,[ asec’ 0d6 jasec 9

Ja*tan? @ +a’

:Isecede =log|secO+tan 0|+,

asecO
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+¢

2
=log 1/ler—2+i
a’ a

/ 2 2
:logm+clzlog x+x*+a’|-loga+c,
a
=log|x++x*+a’|+c, where c=c, —loga
1
I—dx=10g|x+\/x2+a2 | +c
VX' +a®
. 1
(iv) Let Iz.[—dx
VX' —a’
Let x=asecl = dx=asecOtan 0 dO
1
I:I ><asec6’tant9dt9=J‘M
NS atan6
:Isece d6 =log |secO +tan 0 | +c,
2 [.2 2
=log R x_2_1 +clzlogx+#+c1
a \a a

=log|x++x’—a’|-loga+c, =log|x+x*—a’ | +c (where ¢ = ¢, —loga)

J‘ﬁdleoghwxlxz—az | +c

Some Suitable trigonometric substitutions

Integrands Substitution
1
@) 2+adt orm x=atan6
1
(1) a’—x> Or o x=asinf@  or x=acosf
a’—x
1
2 2 _ —
(i) \/x*—q* Or Ry x=asect
. a—x a+x
(iv) or x=acos20 or x=acosf
a+x a—Xx
W) x+a x=acos20 or x=acosf
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M) 2ax— 2 x=2asin’0 or x=a(l-cos20)

i} a-x .,
(vii) o x> =a’cos26
x+a x .
(vii) . "\ira x=atan’ 6

Ilustrative Examples

Example 14. Integrate the following with respect to x

1
X .. _
1+ " Jo 252

@

Solution : (i) Let I=[—dx
I+x
d
Let X =t= xdx = 5

I =— =—tan (f)+c=—tan (x")+c
2~|‘1+t2 2 ® 2 )

1 1 1
, = e— g
(11) Let I I [9_25x2 * SI ’(3/5)2 _x2 X

1. x 1. ,5x
=—sin | — |+c=—sin —+c¢
5 3/5 5 3

with respect to x

Example 15. Integrate 1
Vx?—4x+5

1 1
L [=|———dx=|—dx
—log |(x=2)+J(x=2)> +1 | +¢
=log|(x—2)++x* —4x+5|+c

Example 16. Evaluate: Imdx

1 1
S I= dx = dx
Solution : Let sz 2x+5 -[(x+1)2 +2)°



Example 17. Integrate with respect to x

1
V5x—-6-x7

Solution : Let

I:I;dxzj ! dx
J5x—-6-x7 \J—6—(x* =5x)

1 1
- dx =
I\/(25/4—6)—(x2—5x+25/4) ’ I\/(1/2)2—(x—5/2)2

dx

1+ x)>
Example 18. Integrate ( g with respect to x
X+x

Solution : Let I:J‘(Hx) J’1+x +2x

x(1+x7)

J‘{(lvtx) zxz}dxi[ldxﬂ[ 22dx
x(1+x*)  x(1+x%) X 1+x

=log|x|+2tan"" x+c

X+x

sin 2x cos2x

\V9—cos* 2x

Example 19. Integrate with respect to x

sin 2x cos 2x

Solution : Let | = | —/——=dx
V9 —cos* 2x
Let cos® 2x =t = 2cos 2x.(—sin 2x)2.dx = dt
- sin2xcos2x dx = —%
‘5
———I ———sm —|+c
3
(cos>2x)
=—=— c
3

Example 20. If j dx =ksin™' 2" +¢, then find the vlaue of k

NE
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Solution : Let

A N S A
I—Iﬂdx Imdx

dt
log, 2

Let 2" =1=2"log, 2dx=dt =2 dx =

sin”' (1) + ¢ =log, e.(sin"' 2") + ¢

1 dt
I = =
log, 2 I Ji-¢> log,2

.[ 2 dx=1log,e.(sin"' 2") +¢
1-4°
2X - -1 Ax

.[ dx=k(sin™ 2%)+c

NIE

-, On comparison, k =log, e

but it is given that

Exercise 9.3
Integrate the following function with respect to x

I. (@

50+2x2
‘ 1
(1 _m

1
O Je-pe

.X'2
O T

o)

™ +2e* cos oc +1

1

® V3x-2-x°

_ sinx+cos x
)T
® vsin 2x
. |la—x
(M)

X
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1
)" 32 2x

1
W Jrvar
1

(i 2
(2—x) +1

x4
O

1

2x" —x+2

(i)
_ l+tan’x
@) Jtan® x+3

1

() V4 +8x—5x*

1
() Vxt+2ax+b*

(i) a+x

a—Xx



10.

11.

12.

13.

o )
(1) m (1) (a2+x2)3/2

) 1 B x+1
DT @ e
, 1 y 1
O —ap— RN

COS X

1
O fax-D(x-2) W 4 sin® x

II1. Integration by resolving into partial fractions

(@)

Rational algebraic function

f(x)
Definition : If f (x) and g (x) are polynomials of x then fraction 2(x) is called rational algebraic
function.
x'—x—6 2x+1 x2 2x° x!
For example:

O +x-3x+4 20 +x+1 241’ (x—l)(x2+1)’ X 4+2x—4

Proper Rational Fraction : If in a rational algebraic fraction the power of numerator is less than the
power of denominator then it is called a proper rational fraction.

Improper Rational Fraction : If in a rational algebraic fraction the power of numerator is more than or
equal to the power of denominator then it is called an improper rational fraction.

. . X3 fract
orexample : >3 is a proper raction.
3+ x> +5x—4 3x° +x+2
For example : [P and m are improper fractions.

Remark : An improper rational fraction can be expressed into a proper rational fraction by division
process.

For example M =3(x=-5)+ M

x +5x+9 x +5x+9

The above rational algebraci function may be expressed or convert into partial fraction and then integrate
each fraction.

Partial Fraction : It is always possible to write the integrand as a sum of simpler rational functiosn by

a method called partial fraction decomposition.

2x-5 1 1
2 - +
x =5x+6 x-2 x-3

For example
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Rules of resolving a rational fraction into partial fraction

[A] First of all if the fraction is not proper then convert it into a proper fraction by using division method. So
that an improper fraction will be decompose into a polynomial and proper fraction. Keep the polynomial
same and decompose the real fraction into partial fraction.

[B] If denominator of proper fraction is not in the form of factors then factorize it.

[C] Now assume the constant term as equal to the power of denominator. The following indicates the types
of simpler partial fraction that is associated with various kind of rational functions.
(a) If denominator contains linear factors without repetition then the form of partial fraction will be

according tot he following example:

X A B C

- D(x+2)(x-3) (=1 (x+2) (x-3)

(b) If denominaot rcontains linear factors with repetition then the form of partial fraction will be ac-

cording tot he following example:

X A B C

(1) (x+3) (x=1) (x=1)  (x+3)

(¢) If denominator contains quadratic factors then the form of partial fraction will be according to the

following example:
X A Bx+C

(x-1)(x*+2) (x-1) ’ (x*+2)

Remark : If in a partial fraction both numerator and denominator contain x” i.e. quadratic then x’

must be considedred as linear and the partial fraction may be written as

X420 A B
(¢ +1)(x*+3) K +1 x*+3
[D] Finding the values of constant A, B and C
(@) Asdiscussed in [C] take LCM of denominators of partial fractions in RHS and find their sum.
(b) Fractions of both the sides are equal and denominators are also equal. hence by comparing their

numerators and factors of all powers of x and constant terms find equations. The number of such
equations should be same as number of unknown constants. Find the vlaues of unknown constants

from equations and get the required partial fraction.

(x+2)(x+1) (x+2)+(x+1)

2x+3  A(x+1)+B(x+2)

o (x+2)(x+1)_ (x+2)(x+1)
or 2x+3=A(x+1)+B(x+2) D
or 2x+3=(A+B)x+(A+2B)
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On comparision of coefficients of equal terms
A+ B =2 |onsolving
A+2B=3 |A=1B=1

2043 _ 11
(x+2)(x+1)  (x+2) (x+1)

SO

Alternative Methods :

(@

(i)

(iii)

Short Method : In the above example the corresponding vlaues of x of factors (x + 1) and (x + 2) as
x =-1 and x = -2 can be substituted in equation (1) to find the values of A and B.
Division Method : Division method is more sutiable for repeatign factors of denominator in fractions, in
this repeathin factor may be considered as y and the division process id done so that we can get inte-
grable terms.

2

X
F le ————
or example (x+1)3 (x+ 2)

Let (x+1)=y then

x’ (y-17 _(1-2y+y?)

(x+1)3(x+2) y(y+l) ¥y (1+y)

3
z%{l—3y+4y2—4i}
y I+y

3 4 4
2

1
—-

yooy oy I+y
1 3 4 4

()c+1)3 ()c+l)2 (x+1) (x+2)

which can easily be integrated
By inspection : If there is 1 as numerator in a real fraction and the difference of parts is a constant
quantity then this methdo can be used. For this divide by difference of parts and subtract the reciprocal
of bigger part from the reciprocal of smaller part.

1 1| 1 1
For example (x+2)(x—3) g[x—3_x+2} here difference of parts :(x+2)—(x—3):5

Some Standard Integrals

dx 1 x—a
; =—-1Io +c x>a
® J‘xz—az 2a g x+a ( )
dx 1 a+x
5 =—-1Io +c x<a
G ool — (x<a)
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Proof :

1 1 1 1 1
® -a® (x—a)(x+a) " 2a [x—a x+a} (By insepection)

Izl 2dx=i[ ! - 1 }dxi[ ! - 1 }dx
X —a 2a' | x—a x+a 2a| x—a x+a

_L ld—i 1
2a° x—a 2a’ x+a

dx

1 1
=—1log|x—a|l-——1Ilog|x—al+c
> gl I > gl I

1 xX—a
=—T1log +c
2a xX+a
Similarly
) 1 1 _L[ . }
(i) a’—x* (a+x)(a—x) 2ala+x a—x

Izl 2dx=i[ ! + 1 }dx
a —x 2a° | a+x a—x

=i[log|a+x|+w}+c
2a -1

:L[log|a+x|—log|a—x|]+c
2a

Remark : In some cases substittion makes the task easy. Specially when there is any power of x, Let
x""" is a part of numerator and remaining fraction is a rational function of x" then substitute x" =¢ and then
decompose in partial fraction.
Ilustrative Examples

Example 21. Integrate the following functions with respect to x

. 1 . 1
W T 9 W 54
Solution - (i 1 1
olution : (i) Let, = J‘ dx = I —  dx
16x*> -9 (4x)* —=(3)°

1
Let 4x=t=4dx=dt or dx:zdt
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t-3

I—lJ‘L—lx ! log|—|+c¢
P R N R
1 4x-3
=—1log +c
24 4x+3
Solution : (ii) Let 1= L = | L &
| o=ax G -2
Let 2x=t:dx=%
1 dt I 1 3+t
I:— = —X 10 —J+cC
P E et
1 3+2x
=—Ilog +c
12 3-2x
1 :
Example 22. Integrate 712 with respect to x.
. 1 1 _1[ 11 }
Solution : X —x=2 (x—2)(x+l) 3lx-2 x+1

.[Z;dlej{ L 1 }dx
X —x—2 39 (x—=2) (x+1)

:%[log|(x—2)|—log|x+1|]+c

—llo x=2 +c
3 8 x+1
xample 23. Evaluate: G-Dr—2)
) X+ x+2 14 4x
Solution : (x—l) (x_2) = (x—l)(x—Z) (on dividing)
Let 4x A N B
(x—l)(x—Z)_(x—l) (x—2)
or 4x=A(x-2)+B(x—1)

Now in (1)
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Put  x=2 8=B(2-1) or B=38
Put x=1 4—_AOF A=_4
4x -4 8
= +
x-D(x-2) x-1 x-2

G-ni-2) e

X+ x+2 f 4 8 }

If—x+2)dxzjil—i+ 8 }dx

N x=1)(x-2 x—1 x-2

= x—4log|x—1|+8log|x—2|+c

= x+4[2log|x—2|~log|x—1[]+c

(x-2)°

=x+4log |x—1| +c .
Example 24. Integrate with respect to x.
(x+1) (x2+1)
1 __A B CxtD
Solution : Let (x+1)2(x2+1) (x+1)  (x+1) (x2+1)
— 1=A(x+1)(x2+1)+B(x2+1)+(Cx+D)(x+l)2
— 1:A(x3+x2+x+1)+B(x2+1)+(Cx3+2Cx2+Dx2+2Dx+Cx+D)
= 1=x’(A+C)+x’(A+B+2C+D)+x(A+C+2D)+(A+B+D)
On comparison
A+C=0 ey A+B+2C+D=0 2)
A+C+2D=0 3 A+B+D=0 “)
From (1) and (3), 2D=0=D=0
From (1) and (2), B+C+D=0 onsolving, 2C=-1=>C=-1/2 ... A=1/2
From (1) and (4),  B-C+D=1
From (4), 1/2+B+0=1=B=1/2

1 1 1 1 1 X
+— =

1
(x+1) (7 +1) 27 (x+1) 27 (xe1) 272241
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1 11 e 1 ¢ 2x
j(x+1)2(x2+1)dx_5 (x+1)dx+§'[(x+1)2 dx_zj(xzﬂ)dx

1 1
2510g|x+1|—zlog(x2 +1)— 3

X +x+1

Example 25. Integrate

with respect to x.
x —

2 2
Solution : Let (x—l):y_-_x +x+1:(y+1) +(y+1)+1

(x—1)3 ys

_y2+3y+3_

3

3 3
2t 73
Yy

1
—+
y y oy
1 3 3

() et (1)

X+ x+1 1 3 3
J. (x—1)3 d)c=J.(X_1)dx+.|.(x_1)2 a’x+J.(x_1)3 dx

=log|x—1|— > 3 +c
(x=1) 2(x-1)*

Example 26. Integrate —

——————— with respect to x.
sin x +sin 2x

1
Solution : Let I = Imdx
1 sin x
= = d
J‘sinx(1+2cosx) -[sinzx(1+2cosx) *
=.[ sin x
(1—cos® x)(1+2cos x)
—dt
:.[(1_,2)(“2,) [where cosx=t=>—sinxdx=dt]

o dt
N I(1—;)(1+r)(1+2x)
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1 A B C
Aganlet TN (112)  (1-1)  (1+1)  (1+21)

or 1=A(1+1)(1+2t)+B(1—1)(1+21)+ C(1—1)(1+1)

On putting on both sides, put £ =1, 1=A(2)(3) = A=1/6
putt=—1, 1=B(1+1)(1-2) = B=-1/2

put7=-1/2, 1=C(1+1/2)(1-1/2)= C=4/3

1 Lo o114
(1-1)(1+2)(1+21) 6 (1-t) 2 (1+1) 3

(1+21)

1 4 1
=— —. d
I (1+t)+3(1+2t) t
6 (-) 2 32

:élog|1—cosx|+%log|1+cosx|—§log|l+2cosx|+c

2x
Example 27. Integrate (Z+ (X +3) with respect to x
. 2x
Solution : Let 1= j —————-dx
(x*+D(x"+3)
= jm [where x> =t = 2xdx =dt]

s

:l log|t+1|—log|t + 3| [+ ¢
2

1 (x+1\

1 e=Tog( £

1 +1
2 gt 3"

+c
X
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Exampler 28. Integrate with respect to x.

Solution :

) dt
Again, let .

X' =t=>nx"'dx=dt = x"'dx=—

(multiplying numerator and denominator by X" )

1 1 1 1
- =—||——=|dt=—[log|t—-1|-log|¢t|]+¢
I,(,_l) nj[t—l t} n[ gl | elel

1 t 1 x" =1
=—log|—|+ :—log +c
n
Exercise 9.4
Integrate the following functions with respect to x.
2 ! 3 —3x
@ 16 2) x? -36 ) (x+D(x-2)
X2 x2
O Gine-2a-3 © e D v e
2 2
o X 10 x+1 1 x +8x+4
O i) 10 o er WD Ta
13 1-3x 14 1+ x% 5 x> +5x+3
( )1+x+x2+x3 14 X —x ( )x2+3x+2
1 ! 18 ! 19 ¢
7 X —X X T~ «
D avena=esy I8 @iy T :
1 R &
QD L+ 22 a+b) 23 i +4)

(b) Integration of special forms of rational functions

. px+q
— = d
© jax +bX+C @ ax® +bx+c *

where a, b, ¢, p and g are constants.

2 2 b C
Proof : (1) ax +bx+c:a[x +—x+—}

a a
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3x-2
@ G+ (x+3)

2
X

®) (x+D(x-2)

12 T (x+2)

x—1
16) i +1)

sec’ x
(2+tan x)(3+ tan x)

(20)

(I—cosx)

(24)

cos x(1+ cos x)



- () ()

Case : (1) When b2 —4ac>o

then, I # _1 I dx -
ax +bx+c a ( b)2 b — 4ac
X+— | =\
2a 4a
b b* —4ac
=—|5—= here x+—=t =1
. I Y (where 2a and 17
etc.)
11 -1
=— —log +c
a 2. t+ A
Case : (2) : When b’ —4ac<o
dx
then '[ax tbx+c a J.t A7
1 [ tj
=——tan | —|+c¢
ar A
on again substituting the values of # and A the required integration can be done
(i) Let numerator px+ g = A (differential coefficient of denominator + )
or px+q:l(2ax+b)+,u
On comparing the coefficients of equal terms
2al=p=>A=—
2a
b
bl+u=q:u=q——p
2a
L px+q P 2ax+b ( j
H th tegral | —————dx= it
enee the givertntegr ax’ +bx+c 2a 7 ax +bx+c 7 I ax’ +bx+c
=L log|ax® +bx+c| +(q——pj
2a 2 ax’ +bx+c

Where secodn integral can be solved by method (i)
(C) Integration of irrational algebraic function
Irrational function : A function in which power of variable is fraction :

X% ++/x

For example ; f(x)= X+ x+1, g(x)= 2\/; +3, h(x)=—— etc.
p NI
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Integration of standard irrational functions

(i) |24

Vax? +bx+c

dx m there are two methods of integration.

@) I;dx
Nax® +bx+c

First Method : (i) Term 1 = [

N S
Vax* +bx+c

(a) where a > o then

a a

% xud;J ﬁjﬂﬂbjz[bzwj

It has three steps :

(i) where b*> —4ac > o then

b* —4dac

b
; t=x+—,A=
/—I /— where X+2 1
1
:—log‘t+\/t2—12 +c
Va

(i) when b”> —4ac <o then

[:LI dt
Ja (erbsz{\Mac—bz ]2
2a 2a

:LJ'_ dt her t—x+£ i_\/4ac—b2
NFENERFERE S

log|t+~t*+ A% | +c

-

(iii) when b* —4ac =0

1 dx 1 b
then, |=—|——=—loglx+—]+¢
\/g'[x+b Ja g 2a
2a
(b) when a<o let a=—oc
dx
then, [I=
'[\/—ocx +bx+c \/—'[ b +4c¢ o ( bjz
—_— x_i
4o 2 oC
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b b +4ca

v 2
\/—J‘\/r where ¢ = x ﬂ, a0

= Lsin’1 [ij +c
Ve 2

Second method 1=I—px+q dx
econd method : m
d
Let px+qg=A—~ (ax" +bx+c)+B
dx
or px+q:A(2ax+b)+B
p bp
. . A:_,B: e
on comparing and solving 2a q 2a
[P _ 2ax+b ( bpjj- 1 I
then, ST
en 2a7 \Jax® +bx+c 2a )7 \Jax* +bx +c¢

where in I integral put ax’ +bx+c =t and II integral can be solved by case I discussed earlier.

Ilustrative Examples

Example 29. Integrate with respect to x.

X +4x+1

1 1
s, I = dx = dx

| 1 dr=— 1o [x+2-43|,
(x+2°-(3)? 23 \x+2+ﬂ

Example 30. Integrate ox with respect to x.

1-6x—

Solution : Here 1-6x—9x* =9 [é - 69_x - xz}

=9 g—(x2+§+l)
9 39
=9[2/9—(x+1/3)2]
P
—6x-9x

1 1 1
= — dx:— dx
9I2/9—(x+1/3)2 9I(\/§/3)2—(x+1/3)2
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1 |\/_/3+x+1/3|

02 S NCyEmyR
|\/§+1+3x|
A N
Example 31. 1 _ X2
xample 31. Integrate ——5—— —— with respect to x.
d .,
Solution : Let 5x—2:Ad—(3x +2x+1)+B
X
or Sx-2=A(6x+2)+B

on comparing 6A =5 .'.A:% and B=-2-24=-2-5/3=-11/3

5x—2=§(6x+2)—E

6 3

I S5x-2

3x? +2x+1

_I5/6(6x+2)—11/3 B I 6x+2 11 1

3xT+2x+1 3x? +2x+1 3937 +2x+1

:210g|3x2+2x+1|— 1 I > ! dx

6 3x37 x"+2x/3+1/3

! dx
(x+1/3)> +(2/3)°

=%10g|3x +2x+1|——

:%10g|3x +2x+1| L an 1(X+1/3j c

\/_/3 V273

=%10g|3x2 +2x+1|—£tanl(3x+lj+c

32 V2

Example 32. Integrate with respect to x.

1
Vx*—8x+15

Solution : Here 1= I\/x 8x+15 I\/X 4 o

=log|(x—4)+~+x> —8x+15|+c
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1
Example 33. Integrate ———————=with respect to x
V1+3x—4x°

Solution : Let I = I ;dx

V1+3x—4x*

:lj- dx
2° 174435742

lj dx
2° [25/64—(x* —3x/4+9/64)

1 dx

Example 34. Integrate with respect to x

2x+5
VXt +3x+1
Solution : Let 2x+5=(2x+3)+2

(On changing numerator into differential coefficient of (x* +3x+1) by inspection)

dx

:I 2x+5 2x+3

2
——dx = dx+
VX' +3x+1 J‘\/x2+3x+1 I\/x2+3x+1

2

dt
=|—=+
Jx/? '[\/(x+3/2)2+(\/§/2)2
(x+3/2)+\/x2+3x+1‘+c
(x+3/2)++x° +3x+1‘+c

, where x*+3x+1=t¢

=2t +2log

=24/x> +3x+1+2log

Exercise 9.5

Integrate the following functions with respect to x

1 1 1
M X +2x+10 ) 2x* +x—1 3 9x? —12x+8 ) 3+2x—x*
5 6 COS X ; x-=3 g 3x+1
) X+ xt+1 ©) sin x+4sinx+5 ™ X’ +2x—4 ®) 2x*—2x+3
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9 x+1 10 (3sinx—2)cos x T 1 12) 1
®) x*+4x+5 (10) 5—cos® x—4sinx an 2e* +3e" +1 ( Vax? =5x+1
1 1 1 x+2
13) /7 14) 77— 15 7 16) 55—
(3) Vix—6-x° 19 VIi—x—x’ (s) Va4+3x=2x" (16) Vxt=2x+4
x+3 sin(x—a)

x+1
AN e _xr1 U8) T2 oxrn (19) Jsecx—-1 (20) sin(x+a)

x e’

@D X +x+1 22 e +6e" +5
IV Integration of Parts:

We have studied the methods of integration by substitution, trigonometric identities and algebraic meth-
ods. But integral of some functions is either difficult or impossible with above methods. Such functions can be
expressed in parts and then their integration is can be found.

Here the main functions are non algebraic functions like exponential, logarithmic and inverse trigonomet-
ric functions.

Rule of integration by parts or integration of product of functions:

Theorem : If u and v are two functions of x then
Iu.v dx = u(jv dx) = J‘[%J‘v dx}dx
Proof : For any two functions f(x) and g(x)

G080 =10 Fa (a9 S (0

integrating both sides with respect to x

f(x)-(x) ZI[f(X)%g(x)+ g(X)%f(x)}dx

or I 05 60) = £ (92 ()~f 0) ) 0
Now let f(x)=u,%[g(x)]=v:>g(x)z.[vdx

Put this value in (1)

Iu.vdxzujvdx—j[%jvdx}dx

If we take u as first function and v as the second function, then this formula may be stated
as follows:

"The integral of the product of two functions = (First function) x | (second function) dx—
| (Differential coefficient of first function) x integral of second function dx.
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Remark : The success of integration by parts method depends on selection of first and sec-

ond function. Function should be selected in a manner so that the integral of second function can
be done easily. Although there is no specific rule for selection of functions but following points
may be kept in mind.

@

(ii)

(i ifintegrand is a product of algebraic function of x and exponential or trigonometric function
them exponential or trigonometric function should be selected as second function.

@) Inintegration of single inverse trigonometric functions or logarithmic functions, unit (1) should be
taken as second function.

@) If integral obtained in original form in right hand side then integration should be done by transposing.

(iv) Integration by parts may be used more than once in an integral as per necessity.

Note : We can select the function as they appear in word 'ILATE'

Where : 1 = Inverse trigonometric functions sicj as sin™' x, cos™ x, tan™' x

L = Logarithmic functions such as log x, log(x* + a*)

A = Algebraic functions such as x, x +1, 2x, Jx
T = Trigonometric functions such as sin x, cos x, tan x

E = Exponential function such as a*, e*, 2%,3™"

Application of ingegration by parts
In Integral of the type Ie”‘[f(x) + f'(x)]dx and I[xf’(x) + f(x)]dx

Let 1=/ )+ f'ldx where [0 =5 (2
X
= J' eﬂ”‘ f(x)dx+ j e" f'(x)dx (on taking e* as II function)

= f(x)e" — j Fl(x)e'dx+ j e f(x)dx +c
(Integration by parts of first integral)
=e' f(x)+c

similarly [elf o+ fldx=e'f(x)+c
Let  1=[lxf'(x)+f(x)]ldx
=J.)Icf'l(1x)dx+jf(x)dx
put f' (x) as second function in first integral and then integrating by parts
= xf(x)—j1xf(x)dx+jf(x)dx
=xf(x)+c
[Lef' @)+ flde=x f (x)+c
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Ilustrative Examples

Example 35. Integrate x’e¢* with respect to x

Solution : Let I=|xe"dx

I I
On taking e* as II function, Integration by parts gives

2
=x"e" —|2xe" dx
I 1

=x"e" —2[xe* — I I1xe*dx]
=x’e" —2xe" +2¢"
=e" (x> —2x+2)+c

Example 36. Integrate xlog x with respect to x
Solution : Let I= J. fflolgx dx

On taking log x as I function and x as second function, Integration by parts gives

2

x° 1 x
I =(logx)——|—x—dx
(log )= jx .

2

=%(log x)—%jxdx+c

le X2+
=—logx——+c
) BTy

Example 37. Integrate x”sin2x with respect to x

Solution : Let I= sz sin 2x dx

I I

Taking x” asIand sin2x as II function respectively, Integration by parts, gives

Ja —Ccos2x _J-zxx—cosbcdx
2 2

2
—X
=——CoS2x+ jx~ cos2xdx
2 I I

Taking x as I and cos 2x as II functions respectively, again Integration by parts gives

2 . .
=icos2x+x sin2.x —lesmzxdx
2 2 2

2

—X X . cos2x
= Tcos 2x+Esm 2x+

+c
Example 38. Integrate log x with respect to x
Solution : Let I= '[11[ 10% xdx
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Taking one as second function, Integration by parts gives
1
= (log x)(x) — j_x x dx
X

=xlogx—x+c
=x(logx-1)+c
= x[log x —loge]+c = xlog(x/e)+c

Example 39. Integrate tan™' x with respect to x

Solution : Let [ = _[ tan™' x dx
I :.fl' tan~' x dx
I 1

Taking tan™' x as I and one as II function respectively, Integration by parts gives

:(tan*l x)(x)—j ! — X x dx

I+x
|
:xtan*lx——j ~_dx
29 1+x
a1 2 >
= xtan x—Elog(1+x)+c (where, let 1+ x” =¢)

Example 40. Integrate cos™ | Y dx with respect to x
a+x

_ X
Solution : Let I=[cos™ | ——dx
a+x

Let x=atan’ @ = dx =2atan O sec’ 6 dO

a+atan® 0

J- i ( tan 6
= | cos
sec@

= ZaJ.cos*l(sin 0).tan Osec’ 0 dO

2
I = J.cos’1 [Mj x2atan @ sec’ 6 dO

ija tan @ sec’ 0 dO

= ZaIcos”[cos(% —0)].tanOsec’ 0 dO
= ZaI(%—G).tanesecz 0 do

n
Taking (5 —0) asland tan@sec’ 0 as II function, integration by parts gives
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2 2
I =2a (E—Hjtan Q—I—lxtan 9d6’
2 2 2

2
{ jtan@seczé’dé’ = tar12 0}

= a(%—ﬁ)tan2 0+ aj‘(sec2 0-1)do

=a(%—9)tan29+a[tan9—0]+c
=a[7r/2—tan71x/x/a](x/a)+a[«/x/a —tan™' \/x/a}+c
:x-%—xtan*l Jx/a +Jax —atan" x/a +c

a1 Izx-%—(a+x)tan’lx/x/a+\/ax+c

Example 41. Evaluate .[ log[x+~x" +a’] dx

Solution : Here I = IIII log(x+ \/I x*+a’)dx

Taking one as second function, integration by parts, gives

1 2x
I =log[x+x>+a’].x— x{1+ }xdx
'[[x+\/x2+a2] X +ad?

1 (Nx*+a® +x)
= xlog[x+vx* +a’ I()H_m) m x x dx

—xlog[x+ x*+a’

Nt

(On putting x> +a” =t and solving)

= xlog[x ++/x° +a2]—%><2 X +a’+c

leog[)c+\/x2 +az]—\/x2 +a’+c

2

Example 42. Integrate - al > with respect to x
(xsin x+ cos x)

2
X

dx

Solution : Let I'= I (xsin x + cos x)*
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X XCOS X s X )
= I R —dx (Put x” = X XCOS X in numerator)
cosx (xsinx+cosx) COS X
X
Taking cosx B I and remaining as II function, integration by parts gives
X

P X.[ ‘xcosx 2dx_j i( x jxj- .xcosx v | ax
cosx * (xsinx+cosx) dx\ cosx (xsin x +cos x)

Let xsinx+cosx=t= xcosxdx=dt

_x X[ ‘ 1 }+J-[cosx+(:inx)x]>< ‘ 1 0
COSX | xsinx+cosx cos® x (xsinx+cosx)
—X

= ‘ +J‘sec2 x dx
cos x(xsin x + cos x)

—X
= - +tanx+c
cos x(xsin x+cos x)

—X sin x
- ' + +c
cosx(xsmx+cos x) Ccos X

—X +sin x(xsinx+ cos x)
= +c
cos x(xsinx+cos x)

—Xx+ xsin® x+sin xcos x

cos x(xsinx+cos x)

—x(l —sin? x) +sin xcos x
= ' +c
cos x(xsmx+cos x)

—xcos® x+sin xcos x

cos x (xsin x+cos x)

Sin x — X COS X
——+c¢

xsin x +cos x

X+sinx

Example 43. Integrate T

with respect to x.

Solution : Let I=

J«x+sinxdxzj«x+231n(x/2)cos(x/2) .

1+ cos x 2cos” (x/2)

:%j)fseﬂcz(x/z)dx+jtan(x/2)dx
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Taking x as I function in first integral, integration by parts gives
= %[2xtan(x/2)—I1x2tan(x/2)dx} +Itan(x/2)dx

= xtan (x/2) - [ tan (x/2)dx+ [ tan (x/2)dx

=xtan(x/2)+c
xe*
Example 44. Evaluate I(x e dx
xe" (x+1—1) e’
ion : I= dx=|———7—d
Solution : Let '[(x+1)2 X I (x+1)2 X

= 1 - 1 e'dx
‘jLHU <+1>2} ‘
='[ ¢ dx—j(xil)zdx

1
(Taking —— as I function in first integral, Integration by parts gives)
£ x+1

1 1 e’

- - tdx |- [—5—d
{(m)xe J ey I(m)z *
e’ e’ e’ e’
)C+1+J.(x+1)2 gy J.(x+1)2 g x+1+C

Exercise 9.6
Integrate the following functions with respect to x

1. (i) xcosx (i) xsec” x 2. (i) x’e* (i) x’sinx
3. () x’(logx)’ (i) xe* 4. (i) e¥e (i) (logx)’
5. () cos'x (i) cosec™ e (i) sin”(3x-4x’) (i) -
X I+cosx
7. () tan”' :_x (Hint: x =cos6) (i) cos/x
x

8. (D) Toens (i) x*tan'x

xsin”' x ytan~ x _ 2x+sin 2x

m 10. —— I1. e (Cotx+logsmx) Tt cosox

(1+x2)
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of 1—sinx . 1
13. e 14. e logx+? 15. e*[log(sec x + tan x) + sec x]

1—-cosx
X . 2 1 2
16.  e"(sinx+cos.x)sec’ x 17. e"(___J
XX
(1=x Y .. 1-x Y 1 2x
18. ¢ 2 Hint = 2| = 2y 232
1+ x 1+ x I+x") (d+x°)
cos@+sinf x?
cos26.log| — 20.
19. g(cos@—sm@j 0 (xcosx —sin x)°
21. cos™ (1/x) 22. (sin”' x)?

9.08 Some special type of Integral

Many times while integrating the product of two functions, integration does not come to an end, whaterver
the first or second function is. This happens in the case of exponential and trigonometric functions. In such cases

using transpose we can calculate the integral.
For Example :

Integration of e¢“ sinbx and ¢“ cosbx

let, I= .[ e sin bx dx

taking sinbx asIand e as II function, Integration by parts, gives

1 =sinbx[e j—jb cos bxxe—dx
a

a

1
or I =—¢" smbx——je cosbxdx
a

Taking cos bx as I and e* as II function, Integration by parts gives.

1 ax . ax
I:—e‘”‘sinbx—é{ .e - ¢ dx}
a a a a
1 ) b b -
or I=—e‘”s1nbx——ze‘”‘cosbx——zje sin bx dx
a a
b 2
or I =—e" sinbx—— e cosbx—— 1
a a a
or 1 Ll + — J a sinbx —b cos bx) [transposing the last term]
I= asinbx—bcosbx)+c
or 2+ b2 ( )
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ax

ﬁ[asinbx—bcosbxhc

or j e” sinbx dx=
a +b

ax

similarly j e™ cosbxdx = aze+ E [a cosbx +bsin bx] +c

9.09 Three Important Integrals
(@) V¥ +a*dx (i) [V —a*dx (ifi) [Va? —xdx
(@  Let I=j\/x2+a2dx=j\/x2+a2~llldx

Here, we will take va”® + x> as I and 1 as II function, Integration by parts gives

2
I=+x*+d° xx—I—xxxdx

WNx*+a’

2
x
or I:X\/x2+a2—.[?dx
VX" +a

2 2 2
(x +a )—a
=X\/x2+a2—.|.de
Vx“ +a

=X\/x2+a2 —J‘\/x2 +a*dx+a

dx

2J' 1
VX’ +a’

or [=xJx’+a’ —I+a’log|x+Vx*+a’ |+

or 21 =xNx* +a’ +a’ log| x+Nx* +a’ |+,

2
or I=§\/x2+a2 Jra?log|x+\/x2Jraz|+C—21
2
or j\/x2+a2dx=£\/x2+a2 +a?10g|x+\/x2+a2 | +c (where ¢, /2=c)

2
similarly

2
(i) j\/xz—azdngxhcz—az —%10g|x+\lxz—az|+c

a

2
(iii) _[\/az—xzdx=§\/a2—x2 +%sin1(£j+c

Ilustrative Examples

Example 45. Integrate ¢’ sin4x with respec tot x
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Solution : Let I= .[ e s1n4xdx

Taking sin4x as Iand e as II function, Integration by parts gives,

I_

= le“ sin 4x—ije3x cos4x dx
3 3 i I

Taking cos4x as I function, Integration by parts gives

3x 3x
I :le“ sin4x—i cosdx.S _Agindx xS dx
3 3 3 3

1
or I :le“ sin4x—ie3" cos 4x——6.[e“ sindx dx
3 9 9
63,\7 ) 16
or I =—[3sin4x—4cos4x]-—1I+c,
9 9
or %I = 1e3”‘ (3sin4x—4cos4x)+c,
63,\7
or [ = 3 [3sin4x—4cos4x]+c

sin(log x
Example 46. Evaluate j#dx
X

in (1
Solution : Let I=] sinlog9)

Let logx=r=>x=¢€ = dx=¢'dt

_.[(smt)e dt .[ 2
(e’
e i
=————[-2sint—cost]+c
2"+

ax

{ I e™ sinbx dx = ~[asinbx —bcos bx]}

a’+
x2
= ?[—ZSin (log x) —COos (log x)] +c

I= —5%[2 sin (log x)+ cos (log x)] +c
x
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sin'x

Example 47. Integrate - with respect to x.

1-x

sin” x

xe
Solution : Let [I= I N dx
- X

Let sin"' x=f= x=sint = dx = cost dt

B J- sint.e'

xcostdtzje’sintdt
CcoSst

1

et ) sin” x >
=—[sint—cost]+c= x—=v1=-x* |+¢
2 2

Example 48. Integrate ¢ cos(4x+5)dx with respect to x

Solution : Let 1= [ e cos(4x +5)dx
I

Integration by parts gives,

3x

edx
3

3x
¢ —j—4sin(4x+5) X

1 =cos(4x+5). 3

_1 3x 4 3x ¢
_Ee COS(4X+5)+§.[en sm(4x1+ 5)dx

Again, Integration by parts gives,

3x

3x
I:%e3xcos(4x+5)+g sin(4x+5)><e3 —'[4cos(4x+5)><e3 dx
1 3x 4 3x 16 3x

or I:§e cos(4x+5)+§e sm(4x+5)—gje cos(4x+5)dx

1 3x . 16
or I:§e [3008(4x+5)+4sm(4x+5)]—31+c1

25 1 5, .

or 51=5¢ [3cos(4x+5)+4sin(4x+5) |+c,

3x
or I= 625 [3cos(4x+5)+4sin(4x+5)]+c

Example 49. Integrate the following functions with respect to x

(1) Vx*+2x+5 (i) v3-2x—x? (i) Vx> +8x—6
Solution : (i) I= j Vx4 2x+5 dx = j Jx+D?+(2)%dx

_ (X;Ll) (x+1)7 +(2)° +%log (xH)ﬂ/m
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:xTH x2+2x+5+210g‘(x+1)+M‘+c
(i) 1= [V3-2x-xdr= [ [4-(x* + 20+ 1)ax
(x+1)

N IR P CI P Caa) I

2
x+1\/3 2x—x +2$1n1[x—+1j

2
(iii) Let I:I\/x2+8x—6 dx
= [J(x+4) —224dx

_x+4

== (x+4)° 22—2—2210g(x+4)+ (x+4)" —22+¢

:_(x;4)m_1110g\(x+4)+m e

Example 50. Integrate sec’ x with respect to x

Solution : Let I= Isec x.sec’ x dx
= j\/1+ tan® x.sec” xdx
Let tanx=t¢ sosec xdx=dt

I:I\/1+t2.dt

_L 1+t2+llog‘t+ 1+ +¢
2 2

= tarzlx\/l_'_ tan’x +%log tan x ++/1+ tan” x

+c

1 1
= Etan xsecx+510g|tanx+secx|+c

Example 51. Integrate e™* cos xv/4 — > dx with respect to x
SOllltiOll . Llet I — J‘eSinX COS X [4_625inx dx

Let ¢ = f = cos x.e"™"dx = dt
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I:j\/4—t2dt

t 4 . |t
=— 4—t2+531n '—+c

- %es"’x\/4 — ™™ +2sin™ (—gz J +c

Exercise 9.7
Integrate the following functions with respect to x

atan”'x

1. e*cosx 2. sin(log x) 4. 2

1+ )" cos(x+or)

5. e'sin’x 6. e 7. cos(blogx/a) 8. e cos4xcos2x

9. J2x—x* 10. /x> +4x+6 1. Jx* +6x—4 12, \2x* +3x+4
13. o —x 14, (x+DV+1 15 Jl—dx—x° 16. Ja_3x—24*

Miscellaneous Examples

Example 52. Integrate

1 .
— ——— With respect to x
a cos” x+b”sin” x

1

Solution : Let I= -
I a’ cos® x+b*sin” x

dx

Dividing numberator and denominator by cos” x, we get

[ j sec’ xdx
a’ +b*tan® x

Let tanx=t¢ then sec’ xdx=dt

dt 1 dt
I: _— - - —
ja2 +bt*  b? '[tz +(alb)?

1 1 1( t J
=—x tan” | — |+c¢
b* (alb) alb
1 l[btj
=—tan | —|+c
ab a

1 l[b j
=—tan | —tanx|+c
ab a

Example 53. Integrate with respect to x

1/2 1/3
X " +Xx
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Solution : Here [= le/z e dx

Let x=t"=dx=6 dt

1= '[t+t

6t ) 1
j dt—éj P —t+l——|dr
t+1 t+1

P
=6l ———+r—log|r+1]||+c
3 2

X xl/3
=6/ ————+x""~log(x"° +1) |+c
32 g( )
Example 54. Integrate cos Jx with respect to x
Solution : Let I= _[ cos/x dx

dx=dt = dx=2tdt

1
Let \/; 2\/;
I:Icostth dt

=2|tcostdt
1 1

:Z[tsint—jlxsintdt}
=2[tsint+cost|+c

:Z[x/;sin x+COS\/;]+C

tan x )
Example 55. Integrate ————dx with respect to x
sin x cos x

oy s

Solution : Let dx
sin x cos x tan xcos” x
On multiplying and dividing by cos x in denominator
sec” x ,
=_[\/— Let tanx =1 sosec” xdx = dt
tan x

=j%=2«/;+c=2\/tanx+c
t
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Example 56. Integrate (\/ tan x ++/cot x ) dx with respect to x

v/sin x \/cosx
Solution : Let I = I(\/tanx +\/cotx)dx :I{ '—cosx '—smx

sin x+cos x sin x +cos x
] dx =2 [ e

= | ———dx =
A/sin xcos x v/ 2sin x cos x

2.[ sin x +cos x dx:x/z (Slnx+Cosx) : »
\/1 1- 2S1nXCOSX) Jl_(sinx_cosx)
Let sinx—cosx:t:>(cosx+sinx)dx:dt

_\/7811’1 t+c

1Pl

—/2sin™ (sin X—Cos x) +c

5 1/5
Example 57. Integrate ———— with respect to x
X

1/5

5 _ 4N1/5
Solution : 1 :I(X 6x) dx = I xd 1/6x ) dx
X

_ 4N1/5
=j(1 LI

1 4 1 dt

1/5+1

I:ljtllsdt L
4 4(1/5+1)

6/5
LS o3 l—i4 +c
4 6 24

X
Miscellaneous Exercise 9
Integrate the following functions with respect to x

1. 1+ 2tan x(tan x + sec x) 2. e“sin’ x 3. x*log(1—x7%)
-8 8
R LR S
«/(x+a) 1—2sin” xcos” x 1+sinx
_ o 2L 9 I 0.« 2x
7. x+va? =2 " (1+x)° " cos2x+cos2a - s (1+x2J
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tan”' x
15,

1

1

3x-1
21. (x—2)’

(c) tanx—x+c

. l[ﬁxJ
(c) sin e +c

(c) xlog(x/e)+c

l10 X +c
© 578 i

[IMPORTANT POINTS]

8 6(log x)* + 7(log x)+ 2]

(d) cotx—x+c

(d) cos™(x/4)+c

(d) logx/e

d
If given function is f (x) and its integral is F' (x) then by definition of integration d_ F (x) =f (x) .
X

Integration is called antiderivative or primitive, it is a inverse process of differentiation.

" sin x —Ccos x sin 2x
" 4/sin2x sin® x +cos* x
3 1+x ” sin® x +cos® x
" (2+x)° " sin® xcos® x
6 — 7 —
" sin® x+sin2x " 4x* —4x+3
sin 2x cos 2x sin x 4+ coSs x
19 70— 200 ——————
? V4 —sin* 2x 0 9+16sin2x
1—cos2x
22. —dx:
I1+0032x
(a) tanx+x+c (b) cotx+x+c
1
SJ e ——
\32-2x°
(a) sin”'(x/4)+c (b) Lsinfl(x/4)+c
J2
24, [logxdr=
(a) xlog(xe)+c (b) xlogx+c
1
25. d
J.)c()c+1) *
(a) log (ij (b) log ("—”jw
x+1 X
1.
2.
3. For a constant %, jk f(x)dx =kjf(x)dx
4. LA )L (x)]dx=[ f(x)dxx] £, (x)dx
5. Some standard formulae for integration

n+l

X
+c,
1

() [x"dx = n#-1

n+

(iii) Iexdx =e' +c

1
(ii) j;dx=10g|x|+c

X

a
. )Cd —
() Ia g loga

+c
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(v) Isin xdx=—-cosx+c
(vii) Isecz xdx =tanx+c

(ix) Isecxtanxdx:secx+c

1
i de=sin"x+c=—cos ' x+c¢
i) | —

1 o O

(xil)) | ——=——===sec x+c=-cosec x+c
'[xxlxz—l

(xv) Idx=x+c

Integration by substitution

(0 I

dx-log|f(x)|+c

o (ax+b)”
(iif) I(ax+b) dx = (s ) +c
v) Ie”“bdx = il +c

(vii) Icos(ax+b)dx=w+c
a

Use of substitituon method in standard formulae

1
(1)I x="tan" T+c
a’+x° a a

(ii) Iﬁdleog|x+\/x2 +a’ |+c

Standard Integrals

) 1 1 xX—a
@) =—-1Ilo +c
J-)cz—az 2a g xX+a

2
(iii) j\/az ~-x’d =§\/a2—x2 +%sin’1£+c
a

(vi) Icos xdx=sinx+c
(viii) Icos ec’xdx=—cotx+c

x) Icosec xcotx dx=—cosecx+c

1
X+c

> =tan' x+c=—cot”
(xiv) Imdx = x|+c, x#0
X

(xvi) Io dx=c

[f (1" e

n+1

(i) [[f (x)] f'(x)dx=

:llog|ax+b|+c

—cos(ax+ b)

(vi) J.sm ax+b)d »

dx—sm xla+c

1
(iv) I—dx—log|x+\/x —a’ |+c
x—a’
1 1 a+x
dx=—1 +c
(H)J‘az—x2 2a ga X

2
(iv) j\/az +x2dx=§\/a2 +x° +%10g|x+\/a2 +x° |+

2
v) j\/xz—azdngxmz ~a’ —a?log|x+\/x2 —a’ |+c
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(vi)jtanxdx:10g|secx|+c (vii) Icotxdx:10g|sinx|+c
X 7
(viji)jsecxdx:10g|secx+tanx|+c=log tan(5+z)+c
(ix) Icosecxdx:10g|cosecx—c0tx|+c:log|tanx/2|+c
9. Integration by parts:
(i)  The integral of the product of two functions = (first function) x | second function dx — [ (differential
coefficient of first function) x [ integral of second function dx.
Le. J‘uvdxzuj‘vdx—.f ﬂxjvdx dx
I dx
. a " — e o
(i) je s1nbxdx—a2+b2[as1nbx bcosbx]+c—a2+b2s1n[bx tan"' b/ al+c
(ii) je‘”cosbxdx= - [acosbx+bsinbx]+c = - cos[bx—tan’lb/a}+c
a’+b’ a’+b’
@) [l @+ f@lde=ef(x)+c
W [ @+ flde=xf(0)+c
(vi) I[f(log x)+ f'(log x)]dx = xf (log x) + ¢
Answer
Exercise 9.1
3 s e 1/2)* X
T . N ‘e N
1. @ 5 X c (i1) 3 c (iit) (og1/2) @iv) 3 c
2. 5sinx+3cosx+2tanx+c 3. x/2+1/x+c 4. tanx-—cotx+c
x+1
5. 2/3-x"7+2/5-x"+c 6. +1+C 7. x—tan” x+c 8. X+cosx+c
x
9. tanx+secx+c 10. (7/2)x+c 11. x—2tan'x+c¢ 12. tanx—x+c
2 32 2 s
13. —cotx—x+c 14. §(1+X) +§X +c 15. tanx+cotx+c
16. x—tanx+secx+c 17. —cotx—cotxcosec x+c
18. x+tan*1x+3sec71x+log2+c 19. x+cosec x+c 20. x*/2+log|x|+2x+c
21. x+c 22. \2sinx+c 23. —cotx—tanx+c  24. —3cosec x—4cotx+c

[283]




Exercise 9.2

1
1. (i) (=1/2)cosx’ +¢ i) 3 +D" e 2. (D) log|e” +cosx|+e (i) 2V1+e +e
x 1
3. (i) 2e" +1+log|— S| @ 2sin(e’™) + ¢ 4. (i) log|1+logx|+c (i) Z(1+1ogx)“+c
e +
mtan~' x t p+l
5. (1) ¢ +c ii %+c
p+1

1

6. (i) ﬁlog|secx+tanx|+c ; (i) log|cosec2x—cot2x|+log|cosecx —cot x|+c
1] . 1.

7.() S| SIn¥-FSINSX\+C (i) +2(sinx/2+cosx/2) +c

8. (i l[3x+2$in2x+lsin4x}+c. i _—3cosx—icos3x+c

i 2 R 2

: 1, .

9. (i) 10g|tanx|+5tan x+c; (ii) tan(xe*)+c
1 . 1 .

10. (i) E[x+log|smx—cosx|]+c;(u) 5[x+log|smx+cosx|]+c

2
11. (i) 2x/tanx+§tan5’2x+c (i) log|sin x +cos x| +c

12. (i) xcos2a +sin2a.log|sin(x—a)|+c ; (i) xcosa +sina.log|sin(x—a)|+c

1 . 1 .
13. (i) gloglsm3x|—gloglsm5x|+c : (i) log |sin(x+ 7 /6)sin(x—7/6)|+c

sin(x—a)
sin(x —b)

(x+tanl(4/3)J

1
14. (i) glOg *tC . (ii) cosec(a—b)log

15. (» log(acos® x+bsin® x)+ ¢ (i) \/2 sec a/tan xcosa +sina +c¢

2(b—a)

16. (i) Jtan xcosa+sina +c ; (i) 2[sin x + xcos a]+ ¢

cosa

Exercise 9.3

1 I . x 1
L. (i) Etan”gﬂ (i) 7o IZ+C 2. (i) log|1-~1=¢" | +c ; (i) Elog[2X+\/4x2+l}+c
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3. (i) %sin1 (b—xJ+c s (i) —log |(2—x)+vx> —4x+5|+c
a

1.
4. (i) %10g|x3+\/x6+4|+c (i) sin ‘(X)) +c

(x=1/4)+ ~1/2x41] ¢

5.(@) tan"'(x+3)+c¢ ; (i) %log

i e +cos o
6. (1) 1[ J+C (i) log|tan x+~/tan® x +3|+c

sin OC sin oc

. .. 1 . -1 5X—4
7. (1) sin"'(x—=3)+c ; (i) ﬁsm 6 +e
8. (i) sin”'(sin x—cos x) +c¢; (ii) log|(x+a)+~x* +2xa+b* | +c
9. (i) asin™ \/x/a +\/;\/a—x+c ; (i) —acos™ x/a—a*—x* +c

1 X

10. (1) %sinl(x/a)y2 +c; (ii) a [+ d

+cC

11.(1)J:7+C;(ii) Va2 +1+log(x+Vx* +D)+c  12.() ZSinl(;_ocj+c;(ii) sin” (x—1D+c

—X

13. () log‘(x—3/2)+M‘+c ; (ii) sinl(“gx}rc

Exercise 9.4

L10 dx—3 +c L10 T
L7 g4x+3 2. 15708 16 3. log| x+1|+2log|x—2|+c
11 x+1| 5 1 4 9
lo +—lo c ——1 +1]|+=1 -2|+—log|x+3|+
4. log—— i+~ logl——+ 5. ~log|x+1]+logx—2[+ log|x+3]+c
6 ll X~ +£ta -1 i +c 7‘ ll g|x+1| 1
"7 Clx+2| 7 J3 4 °|x-1] 2(x- D
4
8. x+110g(x_2) 0. 21 —[atan™ (x/a)—btan” (x/b)]+c
37 |x+1] —b
1 3 2
10. —glog|x|+ﬁlog|x—2|—EIOgIX+3|+C 11. —log|x|+3log|x—2|-log|x+2]|+c
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x+2| 1 (1+x)’

12. —log 13. lo —tan” x+c 14 10g|X|—110gx—_1+C
FEIETEN R ' 2 Fxr1
I X+ l10 e +c
15. x+3log|x+2|-log|x+1|+c 16. log o] te 17. 59981 5
18. log L — 19. log| 2 |4 e 20. log (M) e
-1 e -1 3+e" 3+tanx
1 5 > +c
21.10g|x|—§10g|x +1]+c 22. 2+ b
1 _
23. log|x+2|—§10g(x2+4)+tan "(x/2)+c 24. log|secx+tanx|-2tan(x/2)+c
Exercise 9.5
2 — 1 -2 1 x+1
. ~tan'| X +l +c 2. llog 2x -1 3. —tanl(3x—J+c 4. —log tc
3 2 3 7|2x+2 6 2 4 13-x
! tanl[zx +1}Lc 1 L | 2x—4|-
5077 6. tan '[si 7. —o X% +2x—
\/g \6 tan [sin(x+2)]+c¢ g \/— x+1+\/—
3 V5 (2x-1 1
“log|2x* —2x+3|+—tan 1( J+c —log|x* +4x+5|—tan"'(x+2)+c¢
8. 3 log] 1+ NG 9. 7 log| I (x+2)
10. 3log|2—sinx|+——+c¢ 11. —l|e’2”‘+3e’x+2|+glog ¢ *l +c
2—sinx 2 2 e +2
1 2 - -1 . 2x+1
12. 510g|(x—5/8)+\/x —5x/4+1/4|+c 13. sin'(2x=5) +¢ 14. sin ?+c
1 - -1 4X—3
15. =S | - te 16. \x* —2x+4+3log|(x =) +~+x* —2x+4 | +c
V2 J41
3
17. \/xz—x+1+§10g|(x—1/2)+\/x2—x+1|+c 18. ‘/x2+2x+2+210g|(x+1)+ /x2+2x+2|+c
19. —log|(cos x+1/2)++/cos® x+cos x | +c
20. —cosocsinl(cosxj—sina.log|sinx+\/sin2x—sin2a | +c
cosa
—xz—x+itan’1 2xtl +c llog e+l +c
21 5 5 NE 2. 4% e s
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Exercise 9.6

1. (1) xsinx+cosx+c; (ii) xtanx—logsecx+c

. — 3 2 . . .
2.(1) —e (X +3x"+6x+6)+c; (i) —x° cos x+3x’sin x+6xcos x—6sin x +¢

4

X 1 1 1 2, 2
3. (1) —| dogx)* —=log x+— |+c¢ ; (i) =¢" (x"—D+c
(1) 4[( g X) Slogx 8} ¢ ; (i) >

4. (i) (e' =1 +c ; (i) x(logx)* —2xlog x+2x+c

5. (1) xcos" x—+1—x" +c; (i) (x+a)tan”' Vx/a —Jax +c¢

6. (1) 3xsin”' x+3v1-x> +c; (i) xtanx/2-2log|secx/2|+c
1
7. (1) E[XCOSIX—\II—X2}+C;(ij) 2[\/;Sin x+cos&]+c

3 6

—x(1—si _
8. (i) m+log(l+31nx)+c ; (i) x—tan’lx—x—+llog(1+x2)+c
COos X 3 6 6
PO
9. (i) —sin~' x.cos(sin”' x) +x+c¢ jo —@n X, X ..
\/1+X2 \/1+X2
11. e'logsinx+c¢ 12. xtanx+c 13. —e*cotx/2+c 14. e*(logx—1/x)+c
15. e“log|secx+tanx|+c  16. e*secx+c 17. e—2+c 18. ~+c
X 1+x
i sin x + cos
19. Lsin2010g[<2 0801 1100 (cos260) + ¢ 20, 2.
2 cosf—sinfd| 2 XCOS X —sin x
21. xsec™' x—log[x++/x* —1]+c 22. x(sin' x)* +2V1-x*(sin"' x) —2x +¢
Exercise 9.7
1 [2cos x-+sinx]+ 2. L x{sin(log x) - cos(log 1)1 + ¢ BN DA% 3
) cosx+sinx]+c .= - . —
2 g g 1+a2 1+x2
4 %e”‘/ﬁ Lcos(x+oc)+sin(x+oc) +c 5 i—i[COSZ)c+2sin2x]+c
"3 J2 "2 10
6. ¢ [x+avl-x*]+c 7. al ~[cos(blog x/a)+bsin(blog x/a)]+c¢
l+a’ 1+b
€4X 1 . 1 . X—l 2 1 - 1
8. 5 B(4cos6x+6sm6x)+§(4cos2x+2sm2x) +c 9. Tx/2x—x +-sin (x—1)+c

10. )HZ_Z\/)cz+4x+6+log|(x+2)+\/x2 +4x+6|+c
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2 —
(x+3)Vx*+6x-4 13 /7x2+6x—4|+c

+—log|(x—-2)+
5 5 log|(x-2)

43 1 23 4x+3 , 3 1l s 5= a . (X
. 2x +3x+4+ I + /(X +=x+2)+c 13. —=x'VJa’ —x*+—sin"'| — |+¢
12. 73 16y2 Og( 4 ) \/( 2 33 2 a

14. %(x2 +1)3/2 +§\/x2 +1 +%10g | x+vx>+1]|+c 15, %sinl[xjgz}r X;Z\/1—4x—x2 +c

I1.

(4x+3)\/72 412 . (4x+3
X)) Ja3v—2 + V2 te
16. 73 32 Ja

Miscellaneous Exercise - 9

X

1. 2(tanx +secx)—x+c 2. ;—O[sin3x—3cos3x+20$inx—20cos x]+c

+c 4. \/x2+ax—2\/ax+a2+alog(\/a+x—\/;)+c

X 2 x 1 1+x
Zlog|1-x*|-Z| x+=— |+=log|—=
3.3gIXI3x3 Jlogl—

5 —51;12)6_'_ 6. x(tan x —sec x) —log | sec x| +1log | sec x + tan x | +¢
1. _
7 5[sm '(x/a)+log|x+va® —x*|]+c g 210g|(1+x)|+1i+c
+ X

+¢ 10. 2xtan' x—log(1+x*) +c¢

9 lcosec20¢~log (x—a
© 2 (x+a)

11. —log|(sin x+cos x) ++/sin 2x | +c 12. tan”'(tan” x) +c¢ 13. log|x+2|+2 +c
+x
_tan”! tan~ x)2
14, tany—cotx—3x+c 15— X @ 07 o0 I e 6 1o
X 2 J1+ 12 tan x+ 2
1 2x-1 in’
17. —tan™' (x—j+c 18. logM+c 19. lsin’1 sin” 2x +c
2 V2 3logx+2 4 2
s0. L 0g|5+4(s%nx‘c"”)|+c 21, 3log|x—2|—i+c
40 ‘5—4(smx—cosx)‘ x—2

22 (c) 23. (b) 24. (¢) 25. (a)
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