10. Rational and Irrational Numbers

What is a Rational Number?

p

A rational number is a number which can be put in the form E, where p and g are both integers and q
+ 0.

p is called numerator (N) and q is called denominator (D").

A rational number is either a terminating or non-terminating but recurring (repeating) decimal.
A rational number may be positive, negative or zero.

Examples:
T 5 3 —
3.4, E i E g = ?, 2.7,3.923,1.427 ,1.2343434, etc.

e The sum, difference and the product of two rational numbers is always a rational number.

e The quotient of a division of one rational number by a non-zero rational number is a rational
number. Rational numbers satisfy the closure property under addition, subtraction, multiplication
and division.

A number of the form P, where ‘p’, ‘q’ are integers and q + 0.
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Property Operations on Rational Numbers

Name Addition Subtraction |Multiplication| Division*
axbeQ a+beQ

Closure a+beQ

Commutative | a+b=b+a axb=bxa

e (@+b)+c (@axb)xc
Associative | _J (b +c) =ax(bxc)
A ax(b+c) | ax(b-c) |
Distributive = ab + ac =ab-ac

Where a, b, ¢ € Q (set of rational numbers), *b is a non-zero rational number




Results
Since every number is divisible by 1, we can say that :

1. Every natural number is a rational number, but every rational humber need not be a natural
number.

9

3 2
1,5=1,9=1 and soon.

For example, 3 =
715
but, 9? 13" 7 are rational numbers but not natural numbers.
D0 _ )
Zero is a rational number because( I Y Y
3. Every integer is a rational number, but every rational number may not be an integer.
-2 =5 0 3 5 3 =95

For example 11112 1, etc. are all rationals, but rationals like 27 2 etc. are not integers.
4. Rational numbers can be positive and negative.

N

Eg: E_—?E_—g etc. are positive rational numbers
3 -8 11 -3

& —_23—_8i etc. are negative rational numbers.
3 8 11 -20

5. Every positive rational humber is greater than zero.

6. Every negative rational number is less than zero.

7. Every positive rational number is greater than every negative rational number.
8. Every negative rational number is smaller than every positive rational number.

Equivalent Rational Numbers

-+ Rational no. can be written with different N" and D'.

Eg:
-5 —5x2 -10 —y . -10
= = . — 1s sameas —
7 Tr2 14 1%
-5 —S5x3 -15 = —
== = — 18 same as ——
7 T%3 21 7 9.4
-5 Sx-1 5 =5 . 3
= = — 1S same as —
7 ek =l i =¥,

Such rational number that are equal to each other are said to be equivalent to each other.
2

Example: Write 5in an equivalent form so that the numerator is equal to -56.

Solution:

| b

Multiplying both the numerator and denominator of 5 by -28, we have
2x(-28) 56
5x(-28) —140




Lowest Form of a Rational Number

A rational number is said to be in lowest form if the numerator and the denominator have no common
factor other than 1.

Example: Write the following rational numbers in the lowest form :

.. —36 ... —04
(1) — G
) 180 ) 256
Solution:

(1) Here, HCF of 36 and 180 is 36, therefore, we
divide the numerator and denominator of

=6 by 36, we have

180
—36+36 ;1
180=36 5
So, the lowest form of ﬁ 15 _—I
180 5

(11) Here, HCF of 64 and 256 is 64.

Dividing the numerator and denominator of
—64

—— by 64, we have
256
—64+64 _—_1
256=-64 4
So. the lowest form of ﬁ 15 ;1
256 4

Standard Form of a Rational Number

L
A rational number 4 is said to be in its standard form if
(i) its denominator 'q’ is positive
(ii) the numerator and denominator have no common factor other than 1.
3 =5 1
For example : 27 2 * T, etc.

1

Example: Express the rational number —21 in standard form.



Solution:
14

The given rational number is —21.,
1. Its denominator is negative. Multiply both the numerator and denominator by -1 to change it to
positive, i.e.,

14 _ 14x(D) _-14
21 (2Dx(=D 21

2. The greatest common divisor of 14 and 21 is 7. Dividing both humerator and denominator by 7, we
have

-14_(-149:7 =2

21 21277 3

which is the required answer.

Equality of Rational Numbers

Method-1: If two or more rational numbers have the same standard form, we say that the given
rational numbers are equal.

& —al
Example: Are the rational numbers —12 and 75 equal?

Solution: We first express these given rational numbers in the standard form.
i

The first rational number is —12.
(i) Multiplying both the numerator and denominator by -1.

We have, 8 = ) =_—8
-12 (—-12)x(-D) 12

(ii) Dividing both the numerator and denominator by the greatest common divisor of 8 and 12, which is

4.
(-8)+4 [-2]

12, 12=4 3 ]

()

Again, the second rational numberis 7o .

(i) The denominator is positive.
(ii) Dividing both numerator and denominator by the greatest common divisor of 50 and 75, which is 25.

We have,

—n

—-50 (50025 [-2]
We have, = 50 =
75 7525 3 |
Clearly, both the rational numbers have the same standard form.

8 —50
Therefore, —12 = 75

il -
Method-2: In this method, to test the equality of two rational numbers, say i and «, we use cross
il -

multiplication in the following way : b —d

Thenaxd=b xc
il i

Ifa xd=Db x c, we say that the two rational numbers b and d are equal.
_7 :

3
Example: Check the equality of the rational numbers 21 and —9.

Solution:



The given rational numbers are

;—i and _ig :

By cross multiplication. we get
(-7 *x(-9)=21x3

17, 63 =63.

Clearly, both sides are same. Thus, we can

say that i 9
) S §

Comparison of Rational Numbers

Comparing fraction. We compare two unequal fractions, each is written as another equal fraction so that
both have the same denominators. Then the fraction with greater numerator is greater.

7 0
Example : To compare i and 8, find the L.C.M. of 6 and 8 (it is 24) and

7 7x4 28
6 6x4 24
5 5x3 15
8 8x3 24
As §}£ (as 28 > 15)
24 24
7.5
= —
6 8

Quicker method of comparison of
2 and & isthat 255
d b d
if ad > bc.

z::»g as (7 x8>6x35)
6 8

To compare two negative rational numbers, we compare them ignoring their negative signs and then
reverse the order.



For example,

_—9 and _—5
13 3

we first compare o, and E
13 3

23 (:9x3<13x5=27<65)
13 3

and conclude that _—9 > _—5
13 3

Note : Every positive rational number is greater than negative rational number.
Representation of Rational Numbers on Number Line

We know that the natural numbers, whole numbers and integers can be represented on a number line.
For representing an integer on a number line, we draw a line and choose a point O on it to represent ‘0".
We can represent this point ‘O’ by any other alphabet also. Then we mark points on the number line at
equal distances on both sides of O. Let A, B, C, D be the points on the right hand side and A, B, C’, D’
be the points on the left of O as shown in the figure.

-4 3 -2-1 01 2 3 4
D CBA'"OA BCD
The points on the left side of O, i.e., A’, B’, C, D/, etc. represent negative integers -1, -2, -3, -4

whereas, points on the right side of O, i.e., A, B, C, D represent positive integers 1, 2, 3, 4 etc. Clearly,

" .

the points A and A’ representing the integers 1 and -1 respectively are on opposite sides of O, but at
equal distance from O. Same is true for B and B’ ; C and C’ and other points on the number line.

(1) Natural Numbers
A B CD

(2) Whole Numbers
A B CD

B 1 2 5§ Aesoeornes
(3) Integers

DCB A'O AB-----

wo Fe FF G G 1T Pess

Negative numbers are in left side of zero (0) & positive numbers are in right side.
~ negative numbers are less than positive numbers
~ If we move on number line from right to left we are getting smaller numbers.
Also OA = distance of 1 from 0

OD’ = distance of -4 from 0
D’A = distance between -4 and 1. etc.

r 3
L

L J

(4) Rational Numbers

(a) IfFNF < D":



We divide line segment OA (i.e. distance between 0 & 1) in equal parts as denominator (Dr).

1 23
2 3 3 3
Eg: — and — = « s
3 3 o ¢ d 1
O A

Dr is 3, so we divide OA in three
equal parts by points ¢ and d.

3
c:é, d== and Azézl
3 3 3
Eg : = andj
? =7

!

Df is 7 .. we divide OA in 7 equal
parts by points B. C. D, E. F. G. So. these
points represent

-1 2 -3 4 -5 -6 -7 .
o L e gy respectively.

=7 -5 5
7 ¢ 7T g 7 7 7
-1 ¢ F_4 DCBO
A — _

7 7

(b) If N* > D":
B _13
Example: Represent 3 and 3 on number line.

Solution:

_43:_9 4%=E
s B >
EIDD C B A" O A B C D| E

-5 4 3 2 -1 0 +1 +2 3 +4 +5

/

Draw a line / and mark zero on it

E:4i:4+1 and ... 1 4+E
3 3 3 3 3

Therefore, from O mark OA, AB, BC, CD and DE to the right of O such that
OA = AB = BC = CD = DE = 1 unit.

Clearly,

Point A,B,C,D,E represents the Rational numbers 1, 2, 3, 4, 5 respectively.



Since we have to consider 4 complete units and a part of the fifth unit, therefore divide the fifth unit DE
13
into 3 equal parts. Take 1 part out of these 3 parts. Then point P is the representation of number 3 on

the number line. Similarly, take 4 full unit lengths to the left of 0 and divide the fifth unit D'E’ into 3
1.3
equal parts. Take 1 part out of these three equal parts. Thus, P’ represents the rational number 3.

Rational Number Example Problems With Solutions

Example 1: Is zero a rational number? can you write it in the form , where p and q are integers and q
* 0?

Solution:

Yes, zero is a rational number.
: 0 0 0
It can be written as —=—=— etc.
1 2 3
where denominator q # 0, it can be negative also.

Example 2: Find five rational numbers between 3/5 and 4/5.

Solution:

. . Ir+s
A rational number between r and s is —— .
2

A rational number between

3 4 1{3 4 T
—and — = —|-+—| = —.
5 % 245 5 10

And a rational number between

3 7 1(3 7Y} 13
= Eﬂld —  =_ |y — ==
5 100 2.5 mJ 20

5 27 31 3 4
—, —, — are between — and —.
40 40 5

Similarly: S

So. five rational number between
3 4 5 13 7 31 27
—and —are —, —, —, —, —
5 5 8 20 10 40 40
Example 3: Find six rational numbers between 3 and 4.

Solution: We can solve this problem in two ways.



Method 1:
. . r+s
A rational number between r and s is T )

Therefore, a rational number between 3 and

1 7
4= — 3+ = —
2( )2

A rational number between 3 and
7 16+7 13

2 2 2 4

We can accordingly proceed in this manner

to find three more rational numbers between 3 and 4.
Hence, six rational numbers between 3 and 4

15 13 27 7 29 15

84’82 8" 4’

Method 2 :

dre

Since, we want six numbers,
we write 3 and 4 as rational numbers with denominator 6 + 1,
21 28

ie,3=— and4= —.
7 7

22 23 24 25 26
Then we can check that FAriririce

and g are all between 3 and 4.

Hence, the six numbers between 3 and 4
22 23 24 25 26 27

are —.—.—.—-—": aﬂd -y
7 7 7 7 17 7

Example 4: Find two rational & two irrational numbers between 4 and 5.

Solution:
] +5
Rational numbers =4.5 Ans.
45+4 8.5
& 2272 %2 _ 425 Ans.
2 2

[rrational numbers 4.12316908.........

4.562381032.......

What Is Irrational Number



1. A number is irrational if and only if its decimal representation is non-terminating and non-
repeating. e.g.v{i V@ I etc.

Definition
An irrational number can NOT be written in the

n ; .
form —, where n and d are integers and d 1s

d
NONZEro.

Examples

7 V] Vs

Examples of Irrational Numbers

Pim \/§

2 O 3.1415926535897932 —_—
384626433832795... '

(and more) 0.8660254...

Rational number and irrational number taken together form the set of real numbers.

3. If a and b are two real numbers, then either
(a>b or (i)a= b or (iii) a<b

. Negative of an irrational number is an irrational number.

. The sum of a rational humber with an irrational number is always irrational.

. The product of a non-zero rational number with an irrational number is always an irrational
number.

. The sum of two irrational numbers is not always an irrational number.

. The product of two irrational numbers is not always an irrational number.

P
9. In division for all rationals of the form 1(q # 0), p & q are integers, two things can happen either
the remainder becomes zero or never becomes zero.

4.47213594...

N ou A N

=T

Type (1) Example: & = 0.875

8)70 10.875
64
60
56
40
40

~

This decimal expansion 0.875 is called terminating.



=~ If remainder is zero then decimal expansion ends (terminates) after finite number of steps. These
decimal expansion of such numbers terminating.

Type (2) Example: 3 = 0.333......... =103
3770 10.33......

1
or 7 = 0.142857142857..... = (.T4Z857
7)10 \0.14285....

30
28
20
14
60
56
40
35
50
49
1....

In both examples remainder is never becomes zero so the decimal expansion is never ends after some
or infinite steps of division. These type of decimal expansions are called non terminating.

In above examples, after ISt step & 6 steps of division (respectively) we get remainder equal to dividend
so decimal expansion is repeating (recurring).

So these are called non terminating recurring decimal expansions.

Both the above types (1 & 2) are rational numbers.

Types (3) Example: The decimal expansion 0.327172398......is not ends any where, also there is no
arrangement of digits (not repeating) so these are called non terminating not recurring. These
numbers are called irrational numbers.

Example:

0.1279312793 rational terminating
0.1279312793.... rational non terminating

or 0.12793 recurring

0.32777 rational terminating

or 1.327 rational non terminating

0.32777....... & recurring

0.5361279 rational terminating

0.3712854043.... irrational non terminating non recurring
0.10100100010000 rational terminating
0.10100100010000.... irrational non terminating non recurring.

Irrational Number Example Problems With Solutions

Example 1: Insert a rational and an irrational number between 2 and 3.

Sol. If a and b are two positive rational humbers such that ab is not a perfect square of a rational

'IJ_ . - - - - .
number, then vV ab is an irrational number lying between a and b. Also, if a,b are rational numbers, then
a+b

2 is a rational number between them.
~ A rational number between 2 and 3 is

243
2z =2.5



An irrational number between 2 and 3 is
=+v2xJ = VIE

Example 2: Find two irrational numbers between 2 and 2.5.

Sol. If a and b are two distinct positive rational numbers such that ab is not a perfect square of a
rational number, then is an irrational number lying between a and b.

=~ Irrational number between 2 and 2.5 is

=v2x20 = V"lj

f 2% V"lj

Similarly, irrational number between 2 and VO s v

/2 % V"lj

=
So, required numbers are v 7 and Vv

Example 3: Find two irrational numbers lying between V2 and V3

Sol. We know that, if a and b are two distinct positive irrational numbers, then V"ﬁ is an irrational

number lying between a and b.
- Irrational number between V2 and V3 is = V V2 x v/3 = gl/4
3 /T 6k

Irrational number between v'Z and 61/4is V2 x 61 = 21/4 x 1/8,
Hence required irrational number are 61/4 and

21/4 x 61/8,

Example 4: Find two irrational numbers between 0.12 and 0.13.

Sol. Leta =0.12and b = 0.13. Clearly, a and b are rational humbers such that a < b.

We observe that the number a and b have a 1 in the first place of decimal. But in the second place of
decimal a has a 2 and b has 3. So, we consider the numbers

c =0.1201001000100001 ......

and, d=0.12101001000100001.......

Clearly, c and d are irrational numbers such thata < c < d < b.

Example 5: Prove thatis V2 irrational number

Sol. Let us assume, to the contrary, that V"? is rational. So, we can find integers r and s (#0) such
that V2= . Suppose r and s not having a common factor other than 1. Then, we divide by the common

factor to get V@ = %where a and b are coprime.

So, bv2 = a.

Squaring on both sides and rearranging, we get 2b2 = a2. Therefore, 2 divides a2. Now, by Theorem it
following that 2 divides a.

So, we can write a = 2c¢ for some integer c.

Substituting for a, we get 2b2 = 4c2, that is,
b2 = 2¢2.
This means that 2 divides b2, and so 2 divides b (again using Theorem with p = 2).

Therefore, a and b have at least 2 as a common factor.
But this contradicts the fact that a and b have no common factors other than 1.

'IJ_ - -
This contradiction has arisen because of our incorrect assumption that v'2 is rational.
'IJ_ . - -
So, we conclude that v'2 is irrational.

Example 6: Prove thatis V3 irrational number.

Sol.
o _ a

W 5. Suppose a and b not having a common factor other than 1, then we can divide by the common
factor, and assume that a and b are coprime.

So, bV3 = a.
Squaring on both sides, and rearranging, we get 3b2 = a2,

Therefore, a2 is divisible by 3, and by Theorem, it follows that a is also divisible by 3.
So, we can write a = 3c for some integer c.

Substituting for a, we get 3b2 = 9¢2, that is,
b2 = 3c2.

Let us assume, to contrary, that is rational. That is, we can find integers a and b (#0) such that



This means that b? is divisible by 3, and so b is also divisible by 3 (using Theorem with p = 3).
Therefore, a and b have at least 3 as a common factor.

But this contradicts the fact that a and b are coprime.

This contradicts the fact that a and b are coprime.

IJ"_ - -
This contradiction has arisen because of our incorrect assumption that V'3 is rational.
IJ"_ . - -
So, we conclude that V'3 is irrational.

Example 7: Prove that T3 is irrational

Sol. MethodI:
Let 7 — /3 is rational number
- S E
aT—W3 =7 (p, q are integers, q # 0)
B I53
W7 -9 = \.-"-3
= To-r
= Vi =3
Here p, q are integers
Tg—p
7 is also integer

~ LHS = V3 is also integer but this V3 is contradiction that is irrational so our assumption is wrong that
7 —+/3 js rational
» T— /3 is irrational proved.

Method II :

Ll IJ"_ - -

Let 7 — /'3 is rational
we know sum or difference of two rationals is also rational

- L G}
T —T—4/3
=3 = rational

r - - -

but this is contradiction that V'3 is irrational

Ll IJ"_ - - -

I — /'3 is irrational proved.

=

M

Example 8: Prove that :5:3 is irrational.

F=
i)
3

Sol. Let

3 (v_’) ~
4 ) =/ is rational
(+ Q product of two rationals is also rational)
but this is contradiction that v 2 is irrational

is rational

~ "% is irrational proved.
D i .
Example 9: Prove that < i is irrational.

Sol. Let is rational

2V (%) =7

(~ Q division of two rational no. is also rational)
= /Tis rational

but this is contradiction that is irrational

D i .
~ 23y 1 s irrational

Example 10: Find 3 irrational numbers between 3 & 5.

Solution: - 3 and 5 both are rational
The irrational are 3.127190385...............
3.212325272930.........
3.969129852937............

Rational and Irrational Numbers

Both rational and irrational numbers are real numbers.



Real Numhbers

TIrrational
MNumbers

Integers

Whole
Numbers

This Venn Diagram shows the relationships between sets of numbers. Notice that rational and irrational
numbers are contained in the large blue rectangle representing the set of Real Numbers.

1. A rational number is a number that can be expressed as a fraction or ratio.
The numerator and the denominator of the fraction are both integers.

2. When the fraction is divided out, it becomes a terminating or repeating decimal. (The repeating
decimal portion may be one number or a billion numbers.)

3. Rational numbers can be ordered on a number line.

Examples of rational numbers are:

. b :
6 or 5 can also be written as 6.0
. ;
-2 or = can also be written as 2.0
1 :
— can also be written as 0.5
2
—5 :
) can also be written as -1.25
2 : 0.6666666606...
—~ can also be written as —
3 0.6
21 : 0.38181818...
— can also be written as i
] 0.318
53 0.62855421687...
LB_S can also be written as the decimals will repeat
after 41 digits
Be careful when using your calculator to determine if a decimal number is
urational. The calculator may not be displaying enough digits to show you the
repeating decimals, as was seen in the last example above.

Hint: When given a rational humber in decimal form and asked to write it as a fraction, it is often
helpful to “say” the decimal out loud using the place values to help form the fraction.



.34 |5]|6
o|lal|t|h]|t [ten-
n|nf|e|lulh t
e|ld|n|n]olh
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h i e
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d|n| a
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h |t ] d
T

s | h

s

Examples: Write each rational number as a fraction:

Rational number | Rational number
in decimal form | in fractional form
3
1. 03 —
10
g
2. 0.007 —
1000
9 59
3. -59 A
10 10

Hint: When checking to see which fraction is larger, change the fractions to decimals by dividing and
compare their decimal values.

Examples:
Which of the given numbers Using full calculator display to compare the
is greater? numbers.
! E, 1 6666666667 > .25
3 4
. —g, —1—31 -2.333333333 > -3.666666667

An irrational number cannot be expressed as a fraction.

1. Irrational numbers cannot be represented as terminating or repeating decimals.
2. Irrational numbers are non-terminating, non-repeating decimals.



3. Examples of irrational numbers are:

7 =3.141592654.....

J2 = 1.414213562.....
and 0.12122122212...

Note: Many students think that n is the terminating decimal, 3.14, but it is not. Yes, certain math
problems ask you to use n as 3.14, but that problem is rounding the value of to make your calculations
easier. n is actually a non-ending decimal and is an irrational number.

Decimal Representation Of Rational Numbers

Example 1: Express % in the decimal form by long division method.

Solution: We have,

8/ 7.000\0.875

64
60
56

40

40

0

= 0.875

oo | -

4

;':l
Example 2: Convert 16 into decimal form by long division method.

Solution: We have,

16/35 pop0\2.1875
32
30
16
140
128
120
112

80
80

0

[#¥]

9 =2.187
1

Lh

215
Example 3: Express

ini
725 in the decimal form.



Solution: We have,

625)2154.0000,3.4512
1875
2820
2500
3200
3125

750

625

1250

1250
0

2157
2 =3.4512

625

=17

Example 4: Express & in decimal form by long division method.

=17

Solution: In order to convert 5 in the decimal form, we first express

17
B

in the decimal form and the

decimal form of _T]r will be negative of the decimal form of].Tr
we have,
8)17.000(2.125

16

10

8

20

16

40

40

0

-17
—— =2 128§
8

=

Example 5: Find the decimal representation of .

Solution: By long division, we have

3)8.00001 2.6666

6

20
18
20
18
20
18




2
Example 6: Express 11 as a decimal fraction.

Solution: By long division, we have
11)2,:]:] 0.181818
11
o0
28
20
11

90
38

20
11

90
88

2

£=G.131818 ..... =0.18
11

—16
Example 7: Find the decimal representation of 5

Solution: By long division, we have

45)160 (0.3555

135
250
225
250
225
250
225

25

Hence, —6 =—035
45

94

(=]

Example 8: Find the decimal representation of 7

Solution: By long division, we have



7]22 13.142857142857
21
10
x
30
28
20
14
~ 60
56
40
35
50
49
10
7
30
28
20
14
60
56

22
— =3.142857142857 ... =3 142857

So division of rational number gives decimal expansion. This expansion represents two types

(A) Terminating (remainder = 0)

6 8 7 :
X. rirn seennennoare equal to 1.2, 1.6, 1.75 respectively,

So these are terminating and non repeating (recurring)

(B) Non terminating recurring (repeating)
(remainder # 0, but equal to devidend)

Ex. % =3.333...........0r 3.3

1

= =(.1428514285..........or 0142857
% =23.434343........0r 2343

These expansion are not finished but digits are continusely repeated so we use a line on those digits,
called bar [ﬁ:'.

So we can say that rational numbers are of the form either terminating, non repeating or non
terminating repeating (recurring).

How To Convert Decimal Number Into Rational Number



Conversion Of Decimal Numbers Into Rational Numbers Of The Form m/n

Case I: When the decimal number is of terminating nature.

Algorithm:

Step-1: Obtain the rational number.

Step-2: Determine the number of digits in its decimal part.

Step-3: Remove decimal point from the numerator. Write 1 in the denominator and put as many
zeros on the right side of 1 as the number of digits in the decimal part of the given rational
number.

Step-4: Find a common divisor of the numerator and denominator and express the rational
number to lowest terms by dividing its humerator and denominator by the common divisor.

Case II: When decimal representation is of non-terminating repeating nature.
In a non terminating repeating decimal, there are two types of decimal representations

1.

2.

A decimal in which all the digit after the decimal point are repeated. These type of decimals are
known as pure recurring decimals.

For Example: .0, 0.16, 0.T23 are pure recurring decimals.

A decimal in which at least one of the digits after the decimal point is not repeated and then some
digit or digits are repeated. This type of decimals are known as mixed recurring decimals.

For Example: 2.16. 0.35. 0.785 are mixed recurring decimals.

Conversion Of A Pure Recurring Decimal To The Form p/q

Algorithm:

Step-1: Obtain the repeating decimal and pur it equal to x (say)

Step-2: Write the number in decimal form by removing bar from the top of repeating digits and
listing repeating digits at least twice. For sample, write x = (1.8 as x = 0.888.... and x = (.11 as x =
0.141414......

Step-3: Determine the number of digits having bar on their heads.

Step-4: If the repeating decimal has 1 place repetition, multiply by 10; a two place repetition,
multiply by 100; a three place repetition, multiply by 1000 and so on.

Step-5: Subtract the number in step 2 from the number obtained in step 4

Step-6: Divide both sides of the equation by the coefficient of x.

Step-7: Write the rational number in its simplest form.

Conversion Of A Mixed Recurring Decimal To The Form p/q

Algorithm:

Step-1 : Obtain the mixed recurring decimal and write it equal to x (say)

Step-2 : Determine the number of digits after the decimal point which do not have bar on them.
Let there be n digits without bar just after the decimal point

Step-3 : Multiply both sides of x by 10" so that only the repeating decimal is on the right side of
the decimal point.

Step-4 : Use the method of converting pure recurring decimal to the form p/q and obtain the
value of x

Conversion Of Decimal Numbers Into Rational Numbers Example Problems With
Solutions

Example 1: Express each of the following numbers in the form p/q.
(i) 0.15 (ii) 0.675 (iii) -25.6875



Solution:

. 15
1) 0.15= —
® 100
_15+5
100+5
3
0
. 675
(i1) 0.675= ——
1000
675+ 25 27
—_— :‘ =
1000 = 25 20
—256875
(ii1) —25.6875 = ———
10000
_ —256875+625 411
10000 =625 16

Example 2: Express each of the following decimals in the form p/q.

(1) 0.6 (1) 0.35 (i11) 0.585

Solution:
(1) Letx= 0.6
then, x = 0.666....... vl 1)

Here, we have only one repeating digit,

So, we multiply both sides of (1) by 10 to get
10 x = 6.66.... ...{ii)
Subtracting (1) from (i1), we get

10x—x = (6.66.....) — (0.66.....)

6
= Ox=6 = Xx= —
9
= xX= E Hence ﬂ6=£
3 3

(i) Letx = 035
— x=0.353535.... i)
Here, we have two repeating digits after the decimal point.
So, we multiply sides of (i) by 102 =100 to get
100x = 35.3535...... ...(i1)
Subtracting (1) from (i1), we get
100 x — x = (35.3535....) — (0.3535....)
= 99x=135

Hence, 0.35



(iii)Let x= 0585
—  x= 0.585585585... )
Here, we have three repeating digits after the decimal point.
s0, we multiple both sides of (i) by 10° = 1000 to get
1000 x = 585.585585......... oo(11)
Subtracting (1) from (11), we get
1000x —x = (585.585585...) — (0.585585585...)
1000x —x = 585
= 999x =585
585 195 65

=5 X = = =
000 333 111

The above example suggests us the following rule to convert a pure recurring decimal into a rational
number in the form p/q.

Example 3: Convert the following decimal numbers in the form p/q.

(i) 5.2 (i) 23.93

Solution:
(i) Letx= 52
= x=572222 (i)
Multiplying both sides of (1) by 10, we get
10 x=52.222 ... ey

Subtracting (1) from (11), we get
10x—x =(52.222...) - (5.222...)
= Ox =47

47
= x= —

(i) Letx = 2343
= x=23.434343.....
Multiplying both sides of (1) by 100, we get
100 x=2343.4343....... w(11)
Subtracting (1) from (11), we get
100x — x = (2343.4343...) — (23.4343....)
= 99 x=12320

Example 4: Express the following decimals in the form (1) 0.32 (i1) 0.123



Solution:

(1) Let x= 0.32
Clearly. there is just one digit on the right side of the decimal
point which 1s without bar. So, we multiply both sides of x by 10
s0 that only the repeating decimal is left on the right side of the decimal point.
10x= 32

= 10x=3+ 02 {-.-:]5.=ﬂ

9
s 10x=3# 2
9

9x3+2 20
s e = ><9+ = 10x=

= x= —

(11) Letx= 0.123
Clearly, there are two digits on the right side of the decimal point
which are without bar. So, we multiply both sides of x by 102 = 100
ko that only the repeating decimal is left on on the right side of the decimal point.

100x = 12.3
= 100x=12+ 0.3

= IDDx=12+§

12%9+3
= 100x= =777

108 +3
= 100x=

111

Example 5: Express each of the following mixed recurring decimals in the form p/q

(1) 4.32 (11) 15.712
Solution:



(i) Letx = 4.32
— 10x =432 [Multiplying both sides of x by 10]

— 10x =43+ 02

= 10};=43+§

. 1ox = 43 %042
o
s 10x = 387 +2
9
389
= 10x= —
389
= Xx= —
a0

(ii) Let x = 15.712 . Then,
10x= 15712

— 10x=157+ 012

12

= 10x=157+ —

99

= 10x=157+ i
33

oo 157x33+4
33
5181+ 4
T L

5185 5185 1037
10x=""" = x=2"="""_
33 330 66

Example 6: Represent 3.765 on the number line.

Solution: This number lies between 3 and 4. The distance 3 and 4 is divided into 10 equal parts. Then
the first mark to the right of 3 will represent 3.1 and second 3.2 and so on. Now, 3.765 lies between 3.7
and 3.8. We divide the distance between 3.7 and 3.8 into 10 equal parts 3.76 will be on the right of 3.7

at the six™ mark, and 3.77 will be on the right of 3.7 at the 7t mark and 3.765 will lie between 3.76
and 3.77 and soon.

3 37 38 4
31 32 33 34 35 36 | | 39
1 L 1 1 L 1 L
3.70 6 39 3.80
37L372373374375 | | 3.78 379
T S S TR
37 3.770
3.7
6173.762 3.763 3.764 | 3.7663.7673.768 3 )

Tomark 3.765 we have to use magnifying glass



Example 7: Visualize 4.26 on the number line, upto 4 decimal places.
Solution: We have, 4.206 = 4.2626

This number lies between 4 and 5. The distance between 4 and 5 is divided into 10 equal parts. Then
the first mark to the right of 4 will represent 4.1 and second 4.2 and soon. Now, 4.2626 lies between
4.2 and 4.3. We divide the distance between 4.2 and 4.3 into 10 equal parts 4.2626 lies between 4.26
and 4.27. Again we divide the distance between 4.26 and 4.27 into 10 equal parts. The number 4.2626
lies between 4.262 and 4.263. The distance between 4.262 and 4.263 is again divided into 10 equal

parts. Sixth mark from right to the 4.262 is 4.2626.

4 5
7 48
41 42 43 44 45 46 4‘|"

o) o 4
421422423 424425 4'|‘54'|‘? 428 429

4.27

y 42624263 ) 01 4265 1266 4267 4.268 4269
1 1 1

42621 -L2|523 4.2?25 | 4.2?2?‘ . 4.2:529

]
13617 42624 42626 = 42628

Example 8: Express the decimal (1.00352 in the form p/q
Solution: Let x = (1.00352

Clearly, there is three digit on the right side of the decimal point which is without bar. So, we multiply
both sides of x by 103 = 1000 so that only the repeating decimal is left on the right side of the decimal

point.
1000x = 352
= 1000x=3+0.52

= 1000x=3+ 2
29

a gl a8
— 1000x =222 %32 _ 1g00x= 221722
99 99
99 99000

Example 9: Give an example of two irrational numbers, the product of which is
(i) a rational number
(ii) an irrational number

Solution: (i) The product of V27 and V3 is V81= 9, which is a rational number.
(ii) The product of V2 and V3 is V6, which is an irrational number.

Example 10: Insert a rational and an irrational number between 2 and 3.

Solution: If a and b are two positive rational numbers such that ab is not a perfect square of a
rational number, then Vab is an irrational number lying between a and b. Also, if a,b are rational

a+b

numbers, then "2 is a rational number between them.

=~ A rational number between 2 and 3 is
243
= =2.5



An irrational number between 2 and 3 is
V2w 3= VIE

Example 11: Find two irrational numbers between 2 and 2.5.

Solution: If a and b are two distinct positive rational numbers such that ab is not a perfect square of

a rational number, then v @b is an irrational number lying between a and b.
~ Irrational number between 2 and 2.5 is
V2 x 20 =4/

/2 % V"lj

Similarly, irrational number between 2 and V' is V

/2 % '\-"j

So, required numbers are V'3 and v
Example 12: Find two irrational numbers lying between v2 and V3.

Solution: We know that, if a and b are two distinct positive irrational numbers, then is an irrational
number lying between a and b.

. Irrational number between v2 and V3 is V V2 X V3= v/ = g1/4
fv-’i X um = 21/4 x 61/8,

Irrational number between V2 and 61/4 is v
Hence required irrational number are 61/4 and 21/4 x 61/8

Example 13: Find two irrational numbers between 0.12 and 0.13.

Solution: Leta =0.12 and b = 0.13. Clearly, a and b are rational numbers such that a < b.

We observe that the number a and b have a 1 in the first place of decimal. But in the second place of
decimal a has a 2 and b has 3. So, we consider the humbers

c =0.1201001000100001 ......

and, d = 0.12101001000100001.......

Clearly, c and d are irrational numbers such thata <c<d < b.

Example 14: Find two rational numbers between 0.232332333233332.... and 0.252552555255552......

Solution: Leta = 0.232332333233332.... and b = 0.252552555255552.....
The numbers ¢ = 0.25 and d = 0.2525
Clearly, c and d both are rational numbers such thata < c < d < b.

Example 15: Find a rational number and also an irrational number between the numbers a and b
given below:
a =0.101001000100001...., b =0.1001000100001...

Solution: Since the decimal representations of a and b are non-terminating and non-repeating. So,
a and b are irrational numbers.

We observed that in the first two places of decimal a and b have the same digits. But in the third place
of decimal a has a 1 whereas b has zero.

~a>b

Construction of a rational number between a and b : As mentioned above, first two digits after the
decimal point of a and b are the same. But in the third place a has a 1 and b has a zero. So, if we
consider the number c given by

c=0.101

Then, c is a rational humber as it has a terminating decimal representation.

Since b has a zero in the third place of decimal and c has a 1.

~b<c

We also observe that ¢ < a, because c has zeros in all the places after the third place of decimal
whereas the decimal representation of a has a 1 in the sixth place.

Thus, c is a rational number such that

b<cx<a.

Hence , c is the required rational number between a and b.

Construction of an irrational number between a and b : Consider the number d given by

d = 0.1002000100001......

Clearly, d is an irrational number as its decimal representation is non-terminating and non-repeating.
We observe that in the first three places of their decimal representation b and d have the same digits
but in the fourth place d and a 2 whereas b has only a 1.



~d>b

Also, comparing a and d, we obtain a > d
Thus, d is an irrational number such that
b<d«<a.

Example 16: Find one irrational number between the number a and b given below :
a=0.1111.... =0.1and b = 0.1101

Solution: Clearly, a and b are rational numbers, since a has a repeating decimal and b has a
terminating decimal. We observe that in the third place of decimal a has a 1, while b has a zero.
~a>b

Consider the number c given by

c=0.111101001000100001.....

Clearly, c is an irrational number as it has non-repeating and non-terminating decimal representation.
We observe that in the first two places of their decimal representations b and c have the same digits.
But in the third place b has a zero whereas c has a 1.

~b<c

Also, c and a have the same digits in the first four places of their decimal representations but in the fifth
place c has a zero and a has a 1.

~Cc<a

Hence, b<c< a

Thus, c is the required irrational number between a and b.

How do you Add and Subtract Rational Numbers?

There are four basic operations on rational numbers :

1. Addition

2. Subtraction
3. Multiplication
4. Division.

Addition of Rational Numbers

If two rational numbers are to be added, we first express each one of them as rational number with
positive denominator.

There are two possibilities :

(1) Either they have same denominators, or

(2) They have different denominators.

Adding Rational Numbers with Same Denominator:

8 =6
Letusadd o and o
Represent the numbers on the number line.

=

2-1 0 1 23 45 .67 8 9 10_,
5 5 5 5 5 B & 5 50 5 &5 F st
—6 8 8
Here, the distance between two consecutive pointsis o . For 3, move 6 steps to the left of 3 and we
2
reach at 5.
8 (-6 8+(-6) 2
So —+ = ( ):—
5 5 5 5
—0 —17

Example 1: Add : 9 and 9



Solution:

—0 —17
Given rational numbers are 9 and 9
Adding these two numbers, we have

—5) 17) _ () +(-17) 22
9 9 9 9

Which is the required answer.

—23 0
Example 2: Add : 23 and —28.

Solution: i
2

We first express —23 as a rational number with positive denominator.
5x(-1) =5

Wehbhave - —— —
(—28)x(-1) 28

—23 {— SJ —-23 5
Now., -
28 28 28 28

[since (+) x (<) =]
535 78
28 28

=1

Addition of Rational numbers with Different Denominators:

In this case, we convert the given rational numbers to a common denominator and then add.

Examples:

8 4
1. Add —5 and —3.

Solution:
5 4

The given rational numbers are —5 and —3. Clearly, they have different denominators. Here, first we
express the given rational numbers into standard forms.



8 8x(-1) —8

i.ﬁ.= = o S
-5 (-9x(D 5

And. 4 _ 4% (-1) _ ==k
-3 B)x(D 3

. 8,4 (9 (4

ety il 5 3

Converting to the same denominators,

we have
—_8_ (—8)x3 24
5 5%3 15
Atid j:(—4)><5:—20

3 3x5 5
-8 (-4} -24 [(-20
So, + = +
5 [ 3 ] 15 [ 15 ]

_ (229 +(20 _ 44

15 15
Which is the required answer.
8
2. Add : 10, 3.

Solution:

. . 3
We have, 3 which can be written as —.

Multiplying both the numerator

denominator of 4 by 10,

3 3x10 30

we get — = s

1 1x10 10
Therefore, E+3:E+§:E+@
10 10 1 10 10
:8+30_38_19
10 10 5

Which i1s the required answer.

4 3 —32 —11
3.simplify:3 T 51T 5 T 3

and



Solution:

4 3 -2 —-11 (4 -11 3 -2
B sy A B
X 3 2 3 3 3 F D

-7 1 —-Tx5 1x3
= + = e :
3

5 38 @ 53

(changing them to same denominator)
=A% 3 33
15 15 15
4. Add % and _Td

Solution:

o £ | o - = -t .
7.5 Tl 75 2
9 9 9 9 9

In case, if denominator of the rational number is negative, first we make it (denominator) Positive and
then add.

6L 4
5. Add : —5 and o.
Solution:
6 4 -6 4 —6+4 -2
-5 5 5 5 5
-8 -5
6. Find the sum of 3 and 3
Solution:
LCMof 5 and 3 1s 15.
8 _-8x3_-24
i 5023 15
5 —5x5 25
3 3Ix5 15
-8 -5 —24 —25 —24-25
So, + = + =
5 3 15 15 15

=8 =5\ —49
+ =
5 3 15
Note : Addition of rational numbers is closure (the sum is also rational) commutative (a + b = b + a)
and associative(a + (b + ¢)) = ((a + b) + ¢).

Additive inverse:

The negative of a rational nhumber is called additive inverse of the given number.



Note: Zero is the only rational no. which is its even negative or inverse.

Subtraction of Rational Numbers
If we add the additive inverse of a rational number and other rational number then this is called

subtraction of two rational numbers. So the subtraction is inverse process of addition and the term add
the negative of use for subtraction.

Subtraction of Rational Numbers Problems with Solutions

LN =

2
1. Find value of 3

Solution:
=,

2 — 4
5 + additive inverse of — .

2 —4 2x5 —4x3
3 5 3x5 5x3
10_?—42__10+(—12)

I5 | 15
e

5

i = (3)
2. Find value of 7 3 /.

Solution:
E - _—5 = % + additive inverse of _—5
7 3 7 3
2 5
=L Al + o
T 3
- 2%3  Sx7
o £ 3
Tx3 3x7

_ 6 _35_6+35_41
2 2 2L 20
-9 =3
3. Subtract 8 from 7



Solution:

: . -5 -3
The given rational numbers are — and o

Therefore.

-4 [8Y —3 5

7 8 7 8
_-24 35 24435 11
56 56 56 56

1, =2 =2
4. Simplify : 6 T35 1
Solution:
We have,
L2 2122
6 5 15 6 5 15

) -2 2
Since —| — |=—
[ 15] k5

—_ PEVES
_ 350 2:06“"“ [LCM of 6. 5. 15 is 30]

5-12+4 9-12 -3 -1
30 30 30 10

—0 ]
5. What number should be added to & so that the sum is 9?
Solution:

The number will be obtained by subtracting

_—5 from i
8

5 [—SH 5 5 5x8+5x9
o, e e %
J 9 B

9 | 8 72
_40+45 85
2 72

: . 85
Therefore, required number is —.

—9
1l so as to get 33 7?

Ll | 8]

B

6. What number should be subtracted from



Solution:
We have. difference of the given number and

the required number = ;—z

Given number = ?
Therefore, e :£+i
33 FlL &3
= 27x3+5x1 81+5 86
23 33 33

: . 86
Therefore, required number is —.
33
=3 =9
7. The sum of two rational numbers is 5 If one of them is 10} Find the other.

Solution:

Given. sum of the numbers = =

One of the numbers = _—9
10
The other number

= Sum of the numbers — One of the numbers

-3 -9 -3 9
:___:_—|-_
5 10 5 10
:—3x2+9><1
10
_BES 3
10 10

Therefore. required number is % ;

How do you Multiply and Divide Rational Numbers?

Multiplication of Rational Numbers



ac

r.' x C—
]

(a) Let i and c are two rational numbers, then h

Eg : Find product of _7 and 9.

-5 =% 5 —5><9 —45
—  xO=___ w_ =
7 71 7x1 7

(b) When we multiply two rational numbers :

. . 0 R @
L %= =
b d bxd bd

x_3 _Ix(3) 3

1
eg., —X—7r =
. 2 4 2x4 8

1. On multiplying two rational numbers, we get result as a rational number.

—3 5 —3><5 =13

6.8, —
4 ? 4x7 28
(closure property)
11 _ l 1
2.3 -1 T d (commutative i.e., on changing the order the result remains same)
1 1 1 1
3.3 % ( ) (E X I) X5 (associative)
4. If 0 is multiplied to any rational number, the result is always zero.
e.g..
4 0x4 O
(a) Ox — =}
5 5 5
—2 —2x0 0
(b) —=x0= = =0
3 3 3

Multiplication of Rational Numbers on a Number Line

The product of two rational numbers on the number line can be calculated in the following way.

When we multiply %2 by 3 on a number line, it

—2
means 3 jumps of = to the left from zero. Now

=5 i

we reach at f Thus we find ix3:—6, 1e.,

7 7 7
-2 -2 3 —2><3 —6
—  ®3=_—_w_— =
7 71 Ix1 7
76 54320 01 234 567
g ¥ T T ¥ 7T T d 4 FT P FE g o7

This result reconfirms that the product of two rational numbers is rational number whose numerator is



the product of the numerators of the given rational numbers and the denominator is the product of the
denominators of the given numbers.

~ Multiplication is closure (product is rational), commutative (ab = ba) and associative

(a(bc) = (ab)c) for rational number.

Division of Rational Numbers

i b
(a) Let b be a rational number then its reciprocal will be

1. The product of a rational number with its reciprocal is always 1.

For example,

(a) Exi:]_ (b) —3><—8:1
T3 8 3
(9) 1
2. Zero has no reciprocal as reciprocal of 0 = L 1/ is [} (which is not defined).
3. The reciprocal of a rational number is called the multiplicative inverse of rational humber.
4. 1 and -1 are the only rational numbers which are their own reciprocal.

. 1
Reciprocal of 1 = : =

. 1
Reciprocal of -1 = — =-1.

5. Reciprocal of a (+ve) rational number is (+ve) and reciprocal of (-ve) rational number is (-ve).
To divide one rational number by other rational numbers we multiply the rational number by the
reciprocal of the other

By A - ¢ ‘a . d _ ad
—+—= — xreciprocal of — = —x— = —
b d b d b ¢ I
For example, B,
-6 +2
= e - reciprocal of [_—3]
-6 2 -6 2
5 2
= A, e
-6 -3
_ 5x2 _10_5
—6x(-3) 18 9
6. Zero divided by any rational number is always equal to zero.
2 —3

For example, 0= ==0;: 0=—=0
9, 8

Note:

1. When a rational humber (except zero) is divided by another rational humber (except 0) the
quotient is always a rational humber. (closed under division)

; a ¢ ad | . .
le., —+—=| — | 1s also rational number.
b d \be



2. Division of any rational number by itself gives the quotient 1.

4 4
For example, —+—=1.
5 5
3. When a rational number is divided by 1, the quotient is a rational number itself.

For example, % +1= E

Multiplication and Division of Rational Numbers Problems with Solutions

1. Find the product:
@) Ex 3
2 4

s, F
(i1) E x(-9)

... 4 =5
(111) —_SX?
v 422
(iv) ?x( g ]
Solution:
Q) Ex[—S]:?x(—S):_35
2 4 2x4 g
(ii) ix(_g):ix(—f?‘) - 18 . ~63
10 10 1 10x1 10
(iii) 4 S _AxE) 20,

-5 4 (-5x4 =20

{iv} ix[__z]:ix[__z] = 4X(—2:| :__8
7 2 ' 5 TS 5

2. Find the value of:

. 2
(1) (_6)_5

(11) ?72

.3 (-4
ml}ﬁ{ﬁs]

e s T
(iv) —+—
8 8

-6)
()



Solution:

2 6§, 3 =ou% 18
: BT st = :—9
()(_6) 3 I 2 1x2 2
So. (—6)+E=_9
3
) ety RO
_ 2x1_2 2
5 5 3
So,j+2:_—2-
5 5
3 (-4 3 65 3x65
e el e
13 | 65) 13 —4 13x(—4)
2 13 1)
—4 4
Sogi- -4 —15
13°(65) 4
TR M. N
8 8 8 -2 8x(=2) 1xl
So,_—2+_—2:]
8 8

_ —6xl _2x1_ -2
Ox1 3x1 3

3. Multiply:

(=8 =3

0 [E] oy [E]
o [ 9 22
(11) [_—“] b}’ [ 2?]



Solution:
(i) Multiplication of [__8] by [—_5 ]
25 16

8 —5_—8x—5_ 40
2516 25x16 400

Dividing both the numerator and denominator
by the greatest common divisor of 40 and 400
which is 40.

_ 40+40 1

 400-40 10

.. o 9 .10,
1) Multiplication of | —— | by | ——
e [ 1] y [—2?]

9 22
=—X
=1l —=2F

9x22 198

—11x-27 297

Solution:

_ k = A
We have, i X 2 +| = x 8
5 B 3 7

_ 18 (~12) _ —18x7+(-12x5)
15 \ 21 105

_—126+(-60) -126-60 -186 —62
105 105 105 35




