Exercise 7.2

Answer 1E.

Consider the following integral

Jsin: xcos’ xdx

Mow, evaluate the integral

Jsin: xcos® xdx= Isin: xcos” xcos xdx

- ¥ = W
= jsm' .r(l —sin” .r)cnsxd.r

Substitute the values of gy and cosxdxwiths and df respectively.

Isinz xcos® xdx = Ir: (l -7 )dr

[~

£
=———%c

3
sinx sin’ x
=3 +C [Replace f =sin :r]

- 3 . 5
. 2 3 sin“x sin” x
Hence. Ism'xcos"xdr= T +C|-

Answer 2E.

Given Isin3 Bcos* 848
‘We have to evaluate the given indefinite integral

We know that

k
Ismzkﬂ xcos” xdr= I(smz x) cos” xsin xdx

= I(l— cos x)k cos” xsin xdx

[sin® Bcos* 828 = [cos* 8(sin* 6)sin 648

= j cos* 9(1— cos? 9) sin 848



Put cos&=4¢ = —sin 848 = dit
[sin® Bcos* 8do = [¢* (1-£)(—dk)

- J{e )

7
Hence _l-sin39[:os‘ 848 = cos 9_[;055.9

Answer 3E.

Given Tsin‘-' 8(cos® 8)d8
L1}

‘We have to evaluate the definite integral

We know that
&

; 3+l : 2
lsm'xcos xdx:Imn' x(cos x) cosxdx

= lsi.n' Jr(l—siﬂ2 I)t cos xdx

= =
j sin’ 8(cos’ 8)do= j sin’ Scos* Bcos 848
1] x;; 2
= [ sin*a(l—sin“ 9) cos8d8
L1}

Put sand=f = cosBd8=df
9=0 = £=Uand9=g =
L 2
TﬁnTﬂcossﬂdH:It? (1-2) ar
L1} L1}

=iz" (1+z‘ —2:“)&:

120

Hence rsin“' 9([:055 9)d9= —
2 120




Answer 4E.

Given Tﬂiﬂj xdx
0
‘We have to evaluate the given definite integral

We know that

k
Isinzk"'l xcos xdx= I(sm: x) cos” xsin xdx

= I(l— cost x)k cos’ xsin xdx
Therefore,

=f2 =f2
Isinjxdxz I sin® x sin x dx
0 0

=2 2
= I (l—lc:lc:-s2 x) sin xdx
0

15

Hence sin” xdx = E




Answer SE.
Consider the integral,
Jsinz {Jlr:r)n::t)ss {}r_r}afr.
Need to evaluate the above integral.
Let u=mx.
Then,
du = zdx
1
dx =—dx
T
So the integral reduced as,
. . 1
_[sz {n}cos’ {n’x}dﬁ( = J-t“.m2 wcos’ u—du
T
| I
=— I sin® ucos” udu
T
I 2 32
=;Ism u(cos u) cos udu
=lIsin3 u(l —sin® ")z cos ud
Fi g
| S . i
- —fsm' u(l +sin* #—2sin’ u]cosudu
F 8
e o . )
= —Hsm' u+sin® u—2sin* u}cosndu e (1)
Fi 8

Use substitution method: Let siny =1

Then,
ﬂﬂs(u)duzd.f
So the integral (1) turns as,
-2 s _l - 2 S 6 mi
_[sm {}r:r)cos {}r_r}afr—f_l-(sm u+sin” u—2sin u}msudn
_l 2,6 a4
_E_[(: +1° = 21" )dt
=l[jr2d:+jx°dr—zjr'd:]
— _J L_z i +C‘
7 5

3
l[sin’u sin’ u 2sin’ u]
= — 3 -+

+C Use sinu=¢

1|sin*zx sin”zx 2sin’ 7x
=— + +C
3 7 5

— — —
Hence, Isin"(x.r}coss(ﬂ'.r)dt = l[sm3xx+sm?zx - 25"; zx]+c .
F 3

Answer 6E.
sin® (x)
‘We have to evaluate the integral Ide The first step in evaluating ngonomeiric
x

functions 1s often to iry to reduce the function to a lesser power that we know the integral
of

Im; ("E)dx
Jx
_ j. sin? (J;)sin (JJ_E)
Jx
_ j_ (1—[:052 ‘J;)sm (\/;)

% dx(Using the trigonometric identity:sin® x+cos® x=1)
x




We can now separate this function inio two integrals.

pnloR), e an(oE)
b Ll

x
Locoking at the first integral:

=I%;)dx [Ta];:ing u=,,Eand.m=de]

= 2f sinudu

=—2cosu +)
= —ZCOS(JJ_E) +&

Looking at the second integral:

- o5’ (‘/i,);m (J;)dx [Tak:ing u=+J7 and du= %dx}

= 2_[ cos® (1) sin{u)du (Tak:ing v=cosu and dv= —sinua‘u)
=—2[vidv

=—§v3+c;,

=—§[2053(~J;) +C

Finally, uniting both integrals, we get:
=—2cos (J;)+§c053 (Vr)+c.c=G-¢

Answer 7E.

|

Consider the integral j’ cos’ Bdo.
]

MNeed to evaluate the given integral

Then

cos” 8d6 =

o Cmm—yd | 3
b | =

2 Sy i |

(1+cos28)d@ [ Since cos’ E=%[I+m523}]

b | —
S Sy | B

=—|(1+cos28)d8
_1 H+sin23:|3
20 2 1
sinz(}r] )
NIEN 2 _ﬂ_sml{ﬂ]
212 2 2
=l|£+5in;r_0_5m{ﬁ}:|
2|2 2 2
ZL[LE_;;._E]
212 2 2

Hence the required value of the given integral is



Consider the following integrak

Tsin’ [%B}iﬂ

:fsin’[%ﬂ}i ={j:[i—cosz[%a]]aa

-y o3
- 1fae-0}-32[sn2(San)

3. 4x
=7 ——sin—
4 3

Therefore, J'sinz[%ﬂ}iﬂ: x-isin“_f
L]

Answer 8E.

Consider the following integral:

2x L1
J;SH'I" [33}13

-y 333
=%[2£—0]—%%|:Siﬂz[%{h}):|

3. 4z
=g ——sin—
3
Therefore, J-smz[lﬂ}i =;r—isin4—#
. 3 4 3
Answer 9E.

x
Given _l-[:os* (2t) ot
0

‘We have to evaluate the given definite integral



Put
2x=8
= 2dt=d8

:>d'.t=ld5'
2

i t=0then 8=0
Iif t=mithen 8=2r

Therefore,
x 2
.l-l:-::-s4 (Zt) df = I cos’ Hédﬂ

(cos 5)

1+c;s 29]2 a8

I:\J|n—l-
na.__u

. 3

[ I

o

1+cos® 28+ 2cos 25)&9

-

='—|=|"‘ = —_—

DOl'—'-
| —
al_':‘

(1+2cos 29)d9+j cos 29&9]

- ixr Ix
1 I:g_l_zsm?ﬂ +I[1+cos49)d9
2 2 ! 2

8 16
b
= —+4 —
4 8
_®
I
T 3w
Hence Icos (Zt)d!:—
o g
Answer 10E.
We have to evaluate the following integral
L’sinz.t cos' &t

_[: sin’f cos* tdt = l: (l— cos® I) cos® tdt [Using: sin®f+cost f= 1)
= .[: (-::os“ £—cos® z)dz
Separating and usingcos® £= %(1 +cos 2!) in
I'cos"t df— _l-.-::-::vs"i £t
0 ]
Let’s look at the first integral first:
L’ cos® tdf = _I:%(l +cos 2.2)2 ¥ {Using the power reduction formula)

= %L’ (-::-::ns2 2t+2-::os2t+1)d.t

—L [[ {14+cos 4?.)]+2 coS 2t+1:|d£(Usmg the power reduction formula)



o |t
]

(¢ sinde -
+ +sm2t+.-‘.:|“

Il

o | -
| '
+
Iil &

I
1
ML
[

DO|§J I-l-‘h||—l-

Looking now at the second integral:
_[: cos® &t = l:% (14+cos 26)°ds {Using the power reduction formula)

= ;__[]' (cos® 2t 4 3cos? 22+ 3cos 2t +1)dt

- ;__[]' (cos 2¢(1—sin® 2¢)+3cos® 2 +3cos 2t +1)dt

1= 3 3
= —L [coszt—cosztsinn2t+—+—cos4£+3[:os 2t+1:|d.t
3 2 2
(Using the power reduction formula)
=[lsin2z—lsin32z+3—isin4z+isin2:+‘—
16 48 16 &4 16 3

_sm
16

Putting them both together:
T

Iﬂxcos"r ot — _l:-::osﬁt di= 16

Answer 11E.

Consider the integral I sin” xcos” xdx
0

=2 &2

jsinzxcof xdx = I(sinxcus,r}:dx

1-cosdx = 2sin’ (21]

= éI[:dr - é]jmscl:rzir



j sin® xcos” xdx =1[,-I: $ _1[5“‘4-‘ Since Imsmxir= sinnx .
o 8 8| 4 .

_ l[f-n)-l[sinﬁ-sinn)
sl 2 32 2

P
E_E(Smh 0) [sin0=0]

=% [sin27=0]

e
Therefore, I sin” xcos’ xdx =
L]

Answer 12E.

Given T(z—sing)’ a8
]
We have to evaluate the given definite integral

Now
=2
| (2-sin8)’ do= [ (4+sin* 6-4sin 8)d8
o o
=T[4 1 [:0529_4 nﬂ]
L1}

Hence r(2—sin 8)’ dﬂ':i—ﬁ—ét

Answer 13E.
Given Iz sin’ fdt
‘We have to evaluate the given definite iniegral

Now

[esin ra = I{ﬂ}ﬁ
[I[z £cos 2¢)dt |
4

|

M|._~ I\JI
Mlhn

—[(zcos zc)dz]
£

( sin 2f -::osZt)
—1 £ +c
2 4

(=]

!
2



2
Hence Itsinntdt=%——sin2t—%c052t+c

Answer 14E.

Consider the following integral:
Icos&coss (sin@)dé
Substiiute w =sin@, then. gy = cosfd0.
Icosii‘coss (sin@)d@ = IcosS‘ () du
= Icos’ () cos(u)du

= IEOSJ () cos® (u)cos(u)du

= I(I —sin’ [n‘)](l ~sin” {u})cns{n}dn Since, cos” {:.r] =1-sin’ (u)

= I(I —sin’ {u]):ms{u]dn
= I(I +sin* (u) - 2sin® (u) ) cos(u ) du
= j(cos(n}+sin4{u}ms(u} —2sin® {u}cos[u})du

Substitute. x =sin(u) and dx=cos(u)du.

= Icos{u}du +J5inJ {u]cos{u}ﬂ:—zjsinz () cos ()

= sin(u)+ I xidv— EI.rldr

s 3 el
=5in[;.r}+'r——2x—+(.‘ Since, I,r*d\‘= ~_+C
3 3 n+1
Replace. y=sinéd.
5 3
=sin(sin@)+ —-22-+C
5 3

Replace, x=sin(u).

- T ]
=sin(sin@)+ o =) -2 sm3{u} +C
Replace. y=siné.

.- 5 - - 3 f =
=sin[5inﬂ]+5m {smﬂ]_zsm {sm&]+c

3

Therefore, qusﬁ'ms’ (sin @)d@ = sin(sin )+

sin’ (sin @)
-2
5

sin {;.mﬁ'} <l




Answer 15E.

Consider the following integral:

da

_[ cos” a
Vsina

Evaluate the integral as shown below:

2
cos® & {t:n::rs1 r.z] cosa
—da =I

sina

do

Jsina

=I{l—5in3a]]msa

da
Jsinex

Put sing:HSDthﬂt. coscr da =du .

Substitute these values in above integral.

cos’ a —a
J'deazj'%du

:J'('_E"—Jwaru
“u" * 20" 44" ) du

=£u"3(45—18u3 +5u‘)+c
45

= %Jsin a (45 —18sin” & + 5sin* r.:r}+ C

Answer 16E.

Consider the integral
I:sin3 xdx
To evaluate the definite integral
Write the integral as
J.J:'.“-in3 xdx :J.Jt:'."-inz xsin xdx
= I.r(l —cos” .r}sin xdx
=_[xsin xdr-jxmsz xsin xdyx
[xsin® xdv=1, -1,
Where

I, =Ixsinxafr and I, =Ixmszxsinxdr

Replace u by sina.

(Since 1—cos” x =sin’ .r}



Firstfind [,

I, = [ xsin xdx
It is solved by using Integration by parts method
Integration by parts formula is

[ udv = v~ ( vau
Here

u=x dv=sinx
Then

du = dv P:I:-;in.tz—msx

Then

I, :jxsin,tdft
=x(—mx}—j{—co&x}dr
=—-xcosx+sinx+C

Now, to find [,
I, =IICDS: xsin xdx
= _[.r[—l HEORTx ]sin xdx
2
So

J-J”F'i"JL xdx = —xC0S X +Ssin x-jx[_l +cos(2x)

]Ein xedx

= —XCOSX+Sinx —%U.tsin xdx +I:c052xﬁin .rit}

The trigonomeiry identity is
2cos Asin B=sin(A+ B)-sin(A4-B)

Here
cos2xsinx = %(Emslx sin x) Multiply & Divide by 2
=%(sin[2x+.t)—s'm(lx-.r))
(Use 2cos Asin B =sin( A4+ B)—sin(A-B))

=%(sin[3.x}—sin x)



Becomes
J-.rsin"'.td.r=—xmsx+sinx—%{—xmsx+sinx}—%f.r%{siniix—sinx]:ﬂr
. 1 ] lpx, . .
=—Jm:+smx—-(—xcns.r+smx}—-_[-{smlr—sm_t)d.r
2 242
1 . 1 . 1 .
=E{—.rcos.t+sm.r}—zjxsm3.r+ijsm.m'.r

[ ms3x]
I —
1 3

4 sin3x
+
9
(RCPIHEE xh‘yh then IISin3m=—§m3_‘v+s";3r+C]

= %{sin x—.rcosx}+i{sin X—X00SX)—

3, . 1{x sin3x
=E{sm.r—.rcos.t}+; 5::053.1‘— +c

Hence IISin3xdr=%{Sinr—xmsx}*&(%mh_5Il;3x)+c

Answer 17E.

Consider the following integral:
Icml xtan’ xdx

=
. sin” x
Icos’.ttan’x:it — j{:m;2 x——
Ccos’ x
= 3
sin” x
:I_dx
CosX
- - 3
sSiInxsin” x
_ [Sinxsin'x ;.
COsSX
= 2
sm_r{l-cns x} p gt e
=I—d.r since, sin" x=1—cos x

cosx
Substitute, w=cosx and gy = —sin xdyx.
sin.t(l—cos’x}

_— ik

Icos’ xtan® xdx = I
cosx

=—J-(] _uz)du

u

Replace, w=cosx.

2
J-coszxtans_tdrz—ln|u|+"? +C

= —Ii']lu:tr.l;.r|+c':};.'1r T8

-
COs™ X
+C|

Therefore, J‘cnsz xtan® xdx =|-In |cns\-| +




Answer 18E.

[cot* 8sin* o6 = j“’ssg sin® 848

cossé'
'[ smﬁ'
cos 9
—I smﬂ cos 848
(1-sin 9)

cos 848

e

Substitute sand=¢
Differentiating both sides, we have cos8d8=dt

_ (1-2Y
Then Icoss Fsin® 848 = Iz—dt

=-|-1—2tz+f.4dt
=j[z1—2z+.:3]dz
2

=lnf-=-+_+C
55

=l +—+C
|z|z+4+

= [In fsin 8| sin® 9+%sin"9+0

Answer 19E.

Consider the following integral:

J-cos.r +35in 2.1‘{&

sin x

Evaluate the integral.

J-cmu+sm2t _j-[cosx+51n2x]dr

sinx sin.x sin.x

—j[mt 2sin xcos r}ﬁ

sin x
= I[l:ul x+2cosx|drx

= jcotxdx+ chos xlx

=In|sin x|+ 2sinx+C

cosx+sin2x
Hence, j—

dx = Insin x|+ 2sinx +C|.

sin x

Answer 20E.

Consider the following integral-

J‘cusz xsin2xdx

The objective is to evaluate the integral.

Use the following substitution,

u=cos" x,
du = =2 cos xsin xdx
= —sin(2x)dk,

And sin 2xdx = —du




Substitute above values in the given integral, we get

Icus’ .rsin(Ex}sbr=J-u{—du)

+C (since u = cos” x)

+CL

Therefore, J-cnsz xsin (2x ) = |-

Answer 21E.

Given Itm xsec xdx
We have to evaluaie the given indefimite integral

MNow
Itan xsec’ Idx=.I-SE[:2 xsec xtan xdx

Put secx=£ —>secxtan x dx =df
jtanxsec3 xdx= jz’dz

g

3
= —sec” x+c
3

1
Hence Itan xsec” xdr= 553[:3 x+c

Answer 22E.

Consider the integral

[tan® @sec’ 040
To evaluate the indefinite integral
For the known trigonometric identity

sec’@=1+tan’ @
o2k - T ai
Ilan xsec™" x cir:[tan .t(sac' x) sec” x dx

k-1
=Jtaa|nm .r(l +tan? x] sec” x d

Write the int&gral as
[tan® Gsec® 946 = [ tan® sec® Gsec’ 6dO
(Since sec’ @ =sec” -sec? )
= [tan® 6(1+ tan® 6) sec” 0d0
Put

tanf =1

Take differentiations on both sides

sec’ @ dO =dt



Now, ihe iniegral become
| tan® Osec* 0d0 = [ (1+7° )t

=I{r3+r‘]df
241 41 I}f+|
S LM R Since Ix‘d'r= ., n#E-1
2+1 4+1 n+l
£ P
=—+—+¢
5

3
Substitute ¢ =tan@

tan’ @ tan’ @
+

J’wnlem‘ 0.do = +e

Hence

tan’# tan’ @
N 5

+c

Imn3 fsec 8dO =

Answer 23E.

‘We have _l-tanz xdx= I(sec: x- 1)dx
= lst:t:2 xdr— Idx
=

Answer 24E.
Consider the following integral:
J‘{tanz x+tan* :r}dt
Evaluate the integral as shown below:
J‘{tanz x+tan® ,r}dft =J-t.a'u'|2 x(l +tan’ .r)dr
= f tan” xsec” xdv
Put tanx=wu,s0that, sec® xdv=du-
Substitute these values in the above integral.
I{tan3 x+tan® x)dx =‘[I.sml xsec” xdx
= qu du

3

=Zsc
3

1
=3tan’.t+C Replace u by tanx.

Answer 25E.
Given Itm‘ xsect xdx

We have to evaluate the given indefinite integral

We know that
Itanm xsectt xdx= Itanm Jr(sn:t:2 x)k_l sec” x dx
= _l-tanl"II x('l +tan? x)k_l sec” x dx

HNow
Itan‘ xsec® xdx= .l-tan' xsect xosec? xdx

=|tan® x[14tan’ x ] sec” xdx
Jrm* )



Put  tanx=f=>sec’ xdx=4dt
[tan’ xsec® xdx= [ (1+z’)2 gt
= [ (144 +27)a
=[(¢t +£ +26 )ae
£ £ 2

=—+—+—+c
5 9 7

tan®x tan® x 2tan’ x
= + + +c

5 9 7

tan” x tan’ x 2tan’ x
+ + +c
5 9 7

Hence j-tan‘ xsect xdx=

Answer 26E.

=f4 =i

We have I sect tan' 848 = _[ sec’ Stan’ 8 sec? 848
0
=4

= j (1+tan® &) tan* &.sec* 6.d6

Substitute  tan8=t¢, [when H:U,z:ﬂandﬂzg,t:l]

Differentiating both sides  sec” 848 = dr

Then ']"se.:‘a_tan‘a_ﬁ:i(1+z‘)zhﬂ
1} 1}
- i(:‘ +z‘)dt
1}
B Ij +I1
"5 7
= l+l_ﬂ
5 7
_I+d
- 35
_[2
EE

Answer 27E.

=z =iz
We have l tan” xsec® xdr= _[ tan” xsec’ xrsec’ xdx
0 0

=i3

= tan™ x 2Jrsm:
I 3 (1+tan ) 2 xdx
0

Let tan x=1¢ when, x=0,t=0, when x=g,z=¢’§
Then sec” xdx =df



=3

So _[ tan® x[l +tan? x) sec” xdx = f.ﬁj [1 +z’)dt
[ 0

=f(r.5+r.’)dt

s #1°
= —+=

6 8

27 81
=24
6 8

_351_117
24 8

=3
So I tan’ xsec"xdxz%
[}

Answer 28E.

Given ltans xsec® xdx
‘We have to find the given indefinite integral

We know that

k
Itannﬂ xsec” x dx= _l-(tan2 x) sec™ ! xsec xtan x dx

2 k 1
=I(sec x—l) sec™ " xsecxtan x dx

Now

5 3 2 N
Itan xsec xd'lesec xtan” xsecxtan xdx

2
= lsec: x(—1+ sec” x) sec xtan xdx

Put secx=f =>secxtan xdx=df
Itan’ xsec® xdx = Ir.’ (¢ —1)2 dt
=[2(¢ +1-2)ar
= [ (0 +£ — 2 Yat

£ 2
=+
7 3 5
7 3 5
_ sec x+sec x_2sec x
7 3 5

sec’ x secx 2sec’x

Hence Itans xsed® xdx= = 2 5

Answer 29E.

Itan3 xsecxdx= Itanz xsec xtan xdx

= _I-(sn*:c:2 x— 1) sec xtan x 4x

Substitute secx=1{ then secxtan xdx = df
Therefore

Itan3 Xsecxdx= I[r.’ —l)d.t
£

=——f+C
3

= §SEC3 x—secx+C




Answer 30E.

Given Ttan‘ fdf

0
‘We have to evaluate the given definite integral

Now

=
I tan® fdi= Ttanz Jr(set:2 x—l)a‘.’t
0 0

= =
= I tan” xsec® xdx— I tan® xdx

tan3x
=[ (secnx—l)dx
1 3
:§tan ——[tanx—x]:].
1 3= .
= _tan —+Z
3 4 4 4
:l—1+£

3 4
_T_ 2

4 3

Hence ftarl".td.t:g—E
4 3

Answer 31E.

Itﬂﬂj xdx = I(tan2 x)2 tan xdx
= [(sec? x—1)" tan xdx
I[sec x— 2sec’ x+1)tanxdx
= Isec xtan xdx—zlsec’ xtanxdx+_[tan xdx

= Isec3 xsecxtanxdx—Zj sec xsec xtan xdx+]n|se[:x|+C'1

Let i = sec X —>du = sectan xdx
Then Itanj xdx= IuBa‘.u —EIurﬁt+]n|secx|+C'1

u'l- 2

=—— £+ln |Sl3[: x|+ )
4 2

1
= Zst:-::4 x—sec’ x+ln|se-:: Jr|+C'l

:lsec x— (1+tan x)+ln|sec;r|+C'
4

= %SEC‘I—tanz x+1n|secx|+C' Where C=C;—1

Answer 32E.

We have to evaluate Itan’ xsec xdx.
We have Itan: xsecxdx= I(sec: x— l)st:cxdx
= I(sec3 x— secx)d.'x
= [ sec® xdx — [ sec xdx
=]secxsec“xdx—jsecxdx 1)



First we evaluate Isecxdx.

Isec xdx= l SECX. mdx . by multiplying and dividing with {seczHanz)

secxt+tan x

dx

sec® x+secxtan x
l secxt+tanx
MNow we make the substitubion & = sec x+tan x, so that (SE:[:2 x+secxtan x)dx= o
Therefore

ISEEIGEI=IE

u

=Inu
=ln|(secx+tanx)|+l‘3'l - (2)

HNow we evaluate Is&: x.sec? xdx .

Letu = sec x,dv = sec® x so that du = secx tanx and v =tanx .
Mow using integration by parts _l-udv=w—_|-wﬁ: . We get
ISECISEEz Xdx = sec x.tan x—lsec x.tan x tan xdx

— 2
—secx.tanx—lsecx.tan xdx+C, .3

Using (2) and (3) 1n (1) we get
We have .l-tanz xsec xdx=—In |(5t:[: x+tan x)|+sec x tan x—lsec x tan? xdx+C,+C|

Or .I-tanz xsec xdx = secxtan I—ltﬂﬂz xsecxdx—]nlsecx+tan x|

Or 2.|-taﬂ2 xsecxdx=smxtanx—lnkecx+tan x|+C'

Then ltann xsec xdx = %secxtan x—%]nlsec:x+tan x|+C .

where C=C,+C,.

Answer 33E.
Consider the following integral:
_[.rsecx tan x dx

Evaluate the integral
Use the integration by parts formula to evaluate the integral.

Let w=x; dv=secxtanxdx.then du=dx;v=secx.

The formula for integration by parts is as shown below:
Ju dv=uv-— jvdu
Substitute the values in the above formula.

I.rsecx tan x dx = xsecx - jsecx dx

:_tsec_t—]n|$£‘:t‘:x+tanx|+c

Therefore, J.rsccxlan x dx =|xsecx—In|secx+tanx|+C|




Answer 34E.

Consider the following integral

J-siné dé

cos’ ¢

Rewrite the integral as,

J-s'médé_j sing dé

cos’¢ ~  cosgcos’ ¢

)i

= [sec’ ptan g
= Isecﬁ(secémnﬁdé}

Evaluate the given integral.
Use substitution u =secg.
Then du =sec ¢ tan gdg.
Isecﬂsecétan gdg) =judu

X

LI, [rav="—x+c.
2 n+l
secd)
=( :] +C Since u =secg.
= SE:'c_d'+C
2
Therefore, J' sin¢ dé = sec‘ﬁ-_'_c I
cos’ ¢ 2
Answer 35E.
=2 F Y]
I cot’ xdx= I (t:st:2 x—l)dx
=M Py
:[—cotx—x]:ﬁ
T o /A
=—coft ——+cot—+—
—0+Z-Z4 3
6 2
()
3
Answer 36E.
=il Fir
I cot” xdx= I cot? x.cot xdx
FIL3 it
Fir
= I [t:st:2 x—l)_cotxdx
=i
Fir Fir]
= I cotx csc® xdx— I cot xdx -— (1)
FIts =4

Inlcotxcscz xdx . Substitute cot x= £ ,—csc” xdx = df

2
lcot xeoscl wdx = —Izdz =—%+C= —%t:oi:2 x+C



Therefore equation (1) becomes
=f2

I
_[ COtBIdI=|:—%COt2 x B —[l.n Isinx[I::

=4
= —l([:ot2 T cot? E)— In [sm E] —In (sin E]
2 2 4 2 4

= 0+%—[1n1—1nl]

V2
=%_1nJ§

- %(1—1:. 2)

Answer 37E.

P
Given I cot® gosc’ g d
7
We have to evaluate the given definite integral

Now

=2
I cot® gesc® P dg= Tcot‘ desc? goot @ csc @ dg
= af4

= ”r([:sc2 o— 1)2 csc? ¢ cot ficsc Pd
i
Put cscf=ft=—cscPcot L P=dt

=2 = =2

2
[ cot’ gesc® gd = i (2 -1) £ (~dt)
= &

t +1—2:’)r?d.z

e 2;‘)&

g £ 2
=
T3 5

-l
-
B

—(41-2)s (2) (7)o

7 3 5 7 3 5
22 3
= — 2——
IUSJ_ 105
Hence ;Tcots gesc’ ¢ dp= 22 .J_—_
105 105
4
Answer 38EE.

Icsc“ xcot® xdr= Icscz xcot® xesc? xdx

= I(l +cot? x) cot® xesc? xdx
Substitute cotx=1¢
Then —csc? xdx =df



And so Icsc“ xcot® xdx = .l-(1+a‘.2 )f.ﬁ (—dt)

=—[{£ +£*)ae
~Lp lesc
7 9

= —%cot? x—lcotg x+C

Answer 39E.

We have to evaluate Icsc xdx

Multiply numerator and denominator by (csc x—cot x)

(csc x—rcot x)
]csc xdx= Icsc X —
(csc x—colt x)

csc? x—cscxcotx
= I—dx

cscx—cotx

Substitute u=csc—cotx
Then du=—cscxcotx+escl x

So _l-c:sc:_ilmi.'Jﬁ:_l-E
u
=hju|+C
Thus Icscxd.'xz |l.n|cscx— cotxi+C'|

Answer 40E.
=3 =73
I csc’ xdx= I cscx csc® xdx
=k p
Let =CSCX dv=csc? xdx
du=—cscxcotxdx v=—cotx

Substituting in the integration by parts formula ludv =uv— lvd'n we get

=3 a3

I csc? xdxz[—cscxcot xti— I cscx.cot’ xdx
Fr il
T b b4 7y *F
=(—csc—.cot—+csc—.cot—)— I t:sc:;r.(t:st:2 x—l)dx
3 3 6 6)

[ cot’ x=csc x— 1]

2 1 =3 =3
=( 2~J§J— I csc” xdx+ I csc x.dx
=i

TFECIL

[ &)

=3 2 =3
:}2l csc® xdxz——+24§+ I cscx dx
=i 3 =6

=3 1 1 -
Then ;l.;sc:st:31rd.'1r=—§+-\."?_:+§[]nP:sc:Jr—t:(:;tx[lz_‘_‘s

['.' Icscxdx:]n l:scx—cotxl]

1 1
=—§+J3_'+Eln csc%—cotg

=—%+J3_+%1n|%—% —%m -3
= —%+J§+%m[%}—%m(2—\l§)

= 1.7825

1
——In
2

Fi 3 Fig
c5c —— oot —|
[ 6




Answer 41E.

Consider the following integral
I sin8x cosSx dx

Evaluate the above integral.

This integral could be evaluated using integration by paris, but it's easier to use the identity in
equation as follows:

Use the equation. sin Acos B = %[sin{z!— B)+sin(4+B)].
[ sin8xcosSxdx = I%[sin[ﬁx—ﬁx]+sin{ﬁx+5x]]dr
= %I{sin 3x +sin13x)dx

= %J-sin 3xdx+%[sin 13xdx

_ l{—l’:ﬂﬁ-ll’} N 1 [—cosl?:x}_l_c
2 3 2 13

= —lcnsﬂx—icnsl3x+c
6 26

Therefore, Isinﬂx cos3x dy = —lmh—%cﬂslh+(’?.

6

Answer 42E.
Consider the following integral:
J cosaxcosdax dx

Evaluate the above integral.

This integral could be evaluated using integration by parts, but it's easier to use the identity in
equation as shown below:

Use the equation, cos AcosB = %[COS{A—BH cos(A+ B)].

Icusxxmsd;rxdﬂ =J%[mﬁ{ﬂrx—4xx)+cus{xx+4;rx}]dr

=ljm3xxdr+llcosﬁixdr [Since cos(—x)=cos x|
2 2 -

1 sin3xx . 1 sin5xx
2 3¢ 2 5x
sin3xx sinSax

= + +C

o 107

+C

sin3xx sinSTx
- +
br 10

Therefore., I cosTxcosdrr dr= Cl-




Answer 43E.

Consider the integral .[Si" 368 sm@ d6

Rewrite the integral

Isin 58 sin® d@ = %J-Isinf»ﬂ sin@ 4@ Multiply and divide both sides with 2
= %I[ccs(Sé‘—B}—cos(59+9]]d9

Here use 2sin Asin B =cos(A—B)—cos( A+ B)

=%J-[cus49—c0369]d6'

=ljcoswd9—ljmsadg

lsm49_lsm69 iC
2 4 2 6
=lsin49—lsin69+c
8 12
Therefore

IsinSG sinf df = lsintl&'!—ésint’:-!hC

8
Answer 44E.
e have .l-cos:-r+smx l-cosx+smx
sin 2x 25 XCOosS X
_l-( COS X -sinx )dx
2smxcosx 2sinxcosx
(g e
2smx 2cosx
= EICSC dx+ Elsec xdx
1 1
= Eln|cscx— cotx|+§1n|secx+tan x|+C'
Answer 45E.

Given T‘Ji+cos 2xdx

]
‘We have to evaluate the given definite integral

Now

5 =5
I \ﬁ+cos 2xdx= I Zcos’ xdx ( cos 2x=2coszx—1)
[ [

=J5Tcosxdx
_Ji[nsinx];’“
RS
=J§[%—o] [ sin%=3
_2

2
-1

V2

Hence f\l'i+cos2xdx= %




Answer 46E.

Given T-Ji—cosdigdﬂ

0
‘We have to evaluate the given definite integral

1-cos28
2
= 1-cos28="2sin? &

= 1-cosd48="2sin? 28
Therefore,

T-Jl—cos-‘-!g d8= T1"2sin: 28 d8
o 0

We know sin’ &=

P
=2 [ sin26 d8
1]

[ os 29["
[cos__.:os 0]
-1

T
L
2
¥ 1
Hence f\,‘i—cosiiﬂdgz—
> N
Answer 47E.
1—tan? X, (snet:2 x—l)
We ha = ax
= e '[ secix '[ sec? x
_j- —st:[:2 ;Jr+1dJr
sec” x
2—sec® x
_I—ndx
sec” x
_ _[[ _sec x}i’x
sec’x sec’ x
=I 2[:052 x—l)dx
=Icos2xdx
_ sin2x+c
2
Answer 48E.

We have to evaluate ] We knowthat sin@= %(1— cos2a) , by taking

cosx—1

2a=x we get sin® (i): E(l—cos x).

2
agx agx
S =
o'[cosx—l '[—251'11:(::'2)
1 2
- 2)dx ...(1
2Icsc (x ) (1)

Putu=§=>d.'x=2dn,thcn

—%_l-t:s-::2 (x/2)dx = —%_l-t:s-::2 (2)2du

= cotu+C
= cot(xs'2)+C'



=cot (x:’2)+C’

Therefore _[

cos x—1

‘We can solve this result further
ct:)s (x.-’ 2) .
sin (x;‘ 2)
2
_ Cos (x.-’ 2) ‘e
cos (xs‘ 2) sin (x.-’ 2)
2cos? (Jn' 2)
= - +
2cos (Jn' 2)5111 (Jn' 2)
_ (1+_-::os x) iC
sin x

cot(x/2)+C = C

C

2sin£cos£= Sitlx,2[:052 E_ 14+cosx
2 2 2

1 COSX
=+ +C

sSINX SInX

=|cscx+cotx+C

Answer 49E.

Consider the integration
J_r tan” xdx

To evaluate the indefinite integral
Here use Trigonometric identity
tan® @ =sec® @1
j:rtanz xdv= I_t'(semt:E x-l)d’r
=Ixscc= xd’r—j.td.t
=1 -1,

where 1, = [xsec’ xdx and I, =[xdx

First solve [, by using Integration by parts method

Integration by parts method

Judv=wv—[vdu
Now

I, = [ xsec? xdx
Here

u=x, dv=sec’x
Then

du = dx, 1'=Isec:xdx=lan.r

Becomes
I, =jxsec!x¢:

= xtan x - [ tan xdx

= xtanx—Insecx|+C,
And

1, =I.’t’d‘.’

-1
=£+€1 [Since Ix'dr:i, n;t—l]
2 = n+l



Then

J‘Jrl‘.aﬂ2 xdx= .rj‘secz .r:ir—_[“(s‘:':: I‘ﬁ])dr_g

-

X
=:rtan_'r-ft311:rcit-T

-

x
=.rtanx—]n|sec.t|——+{'

Hence j.ttanzxcir:.rtanr—ln|sec.r[—'§—'+c
Answer 50E.
Ea)
Given that I tan® rsecxdx =1 -—(1)
1]

HNow, ’f tan® xsecxd = ’_i-‘ (1:;:11:1ir x) - (tan Xsec xdx)
0 0

Letustake u=tan’ x =du = 7tan® xsec’ xdx
And dv=tan xsecxdx = v=secx

HNow,

EXS =i
=4
I tan® xsecxdxz[tan?x-secxl - I (?taﬂﬁ xsect xdx)-secx
0 0

=g
= |:tan? g-secg—tan? 0-sec U]— I 7 tan® Jr(1+ta1:l2 x) sec xdx
0

=it

= [(1)? 22— U]— I (':-"t:al:l"j xsec x+7tan® xsecx)dx

=4 =4

=Jz-7 I tan® xsec xdx—7 I tan® zsec xdx
0 0

=4 =4

= l tan“xsecxdx+'}']- tan® xsecxdx=2-71 Using (1)
0 0

= 8_[;" tan® xsecxdx= \-E—?I

=4 ‘JE 7

= l tan® xsecxdr= ———1
0 8 B
=4
Hence, I tan® xsecxdx=£—zf
° B B




Answer 51E.

Consider the integral I_r 5in3{.r: }rir

Setling x* =y = 2xdx = du

Rewrite the integral
J-.tsin:{.rz]d.r=]'%sin’ua&:
] - ¥
=—|sin” wdu
3l
1 1 1
=EJ[5—ECM(2::]]£¥H
1¢1 1 1
=EIEdH+EI—ECﬂS(2H}dM
1 1
=Iu—zjms(2u)dn

l_l[ﬂ]

4 4 2
1 1.
=—u——sin(2u
4 8 { }
Replace 2 for u in the above integration, to obtained
1, 1. 5
==X ——sin|2x"
raer i G

= %f —%(Zsin{:t:3 Jeos(x* )) Here use sin(2.4)=2sin(4)cos(4)

1, 1. ¢, .
= Ex‘ —Esm[.r' )cos{x' ) +C

Therefore

J-xsin:{.r’ }dr = %f —%sin{r’ }cos(.r’ ] +C

The required graph is

i




Answer 52E.

Given integral is Isins xces xdx
‘We have to evaluate the given indefimite integral

We know that
sin™ xcos— xdx = |sin™ x(cos” x tcosxd’x
| [sin® x(cos™ x)
:Isin' x(l—sinzx)t cos xdx
Therefore,
sin” xcos xdx= |sin’ x[1-sin® x)cosxdx
| [sin’ x(1-sin” x)

= .l-siﬂj xCos xdx—jsi.n? xcosxdx

Assume sinx=f = cosxdr=df
Isinjxcos3 xdx:lzjdt—l.t?dt
P

=———+c

8

_ (sin x)ﬂ B (sin x)s e

- 5 3
Hence Ism xXcos xdx= -

sin®x sn®zx

+c

The graphs of the iniegrand sin® xcos® x and its antiderivative

{withc =0) are as shown below

r—sinx

sin®r sn’®x

+cis antiderivative of sin” xcos- x

From the graph, we observe that c



Answer 53E.

Consider the integral Isin 3x sinbx dv

Rewrite the integral
jsin 3x sinbx dr = %Izsin 3x sin6x dx
Muitiply and divide both sides with 2
1
- E[J-cos(ﬁx - 3.1*}—-::03[6.: + 3.r}]c£r

Here use 2sin Asin B=cos(4—-B)—cos( A4+ B)
1
=E[Ims{3x}—cos(9.tﬂdr
1 1
=5Jcos{3.r}dr—5‘|-ms{9x]dr

= %sin 3x —Lsin O9x+C

Therefore

Isin 3xsinbx dy = %sin 3x— ésin?.t +C

The required graph is

&¥

L

sin 3x sinfx

-\lsinjx—lsingx
6 18




Answer 54E.

Consider the integral Jsec‘ Er dx

Setllng i =i
2

Rewrite the integral

Isec‘ % dx = ISEC4{é_t] dx
= [2sec*u du

=2sec’u du

= 2_[{5&:2 u +sce’utan’ u) du

= EIsec: u du + 2[5&1‘:1 utan® udu
= EIldnf + 2_[ sec” utan” udu

= 2lanl:u) - 2Isec3;:tan2 udu

=2tan[u]+2_[ul:du."
=2tal.’l[u)+£ﬂf5

3

2
=2mn[u)+§mn'u

[] ] : s[l ]
=2tan| —x |+—tan’| —x
2 3 2

Therefore

_Ilsc'a(:‘£ dx = 2mn[l_r]+ Emnj[l_r]
2 2 3 2

The required graph is




Answer 55E.

Average value of the ﬁmction_}'(x) =sin®xcos’ x onthe interval [—J'r,J'r] is

Fooe i sin” x cos® xdx

-t
7=(-7)

= L I sin? xcos® xdx
2?!——:

— % i sin? x(I— sin? x)_t:os xdx —(1

Substitute sinx =i => cosdx =df
Then .l-Sl-Ilﬂ x(l—sinzx)cosxdx=ltn[1—£2)d£
= I £ —¢*)dt

——

5
-Lic
5

| | T

sin® x—lsins x+C
5
From Equation (1)

T = L lsinBI—lsins x
2| 3 5 .

Since sinw=sin{-a)=0
Thus average value

Answer 56E.

We have to evaluate Isi.n xcosxdx

(4)  Substiute #=cosXx = du=—sinxdx
Thus Isi.n xcos xdx:[u(—a&t)
:—Iutﬁt

2
u

=—Z4C
2

= —lt:os2 =+
2

(B) Substitute U =8in X = du = cos xdx
Thus Isin xcosxdx= Iua‘u

=
2
| sin? x+G
2
(C)  Use the identity sin2x = 2sin XCOSX

Isin xcosxdx= I%sin 2xdx
=l]sin 2xdx
2
1 2
_ _(_ COos5 x]_l_c
2 2

1
=|-—cos2x+
p G




(D)  Integrate by parts
Take u=sinx dv = cos xdx
diu=cosxdx v=smmx

Then Isin xcosxdx=sin x.sin I—Isinxcosxdx

2Isin xcosxdx =sin® x+CJ

Isi.n XCcosxdx = %si.n2 x+C, Where Oy =0 f2

Since cos2x=1-2sin x=2cos’ x-1

So ——cos2x=lsin: x—lz—lcosz ;r+l
4 2

4
Thus the answers differ from each other by constants.

Answer S7E.

Consider
y=sin’x,y=cos’x,—7/4<x<z/4

Remember that, area between the curves y= f(x),y=g(x) between x=gandx=>bis

A= 1 £(x)-g(x)1ds

The region is sketched in the below graph, observe that ¢gs® x > sin® x

¥

-2 -1

Now the required area is
/4
A= I | cos® x —sin® x |dx
x4
=/4
= I cos 2xdx
-x/4
xid
=2 J cos2xdx Since cos 2x is even function
L]

_ z[sinlr]’ :
2 0]

=sin2(x/4)-0

. T
=sin—
2

-



Answer 58E.
Consider
}’=5iﬂ3X,y=m531. -ml4<x<5x/4
Remember that, area between the curves y= f(x),y=g(x) beiween x=aandx=bis

A =i| f(x)-g(x)ldx

In the region 4, . observe that ¢os® x> sin® x and in the region 4, . observe that

cos’ x<sin’ x

Now the required area is
A=A + 4,

a L=/4
= I |sin31—ms3.t|¢£t+ I|oo$’x—sin3x|dt
0

-xi4

First evaluate the integral 4, = j|sin’x-ms’x|cﬁr

=xi4



Now

o 0 - .
I | sin® x - cos® x |d = j' [33]“"';5’"3"‘"0“53]:3“51]&:
x4

=-xid

1]
= % I (3sinx —sin3x - cos3x — 3cos.x)dx

-xi4

17 cos3x sin3x :
=—|-3cosx+ - —3sinx
4 3 3 | ata

-3cos(-x/4)+

cos3(;ﬁf4} _sin3(-z/4) ~3sin(-7/4)

3

1
& +3m0—m?0+$+35in0

FEIREREINEY

+3(I)-%+ 0+0

Thus, AI =§

Szi4
Now evaluate A, = I |cos® x—sin’ x|dx
0

Sxid Sz/4 - -
I | cos® x —sin’ x |dx = I[msr+3msx“351nx_mn3x]dx
o o 4 4

3 I (cos3x + 3cosx - 3sinx +sin 3x)dr
0

1[sin3x _ . cos3x ™
= +3sinx+3cosx—
4] 3 3

[ sin3(57/4)
3

3(5=z/4
+3sin(5x34}+3m5(5114)-$

1
4 —w—mn(o)—sm(np%@

(1 |
AC g
- -0-0+3-%
4
.
3
Thus, 4, =§

Hence the area of the required region is



Answer 59E.

Consider

[ cos® (x)dx

&l L

The graph is represented as below

1.5

From the graph

=2

A= I cos’ (x)dx

o

B= T cos’ (x)dx

C= i cos’ (x)dx

3zf2

D= j cos’ (x)dx

The area of the total region is

Area=A+B-C-D

2

- Icm’{,r}drﬂicm‘[ﬂdr— icos‘[x]dx—l]:cus’{x}dr

=0
Therefore from the graph, the integral is [0]

S=

2%

2.5

] ¥



Answer 60E.

Consider the following definite integral

sin(2xx)-cos(5zx)dx

=R e

The integrand of this integralis f(x)=sin(2xx) cos(5xx)

The definite integral represents area under the curve

The graph of integrand on interval [{LZ] is as shown below

area A6

From figure the area 4, represents area under the curve of two small size loops of above
x—axis and A, represents area under eh curve of iwo small size loops of below the

x—axis . but magnitude of these two values are equal and has opposite direction

Since function has positive value on above x-axis and below x-axis it has negative sign
|4,|=|4,| and 4, =-4,

Similarly |4,|=|4,] and 4, =-4,

|4|=|4| and 4 =-4,

jsin{?zx]-m{ﬁzx]dr =A+ A+ A+ A+ A, + A,

ﬂ =A +(-A)+ 4, +(-4)+ 4 +(-4,)

=0

The approximate value of definite integral is zero



The integrand can writien as follows by using following identity
sin Acos B = %[5in(d—3}+sin(d+ B}]
sin(27x)-cos(57x) = %[sin (27x—57x)+sin(27x +5.n'x):|

= %[sin(—lxx} +sin {Tn’.‘r}]

:%[-sin(3xx}+ sin(7zx) |

|

fin(253)-cos(5e3) e = [ [ -sin(32) sin(125)

°
% {sin Tax—sin3xx)dx

=l[—ms?xx ‘_lli-msh:x :
2 1 2 3x

1 : 1 2
=- —[::r.ls ?n'x]u - a[cn&Sx,t]o

O ey 1 [

14x
pes B cosl#z—cos{]]iri[msﬁr—msﬂ]
147 G
1 1
=——[1-1]+—1-1
I:'hr[ ]+5.1r[ ]
=0
Answer 61E.
Consider

y=5in.r,y={],%£.t£}r

The region R is shown in the below figure A
If we rotate about x-axis, we get the solid shown in the figure B.
When we slice through the point x, we get a disk with radius sjp x
The area of the cross section is
A(x) = z(sinx)’
=asin’ x
And the volume of the approximating cylinder ( a disk with thickness Ay )is

A{I}ﬁx = 7sin’ xAx



The figure A

&

}5
1.75
1.4
1.05 Disk radius =sinx
0.7
0.35
x
0 0.2xn 0.4x n
-0.35
—0.7
-1.05
¥ — V=511X
— y:()
T
—— _‘{__2_
Figure B:

The solid lies between y=— and x=x. S0 its volume is
2

V= ;r(sin:r]:dr

P | g My B

=I:rsin:.rd.t
]- []—ac:n:u;lr]ﬁhr
= x| ————
! 2
x.‘.
=E}:(l—c052_t}ir
T sin2x |
=—|x-
o[-
sin2r =«
T—— =+
2 2

|
b | H
'hlhqw —

sing
2

|

(R
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Answer 62E.

Consider
y=sin"x, y=0,0<x<nx
The region R is shown in the below figure A

If we rotate about x-axis, we get the solid shown in the figure B.

When we slice through the point x, we get a disk with radius sjn x
The area of the cross saction is

A(x) =.!:'[sin’.r)1

And the volume of the approximating cylinder ( a disk with thickness Ay)is
A(I)i‘d’ = I(sin: .r:l_ Ax

The figure A
&
1ty
, Disk radius =sin” x
sl
I
¥ =
0 ‘ In
|
|
|
I'.I y=sin"x
| e
D\

Figure B:




The solid lies between y =0 and x =, soits volume is

¥ = [x(sin’ x)'dx
:{;r(sm r}
=j—£[l-c052x]:d‘_

) 2

%_:[(1 —cos2x) dx
= 5}{1 +cos® 2x — 2cos 2x )
4 L

= £J'[I -1-71 +o0s2x - 2-:0521}1'{
4+ 2

= 3?ﬂr;[I:l—n::cn»::-.?x]d.v:

3z [ sin 21]:
=—|x-
g 2

3

=|=7
8

Answer 63E.
B}" using washer method to find the volume obtained bf-" rotating the region bounded b}" the

curves y=sinx and y=cosx, {)g_rg% about y=1.

}!:1 "I.?

V=CO0sX

A

%t —0.75% —0/ 5% —0.25% 025t 03x 0.75% 1=

-1 .I.
The cross sectional area of washer is
A(.t] = z[[wler mdius)2 —(inner radius]zjl

=.?:'|:[l—sin::)1 —(l—COSI}::I



From the figure outer and inner radii are as follows. Integrating between 0 and =
4

-
]

© by | W
a
—
¥

Fi 3

((1-sinx)” —(1-cosx)" jd

T {(] +sin’ .t—2sin.t)—{] +cos” .t-Zcus.t}}dx

e |4 B ey |

1l
fa

(I+sin=:t—ZSirl.r—l—-:nch2 X+ 2cos.r}rt\'

(sinz x—cos’ x— 2$in_‘r+2¢os.t)d'c

Il
5

Sy [ B S e |

(—cos 2x - 2sin x + 2 cos x )dr

]
Q‘lhlﬂ

=x —sm;I—Z(—cosx}+25inx]:
[ sin2x . 4:"
= ——+2cosx+23m.xl

-z -Sin—22(2+ 2m5(%)+ ZSin[E)—Sinz(u}-:!ms((]}-2sin{0}

2

=x —%+2[%]+2(L2]—0—2(1}—0]

Hence the volume is ;rI:IJ_ —%]

Answer 64E.
We have to find the volume obtained by rotating the region bounded by the curves
F=SECX,¥= cosx,(]sxiigabout y=-1
It would help to first graph the area that we are spinning to get our volume:

[ | |




To spin it about ¥ =—1 we must set up an integral, using disc method:

Volume =:rj (Height® — Washer®) dx

Filling this formula in, an accounting for the translation of the axis, we get:
I3 ] 2

Volume =JT_L (secx+1)" —(cosx+1) dx

=:e'r_|-':ﬂ(sr§:-::2 x+2secx+1—cos® x—2cos x—l)dx

3, 5
:JTL sec” x+2secx—cos” x—2cos xdx

=3 1+ 2
= JT_L sec” x4 2sec x—[%]—Zcosxdx

- 1 =3
x+—sinl:21r)
=x|tanx+ 2]n|se::x+ hmxI—zf—Zsinx

=B
=x \E+21n|2—\f3_|—3 4

- —[I]+ %um{n u)—u—u]

2

R

Answer 65E.

Consider the velocity function

v(f)=siner cos’ or
Required to find the position function s= f(¢) if £(0)=0.

The integral of velocity function is nothing but position function
5= Iv[.') dt
1]
r
= Isin @f cos” ot df
i

Let w=coswr then dy=—w sinar di

du .
50, ——=sinar
il ]

If r=01then g=1 and r=cosar

The above integral becomes

I ] S0 el
Isinmr cos” af df =—— f u du
L]

@ 5

__1[# T
w3|

=lw|:l—cos:‘ m‘]

Therefore, position function is 5 = l[] —cos’ m*] .
(1]




Answer 66E.

Consider the voltage of the equation

E(r)=155sin(120z7)
Alternating current varies from 155V to -155V and frequency of 60 cycles per second.
Required to calculate the RMS voliage of household current.

RMS voltage of the current is the root mean square voltage which is a square root of the

average of [E{;)]z over a cycle.
: =[E(r) !
Average of [E{!)] is ‘E o dt

Now,

J.[E{r)] I[ISSsm(IZOm}]'

Siks :[sm={120m] dr

_158F

cos 2401 ) dr [Sinrc 1—cos2x =2sin’ .r]

_155° r_si1't 240m T°
4x 240x
155°

-—[2 x-0- 0]

-

155°

2

g 155
Average of [E{;]] is ==

; ![ 155
Therefore, RMS voltage is || E(7) | =|-—=
V2

(b) If the amplitude of voitage is 4 with ¥ (r)= Asin(120x7) then the RMS voitage is j‘.;

Electric stoves require an RMS voltage of 220 V.

Required to find the corresponding amplitude 4.
iz 2

Average of [E{;}]i is IM dr
» 2

Now,

J'[E(’)] A—Tsin’(lzﬂm] dr

2Ty
= ;;r !(l—cuslt#ﬂm) dt [Since 1—cos2x =2sin’ ,r]
A |:, _ sin 240z :[';‘
4x 2407
=2 [22-0-0]
47
AI
T2

Average of [E{;}]l is =A?:



Therefore, RMS voltage is ," E{f}]z =

So,

A=RMS voltage x+2
=22042

Sl

Therefore, amplitude 4is [220./2

Answer 67E.

Prove that jsin mxcosnx dx =0,

-

Here, m and n are positive integers.

Use the formula. sin Acos B = %[sin[A—B]+sin{A+B}].

i sinmxcos nx dx = %j- [sin (m—nr}+5in(mr+nx)}tr

= %j [sin (m—n)x +sin{m+n)x]¢ir

1| cos(m—n)x a cos(m+n)x r
m-n m+n |

2

Cosine is an even function. Thatis. cos(—x)=cosx.

Integrate from —x to x to obtain the following:
cosx—cos(—x)=cosx—cosx
=0

Therefore, the above integral becomes ().

x

Thus. Isin mxcosnx de=0

=

Answer 68E.

Prove that I sin mx sin nxdy =

-5

0 if m#n
T if m=n

Use the transformation formulas to prove the result.
ms({m—n}x)= cos( mx —nx)
=cos(mx)cos(nx)+sin(mx)sin(nx) ... (1)
And
m{{m+n]x]=m{m+m)
=cos(mx)cos(nx)—sin(mx)sin(nx) .. (2)

And also

sin Asin B = %[M{A—BJ—M{A+B)]



From (1) and (2)

sin mxsin nx = %[ms([m—n])x—ms{{m+n}x)] and thenif m#n

j[-sin mxsin nxdx = :[%[cm({m—ﬂ}.r)—m((m +n}.r)] dx

_ _sin{m—n}_r_sin{m+n}_t

! 2(m-n) 2(m+n) i
_ _sin{m-n}n‘_sin{m-l-n}x]_[sin{m-n}{-sr)_sin{m+n]{—x}]
i Z{m—n] 2{m+n} 2[m—n] 2{m+n)
=[0-0+0-0]

S0

If m=m then

j sin mxsin nxdx = j %[ms{(n—n}_t)—ms([n+n)x}] dx
- [ 4o 0)-oox ()]
GEZIN
ol 2
- [% N Siniim] ]’ where n is a postive integer
s [:E i sin(Inﬂ'}] _I:_E _sin (—Emr}]
2 4n 2 4n
S -(}+£ -0
2 2
Answer 69E.

F 0 if m#n
Prove that jmsmrcusrmir= .
- x if m=n

Use the transformation formulas to prove the result.
cos({m—n}x) = cos ( mx —nx)
=cos(mx)cos(nx)+sin(mx)sin(nx) .. (1)
And
cos((m+n)x) = cos(mx+nx)
= cos(mx)cos(nx)—sin (mx)sin (nx) e 2)

And also

msAcosB:%[m{A—B}+ms{A+B}]



From (1) and (2)

oosm.tcosnx=%[cos{(m—n))x+cos((m+n}x}] andthen it m#n

icosm.rcusm‘ j;%[ws{(m n)x) +cﬂs[(m+n)x):|d.'r

-

sm(m n)x sin(m+n)x ]
Z(m n) 2(m+n)

[sm(m-n}x sm{m+n):r] [sin(m-n}(-x) i sin{m-l-n}(-x)]
=[¢

Z{m n) 2(m+n) Z(M—n] 2(m+n)
-0+0-0]

=[o]
It m=m then

[cos((n=n)x) +cos((n+n)x) ] dx

j sin mx sin nxdx %
Ll
2

[ms([))+oos((2n}x)] dx

Il
B — ) Sy i

| —
b | =
s

a.

=

—

Id

L

] where n is a postive integer

4n
|z _sin(2n7)| | = sm( 2nr)
12 4n 2
== l]+ +0
2 2
=[]
Answer 70E.

Consider a finite Fourier series sum

N
f(.r)=2a_smn.r
m=1
=a,sinx+a,sin2x+a,sin3x+ ... +a,sin Nx

Show that the mih coefiicient g_ is given by the formula
15 .
=— x)sinmxde 1
p. ]' /(%) (1)

First show orthogonality of the trigonometric sine monomials. Let m and m» be unequal
integers, then

Use the transformation formula

sin Asin B = %[oos(A—B)—cos(A+B)]

;[sinmtsinnrdt = ;[%[cos{(m—n].r)—cns({m+n}.r}] dx
_ [sin(m-n}: _sin(m+n)x]‘

me—n] 2[m+ﬂ}

Z(m—n} 2{m+n}
I:sin(m—n}(—;r} - sin{m+n}(—x)]
2(m—n) 2(m+n)

=[0-0+0-0]

_ [sin(m—n}x - sin(m+n}.w:|_




If n=m then
j[sinz mxdyx = ;;%[cgsum—m]r}—tﬂﬁ{{m+m}1ﬂ dx

= : % cns(ﬂ}-cns((lm]x)] dx

=0

2

L
-x

x sin (lmx) : et
——————=| where m is a postive integer
2 4m i

2 4dm

From the equation of (1) Taking RHS

15 ) | ) )
;:[f{:]smm.r dr—;IZa_smnrsmmxdr

—z m=l

7 . :
-;gJa,mnnrsmmdx

=~};a_ isinzmdr

=—d_-T

T




