CuartEr 2
POLYNOMIALS

2.1 Introduction

You have studied algebraic expressions. their addition, subtraction. muliiplication and
divizion in earlier classes. You also have studied how to factorise some algebraic
expressions. You may recall the algebraic identities

(x+ 3y =x+2ay + ¥

(x—yP=a2-2ay+¥
and d-y=a+y) -y
and their use in factorisation. In this chapter. we shall start our study with a particular
tvpe of algebraic expression, called polynonial, and the terminology related to it. We
shall also study the Remainder Thearem and Facror Theorem and their use in the

factorisation of polynormals. In addition to the above, we shall study some more algebraic
identities and their use in factorisation and in evaluating some given expressions.

2.2 Polynomials in One Variable
Let us begin by recalling that a varigble is denoted by a symbol that can take any real

value. We use the letters x, v, z, ete. to denote variables, Notice that Zx, 3x, — &, —Ex

are algebraic expressions. All these expressions are of the form (a constant) x x, Now
sOppose we want to write an expression which is (a constant) x {a variable) and we do
not know what the constant is. In such cases, we write the constant as a, b, ¢, etc. So
the expression will be ax, say.

However, there is a difference between a letter denoting a constant and a letter
denoting a variable. The values of the constants remain the same throughout a particular
situation, that is, the values of the constants do not change in a given problem, but the
value of a variable can keep changing.
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Now, consider a square of side 3 units (see Fig. 2.1). 3
‘What is its perimeter? You know that the perimeter of a square
is the sum of the lengths of its four sides. Here, each side is
3units. So, its perimeter is4 x 3, i.e.. 12 units, What will be the
perimeter if each side of the square is 10 units? The perimeter
15 4 % 10, i.e., 40 units. In case the length of each side is 1 B i
units (see Fig, 2.2}, the perimeter is given by 4x units, So, as Fis. 2.1
the Tength of the side varies, the perimeter varies,

Can you find the area of the square PQRS? It is
x X x =x* square units. x? is an algebraic expression, Youare 5 * R
also familiar with other algebraic expressions like
2x, x* + 2x, x! — #% + 4x + 7. Note that, all the algebraic
expressions we have considered so far have only whole
numbers as the exponents of the variable. Expressions of this
form are called polynomialy in one variable, In the examples  F : Q
abowve, the variable iz x. For instance, ¥ — x4+ dx + 7 isa
polynomial in x, Similarly, 32 + 5v is a polynomial in the
variable y and # + 4 i3 a polynomial in the variable ¢,

In the polynomial »* + 24. the expressions «* and 2x are called the terms of the
polynomial. Similarly, the polynomial 3y* + Sy + 7 has three terms, namely, 332, 5y and
7, Can you write the terms of the polynomial —&* + 45 4 7x— 2 ? This polynomial has
4 terms, namely, —x, 4x?, 7x and 2.

Each term of a polynomial has a coefficient. So, in —x* + 4% + 7x — 2. the
coefficient of x*is =1, the coefficient of x* is 4, the coefficient of x is 7 and ~2 is the
coefficient of ¥* (Remember, 2% = 1). Do you know the coefficient of x inx* — x + 77
iz -1,

2 is also a polynomial. In fact, 2, -5, 7, etc. are examples of constant palyromials.
The constant polynomial 0 is called the zero polymoemial. This plays a very impaortant
role in the collection of all polynomials. as voun will see in the higher classes.

1
Now, consider algebraic expressions such as x + =+ Jx +3and ¥+ ¥ Do you
x
1
kmow that you can write r + I = <+ x'? Here, the exponent of the second temm, i.e.,
xtis—1, which 1s not a whole number, So, this algebraic expression is not 4 polynomial.

i 1
Again, -JI + 3 can be written as x* + 3 . Here the exponent of x is E which is

not a whole number, So. is +fx +3 # polynomial? No, it is not. What about
{1{; + ¥ It is also not a polynomial (Why?),
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I the variable in a polynomial 1§ x, we may denote the polynonual by p(x), or g(x),
or ix), etc, So, for example, we may write :

pix) =28 +52-3
glx) =x* -1
=y+y+1
=2 — u -1+ o

A polynomial can have any (finite) number of terms. For instance, £'% + x' + .
+ 4%+ x+ 1 is a polynomial with 151 terms.

Consider the polynomials 2x, 2, 5x*, -3¢, y and «*. Do you see that each of these
polynomials has only one term? Polynomials having only one term ave called monomials
{‘mono’ means ‘one’).

Now observe each of the following polynomials:

pixi=x+1, glx) = x* = x, Hy) =¥+ 1, (o) = u®® — it

How many terms are there in each of these? Each of these polynomials has only
two terms. Polynomials having only two termes are called binomials ("bi’ means ‘twa’).

Similarlv, polynomials having only three terms are called rrinomials
("tri’ means ‘three’). Some examples of tnnomials are

pxi=x+x+m, gy =2 +x-2,

Hu)= w+ut-2, Hyy=y'+y+3.

Now, look at the polynomial p(x) = 347 — 4x% + x + 9. What is the term with the
highest power of x 7 It is 3x". The exponent of x in this term is 7. Similarly, in the
polynomial g(v) = 5¢* — 45 — 6, the term with the highest power of ¥ i3 5»° and the
exponent of v in this term is 6. We call the highest power of the variable in a polynomial
45 the degree of the pobynomial. So, the degree of the polynomial 357 — 428 +x+ 9
is 7 and the degree of the polynomial 5y — 4y* - 6 is 6. The degree of a non-zero
constant polynomial is zero,

Example 1 : Find the degree of each of the polynomials given below:

D 2@P-a*+73 (il) 2 — v — 3 + 2yE (iii) 2
Solution : (1) The highest power of the vanable 1s 5. So, the degree of the polynomial
is 3.
(i} The highest power of the variable is 8. So, the degree of the polynomial is 8.

(iii) The only term here is 2 which can be written as 2. So the exponent of x is (.
Therefore, the degree of the polynomial is 0.
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Now observe the polynomials p(x) = dx + 5, qly) = 2y, (7} =1 + V2 and
s(u) =3 — u. Do you see anything comumon wmong all of them? The degree of each of
these polynomials is one. A polynomial of degree one is called a linear polynomial.
Some more linear polynomials in one variable are 2x— [. NG ¥+ 12 —u Now, tryand
lind a linear polynomial in x with 3 terms? You would not be able to find it becanse a
linear polynomial in x can have at most two terms. So, any linear polynomial in x will
be of the form ax + b, where a and b are constants and a # 0 (why?). Similarly,
ay + b is a lingar polynomial in .

Now congider the polynomials :
2
2245 3+ 35+ W fandF + 37

Do vou agree that they are all of degree two? A polynomial of degree two is called
a quadratic polynomial. Some examples of a quadratic polynomial are 5 — y*.
4y + 5y and 6 — y — y*. Can you write a quadratic polynomial in one variable with four
different terms? You will find that a quadratic polynomial in one variable will have at
most 3 terms, If you list a few more quadratic polynomials, you will find that any
guadratic polynomial in x is of the form ax? + bx + ¢, where a # 0 and a, b, ¢ are
constants. Similarly, quadratic polynomial in y will be of the form ay? + by + ¢, provided
a# 0 and a, b, ¢ arc constants,

We cull a polynomual of degree three o cubic polvnomial. Some examples of a
cubic polynomial in xare 4% 26 + 1 568 + 23, 607 — 0. 6 -2, 2 + 42 + 60 + 7. How
many terms do you think a cubic polynomial in one variable can have? It can have at
most 4 terms. These may be written in the form axd® + b + ¢x + d, where a # () and
a, b, ¢ and & are constants.

Now, that you have seen what a polynomial of degree |, degree 2, or degree 3
looks like. can you write down 4 polynomial in one variable of degree »n for any natural
number n? A polynomial in one variable x of degree n ig an expression of the form

g g ¥y, +ax+a
n el L 1]

where a,, a,, a .4 are constants and a_# 0.

ARE

In particular, ifa, =a, =a,=a, = ... =a_ = 0 (all the constants are zero), we get
the zero polynomial. which is denoted by . What is the degree of the zero polynomial?
The degree of the zero polynonual 18 not defined.

So far we have dealt with polynomials in one variable only. We can also have
polynomials in more than one variable. For example, x* + ¥ + xyz (where variables
are x, v and z) is a polynomial in three variables. Similarly p? + ¢'® + r {where the
variables are p, ¢ and r), «* + v' (where the variables are 1 and v) are polynomials in
three and two variables. respectively. You will be studying such polynomials in detail
later.
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EXERCISE 2.1

1. Which of the following expressions are polynomials in one variable and which are
not? State reasons for your answer,

2
i 40 -3z+7 ) ¥+ 2T (i) 3 +ef2 v 2

v A
2, Wrile the coetficients of ¥ in each of the [ollawing:

0 24i+s ) 2— 44 (i) gx‘ + % (iv) 2x—1

3.  Give one example each of o binomial of degree 35, and of o monomial of degree 100.
4. Write the degree of each of the following polynomials;

(i St +4a2 4 Tx (i) 4 —»*
i) 51— 7 {ivy 3
5. Classify the following as linear, guadratic and cubic palynomials::
i #+x (i) x— & (ily v+¥+4 {iv) T4x
iv) 3t ivi) ¥ vy 7a?

2.3 Zeroes of a Polynominl
Congider the polynomial  plx) = 545 — 2ub 4+ 36— 2.
If we replace x by 1 everywhere in p{x), we zet
pM=5=(1 -2x(1P+3x(1)-2

=5-2+3-2
=4
So, we say that the value of p{x) at v =1 is 4.
Similady, p(0) = S(0)* — 2000 + 3(0) -2

=-3
Can you find p(-1)?
FExample 2 : Find the value of each of the following polynomials at the indicated value
of variables:
M p)=>5x-3x+Tatx=1L
(i) gv) =3 —dy+ Il atw=2.
i) p(=4ft+5° -2 +balr=a.
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Solution : () p(x) =5» - 3x+ 7
The value of the polynomial p(x) at x =1 is given by
p(1) = 5(1)E =31y +7
=5-3+7=9
(i) g0 =3y ~dy+ I
The value of the palynomial g(y) at ¥ = 2 is given by

G(2) =320 -4+ V11 =24 -8+ 11 =16+ 1
(i) pl) =4t +5¢ -F+ 6
The value of the polynomial p{i) at t = 4 is given by

pla) = da* + 50 - a* + 6

MNow, consider the polynomial p(x) = x— 1.
What is p(1)7? Note that : p(lj=1-1=0.
As p(1) =0, we say that 1 is a zero of the polynomial plx).
Similarly. you can check that 2 is a zere of gix), where g(x) =x - 2.
In general, we say that a zero of a polynomial p{x) is a number ¢ such that pic) = 0.

You must have observed that the zero of the polynomial x — 1 is obtained by
equating it to 0, i.e, x— 1 =0, which gives x = 1. We say p(x) = 0 is a polynommial
equation and 1 iz the roof of the polynomial equation p(e) = 0. So we sav 1 is the zero
of the polynomial x — 1, or a reat of the polynomial equationx— 1 =0.

Now, consider the constant polynomial 5. Can you tell what its zero is7 It has no
zero because replacing x by any number in 5 still gives us 3. In fact, a non-zero
constant polynomial has no zero. What about the zeroes of the zero polynomial? By
convention, every real number is a tero of the zero polynomial.

Example 3 : Check whether <2 and 2 are zeroes of the polynomial x + 2.
Solution : Let p(x) = x + 2.
Thenp(2)=2+2=4, p(-2)=-2+2=0
Therefore, -2 is a zero of the polynomial x + 2, but 2 is not.
Example 4 : Find a zero of the polynomial pix) = 2x + 1.
Solution : Finding a zero of plx), is the same as solving the equation
pix) =0
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1
Now. '2x+]zl.}givasusx:—'i

1
So, — 5 is a zero of the polynomial 2x + [,

Now, if p(x) = ar + b, a # 0, i 4 linear polynomial, how can we find a zero of
p{x)? Example 4 may have given you some idea. Finding a zero of the polynomual plx).
amounts to solving the polynomial equation p(x) =0,

Now, p(x) = 0 means ar+b=0,a=0

So, ax =—b

- b

ie., r=——:
a

b
So, 5= x- is the only zero of plx), L.e., a linear polynomial has one and only one zero.
Now we can say that 1 is the zero of x— 1, and -2 is the zero of x + 2.

[xample 5 : Verify whether 2 and 0 are zeroes of the polynomial a? — 2x.

Solution : Let plx) =5 =2
Then p2)=22-4=4-4=0
and pi0y=0-0=0

Hence, 2 and 0 are both zeroes of the polynomial 5% — 2x,
Let us now list our obseryations:
(i) A zero of a polynomial need not be 0.
(ii) 0 may be a zere of a polynomial.
(i) Every linear polynomial has one and only one zero.
{iv) A polynomial can have more than one zero,

EXERCISE 2.2
1. Find the value of the polynomial Sx—4x 4+ 3 al
i x=0 (i) x=~1 (i) x=2
2, Find p(0), pt1) and p(2) for each of the following polynomials,
iy piy)=y-y+1 (i) plti =2+t 42221
(if) pix)=a (v) pixi=(a= 13ix+ 1)
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3. Verify whether the following are zerges of the polynomial, indicated against them.

1 4
i} plx)=3x+l, x= _g iy plxj=5x-m x= 3
(i pra)=xt-1, x=1,-1 (iv) plr)=(e+ 1) (x=2), 3=-1,2
) ; m
(v) pls)=st x=0 ivij plx)=ls+m. x= _T
Vi) plx) =32 =1, 2 viil) plx)=2x+1 :
i Xl=3x =1, x= — —p=: = e e
Y BB : 2
4. Find the zero of the polynomial in each of the following cases:
iy plz)=x+5 fiiy play=x-5 filly ple)=2x+35
(V) plr)=3x-2 W) pla)=3x (vi) plx)=ax, a0

(vt} plx) = cx + d, ¢ # 0, ¢, d are real mumbers.

2.4 Remainder Theorem

Let us consider two numbers 15 and 6. You know that when we divide 15 by 6, we get
the guotient 2 and remainder 3. Do vou remember how this fact is expressed? We
wiite 15 as
I5=(6x2)43
We observe that the remainder 3 is less than the divisor 6. Similarly. if we divide
12 by 6, we gel

12={0x2)+0

What is the remainder here? Here the remainder is O, and we say that 6 is a
factor of 12 or 12 is a mudtiple of 6.

MNow. the question is: can we divide one polynomial by another? To start with, let
us 1y and do this when the divisor is o monomial. So, let us divide the polynomial
2%+ ¢t + ¢ by the monomial x.

2

X p
We have {2.::3+Jc1+xj+_::~—--+__+..f
X X X

=2l + x4+

In fact. you may have noticed thal % is common 10 each term of 27 + & + x. So
we can write 20 + 2 + cas o2 + x5 + 1),

Wesaythat xand 22 + x + |l are factors of 22V + "+ x, and 2v'+ 2 + xis a
multiple of x as well as a multiple of 2x* +x + 1.



36 MATIEMATICS

Consider another pair of polynomials 3x* +x + 1 and x.
Here. (A +a+ Drr=3" 2 )+ x+ 0+ (1 + 2.

‘We see that we cannot divide 1 by ¢ 1o get a polynomial lerm. So in this case we
stop here, and note that | is the remainder. Therefore, we have

I+ x+ 1= {xx@x+1)} +1

In this case, 3x + 1 is the quotient and 1 is the remainder. Do you think that x is a
factor of 3% + x + 17 Since the remainder is not zero, 1t is not 4 factor,

Now let us consider an example o see how we can divide a polynomial by any
non-zero polynomial,

Example 6 : Divide p(x) by g{x), where p(x) =x+3x* -1 and g(x) =1 + x.
Solution : We carry out the process of division by means of the [ollowing steps:
Step 1 : We wrile the dividend x + 3x* — 1 and the divisor 1 + x in the standard [orm,
1., after arranging the terms in the descending order of their degrees. So, the
dividend is 32* +x —1 and divisor is x + 1.

Step 2 : We divide the first term of the dividend

by the first term of the divisor, i.e., we divide 342 . .
3x* by x. and get 3x. This gives us the firstterm = 2 = first lerm of quotient

of the guotent. "

Step 2 : We multiply the divisor by the first term 3x

of the guotient, and subtract this product from i) jJ 2+t

the dividend, i.e., we multiply 1 + 1 by 3x and '

subtract the product 3x° + 3 from the dividend 3%+ 3x

Jx* + x — 1. This gives us the remainder as —

e 1. - 2x -1

Step 4 : We wreat the remainder —2x — 1

as the new dividend. The divisor remains

the same. We repeat Step 2 to get the

next term of the quotient, i.e., we divide —— = _2 New Quotient
the first term — 2x of the (new) dividend ¥ =3x-2

by the first term « of the divisor and obtain = Second term of quotient
— 2. Thus, — 2 is the second term in the
guotient.
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Step 5 : We multiply the divisor by the second 4+ 16-2) | -2x-1
term of the quotient and subtract the product =-2r—2 |-2c=1
from the dividend, That is, we multiply x + |
by — 2 and subtract the product — 2x - 2
from the dividend — Zx — 1. This gives us 1
a3 the remainder.

This process continues Gl the remainder 15 0 or the degree of the new dividend is less
than the degree of the divisor. At this stage, this new dividend becomes the remainder
and the sum of the quotients gives us the whole quotient.

Step 6 : Thus, the quotient in full is 3x — 2 and the remainder is 1.
Let us look at whar we have done in the process above as-a whole:

Ir-2

IHJ I+ 51

_3.:’ + Ix

-2r=1

-2x =2
+ +

1

Notece that 3% +x=1=(x+ 1 (B3r-=2)+ |
1e., Dividend = (Divisor x Quotient) + Remainder
In general, if p(x) and g(x) are two polynomials such that degree of plx) = degree of
£{x) and g(x) = {}, then we can find polynomials g{x) and r{x) such that:
plx) = glx)glx) + rix),
where r(x) = 0 or degree of r(x) < degree of g(x). Here we say that p(x) divided by
£(x), gives g(x) as quotient and r{x) as remainder.
In the example above, the divisor was a linear polynomial. In such a sitation, let us
see if there is any link between the remainder and certain values of the dividend.
In pix) =3 + x— L, if we replace x by -1, we have
pi-1) =31+ (-1)-1=1
S0, the remainder obtained on dividing p(x) = 32* + £ — 1 by x + 1 is the same as the
value of the polynomial p(x) at the zero of the polynomial x + 1, ie., -1.



38

MATIIEMATICS

Let us consider some more examples.
Example 7 : Diwvide the polynomial 32" —4x* - 3x-1byx— 1.
Solution : By long division, we have:

It -x-4
£=1 ] a3 g3y
3¢ 3w
B - T
ol -
—-2-3x-1
-2+ x
+ =
-4z -1
=4x4

-3

Here, the remainder is — 5. Now, the zero of x— 1 is 1. So, putting x = 1 in p(x), we see
that

pll) = 31y —4(1)* - 3(1) - |
=3-4-3-]

= — 5, which is the remainder,

Fxample 8§ : Find the remainder obtained on dividing plx) =2+ 1 by x + 1.
Solution : By long division,

¥»_x+1

x+1] ¥+l

_P+x

= +1
_T_xa;x

x+1
_xtl
0
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50, we find thal the remainder iz (0.
Here p(x) =+ 1, and therootof x + 1 =0 15 x=-1. We see that
pl=1) = (<1 +1

==1+1

=0,
which is equal to the remainder obtained by actual division.
Is it not a simple way (o find the remainder obtained on dividing a polynomial by a
linear polyrnomial? We shall now generalise this fact in the form of the following

theorem. We ghall also show you why the theorem is true, by giving you a proof of the
theorem.

Remainder Theorem : Let pix) be anyv polynomial of degree greater than or
equal to one and let a be any real number. If p(x) is divided by the linear
polynomial x — a, then the remainder is pla).

Frool : Let p(x) be any polynomial with degree greater than or equal to 1, Suppose

that when p(x) iz divided by x — a. the quotient i5 g(x) and the remainder is rlx). Le..
plx) = (x — a) 4lx) + r(x)

Since the degree of x — a is 1 and the degree of r{x) is less than the degree of ¥ - o,

the degree of r{x) = 0. This means that #{x) is a constant, say r.

So, for every value of x, Hx) =1
Therefore, pix)=(x—a)glx) +r

In particular, if x = g, this equation gives us
pla)=(a—a) gla) +r
=T
which proves the theorem,

Let us use thiz rezult in another example,

Example 9 : Find the remainder when x* + 2 — 262 + x + 1 is divided by £ — 1.
Solution : Here, plx)l= ¥+ -2+ x4+ 1, andthe zeroof x— 1 is 1.

5o, P =(1r+ (1P -21P+1+1

- A

So, by the Remainder Theorem, 2 is the remainder when 4* + & - 22 + x + 1 is
divided by x— 1.

Example 10 : Check whether the polynomial g(t) = 41* + 4t — 1 = 1 is a multiple of
2r+1.
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Solution : As you know, g(f) will be a multiple of 2t + 1 only, if 2r + 1 divides g(#)

1
leaving remainder zero. Now, taking 2t + 1 = 0. we have t = =

1 1Y 1Y 1 e B g
- = - === =] == == :_"""1""‘“_1:
= “"( 2] 4( z] +4( z) [ -2) =gty

So the remainder obtained on dividing g(r) by 2r+ 1 is 0,

So, 2t + 1 is a factor of the given polynomial g(!), that is g(f) is a multiple of
2+ 1.

EXERCISE 2.3
1. Find (he remainder when a® + 32 + 3x + | is divided by
1
iy x+1 (i) x— E {iii) x (V) £+ 1 vy 5+ 2x
2. Find the remainder when &' — ae® + 6x — a i5 divided by 2 —a.
3. Checkwhether 7 + 318 a factor of 3% + T,
2.5 Factorisation of Polynomials

Let us now look at the situation of Example 10 above more closely. It tells us that since

2

Tor some polynomial g(t). This is a particular case of the following theorem.

1
the remainder, Q(——J =0, (21 + 1) 13 a factor of g(r), i.e., g(i) = (2r + 1) g(0)

Factor Theorem : If p(x) 18 a polynomial of degree n > 1 and @ is any real number,
then (i) x—ais afactor of pa), if pla) =0, and Gi) p(g) =0, if x — a i5 a factor of p(x).

Proof: By the Remainder Theorem, p(x)=(r — a) g(x) + pia).
(i) If pla) = 0. then p(x) = (x — a) g{x). which shows that x — a is a factor of p(x).
{ii) Since x— a is a factor of plx). p(x) = (x — a) glx) for same polynomial gix).
In this case, p(a) = (a — a) gla) = 0.

Example 11 : Examine whether x + 2 is a factor of x¥* + 3x* + 5x + 6 and of 2x + 4.
Solution : The zetoof x +2is 2. Let p(x)=3x"+38 +5x+ band s(x) =22 + 4
Then, p=2) = (2P + 3(-2P + 5(-2) + 6
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=-8+12-10+6

=0
So, by the Factor Theorem, x + 2 i3 a [actor of 2 + 3% + 5x + 6.
Again, $(=2)=2(-2)+4=0

S0, r+ 2 is a Tactor of 2Zx + 4. In fact, you can check this without applying the Factor
Theorem. since 2y + 4 = 2k + 2).

Example 12 : Find the value of k, if x — 1 is a factor of 4a* 4+ 35 —dx + k.

Solution : Asx— lisafactorof plx) =48+ 32 —dx + k. p(l) =0

Now, Pl =412 +3(1P -4+ k
So. 4+3-4+k=0
i.ﬂ., =3

We will now use the Factor Theorem to factorise some polynomials of degree 2 and 3.
You are already familiar with the factorisation of a guadratic polynomial like
%+ [x + m. You had factorised it by splitting the middle term [x as ax + bx so that
ab = m. Then &' + Ir + m = (x + a) (x + k). We shall now try to factorise quadratic
polynomials of the type ax® + by + ¢, where a # 0 and a, b, ¢ are constants.

Factorisation of the polynomial ax* + br + ¢ by splitting the middle term is as
follows:

Let its factors be (px + ¢) and (rx + 5). Then
a+bxtrc=(px+glx+s)=prad+(ps +gryx+ g5

Comparing the coeflicients of x?, we gel a = pr.

Simnilarly, comparing the coeflicients of x, we get b= ps + gr.

And, on comparing the constant lerms, we gel ¢ = gr.

This shows us that b is the sum of two numbers ps and gr, whose product is
(ps)gr) = (pri(gs) = ac.

Therefore, to factorise ax® + bx + ¢, we have to write d as the sum of two
numbers whose product is ac. This will be clear from Example 13.

Example 13 : Factorise Gx* + 17x + 5 by splitting the middle term, and by using the
Factor Theorem.

Solution 1 : (By splitting method) : If we can find two numbers p and g such that
p+g=17 and pg =06 x5 =30, then we can get the factors.
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So, let us look for the pairs of Tactors of 30. Some are 1 and 30, 2and 15, 3and 10, 5
and 6. Of these pairs, 2 and 15 will giveusp +g=17.

S0,68 4+ 174+5 =62+ {2+ 150 +5
= bl + 25+ 15x+5
=2(3x+ D+50Gx+1)
=(@x+ 1) (Zx +5)
Solution 2 : (Using the Factor Theorem)

17 5
e+ 17+ 5= 6[12 - ?x + EJ =6 plx), say. Il @ and b are the zeroes of p(x), then

5
x>+ 17x+ 3=06{x—a) (x—b). So,ab= E Let us look at some possibilites for a and

b, They could be ilrtliié$t§_ﬁtl. Now, ||rll[l)=l+5(l)+E # (. But
28 ¥ 2 2) 4 6\2) 6

| 1
P[?) = {). So. (I * 5) is a factor of p(x). Similarly, by tmal, you can find that

5
[I a E] 15 a factor of p(x).

Therefore, i+ 1 Tx+5= E[,H--;*) [x+%]

_ E{Exﬂ](h& 5]
3 2
(3x+1) (2x +35)

For the example above, the use of the splitting method appears maore efficient. However,
et us consider another example.

I

Example 14 : Factorise y2 — 5y + 6 by using the Factor Theorem.

Solution : Let p(y) = ¥ — 5y + 6. Now, if p(v) = (y — a) (¥ — b), you know that the
constant term will be ab. So, ab = 6. So, (0 look Tor the factors of p(y), we look at the
factors of 6.

The factors of 6are 1, 2 and 3.
Now, p(2)=22-(5x2)+6=0
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So, 3 -21s a factor of p(y).

Also, p(3)=3—(5x3)+6=0

So, y—73 isalso a factor of y* — 5y + 6,

Therefore, W —-5v+6=(y-2)y-3)

Note that 2 — 5v + 6 can also be factorised by splitting the middle texm S5y

Now, let us consider factorising cubic polynomials. Here, the splitting method will not

be appropriate to start with. We need to find at least ong factor firs(, as you will see in

the following exarmaple,

Example 15 : Factorise £* — 2327 + 142x — 120

Solution : Let p(x) = 23— 234 + 142x - 120

We shall now look for all the factors of —120. Some of these are #1, +3, +3,

*4 15, 26, £8. £10, £12, £135, £20, £24, =30, +60,

By trial, we find that p(1) = 0. So x - | is a factor of p(x).

Now we see that »* — 234% + [42x — 120 =% — 27 — 2227 4 22x + 120 — 120
=x%x-1)—22x(x - 1)+ 120(x = 1) (WhyD)
={x-1)(x*-22x+120) |Taking (x — 1) common]|

We could have also got this by dividing pla) by x — 1.

Now 4% — 224 + 120 can be factorised either by splitting the middle term or by using
the Factor theorem. By splitting the middle term. we have:

P-22x+ 120 =x*— |2x— 10x + 120
=xfx—12) = 10fx - [2)
= (x=12) (x-10)
S0, F=23 - 142x - 120= (x - 1)(x - 10)(x - 12}

EXERCISE 2.4
1. Determine which of the following polynomials has {1+ 1) a factor |
i 24+ +x+l [ TR 3 L e |

(i) o+ 30+ 4+ | () # -5 (2+2)x+42

2. Use the Factor Theorem to determine whether gix) is-a factor of pl«) in each of the
following cases;
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W pErl=2C+2 -2 - L p=x+1
fiiy plei=2+38+3c+1, glx)=x+2
(iil) plx) =+ -4z +x+6, glx)=x-73
3. Find the value of k, if x— 1 15 a factor of pix} in each of the following cases:

i plrl=r+r+k M) pla) =22 +ks+ 2
i) plrj=lot— B+l fiv) plxy =k - 3+ k
4. TFactorize
iy 12x-Tx+1 i) 2+Tx+3
i) tiad+5x-6 (iv) It—r—4
5. Factorize ;
iy -2t —x+2 i) 2*—37—9z-5
i) =¥+ 1327+ 325+ 20 ) 20+ -2y -1

2.6 Algebraic Identities

From your earlier classes, you may recall that an algebraic identity is an algebraic
equation that is true for all values of the variables occurning in it, You have studied the
following algebraic identities in earlier classes:

Identity I :(x+¥P =2+ 200+
Identity 11 : (x -y =5"- 2+
Tdentity TI : @ -V =(x+y) (x-¥)
Identity IV :(x+a)(e+ b=+ (a+blx+ab

You must have also used some of these algebraic identities to factorise the algebraic

expressions. You can also see their utility in computations.

Example 16 : Find the following products using appropriate identities:

(i) (£ +3)(x +3) (i) (x—3) (x+3)

Solution : (i) Here we can use Identity I : (x + )= o + 2xp + 3, Putting vy= 3 in it,
we get

+N(x+3 = +3IP=24+ 23 + (3P
=3+Hr+9

{11) Using Identity TV abowve. i.e.. (x + a) (x + b) = x* + (a + b)x + ab. we have

(=3 (x+3) =2+ (=3 +5x+ (-3)3)
=x+2x— 15
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Example 17 : Evaluate 105 x 106 without multiplying directly,
Solution : 105 106= (100 + 5) = (100 + &)
= (100) + (5 +6) (100} + (3 % 6), using Identity IV
10000 + 1100 + 30
11130

You have seen some uses of the identities listed above in finding the product of some
given expressions. These identities are useful in factorisation of algebraic expressions
also, as you can see in the following examples.

Il

Example 18 : Factorise:
(i) 494° + 70ab + 255° (ii) §x’ - —
Solution : (i) Here you can see that
49a? = (Tal, 25b* = (5b)%, T0ab = 2(7a) (5b)
Comparing the given expression with 2 + 2xy + 3, we observe that v = 7a and y = 55.
Lising ldentty I, we get
49a® + T0ab + 250 = (Ta + SBY = (Ta + 5b) (7a + 5k)

2 1 y 1
(ii) We have %f = % = Gx] = g)

Now comparing it with Identity [IL we get

(359

2 3/\2 3

So far, all our identities involved products of binomials. Let us now extend the [dentity

110 a trinomial x + 3 + z. We shall compute (x + ¥ + 2 by using Tdentity I,

Let x + v =t Then,

G+y+gf=(t+z)

=£+2z7 47 (Using Identity T)
=(x+yP +2(x+yz+ 2 {Substituting the value of 1)
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=x + 2+ ¥+ 2z + vz + 2 (Using Identity T)
=& +y 4+ 2+ 2y + yr+2zx (Rearranging the terms)
So, we get the following identity:
Identity Vifx +y+zP =+ 3" + 22 + 20y + 292 + 2x

Remark : We call the right hand side expression the expanded form of the left hand
side expression. Note that the expansion of (x 4 y 4 z)? consists of three square terms
and three product terms,

Example 19 : Write (3a + 45 + Sc)F-in expanded form.
Solution : Comparing the given expression with (x + y + ), we find that
x=3a,y=4b and z = 5.
Therefore, using Identity V, we have
{3a +4b + 5cf = (3a)® + (46 + (5c)* + 2(3a)4b) + 2(4b)5c) + 2(5¢)(3a)
= Ba’ + 1602 + 25¢% + 24ab + 40bc + 30ac
Example 20 : Expand (4a — 2b — 3¢},
Solution : Using Identity ¥, we have
(d4a —2b — 3cP = [da + (-2b) + (-30)P
= (d4al + (—-2BP + (<3c)® + 24a)(-28) + 2(=2b)-3c) + 2(-3c)(4a)
= 16a® + 48 + 9¢* — 16ab + 12bc — 24ac
Example 21 : Pactorise 42% + 3 + 22 — dxy — 2yz + daz,
Solution : We have 4a* + 32 + 22 = day = 2yz + daz = (20P + (=) + (2P + 2 2x)(=y)
+ 2(-y)z) + 2(2x)(z2)
= [2x + (~y) + zJ (Using Identity V)
=(x-y+2P=(2r—y+ 2 -v+2)

So far, we have dealt with identities involving second degree terms, Now let us
extend Identity I to compute (x + ¥). We have:

(4= @+ (x+yP
= (¥ + ¥)(x* + 2uy + y4)
= x(x? + Ly + ¥ + ¥(x2 + 2yy + )
=2 4+ 2ty oyt 4ty + 2t P
=+ 3ty + 3yt + !
=+ + 3y + ¥
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So, we gel the following identity:
Identity VI: (x+yP =2+ +3xy (x+y)
Also, by replacing ¥ by =y in the ldentity VI, we get
Identity VII : (x=3'=x" =y =3p(x =y
= ' = 3y + oyl -y
Example 21 : Wrile the Tollowing cubes in the expanded form:
(i) (3a + 4b)° (ii} (5p - 3q)°
Solution : (i) Comparing the given expression with (x + ¥}, we find that
x= 3aand y =4bh.
So, using Identity VI, we have:
(3a+ 4b) = (3a)* + (4b) + 3(3a)db)(3a + 4b)
= 27a* + 645 + 108a*h + 144ab?
(ii) Comparing the given expression with (x — ¥}, we find that
x=5p, =193
So, using ldentity Y11, we have:
(5p - 3q» = (5p)® - (3gF - 3(5p)34)(5p - 3¢9)
= 125p* — 274 — 225p%q + 135p4°
Example 23 : Evaluate each of the lollowing using suitable identities;
(i) (104)° (i) (999)
Solution : (i) We have
(1047 = (100 +4)
(100)° + (4 + 3(100p(4)(100 + 4)
{Using Identity VI)
1000000 + 64 + 124800
= 1124864

1]

(i) We have
(0903 = (1000 - 1)
= (10009 = (17 = 3(10000 11000 1)
(Using Identity VII)
= 1000000000 — 1 — 2997000
= 097002999
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Example 24 : Factorise 8x* + 27y + 36uwly + 54xy
Solution : The given expression can be wrilten as
(2xP + (39 + 34x)(5y) + 32009
= (20" + (3 + 23w + 3(20)(3y)P
= (2x + 3y) (Using Identity V1)
= (Zx + 392 + 39)(2x + 3)
Now consider (x + y+ 2)(«* + ¥+ 22—y —yz — 2v)
On expanding, we get the product as
AQF AR~y = gz -2 R R b -3 - 1)
+z(et+ B+ - =z - 20 = o+ xR F et - %y - xypz - 28+ ady
+ 3+ gl -y — Yo —myz +dlz+ Y+ -y -y -
=+ +2 - 3xz {On simplification)
So, we obtain the following identity:
Identity VI : P+ 3 + 2 -3 =(x +y+ P + V¥ + 22 =2y - yz - x)
Example 25 : Factorise ; 8x% + 3 + 272 — 184z
Solution : Here, we have
8x% + 7 + 272 — 18xy:
= (20F + ¥ + (3z)" — H2)(¥)(32)
= (2¢ + ¥ + 32" + ¥ + (32 — () - (¥)(32) — (2%)(32)]
= {2k +y+3z2) (i + 7 + 97— 2y — Fyzr - 612)

EXERCISE 2.5
1. Use swtable identitiss to fnd the following products;
i} (a4 (x+10) i) (x+BYre—10) i) (3x+4h(3x-5
3 3
fivk (¥ + ;J(y‘—z} {v) (3-2x){3+2n

2. Evalvate the following products withowt multiplying directiy:
iy 103= 107 1) 9596 g 104 %94
3. Factorise the following using appropriate identities:

0 98+ 6ry+y? i) dy2—dy+ | i) A2 — %
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4.

s‘

1l

11.

12,

13,
14.

15.

Expand gach of the following, using suitable identities:

i) (ot 2w+dz)? (i) (dr—y+zP (i) (~2e+3y+ 229
v} (3a-Tb—cf? {v) (2u45y-320° ivi) |i—a - -éb + I]z
Faciloise:

(1) e+ 9y + 1670+ 1 2ap = 2dyr — Lbag

(i) 20+ 32+ 828~ W2 v+ 42 yo- Baz
Write the following cubes in expanded [orm:

Kl ]
i) el )y Qa-3b® i E,.; + 1} (iv) [,x = }
Evaluate the following using suitable identities:
99y {ii) (1028 iii) {998y
Factorise each of the following:
it Ba'+ 6+ 1260 + dabt (i) 8a’ - &' - 12a%h + Bal?

(i) 27—123a - 135a+225+ (iv) 6da® =275 = 1440% + 1 )Rab?

19,
(v) 27 - —— - =P+~
Y T Wy

Verify : (Dt + ' =Ge+y) (P =y 4+ (D) 2=y ==y +xy+¥)
Faciorize each of the Following:
(i} 27y*+ 12577 (i) Gdm!—343nd
[Hint : See Question 9]
Factorize : 2707 + ' + 27— Oryr

1 ;
Verify that£® + ¥+ 2 - s = 3 (x+ y+ 1 [{:— W +y—t+(zr- x}l]

Ifx+ v+ =0, show that ¥ + ¥ + 2% = Jiyz.

Without actually calculating the cubes, find the value of each of the following:
iy =127+ 5

(i) (287 +1-15P +-137

Give possible expressions for the length and breadth of each of the following
rectangles, in which their areas are given:

Area: 254" -35a+ 12 Ares 357 + 13y -12

() T
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16. What are the possible expressions for the dimensions of the cubaids whose volumes
are given below?

Volome : 3% = [ 2y Volume = 12ky* + 8y — 20k

(1) (ii)

2.7 Summary

In this chapter, you have smdied the following points:

1

Mo W

Porie

1

.

12,
13
14
15.

A polynomial p(x) in one variable x is an algebraic expression in ¢ of the form
plR=agf+a, &+ +axt+a+a

where a,,a,, 8, .. ., @_are constants and g_=2 0.

@y @, oy - . d, 8re respectively the coeffictents of 2% 2, 2, .., 2° and nis called the degree
af the polynomial. Eachofa ¥, & ™', .., a witha 20, is called a rerm of the polynomial
pix).

A polynomial of ane term is called a momomial.

A polynomial of two terms is called a binomial.

A polynomial of three terms is called a rinomial.

A polynomial of degree one is called a linear polynemial.

A polynomial of degree two is called a quadratic pelynomial.

A polvoomial of degree thres is called a cubic polynomial.

A real number "a’ 152 zero of a polynomial piz) if plat = 0. In this case, a 15 also called a
root of the equation pix)y = 0.

Every linear polynomial in one variable has a unique zero, 3 non-zero constant polynomial
has no zero, and every real number is a zero of the zero polynomial.

Remainder Theorem - IT pix) i3 any polynomial of degree graaterthan or equal to 1 and p(x)
is divided by the linear polynomial x — g, then (he rernainder is pla).

Factor Theorem ; x — a 15 a factor of the polynomial gtz if plal =0, Alse,if x—ais a factor
of pix), then piay =10,

ady+2l=4 7+ 24+ Dy + 2y + 22

i+ =+ V¥ + 3xpix + p)
-yr=2-y-3nGk-y)

P+l -Son=let v+ (@44 2y —yz )



