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The Greek Mathematician Euclid
The notion of equation is indeed a very old

one. The babylonians knew of quadratic
equations some 4000 years ago. The Greek
Mathematician Euclid (300 B.C.) and
Aryabhatta (476 A.D.) gives several
Quadratic equations while solving Quadratic
and Trigonometrical equations. It was
Sridhara an Indian Mathematician around
900 A.D. who was the first to give an
algebraic solution of the general equation,
and an important treatment by factoring is
found in Harriot's work in approximately
1613 A.D., Both these results are very helpful
in solving Trigonometrical equations.
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2.1 Introduction

An equation involving one or more trigonometrical ratio of an unknown angle is called a

trigonometrical equation i.e., sinx+cos2x =1, (L-tanf)(L+sin20)=1+tan@; | sec(e + %)| =2etc.

A trigonometric equation is different from a trigonometrical identities. An identity is

satisfied for every value of the unknown angle e.g., cos’x=1-sin’xis true VxR while a
trigonometric equation is satisfied for some particular values of the unknown angle.

(1) Roots of trigonometrical equation : The value of unknown angle (a variable quantity) which

satisfies the given equation is called the root of an equation e.g., cosé = %, the root is # =60° or

0 =300 ° because the equation is satisfied if we put # =60°or 8 =300°.

(2) Solution of trigonometrical equations : A value of the unknown angle which satisfies the
trigonometrical equation is called its solution.

Since all trigonometrical ratios are periodic in nature, generally a trigonometrical equation
has more than one solution or an infinite number of solutions. There are basically three types of
solutions:

(i) Particular solution : A specific value of unknown angle satisfying the equation.

(i) Principal solution : Smallest numerical value of the unknown angle satisfying the
equation (Numerically smallest particular solution.)

(iii) General solution : Complete set of values of the unknown angle satisfying the equation.
It contains all particular solutions as well as principal solutions.

When we have two numerically equal smallest unknown angles, preference is given to the

positive value in writing the principal solution. e.g., secld =— has

J3

7 o 11z 11z 237 23rx
== — — etc.

6' 6 6 6 6 6
As its particular solutions out of these, the numerically

smallest are % and —% but the principal solution is taken as p

0 :% to write the general solution we notice that the position on /6
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P or P' can be obtained by rotation of OP or OP' around O through a complete angle (2z) any
number of times and in any direction (clockwise or anticlockwise)

.. The general solution is 6 = Zkﬂ'i%,k el.

2.2 General Solution of Standard Trigonometrical Equations

(1) General solution of the equation sin 8= sina: If sin@ =sina or sin@—-sina =0

or, 2sin 0-alos 27210 = sin[2=%|-00rcosl 21% |0
2 2 2 2

-« ) 0+a
or, T:m;r,mel or

=(2m+1)%;mel

> O0=2mz+amel or 0=02m+L)z—-a;me |
= 6 = (any even multiple of 7) + @ or #= (any odd multiple of 7) - «

6=nx +(—1)n0c inel

@a& : U The equation cosecd =coseca is equivalent to sinéd=sina. So these two equation
having the same general solution.
(2) General solution of the equation cosf@ = cosa : If coséd=cosa = cosfd-cosa=0 =

. (0+a) . (00—« . (0+a . (-« 0+a ) -« )
—2sin .Sin > =0 = sin > =0 or sin > =0,=> > =nxz;nel or > =nmnel

= 0=2nr—-a;nel or 8=2nz+a;nel. for the general solution of cosé =cosa, combine these
two result which gives ‘H =2nw ta;Nne I‘

@d’e : U The equation secd =seca is equivalent to cos@d =cose, so the general solution of
these two equations are same.

. : sin sin
(3) General solution of the equationtan 8 =tan a¢: If tand=tana = Sino - e

cos@ cosa
= sinfcosa—cos@sina=0 = sin(@-a)=0 = 0—a=nz;nel |[d=nz+a;nel

@d’e : O The equation cotfd =cote is equivalent to tan 8 =tan @ so these two equations having
the same general solution.
2.3 General Solution of Some Particular Equations

(1) sind=0 => 0=nxz, cosf@=0 = 49:(2n+1)% or n7r+%, tand=0 = O=nrx
(2)sinf=1= 49:(4n+1)% or 2n7r+%, cs@=1=0=2nr, tand =1= 49:(4n+1)% or nz+2
. T 3z
(3) S|n9:—1:>¢9:(4n+3)50r 2n7r+7, cosf=-1=60=02n+r,
tan¢9=—1:>0=(4n—1)%orn7r—z

(4) tan ¢ = not defined = 6=(2n +1)%, cotd = notdefined = f=nx
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cosecd = not defined = f=nr, secd = notdefined = 6=(2n +1)% .

Important Tips

@  For equations involving two multiple angles, use multiple and sub-multiple angle formulas, if necessary.

@ For equations involving more than two multiple angles (i) Apply C + D formula to combine the two.(ii) Choose such
pairs of multiple angle so that after applying the above formulae we get a common factor in the equation.

Example:

Solution:

Example:

Solution:

Example:

Solution:

Example:

Solution:

Example:

Solution:

Example:

(9}

(b)

(b)

(d)

(9}

If sing = @ then the general value of @ is [MP PET 1988]
() ZnHi% (b) ZnHi% ©) nﬁ+(—1)“% (@ n;z+(—1)”%

sing = Y2 sing—sinZ =g —nz+ (1"~
2 3 3

The general solution of tan3x =1 is [Karnataka CET 1991]
T nzx T T
a) nr+— b) —+— c)n d) nz+=—
() nz 2 (b) T (c) nz (d) nz 2
tan3x:tan£:>3x:n7r+£3x:n—”+£.
4 4 3 12

If sin36 =sing, then the general value of 4 is

(a) 2n;r,(2n+1)% (b) nzz,(2n+1)% () n;r,(2n+1)% (d) None of these

sin30 =sin@ or 30=mz+(-1)" 9

2nzr

For (m) even i.e., m=2n then 0 = =nrx

And for (m) odd, i.e., m =(2n+1) then 6 =(2n +1)%.

The general solution of 2sin?9—3singd-2=01is [Roorkee 1993]
(a) nz+(-1)" % (b) nz+(-1)" % (©) nz+(D)" %” (@ nz—(-1)" %

2s5in29-3sind—2=0 =2sin?0—4sind+sind—-2=0=2sind(sind —2)+(sin@—-2)=0

(2sin@+1)(sin@-2)=0
sin@ =+2 (which is impossible) = ..sin@= —% = sin@ =sin(-z/6)=>0=nz—-(-1)"7z/6.

The number of solutions of the equation 3sin? x —7sinx + 2 =01in the interval [0,57] is [MP PET 2001; IIT 1998]
(@) o (b) 5 (c) 6 (d) 10

3sin?x —7sinx+2=0= 3sin?x-6sinx —sinx+2=0=(3sinx -1)(sinx-2)=0,

But sinx #2 so sinx :% . Hence from 0to27z =2 solution's (one in I** quadrant and other in 2™ quadrant),

from 2zto4z =2 solution's and 47to5z =2 solution's. So total number of solutions = 6.
Number of solutions of the equation tan x +sec x = 2cos x, lying in the interval [0, 27[] is

[AIEEE 2002; MP PET 2000; IIT 1993]
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©

(b)

10

(9}

11

Trigonometrical Equations and Inequations

(a) o (®) 1 () 2 (d) 3
sin x 1 . 2 . . . .
+ =2c0sX =>sinXx+1=2c0s“ x = 2sin“ x+sinx-1=0 = [Zsmx—l][smx +1]:0
COS X  COS X
. . 1 3z T 57 3z . .
So, sinx =-1 or sinx =5 = X = - or x = g,?but - does not satisfy the equation, So total number
of solutions=2.
If tan 0 + tan 260 ++/3 tan @tan 20 =+/3, then [UPSEAT 2001]
(a) 6 :%,Vn el (b) 6 =W,Vn el (c) 9= (3n;“1)”,Vn c1 (d) None of these
tan @ + tan 20 + /3 tan Otan 20 =3 = tan @ + tan 20 = +/3(L — tan O tan 20)
w:ﬁ:tanw:tanz :36=n7z+£:9=n—”+£=(3n+1)£.
1 - tan @ tan 260 3 3 3 9 9
The solution of the equation cos? x — 2¢os x = 4 sinx —sin 2x,(0 <x < 7z)is [DCE 2001]
-1 1 -1 -1 1
(a) =z -cot 5 (b) #—tan™(2) (c) = +tan -5 (d) None of these

Given equation is cos? x — 2¢os x = 4 sin x — sin 2x

=¢c0s? X —2c0s X =4 sinx —2siNX oS X =>C0s X(COS X — 2) = 2sin X(2 —c0s X) =>(cos X — 2)(cos X + 2sinx)=0

. 1 4 1
=C0s X +2sinx =0 (.cos x = 2) :>tanx:—5 =X =Nz +tan 1(—5} nel

1
As 0<x <z, therefore x=7+ tan’{— Ej .

cos 4 sin@ cos 6
The solution of the equation |-siné cos @ sin@|=0, is
—-cos@ —sin@ cosé
(a) O=nz (b) 9=2n7ri% © 9=n7ri(—1)”% ) 9=2n7[i%

After solving the determinant 2cosf =0 = 6 = 2nx t%.
The general value of 6 in the equation 23 cos @ =tan 6, is
() 2nn¢% (b) 2nn¢% ©) n7r+(—l)"% (@ n7r+(—l)n%

243 cos? @ =sin@ = 24/3sin2 @ +sind— 243 =0

1+ _
= sin¢9:£ = sinf = 8 (impossible) or sin9=i=£ = 0=nxz+(1)" z

443 443 443 2 3
The general value of # is obtained from the equation cos 26 =sina is [MP PET 1996]
(@) 20=2—¢ () 0=2nzt|Z-a (©) g "Zt(De (d 0=nz|Z-2

2 "\ 2 2 )
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Solution: (d) cos20=sina = cos 20 = cos(% - aj

Example:

Solution:

Example:

Solution:

Example:

Solution:

12

(a)

13

(a)

14

()

L20=2nr+ z—0: = 0=nrt r_«
2 4 2

cos(A+B) —sin(A+B) cos2B

If sin A cos A sinB |=0,then B= [EAMCET 2003]
—cos A sin A cos B
(a) (2n +1)% (b) nx (©) @n+1r (d) 2nz

On expanding the determinant cos?(A + B)+sin?(A + B)+cos 2B=0
1+cos2B=0 or cos2B=cosz or 2B=2nz+x or B:(2n+1)%.

If cos @ + cos 26 + cos 36 =0, then the general value of @ is

2 z

(@) 9=2mz+ =" (b) o =2mz+’ © 9=m7z+(—1)m2?” ) .9:m;;+(—1)m§

= €0S @ + cos 26 + cos 39 =0 = (cos & + cos 36) + cos 26 =0
= 2005 260.¢c0s 0 +c0s 260 =0 = cos 26(2cos € +1)=0

:cosZH:O:cos%: 20=2mr+xl2 36:mni% or cosez—%:cosz?” :G:Zmzziz?”.

sin66 +sin46 +sin26 =0, thend equal to

(a) oz ornz+X (b) oz or nz + 2% (©) iz or 2nz+ 2~ (d) None of these
4 3 4 6 4 6

(sin66 +sin26) +sin40 =0 = 2sin40cos 20 +sin40=0 = sin46(2cos 20 +1)=0 = sin46=0 or 2cos20+1=0

sin4@ =sin0 or cos 29:0052?”

460 =nr or 29:2n7zi2?”
G:n—” or 0=n7ri£
4 3

2.4 General Solution of Square of Trigonometrical Equations

(1) General solution of sin?0=sin? @: If sin” @ =sin? « or, 2sin? @ = 2sin? & (Both the sides multiply

by 2) or, 1-c0s20 =1—-c0os2a or, c0s260 =c0s2a, 20 =2nr £2a;nel,

Q:nnia;nel‘

(2) General solution of cos? #=cos? a: If cos?’ 8 =cos’ @ or, 2cos’ #=2cos’ @ (multiply both

the side by 2) or, 1+c0s20=1+c0s2a or, 20 =2nz+2a; |0 =Nz ta;nel|

(3) General solution of tan? 8= tan’a; If tan® @ =tan ? ¢ or,

tan’ 6 tan’«
1 1
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tan’0+1 tan’a+1
tan?0-1 tan’a-1

Using componendo and dividendo rule,

2 2 2 2
lvtan®0 _1lrtan‘a . 1-@n'0_l-tna . op-cos2e, [f=nttanel

1-tan?6 1-tan’a 1+tan’@ 1+tan’a
Example: 15 General value of ¢ satisfying the equation tan 29 +sec20=1is [IIT 1996]
(a) m;z,n7z+% (b) mﬁ,nni% (c) mﬁ,nni% (d) None of these
1+tan?6

Solution: (b) tan?6@+sec20=1 = tan’6+ =1 = tan’f-tan*P+1+tan?H=1—tan?0

1-tan20
tan* @ —3tan?0=0 = tan?Htan’0-3)=0 = tan’H=0 and tan’6=3

tan’ 6 =tan®0 and tanZH:tanZ% = @=mrx and 0 = nni%.
Example: 16 If sec? 6= % then the general value of @ is [MP PET 1988]

(a) 2nn¢% (b) nni% (©) 2nn¢% (d) nz+

w|N

2
3 (V3

Solution: (b) sec? ¢ :% = cos? 6O = —{T] = c0s? 6 = coszg

.'.anﬁiz.
6
Example: 17 If 2tan?0=sec? 0, then the general value of ¢ is [MP PET 1989]
T T T T
a) nx+— b) nx —— Cc) ng+— d) 2nzr+—
(a) nz 2 (b) nz 1 (c) nz 2 (@ 2nz 2
Solution: (¢) 2tan?@d=1+tan?d = tan?0=1 :tanzeztanzg
(9=n7ri£
4
Example: 18 If sin? g = % , then the most general value of 9 is [MP PET 1984, 90; UPSEAT 1973]
a) 2nz+ ()"~ b) My o) nr+Z d) 2nz+Z
()ﬁ()6 ()2()6 ()7[6 ()ﬁ6

2
Solution: (c) sin?6= % = (%j = sin? @ =sin? %

.'.eznﬁiz.
6

Example: 19 If 1-cos20 3, then the general value of ¢ is

1+ cos 260
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r () nr+Z () 2nz+Z (d) nz+Z

a) 2nrz
(@) 2nm £ 3 6 3 3

1-cos20 _, 2sin” 0

Solution: (d) =
1 + cos 26 2c0s% 6

=3 =tan?0=3=(3)? :tanzeztanzg

N
1]
=
B
I+
w|y

2.5 Solutions in the Case of Two Equations are given (Simultaneously Solving Equation).

We may divide the problem into two categories. (1) Two equations in one ‘unknown’
satisfied simultaneously. (2) Two equations in two ‘unknowns’ satisfied simultaneously.

(1) Two equations is one ‘unknown’ : Two equations are given and we have to find the values
of variables § which may satisfy with the given equations.

(i) cos@ =cosa and siné =sina, so the common solution is ‘9 =2nm +a,n el ‘

(ii) sind =sina and tan 6 = tan «, so the common solution is ‘9 =2nz +a,n el ‘

(iii) cos@ =cosa and tan @ =tan «, so the common solution is ‘:9 =2nzT +a,n el ‘

Example: 20 The most general value of 0 satisfying the equation tan § =-1 and cos 6 = L is

V2

[MP PET 2003; UPSEAT 2002, 1982; Roorkee
1990]

(a) nz+ YTE (b) nz+(-1)" % (c) 2nz+ %[ (d) None of these

Solution: (¢) tand=-1= tan(Z;r - %] and cosd = i = cos(Z;r - %)

J2
Tz

Hence, general value is 2nz + (27: - %) =2nxz + e

Example: 21 The most general value of 6 which will satisfy both the equations siné = _71 and tan @ = L is

V3

[MNR 1980; MP PET 1989; DCE 1995]

(a) nz+ (—l)”% (b) nx +% (c) 2nx i% (d) None of these

Solution: (d) sind= -1 sin(_G—”j = sin[;r + %)

Hence, general value of 6 is 2nz + %r

(2) System of equations (Two equations in two unknowns) : Let f(0,¢)=0,9(0,¢) =0 be the system
of two equations in two unknowns.
Step (i) : Eliminate any one variable, say ¢. Let 6 = o be one solution.
Step (ii) : Then consider the system f(o,¢)=0,09(2,¢)=0 and use the method of two
equations in one variable.
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rﬁok : U It is preferable to solve the system of equations quadrant wise.

Example: 22

Solution: (a)

Example: 23

Solution:

. 2
If ﬂ :tan0:3, then the value of 9 and ¢ are
sin ¢ tan ¢
T T T T
a) 9=nzt—, dg=nr+— b) O=nz-=, p=nzr-=
(a) T 3 ¢=nr 6 (b) P 3 p=nr 5
() 9:n”i§¢=nﬂ+% (d) None of these

. 2
S!ﬂ _tano = sin@cos @ =singcos ¢ —> sin 260 =sin 2¢
sin ¢ tan ¢

20=7-2¢ :9:%—¢

But, 9 _5 10 4 in?0-3 = 0=nz+Z, sothat g=nz+’
tan ¢ cot @ 3 6

Trick: Check with the options for n=0,n=1.

Solve the system of equations sec§ = J2 sec ¢ tan 0= J3 tan @
Usually students proceed this type of problems in the following way:

Squaring and subtracting, we get sec? 0 —tan? 0 =2sec? ¢ —3tan? ¢,

ie, 2tan’p+2-3tan’g=1 or tan’p=1 or ¢=n7ri% ......... (i)
) ,, sec?d tan?6
Also we have sec” ¢ —tan ¢:T_T
which gives 6 =3 sec? 0 —2tan? @ or tan? @ =3, and so 9:m7zi%.
Thus solution of this system is H:mni% and ¢:nni%,m,nel ........ (ii)

i.e.,, 2=2, but tan[%j:\/gtan [—%] give J3 =—/3.

Thus solution given in (ii) consists many extraneous (absurd) solutions. The simple reason for this is
quite obvious. (ii) consists of solutions of following four systems:

secH:«/Esecgﬁ, tan@=J§tan¢ ......... (iii)
SGCH=\/ES€'C¢, tan0=—J§tan¢ ......... (iv)
Sec 8 =—/2 sec ¢, tanH=J§tan¢ .......... )
and secO=—2secg tand=—/3tang ... (vi)

While we have to find the values which satisfy (iii). Therefore, we have to verify the solutions and
should retain only the valid ones.

Alternative Method : A better method for such type of equations is following:

The given system is sec 6 = /2 sec 6 (vii)
tand=+3tang e (viii)



54 Trigonometrical Equations and

37 57 Tn

vii)? - (viii)? gives tan2g=1 . p=2 2% 2% [T
(vid)? - (viii)* g =1 n =T ST

Case1: ¢:%, the system reduces to sec 8 =2, tan9=J§, SO 9:%.

T T .
LO=2nTt+—=,¢=2mzx+—. e ix
T3 ¢ T+ (ix)
3z 2
Case 2 : ¢=T,then we have sec @ =-2, tan @ =—/3, so 9:?.
. . 2r K4
Thus general solution is 9=2n7r+?, ¢=2m7r+7 ........ (x)
57 3z
Case3: ¢ :T (or can be taken as e
Arx 4 57 2
Then secd=-2, tan0=J§, ..0e€Q,, so 0:?. Thus 9:2n7z+?, ¢:2m7z+T or 9:2n7z—?,
¢=2mn—% ........ (xi)

T V4
Case 4: ¢ = — (or——).
4: ¢ 2 ( 4)

T T T ..

Then sec=2,tan & =—-/3, so 9:—5 and so 9:2n7r—§,¢:2m7r—z. .......... (xii)

. . . 2
Hence, the required solutions are given as (6,¢)=(2n7r+%,2m7r+%); (2n;r+?”, 2m7r+%],

%ﬁ—gzlmﬂ—gz, %H—ZWZmﬁ—Z.
3 4 3 4

|/Vak . O Do not write the solution as 9:2n7z+%, 2n7z+2?”, ................ , ¢:2m7z+%, ......... .

2.6 General Solution of the form a cos + bsin@ =c

In acos@+bsind=c, put a=rcosa and b =rsina where r=+va? +b? and|c|<va® +b?

Then, r(cosacos@ +sinasind)=c = cos(f —a) = % =Ccos B (say) = ceeeeenens (i)
a“+b

=>0-a=2nrx f=0=2n7* f +a, where tana =9, is the general solution
a

Alternatively, putting a=rsina and b =rcosa where r=+va’? +b? = sin(f+a)= % =siny
a“+b
(say)

= 0+a=nz+(-1)"y =>0=nz+(-1)"y —a, where tan a :% , is the general solution.
rﬁak: QO (—Wa?+b?)<acos@+bsind<(a®+b?)

. b C
O The general solution of acosx +bsinx =c¢ is x = 2nz +tan 1[—)4; cos{—j.
a Va® +b?

Example: 24 The number of integral values of k, for which the equation 7cos x +5sinx =2k +1 has a solution is [IIT Screeni
(a) 4 (b) 8 (c) 10 (d) 12
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25
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26

27
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28

()

Trigonometrical Equations and Inequations

—V7% +5% <(7cosx +5sinx)<+/7% +52

So, for solution - J74 < 2k +1) < J74 or -8.6<2k+1<8.6 or -9.6<2k<7.6 or -48<k<38.
So, integral values of k are 4,—-3,—2,-1,0,1,2,3 (eight values)

If \/§COS¢9+sin¢9=\/E , then general value of 9 is [MP PET 2002, 1991; UPSEAT
1999]
a) nr+(1)"Z b ) Z-Z o nr+Z-Z d) nr+)Z-Z
()7r()4 ()()43 ()ﬁ43 ()7r()43
J3cos@+sing=v2 = £c059+lsin9=i
2 2 J2
= sinzcoséwcoszsiné’:i =sinf0+Z |=sinZ = 0:n;z+(—1)”£—£.
3 3 J2 3 4 4 3
If sin@+cos@=1, then the general value of 9 is [Karnataka CET 2002; DCE 2000; MNR 1987; IIT
1981]
nT T T
(a) 2nrx (b) nz+(-1) YR (o) 2n7z+5 (d) None of these
SiNO+cosO=1 = ——sin+——cos O = —— [Dividing by V12 +12 :\/5}
J2 J2 J2

= sin[ 0+ 2 =i=sin£ = ¢9+£:n7z+(—1)“£ = 9=n7r+(—1)”£—£.

4) 2 4 4 4 4 4
The equation «/Esin X +cos X =4 has [EAMCET 2001]
(a) Only one solution (b) Two solutions
(c) Infinitely many solutions (d) No solution

Given equation is J3sinx +cos x =4 which is of the form asinx +bcosx =c with a=+/3,b=1c=4

Here a®? +b? =3+1=4 <c?, Therefore the given equation has no solution.

The general solution of the equation (v3 —1)sing + (/3 +1)cos@=2 is [Roorkee 1992]
T T T T T T T T

a) 2nz+ =+ — b) nz+(D)"=+— c) 2nr+ = - — d nz+()"=-=—

(@) 7[412 ()”()4 12 (©) 7[412 ()”()4 12

(/3 —1)sin@ + (/3 +1)cos 0 =2

Divided by \/(\/5 —1)2 + (\/5 + 1)2 =242 in both sides,
(«/5 +1) 2

(‘/E_l)sin0+ cos 0 =

22 2v2 22

sin@sin15° + cos 4900515":i = sind.sinZ~ + cos @.cos - = cos =
J2 12 12 4

We get,

cos 9—1 :cosE = 9—1:2n7ziZ = 9=2n7zi£+£.
12 4 12 4 4 12

2.7 Some Particular Equations

(1) Equation of the form a,sin"x+a,sin"*xcosx +a,sin"?xcos’x +.... +a,cos "x=0: Here

ay,d,...,a, are real numbers and the sum of the exponents in sinx and cosxin each term is equal

to n, are said to be homogeneous with respect to sinx and cosx. For cos x # 0, above equation can

be written as, a, tan" x +a, tan"™" x +...+a, =0.
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Example: 29 The solution of equation 5sin? x —7sinx cos x +16 cos? x =4 is

() x=nzr+tan*3 or x=nr+tan* 4 (b) x:nﬁ+% or x=n7z+%

(c) x=nxz or x:n7z+% (d) None of these
Solution: (a) To solve this kind of equation; we use the fundamental formula trigonometrical identity,
sin® x +cos? x =1
writing the equation in the form, 5sin? x —7sinxcos x +16 cos? x =4 (sin® x + cos? x)
= sin®x —7sinxcos x +12cos? x =0
Dividing by cos? x on both sides we get, tan?x —7tanx +12=0
Now it can be factorized as; (tan x —3)(fanx —4)=0 = tanx=3,4
i.e., tan x =tan(tan * 3)or tan x =tan(tan 14) = x=nz+tan 3 or x=nz+tan" 4.
(2) A trigonometric equation of the form R(sin kx, cos nx, tan mx, cot IX) =0 : Here R is a rational

function of the indicated arguments and (k, [, m, n are natural numbers) can be reduced to a
rational equation with respect to the arguments sin x,cos x,tan x,and cot x by means of the

formulae for trigonometric functions of the sum of angles (in particular, the formulas for
double and triple angles) and then reduce equation of the given form to a rational equation with

respect to the unknown, t = tan g by means of the formulas,

X X X X
2tan = 1-tan? = 2tan = 1-tan? =
SinX=—2X,COSX= )2(, tanx:—zx,cotx=—X2
1+tan® = 1+tan? = 1-tan? = 2tan =
2 2 2 2
Example: 30 If (cos x —sinx) [Ztan X + ! j+ 2=0 then x =
COS X
(a) ZnHi% (b) nﬁi% (© ZnHi% (d) None of these
y 1-tan? X 2tan X 4tant 1itan?l
Solution: (a) Let t=tan > and using the formula. We get, 2 _ 2 2_4 2li2-0

T+tan? X 14tan? X | [1-tan?2 X 1-tan2 X
2 2 2 2

- -tz 1-t? t+1)@a-t?)

1-t? 2t 4t 1+t? 3t +6t°+8t2 -2t-3
5 5 + +2=0 =
1+t 1+t 1

1 1
Itsroots are; ty =—=and t, =——.
V3 V3

Thus the solution of the equation reduces to that of two elementary equations,

VA T . . .
=— = =n7zig = x=2n7ri§, is required solution.

X
2
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(3) Equation of the form R(sinx +cosx,sinx.cosx)=0 : where R is rational function of the
arguments in brackets, Put sinx+cosx =t  ........ (i) and use the following identity:

. . : : : t? -1 .
(sinx +cos x)? =sin? x +¢0s? X +2siNXCosx =1+ 2siN XCOSX = SiN X COS X = S e (ii)

2
Taking (i) and (ii) into account, we can reduce given equation into; R(t, t 5 1} =0.

Similarly, by the substitution (sinx-cosx)=t, we can reduce the equation of the form;

_ 32
R(sin x —cos x,sin x cos x) =0 to an equation; R(t, 1 2t ] =0.

Example: 31  If sinx +cos X — 22 sinxcos x =0 then the general solution of x is

(a) x=2n7z+% (b) x:n7z+(—l)”%—Z

2 (c) Both (a) and (b) (d) None of these

2 2
. . . . . — -1
Solution: (c) Let (sinx+cosx)=t and using the equation sinx.cosx = t 5 ! , we get t- 2\/2(t 5 ]: 0 =

Vat? -2 =0

1 . . .
The numbers t, = J2, t, =——= are roots of this quadratic equation.

V2

Thus the solution of the given equation reduces to the solution of two trigonometrical equation;

. - 1
SiNX +C0s X =2 Or SiNX +C0s X = ———

V2

1 . 1 1 . 1 1
or —(—sinXx+—cosx=1 or —smx+—cosx=—§

V2 V2 V2 V2

. T . . V4 4 1
or Sin X.c0S — +Sin—cos X =1 or Sin X cos — + Sin—CoS X = ——
4 4 4 4 2

= sinlx+Z|=1 or sin|x+ 2 __1 = x+£=(4n+1)z or x+£:n7r+(—1)”. z
4 4 2 4 2 4 6

= x=2nz+Z or x:nzr+(—1)”£— Z.
4 6 4

Example: 32 If sin® x + cos® x = %cos4 2x. then x =

nrx 14 T 14 T
a) x=— b) x=—+= C) X=—+— d) None of these
() 2 (b) 778 () 2 '3 (d)

Solution: (b) Using half-angle formulae we can represent the given equation in the form,

1-cos2x\’ 1+cos2x)’ 29 4
+ =—C0S" 2X
2 2 16

1-t) (1+t) 29 1
Put COS2X =1, [T) +(TJ =Et4 = 24t* —-10t? —1=0 whose only real root is, t =

. COSZZX=% = 1+c0sd4x=1 = c0s4x=0 = 4x:(2n+1)% = x:%+%; nel
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|/Vaft : 0 Some trigonometric equations can sometimes be simplified by lowering their degrees. If the

exponent of the sines and cosines occuring into an equation are even, the lowering of the degree can
be done by half angle formulas as in above example.

2.8 Method for Finding Principal Value

Suppose we have to find the principal value of #satisfying the equation sinég = —% .

Since sin@ is negative, # will be in 3" or 4™ quadrant. We can approach 3™ or 4™ quadrant
from two directions. If we take anticlockwise direction the numerical
value of the angle will be greater than = If we approach it in
clockwise direction the angle will be numerically less than z. For
principal value, we have to take numerically smallest angle. So for

principal value

(1) If the angle is in 1% or 2" quadrant we must select
anticlockwise direction and if the angle is in 3™ or 4™ quadrant, we

must select clockwise direction.

(2) Principal value is never numerically greater than 7.

(3) Principal value always lies in the first circle (i.e., in first rotation). On the above criteria,

6 will be —% or —5?”. Among these two —% has the least numerical value. Hence — = is the

principal value of @ satisfying the equation sin @ = —%.

From the above discussion, the method for finding principal value can be summed up as
follows :

(i) First draw a trigonometrical circle and mark the quadrant, in which the angle may lie.

(ii) Select anticlockwise direction for 1%t and 2" quadrants and select clockwise direction for
3™ and 4" quadrants.

(iii) Find the angle in the first rotation.

(iv) Select the numerically least angle. The angle thus found will be principal value.

(v) In case, two angles one with positive sign and the other with negative sign qualify for the
numerically least angle, then it is the convention to select the angle with positive sign as
principal value.

Example: 33 If cosé + J3sing = 2, then @ = (only principal value)
T 2z 4z 57
a) — b) — c) — d) —
(a) 3 (b) 3 (© 3 (d) 3

1 V3

Solution: (a) —cose+—sm¢9:E = cos@cos Z +singsint =1 = cos(@—zjzlzcoso0 =0-Z-00 = 9==.
2 2 2 3 3 3 3 3

Example: 34 Principal value of tand=-1 is

- 3z ... 3z
(a = m = © 2 '
4 4 4 KY

Solution: (a) ‘- tan @ is negative.
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. @ will lie in 2™ or 4™ quadrant. For 2™ quadrant we will select anticlockwise and for 4™ quadrant,
we will select clockwise direction.

In the first circle two values _4—7[ and 34—” are obtained.

Among these two, 7 is numerically least angle. Hence principal value is _4—”

Important Tips

& Any trigonometric equation can be solved without using any formula. Find all angles in [0,27;] which satisfy the
equation and then add 2nr to each.

For example: Consider the equation sin@ = % then 6 = %5?” Hence required solutions are 0 = 2nz + % 2nz + 5?”

2.9 Important Points to be Taken in Case of While Solving Trigonometrical Equations

(1) Check the validity of the given equation, e.g., 2sind—cosd =4 can never be true for any
0 as the value (2sin@—cos#d) can never exceeds /22 +(-1)? =5 . So there is no solution to this
equation.

(2) Equation involving sec# or tan & can never have a solution of the form.(2n +1)%

Similarly, equations involving cosec § or cotd can never have a solution of the form

¢ =nz. The corresponding functions are undefined at these values of 6.
(3) If while solving an equation we have to square it, then the roots found after squaring
must be checked whether they satisfy the original equation or not, e.g., Let x = 3. Squaring, we
get x?=9 - x=3 and -3 but x=-3 does not satisfy the original equation x=3. e.g.,

sinx+cosx =1

Square both sides, we get 1+sin2x =1 L sin2x =0
L 2X=nxw or X:n—”,ne|

2
. Roots are ...... ,_—3”,__2”,_” 7 27 37

272 272722
We find that 0 and #/2are roots but 7 and 37/2do not satisfy the given equation as it leads
to -1=1

Similarly 0 and % are roots but —% and -~ are not roots as it will lead to -1=1.

As stated above, because of squaring we are solving the equations sinx+cosx =1 and
sin x + cos x = -1 both. The rejected roots are for sinx +cosx =-1.

(4) Do not cancel common factors involving the unknown angle on L.H.S. and R.H.S. because
it may delete some solutions. e.g., In the equation sin 8(2 cos @ —1) = sin @ cos’ @ if we cancel sin 6 on
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both sides we get cos?@-2cosf+1=0=(cosd-1°=0=cosfd=1=0=2nz. But &=nzr also
satisfies the equation because it makes sin # =0. So, the complete solution is 8 =nz,neZ.

(5) Any value of x which makes both R.H.S. and L.H.S. equal will be a root but the value of x
for which «© = will not be a solution as it is an indeterminate form.

Hence, cosx =0 for those equations which involve tanx and sec x whereas sin x # 0 for those
which involve cot x and cosec X .

Also exponential function is always +ve and log, x is defined if x>0, x#0 and a>0,a=1
Jf(x) = +ve always and not +ie. 4/(tan®x) = tan x and not *tan x .

(6) Denominator terms of the equation if present should never become zero at any stage
while solving for any value of ¢ contained in the answer.

(7) Sometimes the equation has some limitations also e.g., cot? @ +cosec?d =1 can be true only
if cot?# =0 and cosec?d =1 simultaneously as cosec?d >1. Hence the solution is 8 =(2n+1)z/2.

(8) If xy =xz then x(y—-z)=0—= either x=0 or y=z or both. But X=£:>y=z only and not

X X
x =0, as it will make « =o. Similarly if ay =az, then it will also imply y =z only as a= 0 being a

constant.

Similarly x+y=x+z=y=z and x-y=Xx—-z=Yy=1z.Here we do not take x =0 as in the above
because x is an additive factor and not multiplicative factor.

When cosd =0, then sind=1 or —1. We have to verify which value of sing is to be chosen

which satisfies the equation. cosd=0—=6 = (n + %j .

(9)Student are advised to check whether all the roots obtained by them, satisfy the equation
and lie in the domain of the variable of the given equation.

2.10 Miscellaneous Examples

Example: 35 The equation 3sin? x +10cos x —6 =0 is satisfied if
(a) x= nnicos’l[%j (b) x = 2n;ricos’1[%j () x= nnicos’l[%j (@ x= 2n;ricos’1[%j
Solution: (b) 3sin?x+10cosx —6=0 = 3(1—cos® x)+10cos x —6=0

on solving, (cosx—-3)(3cosx—-1)=0. Either cosx=3(which is not possible) or cosx :% =
X = 2n;ricos’1(lj .
3

Example: 36 If the solutions for 6 of cos pd+cosqd=0,p>0,q>0 are in A.P., then the numerically smallest common
difference of A.P. is [Kerala (Engg.) 2001]
V4 27 T 1

(b) (©) (d)
p+q p+q 2(p +q) p+q

()



Solution: (b)

Example: 37

Solution: (a)

Example: 38

Solution: (¢)

Example: 39

Solution: (b)

Example: 40

Solution: (b)

Example: 41
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@n+Dx or (2n -z ,

Given, cos pd=-cosqf =cos(z+q0) = pO=2nzt(r+qO,necl = O= nel. Both
p-q p+q
. @en+Omr . . . 2z
the solutions form an A.P. §=—"" gives us an A.P. with common difference = and
P-4 P-4
0 _@n-Dr gives us an A.P. with common difference = 27 . Certainly, 27 < 2z .
p+q p+q p+q [pP—Q
The set of values of x for which the expression w =1is [MP PET 1992; UPSEAT
1+ tan 3x tan 2x
1993, 2002]
V4
(@) ¢ (®) —
4
() {n;w%:n :1,2,3...} (d) {2n;r+%:n :1,2,3..}
tan(3x —2x)=tanx =1 = x=nx +%. But this value does not satisfy the given equation.
If cos @ +cos 760 + cos 39 + cos 50 =0, then 6 = [ISM Dhanbad 1972]

(a) nz (b) nr () nz (d) None of these
4 2 8
Combining ¢ and 76,30and 56, we get 2cos 46(cos 36 + cos ) =0
. 4cosdf.cos20.cosf=0 = 4 %(sin 2°0)=0 = sin89=0. Hence 0 = iz
2°sing 8
If tan(cot x) = cot(tan x), then sin2x equal to
4

(a) @n +1)% (b) m (o) 4z(2n+1) (d) None of these

T
tan(cot x) = cot(tan x) = tan(cot x) = tan(— —tan xj
2

T
cot X :n7r+5—tanx

@n+ sinx cosx (2n+1rx
tan x + cot x = = +—=
Ccos X  sinx 2
1 .
- =(2n+1)” = sm2x:L.
sin X. cos X 2 @n+Dx

The sum of all solutions of the equation cos x.cos[% + x].cos(% - XJ = % x e[0,67] is

1107

(a) 157 (b) 307 (o) 3

(d) None of these

Here, cos X Leos2x—3sin2 x|zl o SO5X
4 4 4

(40052 x—3):% or cos3x =1

9
= 3x=2nr = x:znT”, where n=0,1,23,4,5,6,7,8,9; ..The required sum :%”Zn = 307
n=0

The equation sinx +siny +sinz=-3 for 0<x<270<y<270<z<27, has [Orissa JEE 2003]

(a) One solution (b) Two sets of solution
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Solution: (a)

Example: 42

Solution: (¢)

Example: 43

Solution: (d)

Example: 44

Solution: (d)

Example: 45

Solution: (a)

Example: 46

(c) Four sets of solution (d) No solution

Given,sinx +siny +sinz = -3 is satisfied only when x =y =z = 37”; for x,y,z,e [0,27:].

The solution set of (5+ 4 cos #)(2cos # +1)=01in the interval [0, 2;;] is [EAMCET 2003]
ofE ofd ey ey
G+4cos)(2cos6+1)=0

cos @ = _4—5 which is not possible

" 2c0s6+1=0 or cosez—% = 9:2?”,4?”. Solution set is {%,%}G[O,Zﬁ]

The equation 3cos x +4sinx =6 has [Orissa JEE 2002]
(a) Finite solution (b) Infinite solution (c) One solution (d) No solution

3cos X +4sinx=6
= Zosx+dsinx=2 = cos(x—@):9 ©o=cost 3
5 5 5 5 5

So that equation has no solution.

The equation sinx +cos x =2 has [EAMCET 1986; MP PET 1998]
(a) One solution (b) Two solution
(c) Infinite number of solution (d) No solution

No solution as [sinx|<1,|cos x| <1 and both of them do not attain their maximum value for the same

angle.
Trick: Maximum value of sinx +cos x =v12 +12 =42, Hence there is no x satisfying this equation.

If 2cos x <+/3 and x e[-7, z|then the solution set for x is

-7 T - T
(a) {—ﬁ,?ju[g,ﬂ} (b) ?,E
(9] [— T, _G—H}U[%ﬁ} (d) None of these

0

3 ..
Here, cos x < % The value scheme for this is shown below. cosx | < a2 \3/2

From the figure, 1 /ﬂ 1

5

- V4
—T<X<— Or —<X<r1
6 6

. { —nj [7[ } V312
Xe|l—-nm,— (V| —,7]. 0
6 6

The number of pairs (x, y) satisfying the equations sinx +siny =sin(x +y) and | x| +| y|=11is

(a) 2 (b) 4 (c) 6 (d) =
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. . . . 1 1 1 1
Solution: (c) The first equation can be written as, 2sin E(X +Yy)cos E(X -y)= 25|n5(x +Yy)cos E(X +Y)

.. Either sin%(x +y)=0 or sin%x =0 or sin%y =0

=x+y=00rx=00ry=0. As |x| + |y| =1, therefore when x +y=0, we have to reject x+y=1, or

x+y=-1 and solve it with x-y=1or x-y=-1 which gives [%_71) r [_?l%j as the possible

solution. Again solving with x=0,we get (0,+1) and solving with y=0,we get (+1,0) as the other

solution. Thus we have six pairs of solution for x and y.

Example: 47 If cosf= _71and 0°< 0 <360° then the values of 9 are
(a) 120°and 300° (b) 60°and 120° (c) 120°and 240° (d) 60°and 240°

Solution: (¢) Given, cos@ = —% and 0°<@<360°. We know that cos60°= % and cos(180° —60°) = —cos 60° = _71 or

c05120°:—%. Similarly cos(180° +60°)=—cos 60°:—% or cos 240°:_71.

Therefore 9 =120° and 240°.

Example: 48 If tan(x cos ) = cot(x sin 8), then the value of cos(e - %j =

L

22

Solution: (a) tan(zcoséd) = tan(% —7sind)

S 1 1

@) J2 © 342 42

(b)

B sin0+c039:% = cos(e—zj— !

4) 22
Example: 49 The only value of x for which 25" 4 2% 5 21-0/¥2) K14 is
(a) E% (b) 34—” (9] % (d) All values of x.

Solution: (a) Since A.M. >G.M.
sin X+cos x sin X+c0s X

%(Zsinx _|_Zcos><)2 [Zsinxlzcosx = zsinx 4+ 2005X > 9 9 2 N 25inx 4+ 008X > o 2

And, we know that sinx +cos x > —\/E

zsinx 4 Cosx >21—(1/x/§) for x :%_

2.11 Periodic Functions

A function f(x) is called periodic function if there exists a least positive real number T such
that f(x +T) = f(x). T is called the period (or fundamental period) of function f(x). Obviously, if T

is the period of f(x), then f(X)=f(x+T)=f(x+2T)=f(X+3T) =............

(i) If fy(x)and f,(x) are two periodic functions of x having the same period T, then the
function af,(x)+bf,(x) where a and b are any numbers, is also a periodic function having the
same period T.
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(ii) If T is the period of the periodic function f(x), then the function f(ax +b), where a(>0) and
b are any numbers is also a periodic function with period equal to T/a.

(iii) If T, and T, are the periods of periodic functions f,(x) and f,(x)respectively, then the
function af,(x)+ bf,(x), where a and b are any numbers is also periodic and its period is T which
is the L.C.M. of T, and T, i.e. T is the least positive number which is divisible by T, and T,.

All trigonometric functions are periodic. The period of trigonometric function sin x, cos X, sec x
and cosecx is 2z because sin(x + 2x) = sin X,cos(x + 27) = cos X etc.

The period of tan x and cotx is 7 because tan(x +z)=tan x and cot(X + ) = cot X

The period of the function which are of the type: sinax,cos(ax +b);bcosaxis 2
a

The period of tan ax and cotax is |l|. Here |a| is taken so as the value of the period is positive
a

real number.
Some functions with their periods

Function Period
sin(ax + b), cos(ax + b), sec(ax + b), cosec(ax + b) 2z la
tan(ax + b), cot(ax + b) zla
| sin(ax + b)|, | cos(@ax + b)|, | sec(ax + b)|, | cosec(ax + b)| zla
| tan(ax +b)|, | cot(ax + b)| zla
Example: 50 Period of sin? x is [UPSEAT 2002; AIEEE 2002]
(@) « (b) 27 © % (d) None of these
Solution: (a) sin? x :# = Period :27”:7:.
Example: 51 The period of the function y =sin2x is [Kerala(Engg.) 2003]
(a) 27 (b) ©) % (@) 4z
. . . 2
Solution: (a) Period of sin(ax +b) :|—|
a
. . 2
.. Period of sin2x :|7| =7.
Example: 52 The period of the function (@)= sing + cosg is [EAMCET 2001]
(a) 3« (b) 6x (c) 9 (d) 12~

Solution: (d) Period of sin(gj =67 and period of cos(gj =4r

L.C.M. of 67 and 47 =12x
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Solution:

Example:

Solution:

Example:

Solution:

Example:

Solution:

Example:

Solution:

53

(d)

54

(d)

55

(a)

56

(d)

57

(b)
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The function f(x)=sin % + 2cos % —tan % is periodic with period [Rajasthan PET 2001]
(a) 6 (b) 3 © 4 @ 12
Period of sin’> = 27 4

2 7xl2

X 2z V4

=6 and period of tan 2 = F_ _
/3 4 zl4

.. Period of f(x)=L.C.M. of (4, 6, 4)=12.

Period of cos? =

If the period of the function f(x)= sin[%] is 4z, then n is equal to [Pb. CET 2000]

()1 (b) 4 (c) 8 (d) 2

sin(iJ - sin(Z;r + 1] - sin[l(znn + x)} — Period of the function sin[ij is 2nz. = 2nz=47 =>n=2.
n n n n

The period of sin® x +cos* x is
@ = (b) = (© 2z (d) 37”

1-cos 4x] 3

(sin? x)? + (cos® x)* =1-2sin?x cos? x =1—%25in22x:1—( 7 =Z+%cos4x

Therefore period is 24—” =z

Trick: f(x)=sin* x +cos* x = f[% + xj = sin4[% + xj + cos“(% + xj = f(% + x] =cos* x +sin? x = f(x)
. . T
Hence the period is >

Period of sin@ - \/§ cos @is [MP PET 1990]

(@) % (b) % © = () 27z

sinH—\/gcose :2[%sin0—§.cose] =2sin[9—%j

Hence period =27.

Period of | sin2x| is [MP PET 1989]

() % (b) % © = () 27z

Period of sin2x =z and period of | sin 2x|:%.

*k*%
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