2. Exponents
What is an Exponent?
Exponents

The repeated addition of nhumbers can be written in short form (product form).
Exponent (index or power)

Base....-_lc:/: 6x6x6
|

Shorthand way Normal represenatation

of representation (Base multiplied exponent
number of times)

Examples:
S.No.|Statements| Repeated Addition | Products
Form
(1) | 4 times 2 A s g 3 4 x 2
(1) | Stime—1| -D+D+ED+ | 5=(=1)
D+ (D
B 3 - 2 2
) 3 f[imeza'—2 2 4 =2)4( =2 Bl —
3 % 3 3 3
(1v) | 2 times 1 G 2 x1

Also, we can write the repeated multiplication of humbers in a short form known as exponential form.
For example, when 5 is multiplied by itself for two times, we write the product 5 x 5 in exponential form

as 52 which is read as 5 raised to the power two.

Similarly, if we multiply 5 by itself for 6 times, the product 5 x 5 x 5 x 5 x 5 x 5 is written in
exponential form as 5% which is read as 5 raised to the power 6.
In 5%, the number 5 is called the base of 5° and 6 is called the exponent of the base.

In general, we write,

An exponential number as b3, where b is the base and a is the exponent.
The notation of writing the multiplication of a humber by itself several times is called the exponential
notation or power notation.

Thus, in general we find that :
If ‘a’ is a rational number then *n’ times the product of ‘a’ by itself is givenasa x a x a x a....., n times

and is denoted by a", where ‘a’ is called the base and n is called the exponent of a".
Examples

1. Write the following statements as repeated multiplication and complete the table:

||S.N0.H Statements || Repeated Multiplication ||Short form|
[ 1T 1T ]




(i) |3 multiplied by 3 for 6 times|[3 x 3 x 3 x 3 x 3 x 3 = 729 36
(i) |2 multiplied by 2 for 3 times| 2 %2 x2 | 23
| (iii) |1 multiplied by 1 for 7times|| 1 x 1 x 1x1x 1x1x1| 17 |

2. Write the base and exponent of following numbers. And also write in expanded form:

|S.No.HNumbersHBaseHExponent” Expanded Form ||Va|ue\
KON E N 3x3x3x3 | 81 |
L@ | 25 |2 5 || 2x2x2x2x2 | 32 |
(| » ] 5 | i3 |w
(v | 22 2] 2 | 2 %2 EN
v || 17 1| 7 fixixixixixixif 1|

Exponents of Negative Integers

When the exponent of a negative integer is odd, the resultant is a negative number, and when the
power of a negative number is even, the resultant is a positive number.When the exponent of a
negative integer is odd, the resultant is a negative number, and when the power of a negative number is
even, the resultant is a positive number.

or (a negative integer) an odd number = a negative integer.

(a negative integer) an even number = a positive integer.

Examples:
Ex.1 Express 144 in the powers of prime factors.
Solution:

144 =16 x9=2%x2%x2x2x3x3
Here 2 is multiplied four times and 3 is multiplied 2 times to get 144.
. 144 = 2% x 32

Ex.2 Which one is greater : 3° or 53 ?
Solution:

33=3x3x3x3x3=9x%x9x3
=81 x 3 =243
and53=5x5x5=25x5 =125
Clearly, 243 > 125

. 3°>53

What are Laws of Exponents?
Laws of Exponents
Law-1:

If a is any non-zero integer and m and n are whole numbers, then

aMx gh=gm+n



Eg:

(1) 3*x3%2 = (3x3x3x3) x (3x3)

. o v . . . . . .
4times multiplication 2 times multiplicaion
of 3 byitself of 3 byitself

= 3Ix3Ix3Ix3Ix3Ix3=736=34*2

6times multiplication
of3 byitself

Thifs, 3+ x 32 =3%+2

(i) 2°x2° = (2x2x2) x (2x2x2x2x2)

—

3 timesmultiplication 5 times muTtiplicatiDn
of 2 byitself of 2 byitself
=2X2X2x2x2x2x2x2

8 times muTtiplimiinn
of 2 byitself

—98=193+5
Thus, 2% 23=723+3

Therefore, in general, we write,

am x a' =(axaxaxax..) X (axaxaxax..)

m times m&ltiplicﬂimn n times muTtiplication
of*a’ byitself of‘a’ byitself
=axaxaxaxax...,(m+n)times=am""

Law-2:

If a and b are non-zero integers and m is a positive integer, then
aMm x b™M = (a x b)M

Eg :

53x33=(5%x5x5)x (3x3x3)
=(5x3)x(5x3)x(5x3)

=15 x 15 x 15 = (15)3

So, 53 x 33 = (5 x 3)3 = (15)3

Here, we find that 15 is the product of bases 5 and 3.
Also, if a and b are non-zero integers, then

a®>xb>=(axaxaxaxa)x(bxbxbxbxb)
= (axb)(axb)(axb)(axb)(axb)=(ab)®

Law-3:



If a is a non-zero integer and m and n are two whole numbers such that m > n, then

For example, 2° + 27= i
m » qfl — qim—1 . = B e
qm = gl = g and for m<n RIS TR TR
" 1 1 1 1
am+at=(a)m 0= —— = =~ =
aﬂ m 2><2. 22 2?—}

When an exponential form is divided by another exponential form whose bases are same, then the
resultant is an exponential form with same base but the exponent is the difference of the exponent of
the divisor from the exponent of the dividend.

Law-4:

Division of exponential forms with the same exponents and different base:
If a and b are any two non-zero integers, have same exponent m then for a™ + b™, we write

a™ _ axaxax..,mtimes

b™ - bxbxbx..., mtimes

SONCNC B—

For examples

20 _ 2x2x2x2x2x2

) 2%530=
® 36 3x3x3x3x3x3

5
Hence, 26 + 36 = [g}

- , (—?_)Jr 2x-2x-2x-2
@) 2) b? bxbxbxb
D =T =p _[ 2]4
P G S S
b b b b b
Bones 2\’
Hence, (-2)*+b*= [— E]

Law-5:

If ‘a’ be any non-zero integer and m and n any two positive integers then
[(a)m]" = am"

Eg :

(22)3=22X22x22=22+2+2=26=22x3
(27)2=27X27=27+7=214=27X2



Law-6:
Law of zero Exponent:

We know that

26 2 o7
26296 2 - 22w Mg e ) ey
39 ok T o Fos Qs T
By using Law-3 of exponents, we have
26 + 26 = 2676 = 20
Thus, 20 = 1
In general @M + aM = aM - M = 30 and also
a™ axaxaxaxaxax..,m times s
a™ axaxaxaxaxax..,m times

Hence, a% = 1
Any non-zero integer raised to the power 0 always results into 1.

Use Of Exponents In Expressing Large Numbers

We know that
100 = 10 x 10 = 102,
1000 = 10 x 10 x 10 = 103,

10000 = 10 x 10 x 10 x 10 = 104

We can write a number followed by large humber of zeroes in powers of 10.
For example, we can write the speed of light in vacuum = 300,000,000 m/s
=3 x 1,00,000,000 m/s = 3 x 108 m/s

= 30 x 107 m/s = 300 x 10° m/s

Similarly,

the age of universe = 8,000,000,000 years (app.)

= 8 x 109 years (app.)

We can also express the age of universe as

80 x 108 years or 800 x 107 years, etc.
But generally the number which preceded the power of 10 should be less than 10. Such a notation is
called standard or scientific notation.

So 8 x 102 years is the standard form of the age of the universe.
Similarly, the standard form of the speed of light is 3 x 108 m/s.

Eg: Write the following numbers in standard form :

(i) 4340000
(i) 173000
(iii) 140000

Solution:

(i) Itis clear that 4340000 = 434 x 10000
Also, 4340000 = 4.34 x 10°

434 = 4.34 x 100 = 4.34 x 102

(i) Also, 173000 = 1.73 x 10°

(iii) Also, 140000 = 1.4 x 10°

Laws of Exponents Problems with Solutions

1. Write in exponential form :

(i) (5x7)® (i) (=7n)°



Solution:

(i) (5 x 7)®

=(5x7)(5x7)(5x7)(5x7) (5x7)(5x7)
=(5x5x5x5%x5x%X 5)(7Xx7x7x7x7x7)= 50x76
Hence, (5 x 7)® = 56 x 76

(ii) (=7n)> = (=7n) (=7n) (=7n) (-=7n) (=7n)
=(-7%x-7%x-7x-7x-=-7)(hXnXnxnxn)

= (-7)° x (n)®

2. Write the following in expanded form :

< 7Y < (Y
of5) @

Solution:
L i 3 . ¥ o] 2.4
@ =4 | = lx -
9 9 9 9

_ 5><5><5x5><5><5: i
8x8x8x8x8x8 &6

3. Find the value of :

(i) (39 - 20) x 50
(i) 20 x 30 x 40
(i) (69 - 20) x (60 + 20)

Solution:

(i) We have, (39 - 20) x 50

Therefore, (1-1) x1=0x1=0

[Since 39 =1, 20 = 1]

(i) We have, 20 x 30 x 40 = (1 x 1 x 1) =1
(iii) We have, (60 - 29) x (60 + 29)
=(1-1)x(1+1)

=0x2=0.

Review of Exponents

1. Exponents are the mathematician’s shorthand.
2. In general, the format for using exponents is:
(base)exponent
where the exponent tells you how many of the base are being multiplied together.
3. Consider: 2 o 2 ¢ 2 is the same as 23, since there are three 2’s being multiplied together.
Likewise, 5 ¢ 5 ¢ 5 ¢ 5 = 54, because there are four 5’s being multiplied together.
4. Exponents are also referred to as “powers”.
For example, 23 can be read as “two cubed” or as “two raised to the third power”.



Laws of Exponents
product a™-a" = a™n 2¢-2% =(2:2)(2:22) =2°
3 i 8
quotient an = gmn 2— = ﬂ =231 =2
a” 2? 2z
power (@™ = aqmn (2%) = (2:2:2)(2-2:2)(2:2:2) = 2°
. -1 1 -1 1 . . s m g
inverse at = — 2" = > (this is a definition)
Why? We need a™a" = a™" when m = 0. In order
zero power a® = 1 for this law to be satisfied when m = 0, we have
an = a™n = g0m = glan g0 a® must be 1.

Exponents of Negative Values

When we multiply negative numbers together, we must utilize parentheses to switch to exponent
notation.

BBEBE)B)3) = (3)°
BEWARE! -3%is NOT the same as (-3)°

The missing parentheses mean that -3 will multiply six 3’s together first (by order of operations), and
then take the negative of that answer.

(3)5=729 wu -3°=_-729

so be careful with negative values and exponents !

Note: Even powers of negative numbers allow for the negative values to be arranged in pairs. This
pairing guarantees that the answer will always be positive.

(50 =(5)(5) + () * (o) -« Aupains
= 5 « 25 25
= 15625 (a positive answer)

Odd powers of negative numbers, however, always leave one factor of the negative humber not
paired. This one lone negative term guarantees that the answer will always be negative.

(_5)5=(_5)-(_5) * (-5)(-8) e+ (-5) «—One lone, un-paired, negative.
= 23 . 25 « (-5

= -3125 (a negative answer)

Zero and Negative Exponents

@ Zero Exponent: any nonzero expression to the zero

OWer is 1.
; a’®=1a+0 50 —1

@ Negative Exponent: any term to a negative power is
the reciprocal of that term with a positive power

PO W |
a’ 2

1 1
_—a”,a_-f_-ﬂ —_— = %

a—n - 2_4



Zero Exponents

The number zero may be used as an exponent.
The value of any expression raised to the zero power is 1.
(Except zero raised to the zero power is undefined.)

Basen Value
20 = 1
-6)° = !
40 = 1
80 = g |
Raise to the zero power
first: 80=1
then take the negative.
[}'[} = undefined

Negative Exponents

Negative numbers as exponents have a special meaning.
The rule is as follows:

1

negat'ﬂ:e exponent _ —
bﬂSE = P bqgepnsmve £xponent
L

For example:

Negative Positive
Exponent Exponent
3 1
= F

1
3
7 = -3
1
3 ..
"=

Exponents and Units

When working with units and exponents (or powers), remember to adjust the units appropriately.
(36 ft)3 = (36 ft) o (36 ft) (36 ft)

= (36 ¢ 36 ¢ 36) (ft o ft o ft)

= 46656 ft3

Exponents can be very useful for evaluating expressions. It is also useful to learn how to use your
calculator when working with exponents.



Surds
Definition of surd

Any root of a number which can not be exactly found is called a surd.

Radical or root is the inverse of exponent represented by the root sign4
ifb=a"then yb=a

Square Root Cube Root
y = ¥X or x* y =4X or x?
number y such that '_-,r' = X number y such that y” = x
\V8=2 427=3

Properties
1. +axi/b

2. @ =12
=55 “Jb ~4b forallaz0,b>0

Rationalisation of Surds: The procedure of multiplying a surd by another
surd to get a rational number is called ‘Rationalisation’. The operands are
rationalising factor (RF) of each other. Rationalisation is used in division of
surds, to rati{:unalise the dennminator

'\"_xﬂ'_ 3 2+1"§ T2+43 2- 1’3 (2+4§1’2 ﬂ]

Let a be a rational number and n is a positive integer. If the nt root of x i.e., x!/N is irrational, then it is
called surd of order n.

Order of a surd is indicated by the number denoting the root.

3/ =n
For example, \/?: \/gz 11 / 1 \/_ are surds of second, third, fifth and nt" order respectively.

A second order surd is often called a quadratic surd, a surd of third order is called a cubic surd.

Types of surds

1. Simple surds: A surd consisting of a single term. For example 2Vv3, 6V5, V5 etc.

2. Pure and mixed surds: A surd consisting of wholly of an irrational number is called pure surd.
A surd consisting of the product of a rational number and an irrational number is called a mixed
surd.

. Compound surds: An expression consisting of the sum or difference of two or more surds.

. Similar surds: If the surds are different multiples of the same surd, they are called similar surds.

. Binomial surds: A compound surd consisting of two surds is called a binomial surd.

. Binomial quadratic surds: Binomial surds consisting of pure (or simple) surds of order two i.e.,
the surds of the form avb + cVd or a = bVc are called binomial quadratic surds.

Two binomial quadratic surds which differ only in the sign which connects their terms are said to
be conjugate or complementary to each other. The product of a binomial quadratic surd and its
conjugate is always rational.

For example: The conjugate of the surd 2v7 + 5V3 is the surd 2v7 - 5V3.

oUW



Properties of quadratic surds

1. The square root of a rational number cannot be expressed as the sum or difference of a rational
number and a quadratic surd.

2. If two quadratic surds cannot be reduced to others, which have not the same irrational part, their
product is irrational.

3. One quadratic surd cannot be equal to the sum or difference of two others, not having the same
irrational part.

4, If a + Vb = c + Vd where a and c are rational, and Vb, Vd are irrational, then a = cand b = d.

Rationalisation factors

If two surds be such that their product is rational, then each one of them is called rationalising factor of
the other.

Thus each of 2v/3 and V3 is a rationalising factor of each other. Similarly V3 + V2 and V3 - V2 are
rationalising factors of each other, as (V3 + V2)(V3 - V2) = 1, which is rational.

To find the factor which will rationalize any given binomial surd:

g —
Case I: Suppose the given surd is \/_ \/E

Let al/P = x, b9 = y and let n be the L.C.M. of p and g. Then x" and y" are both rational.

Now xN — y" is divisible by x — y for all values of n, and x" - y" = (x - y)(x"1 4+ x"2y + x"3y2 + .. +
yn-l)_
Thus the rationalizing factor is x"1 + xN2y + x"-3y2 + .. + y"1 and the rational product is x" - y".

P, v
Case II: Let the given surd be \/E + \/E

Let have the same meaning as in Case I.

(1) If n is even, then x" - y" is divisible by x + y and x" = y" = (x + y)(x""1 - x"-2y 4 x"N-3y2 — . -y
1)_

Thus the rationalizing factor is x""1 — x"-2y + x"N-3y2 — - y"1 and the rational product is x" - yn.

(2) If nis odd, x" + y" is divisible by x + y and x" + y" = (x + y)(x"1 - x"-2y + x"-3y2 - | + yn-1

Thus the rationalizing factor is and the rational product is x" + y".

Square roots of a +vb and a + vb + Vc + Vd where vb, Vc, Vd are Surds

Let V(va + vb) = Vx + Vy where x, y > 0 are rational numbers.
Then squaring both sides we have, a + \/3 =X +y+ E\E\/J_

=D a=x+y, '\/322\/}3_'::’ b=4xy

So, (x —¥)? =(x +»)* —dxy =a” - b

After solving we can find x and y.

Similarly square root of a — /b can be found by taking +/(a —ﬁ :q/.-_ = \/; X=y

To find square root of a + b + e +Vd :

LEtJ(ﬂ+\/3+\/_+\/E]=[+J;+£,(.E,J‘,Z}0)aﬂd
take J(a+qf3—\/g—\/§):ﬁ+\/}_'—\/z_.




Then by squaring and equating, we get equations in X, y, z. On solving these equations, we can find the
required square roots.

(1)If > —bisnot a perfect square, the square root of a + Jb is

complicated ie., we can't find the value of 4(a + 'JE) in the form of a
compound surd.

(2) 1t «.I."(a+qu :J.;+‘/;',x >y then «.,."(a—ﬁ):\/;—ﬁ
(3) a+JGJ_)— a+a® —b L lla- a —b

2 2
4}J7 x#a —b _Jla- j‘—b

(5) If ais a rational number and JE, \/E, Jd are surds then

() ya+ b+ +d = \/bd \/bc \/cd

@ o b e = [ [ed b
d

(if) yJa— b — vz + ¥ = \/fm _\/ﬂ_\/c_

4¢ 4b

Cube root of a binomial quadratic surd

if @++b)"3 =x +J_;'then ) e —J;, where a is a

rational number and b is a surd.

Procedure of finding (a+ +/b)""? is illustrated with the help of
an example :

Taking (37 —304/3)!% =x + J; we get on cubing both sides,
37 —3043 =x> + 3xv —(3.1c2 —!L_}')\/_j—'

nx2 +3xy =37

Bx? + )y =3043 =15412

As 43 can not be reduced, let us assume y=3 we get

3x2 +y=3x2+3=30.-.x=3,
which doesn't satisfy x* +3xy =37 .
Again taking y =12, weget 3x2+12=15 ., .. x=1

x =1,y =12 satisfy x> +3x3 =37

~337-3043 =1-J12=1-2,3



Equations involving surds

While solving equations involving surds, usually we have to square, on squaring the domain of the
equation extends and we may get some extraneous solutions, and so we must verify the solutions and

neglect those which do not satisfy the equation.
Note that from ax = bx, to conclude a = b is not correct. The correct procedure is x(a - b)=0i.e.x =0

or a = b. Here, necessity of verification is required.



